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I.  INTRODUCTION 


A  continuing  concern  in  the  study  of  vertical  integration  is 
whether  ownership  integration  is  necessary  or  sufficient  to  achieve  all 
possible  cost  savings  in  the  operation  of  a  vertically  related  sequence 
of  production  processes.  Integration--or  any  other  mechanism  for 
controlling  intermediate  markets--must  accomplish  two  functions:  to 
coordinate  production  and  to  divide  revenues  among  the  various  levels. 
The  analysis  here  compares  integration  and  several  other  revenue 
division  mechanisms  in  terms  of  the  production  efficiency  they  induce. 

As  Flaherty  {6}  has  pointed  out,  ownership  integration  may  not  always 
provide  the  best  institutional  arrangement  for  balancing  the*®  ^ 

function^ 

\(y 

The  intermediate  market  control  mechanisms  compared  are  simple 
(linear)  pricing;  two  forms  of  nonlinear  pricing,  a  royalty  scheme  and  a 
two-part  tariff;  and  vertical  integration.  Under  a  royalty  scheme,  the 
purchaser  of  an  intermediate  good  pays  a  price  per  unit  of  intermediate 
good  bought  plus  a  royalty  fee  for  each  unit  of  final  good  produced. 
Under  a  two-part  tariff,  the  intermediate  good  buyer  pays  a  lump-sum 
'Access  charge^in  addition  to  the  per-unit  price.  — ^ ^ 

The  market  setting  for  the  comparisons  is  a  two-stage  production 
process  involving  a  single  intermediate  good  and  a  single  final  good. 
Throughout,  the  upstream  production  of  the  intermediate  good  is  assumed 
to  be  monopolized.  The  upstream  monopolist,  it  is  further  assumed, 
chooses  the  control  mechanism  for  the  intermediate  market.  We  will 
consider  both  a  profit  maximizing  monopolist  and  a  monopoly  controlled 
by  a  welfare  (profit  plus  consumer  surplus)  maximizing  social  planner. 

In  the  latter  case  (and  only  then),  it  is  assumed  that  the  upstream  firm 
exhibits  scale  economies  and  must  cover  its  costs,  so  that  marginal  cost 
simple  pricing  is  ruled  out. 

Firms  in  the  downstream  industry  combine  the  intermediate  good  with 
other  exogenously  supplied  inputs  under  a  U-shaped  average  cost 
technology.  The  downstream  industry  will  be  characterized  by  free  entry 
and  no  sunk  costs.*  Free  entry  will  force  downstream  firms  to  sell 


their  output  at  minimum  average  cost.  Thus,  under  each  of  the  control 
mechanisms,  the  downstream  industry  will  be  allocated  just  enough 
revenue  to  cover  its  expenditures. 

In  order  to  determine  which  of  two  control  mechanisms  induces  the 
lower  industry  cost,  one  must  hold  the  industry  final  good  output 
constant.  But,  final  good  demand  is,  of  course,  an  endogenous  variable; 
it  is  determined  by  the  independent  downstream  firms'  minimum  value  of 
average  costs,  which  in  turn  depends  on  the  terms  of  intermediate  good 
sale.  Thus,  care  must  be  taken  that  the  mechanisms  compared  each  induce 
the  same  level  of  minimum  average  cost  and  thereby  the  same  final  good 
demand . 

Why  compare  industry  costs  rather  than  welfare  or  the  monopolist's 
profit?  First,  production  efficiency  is  in  itself  an  interesting  issue. 
Baumol,  Panzar  and  Willig  {2}  have  shown  that  a  horizontal  contestable 
market  will  minimize  industry  costs.  However,  as  I  have  shown  elsewhere 
{9},  a  vertically  related  pair  of  industries  with  technologies  as  are 
considered  here  will  generally  fail  to  minimize  costs  when  the  upstream 
industry  (contestable  or  otherwise)  is  monopolized  and  simple  pricing  is 
used.  Cost  minimization  fails  even  when  (partial)  forward  integration 
is  allowed.  Full  forward  integration  may  not  be  efficient  either.  The 
question  then  arises  of  whether  a  nonlinear  pricing  scheme  can  achieve 
efficient  production. 

Second,  under  the  specified  comparison  conditions--namely  that  two 
mechanisms  elicit  the  same  final  good  demand--one  mechanism's  superior 
production  efficiency  is  sufficient  for  both  superior  welfare  and  profit 
performance.  Inducing  the  same  final  good  implies  that  both  consumer 
surplus  and  industry  revenue  will  be  the  same.  With  revenue  the  same, 
any  industry  cost  savings  must  show  up  in  higher  industry  profit.  Since 
free  entry  keeps  independent  downstream  profits  at  zero,  industry  cost 
savings  translate  dollar  for  dollar  into  higher  profits  for  the  upstream 
monopolist.  And,  with  the  same  consumer  surplus,  profit  gains  are 
dollar  for  dollar  welfare  gains. 

Third,  not  only  are  cost  savings  sufficient  for  one  mechanism  to  be 

*A  market  characterized  by  free  entry  and  no  sunk  costs  is 
"contestable.”  That  a  contestable  market  may  have  fixed  costs  and 
therefore  scale  economies  is  not  a  contradiction.  See  Baumol,  Panzar, 
and  Willig  {2}  for  more  on  the  distinction  between  sunk  and  fixed  costs. 
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preferred  on  profit  and  welfare  grounds,  but  it  turns  out  that  "locally" 
they  are  also  necessary.  That  is,  to  the  extent  that  switching  from  one 
mechanism  to  another  can  be  characterized  in  terms  of  local  parameter 
changes,  a  profit-  (or  profit-constrained  welfare-)  maximizing 
monopolist  will  gain  by  switching  if  and  only  if  there  are  cost  savings. 

The  comparison  results  below  differ  sharply  from  those  of  Blair  and 
Kaserman  {3}  who  compare  integration,  royalty,  and  two-part  tariff 
mechanisms  in  the  case  where  the  downstream  technology  has  constant 
returns  to  scale.*  They  conclude  that  all  three  produce  identical 
results  in  terms  of  production  efficiency  and  profits  to  the  upstream 
monopolist.  Implicr'tly,  they  find  each  is  superior  to  a  simple  pricing 
scheme  except  when  the  downstream  technology  uses  the  intermediate  good 
in  fixed  proportions  to  final  output.  Though  they  do  not  directly 
address  the  issue,  it  is  also  true  of  their  model  that  vertical 
integration  eliminates  the  incentive  to  impose  a  nonlinear  pricing 
scheme,  and  vice  versa. 

When  the  downstream  technology  has  U-shaped  average  costs,  the 
conclusions  are  different  in  a  number  of  respects.  While  a  royalty 
scheme  again  yields  lower  industry  costs  than  does  a  simple  pricing 
system  (with  a  fixed  proportions  exception),  a  royalty  scheme  here  is 
also  preferable  to  a  two-part  tariff  (with  one  exception  where  the  two 
are  equivalent).  Furthermore,  a  two-part  tariff  need  not  be  preferable 
to  a  simple  pricing  scheme:  when  the  intermediate  good  is  used  in  fixed 
proportions  to  final  output,  a  non-trivial*  two-part  tariff  is  inferior 
to  a  simple  price.  Sufficient  conditions  are  given  for  a  two-part 
tariff  to  reduce  costs.  ** 

*The  research  on  which  this  paper  is  based  was  completed 
independently  of  both  Blair  and  Kaserman  {3}  and  of  the  Ordover  and 
Panzar  {8}  paper  cited  below.  In  writing  this  paper,  I  have  tried  to 
minimize  the  inevitable  overlap,  focusing  as  far  as  possible  on  how  my 
results  add  to  or  contrast  with  their  findings. 

’a  "non-trivial"  two-part  tariff  has  a  strictly  positive  access 
charge.  Since  a  simple  price  is  a  two-part  tariff  with  a  zero  access 
charge,  the  general  class  of  two-part  tariffs  are  weakly  superior  to 
simple  prices.  In  what  follows,  however,  a  "two-part  tariff"  will 
always  refer  to  the  non-trivial  variety. 

“Ordover  and  Panzar  {8}  compare  simple  pricing  and  a  two-part 
tariff  directly  on  profit  and  welfare  rather  than  cost  grounds.  Two  of 
the  results  they  have  established  are  quite  similar  to  those  just 
mentioned.  The  results  below  correct  their  findings  slightly  and,  more 
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Other  differences  appear  when  the  cost  reducing  potential  of 
vertical  integration  is  considered.  While  the  use  of  a  royalty  scheme 
again  eliminates  the  cost  reduction  incentive  to  integrate,  the  reverse 
is  no  longer  true:  in  most  circumstances,  a  vertically  integrated 
upstream  monopolist  could  reduce  costs  still  furilier  by  imposing  a 
royalty  scheme.  Thus,  a  royalty  scheme  generally  induces  lower  costs 
than  vertical  integration.  Imposing  a  two-part  tariff,  on  the  other 
hand,  does  not  generally  eliminate  the  cost  incentive  to  integrate,  nor 
vice  versa.  Thus  both  vertical  integration  and  a  two-part  tariff  are 
imperfect  coordination  devices;  that  each  may  add  to  the  cost  reductions 
of  the  other  indicates  the  nature  of  their  imperfections  are  not 
identical . 

The  key  to  these  various  result^  is  the  catalogue  of  distortions 
that  can  oe  induced  in  the  downstreai..  firms'  input  and  output  choices. 
For  a  constant  returns  downstream  industry,  the  upstream  firm  wishes  to 
control  the  downstream  input  mix  and  the  final  good  price.  When,  under 
simple  pricing,  the  intermediate  good  is  priced  above  its  marginal  cost 
(to  induce  a  higher  final  good  price),  downstream  firms  tend 
(inefficiently)  to  substitute  away  from  the  intermediate  good.  Partial 
integration  solves  only  the  integrated  firm's  subsidiary’s  input  mix 
problem;  the  independent  firms'  input  mix  and  the  final  good  price  both 
still  depend  on  the  intermediate  good  price  offered  to  those  firms.  That 
price  will  generally  be  above  marginal  cost.  Under  constant  returns, 
however,  there  are  several  efficient  ways  to  fix  this  problem;  simply 
sell  the  intermediate  good  at  its  marginal  cost  and  use  either  an  access 
charge  or  a  royalty  fee  or  full  forward  integration  to  control  final 
good  price.  Since  there  is  no  one  efficient  downstream  scale,  all  three 
are  equally  effective. 

The  results  are  different  for  the  U-shaped  downstream  average  cost 
case  precisely  because  the  upstream  firm  now  needs  to  control  the  scale 
of  the  downstream  operations  in  addition  to  the  input  mix  and  the  final 
good  price.  A  simple  intermediate  good  price  above  marginal  cost  may 

importantly,  show  that  the  source  of  the  prof  it/we  1  fare  gains  is 
improved  coordination  of  production  between  the  two  levels.  I  refer  the 
reader  to  their  presentation  for  several  additional  interesting  results. 


distort  the  scale  of  each  downstream  firm  as  well  as  its  input  mix. 
Partial  integration  again  fails  to  be  fully  efficient  for  the  same 
reason  as  before:  the  intermediate  good  price  to  the  remaining 
downstream  firms  will  exceed  marginal  cost.  Differences  appear  now 
among  full  forward  integration,  a  two-part  tariff,  and  a  royalty  scheme, 
since  each  has  a  different  effect  on  the  scale  of  downstream  operations. 
Since  generally  the  royalty  fee  is  the  only  mechanism  that  does  not 
alter  scale,  it  is  the  only  one  that  is  fully  efficient. 

The  paper  is  organized  as  follows:  Section  II  develops  the  general 
relationship  between  intermediate  good  prices  and  industry  costs.  The 
coordination  potential  (and  problems)  of  the  nonlinear  pricing  schemes 
can  be  understood  better  by  characterizing  the  "nonlinear"  parts  (i.e., 
the  access  charge  and  royalty  fee)  as  payments  for  "pseudo-inputs".  To 
do  this  requires  a  multiple  intermediate  good  approach  in  Sec.  II. 
Section  III  applies  the  results  to  compare  industry  costs  under  the 
linear  and  nonlinear  pricing  schemes.  Section  IV  then  introduces 
vertical  integration  into  the  cost  analysis.  Costs  are  compared  with 
and  without  integration  for  a  given  nonlinear  pricing  arrangement,  and 
with  and  without  each  nonlinear  scheme,  given  integration.  The  relative 
advantages  of  integration  and  the  nonlinear  schemes  are  thereby 
determined.  Section  V  provides  a  conclusion. 


11.  INTERMEDIATE  GOOD  PRICES  AND  INDUSTRY  PRODUCTION  COSTS 


Let  us  begin  by  exploring  in  a  general  way  the  effect  of 
intermediate  good  prices  on  total  industry  production  costs.  In  the 
next  section,  I  will  use  the  results  derived  here  to  compare  industry 
costs  under  the  two  nonlinear  schemes  and  under  a  simple  pricing 
arrangement.  While  there  is  only  one  intermediate  good  actually  traded 
in  this  model,  the  representation  here  must  allow  for  multiple 
intermediate  goods  so  that  the  access  charge  and  royalty  fee  can  be 
treated  below  as  payments  for  ps eudo- inputs . 

The  total  cost  incurred  in  producing  Q  total  units  of  final  output* 
is  the  sum  of  upstream  production  costs  plus  downstream  production 
costs.  The  upstream  monopoly's  costs  are  captured  by  the  upstream  cost 
function  C^(Y) ,  where  Y  is  the  vector  of  total  intermediate  outputs.* 

For  simplicity,  I  assume  all  of  Y  is  sold  to  the  downstream  industry  in 
question.  The  case  of  multiple  downstream  industries  is  an  easy 
generalization. 

Downstream  production  costs  are  the  sum  of  the  costs  of  the  N 
independent  downstream  firms  (where  N  is  endogenous)  plus,  when  the 
upstream  monopoly  is  integrated  forward,  the  cost  of  the  integrated 
firm's  downstream  subsidiary.  I  assume  that  each  downstream  firm, 
independent  or  otherwise,  uses  a  technology  whose  cost  function  is 
C^(z,p),  where  z  is  the  firm's  output  and  p  the  vector  of  intermediate 
good  prices.  I  allow  (z,p)  to  be  different  for  the  integrated  firm's 
subsidiary  than  for  the  independent  downstream  firms.  Let  (z^,p^)  be 
the  final  output  and  intermediate  good  prices  for  the  subsidiary,  and 
let  p*  be  the  intermediate  good  prices  for  the  independent  sector.’ 

Given  free  entry  and  U-shaped  average  costs  downstream,  each  independent 


*In  the  definition  of  industry  production  costs,  Q  should  be 
considered  fixed.  Final  demand  will  be  treated  endogenously  in  the 
analysis  in  later  sections. 

*The  costs  associated  with  producing  pseudo-inputs  are,  of  course, 
zero.  Also,  I  will  assume  throughout  that  inputs  exogenous  to  the  model 
are  perfectly  elastically  supplied  at  their  social  marginal  costs. 

’Below  1  refer  to  ^he  price  on  external  sales  of  the  jth 

intermediate  good  as  the  jth  "external  price,"  and  similarly 


downstream  firm  will  operate  at  the  output  z*  which  minimizes  downstream 
average  costs  Since  downstream  average  costs  depend  on  p*,  so  will  z*. 
Then,  downstream  production  costs  are: 


(2.1)  C°(z^pS  +  N«C°(z*(p*).p*). 

Note  that  N  is  treated  as  a  continuous  variable  given  by 

(2.2)  N  E  (Q-zS/z*. 

and  that  N  implicitly  adjusts  if  z^  or  z*  changes. 

Putting  the  pieces  together,  let  us  define  the  industry  cost 
function  as  follows: 


(2.3) 


IC(Q,p^z^p*)  i  C^(Y)  +  C°(z^p^  +  N*C°(z*,p*) 

-  p^*y^  -  Np*»y*, 


where 


(2.4) 


y(z,p)  =  downstream  firm's  vector  of  intermediate  good  demands 


I  .  ,  I  I. 

y  =  y(z  ,p  ), 


y*  =  y(z*,p*),  and 
Y  i  y^  +  Ny*. 


The  two  subtraction  terms  in  Eq.(2.3)  are  the  payments  to  the 


Pj^  as  the  jth  "internal  price."  Allowing  p^  to  be  different  from  p*  is 


only  a  matter  of  notational  convenience.  The  results  do  not  depend  on 
discrimination  in  the  prices  actually  paid,  but  rather  on  the  signals 
which  the  various  downstream  firms  use  for  input  allocation  and  output 
choice  (including  entry/exit).  The  integrated  firm's  downstream 
subsidiary  might  actually  pay  p*;  the  results  require  only  that  it  use 


upstream  firm  for  intermediate  goods  sold  between  the  two  levels.  Since 

the  costs  of  these  goods  are  already  captured  in  C^,  the  subtractions 

must  be  made  to  avoid  double  counting.  Note  also  that,  since  z*  is 

completely  determined  by  p*,  it  is  not  separately  an  argument  of  IC. 

The  following  regularity  conditions  will  be  assumed  throughout.** 

Rl)  Diff event iabil ity .  The  downstream  cost  function  C  (z,p)  is 
twice  continuously  differentiable  in  all  arguments.  Upstream 
marginal  costs  are  finite  and  well  defined  for  all  positive 
outputs . 

R2)  Existence  of  a  minimum.  For  each  Q  and  z}  ,  the  IC  function 
assumes  a  minimum  for  some  finite  vector  of  prices  (p^,  p*) • 

R3)  Uniqueness.  For  any  given  values  of  the  other  variables,  the 
downstream  industry's  demand  for  intermediate  good  i,  as  a  function 
of  its  price,  crosses  the  corresponding  upstream  marginal  cost 
curve  once  from  above. 

Several  assumptions  about  the  technology  available  to  an  integrated 
firm  are  implicit  in  Eq.(2.3).  First,  the  integrated  firm's  costs  are 
assumed  to  be  additively  separable  between  the  upstream  monopoly  and  its 
downstream  subsidiary.  As  I  have  shown  in  {9},  this  is  equivalent  to 
assuming  that  the  technology  set  of  the  integrated  firm  is  the  set  sum 
of  the  upstream  technology  set  and  the  downstream  set;  that  is,  that  the 
integrated  firm's  technology  is  a  simple  concatenation  of  the  upstream 
and  downstream  production  processes.  What  this  assumption  rules  out  are 
direct  savings  in  raw  materials  achievable  only  through  integration.  The 
classic  example  of  such  savings  is  the  savings  in  reheating  costs 
achieved  by  integrating  the  production  of  steel  ingots  with  the  process 
of  rolling  ingots  into  si. jets.  When  the  integrated  firm's  technology 

as  a  shadow  price. 

‘‘Note  that  I  have  not  assumed  that  the  intermediate  good  is 
essential  to  the  downstream  process.  If  it  were  not--that  is,  if,  using 
noiK*  of  the  intermediate  good,  the  final  good  could  be  produced  by  some 
backstop  technology  at  a  minimum  average  cost  of  AC^'-then  to  be  used  at 

all  the  intermediate  good  would  have  to  be  offered  at  such  terms  of  sale 
that  the  final  good  could  be  produced  at  an  average  cost  below  AC^.  The 

c.omparisons  below  adjust  the  sale  terms  so  that  downstream  average  cost 
(i.e.,  the  final  good  price)  is  lield  the  same  for  each  mechanism.  It 
sliould  be  assumed  that  the  level  at  wliich  it  is  held  constant  is  below 
.  Of  course,  it  may  be  that  for  some  (inefficient)  mechanisms 

downstream  average  cost  cannot  be  held  below  AC^.^.  In  that  case,  the 

mechanism's  problem  of  production  inefficiency  is  superceded  by  its  lack 
of  commercial  viability.  In  that  case,  the  intermediate  good  could  only 
be  offered  under  a  "more  efficient"  mechanism. 
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does  allow  for  such  savings,  integration  can  always  reduce  costs, 
regardless  of  any  intermediate  good  pricing  arrangement  that  might  be 
used.  We  set  aside  the  possibility  of  a  superior  integrated  technology 
in  order  to  focus  on  the  issue  of  coordination  mechanisms. 

A  second  assumption  implicit  in  Eq.(2.3)  is  that  the  upstream 
monopoly,  if  it  integrates,  is--in  ef feet-- 1 imited  to  a  single 
downstream  subsidiary.  There  are  two  ways  this  may  arise.  The  first  is 
that  no  matter  how  many  subsidiaries  are  set  up  on  paper,  the  downstream 
technology  is  the  same  as  if  there  were  only  one.  Specifically,  the 
(eventually)  decreasing  returns  of  the  downstream  U-shaped  average  cost 
technology  cannot  be  avoided  by  simply  replicating  plants.  Such 
decreasing  returns  may,  for  instance,  result  from  congestion  of  the 
management  of  the  downstream  operation.  The  second  way  in  which  a  limit 
may  arise  on  the  number  of  downstream  subsidiaries  is  if  it  is  imposed 
exogenously  through  the  actions  (actual  or  feared)  of  the  antitrust 
authorities.  For  simplicity,  I  assume  in  this  latter  scenario  that 
downstream  acquisitions  are  limited  to  one.  The  results  are  different 
in  no  important  respect  if  the  upstream  monopolist  can  acquire  several 
downstream  subsidiaries  before  risking  antitrust  action. 

The  effect  of  an  intermediate  good  price  on  industry  costs  is  found 
by  differentiating  Eq.(2.3).  For  the  i  external  price,* 


(2.5)  aiC/3p^’'-  =  I(3C^73Y^ 

+  Ny 

=  I(3C^V3Yj 


where  .lie  summations  are  taken  over  all  the 

AC^  (downstream  average  cost)  is  evaluated  at  z* .  Equation  (2.5)  uses 
Sliephard's  Lemma,*  which  implies 


*To  achieve  production  efficiency,  internal  prices,  it  is  easy  to  _  • 

show,  must  be  set  equal  to  upstream  marginal  costs  if  the  downstream  7 

teclinology  allows  any  substitution  possibilities.  Since  it  is  always  in 
the  interest  of  an  integrated  firm  to  minimize  its  costs,  we  will  assume  -.'‘v 

throughout  that  internal  prices  are  set  at  marginal  cost. 

*See  Varian  {12},  p.  32. 


-  p^*)  (3Ny  y'73p^*) 

-  Ny^*  +  (Q-z^ ) (3AC^/3z) (dz*/dp^*) 

-  py'-)  (3Ny  y-79p^‘")  . 

intermediate  goods  and  where 
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(2.6)  3C°(z*,p*)/3p^*  =  y^*, 

and  also  uses  the  fact  that  N«C^(z*,p*)  =  (Q-z^)»AC^(z*,p*) ■  The 
simplification  uses  the  fact  that 

(2.7)  3AC°/az  =  0, 


since  the  average  cost  curve  is  flat  at  z*  by  definition. 

For  the  industry  to  achieve  the  least  cost  means  of  producing  Q, 
Eq.(2.5)  must  be  zero  for  all  i.  Clearly,  marginal  cost  pricing  of  all 
intermediate  goods  would  satisfy  these  necessary  conditions.  This  is  an 
unlikely  result  for  a  profit-maximizing  upstream  monopolist  or  for  a 
welfare-maximizing  planner  when  there  are  scale  economies  upstream  and 
each  firm  must  cover  its  costs.  Absent  marginal  cost  pricing,  the 
achievement  of  (or  divergence  from)  industry  production  efficiency  will 
depend  on  the  price  responsiveness  of  the  independent  downstream 
sector's  intermediate  good  demands. 

The  total  external  sales  of  the  j  intermediate  good,  Nyy-',  depends 
on  the  i  external  price  as  follows: 


3(Nyj*)/3p.*  =  (Q-z")(3(y*j/z*)/3p.*) 


(2.8) 


=  ((Q-z")/z*)«[Oyj*/9p.*) 


+  (3yj*/3z  -  y /•Vz*)(dz*/dp^*))  , 


where  the  first  line  uses  Eq.  (2.2).  Equation  (2.8)  can  be  simplified 
further  by  using  a  result  of  Bassett  and  Borcherding  (1): 


(2.9)  dz  /dp.  =  (y.*/z*)(l-e.^)/C‘'^^, 


where 


i  output  elasticity  of  the  jth  input 
demand  at  efficiency  scale 


=  (z*/y-‘ j  )  ( 3yj*/ 3z) .  and 


,D 


2D  2 

c  =  a  c  (z*)/az  . 

zz 


,D 


We  know  C  is  positive  since  marginal  costs  are  upward  sloping  at  the 


bottom  of  a  U-shaped  average  cost  curve.  Using  Eqs.(2.9)  and  (2.2),  we 
can  rearrange  Eq.(2.8)  to  give 


D 


(2.10)  a(Nyj*)/ap.*  =  N(ayyVapj*  -  C^^^»(dz*/dp/-'^)(dz*/dp^*)) 


To  illustrate  the  types  of  production  inef f iciencies--or  "cost 
distortions"--that  might  arise  because  of  a  failure  to  price  at  marginal 
cost,  consider  the  case  where  all  intermediate  goods  save  one  are  priced 
at  marginal  costs.  If  the  exception  is  input  i,  then 


(2.11)  3IC/3p.*  =  (3C^/3Y^  -  P^*)N [ 3y .*/3p .*  -  C°^^(dz*/dp .*)^) 


As  is  well  known  {12,p.33},  a  firm's  derived  demand  for  input  i  is 
downward  sloping  in  the  price  of  the  input: 


(2.12)  ay^/3p^  <  0  for  any  i 

Thus,  both  parts  of  the  square-bracketed  term  in  Eq.  (2.11)  are  non¬ 
positive.  Then,  Eq.  (2.11)  is  non-negative  if  input  i  is  priced  above 
marginal  costs. 

Pricing  input  i  above  its  marginal  cost  increases  industry  costs  if 
either  3y^*/ 3p^*  or  dz-'/dp^  is  non-zero.  If  the  former  is  negative,  the 
independent  downstream  firms  inefficiently  substitute  away  from  input  i 
at  z* .  The  resulting  cost  increase  I  will  refer  to  as  a  "substitution 
distortion."  If  dZ'-'/dp^-'-  is  non-zero,  then  z*  diverges  from  the  socially 
optimal  scale  when  p“\  is  above  marginal  costs.  The  independent 
downstream  firms  are  then  induced  to  produce  at  the  "wrong"  output 
levels.  I  refer  to  this  kind  of  inefficiency  as  a  "scale  distortion." 


The  identification  of  substitution  and  scale  distortions  leads 
naturally  to  a  definition  of  input  types: 

Definition  2.1.  Input  i  is  a  variable  proportions  input 
if  Eq.(2.11)  holds  strictly. 

Definition  2.2.  Input  i  is  a  fixed  schedule  input 
if  Eq.  (2.11)  holds  with  equality. 

Definition  2.3.  A  fixed  proportions  input  is  a  fixed 
schedule  input  whose  firm  level  input  demand  is  linear  in  the 
firm's  output. 

If  the  ith  input  demand  is  linear  in  output,  then  e^^  =  1  and,  by 
Eq.(2.9),  dz  /dp^  =  0. 

As  is  clear  from  the  definitions  and  foregoing  discussion, 
substitution  distortions  do  not  occur  when  a  fixed  schedule  input  is 
priced  above  its  marginal  cost.  Further,  scale  distortions  are  absent 
when  an  input  whose  demand  is  linear  in  output  is  priced  above  marginal 
cost.  Finally,  pricing  a  fixed  proportions  input  above  its  marginal 
cost  does  not  result  in  either  substitution  or  scale  distortions.  Thus, 
for  i=j ,  Eq.  (2.10)  simplifies  for  a  fixed  schedule  input  to 

(2.13)  3(Ny.*)/3p^*  =  -  (dz*/dp* . )^ , 

and  for  a  fixed  proportions  input  to 

(2.14)  3(Ny .*)/3p^*  =  0. 

These  findings  generalize  to  the  effects  of  a  fixed  schedule/ 
proportions  input's  price  on  the  demands  for  other  inputs  and  of  the 
prices  of  other  inputs  on  the  demand  for  a  fixed  schedule/proportions 
input  via  the  following  lemma. 


Lemma  2.1  At  a  given  output  level,  suppose  that  the  cost 
function  of  a  firm  is  twice  continuously  differentiable  in  input 
prices.  Then,  at  that  output,  the  demand  for  any  fixed  schedule 
input  is  insensitive  to  all  input  prices.  Further,  the  demand  for 
any  other  input  is  insensitive  to  the  price  of  the  fixed  schedule 
input . 


Proof:  From  standard  micro  theory  {12,p.28},  we  know  the  cost  function 
is  concave  in  input  prices.  Thus,  the  determinant  of  any  second  order 
principal  minor  of  the  cost  function's  input  price  Hessian  must  be  non- 
negative.  That  is, 

">0  22D  2  2D  2 

(2.15)  (a“c  /3p.  )0  c  /3pj  )  -  (3  c  /ap.apj)  >  o, 

for  any  inputs  i,j,  with  i^ j .  Suppose  input  i  is  a  fixed  schedule 
input.  Then,  from  Shephard's  Lemma  and  Def.  2.2, 


(2.16)  3^C^/3p^^  =  3y^/3p^  =  0. 

2  D 

But  then  Eq .  (2.15)  implies  3  C  /3p^3pj  =  0. 
Lemma  also  yields 


Differentiating  Shephard's 


(2.17) 


2  D 

3  C  /3p.3p. 


3y^/3Pj  = 


where  the  second  equality  is  based  on  reversing  the  order  of  the 
derivatives  of  the  cost  function.  The  two  conclusions  of  the  lemma 
follow  immediately. 

E.O.P. 

Using  Lemma  2.1  and  Eq.  (2.10),  we  see  that 


(2.18)  3(.\y/---)/3p.* 


N»C 


zz 


*  (dz*/dp^*)  (dz'-'/dpy 


) 


if  either  input  i  or  input  j  is  a  fixed  schedule  input.  If  either  i  or 
j  is  a  fixed  proportions  input. 


(2.19) 


3(Nyj*)/3p.*  =  0. 


It  follows  that  if  i  is  a  fixed  schedule  input,  taking  the  sum  over  all 
inputs  j , 

(2.20)  3IC/ap.*=  N«C°  (dz*/dp.*){Z(p.*-aC^/3Y,)(dz*/dp.*)} 

1  zz  1  J  J  i 

If  i  is  a  fixed  proportions  input. 


III.  ROYALTY  SCHEMES,  TWO-PART  TARIFFS,  AND  INDUSTRY  COSTS 


Having  established  the.  relationship  between  industry  costs  and 
intermediate  good  prices,  we  can  use  these  results  to  compare  the 
production  costs  when  an  intermediate  good  is  sold  at  a  simple  price 
with  the  industry  costs  under  a  royalty  scheme  and  under  a  two-part 
tariff.  Of  course,  to  make  such  a  cost  comparison  valid,  we  must  make 
sure  that  both  of  the  schemes  compared  induce  the  same  level  of  final 
good  demand.  For  each  of  the  comparisons  with  a  simple  price,  I  then  go 
on  to  show  that  cost  reductions  ("keeping  final  output  fixed)  are  a 
necessary  (not  just  sufficient)  part  of  broader  profit  or  welfare 
superiority . 

The  analysis  below  characterizes  the  royalty  fee  and  the  two-part 
tariff's  access  charge  as  payments  for  "pseudo-inputs".  The  royalty  fee 
can  be  thought  of  as  the  price  of  an  input  one  and  only  one  unit  of 
which  is  used  for  each  unit  of  final  output.  This  pseudo-input  is 
clearly  a  fixed  proportions  input.  The  two-part  tariff's  access  charge, 
on  the  other  hand,  can  be  represented  as  payment  for  an  input  only  one 
unit  of  which  is  used  by  each  downstream  firm  regardless  of  the  firm's 


output.  This  pseudo-input  is  a  fixed  schedule  input  with  zero  output 


elasticity  (i.e.,  =  0).* 

marginal  costs. 


Both  pseudo-inputs  of  course  have  zero 


To  adapt  Sec.  II 's  general  notation  to  our  purposes  here,  let  good 
"one"  be  the  true  intermediate  good  sold  to  independent  downstream  firms 


at  price  Pj'"-  Let  R  represent  the  royalty  fee  per  unit  of  final  good, 
and,  for  a  two-part  tariff,  let  A  be  the  access  charge  per  firm.  The 


demand  for  the  royalty  pseudo-input  is  then  Q,  the  total  final  output 


Wertical  integration  considerations  are  deferred  until  the  next 

section:  hero  we  consider  only  the  nonintegrated  case  (i.e.,  where  z^  = 

0). 

^If,  for  example,  the  real  intermediate  good  is  Hcrshey's  chocolate 
and  the  final  good  is  chocolate  cake,  then  the  royalty  fee  could  be  the 
price  of  a  "labo.l"  to  go  on  each  cake  box  proclaiming  "This  cake  made 
with  Hcrshey's  chocolate."  The  access  charge  could  bo  the.  price  of  a 
"sign"  at  each  bakery  saying  "Our  cakes  use  Hershey's  chocolate." 
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ti 


f-: 


i- 


(held  fixed  here),  whereas  the  demand  for  the  access  input  is  N,  the 
number  of  downstream  firms.  Further,  let  AC*  = 

AC^(z*(p^*,R,A) ,Pj*,R,A) .  Free  entry  downstream  causes  this  to  be  the 
price  of  the  final  good  to  consumers. 

From  Eq.  (2.21)  and  the  above  discussion,  it  follows  that 


(3.1)  aic/aR  =  0 
and  from  Eq.  (2.20)  that 

(3.2)  aiC/aA  =  NC°^^(dz*/dA){(p^*  -  aC^'/8Yj )  fdz*/dp^*)  +  A(dz--VdA) } 

Further,  from  Eq.  (2.9)  and  the  above  observation  that  a  firm's  demand 
for  "access"  (under  a  two-part  tariff)  is  completely  inelastic  with 
respect  to  the  firm's  output,  we  see  that 


(3.3)  dz*/dA  =  l/(z*  •  C  ^^)  >  0 


and  also  that 


(3.4)  dz*/dp^*  =  y^*(l  -  e^^)(dz*/dA) 


Finally,  we  will  use  the  fact  that 

(3.5)  dAC*/dp^*  =  3AC*/apj*  +  (aAC°/az) (dz*/dpj )  =  y^*/z*, 

where  the  simplification  uses  both  Eq.  (2.7)  and  Shephard's  Lemma. 
Similarly, 


(3.6) 


dAC*/dA  =  1/z*, 


wh  i  1  e 


(3.7) 


dAC’-'-'/dR  =  z*/z*  =  1 
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With  these  preliminaries  established  we  can  now  compare  pricing 
schemes . 

III. A.  Royalty  vs.  Simple  Pricing 

The  first  comparison  is  between  a  royalty  scheme  and  simple 
pricing.  The  result  is  that  a  royalty  sclieme  generally  induces  lower 
industry  costs.  To  show  this,  we  start  from  the  "optimal"  simple  price 
and  determine  when  costs  can  be  lowered  by  introducing  a  royalty  scheme. 
Whether  it  is  a  social  planner  who  must  cover  the  costs  of  an  increasing 
returns  upstream  production  process  or  an  upstream  monopolist  who  wishes 
to  ma.ximize  profits,  the  "optimal"  simple  price  will  be  above  upstream 
marginal  cost.  This  is  the  only  characteristic  of  the  simple  price 
needed  to  demonstrate  the  claimed  result.* 


Proposition  3.1:  Suppose  that  the  intermediate  good  is  sold  at  a 
simple  price  above  its  marginal  cost.  Then,  except  when  the 
intermediate  good  is  a  fixed  proportions  input  downstream,  there 
exists  a  royalty  scheme  with  positive  royalty  payment  and  per- 
unit  price  equal  to  upstream  marginal  cost  that  will  induce  the 
same  level  of  final  good  output  to  be  demanded  at  a  lower  industry 
cost.  For  a  fixed  proportions  input,  the  costs  are  the  same  under 
either  scheme. 


Proof:  Suppose  the  simple  price  of  the  intermediate  good  is  p^  > 

3c'"/3Y^.  Then  let  us  introduce  a  royalty  scheme  by  simultaneously 
reducing  the  per-unit  price  (toward  upstream  marginal  cost)  and  raising 
R  (from  zero)  so  as  to  keep  the  price  of  the  final  output,  AC*, 
constant.  That  is,  the  rate  of  change  of  Pj^*  and  R  must  satisfy 


*In  fact,  any  simple  price  not  equal  to  marginal  cost  is  generally 
inferior  to  an  appropriately  chosen  royalty  scheme.  However,  if  the 
price  is  below  marginal  cost,  then  inducing  the  same  level  of  final 
demand  while  reducing  costs  will  require  the  royalty  fee  to  be  negative-- 
i.e..,  a  rebate  to  the  final  consumers. 

If  the  upstream  process  exhibits  constant  or  decreasing  returns, 
then  a  social  planner  can  cover  upstream  costs  by  pricing  at  marginal 
cost  and  will  have  no  need  of  either  nonlinear  scheme. 
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(3.8)  (dAC*/dp^*)dp^*  +  (dAC*/dR)dR  =  0 


or 


(3.9)  dR/dp^*  =  -y^*/2*  . 

Then,  along  this  (p^*,R)  path,  final  good  demand  is  constant,  and 

(3.10)  dlC/dp^*  =  (aiC/3p^*)  +  (3IC/3R)(dR/dp^*) 

=  3IC/3p^*  -  0  •  y*/z* 

=  (3C^/3Y^-p^*)N{3yj*/3p^*  -  C°^^(dz*/dp^*)^} 

>  0 

The  first  simplification  uses  Eq.  (3.1),  and  the  second  Eqs .  (2.5), 

(2.10),  and  (2.19).  The  sign  of  the  derivative  holds  until  Pj^*  falls  to 
upstream  marginal  costs.  Along  the  path,  Eq.  (3.10)  is  zero  only  when 
the  curved  bracketed  term  is  zero,  and  that  occurs  only  when  the 
intermediate  good  is  a  (locally)  fixed  proportions  input  downstream. 

Thus,  in  adjusting  from  the  simple  pricing  scheme  to  a  royalty  scheme 
with  positive  royalty  payment  and  marginal  cost  per-unit  price,  industry 
costs  fall  except  in  the  fixed  proportions  case  where  they  are 
unchanged . 

E.O.P. 

The  reason  a  royalty  scheme  is  preferable  to  simple  pricing  lies  in 
the  fixed  proportions  nature  of  the  royalty  pseudo-input.  Pricing  a  non- 
fixed  proportions  (true)  input  above  its  marginal  cost  under  simple 
pricing  causes  scale  or  substitution  distortions  or  both.  Under  a 
royalty  scheme,  however,  such  distortions  are  avoided  by  pricing  the 
true  input  at  its  marginal  cost  while  using  the  royalty  payment  to  carry 
the  mark-up.  Since  the  royalty  payment  acts  as  payment  for  a  fixed 
proportions  pseudo-input,  no  cost  distortions  are  created  by  pricing 
that  input  above  its  zero  marginal  cost.  Of  course,  if  the  true  input 
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is  also  used  in  fixed  proportions,  then  neither  scheme  creates 
distortions . “ 

A  royalty  scheme's  ability  to  induce  lower  costs  at  the  same  output 
is  not  only  sufficient  f^r  welfare  and/or  profit  superiority  over  a 
simple  price,  it  is  also  locally  necessary. 


Proposition  3.2.  Starting  from  the  profit  maximizing  simple  price, 
suppose  a  "small"  royalty  fee  is  introduced  and  final  output  is 
allowed  to  vary.  Then,  to  a  first  order  approximation,  profits 
will  increase  if  and  only  if  a  royalty  fee  could  lower  costs  in  the 
output-constant  comparison.  The  same  can  be  said  of  increasing 
welfare,  starting  from  the  profit-constrained  welfare-optimal 
simple  price. 


Proof:  For  the  profit-maximizing  case,  consider  the  change  in  profits  II 
if  R  is  raised  from  zero  and  p^^*  is  adjusted  along  the  constant -output 
path  given  by  Eq.  (3.8).  Along  that  (pj^*,R)  path, 

dn/dR  =  3n/3R  +  On/3p^*)(dp^*/dR). 

Evaluated  at  R=0  (i.e.,  at  the  profit-maximizing  price),  the  second  term 
is  zero.  Thus,  the  output -constant  and  the  output-free  profit  changes 
are  there  equal.  But,  profit  change  is  the  difference  between  industry 
revenue  change  and  industry  cost  change,  and  the  former  is  zero  along 
the  constant  output  path.  Thus,  at  R=0, 


‘The  result  here  is  reminiscent  of  Diamond  and  Mirrlees's  optimal 
taxation  results.  They  argue  (e.g.,  {  ,p.24}  that  it  is  not  optimal  to 

levy  taxes  on  an  intermediate  good  but  rather  to  maintain  production 
efficiency  and  raise  any  needed  revenue  by  taxing  final  goods.  One 
could  consider  the  simple  price  mark-up  above  marginal  cost  as  an 
intermediate  good  "tax"  and  the  royalty  payment  as  a  final  good  "tax". 

That  raising  the  revenue  to  cover  upstream  fixed  costs  is  better 
accomplished  by  a  royalty  scheme  than  by  simple  pricing  is  a  finding 
analogous  to  their  conclusion.  Note,  however,  that  their  downstream 
technology  is  constant  returns.  (I  am  indebted  to  Robert  Willig  for 
pointing  out  the  analogy.) 

Along  the  same  line,  one  could  consider  the  access  charge  of  a  two-part 
tariff  as  a  lump  sum  tax  on  downstream  firms.  That  a  two-part  tariff 
will  not  turn  out  to  be  optimal  (in  general)  seems  to  contradict  the 
usual  optimality  of  head  taxes.  The  reason  for  the  difference  is  that, 
unlike  the  number  of  consumers,  the  number  of  firms  is  here  endogenous. 


3n/3R  =  dll/dR  =  -dIC/dR, 


where  the  left-most  expression  allows  total  output  to  vary  and  the  right 
most  is  evaluated  along  the  constant  output  path.  Thus,  a  local 
increase  in  R  (from  zero)  increases  profit  (output  free)  if  and  only  if 
it  reduces  costs  (output  constant),  to  a  first  order  approximation. 

The  same  argument  works  for  the  profit-constrained  welfare-maximing 
case  when  the  Lagrangean  from  that  maximization  is  substituted  for  11. 

E.O.P 


III.B.  Two-Part  Tariff  vs.  Simple  Pricing 

The  next  comparison  is  between  a  simple  price  and  a  two-part 
tariff.  Again,  we  begin  the  comparison  from  the  "optimal"  simple  price- 
a  price  taken  to  be  above  upstream  marginal  cost.*  Since  a  simple  price 
is  a  degenerate  two-part  tariff--i.e. ,  one  with  a  zero  access  charge-- 
a  two-part  tariff  will  be  superior  if  costs  can  be  reduced  by  increasing 
the  access  charge  in  the  neighborhood  of  zero.  As  before,  the  per- 
unit  price  of  the  intermediate  good  is  simultaneously  adjusted  to  keep 
the  final  good  price  and  demand  constant. 

As  described  above,  the  access  charge  pseudo-input  is  a  fixed 
schedule  input  with  zero  output  elasticity.  Thus,  while  not  causing  a 
substitution  distortion,  a  positive  access  charge  does  distort 
downstream  scale,  namely  by  increasing  it,  per  Eq.  (3.3).  Therefore, 
unlike  a  royalty  scheme,  a  two-part  tariff  will  not  generally  allow  all 
distortions  to  be  eliminated.  The  attractiveness  (or  lack  thereof)  of  a 
two-part  tariff  depends  on  the  relative  balance  of  distortions  caused  by 
the  access  charge  and  by  non-marginal  cost  pricing  of  the  intermediate 
good.*,  ’ 


*See  the  discussion  in  the  preceding  subsection. 

*Blair  and  Kaserman  {3}  have  noted  in  a  brief  discussion  of  the 
U-shaped  average  cost  case  the  fact  that  an  access  charge  tends  to 
increase  downstream  scale.  However,  their  Fig.  2  (p.  1126)  seems  to 
indicate  that  the  intermediate  good  would  be  priced  at  marginal  cost 
under  a  two-part  tariff.  This  is  not  generally  optimal.  They 
specifically  seem  to  be  unaware  that  if  the  intermediate  good  is  a  fixed 
schedule  input,  the  scale  distortion  caused  by  an  access  charge  may 
exactly  offset  the  existing  distortion.  This  case  will  be  discussed  in 
the  next  subsection. 

’Note,  however,  that  in  other  situations,  a  "scale"  distortion  may 


A  sufficient  condition  for  industry  costs  to  fall  is  that  the  scale 
distortion  caused  by  the  access  charge  be  opposite  to--and  therefore 
tend  to  offset--a  scale  distortion  caused  by  pricing  the  intermediate 
good  above  marginal  cost.  An  alternative  sufficient  condition  is  that, 
should  both  scale  distortions  go  in  the  same  direction,  the  access 
charge's  distortion  be  (in  a  certain  sense)  less  severe.  This  condition 
implies  that,  as  the  access  charge  is  raised  and  the  intermediate  good 
price  simultaneously  lowered,  the  net  effect  on  downstream  scale  is  to 
reduce  the  existing  distortion.  If  the  intermediate  good  is  subject 
also  to  a  substitution  distortion,  then  in  either  of  these  cases  a  two- 
part  tariff  is  even  more  attractive  and  becomes  advantageous  even  if 
there  is  no  existing  scale  distortion.  However,  if  there  are  no 
existing  distortions  of  either  kind--that  is,  if  the  intermediate  good 
is  a  fixed  proportions  input--then  a  non-trivial  two-part  tariff  (i.e., 
one  with  a  positive  access  charge)  is  always  inferior  to  a  simple  price. 

These  results  are  captured  in  a  formal  proposition  and  a  corollary. 


Proposit ion  3.3:  Suppose  that  the  intermediate  good  is  sold  at  a 
simple  price  above  its  marginal  cost.  Then,  there  exists  a  two- 
part  tariff  that  induces  the  production  of  the  same  final  good 
demand  at  lower  industry  cost  if  either  of  the  following  conditions 
is  satisfied; 

i)  If  downstream  scale  falls  as  the  intermediate  good  price  rises 
(i.e.,  dz'‘-7dp^-''  <  0).  (This  is  the  case  in  which  the  two  scale 

distortions  go  in  opposite  directions.)  An  equivalent  condition 

is  that  the  intermediate  good  is  a  "luxury"  input  downstream 

(i.e.,  e  >  1)  . 
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be  bcuieficial.  Suppose  the  downstream  industry  were  monopolistically 
competitive,  and  suppose  the  market  equilibrium  under  a  simple  price 
involved  "too  many"  firms  (i.e.,  too  many  varieties  and  too  little 
output  of  each,  as  measured  by  a  profit  or  welfare  criterion).  Then  an 
access  charge,  by  forcing  downstream  firms  to  increase  volume  (or  price 
or  both),  may  crowd  enough  firms  out  of  that  market  that  the  social  (or 
profit)  optimum  is  achieved.  Whether  such  possibilities  actually  arise 
depend,  of  course,  on  the  model  used.  Two  papers  which  have  explored 
the  subject  are  Dixit  {5}  and  Mathewson  and  Winter  (7). 


li)  If  downstream  scale  rises  with  a  rise  in  the  intermediate  good 
price  and  rises  faster  per  unit  of  input  than  it  rises  with 
increase  in  the  access  charge;  i.e.. 


(3.11) 


(  1/yj^'- )  (dz*/dp^*)  >  dz"/dA  >  0. 


(This  is  the  case  in  which  the  scale  distortions  go  in  the  same 

direction  but  access  charge  distortion  is  less  severe.)  An 

equivalent  condition  is  that  e,  <  0. 
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The  strong  inequalities  in  either  i)  or  ii)  can  be  replaced 
with  weak  inequalities  if  the  intermediate  good  is  subject  to 
substitution  distortions. 


Proof:  As  with  Prop.  3.1,  let  us  adjust  the  access  charge  A  and  the  per- 
unit  price  p^*  in  such  a  way  as  to  leave  average  downstream  costs  AC* 
unchanged.  From  Eqs .  (3.5)  and  (3.6),  this  requires 


(3.12) 


dpj*/dA  =  -1/y^*. 


The  change  in  industry  costs  induced  by  such  pricing  changes  is 
given  by 


dIC/dA  =  (aiC/aA)  +  (aiC/3pj*)(dpj*/dA) 


(3.13) 


=  N  •  C°^^(dz*/dA) [ (Pj*  -  aC^V3Y^)(dz*/dpj*) 


+  A(dz*/dA)]  +  (i/yj*)l(p^*  -  ac  /ay^) 


(aNyj*/apj*)  +  A(aN/apj*); 


where  use  is  made  of  Eqs.  (2.5)  and  (3.2).  Evaluating  Eq .  (3.13)  at  the 
initial  simple  price  p  (>aC^/aY  )  and  at  A  =  0,  we  get 
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dIC/dA 


P 


0 

1 


A=0 


(3.14) 


=  -  3C^3Y^)[(l/y^*)ONy^*/3p^*) 

+  NC°^^(dz*/dA)(dz*/dp^*)] 

=  (p^°  -  3C^/aY^)(l/y^*)N(3y^*/ap^*)  + 

{(p^®  -  ac^/aY^  •  N  •  C°^^(dz*/dp^*) 
•  [ -(l/y^*) (dz*/dp^*)  +  (dz*/dA)]}, 


where  the  second  line  uses  Eq.  (2.10)  and  collects  terms. 

If  Eq.  (3.14)  is  negative,  then  a  small  positive  access  charge  will 
result  in  lower  industry  costs  for  the  same  final  demand.  Under  the 
assumptions,  the  term  involving  (ay^*/3pj*)  is  non-positive.  Thus,  Eq. 
(3.14)  will  surely  be  negative  if  the  curly  bracketed  term  is  negative. 
Since  dz*/dA  is  positive,  the  curly  bracketed  term  will  be  negative  if 
dz*/dpj  <  0  or,  equivalently,  if  e^^  >  1.  This  establishes  sufficient 
condition  i). 

Sufficient  condition  ii)  is  established  by  noting  that  Eq.  (3.11) 
implies  both  that  dz“/dpj^  >  0  and  that 


(3. 15) 


[-(l/y^*)(dz*/dpj*)  +  (dz*/dA)l  <  0, 


again  making  the  curly  bracketed  term  in  Eq.  (3.14)  negative.  Note  that 
Eq  (3.15)  implies  that  downstream  scale  on  net  falls  as  A  and  Pj*  are 
changed  along  the  path  given  by  Eq .  (3.12)  This  reduces  the  scale 
distortion  caused  by  dz*/dp^*  >  0.  From  Eq .  (3.4),  one  can  see  that  Eq. 

(3.11)  is  equivalent  to  e,  <  0. 
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Finally,  if  the  intermediate  good  is  subject  to  substitution 
distortions--i.e. ,  if  it  is  not  a  fixed  schedule  input--the  term 
involving  3y  3pj*  in  Eq .  (3.14)  is  negative.  Then,  it  suffices  for 
Eq .  (3.14)  to  be  negative  that  the  curly  bracketed  term  is  non-positive. 
Said  term  is  zero  if  the  above  strict  inequalities  are  weakened;  that 
is,  if  e^^  is  one  (implying  dz‘"/dpj*  =  0)  or  zero  (implying  Eq .  (3.15) 
is  zero).  This  establishes  the  last  part  of  the  theorem. 


The  weakened  version  of  condition  i )  indicates  that  even  if  there 
are  no  existing  scale  distortions  (i.e.,  if  dz"/dpj"  =  ^  it  is  optimal 
to  incur  some  distortion  in  scale  if  by  doing  so  one  cau  reduce  a 
substitution  distortion  (i.e.,  if  3yj‘"/3pj*  0).  The  weakened  version 

of  ii)  indicates  a  gain  from  reducing  the  substitution  distortion  even 
if  the  net  effect  on  scale  (given  by  Eq.  (3.15))  is  zero.* 

*0rdover  and  Panzar  {8}  compare  simple  pricing  with  a  two-part 
tariff  directly  on  welfare  and  profit  grounds,  rather  than  on  cost 
grounds.  (See  their  propositions  3  and  4,  {8,  pp.  665-666}.)  Their 
proposition  3  establishes  that  a  simple  price  can  be  preferable  only  if 
0  <  1.  My  Proposition  3.2,  interpreted  contrapositively , 

establishes  that  a  simple  price  can  be  preferable  only  if  0  1  ^  1 

and,  if  there  is  a  substitution  distortion,  only  if  0  <  <  1. 

Since,  for  purposes  of  their  proposition  3,  Ordover  and  Panzar  assume 
<  0  (see  {8,  p.  661}),  the  discrepancy  here  concerns 

the  case  where  e,  =1. 
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0  &  P  examine  this  case  separately  in  their  proposition  4.  There, 
they  do  not  assume  a  substitution  distortion  directly.  Rather,  they 
assume  the  production  function  is  "strongly  quasiconcave."  I  interpret 
this  term  to  mean  that  the  downstream  technology  requirement  sets  A(z)  = 
{(x,y)  :  f(x,y)  >  z,  where  f(  ,  )  is  the  downstream  production  function} 
are  strictly  convex.  Unfortunately,  this  condition  does  not  guarantee  a 
substitution  distortion,  and  therefore  their  proposition  is  not  proved. 

To  see  that  strong  quas iconcavity  does  not  guarantee  a  substitution 
distortion,  suppose,  for  a  two-input  technology,  the  unit  isoquant 
(i.e.  ,  z  =  1)  is  given  by  {(x,y)  :  x(y  +  1)  =  1  if  y  ^  .x  and  y(x  +  1)  = 

1  if  X  ^  y} .  Assuming  monotonicity,  one  can  see  the  corresponding 
requirement  set  is  strictly  convex.  Then,  using  x  as  the  numeraire  and 
p  as  the  price  of  y,  it  is  easy  to  show  that  3y/9p  =  0  for  any  p 
satisfying 

1/2  1/2 

p+p  >l>p-p  .  Graphically,  this  is  like  clipping  out  a  piece 
of  a  nice  Cobb-Douglas  isoquant  on  either  side  of  the  45°  line  and 
pasting  the  remaining  pieces  together.  They  do  not  match  up  "smoothly" 
in  terms  of  slope,  and  the  isocost  line  "teeters"  at  the  joint. 
(Satisfying  Ordover  and  Panzar's  other  hypothesis,  namely, 
homothet ic ity ,  merely  requires  that  the  other  isoquants  be  constructed 
from  the  unit  isoquant  by  imposing  linear  e.xpansion  paths.) 

0  8  P's  proof  of  their  proposition  4  rests  on  a  result  attributed 
to  Silberberg  {11}.  However,  I  have  been  unable  to  find  a  theorem  in 
the  Silberberg  article  cited  which  uses  strong  quasiconcavity.  The 
closest  result  is  the  corollary  to  Silberberg's  Theorem  5  (11, p.  739}. 
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Proposition  3.3  covers  the  case  where  the  initial  price  exceeds 
upstream  marginal  cost  and  only  a  positive  access  charge  is  allowed. 

If,  on  the  other  hand,  the  initial  price  were  for  some  reason  below 
marginal  cost,  a  sufficient  condition  for  a  positive  access  charge  to  be 
optimal  (i.e.,  for  Eq .  (3.14)  to  be  negative)  would  be  that  = 

0  and  0  <  e^^  <  1,  since  then  dz-'/dpj^*  and  Eq.  (3.15)  are  both  positive. 
Note  that  if  a  negative  access  charge  (e.g. ,  a  lump  sum  kickback  to 
retailers)  is  also  permitted,  then  a  two-part  tariff  is  optimal  any  time 
Eq.  (3.14)  is  non-zero. 

One  case  in  which  a  simple  price  is  definitely  superior  is  given  by 
the  following.® 


Corollary  3.4.  A  two-part  tariff  (with  a  positive  access  charge) 
always  induces  higher  costs  if  the  intermediate  good  is  a  fixed 
proportions  input. 


Proof.  If  the  intermediate  good  is  a  fixed  proportions  input,  then  Eqs . 
(2.9)  and  (2.19)  indicate  that 

(3.16)  dz*/dp^*  =  3Ny^*/3p^*  =  3N/3p^*  =  0. 

Then,  Eq .  (3.13)  is  clearly  positive  for  any  positive  A,  and  increasing 
the  access  charge  from  zero  increases  industry  costs. 


However,  said  corollary  rests  not  on  strong  quasiconcavity,  but  rather 
on  "sufficient  regularity  of  the  production  function"  {11,  footnote  10, 
pp.  736-7).  In  Silberberg's  context--see,  for  instance,  his  equation 
(11),  p.  737--absent  a  scale  distortion  (as  is  the  case  when  e^^^  =  1), 

this  requires  a  substitution  distortion,  not  merely  strong 
quasiconcavity.  Strong  quasiconcavity  paired  with  a  continuously 
differentiable  production  function  suffices  for  a  substitution 
distortion . 

These  minor  differences  notwithstanding,  the  major  contributions  of 
Prop. 3. 2  to  0  &  p's  results  are  to  show  that  the  profit  and  welfare 
advantages  of  a  two-part  tariff  (when  they  arise)  are  based  on  a 
superior  ability  to  control  industry  costs  and  to  show  the  nature  of  the 
distortions  which  give  rise  to  the  advantages. 

®This  is  the  "cost"  version  of  Ordover  and  Panzar's  proposition  5 
(8,  p.l3). 


As  with  a  royalty  scheme,  cost  savings  from  introducing  a  two- 
part  tariff  (output  constant)  are  both  sufficient  and  necessary  for 
profit  or  welfare  gains  (output  variable).  The  following  proposition 
formalizes  the  comparison  with  Ordover  and  Panzar's  results. 

Proposition  3.5  Starting  from  the  profit-maximizing  simple  price, 
suppose  a  "small"  access  charge  is  introduced  and  final  output  is 
allowed  to  vary.  Then,  to  a  first  order  appro.ximat ion ,  profits 
will  increase  if  and  only  if  a  two-part  tariff  that  holds  output 
constant  can  lower  costs.  The  same  can  be  said  of  increasing 
welfare,  starting  from  the  profit-constrained  welfare-optimal 
simple  price. 

Proof:  The  proof  is  identical  to  that  of  Prop.  3.2,  replacing  R  with  A. 

E.O.P. 

lll.C.  Royalty  vs,  Two-Part  Tariff 

The  final  comparison  of  the  section  is  between  a  royalty  scheme  and 
a  two-part  tariff.  Since  the  royalty  fee  is  non-distorting,  one  would 
anticipate  that  a  royalty  scheme  with  marginal  cost  pricing  of  the 
intermediate  good  would  induce  the  lowest  possible  industry  costs.  This 
is  in  fact  the  case.  Thus,  a  royalty  scheme  will  generally  be  at  least 
as  good  as  a  two-part  tariff.*’ 

The  interesting  finding  here  is  that,  in  some  cases,  a  two-part 
tariff  will  be  as  good  as  a  royalty  scheme.  Least  cost  production  can 
in  such  cases  be  achieved,  provided  that  the  scale  distortion  caused  by 
the  access  charge  exactly  offsets  a  scale  distortion  caused  by  the 
intermediate  good  price  and  that  there  are  no  substitution  distortions. 
This  in  turn  requires  that  the  intermediate  good  be  a  fixed  schedule 
(but  not  fixed  proportions)  input  downstream. 


*°The  cost  comparison  below  between  nonlinear  schemes  is  "non- 
local"  and  thus  does  not  lend  itself  to  the  type  of  argument  used  above 
to  establish  the  necessity  of  cost  savings  to  profit  or  welfare 
improvement.  The  author  has  been  unable  to  date  to  find  another  means 
of  argument  to  demonstrate  necessity. 
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The  comparison  is  made  by  starting  from  a  given  two-part  tariff, 
showing  under  what  conditions  it  fails  to  minimize  industry  costs,  and 
then  constructing  a  royalty  scheme  that  does  minimize  costs.  If  a 
negative  royalty  fee  is  allowed  (e.g.,  a  rebate  to  final  consumers), 
then  the  results  claimed  hold  for  any  initial  two-part  tariff.  For  the 
results  to  hold  with  a  strictly  positive  royalty  fee,  the  results  hold 
only  for  a  restricted  set  of  initial  two-part  tariffs.  Fortunately,  the 
restriction,  contained  in  the  following  condition,  does  not 
significantly  limit  the  two-part  tariffs  considered. 


Condition  3.6.  Suppose  that  an  upstream  firm  uses  a  two-part  tariff 
with  access  charge  A  and  per-unit  price  Pj*-  Suppose  further  that 

the  resulting  final  good  demand  is  Q.  Let  the  upstream  profits 

thus  earned  be  n^(Q,Pj^*,A)  .  Now  suppose  that  the  intermediate  good 

were  sold  at  a  simple,  marginal  cost  price  and  that  the  output  of 
the  final  good  were  somehow  restricted  to  Q  (e.g. ,  if  the  final 
good  demand  were  totally  inelastic).  Let  the  resulting  upstream 

profits  be  n*^(Q ,  3C^/3Y^  ,0) .  Then  the  desired  condition  is  that 

(3.17)  n^'(Q,p^*,A)  >  n^(Q,3C^/3Y^,0). 

The  optimal  two-part  tariffs  of  both  the  social  planner  and  the 
profit-maximizer  certainly  satisfy  Condition  3.6  when  there  are  scale 
economies  upstream:  under  both  tariffs  the  monopoly  at  least  breaks 
even,  whereas  with  scale  economies  it  would  run  a  loss  if  it  is  priced 
at  marginal  cost.  The  condition  would  also  hold  for  the 
profit-maximizing  (pj"',A)  regardless  of  upstream  technology  if  final 
output  were  allowed  to  adjust  to  the  true  final  demand  curve  instead  of 
being  artificially  restricted  to  Q.  Indeed,  I  have  been  unable  to 
derive  a  plausible  circumstance  under  which  it  would  not  hold  at  an 
"optimal"  two-part  tariff. 

* 'Note  that  an  alternative  for  Condition  3.6  that  comes  to  mind  is 
to  consider  only  two-part  tariffs  with  p^'-  at  or  above  marginal 

cost.  However,  this  would  impose  a  significant  restriction:  if  e^^  is 

negative,  it  can  be  shown  that  the  profit-maximizing  two-part  tariff 
involves  a  Pj*  below  marginal  cost. 
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Proposition  3.7.  Suppose  the  upstream  monopoly  employs  a  two-part 
tariff  with  a  positive  access  charge  and  that  the  tariff  satisfies 
Condition  3.6.  Then,  with  one  exception,  the  monopoly  can  always 
find  a  royalty  scheme  with  a  positive  royalty  payment  which  lowers 
industry  costs  while  inducing  the  same  level  of  final  good  demand. 
The  exception  may  arise  when  the  intermediate  good  is  used  as  a 
fixed  schedule  (but  not  fixed  proportions)  input  downstream. 


Proof.  The  proof  proceeds  by  considering  the  industry  costs  that  would 
be  induced  if  the  monopolist  could  simultaneously  levy  an  access  charge 
and  a  royalty  fee.  That  is,  IC  is  considered  as  a  function  of  (p^*, 
A,R).  It  is  shown  that,  e.xcept  when  the  intermediate  good  is  a  fixed 
schedule  input,  the  IC-minimizing  triple  must  be  of  the  form  (3C^/3Y^, 
0,R),  with  R  being  a  free  variable.  In  other  words,  with  one  exception 
minimizing  IC  requires  a  zero  access  charge  and  a  marginal  cost  per- 
unit  price  but  imposes  no  restriction  on  R.  Thus,  the  industry  costs  of 
any  (but  the  excepted)  positive  access  charage  two-part  tariff  can  be 
bettered  by  some  royalty  scheme  with  a  marginal  cost  per-unit  price. 
Finally,  it  is  shown  that,  if  Condition  3.6  is  satisfied  by  a  particular 
two-part  tariff,  a  royalty  scheme  can  be  constructed  with  a  positive  R 
that  not  only  reduces  costs  but  also  induces  the  same  final  good  demand. 

Since  regularity  condition  R2)  assumes  IC  has  a  minimum  for  some 
finite  (p^*.A,R) ,  the  necessary  conditions  for  that  minimum  are  that  the 
partial  derivatives  of  IC  with  respect  to  those  variables  are  all  zero. 
Equation  (3.1)  indicates  that  3IC/3R  is  always  zero;  thus,  R  can  indeed 
be  chosen  freely  to  generate  the  proper  final  good  demand  without 
affecting  costs. 

The  next  first  order  condition  is  that 


3IC/3p^*  =  -(p^*  -  3C  /3Y^)(3Ny^*/3p^*)  -  A(3N/3p^*) 

=  -(p^*  -  3C^/3Yj)N(3y^*/3p^*) 

+  ip*  -  3C^/3Y^)NC°^^(d2*/dp^*)^ 

(3.19)  +  A  •  N  •  C*^^^(dz*/dp^*)(d2*/dA) 

=  -(p^*  -  3C^/3YpN(3y^*/3p^*)  +  y^*  (l-e^^) 

•  NC°^^(d2*/dA)[(p^*  -  3C^/3Y^)(d2*/dp^*) 

+  A(dz*/dA)] 

=  -(p^*  -  3C^/3Y^)N(3y^*/3p^*)  +  y^^d-g^^)  OIC/3A) 

=  0, 

where  the  first  equation  is  based  on  Eq.  (2.5),  the  second  on  Eqs . 

(2.10)  and  (2.18),  the  third  on  collecting  terms  and  substituting  for 
dz*/dpj*  from  Eq .  (3.4),  and  the  fourth  on  Eq.  (3.2).  Clearly,  if 
3IC/3A  =  0  to  satisfy  the  other  first  order  condition,  Eq.  (3.19) 
requires  the  per-unit  price  to  be  marginal  cost  unless  the  intermediate 
good  is  a  fixed  schedule  input  (i.e.,  unless  3y^*/3pj*=0) .  But,  if  the 
per-unit  price  is  marginal  cost,  then  setting  3IC/3A  to  zero  requires 
A=0  by  Eq.  (3.2).  Thus,  except  for  a  fixed  schedule  input,  the 
IC-minimizing  (pj^*,A,R)  must  be  of  the  form  (3C^/3Y^,  0,R).  That  such  a 
solution  exists  is  assured  by  R2). 

(Note  that  if  the  intermediate  good  is  a  fixed  proportions  input, 
then  dz'-'/dp  j^*=0  and,  consequently,  A  must  again  be  zero  by  Eq .  (3.2). 

Thus,  a  non-trivial  two-part  tariff  may  be  able  to  attain  minimum  costs 
only  when  the  intermediate  good  is  a  fixed  schedule,  non-fixed 
proportions  input.) 

All  that  remains  is  to  show  that  a  positive  royalty  fee  can  be 
chosen  so  as  to  induce  the  same  level  of  final  good  demand  as  under  the 
initial  two-part  tariff.  To  do  this,  note  first  that  (absent  vertical 
integration)  the  expression  for  industry  costs  given  in  Eq .  (2.3)  can  be 
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(3.20) 


IC(Q,Pj*.R.A)  =  Q  •  AC*(p^*,R,A)  -  n^(Q,Pj*,A). 


.U 


where  11  is  defined  in  Condition  3.6  and  use  is  made  of  Eq.  (2.2).  If 
industry  costs  are  not  minimized  by  the  two-part  tariff  being  considered 
and  since  costs  are  minimized  when  the  intermediate  good  is  priced  at 
marginal  cost  (with  R  =  A  =  0) ,  we  find 


(3.21)  IC(Q,p^*,R.A)  >  IC(Q.3C  /aY^.O.O), 


or 


Q*AC----(p^----.0,A)  -  n^(Q,Pj*,A)  >  Q  •  AC^n  3C^/ 3Y^  ,  0 , 0 )  - 

n^(Q,dC^/3Yj,0). 

Since  the  two-part  tariff  being  considered  satisfies  Condition  3.6,  Eq . 

(3.21)  implies 

(3.22)  AC*(Pj*,0,A)  >  AC---(3C^/3Yj,0,0) . 

Thus,  the  marginal  cost  per-unit  price  must  be  supplemented  with  a 
positive  royalty  fee  in  order  to  get  the  final  good  price  (and  demand) 
back  to  its  original  level. 

E.O.P. 

As  a  final  note,  let  us  determine  under  what  conditions  we  can 
construct  a  non-distorting  two-part  tariff.  As  Eq .  (3.19)  demonstrates, 
a  two-part  tariff  can  be  non-distorting  only  when  the  intermediate  good 
is  a  fixed  schedule  input.  Then,  one  begins  with  a  given  final  output  Q 
and  a  simple  price  Pj"'-  equal  to  marginal  cost.  The  given  final  output  Q 
will  then  be  produced  at  least  industry  cost,  as  established  above.  If 
one  then  simultaneously  raises  A  from  zero  and  adjusts  p^*  according  to 

13.23)  dpj-/dA  =  -l/(yj-->(l  -  3j^)). 


it  is  easy  to  see  from  Eq .  (3.19)  that  industry  costs  will  remain 
unclianged.  The  final  good  price  will  generally  change,  however.  When 


IV.  NONLINEAR  PRICING  SCHEMES  AND  VERTICAL  INTEGRATION 


This  section  compares  the  coordination  potential  of  royalty  and  two- 
part  tariff  schemes  with  that  of  vertical  integration.  As  1  have  shown 
elsewhere  {9),  vertical  integration  can  reduce  costs  relative  to  simple 
pricing  whenever  there  are  substitution  or  scale  distributions.'  Hf re  I 
determine  whether  vertical  integration  achieves  full  cost  minimization 
or  whether  a  nonlinear  scheme  may  achieve  further  savings  even  after 
integration.  Conversely,  I  determine  whether  cost  savings  achieved  by  a 
nonlinear  scheme  in  an  unintegrated  setting  can  be  suyip 1 emented  by 
further  savings  through  integration.  As  before,  cost  savings  are  shown 
to  be  necessary  as  well  as  sufficient  for  broader  profit  or  welfare 
gains . 

As  I  have  shown  in  {9),  when  an  integrated  firm's  downstream 
subsidiary  is  limited  to  the  same  U-shaped  average  cost  technology  as 
the  independent  downstream  firms*,  vertical  integration  may  lead  either 
to  partial  or  full  forward  integration.  This  is  true  whether  the 
objective  is  maximizing  profit  or  welfare.  Which  degree  of  integration 
occurs  depends  on  how  quickly  downstream  unit  costs  rise  with  output, 
relative  to  final  good  demand;  the  deeper  final  good  demand  and  the 
more  sharply  downstream  average  costs  rise,  the  less  profitable  (or 
efficient)  it  will  be  to  have  the  integrated  firm  produce  the  entire 
final  good  output.  When  partial  integration  is  the  result,  it  is 
important  to  note  that  the  intermediate  good  price  to  the  independent 
downstream  firms  (the  "external"  price)  is  above  marginal  cost.’ 

'Specifically,  what  is  shown  in  {9}  is  that,  if  the  upstream  firm 
were  to  buy  up  a  single  downstream  firm,  it  could  increase  its  profits 
by  changing  the  intermediate  good  price  to  or  the  output  of  the 
downstream  subsidiary,  provided  there  were,  respectively,  a  substitution 
or  a  scale  distortion.  Since  neither  of  these  variables  affects  the 
final  good  price  to  consumers,  the  increased  profit  comes  from  industry 
cost  savings. 

*See  the  technology  discussion  in  Sec.  II  above.  Though  the 
subsidiary  and  its  independent  rivals  share  the  same  downstream 
technology,  they  need  not  (and  generally  will  not)  face  the  same 
intermediate  good  price. 

'Recall  that,  in  the  welfare  maximization  case,  wo  are  assuming 
scale  economies  upstream. 


How  one  determines  whether  a  nonlinear  pricing  scheme  can  produce 
further  cost  savings  after  integration  depends  on  the  degree  of 
integration.  For  partial  integration,  the  question  is  of  imposing  a 
nonlinear  scheme  on  the  independent  downstream  firms  and  is  approached 
in  the  same  way  as  in  Sec.  Ill  (with  identical  results).  For  full 
integration,  the  question  is  whether  to  spin  off  an  independent 
downstream  firm  which  would  purchase  the  intermediate  good  under  a 
nonlinear  pricing  scheme. 

As  for  the  converse  question  of  whether  integration  is  beneficial 
even  after  a  nonlinear  scheme  has  been  imposed,  the  answer  can  be 
determined  by  allowing  the  upstream  firm  to  acquire  a  single  downstream 
firm.  The  acquisition  by  itself--i .e. ,  absent  any  price  or  output 
changes - -does  not  alter  the  industry's  costs.  However,  the  integrated 
firm  may  now  be  able  to  reduce  costs  by  changing  either  the  output  of  or 
the  terms  of  intermediate  good  sale  to  its  new  subsidiary.  If  so,  then 
the  nonlinear  scheme  alone  will  not  have  achieved  the  optimal 
coordination . 

Let  us  turn  first  to  the  royalty-vs . -integration  comparison, 
reserving  the  two-part  tariff-vs . -integration  comparison  for  later. 

IV. A.  Vertical  Integration  and  a  Royalty  Scheme 

The  non-distorting  nature  of  a  royalty  scheme  guides  the  results 
here.  Specifically,  imposing  a  royalty  scheme  eliminates  the  incentive 
to  integrate  but  not  vice  versa  (in  general).  Cost  savings  are  again 
locally  necessary  for  profit  or  welfare  gains.  These  results  are 
contained  in  the  following  propositions. 

Proposition  4.7.  Suppose  the  upstream  monopolist  is  optimally  (in 
terms  of  welfare  or  profit)  integrated  into  the  downstream 
industry.  Then,  except  when  the  intermediate  good  is  a  fixed 
proportions  input  downstream,  a  partially  integrated  monopolist  can 
further  reduce  industry  costs  by  imposing  a  royalty  scheme.  A 
fully  integrated  monopolist  will  always  be  able  to  reduce  costs  by 
using  a  royalty  scheme  with  per-unit  price  set  at  upstream  marginal 
cost,  provided  the  final  goods  market  is  large  enough  to  support 
more  than  one  downstream  firm  operating  at  efficient  scale. 
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Proof.  For  a  partially  integrated  monopolist,  the  external  price  is 
optimally  above  upstream  marginal  cost,  as  described  above.  Then,  if  a 
royalty  scheme  were  imposed  on  ,;he  .independent  downstream  firms  along 
the  lines  described  in  Proposition  3.1,  industry  costs  would  fall.  The 
proof  is  identical  to  that  of  Proposition  3.1,  since  that  proof  depends 
in  no  way  on  being  zero.  The  exception  there  also  applies  here: 
costs  are  unaffected  if  the  intermediate  good  is  a  fixed  proportions 
input . 

If  the  monopolist  is  fully  integrated,  we  must  look  at  the  cost 
effects  of  lowering  z^  below  the  total  final  output  Q.  The  downstream 
slack  will  be  picked  up  by  an  independent  firm  operating  under  a  royalty 
scheme.  Let  the  royalty  scheme's  per-unit  price  p^^*  be  upstream 
marginal  cost  and  the  royalty  fee  R  be  just  high  enough  to  make 
AC*(p^*,R)  equal  to  the  going  final  good  price.  Then  the  effect  on 

industry  cost  of  reducing  z^  is  given  by: 


3ic/az^  =  (ac^/3Y^  -  Pj^lOy^Vaz^) 


(4.1) 


(ac^/aY^  -  Pj*)(y^*/z*)  +  ^c°(z^p^^)/az 


C"(Z^^P^^^R)/Z*  +  R 


=  ac°(z^  ,pS/3z^  -  AC*(Pj*,R)  +  R. 


Equation  (4.1)  is  derived  from  Eq.  (2.3),  using  Eq .  (2.2)  and  the  fact 
that  the  internal  price  p^^  is  always  (optimally)  set  at  upstream 
marginal  cost.  Since  the  ro>alty  fee  does  not  affect  the  independent 
downstream  firm's  choice  of  output  or  inputs,  the  fee's  effect  on 
downstream  unit  costs  is  strictly  additive;  that  is. 


(4.2) 


AC* (p^*,R)  =  AC*(pj*,0;  +  R. 


Tims,  evaluating  Eq .  (4.1)  at  z  =  Q, 
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(4.3)  3IC/3z^  =  3C°(Q,p^S/3z^  -  AC^Cz*  ,  ,  0) . 

Since  the  hypothesized  royalty  scheme  has  Pj*  equal  to  Pj^>  the  marginal 
and  average  cos’"  functions  in  Eq .  (4.3)  are  as  if  for  the  same  firm.  By 
assumption,  the  final  goods  market  is  large  enough  to  support  more  than 
one  firm  at  efficient  scale.  Thus,  Q  is  greater  than  z-'-.  That 
downstream  average  costs  are  U-shaped  then  implies  Eq.  (4.3)  is 
positive,  and  lowering  z^  lowers  industry  costs. 

E.O.P. 

Proposition  4.2.  Suppose  the  upstream  monopolist  is  using  a  royalty 
scheme  with  a  per-unit  price  equal  to  upstream  marginal  cost.  Then 
there  are  no  local  cost  reducing  incentives  to  partially  integrate. 

Proof.  Let  the  monopolist  acquire  a  downstream  firm  (i.e.,  set  z^  =  z*) . 
leaving  all  prices  initially  the  same.  Industry  costs  are  initially 
unchanged.  Then,  the  monopolist  may  adjust  four  variables  to  try  to 
lower  costs:  the  internal  price  Pj^.  z^ ,  the  external  price  Pj*>  ^nd  the 
royalty  fee  R,  with  adjustments  in  the  latter  two  paired  so  as  to  keep 
AC"  constant.  However,  as  Eq.  (3.10)  indicates,  there  is  no  incentive 
to  change  Pj^*  and  R  when  the  former  is  already  set  at  upstream  marginal 

cost.  As  for  adjusting  note  that  (using  Eq.  (2.3)  and  Shephard's 

lemma ) : 

(4.4)  3IC/3p^^  =  (3C^/3Yj  -  Pj^Oy^^Sp^S  + 

=  0 


for  the  immediate  post-integration  values  of  the  variables  (i.e.,  for 

I  U  I 

Pj^  =  p^"  =  3C  /3Yj).  Finally,  the  incentive  to  change  z  is  found  by 

evaluating  Eq .  (4.1)  at  7}  =  z-  and  Pj*  =  p^^  =  3C^/3Yj.  In  view  of  Eq . 
(4.2;,  this  derivative  is  also  zero. 

E.O.P. 

Proposition  4.3.  Suppose  tlie  upstream  monopolist  is  optimally 
integrated,  in  a  profit  (or  profit-constrained  welfare)  sense,  into 
a  downstream  industry  large  enough  to  support  more  than  one 
producer  at  efficient  scale.  Then  the  monopolist  has  a  local 
incentive  to  impose  a  royalty  scheme  (allowing  final  output  to 
vary)  if  and  only  if  there  would  be  a  cost  saving  from  a  royalty 
scheme  which  held  output  fixed. 


Proof:  Certainly  the  "if"  holds,  as  already  argued.  The  "only  if"  will 
be  argued  in  the  contrapositive.  That  is.  it  will  be  shown  that  the 
absence  of  a  cost-saving,  constant-output  royalty  scheme  implies  the 
lack  of  a  prof i t - increas ing  (or  profit-constrained  we  1 f are- increas ing) 
increasing)  royalty,  even  if  output  is  allowed  to  vary. 

Under  the  conditions  stated,  a  fully  integrated  monopolist  can 
always  find  a  cost-reducing  royalty  scheme.  (See  Prop.  4.1.)  The  only 
case  in  which  a  partially  integrated  monopolist  cannot  reduce  costs  with 
a  royalty  is  if  the  intermediate  good  is  a  fixed  proportions  input 
downstream . 

Suppose  the  intermediate  good  is  a  fixed  proportions  input. 

Consider  the  profit-maximization  case.  The  monopolist's  profits  are 

(4.5)  ^(z^p^*,R)  =  AC*  •  Q(AC*)  -  IC(Q(AC*)  ,z^p^*,R) 

suppressing  the  dependence  of  AC*  on  p^*  and  R  and  of  1C  on  p^ .  Absent 
a  royalty  fee,  the  profit-maximizing  p^*  satisfies 

(4.6)  an/ap.*  =  (mr  -  aic/aQ)‘Q'*(y'7z*)  -  aic/ap^* 

=  (NR  -  aic/aQ)«Q’*(y*/z*) 

=  0, 

using  Eqs .  (3.5)  and  (2.21)  and  where  MR  is  final  good  marginal  revenue. 
The  local  incentive  to  raise  R  from  zero  is  given  by 

(4.7)  an/aR  =  (mr  -  aic/aq)  q'«  (i/z*)  -  aic/aR. 

From  Eqs.  (3.1)  and  (4.6),  we  see  this  must  be  zero.  Thus,  absent  a 
locally  cost-saving  royalty  scheme,  there  is  no  locally 
prof  it - increas ing  one  either.  (The  proof  for  the  profit-constrained 
welfare-maximizing  case  is  similar.) 


E.O.P. 


Proposition  4.4.  Suppose  the  monopolist  is  using  the 
profit-maximizing  (or  profit-constrained  welfare-maximizing) 
royalty  scheme.  Then,  there  is  a  local  profit  (or  welfare) 
incentive  for  partial  integration  only  if  there  is  a  local  cost 
incent ive . 

Proof:  For  partial  integration,  changes  in  and  p^^  affect  profits  (or 
welfare)  only  through  IC,  since  neither  affects  AC- .  The  theorem  is 
true  then  if  partial  integration  never  permits  a  profit  (or  welfare) 
improving  local  readjustment  of  R  or  Pj'"- 

Consider  the  profit-maximizing  case.  There,  the  prc- integrat ion 
profit-optimal  R  must  set  Eq .  (4.7)  to  zero,  where  1C  is  evaluated  at  z^ 
-  0.  The  question  is  whether  Eq .  (4.7)  is  still  zero  when  z^  becomes 
positive.  It  is  easy  to  show  that  the  profit-maximizing  Pj--  is  marginal 

cost  and  that  at  that  value  3IC/3Q  =  AC’-  is  independent  of  z^ .  Since 
3IC/3R  =  0  everywhere  by  Eq .  (3.1),  Eq .  (4.7)  is  still  zero  after 
integration.  The  derivative  of  profit  with  respect  to  Pj’-  can  be  shown 
to  be  zero  at  the  profit-optimal  P^*.  both  before  and  after  integration, 
by  a  similar  argument. 

The  profit-constrained  welfare-maximizing  case  is  argued  similarly. 

E.O.P 

IV. B.  Vertical  Integration  and  a  Two-Part  Tariff 

Whether  vertical  integration  or  a  two-part  tariff  is  more  effective 
in  reducing  costs  is  less  clear  than  in  the  comparison  between 
integration  and  a  royalty  scheme.  Since,  after  partial  integration,  the 
external  price  is  above  marginal  cost,  distortions  may  persist  among  the 
independent  downstream  firms.  In  that  case,  a  two-part  tariff  may  lower 
costs  further  by  reducing  these  distortions.  Sufficient  conditions  for 
it  to  do  so  are  exactly  the  same  conditions  under  which  a  two-part 
tariff  is  effective  in  reducing  these  distortions  absent  integration. 

If  full  forward  integration  is  the  case,  a  two-part  tariff  can  then 
lower  costs  if  a  tariff  can  be  designed  so  as  to  induce  downstream 
independents  to  produce  the  final  good  at  a  unit  (social)  cost  that  is 
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lower  than  the  marginal  cost  of  the  integrated  firm's  downstream 
subsidiary.  If  so,  then  the  cost  savings  are  had  by  lowering  the 
latter's  output.  Further,  with  a  two-part  tariff  already  in  place, 
vertical  integration  will  still  lower  costs  unless  the  two-part  tariff 
satisfies  the  first  order  conditions  for  industry  cost  minimization; 
that  is,  if  the  tariff  causes  no  substitution  distortion  and  if  the 
scale  distortions  are  offsetting.  Finally,  cost  gains  are  locally 
necessary  for  profit  or  welfare  improvements. 


Proposition  4.5.  Suppose  the  upstream  monopolist  is  partially 
integrated  and  optimally  so  (in  profit  or  welfare  terms).  Consider 
the  conditions  which  in  Proposition  3.3  guarantee  the  existence  of 
a  cost-reducing  two-part  tariff  in  the  absence  of  integration.  If 
any  of  these  conditions  are  satisfied  in  the  partially  integrated 
case,  then  too  a  two-part  tariff  can  be  constructed  which  will 
lower  industry  costs. 


Proof.  Recall  that  optimal  partial  integration  results  in  an  external 
price  above  upstream  marginal  cost.  Let  a  two-part  tariff  be  introduced 
along  the  lines  specified  in  Proposition  3.3.  The  proof  that  costs  will 
be  lowered  here  under  the  stated  conditions  is  identical  to  the  proof  of 
Proposition  3.3,  since  the  latter  depends  in  no  way  on  z^  being  zero. 

E.O.P. 

Now  consider  the  case  where  full  integration  is  initially  optimal. 
Suppose  that  a  two-part  tariff  (p^"‘,A)  would  induce  an  independent 
downstream  firm's  unit  costs  AC-'  to  be  just  equal  to  the 
post - integrat ion  final  good  price.  Under  such  a  two-part  tariff, 
industry  costs  as  a  function  of  the  integrated  firm's  final  output  vary 
according  to 
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aiC/az^  =  OC^/3Y^  -  Pj^)Oyj^/3z^) 

+  (p^*  -  3C^/3Yp(y*/z*) 

(4.8)  +  3C°(z\p^S/3z  -  AC*(p^*,A)  +  A/z* 

=  3C°(z\pjS/3z 

-  (AC*(p^*,A)  -  A/z*  -  (p^*  -  3C^/3Yp(y*/z*)] 

Equation  (4.8)  is  derived  from  Eq.  (2.3),  and  the  simplification  uses 
the  fact  that  the  internal  price  is  always  set  at  marginal  cost. 

The  square  bracketed  term  in  Eq.  (4.8)  represents  the  social  unit 
cost  of  independent  downstream  production;  that  is,  an  independent 
firm's  private  unit  costs  minus  the  mark-ups  charged  under  the  two- 
part  tariff.  If,  at  z^  =  Q,  this  social  unit  cost  is  less  than  the 
integrated  firm's  marginal  downstream  cost,  then  Eq.  (4.8)  is  positive. 

This  implies  industry  costs  would  be  lowered  if  the  integrated  firm  gave 
up  part  of  the  downstream  market  to  an  independent  firm  subject  to  said 
tariff. 

Thus,  the  potential  for  a  two-part  tariff  to  generate  further  cost 
savings  in  the  full  integration  case  depends  on  whether  a  tariff  can  be 
found  to  make  Eq.  (4.8)  positive.  One  case  in  which  such  a  tariff  could 
be  found  is  the  case  where  there  is  no  substitution  distortion  **  and  the 
scale  distortions  caused  by  the  two  parts  of  the  tariff  are  exactly 
offsetting.  Then  the  square  bracketed  term  in  Eq.  (4.8)  represents  the 
minimum  social  unit  cost.  If  the  final  goods  market  will  support  more 
than  one  efficient-sized  downstream  firm  (i.e.,  if  z^  =  Q  >  z*(p^*,A)), 
then  Eq.  (4.8)  is  certainly  positive. 

That  vertical  integration  can  generally  add  to  the  cost  savings 
already  achieved  by  a  two-part  tariff  is  shown  in  the  following 
proposition. 


Proposit ion  4.6.  Suppose  that  a  two-part  tariff  (pj^*,A)  is  imposed 

on  a  non-integrated  downstream  industry.  Then,  the  upstream 
monopolist  can  further  lower  costs  by  integrating  unless  (pj^*,A) 

already  satisfies  the  first  order  conditions  for  industry  cost 
minimization. 


'I.e.,  the  intermediate  good  is  a  fixed  schedule  input  downstream. 


■-  ■■ 
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Proof.  As  with  Proposition  4.2,  the  proof  begins  by  supposing  the 
monopolist  acquires  a  downstream  firm  fi.e.,  sets  z}  =  z*).  Before  any 
changes  are  made  in  the  output  of  the  new  subsidiary  or  in  the  terms  of 
intermediate  good  sales  (internal  or  external),  industry  costs  have  not 
changed.  Now  the  monopolist  has  four  variables  to  change  to  try  to 
reduce  costs:  the  external  price,  the  access  charge  for  the  independent 
firms*,  the  internal  price,  and  the  downstream  subsidiary's  output. 

The  effect  of  changing  z^  on  industry  costs  is  given  by 

aic/az^  =  (ac^/aVjXay^Vaz^  -  y^-Vz*) 

-  p^Oyj^/3zS  +  Pj-Xy^'-Vz*) 

(4.9) 

-  AC*(p^*,A)  +  aC^(z^  ,p^S/3z  +  A/z* 

=  (p^*  -aC^'/3Yp(yj*/z*  -  ayjVaz^)  +  A/z 

where  the  equation  is  evaluated  at  p^^  =  p^*  and  z^  =  z*(Pj^"',A)  and 
where  use  is  made  of  the  fact  that,  at  those  prices  and  outputs,  the 
marginal  cost  of  the  subsidiary  equals  the  marginal  (and  thus  average) 
cost  of  an  independent  downstream  firm.  Equation  (4.9)  can  be  further 
simplified  using  the  fact  that,  at  the  values  in  question,  Sy^^/Sz^  = 
3y^*/3z*  and  by  using  Eqs .  (2.9)  and  (3.3): 

(4.10)  31C/3z^  =  [(p^*  -  3C^/3Yp(dz*/dp^*)  +  A(dz*/dA)  ] 

If  Eq.  (4.10)  is  non-zero,  then  integration  can  further  lower 
industry  costs.  Referring  to  Eq .  (3.2),  one  can  see  that  Eq.  (4.10) 
equals  zero  if  and  only  if  3IC/3A  =  0;  i.e.,  if  and  only  if  the  initial 
two-part  tariff  satisfies  one  of  the  industry  cost  minimization 
necessary  conditions.  (Note  that  this  cannot  happen  if  p^*  is  set  at 
margina 1  cost . ) 

*The  access  charge  made  to  its  own  subsidiary  no  longer  affects  the 
subsidiary's  output,  since  the  latter  is  now  chosen  directly.  Thus,  the 
internal  access  charge  is  a  pure  transfer  and  does  not  affect  industry 
costs . 
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Consider  next  the  effect  of  changing  the 


internal  price, 


P 


I. 
1  ■ 


(A. 11)  3IC/3p^^  =  (3C^/3Y^  -  p^^  f  3yj  Vap^S  , 

where  the  equation  is  evaluated  at  p^^  =  Pj*-  If  Eq.(4.11)  is  not  zero, 

then  costs  may  be  lowered  by  adjusting  p^^  in  the  appropriate  direction. 
(If  p^'"  is  set  at  marginal  cost,  then  costs  may  be  reduced  by  adjusting 

z^ ,  as  above.)  Thus,  costs  can  be  lowered  through  integration  unless 
there  are  no  substitution  distortions. 

So  far,  we  have  established  that  costs  may  be  reduced  through 
integration  unless  3IC/3A  =  0  and  there  are  no  substitution  distortions. 
From  Eq.  (3.17),  we  see  that  this  is  equivalent  to  3IC/3pj*  =  0.  This 
completes  the  proof.® 

E.O.P. 


Proposition  4.7.  Suppose  that  the  upstream  monopolist  is  partially 
integrated  and  optimally  so,  in  a  profit  (or  profit-constrained 
welfare)  sense.  Then,  to  a  first  order  approximation  he  will  have 
a  profit  (or  welfare)  incentive  to  introduce  a  "small"  access 
charge  (allowing  output  to  vary)  if  and  only  if  a  constant-output 
two-part  tariff  could  locally  reduce  costs. 


Proof:  The  proof  is  identical  to  that  of  Prop.  3.5,  since  that  depended 
I  V,  ■ 

in  no  way  on  z  being  zero. 

E.O.P. 


Proposition  4.5.  Suppose  that  the  non- integrated  upstream 
monopolist  is  imposing  a  profit-maximizing  (or  profit-constrained, 
welfare-maximizing)  two-part  tariff.  Then,  local  profit  (or 
welfare)  incentives  for  partial  integration  arise  on ' y  if  such 
integration  could  save  costs  locally. 


Proof:  As  with  Prop.  4.4,  d’a.iges  in  z  and  p  do  not  affect  AC'-'-  and 

®Note  that  changing  the  two-part  tariff  (wiiile  maintaining  the  same 
value  of  AC-'-')  presents  no  cost  reduction  possibilities  if  neither  p^^^ 

nor  z^  do.  Refer  to  Eq .  (3.13). 


thus  affect  profit  (or  welfare)  only  through  IC.  The  question  again  is 
whether  integration  allows  profit  (or  welfare)  improving  adjustments  in 
the  two-part  tariff.  Using  Eqs.  (3.2)  and  (3.10),  it  can  be  shown,  in 
the  profit-maximizing  case,  that  after  integtation 

(4.12)  an/aA  =  -  (z^/Q)«aiC/aA,  and 

(4.13)  an/ap^*  =  -  (z^/Q)«aic/ap^*, 


where  both  are  evaluated  at  the  pre- integrat ion  two-part  tariff.  Thus, 
profit  increasing  adjustments  may  be  made  unless  the  original  two-part 
tariff  satisfied  the  cost-minimization  first  order  conditions.  By  Prop. 
4.6,  this  implies  integration  can  save  costs.  (The  welfare  case  is 
argued  similarly.) 

E.O.P. 


Proposition  4.7.  Suppose  that  the  upstream  monopolist  is  partially 
integrated,  and  optimally  so,  in  a  profit  (or  profit-constrained 
welfare)  sense.  Then,  he  will  have  a  profit  (or  welfare)  incentive 
to  introduce  a  "small"  access  charge  (allowing  output  to  vary)  if 
and  only  if  a  constant-output  two-part  tariff  could  locally  reduce 
costs . 


Proof:  The  proof  is  identical  to  that  of  Prop.  3.5,  since  that  depended 
in  no  way  on  z^  being  zero. 
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V.  CONCLUSIONS 

'  ''*<V 

The  theme  of  this  paper  h^s  been  to  explore  the  means  by  which  an 
upstream  monopolist  can  contrq^a  downstream  industry  so  as  to  reduce 
overall  industry  costs.  Such  dost  reduction  serves  the  monopol istNtj2_ 
interests  whether  his  goal  is  to  maximize  profits  or  welfare.  Pricing 
the  intermediate  good  at  marginal  cost  may  either  not  be  feasible  (e.g., 
because  of  a  need  to  cover  the  costs  of  an  increasing  returns  upstream 
production  process)  or  may  not  be  desirable  (e.g.,  under  profit 
maximization).  N.When  the  intermediate  good  is  priced  above  marginal 
cost,  excess  industry  costs  may  occur  because  the  downstream  firms 

choose  either  thel  wrong  input  mix  or  (when  downstream  firms  have 

\ 

U-shaped  average  <^osts)  the  wrong  output  level  or  both.  When  this 
occurs,  the  monopolist  may  consider  more  elaborate  instruments  for 

controlling  the  dowinstream  industry.  The  three  considered  here  are 

\ 

royalty  and  two-part  tariff  nonlinear  pricing  schemes  and  vertical 
integration . 

The  issue  of  c^^t  savings  is  interesting  partly  in  its  own  right 
and  partly  because  dost  savings  at  a  constant  final  output  level  are 
sufficient  for  profit  or  welfare  gains.  The  analysis  has  also 
demonstrated  a  third  reason:  for  the  cases  where  results  w'ere  achieved, 
cost  savings  at  a  constant  output  are  also  necessary  ("locally")  for  one 
mechanism  to  be  profit  or  welfare  preferred  to  another. 

The  downstream  industry  modeled  here  is  characterized  by  free  entry 
and  U-shaped  average  costs.  Previous  work  by  Blair  and  Kaserman  {3} 
examined  similar  issues  when  the  downstream  technology  is  linearly 
homogeneous.  They  found  that  full  integration*  and  each  of  the 
nonlinear  schemes  are  equally  effective  in  achieving  minimum  industry 
costs.  The  reason  is  that,  with  constant  returns,  there  are  no  scale 
distortions.  Thus,  the  means  for  raising  upstream  revenue  does  not 
matter  as  long  as  the  per-unit  price  of  tl»e  intermediate  good  is  set  at 
marginal  cost. 

'Partial  integration  is  never  optimal  with  constant  returns 
downstream.  See  Schmalensee  {10}. 
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The  results  are  different  when  downstream  average  costs  are 
U-shaped,  since  downstream  scale  then  matters  and  the  three  control 
mechanisms  may  have  different  effects  on  downstream  scale.  Full 
vertical  integration  may  not  then  be  optimal  precisely  for  scale-related 
reasons,  and  partial  integration  fails  to  minimize  industry  costs,  since 
the  external  price  is  still  set  above  marginal  cost.  Even  when  full 
integration  is  optimal,  costs  will  not  be  minimized  if  the  downstream 
subsidiary  operates  above  the  socially  efficient  scale.  Thus,  the 
upstream  monopolist  has  reason  to  look  beyond  integration  for  other  ways 
to  cut  costs. 

The  royalty  scheme  turns  out  to  be  the  most  effective  at  reducing 
costs.  The  reason  is  that  a  royalty  scheme  effectively  creates  a  fixed 
proportions  pseudo-input  to  the  downstream  process,  the  price  of  which 
is  the  royalty  fee.  Since  the  price  of  a  fixed  proportions  input 
distorts  neither  the  scale  nor  the  input  mix  of  the  downstream  firms,  a 
positive  royalty  fee  allows  the  monopolist  to  raise  revenue  without 
distorting  industry  costs.  He  can  then  afford  to  set  the  price  of  the 
actual  intermediate  good  at  its  marginal  cost. 

A  royalty  scheme  thus  allows  the  monopolist  to  avoid  the  scale 
and/or  substitution  distortions  caused  by  a  (non-marginal  cost)  simple 
price.  Furthermore,  it  allows  the  monopolist  to  avoid  the  cost 
distortions  which  remain  after  partial  vertical  integration  as  a  result 
of  the  external  price  remaining  above  marginal  cost.  A  royalty  scheme 
also  renders  full  integration  undesirable  when  the  downstream  subsidiary 
would  have  to  produce  beyond  the  socially  efficient  scale.  Indeed,  a 
royalty  scheme  eliminates  the  cost  reducing  advantages  of  vertical 
integration  completely.*  Finally,  a  royalty  scheme  (weakly)  dominates  a 
two-part  tariff. 

A  two-part  tariff  is  not  generally  as  effective  as  a  royalty  scheme 
in  reducing  costs,  since  it  carries  its  own  source  of  distortions:  the 
access  charge  tends  to  raise  the  scale  of  the  downstream  firms.  This 
occurs  because  the  access  charge  is  in  effect  a  payment  for  a  fixed 
schedule  pseudo-input  with  zero  output  elasticity.  Except  when  there 

*Tliat  is,  for  a  technology  (studied  here)  where  upstream  and 
downstream  costs  are  additively  separable. 


are  no  substitution  distortions  and  the  access  cliarge  and  per-unit  price 
cause  exactly  offsetting  scale  distortions,  a  two-part  tariff  fails  to 
induce  the  efficient  input  and  output  choices  downstream. 

Thus,  the  comparisons  of  a  two-part  tariff  to  simple  pricing  and  to 
vertical  integration  are  comparisons  of  "second  bests."  A  two-part 
tariff  will  reduce  simple  prices  distortions  when  the  access  charge's 
scale  distortion  alone  offsets  an  existing  scale  distortion.  A  two- 
part  tariff  will  also  produce  lower  costs  than  a  simple  price  when 
simultaneously  adjusting  the  access  charge  and  per-unit  price  to  induce 
the  same  level  of  final  demand  produces  a  net  reduction  of  a  scale 
distortion.  When  an  industry  is  already  partially  integrated,  imposing 
a  two-part  tariff  can  reduce  costs  further,  provided  the  same  sort  of 
scale  distortion  corrections  can  be  achieved  for  the  independent 
downstream  firms.  However,  the  converse  is  also  generally  true; 
despite  an  existing  two-part  tariff,  vertical  integration  still  will 
reduce  costs  except  when  the  absence  of  substitution  distortions  and  the 
presence  of  offsetting  scale  distortions  allow  the  two-part  tariff  to 
induce  exactly  the  correct  downstream  input  and  output  choices. 

Finally,  none  of  the  above  has  considered  the  implementation  costs 
of  the  three  control  mechanisms:  the  costs  of  preventing  resale  by 
customers  to  other  customers  wishing  to  avoid  an  access  charge;  the 
costs  of  monitoring  final  good  output  levels  to  collect  royalty- 
payments;  or  the  costs  of  acquiring  a  downstream  subsidiary.  Each  of 
these  costs  may  be  significant  and  may  alter  the  choice  of  control 
strategy.  The  point  to  be  emphasized  when  the  downstream  industry  has 
U-shaped  average  costs  is  that,  unlike  the  constant  returns  case,  the 
nonlinear  pricing  schemes  and  vertical  integration  do  not  differ  on 
these  implementation  costs  alone. 
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'Hiis  book  has  been  prepared  with  AF  assistance 
in  order  to  have  a  much  more  complete  technical  book 
than  those  available.  The  last  effort  edited  by  Dr. 
Hsue-Shen  Tsien  (now  a  high  official  in  the  Govern¬ 
ment  of  the  People's  Republic  of  China)  was  well- 
received  and  broadly  used  by  industry  over  thirty 
years  ago. 

The  gas  turbine  has  been  evolving  as  a  pr?)ctl- 
cal  device  since  1902  or  before.  Concepts  of  utilizing 
the  gas  turbine  principle  as  prime  mover  for  aircraft 
were  proposed  and  Investigated  in  many  countries  In¬ 
cluding  France,  USA,  ^eden,  England,  and  Germciny. 

Two  actual  developments  of  specific  jet  gas  turbines 
for  aircraft  propulsion  began  in  the  mid  30s  indepen¬ 
dently  frcan  each  other,  in  Germany  by  Hans  von  Chain 
and  in  England  by  Sir  Frank  Whittle.  The  resulting 
engines  powered  the  Heinkel  He-178,  first  flown  In 
August  1939  and  the  Gloster  28/39,  first  flown  in  May 
1941.  The  aircraft  gas  turbine  has  one  similarity 
to  the  nuclear  boob  In  that  the  most  sensitive  piece 
of  Information  is  the  fact  that  It  works.  Knowing 
this,  you  are  positive  that  with  enough  effort  you  too 
can  make  It  work.  The  first  builder  is,  therefore,  by 
necessity,  the  most  determined,  most  clever,  and  most 
vulnerable  of  the  chain.  The  main  reason  no  book 
exists  ccxnplllng  much  of  today's  state-of-the-art  Is 
that  the  gas  turbine  has  evolved  so  rapidly  and  so 


greatly  that  such  a  document  could  not  be  pre¬ 
pared  ^md  published  before  it  was  obsolete  ^md 
this  will  no  doubt  be  true  for  large  sections 
of  this  volume. 

Since  the  first  gas  turbine  flew,  the 
weight  characteristics  have  improved  by  a  fac¬ 
tor  of  four  emd  the  fuel  consumption  by  a  fac¬ 
tor  of  2.5  and  life  by  a  factor  of  400.  It  is, 
when  performing  its  design  job,  operating  at  an 
efficiency  competitive  with  a  stationary  steeun 
plant.  This  device  is  remarkable  in  many  ways 
and  its  usage  will  expand  greatly  In  the  near 
future . 

This  book  is  exceptionally  coo^lete  but 
does  not  address  controls  and  diagnostics,  pro¬ 
duction  means  and  structure  and  perhaps  your 
own  favorite  element.  The  structural  aspects 
and  technology  are  expanding  rapidly  but  since 
this  device  is  one  of  the  few  which  operate  in 
a  regime  where  plastic  deformation  happens  con¬ 
tinuously,  structure  is  most  difficult.  This 
book  is  not  a  Bible  but  will  provide  a  tremen¬ 
dous  amount  of  guidance  to  those  in  the  air¬ 
craft  propulsion  business.  I  ccmonend  it  to 
your  attention. 


ERNEST  C.  SIMPS^ff 

Director,  Turbine  Engine  Division 

AF  Aero  Propulsion  Laboratory 
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This  report  has  been  sponsori*d  jointly  hv  tho 
Air  Force  Office  of  Sc  ientifi.  kc-sparih  <\FoSR)  ind 
by  the  Air  Force  Aero-Prc'puls  ion  I.ahor  it  orv  (AFAI'I  ). 
The  Study  was  conducted  In  response  ti‘  a  peri«  lvi-il 
need  to  create  a  compr  ehens  i  v.-  and  up  to  d.ite  de¬ 
scription  of  the  aerotht  rmodvnamics  of  air.ratt  ca-, 
turbine  engines.  It  is  hoped  t’-.at  the  r.-pc-rt  will 
both  provide  understanding  and  stimul.it-*  int**rest 
tn  a  most  profound  and  donuinding  engim-erlng  dis- 
c  ipllne . 

In  its  original  concept,  the  report  was 
planned  as  a  comprehensive  descriptG'n  v‘f  gas  tur¬ 
bine  theory  and  technology.  It  was  so»mi  evident, 
however,  that  such  a  breadtli  of  subiect  matter  was 
far  too  great  for  a  single  document,  and  it  was  de¬ 
cided  instead  to  restrict  the  effort  to  the  descrip¬ 
tion  of  some  of  the  aspects  of  the  aerothermodvnam- 
Ics  of  aircraft  gas  turbine  engines.  Many  experts 
from  universities.  Industry  and  government  and  in¬ 
dustrial  research  laboratories  have  contributed  to 
the  report.  However,  it  was  decided  early  in  the 
planning  of  the  report  that  the  authors  should  con¬ 
tribute  only  in  those  areas  of  their  prime  exper¬ 
tise,  rather  than  attempting  a  completely  compre¬ 
hensive  description  of  their  subject  matter.  As  a 
result,  some  important  areas  of  Interest  to  air¬ 
craft  engine  practloners  are  only  scantily  outlined. 
In  many  such  cases,  it  was  felt  that  suitable  liter¬ 
ature  was  already  available,  and  much  of  the  present 
document  is  devoted  to  the  description  of  presently 
emerging  fields  of  emphasis. 

It  will  be  evident  to  the  reader  that  the  many 
authors  who  contributed  to  this  document  represent  a 
wide  profile  of  those  active  in  the  aircraft  gas  tur¬ 
bine  industry.  As  a  result,  the  "audience”  to  which 
the  separate  chapters  are  directed  varies  somewhat 
because  of  the  author's  own  prime  Interest.  Thus, 
some  authors  present  a  comprehensive  overview  of 
their  area  of  expertise,  with  emphasis  and  attention 
to  detail  appropriate  to  aid  the  young  practising 
engineer  In  attaining  an  understanding  and  overview 
of  the  particular  subject  matter.  It  is  expected 
that  such  practically-oriented  chapters  will  also  be 
of  direct  value  to  the  more  mature  engineer  in  a 
management  role  who,  it  is  hoped,  will  be  aided  in 
perceiving  some  of  the  developing  techniques  and 
more  Intricate  problems  of  the  given  subject  area. 

Several  of  the  chapters  are  submitted  by  prac¬ 
tising  researchers,  who  describe  not  only  an  overview 
of  the  state  of  their  research  specialties,  but  de¬ 
scribe  also  the  development  of  their  own  advanced 
theories  and  techniques  from  their  fundamental  foun¬ 
dations.  It  is  expected  that  these  contributions 
will  be  of  value  not  only  to  practising  researchers 
and  engineers,  but  also  to  the  university  connnunity 
as  graduate  course  references  and  graduate  research 
references . 

The  editor  authored  ten  of  the  chapters  (2-8, 
10-12)  with  a  twofold  Intent.  It  is  hoped  that  these 
ten  chapters  in  concert  with  other  early  chapters 
will  be  suitable  for  use  as  an  advanced  undergraduate 
and  graduate  text.  Considerable  emphasis  has  been 
placed  upon  description  of  the  very  Interactive  na¬ 
ture  of  the  component  behaviors,  and  it  is  hoped  that 
the  treatment  of  the  subject  will  also  aid  practising 
specialists  to  easily  acquire  a  I’omprehens  1  ve  under¬ 

vi 


standing  of  the  overall  engine  behavior.  It  will  be 
noted  that,  except  for  a  very  few  reference  examples, 
-ill  analvLicallv  obtained  curves  displayed  in  these 
•  hapters  liave  been  calculated  directly  from  equa¬ 
tions  obtained  within  the  text.  To  facilitate  such 
cri  1  cula t  ions ,  the  more  complex  sets  of  equations  are 
s»immarized  in  a  form  suitable  for  straightforward 
v.ihulatlon  in  a  section  following  their  development. 
The  fairlv  recent  advent  of  programmable  calculators 
makes  such  caliulatlon  a  simple  task,  and  the  reader 
is  urued  to  conduct  such  analytical  investigations 
■jiraself  to  investigate  the  many  parametric  varia¬ 
tions  possible. 

With  regard  to  the  use  of  the  report  as  a  text, 
the  int roduf torv  chapter  provided  bv  Robert  0.  Bull¬ 
ock  should  provide  a  most  useful  overview  of  both 
this  report  and  the  entire  field  of  aircraft  gas  tur¬ 
bine  engines.  This  writer  has  found  that  the  con¬ 
tent  of  Chapter  2  forms  a  suitable  review  for  most 
engineering  students  of  the  required  fluid  mechanics 
and  thermodynamics.  Because  of  the  ensuing  subject 
matter,  emphasis  is  placed  on  the  behavior  of  inter¬ 
nal  flows,  with  particular  emphasis  on  the  behavior 
of  the  stagnation  properties.  This  emphasis  is 
stressed,  of  course,  because  of  the  great  signifi¬ 
cance  of  the  stagnation  property  variations  on  the 
component  and  overall  engine  performance  behaviors. 
Chapters  3  and  4  contain  material  of  conceptual  im¬ 
portance  to  the  understanding  of  the  limiting  beha¬ 
vior  of  many  of  the  components,  but  the  instructor 
may  find,  because  of  time  limitations,  that  the  ma¬ 
terial  need  not  be  included  for  other  than  reference 
material  in  the  typical  aero-engine  course. 

Chapters  5-8  provide  the  necessary  understand¬ 
ing  of  the  performance  and  design  aspects  of  the  en¬ 
gine  alone,  and  of  the  requirement  to  understand  the 
mission  before  attempting  to  design  the  engine. 
Chapter  9  provides  an  appropriate  insight  into 
engine-airframe  interactions,  and  should  be  of  parti¬ 
cular  use  to  those  students  wishing  to  pursue 
engine-airframe  design  in  depth.  Chapter  26,  which 
considers  the  airframe-engine  interaction  and  design 
methodology  of  the  combined  system  should  also  be  of 
direct  utility  to  the  serious  design  student. 

The  description  of  the  flow  in  the  major  en¬ 
gine  components  ( Inlet-compressor-combustion-turbine- 
nozzle)  is  considered  in  Chapters  10  through  15, 
with  more  advanced  treatments  of  many  of  the  subject 
areas  covered  in  later  chapters.  It  is  expected 
that  most  instructors  would  prefer  to  select  the  sub¬ 
ject  matter  and  order  of  the  subject  matter  to  best 
suit  their  own  preferences  and  specialties.  This,  of 
course,  will  also  be  true  for  the  more  advanced  la¬ 
ter  chapters,  some  of  which  may  form  a  suitable 
core  for  an  entire  course  by  themselves. 

In  conclusion,  it  is  hoped  that  this  report 
will  serve  many  purposes.  Including  those  of  text, 
design  manual,  research  reference  and  comprehensive 
overview  of  the  aerothermodynnmics  of  aircraft  gas 
turbine  engines.  In  a  work  of  this  magnitude  it  is 
inevitable  that  many  minor  errors  will  persist  in 
spite  of  the  best  efforts  of  all  concerned.  In  view 
of  the  fact  that  there  may  be  later  updated  versions 
of  this  report,  it  would  hence  be  greatly  apprecia¬ 
ted  If  interested  readers  would  report  such  errors 
to  the  editor  so  tlwU  ensuing  versions  of  the  re¬ 
port  will  bo  of  increased  accuracy. 
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CHAPTER  1 


1 . 0  INTRODUCTION 

1.1  PRELIMINARY  REMARKS 

Developing  a  competitive  aircraft  gas 
turbine  engine  design  is  one  of  the  most 
challenging  tasks  in  engineering. 

Airplane  performance  is  so  responsive  to 
reductions  in  the  size,  weight  and  fuel 
consumption  of  its  engine  that  maximum 
effectiveness  must  be  demanded  of  each 
engine  part.  On  the  other  hand,  the  aero¬ 
dynamic  and  mechanical  capacity  of  any 
part  dare  not  be  exceeded  because  the 
potential  consequences  can  be  disastrous. 
Engineering  design  development  must, 
therefore,  be  based  on  the  following 
criteria : 

o  The  presently  available  maximum 

aerodynamic  and  mechanical  effec¬ 
tiveness  and  capacity  of  each  part 
of  an  aircraft  gas  turbine  engine 
must  be  known. 

o  How  to  design  precisely  up  to  the 
presently  available  maximum  aero¬ 
dynamic  and  mechanical  effectivenesses 
and  capacities  without  exceeding  them 
must  be  known. 

o  The  research  necessary  to  extend  the 
maximum  effectiveness  and  capacity 
of  each  part  must  be  recognized. 

Engineering  specialties  required  to 
ascertain  and  extend  these  limits  include 
aerodynamics,  thermodynamics,  controls, 
stress  analysis,  vibration  and  acoustics, 
combustion,  heat  transfer,  lubrication, 
instrumentation,  manufacturing,  and 
inspection.  All  of  these  specialties  must 
work  together  if  the  design  goals  are  to  be 
realized. 

It  is  generally  recognized  that  a  gas 
turbine  engine  derives  its  useful  power 
from  a  thermodynamic  cycle.  Demands  for 
improved  engine  power  as  well  as  fuel 
consumption  are  therefore  met  by  increases 
in : 

o  Cycle  efficiencies 

o  Peak  cycle  temperature. 

Increasing  these  quantities  without  sacri¬ 
ficing  reliability  have  been,  and  will 
continue  to  be,  two  of  the  major  goals  of 
gas  turbine  engineering. 

1.1.1  History 

The  potential  simplicity  of  a  gas 
turbine  had  enticed  inventive  minds  for 
over  a  century.  What  could  be  less  com¬ 
plicated  than  mounting  a  rotating  compres¬ 
sor  and  turbine  on  the  same  shaft  and 
inserting  a  source  of  heat  (combustion 
chamber)  between  them  as  illustrated  in 
Figure  1.1-17  Unfortunately,  the  aero¬ 
dynamic  and  material  technologies  of  that 
time  were  not  sufficiently  developed  for 
the  construction  of  a  useful  engine; 


component  efficiencies  were  too  low,  and 
the  allowable  peak  cycle  temperature  (that 
of  the  gas  at  the  turbine  inlet)  was 
excessively  restricted  by  the  strength  of 
available  turbine  materials  at  elevated 
temperatures . 


A  INLET  GUIDE  VANE  F  COMBUSTOR 

B  AXIAL  COMPRESSOR  G  RADIAL  TURBINE 

ROTOR  NOZZLE 

C  AXIAL  COMPRESSOR  H  RADIAL  TURBINE 

STATOR  IMPELLER 

D  CENTRIFUGAL  COM-  J  EXHAUST  NOZZLE 

Pr-.SSOR  ROTOR 
E  CENTRIFUGAL  COM¬ 

PRESSOR  DIFFUSER 

THE  INLET  AIRFLOW  IS  COMPRESSED  FIRST  BY  A  SINGLE- 
STAGE  AXIAL  COMPRESSOR.  THEN  BY  A  CENTRIFUGAL 
COMPRESSOR.  HEATING  OF  THE  WORKING  FLUID  TAKES 
PLACE  IN  THE  COMBUSTOR.  THE  GAS  IS  THEN  EXPANDED. 
FIRST  THROUGH  A  TURBINE  AND  THEN  THROUGH  AN 
EXHAUST  NOZZLE.  THE  TURBINE  DRIVES  THE  COM¬ 
PRESSOR.  AND  FURNISHES  OTHER  AUXILIARY  POWER.  THE 
EXPANSION  THROUGH  THE  NOZZLE  RESULTS  IN  THE 
EXHAUST  JET. 

Figure  1.1-1.  Cutaway  View  of  the  Heinkel 
He-S  3B  Turbojet  Engine  -- 
The  First  Jet  Engine  to 
Make  a  Successful  Flight. 

Persistent  work  in  these  areas,  how¬ 
ever,  gradually  paved  the  way  for  the 
first  successful  flight  of  a  turbojet 
engine  on  August  27,  1939.  The  engine, 
invented  and  developed  by  Hans  von  Chain, 
in  Germany,  was  the  He-S  3B  and  is  shown 
in  Fig  1.1-1.  It  developed  about  900 
pounds  of  thrust  and  powered  the  He  178 
airplane  shown  in  Fig  1.1-2 


Figure  1.1-2.  Heinkel  He  178--the  First 
Airplane  to  Fly  with  a 
Turbojet  Engine. 


The  development  of  a  jet  engine  was 
also  undertaken  by  Sir  Frank  Whittle  in 
England.  His  1930  patent  anticipated  most 
of  the  essential  elements  of  a  workable 
engine.  His  W.l  engine,  which  produced 
860  pounds  of  thrust,  powered  the  Gloster 
Aircraft  E28/39  on  its  maiden  flight  on 
May  14,  1941.  (Unfortunately,  photo¬ 
graphs  of  the  engine  were  not  available 
for  this  publication) .  This  flight 
undoubtedly  could  have  been  made  years 
earlier  if  proper  financial  support  had 
been  given  to  the  enterprise.  (There  is 
a  plausible  reason  for  this  delay,  how¬ 
ever,  which  is  offered  in  1.2. 3. 2.  In 
a  nutshell,  jet  airplanes  want  to  fly  at 
high  speeds,  and  external  aerodynamic 
technology  was  not  ready  for  even  moder¬ 
ately  high  speeds  until  the  late  1930 's). 

National  defense  was  the  first  area 
in  which  the  impact  of  turbojet  engines 
was  felt.  Turbojet  engine  weight  was 
markedly  reduced  from  reciprocating  engine 
weight  and  the  propeller  was  eliminated. 

The  resulting  airplanes  could  fly  so  much 
faster  than  their  predecessors  that  local 
air  superiority  was  practically  guaranteed. 
Governments  were  thus  strongly  motivated 
to  invest  in  the  development  of  the  tech¬ 
nologies  for  gas  turbine  engines  and  high 
speed  aircraft.  Maintaining  competitive 
postures  compelled  industry  also  to  make 
large  investments  in  these  technologies. 
Notable  improvements  in  gas  turbines  were 
inevitable  as  a  result  of  increased  compo¬ 
nent  efficiencies  and  elevated  turbine 
inlet  temperatures.  Further  improvements 
resulted  from  additional  reductions  in 
engine  size  and  weight  per  unit  of  thrust. 
These  reductions  were  derived  from  advances 
in  stress  and  vibration  analysis,  which  in¬ 
turn  provided  better  structural  efficiency. 
The  development  of  materials  having  higher 


stress-to-weight  ratios  was  also  gradually 
introduced  in  various  engine  components 
to  obtain  further  weight  reductions. 

In  addition  to  improved  turbojet 
engines,  efficient  turboprop  and  turbofan 
engines  also  evolved.  Long  range  and 
supersonic  aircraft  designs  with  afterburn¬ 
ing  followed  the  improved  engine  and  air¬ 
frame  technologies.  A  by-product  of  this 
evolution  was  a  revolution  in  commercial 
air  travel.  Many  areas  of  the  world  were 
made  accessible  by  overnight  flights. 


1.1.2  Some  Examples  of  Engines  and 
Engine  Installations 

Some  examples  of  engines  and  aircraft 
produced  for  defense  purposes  are  pre¬ 
sented  in  Figures  1.1-3  through  1.1-16. 
Statements  in  both  the  following  text  and 
the  footnotes  in  the  pictures  will  be  justi¬ 
fied  in  later  paragraphs  of  this  chapter. 

Figure  1.1-3  presents  a  cutaway  view 
of  a  single-shaft  turbojet  engine  with  an 
afterburner.  It  is  the  J85-21  made  by 
the  General  Electric  Company.  This  engine 
represents  an  intermediate  design  prior  to 
the  widespread  introduction  of  turbofan 
engines . 

Figure  1.1-4  presents  a  cutaway  view 
of  a  Detroit  Diesel  Allison  turboprop 
engine.  Engines  of  this  type  appeared 
when  their  weight  and  efficiency  made 
them  more  economical  than  reciprocating 
engines.  This  engine  also  represents  an 
intermediate  design  which  preceded  the 
technology  available  at  this  writing.  A 
view  of  the  complete  engine  with  all  its 
necessary  accessories  is  shown  in  Figure 
1.1-5.  An  example  of  the  way  these  engines 


A  MULTISTAGE  AXIAL  FLOW  COMPRESSOR 
B  COMBUSTOR 
C  MULTISTAGE  TURBINE 


D  AFTERBURNER 
E  VARIABLE  EXHAUST  NOZZLE 
F  ACCESSORIES 


MULTISTAGE  COMPRESSOR  FURNISHES  PRESSURE  RATIO  DESIRED  BASED  ON  TURBINE  INLET  TEMPERATURE, 
ENGINE  SIZE  AND  WEIGHT,  FLIGHT  SPEED,  AND  AIRCRAFT  MISSION.  AFTERBURNER  HEATS  EXHAUST  GAS 
TO  RAISE  ITS  TEMPERATURE.  THIS  PROVIDES  EXTRA  THRUST  FOR  SHORT  PERIODS  OF  TIME.  EXHAUST 
NOZZLE  AREA  FOR  AFTERBURNING  IS  GREATER  THAN  FOR  NONAFTERBURNING. 

Figure  1.1-3.  Cutaway  View  of  a  Jet  Engine  with  Afterburner. 
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A  MULTI-STAGE  AXIAL  COMPRESSOR 
B  COMBUSTOR 
C  MULTISTAGE  TURBINE 
D  PROPELLER  SHAFT 


E  GEARBOX 
F  DRIVE  SHAFT 
G  PROVISIONS  FOR  MOUNTING 
ACCESSORIES 


THE  TURBINE  ABSORBS  MOST  OF  THE  AVAILABLE  ENERGY  AFTER  COMBUSTION.  THE  EXTRA  ENERGY 
REMAINING  AFTER  THE  COMPRESSOR  IS  DRIVEN  IS  USED  TO  DRIVE  A  PROPELLER  ATTACHED  TO  THE 
PROPELLER  SHAFT  SINCE  THE  PROPELLER  TURNS  AT  A  MUCH  LOWER  SPEED  THAN  THE  ENGINE,  A 
GEARBOX  IS  NECESSARY  THE  LENGTH  OF  THE  DRIVE  SHAFT  IS  DECIDED  BY  THE  INSTALLATION, 
FIGURE  11-6. 

Fi.jur'.'  1.1-4.  Cutav.-.T/  cl  l.iio  Vi'^lcl  TLL-A-l  >  incirii..-. 


r'lqure  i.1-5.  Model  TSb-A-lS  Turboprop  Eniiine.  Thi;;  i.-;  Ibe  Way  the  bnyviic' 
pictured  lu  Eiqure  L.i-4  Actually  .Appoars.  Note  the*  ;iu' ■_  i ';i] -. 
.AccesMor  le:; ,  Wirti.s,  and  Tuoitiq  lor  oil  .uiu  I’uel. 


arc  inst.allo<.!  on  an  airplane  is  illns- 
frito.i  in  Fiqurc  1.1-A.  Obsorvt.-  tliat  the 
cnqinc  1  ns ta  1  1  ,j  t  ion  certainly  disturbs  the 
flow  over  the  winjs.  The  i  nipor  t  anci'  of 
miriimizinq  enijinc  riiamcter  may  be  intui¬ 
tively  rccijqn  1  zed  from  thi.s  picture. 

A  hi  :h  bypass  turbofan  enainc,  the 
deni'ral  l.lec'tric  CF6,  which  is  specif  i- 
c.illy  d'csiuneii  for  fliuhts  at  hiuh  sub- 
soru.'c  fliijht  .Mach  numbers,  is  sh(.>wn  in 
Fc.'.irc  1.1-7.  This  engine  is  .i  fiu.il  sluift 
init  <11, d  1  .s  representative  ot  mcn!(.rn  t  ech- 
.’loloyy.  A  .study  of  Fiquri'  1.1-7  reve.ils 
file  iicsipn  care  ..■xr.rci  s.id  to  achie'.’e  cam- 
[.■•1  c t ness  and  the  prolific  use  of  expansive 
f'  .iture;;  which  enable  satisfactory  struc- 
‘ar.il  ri  iidity  to  be  a.-hieved  with  rel.i- 
lively  1  I  'lht  weiaht  .  Althi/Uph  the  irech.i:.- 
isi;  is  not  obviois,  provisir.ns  wi-rf-  mafi.- 
to  oool  the  turliines  with  air  bled  from 


THIS  AIRPLANE  IS  POWERED  BY  T56  TURBOPROP 
ENGINES.  THESE  AIRPLANES  FLY  AT  LOWER  SPEEDS 
THAN  TURBOJET  ENGINES.  BUT  THEY  CAN  PRODUCE 
LARGE  THRUSTS  WITH  GOOD  OVERALL  EFFICIENCY 


1  -  ■: 


B  FAN 

C  OUTLET  DUCT  FOR  BYPASS  FLOW 
D  NOZZLE  FOR  BYPASS  FLOW 
E  MULTISTAGE  COMPRESSORS  ON  SAME  SHAFT 
AS  FAN  ("LOW  PRESSURE"  COMPRESSOR) 

F  TRANSITION  DUCT 


I  MULTISTAGE  "HIGH  PRESSURE" 
TURBINE,  DRIVES  HIGH-PRESSURE 
COMPRESSOR 
J  TRANSITION  DUCT 
K  MULTISTAGE  "LOW  PRESSURE" 
TURBINE,  DRIVES  LOW-PRESSURE 
COMPRESSOR  AND  FAN 


G  MULTISTAGE  COMPRESSOR  ("HIGH 
PRESSURE"  COMPRESSOR  ON 
SEPARATE  SHAFT) 


L  EXHAUST  NOZZLE  FOR  ENGINE 
AIRFLOW 


THIS  ENGINE  REPRESENTS  A  CROSS  BETWEEN  TURBOJET  AND  TURBOPROP  ENGINES.  AFTER  THE  FLOW 
IS  COMPRESSED  BY  THE  FAN,  MOST  OF  IT  IS  DISCHARGED  THROUGH  THE  FAN  NOZZLE.  THE  REST  OF  THE 
FLOW  IS  COMPRESSED  FURTHER.  THE  COMPRESSION  IS  DONE  BY  TWO  SEPARATELY  DRIVEN  COMPRESSORS 
IN  SERIES.  THE  EXPANSION  ACROSS  THE  TURBINES  IS  PROPORTIONALLY  LESS  THAN  THAT  OF  THE  ENGINE 
SHOWN  IN  FIGURE  1.1-4. 


Fiijurc  1.1-7.  Cutaway  of  tlio  CFG  Turbofan  Engine. 


the  compressors.  high  turbine  inlot  temp¬ 
eratures  are  thus  realized.  A  typical 
installation  of  a  high-bypass  engine  in  an 
airplane  is  shown  in  Figure  1.1-8.  The 
inlets  are  located  upstream  of  the  wings 
to  get  uniform  airflow  into  the  engines. 
Ttie  curvature  of  the  loading  edge  of  the 
inlet  is  <;cnerous  to  permit  some  mis¬ 
alignment  of  the  incoming  flow  with  the 
inlet  a  ,x  i  s  . 


The  next  two  figures  (1.1-9  and 
1.1-10)  show  two  turbofan  engines,  of  the 
type  needed  for  combined  supersonic  and 
sub.sonic  flights.  These  engines  -are  .also 
representative  of  modern  engine  technology. 
Turbine  cooling  is  again  used.  Identifi¬ 
cation  of  all  engine  parts  is  not  provided 
since  only  one  new  part  is  introduced. 

This  part  is  a  flow  mixer  dcsi^incd  to 
efficiently  mix  the  bypass  flow  with  the 
flow  through  the  entline.  Observe  again 
the  compactness  of  the  turbomachinery  and 
main  combustor.  Note  that  the  accessories 
and  plumbing  constitute  an  appreciable 
portion  of  the  total  engine  volume.  The 
afterburner  space  might  seem  tc,  be  dispor- 
tionately  large.  However,  this  is  benefi¬ 
cial  for  achieving  good  combustion 
efficiency  and  mixing  without  inijj.jiring 
per  f  orna  nee-  e'xcess  i  ve  1  y  . 


THIS  AIRPLANE  REPRESENTS  A  TYPICAL  INSTALLA¬ 
TION  OF  A  HIGH  BYPASS  TURBOFAN  ENGINE. 
AIRPLANES  SUCH  AS  THESE  CAN  FLY  AT  MACH 
NUMBERS  ABOVE  0.8  AND  STILL  STAY  IN  THE  AIR 
FOR  MANY  HOURS.  NOTE  HOW  THE  ENGINES  ARE 
ATTACHED  TO  THE  WINGS.  THE  IDEA  IS  TO  MINI¬ 
MIZE  THE  DISTURBING  EFFECTS  OF  THE  ENGINES. 
NOTE  ALSO  THAT  LARGER  BYPASS  RATIOS  WOULD 
REQUIRE  BIGGER  LANDING  GEAR  TO  MAINTAIN 
GROUND  CLEARANCE  FOR  THE  ENGINES.  THE 
RESULTING  INCREASE  IN  LANDING  GEAR  WEIGHT 
WOULD  OFFSET  THE  CARE  IN  ENGINE  DESIGN. 

THIS  IS  ONE  OF  MANY  INSTANCES  THAT  SHOW 
THAT  FEW  ITEMS  IN  ENGINE  DESIGN  CAN  BE 
DIVORCED  FROM  THE  AIRPLANE  OBJECTIVES. 


Figure  1.1-8.  FK.M'  F-4  /lircraft. 
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ENGINE 


Figure  1.1-12.  USAF  F-16  Just 
After  Takeoff. 


Figures  1.1-13  and  1.1-14  show  two 
other  views  of  airplanes  with  the  engine 
inlets  installed  beneath  the  aircraft. 


Figure  1.1-13.  USAF  F-i6  in  Flight. 


Figure  1.1-14.  USAF  F-15  in  Flight. 

Figures  1.1-15  and  1.1-16  show  the  engines 
mounted  at  the  sides  of  the  fuselage.  No 
matter  how  the  engines  are  mounted  and 
sized,  it  is  impossible,  at  the  present 
time,  to  obtain  good  flow  either  into  or 
around  them  over  the  entire  range  of  flight 
speeds  and  altitudes.  Coping  with  this 
problem  is  not  the  least  of  the  many  con¬ 
fronting-  designers. 

Although  gas  turbine  propulsion 
engines  have  come  a  long  way,  many  problems 
remain  to  be  solved  and  numerous  improve¬ 
ments  remain  to  be  incorporated.  Advance¬ 
ments  will  be  achieved  by  engine  developers 
who  understand  the  mathematics  and  physics 
of  their  own  field,  together  with  those  of 
peripheral  fields. 


ENGINE 


Figure  1.1-15.  USAF  F-lli  in  Flight. 


ENGINE 


Figure  1.1-16.  USAF  F5E  in  Flight. 


1.1.3  Purpose  of  this  Report 

As  noted  previously,  the  successful 
development  of  gas  turbine  engines  has 
resulted  from  dramatic  advancements  in  many 
engineering  specialties.  Prominent  among 
these  specialties  are  the  activities  of 
aerothermodynaraic  groups.  This  is  the  area 
where  engine  concepts  begin  and  engine  ef¬ 
ficiency  is  established.  The  experiences 
gained  (and  sometimes  suffered)  by  aero¬ 
thermodynaraic  ists  are  the  foundations  for 
new  design  approaches.  They  also  provide 
guidance  for  future  areas  of  gas  turbine 
research. 

This  publication  reviews  the  develop¬ 
ment  of  aerothermodynamics  in  aircraft  gas 
turbines  and  has  been  prepared  by  experts 
who  have  participated  in  and  contributed 
to  advancements  in  technology.  The  publi¬ 
cation  has  the  following  objectives: 

o  Provide  a  graduate-level  text  that 
treats  the  basic  aerothermodynamics 
of  the  engine 


o  Review  the  state-of-the-art,  com¬ 
ponent  problems,  and  design  approaches 


o  Be  a  useful  guide  for  the  management 
of  gas  turbine  research 


o  Guide  new  engineers  in  the  industry 
along  the  paths  of  needed  research 


o  Reflect  the  general  design  and 
development  philosophies  of  the 
turbine  engine  community 


o  Enjoy  a  wide  circulation  as  a  useful 
government  technical  publication 


1.1.4  Plan  of  Publication 


Chapters  2  through  26  present  a 
comprehensive  treatise  on  the  function  of 
aircraft  gas  turbines,  what  the  important 
aerothermodynamic  problems  are,  and  how 
these  problems  have  been  attacked.  These 
chapters  fulfill  the  basic  objectives  of 
this  effort.  In  addition  to  the  material 
presented  in  those  chapters,  the  reader 
should  also  be  acquainted  with  the  follow¬ 
ing  subjects: 

o  Basic  factors  influencing  the 

objectives  and  directions  of  gas 
turbine  engine  design 

o  The  interrelationship  of  gas  turbine 

components 

o  The  interdependence  of  aerothermo- 

dynamics  with  the  other  engineering 
specialities  involved  in  the  manu¬ 
facture  of  gas  turbines 

These  subjects  are  addressed  in  this 
chapter,  which  complements  the  rest  of 
the  publication  by  indicating,  in  advance, 
the  many  considerations  underlying  the 
design  of  gas  turbine  engines.  Although 
introductory  in  nature,  some  comments  in 
this  chapter  may  have  more  meaning  if 
they  are  also  read  in  conjunction  with 
appropriate  succeeding  chapters. 

1.2  FACTORS  INFLUENCING  PROPULSION 
ENGINE  DESIGN 

This  topic  is  introduced  here  to 
prepare  the  reader  for  subsequent  state¬ 
ments  in  this  chapter  and  to  supplement 
important  material  contained  in  later 
chapters.  It  is  divided  into  three  sec¬ 
tions.  The  first  section  shows  how  two 
critical  variables — (a)  thrust  of  the 
propulsion  system  per  unit  of  weight,  and 
(b)  efficiency  or  thrust  specific  fuel 
consumption — govern  the  usefulness  of  an 
engine.  The  second  section  briefly 
discusses  the  thermodynamic  factors  that 
control  the  power  and  thermal  efficiency 
of  an  engine.  The  third  section  discusses 
the  options  for  converting  engine  power 
to  propulsive  power. 

1.2.1  Effects  of  Engine  Performance  on 
Airplane  Capabilities 

Every  airplane  requires  an  economic 
reason  for  its  existence,  since  enough 
people  must  be  willing  to  pay  whatever  is 
necessary  for  the  particular  service  it 
offers.  The  design  of  an  engine  is  there¬ 
fore  greatly  influenced  by  its  own  contri¬ 
bution  to  the  cost  of  the  service. 

By  definition,  an  airplane  must 
carry  a  given  payload  a  prescribed  dis¬ 
tance  along  a  flight  path  in  which  the 
speed  and  altitude  are  stipulated  at  every 
point.  In  order  to  transport  a  payload, 
an  airplane  must  also  carry  a  propulsion 
system  and  sufficient  fuel  to  complete  its 
mission.  Unfortunately,  the  weight  of 
the  propulsion  system  is  frequently  com¬ 
parable  to  that  of  the  payload,  while  the 


fuel  weight  may  exceed  the  payload  several¬ 
fold.  Propulsion  system  and  fuel  weights, 
together  with  engine  efficiency,  are  thus 
important  factors  in  determining  the 
economic  value  of  any  airplane.  The  rela¬ 
tive  importance  of  these  quantities  varies 
with  many  factors.  Prominent  among  them 
are  the  cost  and  availability  of  fuel,  and 
the  nature  of  the  fuel. 


1.2. 1.1  Factors  Determining  Engine  Size 

In  a  well  designed  airplane,  there 
are  always  one  or  more  flight  conditions 
where  the  maximum  effective  thrust- 
producing  capability  of  the  propulsion  sys¬ 
tem  is  demanded.  This  requirement  dictates 
the  size  and  weight  of  the  propulsion  sys¬ 
tem.  At  any  point  in  its  mission,  thrust 
is  determined  by  the  expression 


T  =  Drag  +  M  x  a 
e  ^  g 

Drag  =  force  of  aerodynamic  drag 


M 


q 


=  mass  of  the  airplane 


a  =  acceleration  (that  of  airplane 
and  the  appropriate  component 
of  gravity) 


T  =  effective  thrust 
e 

The  acceleration  term  is  dominant  in  air¬ 
planes  that  require  vertical  takeoff  capa¬ 
bility,  short  takeoff  distances,  or  great 
maneuverability.  These  requirements  then 
decide  the  maximum  effective  thrust  and 
consequently  the  size  and  weight  of  the 
propulsion  system.  An  engine-out  require¬ 
ment  during  takeoff  and  climb  of  a  multi¬ 
engined  aircraft  may  also  be  decisive  in 
determining  size.  Both  acceleration  and 
drag  forces  are  then  involved.  High 
altitude  cruise  can  be  another  determinant. 


In  other  cases,  the  drag  during  cruise 
at  high  altitude  or  at  transonic  and  super¬ 
sonic  flight  speeds  may  fix  the  thrust  that 
determines  propulsion  system  size.  When 
acceleration  forces  are  not  involved,  one 
may  write 


1/2  PoVo‘SCo 


=  ambient  air  density 


=  flight  speed 


S  =  a  constant  associated  with  the 
surface  are  i  of  the  airplane 


Cjj  =  drag  coefficient  of  the  airplane 


Reprt jentative  graphs  of  the  variation  of 
Cd  with  Mach  number  are  shown  in  Figure 
1.2-1.  Because  of  the  relatively  high 
drag  observed  during  transition  from  sub¬ 
sonic  to  supersonic  speeds  with  fixed  wing 
aircraft,  it  is  usually  very  desirable  to 
accelerate  an  airplane  through  this  regime 
rapidly.  The  thrust  demanded  then  exceeds 
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that  determined  by  Cq  alone.  An  objective 
of  propulsion  system  design  is  to  produce 
this  thrust  with  minimum  system  weight 
and  fuel  consumption,  as  long  as  other 
important  qualities  and  drag  due  to  the 
system  installation  are  not  prejudiced. 


Figure  1.2-1.  Characteristic  Variation  of 
Drag  with  Mach  Number. 

(Taken  from  Figure  26.1.2-3, 
Chapter  26.) 


In  this  connection,  the  effective 
thrust  of  a  propulsion  system  is  that 
thrust  produced  by  aerothermodynamic 
forces  within  it  minus  drag  due  to: 


o  The  flow  of  air  over  the  external 
surfaces  of  the  propulsion  system 


o  The  interference  of  flow  about  the 
airframe  caused  by  the  presence  of 
the  propulsion  system  and  the  flow 
of  gases  into  and  out  of  it 


1.2. 1.2  Figures  of  Merit  for  Thrust,  Size 
and  Weight 

The  dimensionless  quantity  t/ (m  V^) 

can  be  used  as  a  simple  figure  of  merit  for 
gauging  the  effective  interrelations  among 
thrust,  size,  and  weight  of  a  propulsion 
system.  (At  negligible  flight  speeds  or 
at  a  given  value  of  V^,  i/m  is  obviously 
appropriate . ) 


T  =  thrust  created  by  aerothermody¬ 
namic  forces  within  the  propulsion 
system 

m  =  mass  flow  in  the  propulsion  system 
=  velocity  of  flight 


There  are  several  important  factors  exposed 
by  fhis  quantity.  In  level  flight, 

T/(m  V  )  is  proportional  to  the  drag  coef- 
ficien?  of  the  airplane.  It  can  be  shown 
that 


T 

m  V 

o 


(1.2.1) 


A  =  =  area  required 

^’o  '^o 

for  the  air  approaching  and 
entering  the  propulsion  system. 

A  is  thus  a  measure  of  the  size 
o?  the  propulsion  system. 


When  the  maximum  value  of  aerodynamic  drag 
is  the  principal  determinant  of  the  size  of 
an  engine,  the  size  varies  inversely  with 
the  value  of  t/ (m  V^)  developed  by  the 

engine.  Moreover,  for  a  defined  type  of 
propulsion  system,  the  weight  of  the  engine 
and  its  installation  tends  to  increase  with 
A  .  Thus,  thf  ability  to  develop  high 
values  of  i/(m  V^)  suggests  relatively  low 

weight  and  installation  drag  for  the  propul¬ 
sion  system.  In  many  instances,  the  term 
T/m  may  then  be  considered  more  or  less 

proportional  to  t^/m  V^. 

1.2. 1.3  Figure  of  Merit  for  Fuel 
Consumption 


o  The  extra  weight  that  must  be  added 
to  the  airframe  in  order  to  accom¬ 
modate  the  propulsion  system. 


Fuel  weight  is  closely  associated  with 
the  magnitude  of  n^,  the  overall  propulsion 
system  efficiency.  The  familiar  Breguet 
equation  for  range  is: 


Establishing  the  most  suitable  propul¬ 
sion  system  for  a  given  mission  requires 
extensive  system  and  airplane  studies  such 
as  those  described  in  Chapter  9.  Some  of 
the  ancillary  installation  problems  are 
also  presented  in  Chapters  13,  14,  and  26. 

Although  no  simple  evaluation  criteria 
are  completely  adequate,  quantities  for  dis¬ 
tinguishing  good  aerothermodynamic  quali¬ 
ties  of  an  engine  from  undesirable  quali¬ 
ties  can  be  identified.  The  quantities 
chosen  must  be  related  to  size,  and  fuel 
consumption.  Those  selected  for  this  sec¬ 
tion  are  described  in  the  following  para¬ 
graphs  . 


'Si  "  ""f  "o  In  (1  -  Mj/Mg) 

=  lower  heating  value  of  fuel 

(L/D)  =  average  lift-drag  ratio  of 
the  aircraft  during  its 
mission 

=  fuel  weight  at  takeoff 

H  =  takeoff  gross  weight  of 
^  airplane 


'  ^  =  average  overall  efficiency 
of  propulsion  system 


This  equation  clearly  indicates  that  high 
values  of  n  are  necessary  to  enjoy 

relatively  low  values  of  fuel  weight. 

Thrust  specific  fuel  consumption  is  related 
to  Pq  by  the  equation  SFC^  =  4.63  V^/H^Pq. 

1.2.2  Engine  Power  and  Thermal  Efficiency 

The  word  "engine"  in  this  section 
refers  to  the  prime  mover  that  transforms 
thermal  energy  to  useful  mechanical  energy. 
In  the  subsequent  section,  the  term  "pro¬ 
pulsion  device"  indicates  the  unit  that 
converts  this  useful  energy  into  thrust. 

A  complete  assembly  is  called  the  "propul¬ 
sion  system",  This  terminology  has  been 
adopted  for  Sections  1.2.2  and  1.2.3.  It 
is  employed  to  separate  and  clarify  the 
various  functions  of  the  propulsion  system. 
Throughout  the  rest  of  this  chapter,  how¬ 
ever,  the  word  "engine"  will  refer  to  the 
entire  system,  as  it  normally  does. 


The  size  of  an  engine  decreases  as  the 
mass  flow  of  gas  passing  through  it  is 
reduced.  It  is  manifest  that  the  interests 
of  light  engine  weight  and  low  installation 
drag  are  served  when  the  ratio  of  engine 
power  to  engine  mass  flow 
high. 


The  fuel  weight  required  for  a  given 
mission  depends  upon  the  thermal  effi¬ 
ciency,  this  is  true  since  it  can  be 

shown  that  p^  =  p^j^  X  Pp^.  (Ppp  is  the 

efficiency  of  the  propulsion  device.) 
Engine  specific  fuel  consumption  is 
related  to  p.j,jj  by  the  equation  SFC^,  = 

2545/Hj,  p_,„.  High  thermal  efficiencies  or 
low  engine"fuel  consumptions  are  therefore 
desirable. 


Both  and  p^^^  are  included  in 

the  subjects  presented  in  Chapters  5,  6 
and  7.  In  order  to  preserve  continuity  in 
this  chapter,  however,  and  also  establish 
a  base  for  subsequent  discussions,  the 
following  development  is  made.  The 
approach  is  unorthodox,  but  it  has  the 
merit  of  clearly  delineating  cause  and 
effect.  For  the  purpose  of  this  study, 
the  assumption  of  a  perfect  gas  {see 
Chapter  2)  is  adequate. 


1.2. 2.1  Thermodynamic  Determination  of 
Power  and  Efficiency  of  Simple 
Engines 


The  following  identity  is  readily 
derived;  see  Chapter  2. 

P  ^  t 

^d  ^d 


p  =  static  pressure 
t  =  static  temperature 
Y  =  C  /C 

'  p'  V 

C  =  specific  heat  at  constant  pressure 
C^  =  specific  heat  at  constant  volume 
.0  =  lAS/C 

P 

AS  =  total  increase  in  entropy  between 
any  two  stations  within  an  engine 


I  designates  summation  sign 

u  designates  condition  of  air  at  any 
upstream  station 

d  designates  condition  of  air  at  any 
station  downstream  of  u 


Consider  an  airplane  engine  similar  to  the 
engines  in  Figures  1.1-3  and  1.1-4. 


Since  the  static  pressures  upstream  and 
downstream  of  an  engine  are  equal 


e 


0 


i  designates  condition  of  engine  air 
ahead  of  the  inlet 

e  designates  condition  of  engine  gas 
after  it  is  discharged  into  the 
atmosphere 


For  simplicity,  let  the  mass  flow  be 
constant  throughout  the  engine.  The  pre¬ 
vious  equation  may  then  be  written  as: 

(V'^e’  -  'V^e*  -  <^i-'^y>  *  ^^l-'"co> 
*  (T^^-Ti)  +  (T.-t.)  =  t^  (e"  -  1) 


T^^  =  turbine  inlet  total  temperature 

T  =  compressor  outlet  total 
temperature 

T  =  total  temperature  downstream  of 
^  the  turbine  driving  the  compres¬ 
sor  and  upstream  of  a  turbine, 
or  the  part  of  a  turbine,  pro¬ 
ducing  useful  power  (T^  =  T^  in 

Figure  1.1-3,  but  T  >  T  in 
Figure  1.1-4).  ^ 

Assume  now  that 


C  (T^  .  -  T  ) 
P  ti  y' 


(T  -  T. ) 

CO  i 


This  approximately  accounts  for  the  spe¬ 
cific  energy  provided  to  the  compressor  by 
the  turbine  driving  it.  If  the  air  after 
the  power  turbine  is  allowed  to  expand  to 
the  atmosphere,  then 

JC  (T  -  t  )  =  4  ^  (1.2.2; 

p  e  e  2  ex 

Note  also  thaL 
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T. 

1 


furthermore 


(1.2.3) 


S  ^'^ti  -  ^co>  = 

J  =  ratio  of  mechanical  to  thermal 
energy  units 


The  term  e  then  embraces  all  entropy 
changes  resulting  from  the  degradation 
of  mechanical  energy.  That  entropy  change 
deliberately  introduced  by  heat  transfer 
through  combustion  is  replaced  by  a  tem¬ 
perature  ratio.  The  power  output  per  unit 
mass  can  now  be  expressed  by 


^  =  JAHj  (1  -  -  J  T^,  ^  (e"°-l) 


=  speed  of  gas  flow  leaving  the 
engine  relative  to  the  engine 


=  "cp  ^i 


=  flight  speed 

=  flight  Mach  number 

AH  =  specific  energy  (per  unit  of 
mass)  delivered  to  the  cycle 

The  equation  now  becomes 

JCp  (Ty-T^)  t  1 

=  JAH_  -  JC  t.  (e“-l) 

I  pi 


(e  -  1)] 


(1.2.4) 


The  last  term  is  the  surtax  imposed  for 
ineptness  in  converting  heat  to  useful 
energy.  The  thermal  efficiency  is  now 
expressed  by: 

^i  ’^i  °r.  "^co 

Hth  ~  (1  ~  ^ — )  ~  [if — (e  -1)]/[1  -  ip — ) 
CO  CO  ti 


(1.2.5) 


Observe  that  if  the  only  change  in  entropy 
came  about  from  the  addition  of  AH^  to  the 
flow,  then 


Observe  that  temperatures  have  been  used 
as  variables.  These  fundamental  variables 
of  thermodynamics  provide  the  best  illu¬ 
mination  of  the  subject.  In  1.3,  pres¬ 
sures  are  introduced,  since  they  are  more 
useful  in  industry. 


P  =  total  pressure 

c  identifies  the  entropy  increase 
accompanying  the  heat  added 
in  the  combustor 


JC  (T  -T  )  +  4  (V  ^-V  ^)  = 
p  y  e  2  ex  o' 

T  .  t. 

JAH  -  JC  t.  (^  -  1)  =  JAH  (1  -  ^) 

^  CO  CO 


The  quantity  [JCp  (T^-T^)  +  |  -V^  ) ) 

represents  the  total  power  that  can  be 
developed  by  the  engine  per  unit  of  engine 
mass  flow.  For  this  idealized  condition, 
the  efficiency  with  which  AHj  is  utilized 
is  obviously  quantity 

t.  (T^,/T  -1)  represents  the  tax  that 

1  1 1  CO 

nature  demands  for  the  privilege  of  con¬ 
verting  heat  energy  to  useful  energy. 

When  energy  degradation  by  effects 
such  ag  friction  is  also  recognized,  the 
term  e°  can  be  written  as 


‘ti  ‘'D 
R —  e 


g[(AS/Cp)^  +  Z(AS/Cp)pl 


1.2. 2. 2  Some  Effects  of  Afterburning 

The  relatively  small  engine  diameters 
associated  with  high  values  of  are 

particularly  needed  for  transonic  and 
supersonic  flight,  where  anything  that 
gets  in  the  way  of  the  airstream  produces 
important  increments  in  drag.  In  these 
cases,  is  raised  by  afterburning 

or  reheat.  (An  afterburner  in  an  engine 
is  shown  .in  Figure  1.1-3).  The  foregoing 
equation  for  power  may  then  be  readily 
extended  to  read 

W*E  =  ^  <^ti-^co>  ^  '"^ab-^o) 

T  *  T 

-  t  [-^  -  1] 

CO  to 


-  t  [e'"°^  -1]} 

CO  to  , 


(1.2.6) 


T^^  =  turbine  discharge  total 
temperature 

T^j^  =  afterburner  discharge  total 
temperature 

“  ZASpj^/Cp  for  all  components 
including  the  afterburner 
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The  efficiency  of  the  afterburning  process 
can  be  determined  as  follows:  Divide  the 
gain  in  power  due  to  afterburning  by  the 
extra  energy  added  by  combustion  in  the 
afterburner.  For  ideal  conditions 


n 


abi 


(1.2.7) 


=  ideal  efficiency  of  the  after¬ 
burning  process  itself. 

The  difference  between  this  and  the  non- 

T  . 

afterburning  efficiency  is  (= —  -1] .  This 

■^to 

extra  loss  is  analagous  to  a  late-charge 
tax  exacted  by  the  IRS.  The  corresponding 
equation  with  the  entropy  terms  can  also 
be  derived,  and  it  may  be  determined  that 
these  entropy  terms  greatly  augment  this 
loss  in  efficiency.  The  trade-off  between 
the  increase  in  and  the  loss  in 

depends  on  the  airplane  mission.  It  might 
be  expected,  however,  that  the  desire  for 

high  values  of  P^^/m  often  predisposes 
the  trade-off  in  favor  of  afterburning. 


blades  are  cooled  by  air  withdrawn  from  the 
main  engine  flow  during  the  compression 
process  (see  Chapter  19) .  (The  cooling  is 
necessary  to  keep  the  turbine  and  other 
metal  temperatures  below  Otherwise, 

the  loss  in  both  the  strength  and  corro¬ 
sion  resistance  of  the  metal  would  be  intol¬ 
erable.)  As  the  turbine  inlet  temperature 
increases,  more  cooling  air  is  required. 

The  resulting  loss  in  available  power  after 
the  compressor  is  equivalent  to  an  increase 
in  entropy.  When  an  appreciable  amount  of 
air  is  required  to  achieve  the  necessary 
cooling,  the  growth  of  can  offset  the 

potential  benefits  of  elevated  turbine 
inlet  temperatures.  An  upper  limit  of  T^^ 

is  eventually  imposed.  Methods  for  improv¬ 
ing  and  protecting  materials,  and  reducing 
losses  due  to  blade  cooling  are  conse¬ 
quently  continually  being  pursued  to  improve 

and  n^H* 

When  an  engine  is  being  started,  high 

values  of  o,.  and  low  values  of  T _ /t.  make 

D  CO  1 

the  entropy  term  decisive.  This  causes  the 
right  hand  side  of  Equation  (1.2.3)  to  be 
negative.  Excessive  values  of  T^.^  can 

increase  the  mechanical  power  demanded  of 
the  starter.  The  fuel  flow  must  therefore 
be  carefully  controlled  in  this  operating 
regime. 


1.2. 2. 3  Thermodynamic  Effects  of  Flight 
Speed 

Recall  that  T^/t,  is  the  result  of 

CO  1 

two  processes  —  the  temperature  rise  due  to 
the  speed  of  the  airplane.  Equation  (1.2.3) , 
and  the  temperature  rise  in  the  compres- 
sor(s)  . 


(1 


+  ^ 


(1.2.8) 


A  given  temperature  rise  is  usually 
produced  with  less  entropy  increase  in  an 
inlet  than  that  in  ^  compressor.  The 
magnitudes  of  and  attainable  in 

high  speed  aircraft  are  therefore  signifi¬ 
cantly  greater  than  those  available  from  a 
stationary  engine. 


1.2. 2. 4  Basic  Concepts  Derived  from 
Thermodynamic  Analysis 

The  following  deductions  and  observa¬ 
tions  are  noteworthy. 

1.2. 2. 4.1  Turbine  Inlet  Temperature 

If  Op  were  independent  of  both 

and  Dipg  would  increase  with  provi¬ 

ding  the  right  side  of  Equation  (1.2.4)  is 
positive.  In  many  current  designs,  however, 
CTp  increases  with  because  the  turbine 


1.2. 2. 4. 2  Effects  of  T  /t- 

CO  1 

As  is  raised  from  unity,  both 

Pwre/"^  3nd  are  initially  increased.  A 
value  of  T^^/t^  is  eventually  reached  which 
makes  a  maximur .  Differentiating 

Equation  (1.2.4)  with  respect  to 
would  identify  this  condition  when  Op  is 
known  as  a  function  of  However, 

the  relation  given  in  Chapter  5 


T  /t. 

CO  1 


provides  a  good  basis  for  discussion.  A 
design  for  maximum  power  requires 

to  increase  as  the  permissible  value 
of  T^^  is  raised.  Further  increases  in 

T^^/t^,  beyond  that  for  maximum  power, 

cause  the  efficiency  to  continue  to 
increase  until  it  too  reaches  a  maximum. 
The  higher  the  value  of  Op,  the  closer  the 

value  of  for  maximum  power 

approaches  the  value  of  T^^/t^  for  maximum 

efficiency.  In  any  event,  a  quest  for 
high  engine  efficiency  also  requires 
T^^/t^  to  increase  as  T  ^  is  raised. 


For  a  given  flight  condition,  how¬ 
ever,  engine  weight  also  increases  with 
T^^/t^  because  larger  compressors  and 

turbines  are  required  to  supply  the 
increased  load  imposed  on  them.  The  com¬ 
pressors  and  turbines  of  modern  engines 
such  as  those  shown  in  Figures  1.1-7, 
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1.1-9,  and  1.1-10  are  made  as  compactly 
as  possible  to  minimise  this  trend.  How¬ 
ever,  the  value  of  T^^/t^  usually  selected 

is  less  than  that  for  maximum  The 

optimum  value  of  T^^/t^  depends  upon  this 

discussion  and  the  relation  expressed  in 
Equation  (1.2.8) . 

1.2. 2. 4. 3  Effects  of 

Low  values  of  enhance  both 

component  effi¬ 
ciencies  and  low  flow  losses  in  transi¬ 
tion  ducts  are  major  design  objectives. 

If  entropy  losses  were  constant,  their 
effect  would  diminish  as  T^^/t^  increa¬ 
ses.  Unfortunately,  the  losses  in  com¬ 
pressors  and  turbines  (and  even  engine 
inlets  and  outlets)  increase  in  such  a 

°D  "^co 

manner  that  (e  -1)  increases  with  — . 

(As  a  matter  of  interest,  a  simple  expres¬ 
sion  may  be  derived  to  relate  the  entropy 
increase  in  compressors  and  turbines  to 
their  temperature  ratios  and  their  poly¬ 
tropic  efficiencies,  defined  in 
Chapter  6.)  Besides  offering  reduced 
losses,  increased  component  efficiencies 
permit  higher  values  of  T^^/t^  to  be 

selected;  this  offers  additional 
improvements.  Since  T^^/t^  naturally 

increases  with  flight  Mach  number  when 
{Tco"Ti)  is  fixed,  a  condition  that  is 

usually  approximated  in  a  real  engine,  the 
values  of  and  n.p[j  also  increase 

with  flight  Mach  number  until  either 

T _ /t,  reaches  its  value  for  maximum 

CO  1 

power,  or  become  too  high  because  of 
inlet  losses. 

1.2. 2. 4. 4  Afterburning 

Afterburning  increases  P  /m  at 

the  expense  of  n_„. 

i  n 

1.2.3  Conversion  of  Engine  Power  to 
Propulsive  Power 

Thrust  is  produced  by  coupling  the 
engines  of  the  previous  section  to  a 
propulsive  device.  A  brief  study  of  the 
mechanics  of  propulsion  is  now  appro¬ 
priate.  The  problem  is  similar  to  one  of 
impedance  matching. 

1.2. 3.1  Propulsion  Mechanics 

The  thrust  produced  by  any  aircraft 
propu' sive  device  causes  a  change  in  the 
momentum  of  the  gas  passing  through  it 
(see  Chapters  2  and  5) .  The  air  dis¬ 
charged  from  a  propulsive  device  is  called 
the  jet,  and  the  magnitude  of  thrust  is: 

t  =  Cpm.  (V,-V^) 

m^  =  mass  flow  of  gas  in  the  jet 

Vj  =  speed  of  jet 


Cp  =  thrust  coefficient.  For 

convenience,  this  term  will 
be  disregarded  in  the  follow¬ 
ing  discussions,  since  its 
magnitude  is  usually  only 
slightly  less  than  unity. 
Consult  Chapters  9,  14, 
and  26. 

The  power  required  to  produce  the 
jet  is: 

PwRj  =  I  S 

Thrust  and  jet  power  are  thus  related 

,  .  v„, 


=  /2A .+1 

: 


(1.2.9) 


Thrust  increases  with  m.  and  P,,_.,  how- 

3  WK] 

ever  it  asymtotically  approaches  the 
value  of  T^=  P„re/V^  as  m^  increases 


indefinitely.  Note  that 

t  ^  [/ira  -  1] 


Since  the  useful  power  developed  by 
the  thrust  is  iV  ,  the  propulsive 
efficiency  of  the  jet  is 

^PR  "  P  ”  X  +  1  -  1]  = 

'"WRJ 

(1.2.11) 

An  important  relation  between  thrust 
and  power  may  now  be  written 

=  "^PR  ^j  (1.2.12) 


Figure  1.2-2  presents  (or  i/Tj^^) 


plotted  against  1/A . 


(The  reciprocal 


of  Aj  is  used  for  convenience.] 
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Figure  1.2-2.  Effect  of  )  on  Thrust 

Produced  and  Propulsive 
Ef  f iciency . 
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1.2. 3. 2  Direct  Coupling  of  Engines  with 
Propulsive  Devices 


The  power  of  the  jet  flow  (which 
is  related  to  propulsive  force)  must 
ultimately  come  from  the  engine.  The 
simplest  way  of  coupling  an  engine 
to  a  jet  is  to  put  a  nozzle  behind  the 
engine,  as  in  Figures  1.1-1  and  1.1-3, 
and  then  expand  the  flow  to  ambient 
pressure.  This  action  forms  the  jet 
from  the  engine  airflow  (A^  =  A^  and 

It  is  of  interest  to  inves¬ 


=  m.) 


tigate  the  aerothermodynamic  behavior 
of  this  and  other  couplings  with  the  aid 
of  engine  characteristics  that  partially 
represent  current  technology.  Pertinent 
information  from  such  an  engine  with 
direct  coupling  is  given  in  Table  1.2-1. 


“n 

A 

TABLE 

1.2-1 

T 

"^PR 

e 

■^TH 

m  V 
e  o 

’^o 

0.8 

10.5 

0.48 

3.7 

0.35 

0.17 

0.8** 

18.1 

0.43 

5.1 

0.28 

0.12 

2 

1.7 

0.57 

1.1 

0.65 

0.37 

2** 

3.1 

0.50 

1.7 

0.54 

0.27 

3 

0.57 

0.57 

0.5 

0.81 

0.46 

3** 

1.3 

0.55 

0.9 

0.69 

0.38 

= 

overall  efficiency 

^TH 

^  '’pR 

**Af terburning  to  3500’R 

The  values  of  A  and  n  reflect  the 
e  e 

level  of  engine  technology  used  in  this 
example.  As  flight  Mach  number  increases, 
A^  decreases  and  n,pjj  increases.  The  latter 

trend  occurs  because  T^/t^  rises 
[Equation  (1.2.3)]  and  this  causes  T^^/t^ 
to  increase  also.  The  increase  in  is 

then  expected  from  Equation  (1.2.5).  The 
value  of  can  and  does  increase 

also,  [see  Equation  (1.2.4)]  but 

increases  much  faster.  Afterburning 
increases  A^  at  the  expense  of  as 

expected. 

The  relatively  high  values  of  A^  at 

0.8  Mach  number  cause  the  associated 
values  of  Hpj^  to  be  low.  The  utilization 

of  power  for  thrust  is  poor  and  the  over¬ 
all  efficiency,  is  atrocious.  Better 

propulsive  efficiency  could  be  obtained  at 
this  Mach  number  by  reducing  and, 

hence,  A^.  This  is  readily  accomplished  by 

lowering  T^,^  [see  Equation  (1.2.4)].  The 

resulting  increase  in  may  even 

increase  n„u.  Overall  efficiency  would 
i  H 

thus  further  improve.  As  previously 
emphasized,  analysis  similar  to  that  dis¬ 
cussed  in  Chapter  9  is  ultimately  necessary 
to  ma)ce  the  proper  decision. 


It  is  worth  noting  tliat  oven  the 
early  concepts  of  jet  engines  (with  their 
low  pressure  ratios,  turbine  inlet  temper¬ 
atures,  and  thermal  efficiencies)  still 
provided  such  high  values  of  A^  to  the  jet 

that  flight  speeds  greater  than  the  capa¬ 
bility  of  contemporary  aircraft  were 
necessary  for  tolerable  propulsive  effi¬ 
ciency.  This  situation  was,  for  a  while, 
a  deterrent  to  the  investment  of  money  in 
jet  engine  technology. 

The  value  of  engine  efficiency  at 
supersonic  Mach  numbers  exceeds  that  which 
can  be  obtained  by  any  prime  movec  at  sea 
level.  At  a  Mach  No.  of  3.0,  the  overall 
efficiency  at  least  approaches  anything 
that  can  be  offered  at  sea  level.  Unfor¬ 
tunately,  the  magnitude  of  t /mV^  is  low 

while  the  drag  is  high,  contrary  to  the 
demands  of  Equation  (1.2.1). 

Although  the  direct  coupling  just 
discussed  is  simple  and  contributes 
minimally  to  the  size  and  weight  of  the 
propulsion  system,  it  does  not  provide  the 
necessarily  high  values  of  and  large 

values  of  r/m  simultaneously.  Part  of 

this  problem  of  achieving  the  desired 
thrust  with  high  overall  efficiency  and 
light  engines  is  avoided  by  using  part  of 
the  engine  power  to  drive  a  separate  air- 
moving  device  such  as  a  propeller  or  fan. 
This  feature  is  discussed  in  the  follow¬ 
ing  section. 


1.2. 3. 3  Coupling  with  a  Secondary  Jet 

Systems  using  this  coupling  are 
commonly  called  turboprops  or  turbofans, 
see  Figures  1.1-4  and  1.1-7.  The  idea  is 
to  divert  a  portion  of  the  power  devel¬ 
oped  by  the  engine  to  create  another  or 
secondary  jet  with  a  lightweight  device. 

1.2. 3. 3.1  Thermodynamic  Behavior  of 

Secondary  Propulsion  Device 

The  thermodynamic  and  propulsive 
characteristics  of  the  secondary  propul¬ 
sive  device  are  readily  derived  by  the 
same  method  as  that  used  in  1.2.2.  The 
power  is  abstracted  from  the  engine 

to  increase  the  temperature  (or  pressure 
ratio)  of  the  secondary  airstream.  A  fan 
(or  a  propeller)  is  the  instrument  that 
adds  most  of  this  energy  to  the  secondary 
flow.  In  addition,  heat  may  be  transferred 
to  this  stream  by  combustion  as  illustrated 
in  Figure  1.1-9.  Following  the  scheme 
devised  in  1.2.2,  it  follows  that 


(tg-  -  T^-)  + 


(Tj  _  T^) 


+  (T. 


'^i> 
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T.  =  total  temperature  aft  of  a  fan  or 
propeller 

Tg '  =  total  temperature  of  the  flow 
discharged  from  the  secondary 
propulsive  device.  Combustion 
takes  place  in  the  device  when 
T  >  >  T, 

Cj^g  =  entropy  rise  due  to  degradation 
of  useful  energy  associated 
with  the  secondary  device 

The  power  per  unit  of  mass  flow  in 
the  secondary  jet  is 


=  JCp  [(T^  -  T.)  t  (T^-  -  T^) 
s 

T  *  n 

-  t.  e  -1)] 


WRSJ  _  WRE  t  .  r  r 

m  m 

s  s 


(1.2.13) 


=  the  portion  of  energy  input  by 
the  fan  that  is  degraded  in 
the  secondary  device. 

^c  =  %  ^i  -^F  = 


T  '  a 


(Y-1) 


P  =  total  power  available  for 
thrust  in  the  secondary 
propulsive  device 

m  =  mass  flow  through  secondary 
^  device 

A  not  inconsiderable  part  of  Oj^g  is 
associated  with  (T^  -  T^) .  Moreover,  a^g 
increases  with  at  a  fixed  value  of  T^. 
A  positive  maximum  for  P,,__.,/m  can  thus 

WKbO  S 

be  anticipated. 


^^WRSC  =  ‘^e’  -  Tf)  (1  -  t;^)  «>s 

Note  that  (1  -  is  the  ideal  efficiency 
f 

with  which  the  additional  thermal  energy 
of  combustion  is  converted  into  useful 
energy.  The  real  efficiency  must  include 
the  increases  in  entropy  caused  by  energy 
degradation. 


Observe  that  the  power  'i'gJCp  (T^-T^) 

is  derived  from  the  engine  and  can  be 
expressed  by 


i(i  JC  (T,-T.  ) 
s  p  f  1 


'^^WRE  ■  ^t'^S 


1.2. 3. 3. 2  Propulsion  Mechanics  of 

Combined  Primary  and  Secondary 
Thrust  Devices 

Equation  (1.2.13)  may  be  written  as 


^WRE  “  power  abstracted  from  the 
engine  for  the  secondary 
propulsion  device 


Ag  =  AAg/B  +  AAg^ 


^T  ^F 


=  losses  in  available  energy 
per  unit  mass  in  the  second¬ 
ary  device  due  to  the  trans¬ 
mission  system  including 
losses  in  the  turbine  driving 
the  fan  or  propeller. 


AAg  = 


(y-1) 


(1.2.14) 


^WRSJ  _  ‘^^WRE 

m  m 

s  s 


-  t  JCp  ((T^-  -  Tj) 


B  =  commonly  called  the  bypass  ratio 


=  flight  Hach  number 


T  '  o 

ti  {7f~  e  -1)1 


The  effective  thrust  and  propulsive 
efficiency  of  the  secondary  jet  must 
include  the  drag  of  the  secondary  device 
[see  Equation  (1.2.1)]. 


It  is  also  convenient  to  write  this 
equation  as 


-  1  -  Vds 


C  =  coefficient  to  recognize  added 
drag  charged  to  the  secondary 
device.  ^  ^ 

X_  =  a  factor  equivalent  to  ^  t—  in 
Equation  (1.2.1)  "o 


'PRS 


=  1-  [/^TT- 


The  power  available  in  the  jet  formed  by 
the  engine  airflow  is  expressed  as 


^WREJ  ^WRE 


AP 


WRE 


m  V 
e  o 


•  2  •  2 

mV  ra  V 

e  o  e  o 


The  thrust  and  efficiency  of  the  primary 
jet  are  now  given  by 


optimum  secondary  device  thus  seems  to 
depend  only  on  its  own  aerodynamic  proper¬ 
ties. 


If  and  were  zero,  this  opti¬ 

mum  value  of  AAgjj  would  decrease  with  c,j., 
Cp,  and  XpCpg.  In  fact,  would  be 

zero  if  these  quantities  were  also  zero. 
When  AAg^  is  large  in  comparison  to  the 

other  variables  of  this  equation,  the  opti¬ 
mum  value  of  is  also  governed  by  its 

influence  on  which  determines  the 

efficiency  with  which  thermal  energy  is 
converted  into  mechanical  energy.  Refer 
to  notes  concerning  Equations  (1.2.13)  and 
(1.2.14)  . 


m  V 

e  o 


,/2Kj  +  1  -  1 

IL. 


The  overall  propulsion  efficiency  of 
the  secondary  device  is  approximately 
given  by 


'PRE 


=  ^  [/2'.\p'  +  1  -1] 


A  .  =  JjggJ  =  A  - 

E  m  V  ^  ^  ^ 

E  O 


(1.2.13) 


The  overall  thrust  is  expressed  by 

^  =  B  (.^TA-TT  -  1  - 
e  o 


s  o 

'’pros  -  AAgj,  t  AAg^ 

VJhen  is  zero,  the  condition  for  maxi¬ 

mum  thrust  is  tantamount  to  the  condition 
for  maximum  propulsive  efficiency  of  the 
secondary  device.  The  adverse  effect  of 
AAg^  is  reduced  by  reserving  secondary 

combustion  to  supersonic  flight  velocities 
so  that  AAgj,  is  moderate. 


+  /2Ag'  +  1  -  1 


=  Q  [/2(-gii  t  AAg^ 


'.m  +  ^„  +  r,„ 
■T  ’F  ’C 


)+  1 


-  1  -  ,^(Ap---  AAp)  VT  -  1 


(1.2.16) 

Two  important  variables  affecting  the 
thrust  are  B  and  AA_.  From  the  appearance 

ti 

of  the  equation,  it  is  of  interest  to 
inquire  jf  there  are  conditions  that  might 
ma)te  t/  a  maximum.  To  simplify  the 

approach,  ma]ie  the  substitution 
B  =  AAp/AAg^,  Consider  AAg^^  and  AA^  to  be 

the  independent  variables  and  let  A^,  be 

constant.  When  this  is  done,  it  can  be 
shown  that  t/ (m^V  )  is  a  maximum  when  the 

value  of  AAg  is  such  thut 


k 


2''^-'sx  ^  "-'sc 


5t  +  ^ 


)  ^  ^  -1-Vds 


"aT 


sx 


=  Maximum  Value 


(1.2.17) 


Another  interesting  relationship  can 
be  found  by  letting  AA^  =  AAg^^  B,  dif¬ 
ferentiating  the  resulting  equation  for 
T/m_V^  with  respect  to  AA„„,  and  equating 

GO  o  X 

the  result  to  zero.  The  following  relation 
is  provided. 


+  +  Cr 


a(AAs^) 


mKi 


+1 


=  /2(AA 


■’T 


sx 


SC 


By  recalling  the  discussion  leading  to 
Equation  (1.2,9),  it  appears  that  the 
second  requirement  for  optimization  of 


Rpj^  or  (T/nigV^)  is  met  when 


[1  - 


'■+r+''  V  ^  V 

3  ,'’T  -F  "C,,  /JE,  /JS, 

HuT  ' - TT - > 

sx  V  o  O 


(1.  2.18) 


Vjg  =  speed  of  jet  of  engine  flow 
Vjg  =  speed  of  jet  of  secondary  flow 


The  variable  is  really  APj^j^/ (mgV^'^ )  . 

It  appears  that  its  optimum  value  occurs 
when  the  ratio  of  the  secondary  thrust  to 

“^^WRE^  ^’’’s'^o  '  itself  is  a  maximum.  The 


The  energy  in  the  secondary  jet  should 
equal  that  of  the  primary  jet  minus  a 
factor  that  is  proportional  to  the  rate 
of  change  of  losses  with  the  ratio 

•  2 

^'^WRE'^^"'s'^o  *  ■  magnitude  of  B  is  a 
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function  of  the  relations  expressed  by 
Equations  (1.2.17)  and  (1.2.18). 

Although  this  exercise  vastly  over¬ 
simplifies  the  events  involved,  the 
trends  that  can  be  derived  provide  bac)c- 
ground  for  discussing  why  various  propul¬ 
sion  systems  are  designed  the  way  they 
are . 


1.2. 3. 3. 3  Engines  for  Low  Flight  Speeds 

When  an  airplane  is  intended  for 
cruising  at  0.4  Mach  No.  or  lower,  values 
of  Ag  that  exceed  40  can  be  encountered 

(see  Table  1.2-1).  A  propulsive  efficiency 
of  about  20  percent  is  achieved  by  direct 
coupling,  whereas  efficiencies  of  at 
least  70  percent  should  be  sought;  thus, 
values  of  about  1.25  are  needed  for  both 

A_  and  A„'  (see  Figure  1.2-2).  Equations 
b  b 

(1.2.14)  and  (1.2.15)  suggest  that  almost 
the  entire  output  of  the  engine  should  be 
offered  to  the  secondary  propulsive 
device.  Adding  thermal  energy  to  the 
secondary  system  is  too  inefficient  to  be 
considered  at  this  flight  speed.  (See 
Equations  (1.2.13),  (1.2.14),  and  the 
associated  text.) 

In  this  situation,  the  use  of  a 
propeller  is  a  good  solution.  Figures 
1.1-4  and  1.1-6  illustrate  the  engine 
concept  and  its  installation  on  an  air¬ 
plane.  Consider,  for  example,  that  the 
prime  mover  includes  the  main  compression 
system,  the  turbine  driving  it,  and  the 
combustor.  At  the  present  time,  the 
dense  materials  needed  in  the  turbine, 
combustor,  and  supporting  structures 
tend  to  concentrate  much  of  the  weight  of 
the  propulsion  system  in  the  engine.  The 
weight  of  the  secondary  device  consists 
of  the  propeller,  the  turbine  driving  it, 
and  the  gearbox  and  structure  connecting 
them.  These  can  be  relatively  light  in 
comparison  to  the  extra  thrust  they  pro¬ 
duce.  At  a  flight  Mach  number  of  approxi¬ 
mately  0.4,  propulsion  efficiencies  in  the 
neighborhood  of  80  percent  and  higher  are 
realized  by  a  properly  designed  propeller. 
If  the  combined  efficiency  of  the  turbine 
and  gearbox  are  slightly  under  90  percent, 
the  net  propulsive  efficiency  can  be  over 
70  percent  (or  about  70  percent  of  the 
maximum  theoretical  thrust) . 

In  order  to  get  a  propulsive  effi¬ 
ciency  of  70  percent  with  direct  coupling, 
the  engine  alone  would  need  the  value  of 
A  to  be  1.25,  and  its  mass  flow  would 
have  to  be  increased  by  a  factor  of  30. 

The  resulting  weight  and  installation 
drag  would  be  ridiculous.  By  comparison, 
the  added  weight  and  drag  involved  in 
the  propeller,  gearbox,  and  turbine  are 
clearly  much  more  attractive. 

The  secondary  flow  device  with  the 
propeller  would  certainly  be  a  good 
investment  in  this  case.  The  actual 
selection  of  the  propeller  and  the  power 
delivered  to  it  depends  on  the  factors 


suggested  by  Equations  (1.2.17)  and 
(1.2.18).  The  energy  imparted  to  each  unit 
of  mass  comprising  the  secondary  flow  should 
be  about  what  is  necessary  to  compensate 
for  the  losses  and  installation  drag  of  the 
propeller  and  the  transmission  losses.  The 
mechanical  energy  of  the  engine  jet 
should  be  higher  than  that  in  the  secondary 
jet  because  of  these  losses.  In  the  final 
analysis,  however,  the  design  of  the 
propeller  and  the  engine  installation 
should  be  decided  only  after  thorough 
analysis  of  the  airplane  and  propulsion 
system  with  respect  to  the  expected 
mission(s).  This  statement  refers  again 
to  the  important  concepts  presented  in 
Chapter  9.  The  resulting  overall  propul¬ 
sive  efficiency  at  cruise  could  be  higher 
or  lower  than  0,7. 


1.2. 3. 3. 4  Engines  for  High  Subsonic 
Speeds 

Until  recently  there  has  been  no 
evidence  that  useable  propeller  effi¬ 
ciency  could  be  achieved  at  the  high 
subsonic  Mach  numbers  where  airplane  drag 
coefficients  are  still  low.  Some  encour¬ 
aging  results  with  new  propeller  designs 
have  been  observed  recently,  but  the  com¬ 
bined  effects  of  propulsion  efficiency 
and  installation  drag  still  need  to  be 
evaluated.  It  follows  from  the  discussion 
of  Equation  (1.2.17)  that  augmented 
installation  losses  increase  the  optimum 
value  of  AAgjj.  This  would  lower  the 

propulsive  efficiency  of  both  the  propel¬ 
ler  and  the  jet  from  the  primary  flow. 

The  propulsive  efficiency  in  this 
regime  has  been  enhanced  by  turbofan 
engines.  Figures  1.1-7  and  1.1-8  show 
details  of  the  configuration  and  the 
installation  of  propulsion  systems 
designed  for  this  kind  of  flight. 

If  a  propulsion  efficiency  of  0.7 
for  the  secondary  device  is  tentatively 
pursued,  the  value  of  Ag  (in  the  sec¬ 
ondary  system)  would  be  about  1.25  and 
the  magnitude  of  A^'  would  be  higher.  In 

this  case,  (referring  to  Table  I) 

B  =  (10. 5-1.25)/!. 25  =  7.4.  In  general, 
energy  degradations  and  installation  drag 
would  reduce  this  B  value.  Note  that 
adding  heat  in  the  secondary  stream  would 
also  be  an  inefficient  use  of  energy  at 
this  Mach  number.  Whether  a  70  percent 
propulsive  efficiency  is  reasonable  or  not 
depends  upon  the  principles  enunciated  by 
Equations  (1.2.17)  and  (1.2.18).  High 
transmission  losses,  and  large  installation 
drag  require  relatively  high  values  of 
AAgjj,  as  noted  by  the  discussion  associa¬ 
ted  with  Equation  (1.2.17).  The  value 
of  Ag  would,  of  course,  then  be  too  high 

to  achieve  a  value  of  0.7  for  ipj^.  Maxi¬ 
mum  overall  efficiency  would  require  the 
propulsive  efficiency  of  the  primary  jet 
to  be  even  lower  (see  Equation  (1.2.18)1. 


An  important  point  to  note  is  that 
lowering  the  installation  drag  and  the 
losses  is  not  only  directly  beneficial, 
but  it  permits  the  system  to  be  rematched 
for  lower  jet  speeds  and  higher  bypass 
ratios.  Additional  benefits  may  thus  be 
accrued.  Double  benefits  of  this  type 
are  often  encountered.  Achieving  them 
is  an  important  objective  in  detailed 
airplane/propulsion  system  analysis  and 
research. 


1.2. 3. 3. 5  Acceleration  at  Transonic 
Speeds 

The  transonic  flight  speeds  that 
embrace  the  high  drag  regions  of  Figure 
1.2-1  are  no  place  to  linger.  The  goal 
of  fixed  wing  supersonic  aircraft  is  to 
accelerate  from  subsonic  speed  to  super¬ 
sonic  speed  as  quickly  as  a  reasonable 
propulsion  system  will  allow.  Propulsion 
system  inefficiencies  can  be  tolerated 
for  a  brief  period  if  the  added  thrust 
sufficiently  reduces  the  time  and  fuel 
spent  in  the  high  drag  regime. 

1.2. 3. 3. 6  Supersonic  Flight  Speeds 

As  shown  previously,  high  efficien¬ 
cies  are  available  from  a  simple  engine 
at  supersonic  flight  speeds.  The  thrust 
per  unit  of  mass  flow  is  low,  however. 

To  make  matters  worse,  the  air  swallowing 
capacity  is  reduced  and  the  airplane  drag 
is  not  low.  These  phenomena  are 
discussed  further  in  Chapters  9,  13,  and 
26.  All  of  these  events  combine  to 
enlarge  the  size  and  weight  of  the 
engines  required  for  supersonic  propul¬ 
sion.  High  turbine  inlet  temperatures, 
lightweight  engine  materials,  high  com¬ 
ponent  efficiencies  with  reliable  compact 
engines  having  excellent  structural 
efficiency  are  sought  avidly. 

The  use  of  bypass  propulsion  systems 
is  advantageous  because  they  offer  reduc¬ 
tions  in  the  thrust-to-weight  ratio  of 
propulsion  systems.  That  is,  a  signifi¬ 
cant  improvement  in  thrust-minus-drag  can 
be  achieved  with  a  relatively  small  addi¬ 
tion  of  weight  or  volume:  t^/m 

improves  even  though  i/m  may  be 

slightly  reduced.  Combustion  in  the 
secondary  flow  is  valuable  because  the 
ideal  thermal  efficiency  is  fundamentally 
high  at  elevated  Mach  numbers.  The  mag¬ 
nitude  of  T./t.  is  large  by  virtue  of  the 

relations  given  in  Equation  (1.2.3)  and 
the  ideal  value  of  T^/t^  should  be  higher 

than  the  value  required  for  subsonic 
flight.  Note  that  Ag  is  about  maximum 

when  Tj/t^  =  /Tg' /t^ .  Compare  with 

1.2. 2. 4. 2. 

One  more  point  to  note  is  that  often 
there  are  good  reasons  for  requiring  an 
airplane  to  cruise  at  subsonic  speeds  and 
still  have  the  ability  to  fly  at  high 
Mach  numbers  for  short  periods  of  time. 


Bypass  propulsion  systems  with  provisions 
for  afterburning  provide  another  degree 
of  design  freedom  for  attacking  this 
problem.  Subsonic  speeds  would  be  nego¬ 
tiated  without  afterburning  in  eitlier 
flow  path;  afterburning  would  then  be 
used  for  transonic  acceleration  and 
supersonic  flight. 

Both  aircraft  and  engines  represent 
a  compromise.  Engineering  has  the  respon¬ 
sibility  of  minimizing  the  penalties 
associated  with  the  compromises.  Exhaus¬ 
tive  studies  of  various  combinations  of 
aircraft  and  engine  designs  must  always 
be  made  to  define  a  competitive  airplane. 
Even  so,  these  studies  rarely  completely 
solve  or  anticipate  all  of  the  important 
options  that  must  be  selected  or  the  prob¬ 
lems  that  must  be  solved.  Some  of  the 
resulting  activities  associated  with  en¬ 
gine  design  and  development  are  described 
in  the  last  section  of  this  chapter. 


1.3  OFF-DFSIGN  ANALYSIS  AND  RELATED 

PROBLEMS 

The  effort  spent  in  the  study  of 
off-design  performance  and  in  finding 
solutions  to  the  problems  uncovered,  con¬ 
sumes  a  large  percentage  of  the  total 
aerothermodynamic  engineering  devoted  to 
the  design  and  dev'^lopment  of  an  engine. 
Several  volumes  would  be  required  to  treat 
this  subject  adequately.  The  present 
publication  is  limited  to  familiarizing 
the  reader  with  the  principal  problems 
and  suggesting  how  he  might  estimate  the 
magnitude  of  some  aerothermodynamic  states 
under  defined  off-design  conditions. 
Chapters  7  and  8  provide  tools  that  are 
valuable  for  making  approximate  numerical 
estimates  of  these  states.  Studying  off- 
design  performance  with  use  of  the  methods 
presented  in  Chapter  8  will  permit  the 
reader  to  appreciate  the  variations  in 
flow  that  engine  components  must  tolerate. 
This  is  a  necessary  prerequis-te  for 
approaching  any  design  or  development 
activity.  Chapters  13  and  14  present  other 
features  of  off-design  performance  and 
follow  through  with  ideas  for  varying  the 
shape  of  some  critical  engine  parts  while 
the  engine  is  running  in  order  to  cope 
with  some  of  the  problems  encountered. 

In  actual  practice,  the  configuration 
of  a  number  of  engine  components  can  be 
changed  almost  continuously  during  engine 
operation.  The  conception,  design,  and 
development  of  the  complete  engine  requires 
the  use  of  analytical  tools  which  can 
quickly  translate  conceived  changes  in 
component  configuration  into  predicted 
changes  in  performance  of  the  real  or  pro¬ 
posed  component.  Additional  tools  are 
then  required  to  compute  the  resulting 
engine  performance  for  prescribed  opera¬ 
ting  conditions.  Both  steady-state  and 
transient  analyses  are  necessary. 
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1.3.1  Steady-State  Analysis 

An  example  of  a  technique  employed 
by  industry  and  others  for  using  high 
speed  computers  to  compute  the  perform¬ 
ance  of  engines  is  described  below. 

Methods  such  as  this  are  used  extensively 
to  examine  the  value  of  a  presumed 
advance  in  aerothermodynamics .  However, 
the  procedures  are  useful  only  for  eval¬ 
uation  purposes;  they  do  not  originate  or 
contribute  new  ideas  by  themselves. 

New  ideas,  on  the  other  hand,  are 
developed  from  an  engineer's  mental  pic¬ 
ture  of  the  interaction  of  components  and 
subcomponents  of  an  engine.  This  under¬ 
standing  comes  primarily  from  experience, 
but  it  can  be  aided  by  primitive  concepts 
based  on  assumptions  that  are  tolerably 
reasonable.  The  later  part  of  this 
section  is  devoted  to  developing  some  of 
this  background.  Besides  providing  a 
useful  understanding  of  engine  operation, 
this  section  supports  and  enlarges  the 
design  objectives  of  the  components  dis¬ 
cussed  in  subsequent  chapters. 

1.3. 1.1  Typical  Input  Data  for  Steady- 
State  Analysis 

Large  high-speed  digital  computers 
are  employed  for  all  performance  analysis. 


Data  are  stored  in  the  computers  together 
with  appropriate  interpolation  routines 
either  in  the  form  of  tables  or  as  coeffi¬ 
cients  of  polynomials.  Data  necessary 
to  determine  the  following  information 
are  stored. 


o  Thermodynamic  and  aerodynamic  pro¬ 

perties  of  dry  air  as  a  function  of 
temperature 

o  Similar  properties  for  water  vapor 

in  order  to  account  for  humidity 
or  the  effects  of  injecting  water 
into  the  engine  for  power  augmenta¬ 
tion 

o  Similar  properties  for  the  products 

of  combustion  of  the  fuels  to  be 
used 

o  The  aerothermodynamic  performance  of 

ail  the  engine  components  as  func¬ 
tions  of  their  principal  controlling 
independent  variables.  These  compo¬ 
nents  are  discussed  in  appropriate  suc¬ 
ceeding  chapters.  Examples  of  compres¬ 
sor  and  turbine  performance  maps  are 
illustrated  in  Figures  1.3-1  and 
1.3-2,  respectively.  The  effect  of 
changing  the  orientation  of  the  compon¬ 
ents  on  the  shape  of  the  maps  is  also 
stored.  The  shape  of  the  map  can  be 


EQUIVALENT  WEIGHT  FLOW,  m^vOcV'ci 


Oci  -  INLET  TOTAL  TEMP./STANDAHD  bfcA-LEVEL  TEMP 
•  INLET  TOTAL  PRESS./STANDARD  SEA-LEVEL  PRESS. 
Pq,  -  INLET  TOTAL  PRESSURE 
PC2  -  OUTLET  TOTAL  PRESSURE 
Nc  -  SPEED  OF  ROTATION 
me  -  MASS  FLOW 

SUBSCRIPT  C  REFERS  VALUES  TO  COMPRESSOR 

WHEN  mcv/9e,/6c,  AND  NeV^e,  ARE  GIVEN, BOTH 
PRESSURE  RATIO  AND  EFFICIENCY  CAN  BE  ESTIMATED 
BY  AN  INTERPOLATION  ROUTINE.  THE  CORRESPOND¬ 
ING  CHANGE  IN  TEMPERATURE  AND  ENTHALPY  CAN 
BE  FOUND  FROM  THE  DEFINITIONS  IN  CHAPTER  6 


TURBINE  TOTAL  PRESSURE  RATIO,  Pti/Pt2 


WHEN  Pxi/Pt2  ^ND  NxV^I.  ARE  GIVEN,  BOTH 
"’TV'»tV*T1  and  t)j  can  be  estimated  by  INTER¬ 
POLATION.  THE  CORRESPONDING  CHANGES  IN  TEMPERA¬ 
TURE  AND  ENTHALPY  CAN  BE  FOUND  BY  THE 
DEFINITIONS  IN  CHAPTER  6. 


Figure  1.3-1.  Example  of  Compressor  Map. 


Figure  1.3-2.  Example  of  Turbine  Map, 


deliberately  changed  by  variable  geome- 
etry  (see  1.3.2)  or  it  can  vary  as  a 
function  of  Reynolds  number  effect 
or  by  nonuniform  inlet  flow.  Figure 
1.3-2  happens  to  show  to 

be  independent  of  (N//9^)  .  Some 

tuibines  experience  small  decreases 
in  (nij,/9^i/c^i)  as  (N/0^)  increases. 

The  general  shape  of  the  curve  for 
each  speed  is  similar  to  Figure  1.3-2, 
however. 

o  Power  lost  by  friction  and  absorbed 
by  auxiliary  units  such  as  pumps 
and  generators. 

o  Power  lost  because  part  of  the  air 
compressed  by  the  compressors  does 
not  go  through  the  turbines,  but  is 
used  instead  for  pneumatic  power, 
cabin  air  conditioning,  and  cooling 
turbines  and  other  hot  metal  parts. 

o  The  effective  loss  of  power  due  to 
lealtage  of  compressed  air  through 
flanges  and  seals  that  separate 
cavities  having  different  pressure 
levels  within  the  engine. 

Some  programs  store  additional  data 
to  account  for  such  things  as  changes  in 
component  performance  due  to  blade  and 
vane  heights  and  clearances,  and  heat 
loss . 

1.3. 1.2  Typical  Problem 

A  typical  problem  is  to  determine 
all  pertinent  performance  data  when  the 
inlet  pressure  and  temperature,  flight 
speed,  component  performance  maps,  and 
fuel  flow  are  given.  If  it  is  possible 
to  vary  the  geometrical  shape  of  the 
components,  the  data  necessary  to  account 
for  performance  changes  associated  with 
each  geometrical  shape  desired  are  also 
given.  Strict  accounting  of  the  gas  flow 
is  required.  The  difference  between  the 
gas  flow  leaving  one  part  of  an  engine 
and  that  entering  any  part  downstream  must 
either  equal  the  scheduled  leakage  or 
equal  the  addition  of  fuel  or  water  to 
the  mass  flow.  Two  mechanically  connec¬ 
ted  rotating  components  must  rotate  at 
a  constant  speed  ratio.  The  power  deli¬ 
vered  by  the  turbine  must  equal  that 
required  by  che  compressor,  fan,  or 
propeller  that  it  is  driving  plus  the 
power  necessary  to  drive  attached  acces¬ 
sories  and  overcome  friction.  Finally, 
the  nat  change  in  pressure  through  the 
engine  must  eventually  be  zero.  The 
computer  is  asked  to  set  up  and  solve 
several  non-linear  simultaneous  equations. 

1.3.1. 3  A  Sample  Technique 

A  simplified  i  lustration  is  given 
to  illustrate  a  procedure,  which  is 
necessarily  iterative.  Assume  that  there 
is  one  compressor  which  is  driven  by  a 
turbine  with  no  leakage  or  other  loss  of 
air.  Assume  further  that  the  flow  enters 
the  compressor  through  an  inlet  and  is 


eventually  returned  to  the  atmosphere 
through  a  nozzle  at  the  rear  of  the  engine. 
A  computing  procedure  for  the  problem 
posed  in  the  previous  paragraph  would  be 
as  follows: 

(a)  Use  the  given  flight  speed  to 
calculate  the  total  pressure 
and  temperature  ahead  of  the 
engine  inlet.  This  provides 
the  values  of  and  T^. 

(b)  Assume  the  mass  flow,  m^^,  of 
air  entering  the  engineT 

(c)  "Look  up"  the  inlet  performance 
characteristics  and  calculate 
the  total  pressure  loss.  The 
total  pressure  and  temperature 

and  T^^  respectively)  are 

thus  known . 

(d)  Assume  a  compressor  and  turbine 
spr ud  (N) . 


(e)  Use  (b)  ,  (c)  ,  and  (d)  to 

"look  up"  compressor  performance 
(e.g. ,  use  Figure  1.3-1  and 
interpolate)  and  thus  determine 
the  total  pressure  (P  )  and 

CO 

total  temperature  (T^^)  it  would 

develop.  Also,  calculate  the 
power,  required  to  drive 

the  compressor,  the  accessories, 
and  to  overcome  friction  (gears, 
bearings,  and  seals) .  It  is 
appropriate  to  note  here  that 
the  compressor  power  for  real 
gasses  is  approximated  with  the 
aid  of  the  thermodynamic  tables. 
However,  the  result  is  approxi¬ 
mated  by  the  equation. 

Y-1 

P  =  "  -^1  "1 


C  =  average  specific  heat  during  the 
^  compression  process 

7  =  average  ratio  of  specific  heats 
during  the  compression  process 

n^p  =  compressor  efficiency 

(f)  Use  (b)  and  (e)  together  with 
given  fuel  flow  and  interpolated 
combustor  characteristics  to 
calculate  the  combustor  dis¬ 
charge  temperature  (T^^ )  and  total 

gas  flow  m,  at  the  combustor 
discharge. 

(g)  Use  (b) ,  (e)  and  (f)  together 
with  interpolated  combustor  char¬ 
acteristics  to  calculate  combus¬ 
tor  discharge  pressure  (P  ). 


(h)  Assume  turbine  pressure  ratio 
[(P/P)^  <  (P^j^/Pg)]  . 

(i)  "Look  up"  turbine  performance 
(e.g..  Figure  1.3-2)  and  inter¬ 
polate  to  determine  the  total 
temperature  ratio,  mass  flow 

m,  passing  through  it,  and  the 
power,  delivered  by  the 

turbine.  Turbine  power  is 
estimated  with  the  aid  of  the 
thermodynamic  tables.  Similar  to 
compressors,  the  result  is 
approximated  by 


W  =  ^T1  ^  "t  -"3 


ri,p  =  turbine  efficiency 

C  and  Y  now  refer  to  the  average  during 
P 

the  expansion  process  in  the  turbine.  The 

value  of  T.  is  also  obtained, 
to 


(j)  Use  (g)  ,  (h)  ,  and  (i)  ,  plus 

ambient  pressure  together  with  an 
interpolated  nozzle ^performance, 
to  calculate  flow,  m^ ,  through 
the  nozzle. 


3AP„  3Ara  3Am,  3AP„  3Ara 
R  a  D  R  a 

3N  '  3N  '  3N  '  3  {P/P),j,'  3  (P/P),j.' 


g (p^p^ —  are  thus  approximated. 


A  better  estimate  for  m^^ ,  N, 
and  (P/P)^  may  now  be  found 

by  an  extension  of  Newton's 
method.  This  procedure  consists 
of  finding  m^,  N^,  and  (P/P)^^ 

from  three  equations.  One 
equation  is: 

3P  3P 

r  ,•  _  ,  ,  r  ,,,  „  , 


(mi  -  + 


(N,  -  N,.,) 


3  (P/P), 


The  others  are  similar  and 
involve  Am  and  Am,  instead  of 


Set  m^  =  m^^. 


(P/P)^  = 


(P/P)^j^  and  repeat  the  process 

from  |b)  until  the  errors  invol¬ 
ving  mj^,  N,  and  (P/P),^,  fall 

within  some  prescribed  limit. 


Unless  the  first  estimates  are 
extremely  lucky,  the  power  cal¬ 
culated  in  (i)  will  not  equal 
that  of  (e) .  Subtract  the  power 
of  (i)  from  that  of  (e) .  Call 

the  result  AP _ . 

ro 

Similarly,  the  mass  flows,  m2 
and  nij,  will  not  equal  either 


each  other  or  m. 


Call  the 


errors  Am  and  Am,  respective¬ 
ly- 

These  errors  are  the  result  of 
bad  estimates  for  m^^,  N,  and 

(P/P),p.  Change  to  itij^+Anij^. 

Repeat  Steps  (b)  through  (1) . 
Identify  the  new  errors  by 
AP^j^,  Am^j^,  and  Aitij^j^.  Make  the 

approximation : 


Make  the 


It  must  be  noted  that  mathematici.ans 
would  regard  this  procedure  for  computing 
m^,  N,  and  (P/P)^  as  risky  because  there 

are  many  theoretical  ways  in  which  conver¬ 
gence  to  a  true  solution  will  fail.  For 
this  reason,  more  elaborate  methods  of 
solution  have  been  devised  at  times.  The 
technique  outlined  above,  however,  does 
work  well  enough  in  engine  analysis — 
particularly  when  small  deviations  from 
known  solutions  are  sought.  The  main  rea¬ 
son  for  outlining  the  above  procedure  is 
to  make  the  reader  aware  of  the  elaborate 
efforts  that  have  been  devised  to  assure 
the  necessary  accuracy  and  completeness 
required  by  the  whole  aviation  industry. 


'^^l  -  "^ro 


1.3. 1.4  Typical  Information  Derived  from 
Analysis 


Approximations  for 
3Am^ 


are  also  made. 


Repeat  Steps  (b)  through  (m) 
twice,  but  instead  of  changing 
m. ,  successively  change  N  to 
N'^t  AN  and  then  (P/P),j,  to 

(P/P),j,  +  A(P/P,j,).  The  terms. 


With  use  of  the  procedure  outlined 
above,  the  flow  rate,  pressure,  and 
temperature  at  any  point  in  the  engine 
can  be  defined.  The  calculation  of  over¬ 
all  engine  performance  is  routine.  In 
addition,  steady-state  pressure  forces 
on  the  stationary  and  rotating  parts  of 
real  or  tentative  designs  can  be  deter¬ 
mined.  Data  for  estimating  heat  transfer 
coefficients  at  any  internal  surface  of 
the  engine  can  also  be  supplied.  This 
knowledge  permits  the  steady-state  temper¬ 
ature  of  all  engine  parts  to  be  assessed. 


'TI'TcI 


The  approximate  thermal  growth  of  any 
part  can  then  be  computed.  The  resulting 
thermal  stresses  due  to  unequal  tempera¬ 
tures  in  different  regions  of  a  solid 
part  may  then  be  estimated.  Of  equal 
importance,  the  changes  in  the  clearances 
between  rotating  and  stationary  parts  can 
be  approximated.  The  possibilities  of 
dangerous  rubbing  or  of  excessive  gas 
leakage  (and  performance  deterioration) 
can  be  anticipated  and  controlled.  These 
are  a  few  of  the  pertinent  data  than  can 
be  made  available  to  a  wide  variety  of 
specialists. 

Of  equal  importance,  is  the  inverse 
use  of  performance  analysis.  During 
engine  development,  overall  performance 
speeds  and  several  critical  pressures 
and  temperatures  are  measured.  If  these 
are  not  reasonably  in  accord  with  the 
values  anticipated,  something  is  wrong 
with  either  the  performance  assumptions, 
one  or  more  parts,  or  the  assembly  of  the 
engine  itself.  Engine  data  over  a  range 
of  speeds  permits  an  analyst  to  quickly 
review  the  assumptions  and  vary  them  until 
he  can  approximate  the  measured  engine  data 
over  the  same  speed  range.  The  identifica¬ 
tion  of  the  assumptions  that  had  to  be 
changed  provides  a  valuable  tool  for  resol¬ 
ving  the  offending  problems.  The  division 
of  flow  between  a  core  engine  and  the  by¬ 
pass  device  is  a  particularly  sensitive 
area  that  can  be  thus  revealed. 

More  complicated  engines  require  the 
same  basic  analytical  procedures,  except 
that  more  variables  and  equations  must  be 
used.  Although  the  procedure  appears  to 
be  tedious,  the  operating  state  of  a  very 
complicated  engine  can  be  found  in  a 
matter  of  seconds. 

1.3. 1.5  Simplified  Appraisals  of  Steady 
State  Operation 

1.3. 1.5.1  Compressor  Map  and  Equilibrium 
Operating  Line 

An  important  concept  for  acquiring  a 
good  appreciation  for  off-design  analysis 
is  the  equilibrium  operating  line,  as 
displayed  on  the  compressor  map  shown  in 
Figure  1.3-3.  The  map  should  reflect  the 
airplane  operating  regime  since  flow, 
pressure  ratio,  and  efficiency  are  affected 
by  Reynolds  number  and  inlet  flow  distor¬ 
tions  . 


A  quick  glance  will  show  the 
designer  the  proximity  of  the  surge  line 
to  the  equilibrium  line.  The  relative 
position  of  these  two  lines  is  a  matter 
of  major  concern. 

Some  problems  associated  with  the 
surge  line  are  discussed  in  Chapters  9 
and  13.  It  is  important  to  note  that 
operation  at  or  to  the  left  of  the  surge 
line  can  invite  engine  failure  unless 
the  overall  pressure  ratio  is  very  low. 
Even  under  the  best  of  conditions,  the 
surge  line  can  be  multi-valued  in  the 
neighborhood  of  the  region  denoted  by 
"variable  surge  line".  The  shape  and 
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EQUIVALENT  WEIGHT  FLOW,  /6_ 


THE  SLOPE  OF  THE  SUPERPOSED  LINES  IS  INVERSELY 
PROPORTIONAL  TO  ENGINE  TEMPERATURE  RATIO 


Figure  1.3-3.  Typical  Compressor  Map  and 
Its  Engine  Operating  Line. 


position  of  surge  lines  in  this  domain  are 
often  different,  even  in  compressors  of 
the  same  design.  The  differences  may  be 
attributed  to  many  factors,  including  the 
necessary  tolerances  in  manufacturing  and 
assembly.  As  previously  suggested,  such 
events  as  operation  at  low  flight  Rey¬ 
nolds  numbers,  or  flying  under  conditions 
that  cause  significant  portions  of  the 
inlet  flow  to  have  nonuniform  total  pres¬ 
sures  or  temperatures  (categorized  as 
flow  distortions)  always  cause  the  surge 
line  to  move  to  the  right  and  down.  Mili¬ 
tary  aircraft  are  expected  to  fly  through 
hot  turbulent  wakes  caused  by  gun  fire, 
rocket  fire,  and  other  aircraft.  These 
transients  not  only  produce  step  changes 
in  the  operating  line,  but  they  further 
depress  the  surge  line.  Extra  surge  mar¬ 
gin  is  thus  required  by  compressors  on 
some  military  aircraft  engines.  The 
relative  positions  of  the  surge  line  and 
the  equilibrium  operating  line  thus 
plainly  exhibit  possible  problems  associa¬ 
ted  with  surge.  The  line  shown  in  Figure 
1.3-3  indicateL  nat  surge  problems  would 
probably  afflicr  some  production  versions 
of  this  compressor  at  rotative  speeds  in 
the  vicinity  of  6n-percent  design  equiva¬ 
lent  speed. 

1.3. 1.5. 2  Locus  of  Line.s  for  Constant 
Ratio  of  Turbine  Inlet  to 
Compressor  Inlet  Temperatures 

When  a  compressor  is  directly 
coupled  to  the  turbine  immediately  down¬ 
stream  of  the  combustor,  lines  indicating 
a  constant  ratio  of  turbine  inlet  temper¬ 
ature  to  compressor  inlet  temperature  can 


be  approximated.  These  lines  are  shown 
in  Figure  1.3-3  also.  They  represent 
the  identity: 


"Cl 


Tl\  f^C2\  /^Cl 
.lOj,  C2/  V  Cl  /  '^Tl 


(1.3.3) 


mc/m^ 


It  is  reasonable  to  assume  that 
is  a  constant  that  is  nearly  unity. 


The  same  thing  may  be  said  about 

An  argument .will  be  presented  later  to 
show  that  can  be  practically 

constant  over  a  wide  range  of  operating 
conditions.  It  is  then  possible  to  plot 


^C2^^C1  ®9ainst 


with  T^^/T^^ 


as  the  parameter.  The  slope  of  the 
resulting  lines  is  proportional  to 
/t^^Tt^.  Typical  lines  are  shown  in 

Figure  1.3-3  for  an  arbitrary  value  of 
the  bracketed  quantity  in  Equation  (1.3.3). 


1.3. 1.5. 3 


An  interesting  property  of  many 
operating  lines  can  be  demonstrated  by 
noting  compressor  performance  at  the 
intersection  of  the  constant 


curves  with  the  constant 


Let  AT^  =  temperature  rise  in  the  com¬ 


pressor  at  any  operating  point.  Values  of 
2 


1.1-10.  The  work  demanded  of  a  high- 
pressure  turbine  is  then  almost  propor¬ 
tional  to  the  square  of  its  rotating  speed. 
This  trend  is  true  for  many  gas  turbine 
engines  when  the  compressor  and  turbine 
geometries  are  fixed.  For  the  purpose  of 
visualizing  trends,  it  may  be  assumed  that; 


AH, 


HPC 


AH, 


HPT 


=  constant 


(1.3.4) 


N‘ 


HPC  refers  to  high-pressure  com¬ 
pressor 

HPT  refers  to  high-pressure  turbine 
AH  =  enthalpy  change  in  component 

1.3. 1.5. 4  Approximate  Correlation  of 
Mass  Flow  Through  High- 
Pressure  Turbines 


A  detailed  examination  will  now  be 
made  of  the  variation  of  turbine  mass  flow. 


'"t’^^Ti/'^TI '  total  pressure  ratio 


Approximate  Correlation  of 
Work  of  High-Pressure  Compressor 
and  Turbine  (Fixed  Geometry) 


across  the  turbines  and  the  exhaust 
nozzle.  Observe  that  the  quantity 
(m/e/6)  is  really  proportional  to  a 
dimensionless  variable  and  a  flow  area. 
This  is  shown  by  the  one-dimensional 
equation  (see  Chapter  2)  . 
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1  Y+1 

2  Y-1 


+  M^) 

(1.3.5) 


Mote  also  that 


(a  temperature  rise  coefficient)  can 

be  calculated  for  these  points  amd  then 
plotted  against  with  N//5^  as  a 

parameter.  This  plot  is  shown  in 
Figure  1.3-4.  The  equilibrium  operating 
line  for  this  coordinate  system  can  be 
superposed  as  shown. 
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Figure  1.3-4.  Variation  of  Compressor 

Temperature  Rise  Coefficient 
with  Engine  Temperature 
Ratio. 

dote  that  as  a  first  approximation, 

2 

ATj,/d  can  be  assumed  to  be  approximately 

constant  along  the  operating  line  of  a 
high-pressure  compressor  such  as  those 
indicated  in  Figures  1.1-7,  1,1-9  and 


M  =  Mach  number  where  passage  flow 
area  is  A 

Pgj^  =  standard  sea-level  pressure 

'^SL  “  standard  sea-level  temperature 

A  =  area  of  flow  passage 
A*  =  area  of  a  flow  passage  where 
M  =  1.0 

P/p  =  total-to-static  nressure  ratio 

When  a  pressure  ratio  is  applied 
across  any  flow  device,  a  stream  of  fluid 
is  set  into  motion.  As  the  pressure  ratio 
is  increased,  (m/¥/6)  increases  at  the 
inlet  until  the  average  Mach  number  is 
unity  at  the  minimum  flow  area  of  the 
device.  The  overall  pressure  ratio  at 
this  condition  is  called  the  critical 
pressure  ratio, ,and  the  corresponding 
inlet  value  of  m/¥/6  is  the  maximum  that 
the  device  can  handle.  Further  increases 
in  pressure  ratio  may  increase  the  Mach 
number  at  points  further  downstream  of  the 
minimum  area,  but  the  inlet  value  of 
m/0/6  is  unaffected.  This  trend  is 
exhibited  in  Figure  1.3-5,  where  the 
critical  pressure  ratio  is  noted. 


£  PRESSURE  RATIO  ACROSS  TURBINE, 

Figure  1.3-5.  Typical  Variation  of 

A/9/6  of  a  Nozzle  with 
Pressure  Ratio. 

The  variation  of  mass  flows  through 
turbines  and  nozzles  follows  the  same 
trend.  (Total-to-total  pressure  ratios 
are  usually  used  for  turbines  and  total- 
to-static  ratios  for  nozzles.)  The 
critical  pressure  ratio,  however,  is  not 
a  unique  value  for  all  turbines.  That  of 
Figure  1.3-2,  for  example,  is  about  2.3. 

Suppose  that  a  second  unit  having 
the  flow  characteristics  of  Figure  1.3-6 
is  olaced  downstream  of  the  turbine  having 
the  performance  maps  of  Figure  1.3-2.  The 
value  of  m,j,/9^/6,j,2  Figure  1.3-6  is 

related  to  ™t'^®T1^‘^T1  Figure  1.3-2  by 
the  equation: 


'^T''^T2 


^1/0^ 


PRESSURE  RATIO 

Figure  1.3-6.  Relationship  Between  Pressure 
Ratio  of  Second  Unit  and 
Mass  Flow  Through  It. 


If  a  value  of  assumed, 

is  determined  from  Figure  1.3-2. 
The  magnitude  of  'i'.j.2/'^Tl  obtained  from 

the  efficiency  curves  and  the  definition 
of  efficiency  (Refer  to  Chapter  5) . 

Inasmuch  as  is  a  weak  function  of 

efficiency ,  no  great  truth  is  violated  if 
/T2/T1  is  assumed  to  be  a  function  of 

Pti/Pt2  if  th®  turbine  equivalent 

speeds  in  Figure  1.3-2  are  85  percent  of 
the  design  value  or  higher. 

,  _ With  the  aid  of  this  assumption, 

"'t’^®T2'^‘^T2  Figure  1.3-6  can  be  calcula¬ 
ted  from  the  assumed  value  of  F^j^/Py2*  fi*® 

pressure  ratio  across  the  second  unit,  up 
to  the  critical  pressure  ratio,  is 
uniquely  determined  by  Figure  1.3-6.  The 
product  of  this  pressure  ratio  with  Pt1'^^T2 

is  the  overall  pressure  ratio  across  both 
units.  Figure  1.3-7  illustrates  the  result. 

The  equivalent  mass  flow  of  this  figure 
is  t  .jt  of  Figure  1.3-2.  Notice  that  this 
procedure  can  be  extended  to  include  any 


OVERALL  PRESSURE  RATIO 

Figure  1.3-7.  Variation  of  Mass  Flow 

Through  First  Turbine  with 
Overall  Pressure  Ratio. 

additional  downstream  units .  It  can  thus 
be  shown  the  value  of  maintains 

its  nearly  maximum  value  down  to  low  frac¬ 
tions  of  the  design  overall  pressure  ratio 
of  high  pressure  ratio  engines.  The  corre¬ 
sponding  pressure  across  the  first  turbine 
is  shown  in  Figure  1.3-8. 

1.3. 1.5. 5  Approximate  Pressure  Ratio 

Across  High-Pressure  Turbine 

The  assumption  that  (itvj,/5^/6,j,^)  ,  in 

Equation  (1.3.3),  is  constant  over  a  wide 
range  of  operating  conditions  is  justi¬ 
fied  in  Figure  1.3-7.  Meanwhile, 

Figure  1.3-8  shows  a  second  approximation 
for  simplifying  the  understanding  of  off- 
design  operation  of  an  engine  with  fixed 
geometry — the  pressure  ratio  across  the 
high-pressure  turbine  of  such  an  engine 
may  be  assumed  approximately  constant  over 
a  wide  range  of  operating  conditions  along 
an  engine  operating  line. 
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OVERALL  PRESSURE  RATIO 


Figure  1.3-8.  Variation  of  Pressure  Ratio 
Across  First  Turbine  with 
Overall  Pressure  Ratio. 


1.3. 1.5. 6  Approximate  Energy  Rise  Across 
High-Pressure  Compressor 

It  can  be  shown  that  if  Equation 
(1.3.4)  is  valid,  and  if  the  turbine  pres¬ 
sure  ratio  is  constant,  then  the  turbine 
operating  point  is  unchanged  and  N//5^  is 

constant.  This  deduction  is  approximately 
true  for  most  high  pressure  components  of 
fixed  geometry  engines.  Observe  that 
AHhpc/^ti  then  also  about  fixed, 

according  to  Equation  (1.3.4),  At  a  given 
value  of  turbine  inlet  temperature,  one 
may  consider  that  the  specific  energy  added 
to  the  air  by  the  high-pressure  com¬ 
pressor  is  constant  along  the  operating 
line  over  the  range  of  compressor  inlet 
temperatures  required  for  cruise  and  high 
speed  flight. 


1.3. 1.5. 7  Hierarchy  of  Pressure  Ratios 

Recall  the  history  of  flow  through 
an  engine.  After  the  gas  has  been  com¬ 
pressed  and  heated,  it  is  expanded  through 
one  or  more  turbines  and  a  nozzle.  The 
first  turbine  after  the  combustor  has  the 
first  mortgage  on  the  pressure  ratio. 

Figure  1.3-8,  together  with  1.3-3  shows 
that  this  turbine  receives  an  almost  con¬ 
stant  pressure  ratio  over  a  wide  range  of 
combustor  discharge  temperatures.  Its 
speed  is  about  proportional  to  the  square 
root  of  this  temperature.  The  nozzle, 
which  is  last  in  line,  has  a  smaller  claim; 
it  must  immediately  respond  to  changes  in 
combustor  discharge  temperatures.  Inter¬ 
mediate  turbines  have  only  fairly  secure 
claims.  They  can  however,  maintain  their 
pressure  ratios  as  combustor  discharge 
temperatures  are  diminished  over  a  short 
range  from  their  design  value.  They  must 
then  react  to  temperature  changes.  When 
the  combustor  discharge  temperature  is 


very  low,  even  the  speed  of  the  high- 
pressure  turbine  finally  falls.  Because 
of  this  hierarchy  in  pressure  ratio,  the 
off-design  behavior  of  turboprop  and  tur¬ 
bofan  engines  depends  upon  the  sequence 
in  which  the  rotating  components  are 
coupled.  Two  turboprop  examples  will  be 
touched  upon  here.  Other  examples  can 
be  readily  imagined  by  the  reader. 

In  one  turboprop  version,  the  tur¬ 
bine  driving  the  compressor  is  directly 
downstream  of  the  combustor.  The  tur¬ 
bine  driving  the  propeller  is  further 
downstream,  and  has  a  lower  priority  on 
pressure  ratio.  The  speed  of  the  com¬ 
pressor  and  its  turbine  with  this  arrange¬ 
ment  is  approximately  proportional  to  the 
square  root  of  the  combustor  discharge 
temperature  in  the  normal  operating  range. 
A  reduction  in  fuel  flow  reduces  the  power 
in  two  ways : 

o  A  moderate  reduction  in  temperature 
reduces  power  directly  [Equation 
(1.2.4) ] 

o  The  consequent  reduction  in  turbine 
and  compressor  speed  reduces  both 
the  mass  flow  of  air  and  the  pres¬ 
sure  ratio.  This  change  in  flow 
also  lowers  the  power.  The  reduc¬ 
tion  in  pressure  ratio  will  con¬ 
tribute  to  a  further  lowering  of 
power  when  the  pressure  ratio  is 
below  that  for  optimum  power,  (see 
1.2. 2. 4. 2).  Because  the  drop  in 
compressor  speed  reduces  the  flow 
without  large  increases  in  entropy, 
the  compressor  might  be  called  an 
isentropic  throttle. 

Suppose  that  a  change  in  design  now 
enables  a  propeller  to  be  driven  by  the 
turbine  immediately  downstream  of  the 
combustor.  The  pressure  ratio  across 
the  turbine  driving  the  compressor  is  no 
longer  about  constant  since  it  no  longer 
has  a  priority.  This  loss  in  turbine 
pressure  ratio  causes  the  compressor 
speed,  pressure  ratio,  and  mass  flow  to 
decrease  more  rapidly  with  combustor 
outlet  temperature  than  the  previous 
arrangement.  The  isentropic  throttling 
action  of  the  compressor  is  more  effec¬ 
tive,  and  the  power  output  is  far  more 
responsive  to  small  changes  in  turbine 
inlet  temperature.  Such  an  arrangement 
may  yield  better  part  load  specific  fuel 
consumption.  The  temperature  ratio 
lines  of  Figure  1.3-3  are  still  valid  how¬ 
ever,  and  surge  problems  at  part  load  are 
aggrava ted. 

Note  that  the  turboprop  engine  shown 
in  Figure  1.1-4  has  only  one  shaft  for 
the  compressor  and  turbines.  This  is  a 
common  arrangement.  The  controls  are 
relatively  simple  and  the  propeller  can 
serve  as  a  dive  bra)^e  by  feeding  power 
bac)c  into  the  compressor  at  low  turbine 
inlet  temperatures. 

Rearranging  the  coupling  between 
compressors  and  turbines  can  offer  a 
degree  of  design  freedom  which  may  be  use¬ 
ful  for  various  applications.  This  oppor¬ 
tunity  is  always  worth  an  inquiry. 
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1.3.2  Variable  Geometry 

1. 3.2.1  Variable  Compressor  Stators 

Even  more  degrees  of  freedom  are 
offered  by  "variable  geometry"  devices. 

As  noted  previously,  Chapters  13  and  14 
describe  some  variable-geometry  devices 
associated  with  engine  inlets  and  jet 
nozzles . 

Many  engine  compressors  are  designed 
with  variable  stators.  By  rotating  the 
stators  about  their  nominal  setting,  the 
compressor  map  can  be  noticeably  changed. 
This  technique  is  used  to  evade  surge 
problems  at  low  values  of  M//9^,  without 
significantly  impairing  efficiency  at 
higher  speeds.  Improved  performance  can 
also  be  obtained  at  other  important  off- 
design  conditions. 

Variable  compressor  stators  do  not 
affect  the  hierchy  of  turbine  pressure 
ratios,  however.  When  the  change  in  stator 
setting  reduces  the  work  done  by  the  com¬ 
pressor,  its  speed  increases  because  its 
turbine  wants  to  keep  its  pressure  ratio 
and  do  about  the  same  work.  This  fact  must 
be  recognized  from  the  beginning  of  any 
variable-compressor-stator  proposal . 

1.3. 2. 2  Variable  Turbine  Stators 

Variable  turbine  stators  have  also 
been  used.  Because  of  high  temperatures 
and  associated  material  problems,  their  use 
until  very  recently  has  been  confined  to 
the  low  pressure  (and  temperature)  turbine 
stages.  Adjusting  these  stators  changes 
the  distribution  of  pressure  across  both 
the  turbines  and  exhaust  nozzle.  This 
outside  intervention  overturns  the 
hierchy  of  turbine  pressure  ratios.  When 
the  stators  are  closed,  not  only  is  the 
flow  area  reduced,  but  the  pressure  ratio 
across  that  turbine  itself  increases  and  it 
can  do  more  work  per  unit  of  mass  flow.  If 
the  turbine  drives  a  compressor,  its  speed, 
pressure  ratio  and  possibly  its  through- 
flow  will  increase.  (The  higher  pressure 
encourages  the  higher  flow  in  spite  of  the 
reduced  flow  area.)  When  the  downstream 
stators  are  closed  far  enough,  the  pressure 
ratio  across  the  upstream  turbine  is 
reduced,  as  is  the  work  it  can  do.  Its 
speed  decreases  together  with  the  flow 
and  pressure  ratio  of  the  high  pressure 
compressor. 


Opening  the  stators  has  the  opposite 
effect.  (The  range  of  effectiveness  is 
limited  however,  because  the  rotor  area 
begins  to  control  the  flow  when  the 
stator  areas  becomes  large  enough.)  This 
area  flexibility  is  another  valuable  tool 
for  modifying  part-load  operating  charac¬ 
teristics  . 


Closing  the  area  of  high  pressure 
turbine  stators  increases  the  pressure 
ratio  across  them  at  the  expense  of  down¬ 
stream  units.  The  speed  and  flow  of  the 
low-pressure  compressor  decreases  because 
of  this  reduced  pressure  ratio.  In  fact, 
this  compressor  can  be  quite  sensitive 
to  changes  in  high  pressure  stator  area. 


It  is  expected  that  more  turbine 
stators  will  be  made  variable  in  the  near 
future.  The  resulting  possibilities  of 
changing  the  relative  position  of  the 
operating  line  on  the  compressor  map  are 
obvious . 

1.3.2. 3  Variable  Exhaust  Nozzles 

Variable  exhaust  nozzles  offer  the 
same,  but  less  effective,  type  of  control 
of  the  pressure  ratio  hiearchy.  They  are 
absolutely  necessary,  however,  in  after¬ 
burning  engines.  Notice  that  if  the 
available  pressure  ratio  for  the  nozzle 
remains  unchanged,  the  Mach  number  is 

also  unchanged.  The  value  of  then 

*'^N 

constant.  (Aj^  is  the  nozzle  area.)  The 

nozzle  area  should  thus  be  proportional 
to  the  square  root  of  0,  or  the  square 
root  of  total  temperature  of  the  jet. 

This  subject  is  thoroughly  reviewed  in 
Chapters  14  and  26.  See  1.3. 3. 3  also. 

1. 3.2.4  Variable  Inlets 

The  following  discussion  is  presented 
to  pave  the  way  for  Chapters  9  and  26, 
and  to  introduce  the  discussion  of  inlet- 
compressor  interactions  in  1.3.2. 5  and 
1.5.1.  Only  the  most  simple  concepts  are 
used  for  identifying  the  factors  involved. 

Variable  inlets  are  necessary  for  two 
reasons.  The  first  concerns  matching  the 
inlet  flow  with  the  flow  that  the  engine 
demands.  Recall  Equation  (1.2.8)  and  the 
discussion  in  1.3. 1.5. 6.  These  concepts 
show  that  the  total  temperature  at  the  com¬ 
pressor  inlet  increases  with  flight  Mach 
number,  and  that  this  trend  causes  N//9j^ 

to  decrease,  as  shown  in  Curve  D,  Figure 
1.3-9.  An  example  of  the  corresponding 
change  of  flow  along  the  equilibrium 
Operating  line  of  Figure  1.3-3  is  indi¬ 
cated  by  Curve  A  in  Figure  1.3-9.  Special 
note  should  be  made  of  the  fact  that  this 
operating  line  flirts  with  the  surge  line 
at  the  higher  Mach  numbers  even  though 
Tppj^/T^j^  also  decreases.  Figure  1.3-3. 

The  other  curves  in  Figure  1.3-9 
concern  the  net  flow  capacities  of  the 
inlet  and  engine.  Suppose,  for  simplicity, 
that  the  inlet  looks  like  a  stovepipe. 

Let  the  area  of  the  inlet  be  arbitrarily 
sized  so  that  the  flow  goes  straight  into 
it  when  the  Mach  number  is  0.6.  The 
resulting  inlet  flow  lines  are  sketched  in 
Figure  1.3-lOa. 

If  the  flow  could  continue  straight 
into  the  inlet  over  a  range  of  flight  Mach 
numbers,  the  flow  through  the  engine  would 
have  to  vary,  as  shown  by  Curve  B  in  Figure 
1.3-9.  This  trend  is  explained  by  Equation 
(1.3,5).  (Distinguished  indeed  would  be 
the  engine  designer  who  could  provide  an 
engine  with  this  characteristic.) 

However,  at  Mach  numbers  greater  than 
0.6  and  less  than  1.0,  the  compressor  can¬ 
not  swallow  all  of  the  flow  that  the  inlet 
could  deliver.  The  inlet  streamlines  look 
like  those  shown  in  Figure  1.3-lOb.  When 
the  flow  velocity  is  sonic  or  higher,  the 
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FLIGHT  MACH  NUMBER 


A  EQUILIBRIUM  OPERATING  LINE 
B  IDEAL  FLOW  FOR  FIXED  INLET  AREA 
C  NORMAL  SHOCK  FOR  FIXED  INLET  AREA 
D  VARIATION  OF  Ng./V')^  AT  CONSTANT  N 

Figure  1.3-9.  Relationship  Between  Flight 
Mach  Number  and  Compressor 
Speed  and  Airflow. 


approaching  flow  does  not  know  the  inlet 
is  coming.  The  air  cannot  adjust  far  up¬ 
stream  to  prepare  for  the  difference 
between  what  the  compressor  can  handle  and 
what  the  inlet  can  deliver.  Normal  and 
oblique  shocks,  Figure  1.3-lOc,  provide 
the  mechanism  necessary  to  push  the  excess 
flow  (the  difference  between  a  curve 
similar  to  Curve  C  and  Curve  A  of 
Figure  1.3-9)  around  the  inlet.  (The  sub¬ 
sonic  flow  behind  the  shock  then  antici¬ 
pates  the  inlet.)  The  pressure  loss 
through  the  shock  lowers  the  value  of  6_, 
and  Curve  C  of  Figure  1.3-9  shows  an 
effect  of  this  decrease. 

These  shock  losses  increase  so 
rapidly  with  Mach  number  that  they  can  be 
tolerated  only  at  low  supersonic  Mach  num¬ 
bers.  It  is  shown  in  Chapters  14  and  26 
that  a  properly  designed  variable  inlet 
having  a  shape  such  as  that  schematically 
shown  in  Figure  1.3-lOc  can  drop  the 
losses  well  below  those  of  a  normal  shock 
at  high  flight  Mach  numbers.  (Providing 
this  benefit  is  the  second  reason  for 
variable  inlets.)  A  curve  for  such  an 
inlet  would  lie  between  B  and  C  of 
Figure  1 . 3-9. 

At  flight  Mach  numbers  below  0.6, 
the  flow  lines  would  now  assume  the  form 
suggested  by  Figure  1.3-lOe.  The  flow 
entering  the  edges  of  this  inlet  might 
separate  and  impair  the  flow  within  the 
inlet  as  discussed  in  1.4.  Whenever  pos¬ 
sible,  inlet  leading  edges  are  shaped  to 
minimize  this  problem,  but  potential 
internal  flow  losses  always  exist  for  low 
flow  situations. 


(«l  MACH  NO.  -  0.6 


(b)  MACH  NO.  >  0.6, <  1 


(c)  SUPERSONIC  MACH  NO. 
WITH  SHOCK  WAVE 


Id)  SUPERSONIC  MACH  NO. 
ATTACHED  OBLIQUE  SHOCK 


|<)  MACH  N0.<  0.6 


Figure  1.3-10.  Inlet  Flow  Shapes  with 
Stovepipe  Inlet. 


1.3. 2. 5  Variable  Rotors  for  Fans  and 
Compressors 

Variable  rotors,  in  the  form  of 
variable  pitch  propellers,  have  been  an 
invaluable  aid  to  aircraft  for  many 
years.  They  permit  better  matching  of 
an  engine  with  the  propeller  over  a  range 
of  flight  conditions.  They  also  permit 
a  high  level  of  reverse  thrust  —  a  valu¬ 
able  aid  during  landing.  The  rotor  blades 
of  helicopters,  of  course,  are  not  only 
variable,  but  they  vary  over  a  given  range 
each  time  the  rotor  makes  one  revolution. 

There  have  been  occasional  applica¬ 
tions  of  variable  rotor  vanes  on  fans. 

One  of  the  goals  of  these  efforts  is 
reverse  thrust.  The  fan  blades  have  to 
be  far  enough  apart  to  permit  the  necessary 
movement.  This  limits  the  solidity  and 
hence,  the  pressure  ratio,  as  indicated  in 
Chapter  17.  Because  of  centrifugal  force 
on  the  mechanisms  attaching  the  blades  to 
their  rotating  disks,  the  speed  of  the 
resulting  fan  is  lower  than  normal.  This 
further  limits  the  pressure  ratio. 
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As  materials,  stress  and  vibration 
analysis,  and  manufacturing  processes 
improve,  variable  rotors  will  probably 
become  a  reality.  Together  with  other 
variable  components,  they  will  improve 
engines  and  extend  their  useful  range. 
Variable  rotors,  together  with  other  var¬ 
iable  geometry,  should  eventually  permit 
the  engine  airflow  of  Curve  A  in  Figure 
1.3-9  to  approximately  match  Curve  B. 


Other  transients  result  from  flight 
conditions.  Flying  through  a  hot  jet 
plume  suddenly  lowers  •  A"  ^P” 

stream  blast  suddenly  changes  overall 
engine  pressure  ratio. 

In  actual  applications,  all  changes 
in  engine  operation  are  governed  by  auto¬ 
matic  controls.  (Of  course  provisions  are 
included  for  manual  controls  to  override 


In  order  to  identify  and  develop  what 
is  needed,  the  engineer  must  continuously 
ask  "what  must  we  do  to  get  what  we  need" , 
rather  than  "how  can  we  live  with  what 
we  have?".  It  is  recognized,  however, 
that  answers  to  the  latter  question  are 
often  necessary  as  temporary  measures. 


1.3.3  Transient  Analysis 


Transient  analysis  is  used  to  deter¬ 
mine  the  sequence  of  events  that  occur 
when  engine  operation  is  changed  from  one 
steady-state  point  to  another.  In  many 
respects,  the  information  derived  from 
transient  analysis  is  as  valuable  as 
steady-state  information.  The  following 
is  a  simple  problem  in  transient  analy¬ 
sis.  Figure  1.3-11  illustrates  the 
sequence  of  events  described.  Let  fuel  be 
suddenly  added  to  the  engine  while  it  is 
operating  at  Point  A.  The  sudden  addition 
of  fuel  causes  the  operating  point  of  the 
compressor  to  move  along  the  constant 
equivalent  speed  curve  to  Point  B.  The 
turbine  power  temporarily  exceeds  the  com¬ 
pressor  power,  and  the  engine  speed 
increases  until  equilibrium  is  eventually 
restored  at  Point  C.  To  cope  with  the 
effects  of  the  changing  conditions,  the 
engineer  needs  to  know  how  all  aerothermo- 
dynamic  states  within  an  engine  vary  with 
time. 
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some  of  the  automatic  ones  during 
emergencies. ) 

1.3. 3.1  Computation  of  Transient 
Response 


Note  that  the  sequence  of  events 
involved  in  starting  an  engine  is  controlled 
from  the  moment  that  starting  is  initiated. 
The  engine  starter  is  automatically  engaged, 
and  fuel  flow  automatically  begins  at  a 
stipulated  rate  when  prescribed  engine 
operating  conditions  are  reached.  After 
the  engine  is  more  than  self-sustaining 
(Equation  (1.2.4)  is  positive],  the  starter 
is  automatically  disengaged.  The  engine 
runs  up  to  idle  speed  and  stays  there 
until  further  instructions  are  received. 

If  the  engine  is  equipped  with  variable 
compressor  or  turbine  stators,  these  too 
are  automatically  adjusted  as  functions  of 
the  engine  operating  states.  The  con¬ 
trols  are  designed  to  accelerate  the 
engine  as  quickly  as  possible  to  idle 
speed  without  exposing  the  engine  to 
hazardous  vibrations  associated  with  the 
surge  line  and  without  overheating  the 
combustor  or  the  components  downstrecim 
of  it.  (Overheating  is  easy  to  do.  The 
airflow  is  so  low  that  several  extra  drops 
of  fuel  are  a  liability.) 


When  higher  speed  is  demanded,  the 
fuel  and  other  controls  quickly  guide 
the  engine  to  design  speed  while  avoid¬ 
ing  surge,  overheating,  and  dangerous 
vibration  areas  such  as  those  indicated 
in  Figure  1.3-12.  Other  changes  in 
operating  conditions,  including  decelera¬ 
tions  are  similarly  controlled. 


SUPERSONIC 

STALLED 


Figure  1.3-12. 


Figure  1.3-11.  Effect  of  Step  Change  in 

Combustor  Outlet  Temperature. 


Compressor  Map  Showing 
Boundaries  for  Four  Types 
of  Blade  Flutter  (See 
Chapter  22) . 


pv  =  mRt 


Computer  programs  are  used  to  pre¬ 
dict  and  analyze  all  transient  processes. 

The  anticipated  response  of  the  controls 
to  their  independent  variables  can  be 
stored  in  the  computer.  The  effective 
polar  moments  of  inertia  associated  with 
each  rotating  shaft  are  also  stored  as 
input  data.  In  addition,  a  small  time 
interval.  At,  is  selected.  The  rest  of 
the  input  data  are  the  same  as  those  out¬ 
lined  in  1.3. 1.1.  The  calculations  begin 
at  a  known  equilibrium  point.  Assume  that 
a  new  equilibrium  condition  is  given  as 
additional  input.  The  original  equilibrium 
point  determines  the  configuration  of  the 
engine  and  the  increment  of  fuel  flow  to 
be  added  initially.  The  sequence  of  cal¬ 
culations  in  1.3. 1.1  are  repeated  only  to 
the  extent  necessary  for  establishing 
compatibility  of  airflow  and  shaft  speeds. 
The  differences  between  the  torques  of  the 
turbines  and  those  of  the  driven  elements 
of  each  shaft  are  then  computed.  Dividing 
each  excess  torque  by  the  effective  polar 
moment  of  inertia  of  the  corresponding  shaft 
and  rotor,  provides  the  angular  accelera¬ 
tions.  New  shaft  speeds  can  then  be  esti¬ 
mated  at  the  end  of  the  time  interval  At. 

The  new  speeds  and  airflows  must  meet  the 
compatibility  requirements  of  1. 3.1.1 
except  power  balances.  The  procedure  is 
then  repeated.  Compatibility  of  power 
(AP^^  =  0) ,  is  required  only  at  the  initial 

and  final  conditions.  The  thermodynamic 
program  of  1. 3.1.2  is  now  a  subroutine  of 
a  numerical  integration  program. 


V  =  a  given  volume 
p  =  average  static  pressure  in  v 
t  =  average  static  temperature  in  v 
m  =  mass  of  gas  in  v 
R  =  gas  constant 

This  equation  can  be  expressed  in  differ¬ 
ential  form  as: 

i  ^  =  i  ^  1  f  \ 

m  di  p  di  t  dt  ra  *"1  ™2 

T  =  time 

m^  =  mass  flow  entering  v 
m2  =  mass  flow  leaving  v 

The  discussion  associated  with  Figure 
1.3-11  really  assumed  that  m,  and  hence 
V,  was  so  small  that  p  responded  much 
faster  than  engine  speed  to  a  change  in 
t.  This  assumption  always  needs  to  be 
at  least  qualitatively  examined. 

The  other  phenomenon  involves  the 
momentum  equation  which  is  also  derived 
in  Chapter  2.  Consider  again  the  finite 
volume  V.  The  equation  for  momentum 
balance  is 


^x  ’’l^l  ^  ‘■’I'^l^^l  "  ”2^2  ■ 


37  (mV) 


1.3. 3. 2  Effects  of  Response  Time  of 
Variable  Components 

So  far,  only  polar  moment  of  inertia 
has  been  identified  as  a  factor  that 
causes  a  time  delay  between  stimulus  and 
response.  Other  factors  may  also  become 
involved.  Any  variable-geometry  compo¬ 
nent  that  has  the  equivalence  of  inertia, 
spring  rate,  or  hysteresis  may  have  a 
role  in  the  transient  response  of  an 
engine.  Response  rate,  control  element 
weight,  control  actuator  weight,  and 
control  reliability  become  new  factors 
to  consider  in  engine  design.  For  in¬ 
stance,  variable  inlets  and  outlets  make 
contributions  to  engine  weight  that  cannot 
be  ignored.  A  finite  interval  of  time  is 
required  for  them  to  move  from  one  position 
to  another.  The  controls  governing  these 
elements  must  have  the  correct  timing  with 
the  other  control  elements  to  avoid 
instabilities  or  even  catastrophe.  Tran¬ 
sient  inlet  conditions  also  require  spe¬ 
cial  treatment. 


1. 3.3.3  Delays  in  Time  Response  Due  to 
Aerodynamic  Phenomena 

Two  phenomena  involving  aerodyneunics 
may  be  important.  One  involves  the  equa¬ 
tion  of  state  noted  in  Chapter  2.  It 
provides  the  following  relationship: 


p,  =  static  pressure  of  gas  entering 
volume 

p2  =  static  pressure  of  gas  leaving 
volume 

=  density  of  gas  entering  volume 
p2  =  density  of  gas  leaving  volume 
Aj^  =  area  of  flow  entering  volume 
A2  =  area  of  flow  leaving  volume 
Vj^  =  speed  of  gas  entering  volume 
V2  =  speed  of  air  leaving  volume 

V  =  average  speed  of  gas  within 
volume 

m  =  mass  of  fluid  in  volume 

F  =  component,  in  the  direction  of 
flow,  of  pressure  forces  on 
internal  surfaces  of  volume. 

Large  rates  of  change  of  velocity  or 
mass  within  a  volume  are  accompanied  by 
changes  in  pressure,  velocity,  and  mass 
flow  at  both  inlet  and  outlet.  The  magni¬ 
tude  of  the  effects  of  this  equation  must 
also  be  examined,  at  least  qualitatively, 
during  transient  analysis  if  v  is  large. 

The  equations  in  this  section  are 
directly  involved  in  the  phenomena  of  surg¬ 
ing.  They  are  also  involved  when  the  pres¬ 
sure  and  temperature  of  the  flow  into  an 
inlet  or  about  an  exit  is  suddenly  dis¬ 
turbed,  say  by  a  nearby  blast  or  rocket 
fire.  Understanding  the  chain  of  reactions 
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requires  a  study  of  each  elemental  com¬ 
ponent  of  an  engine.  In  this  case,  the 
change  in  total  momentum  or  F^,  effected  by 

each  element  must  be  known  as  a  function  of 
(mv'i'V^ )  and  {N//9)  . 

1.3. 3.4  Information  Delivered  from 
Transient  Analysis 

In  addition  to  determining  the  operat¬ 
ing  regime  of  the  components  and  the 
efficacy  of  the  controls,  the  information 
of  the  type  noted  in  1.3. 1.4  is  available 
from  transient  analysis.  Thermal  stresses 
during  transients  are  extremely  important 
because  thin  sections  or  thin  parts  tend  to 
change  their  temperature  and  length  faster 
than  thick  parts.  Thermal  strains  can  be 
severe  if  necessary  precautions  are  not 
provided.  (Repetitious  thermal  strains 
can  cause  low-cycle  fatigue.)  Information 
about  transient  airflows  for  estimating 
local  heat  transfer  coefficients  is  thus 
needed.  Differences  of  temperature 
between  stationary  and  rotating  parts  and 
hence,  their  distance  apart  also  depends 
on  the  magnitude  and  the  direction  of  a 
temperature  transient. 

The  relative  thermal  inertia  of  the 
aerodynamic  parts  can  play  an  important 
role.  Certainly,  the  clearances  between 
stationary  and  rotating  parts  must  be 
large  enough  to  avoid  rubbing  under  the 
worst  conceivable  conditions.  This  can 
also  have  an  unfavorable  affect  on  surging, 
inasmuch  as  surge  margin  usually  decreases 
as  clearance  increases  (1,4. 1.6  and 
Chapter  17) . 

Suppose,  for  example,  that  an  engine 
is  decelerated  from  full  power  to  idle. 

Thin  blades  will  cool  more  rapidly  than  a 
relatively  thick  casing.  The  blade  clear¬ 
ances  will  then  momentarily  exceed  those 
at  normal  idle  conditions.  A  performance 
curve  with  these  larger  clearances  would 
show  a  depressed  surge  line.  Thus,  if  an 
engine  is  rapidly  decelerated  to  idle  and 
then  immediately  reaccelerated,  it  may 
surge,  even  though  it  behaves  perfectly 
during  normal  accelerations  from  a  cool 
idle  condition.  The  problem  then  is  to 
avoid  this  surging  without  excessively 
depreciating  engine  performance. 

1.3. 3. 5  Airplane  Acceleration 

Observe  that  airplane  acceleration 
has  not  been  mentioned.  This  subject  has 
been  avoided  because  it  would  entail  a 
large  treatise  on  airplane  performance. 

Such  an  endeavor  is  far  beyond  the  scope 
of  this  publication. 

1.4  CHARACTERISTICS  OF  FLOW  IN  AN  ENGINE 

The  flow  of  gas  through  an  engine 
has  an  economic  similarity  to  the  flow 
of  merchandise  along  ancient  trade  routes. 
Each  component  along  the  way  exerts  a  tax 
in  the  form  of  useful  energy,  for  the 
privilege  of  allowing  the  gas  to  pass 
through  (Section  1.2).  Some  of  the  tax  is 
inevitable,  some  is  due  to  inadvertent  mis¬ 
management  of  the  gas  flow  within  a  com¬ 


ponent,  and  some  is  due  to  the  lack  of 
appreciation  of  how  one  component  affects 
another.  Creating  an  awareness  of  the 
principal  causes  of  energy  degradation,  or 
losses  prior  to  Chapters  3  and  4  is  the 
object  of  this  discussion.  The  genesis 
and  growth  of  losses  in  available  energy 
are  first  described.  Secondary  effects  of 
those  losses  will  then  be  noted.  Finally, 
interactions  between  components  will  be 
considered.  Some  are  obvious,  while 
others  are  rather  insidious. 

1.4.1  Genesis  of  Losses 

Much  of  this  material  is  a  narrated 
account  of  some  of  the  material  in 
Chapters  3,  4,  and  10. 

1.4. 1.1  Ideal  Shock  Losses 

These  losses  are  unique  because  they 
can  be  predicted  by  the  ideal  equations 
for  the  conservation  of  mass,  momentum, 
and  energy.  Even  though  thermal  conduc¬ 
tivity  and  viscosity  are  involved  in  the 
mechanism  of  the  losses,  these  properties 
do  not  determine  the  magnitude  of  the 
ideal  losses.  Adequate  discussions  of 
this  subject  can  be  found  in  any  text  on 
gas  dynamics . 

Experiments  on  flat  surfaces  have 
shown  that  as  long  as  the  relationship 
between  static  pressure  rise  through  a 
shock  and  the  upstrecim  Mach  number  is 
below  that  shown  in  Figure  1.4.1,  the 
observed  losses  are  approximately  equal  to 
the  ideal  losses.  When  the  surface  is 
curved,  a  maximum  static  pressure  ratio  of 
1.4  across  the  shock  is  a  better  guide. 
Additional  losses  arise  due  to  shock¬ 
boundary  layer  interactions  when  higher 
static  pressure  ratios  are  encountered. 

The  higher  losses  properly  belong  in  the 
cagetory  of  the  diffusion  losses  dis¬ 
cussed  in  1.4. 1.3. 


MACH  NUMBER 


Figure  1.4-1.  Separation  Static-Pressure- 
Ratio  Versus  Mach  Number  -- 
Single  Shock,  Straight 
Surface . 
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1.4. 1.2  Friction  Losses 


Most  other  losses  have  their  origin 
in  viscosity.  Viscosity  exerts  a  shear 
stress  on  a  fluid.  The  magnitude  of  the 
stress  is: 


T  =  shear  stress  on  an  elemental 
plane  parallel  to  the  flow  of 
the  fluid,  it  includes  Reynolds 
stresses  (see  Chapter  4) 

p'  =  coefficient  of  viscosity,  includes 
the  virtual  viscosity  due  to  turbu¬ 
lent  momentum  interchange.  Con¬ 
sult  Chapter  4 

u  =  magnitude  of  fluid  velocity 

n  =  distance  measured  perpendicular 
to  an  elemental  plane  of  the 
flow. 

At  any  solid  boundary  of  a  fluid  (e.g., 
the  inner  wall  of  a  pipe) ,  the  relative 
velocity  at  the  boundary  of  the  fluid  must 
be  zero.  Viscous  forces  are  brought  into 
play  when  finite  relative  motion  exists 
elsewhere  in  the  flow,  since  du/dn  must 
then  be  finite  over  at  least  some  interval 
of  the  flow. 

The  losses  directly  due  to  the  fric¬ 
tion  stresses  just  defined  are  only  a  small 
portion  of  the  total  losses  found  in  turbo¬ 
machinery.  Friction  forces,  however,  do 
initiate  sequences  of  events  which  result  in 
losses  that  are  orders  of  magnitude  greater 
than  those  directly  due  to  friction  forces 
themselves . 

1.4.2  Amplification  of  Friction  Losses 
1.4. 2.1  Qualitative  Observations 

Figure  1.4-2  vividly  illustrates  this 
subject.  The  shape  of  the  airfoil  shown 
resulted  from  many  years  of  study  and  tests. 
Air  flows  about  it  very  smoothly.  Nearly 
all  of  the  drag  on  the  airfoil  is  the 
result  of  the  friction  forces  described  in 
Equation  (1.4.1).  (Moreover,  the  turbulence 
components  of  p'  are  low.) 


WIRE 


A  visual  contrast  between  flow 
around  a  good  airfoil  and  that  about  a 
cylinder  is  shown  in  the  photographs  of 
Figures  1.4-3a  and  1.4-3b.  Figure  1.4-3c 
is  included  in  the  series  to  show  that  a 
good  airfoil  can  be  misused.  Figures 

1.4- 3b  and  c  were  made  by  Prandtl,  while 

1.4- 3a  was  done  by  Prandtl/Tiet jens .  In 
Figures  1.4-3a  and  -3c,  the  flow  path 
marjcedly  departs  from  some  sections  of  the 
surface  of  the  body.  This  condition  is 
known  as  flow  separation. 


(a)  FLOW  ABOUT  A  CYLINDER 


(b)  SMOOTH  FLOW  ABOUT 
AN  AIRFOIL 


AN  AIRFOIL 

Figure  1.4-2.  The  Drag  Experienced  by 

this  Airfoil  and  the  Wire  is  Figure  1.4-3.  Examples  of  Flow  about 
the  Same.  Isolated  Bodies. 


I  low  separation  results  from  a 
sequence  of  events  illustrated  in  Figure 
1.4-4  (also  from  Prandtl  and  Tietjens). 
Figure  1.4-4a  shows  the  distribution  of 
flow  immediately  after  it  v;as  almost 
instantly  started  from  rest.  .Jotice  that 
with  incompressible  flow,  the  theoretical 
maximum  velocity  occurs  at  the  top  and 
bottom  of  the  cylinder.  Its  value  is 
twice  that  of  the  velocity  far  upstream 
and  downstream.  The  ideal  minimum 
velocity  is  +90“  away  from  the  top  and 
bottom;  its  theoretical  magnitude  is  zero. 
Between  the  top  of  the  cylinder  and  its 
downstream  surface  element,  the  flow 
theoretically  encounters  a  static  pressure 
rise  equal  to 

■P  =  J  ■  (2V^)  ^  =  2,  (1.4.2) 

=  density 

=  velocity  far  upstream 


(cl  (d) 


Figure  1.4-4.  Development  of  Separation 
of  Flow  about  a  Circular 
Cylinder . 

The  shear  forces  of  friction  retard 
the  flow  at  the  surface,  but  they  require 
a  finite  time  interval  to  develop.  The 
friction  forces  in  Figure  1.4-4a  were 
small,  and  velocities  near  but  not  adjacent 
to  the  surface  were  almost  equal  to  the 
ideal.  The  average  available  velocity 
very  close  to  the  surface,  however,  was 
not  quite  sufficient  to  negotiate  all  the 
pressure  rise  required  by  Equation  1.4.2. 
Consequently,  the  flow  came  to  rest  near 
the  point  indicated  by  A. 

Figures  1.4-4b  and  -4c  were  taken 
successively  as  the  flow  developed  with 
time.  The  latter  picture  clearly  shows  a 
"separation  eddv".  Such  a  vortex  would 
cause  even  viscous- free  flow  to  stagnate 
at  Point  B.  The  resulting  change  in  the 
pressure  field  is  communicated  upstream, 
and  this  causes  the  retarded  flow  to  come 
to  a  halt  near  Point  C.  This  situation  is 
a  typical  point  in  a  chain  of  events  that 
causes  the  eddy  to  continuously  advance 
upstream. 


Figure  1.4-4d  was  taken  a  short  time 
later.  The  disturbed  flow  in  this  view 
had  just  about  reached  the  top  of  the 
cylinder.  Right  after  this  point  in  time, 
the  eday  was  washed  downstream  by  the 
surrounding  flow.  The  process  was  then 
more  or  less  repeated  over  and  over  again. 

In  general,  the  opposite  sides  of  a 
cylinder  take  turns  in  generating  and  dis¬ 
carding  eddies.  The  periodic  shedding  of 
vortices  subjects  the  cylinder  to  an 
oscillating  force.  The  flow  is  unsteady 
for  a  short  distance  downstream,  partic¬ 
ularly  in  the  neighborhood  of  the  cylinder. 

The  time-averaged  vorticity  shed  from 
the  cylinder  must  be  zero,  however.  This 
means  that  far  downstream,  after  all  the 
disturbed  flow  is  mixed  together,  the 
mixture  can  have  no  angular  momentum.  If 
this  condition  did  not  prevail,  the 
cylinder  would  experience  an  average  force 
perpendicular  to  the  flow. 

The  separated  flow  in  Figure  1.4-3c 
is  one  sided,  but  a  finite  time  was  also 
required  to  develop  it.  Immediately  after 
the  flow  is  started,  a  small  eddy  appears 
near  the  trailing  edge.  A  stagnation  point 
then  forms  at  the  leading  edge  of  the  eddy. 
This  local  high  pressure  causes  the  flow 
upstream  of  the  eddy  to  leave  the  air¬ 
foil  surface  and  join  the  existing  eddy. 
Thus,  as  in  Figure  1.4-4,  the  eddy  con¬ 
tinues  to  move  upstream  until  it  is  very 
close  to  the  leading  edge,  as  shown  in 
Figure  1.4-3c.  The  separation  eddy  caused 
by  the  retarded  surface  fluid  induces  an 
opposite  vortex  to  form  immediately  down¬ 
stream.  From  time  to  time,  parts  of  both 
eddies  are  washed  away.  Again,  the  time- 
average  of  the  shed  vorticity  must  be  zero. 
At  any  instant,  however,  the  vorticity  shed 
by  one  vortex  mav  exceed  that  of  the  other. 
The  airfoil  then  experience.s  both  fluctuat¬ 
ing  lift  and  drag  forces.  The  previous 
discourse  illustrates  the  following  points: 

o  When  an  attempt  is  made  to  convert  part 
of  the  kinetic  energy  of  a  flow  into 
static  pressure,  the  flow  may  separate. 

o  Separated  flow  almost  invariably 

causes  the  downstream  flow  to  be 
time-uns  teady . 

o  Because  flow  separation  requires  a 

finite  time  to  develop,  its  behavior 
in  an  imposed  unsteady  flow  can  be 
different  than  that  in  steady  flow. 

o  Separated  flow  can  produce  fluctua¬ 
ting  forces  on  a  body 

o  Severely  separated  flow  produces  high 

drag  or  losses. 

1.4. 2. 2  Mixing  Losses 

The  first  four  of  these  ideas  were 
previously  noted.  The  fifth  can  be 
inferred  from  Figure  1.4-2.  A  simple 
classic  analysis,  found  in  most  standard 
texts  on  fluid  mechanics,  is  a  useful 
uoalogue  to  show  what  happens  when  random 
flow  velocities  arc  allowed  to  mix  freely. 


Consider  the  flow  in  a  conduit  in  which  the 
area  suddenly  expands  as  shown  in  Figure 
1.4-5. 


T  =  average  total  temperature 
t  =  local  static  temperature 

Two  equations  may  be  combined  to  get: 


Figure  1.4-5.  Flow  Passage  with  Sudden 
Change  in  Flow  Area. 

Stations  B  and  C  are  sufficiently  far 
apart  that  the  flow  at  C  is  ideally  uniform. 
A  solid  inner  body  is  represented  by 
Surfaces  x  and  y.  By  assuming  constant 
static  pressure  at  B,  the  requirements  of 
conservation  of  mass  flow  and  momentum  (see 
Chapter  2)  demand  a  loss  in  total  pressure 
between  B  and  C.  The  loss  for  an  incom¬ 
pressible  fluid  amounts  to: 

AP  =  i  pVg^  (1  -  ^  (1.4.3) 

M  =  density 

Aj^  =  Ag  =  area  of  small  passage 

Aj,  =  area  of  large  passage 

=  Vg  =  fluid  speed  in  small 
passage 


V 


C 


This, and  the  energy  equation,  are  now  avail¬ 
able  for  determining  and  t^,  when  nig,  pg, 
and  T„  are  known,  say  by  measurements.  The 
value  of  Pj,  can  then  be  found  from  the 
equation  for  lOg ,  and  is  finally  deter¬ 
mined  from  the  equation  of  state.  The 
total  pressure  at  C  is  then  given  by 


Inasmuch  as  pressure  is  ei.srgy  per  unit  of 
volume,  the  comparable  average  tota)  pres¬ 
sure  at  B  is  given  by, 

Y 

PbK  =/pb  ^  Vg  dA 

Mg  =  local  Mach  number 


The  overall  drag  force  could  be  found  by 
subtracting  the  total  flow  momentum 

[ (p  +  pV^)Al  at  C  from  that  at  A. 
p  =  static  pressure 

This  idea  is  easily  generalized.  Assume 
that  there  are  no  surface  forces  in  the 
direction  of  flow  and  that  the  flow  at  B 
is  irregular  and  compressible.  Assume 
also  that  the  flow  at  Station  C  is  uniform. 
The  mixing  losses  may  then  be  estimated  by 
observing  the  equation  of  state  and  noting 
that  the  flow  between  Stations  B  and  C 
must  also  satisfy  the  laws  of  conservation 
of  mass  flow,  momentum,  and  energy. 


■’c  ^  ‘‘C^C 


mg  -  J* ■  „V..,dAp  - 


b'^b““B  ’  •  c^c'^c 

=  Pf,Ac  +  -c'^C^^C 


B  B 


7^  "  7  ''c' 


u  =  total  momentum 
Y  =  ratio  of  specific  heats 
R  =  gas  constant 


The  difference  between  Pg  and  increases 

as  the  flow  irregularity  at  B  increases. 
Incidentally,  although  additional  losses 
in  total  pressure  occur  between  Stations 
B  and  C,  the  static  pressure  at  C  is 
higher  than  that  at  E.  Note  that  entropy 
could  be  used  instead  of  total  pressure  to 
indicate  loss.  In  this  case  however,  the 
relative  entropy,  S,  at  B  is  given  by 
/Sdm. 


Besides  indicating  a  principle,  this 
procedure  is  a  valuable  tool  for  estimating 
losses  or  for  interpreting  measured  data. 

A  mathematical  flow  model  may  be  used 
instead  of  a  uniform  one  at  C.  This  will 
alter  the  coefficients  of  V  in  the  initial 
equations . 

If  another  flow  device  is  required 
downstream  of  Station  B,  the  mixing  losses 
can  often  be  mitigated.  Favorable  pressure 
forces  on  a  bounding  surface  can  be  used  to 
make  the  momentum  more  uniform.  The  nozzle 
discussed  in  Subsection  1.5.6  performs  this 
function.  If  the  bounding  surface  is 
rotating,  the  proper  pressure  forces  can 
also  redistribute  the  energy  and  momentum 
distributions.  The  best  way  to  use  this 
l^ossibility  depends  upon  each  individual 
case . 


This  idea  also  applies  to  badly 
separated  flow.  If  the  separated  flow  can 
be  confined  with  minimum  mixing,  the  losses 
are  small.  This  is  analogous  to  the  idea 
that  falling  100  feet  doesn't  hurt  anyone; 
it's  the  sudden  stop  that  causes  the  damage. 
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1.4.2. 3  All  Compression  in  Engines 

Requires  a  Diffusion  Process 

Recall  that  the  air  in  all  propulsion 
gas  turbines  must  be  compressed.  This  is 
almost  always  achieved  by  converting  some 
of  the  kinetic  energy  of  the  relative  motion 
of  the  air  into  static  pressure.  In  most 
propulsion  engines,  much  of  the  compression 
of  air  occurs  in  axial  compressors,  dis¬ 
cussed  in  Chapter  17.  These  essentially 
consist  of  a  series  of  rotating  and 
stationary  diffusers.  (Centrifugal  com¬ 
pressors  are  sometimes  used.  Although 
part  of  their  pressure  rise  is  accomplished 
by  centrifugal  force,  an  additional  dif¬ 
fusion  tax  paid  for  this  aid  consumes  much 
of  this  advantage.  Moreover,  even  these 
compressors  have  diffusers  —  see  1.4.4). 

A  separate  diffuser  just  ahead  of  the  com¬ 
bustor  provides  the  final  compression  for 
most  engines. 

Unfortunately,  the  most  efficient 
diffusion  processes  usually  occur  when  the 
flow  in  the  diffuser  is  on  the  verge  of 
separation.  A  more  conservative  design 
suffers  from  excessive  friction  losses.  A 
less  conservative  design  invites  the 
separation  losses  just  discussed.  The 
designer  thus  must  walk  a  tightrope. 


1.4.3  Effects  in  Curved  Plow 

Strongly  curved  flow  creates  both 
beneficial  and  penalizing  conditions.  No 
rigorous  rules  are  yet  known,  but  the 
following  qualitative  information  is  valid. 

1.4. 3.1  Unstable  and  Stable  Flow 

One  problem  arises  because  flow  di¬ 
rection  must  be  changed  in  turbomachinery 
(Chapter  10) ,  and  flow  changes  direction 
only  when  a  static  pressure  gradient  is 
imposed  perpendicular  to  the  flow.  It  can 
be  shown  that  if  this  static  pressure 
gradient  is  in  the  same  direction  as  a 
local  entropy  gradient,  the  flow  is 
unstable.  The  degree  of  instability  is 
proportional  to  the  product  of  the 
gradients. 

Unstable  flow  encourages  the  inter¬ 
change  of  momentum  between  the  main 
stream  and  the  retarded  flow  near  the 

flow  boundaries.  The  value  of  ^  in 

Equation  1.4.1  is  high.  The  friction 
forces  are  also  relatively  high,  and  heat 
transfer  rates  are  enhanced.  This  type  of 
flow  can  postpone  flow  separation.  An 
overhanging  cold  front  with  its  accompany¬ 
ing  strong  surface  winds,  including 
tornadoes,  is  an  example  of  instability. 

Stable  flow  has  the  opposite  charac¬ 
teristics.  Momentum  interchange  is  dis¬ 
couraged.  Friction  and  heat  transfer  are 
reduced.  Flow  separation  is  less  easily 
averted.  An  atmospheric  inversion  with 
its  associated  calm  smoggy  air  is  an 
example  of  stability. 


1.4. 3.2  Secondary  Flows 

Consider  the  flow  in  the  curved  duct 
shown  in  Figure  1.4-6.  Let  the  flow  be  in 
the  direction  indicated.  If  the  mean 
effective  velocity  of  the  main  flow  is 

2 

a  static  pressure  gradient  /'R^, 

(R  is  the  radius  of  curvature  of  the 
c 

effective  velocity)  will  be  produced  that 
is  perpendicular  to  V^.  The  pressure  on 

the  surface  indicated  by  H  is  greater  than 
that  at  L. 


C 


A 


Figure  1.4-6.  Two-Dimensional  Curved  Duct 

Illustrating  Secondary  Plows. 


The  shading  in  the  sketches  of  the 
inlet  and  outlet  flow  passages  (X  and  Y) 
schematically  indicates  retarded  flow. 

The  retarded  flow  at  the  inlet  is  assumed 
to  have  uniform  circumferential  distribu¬ 
tion. 

Observe  first  that  the  previous 
remarks  aOoout  flow  stability  suggest  that 
the  retarded  flow  along  H  will  mix  with  the 
main  flow.  Except  for  a  narrow  region 
along  H  where  entropy  increases  in  the 
direction  of  flow  because  of  friction,  any 
entropy  gradients  will  be  perpendicular  to 
the  flow  in  the  direction  of  H  to  L. 
Retarded  flow  thus  "floats"  from  H  to  L. 
Meanwhile,  the  difference  in  pressure 
gf'adients  between  the  main  and  retarded 
flows  along  surfaces  A  and  B  causes  this 
retarded  flow  to  be  swept  towards  L.  This 
flow  is  known  as  secondary  flow.  Experimen¬ 
tal  evidence  on  two-dimensional  bends  shows 
that  the  swept  flow  tends  to  roll  up  into 
vortices  denoted  by  E  at  the  corners.  The 
retarded  flow  at  the  outlet  of  Figure 
1.4-6  is  exaggerated  to  emphasize  trends. 
The  gradients  of  entropy  and  static  pres¬ 
sure  within  these  vortices  have  opposite 
directions.  They  are  therefore,  very 
stable,  and  resist  any  interchange  of 
momentum  with  the  main  flow,  and  thus,  they 
interfere  with  subsequent  attempts  to 
diffuse  the  flow.  The  rest  of  the  retarded 
flow  along  L  is  also  stable.  If  the  area 
of  the  duct  is  constant,  the  main  flow  near 
L  must  first  accelerate  and  then  decelerate. 


Inasmuch  as  the  stable  boundary  layer  and 
vortices  cannot  be  supplied  with  the 
necessary  momentum  to  combat  the  rising 
static  pressure,  the  flow  will  separate  and 
generate  mixing  losses. 

Secondary  flow  occurs  whenever  there 
is  a  pressure  gradient  normal  to  the  main 
stream  in  either  the  main  or  retarded 
flow.  When  the  bounding  surface  itself  is 
rotating,  secondary  flow  adjacent  to  the 
boundaries  will  move  outwards,  provided 
that  the  rotational  speed  of  the  retarded 
flow  exceeds  that  of  the  mainstream.  Other¬ 
wise,  the  motion  is  inwards.  The  normal 
pressure  gradients  in  turbomachinery  are 
complex  and  they  produce  complex  secondary 
flow  patterns.  Some  additional  comments  are 
presented  in  Chapter  10.  The  ideas  sug¬ 
gested  in  Section  1.7  and  Chapter  18  offer 
promise  for  coping  with  these  phenomena. 

The  shape  of  the  flow  passage  indica¬ 
ted  by  X  and  Y  plays  an  important  role  in 
deciding  the  magnitude  of  the  disturbing 
influence  of  secondary  flows.  Consider  the 
shape  shown  in  Figure  1.4-7.  This  shape  has 
half  the  flow  area  as  Figure  1.4-6,  and  a 
lower  hydraulic  diameter,  2 (HXB) / (H+B) .  It 
therefore  suffers  comparatively  higher 
friction  losses  and  the  Surfaces  A  and  B 
of  Figure  1.4-7  provide  most  of  these 
losses.  Thicker  regions  of  retarded  flow 
will  accumulate  at  L  because  the  volume  of 
the  retarded  flow  is  comparable  to  that  in 
Figure  1.4-6,  while  L  is  only  half  as  long. 


H 


A 


Figure  1.4-7.  An  Effect  of  Passage  Shape 
on  Secondary  Plows. 


However,  there  are  reasons  for  believing 
that  centrifugal  compressors  will  play  an 
increasingly  important  role  in  turboprop 
and  turbofan  engines  of  the  future. 

Since  no  Chapter  in  this  publication  has 
been  appointed  for  this  subject,  some 
relevant  remarks  are  made  here  because  flow 
stability  and  secondary  flows  are  the 
principal  items  that  distinguish  the 
behavior  of  centrifugal  compressors. 

Centrifugal  compressors  are  poten¬ 
tially  capable  of  efficiently  generating 
a  high-pressure-ratio  in  a  short  single 
stage.  Their  diameters  need  to  exceed 
those  of  an  equivalent  axial  compressor, 
but  they  can  be  smaller  than  those  of 
other  engine  components  —  a  fan,  for 
example.  Figure  1.4-8  shows  a  centrifu¬ 
gal  compressor  that  has  been  in  production 
for  a  number  of  years  at  the  Garrett  Corpor 
ation.  Its  principal  parts  are  identified 
in  the  photograph.  The  pressure  ratios 
and  efficiencies  produced  by  this  unit  are 
shown  in  Figure  1.4-9.  The  blades  in  this 
impeller  are  curved  at  the  outlet.  Because 
of  the  direction  of  curvature,  this  is 
known  as  a  "backward  curved  impeller".  Man 
other  impellers  have  straight  radial  blades 
at  the  outlet. 


Figure  1.4-8.  Centrifugal  Compressor 
and  Diffuser. 


Shapes  of  this  type  are  deemed  to  have  low 
aspect  ratios.  An  attempt  to  diffuse  this 
flow  will  cause  the  retarded  flow  area  to 
grow  rapidly,  because  it  resists  being 
energized.  The  potential  mixing  losses 
exceed  those  of  Figure  1.4-6.  Shapes 
having  high  aspect  ratios  (H>A)  reduce 
secondary  flow  losses.  They  are  generally 
preferred  as  long  as  the  friction  losses 
are  smaller  than  the  mixing  losses. 

1.4.4  Special  Losses  in  Centrifugal 
Compressors 

Axial  turbomachinery  has  been  empha¬ 
sized  thus  far.  They  have  been  the  mainstay 
of  most  of  the  recent  propulsion  engines. 


The  flow  in  the  impeller  and  diffuser 
are  subject  to  the  same  aerodynamic  laws 
that  govern  the  flow  in  axial  compressors. 
The  same  type  of  aerodynamic  calculations 
are  applicable.  There  is  a  difficulty, 
however,  in  obtaining  favorable  aspect 
ratios  near  the  inlet  and  exit  of  the  rotor 
and  in  the  diffuser.  The  reasons  are  given 
in  the  following  paragraphs. 

One  of  the  principal  virtues  of 
centrifugal  compressors  has  been  their 
simplicity.  One  continuous  set  of  blades 
often  comprises  the  rotor.  Another  con¬ 
tinuous  set  frequently  forms  the  stator  or 
diffuser.  The  number  of  blades  of  the 


rotor  and  stator  are  limited  by  the  area 
required  at  their  inlets.  (The  allowable 
height  of  the  inlet  blades  of  the  rotor  is 
determined  by  Mach  number  limits  and 
stress.)  If  too  many  blades  are  used  at 
the  inlets,  the  compressor  will  not  move 
the  required  amount  of  air.  Two  potential 
adverse  consequences  result  from  these 
restrictions . 

1.4. 4.1  Impellers 

Since  both  the  static  pressure  and 
density  increase  in  impellers,  much  smaller 
flow  areas  are  needed  at  their  outlets, 
where  the  radius  is  large,  than  at  the  inlet 
where  the  radius  is  small.  Observe  that 
the  distance  between  the  blades  increases 
with  the  radius,  while  the  flow  area  is 
about  equal  to  the  product  of  this  distance 
by  the  blade  height.  The  height  of  the 
blades  must  therefore  diminish  rapidly  with 
radius.  Figure  1.4-8  illustrates  these 
characteristics.  The  aspect  ratio  of  the 
impeller  flow  passage  becomes  very  small. 

The  aspect  ratio  at  the  exit  further 
decreases  as  the  design  pressure  ratio 
increases,  since  smaller  flow  areas  are 
required  because  of  the  higher  gas  density. 

High  impeller  blade  loading  is  a 
consequence  of  a  low  number  of  blades, 
although  considerable  control  of  blade  load¬ 
ing  may  be  obtained  by  the  judicious  use  of 
blade  curvature.  Even  in  the  impeller 
shown  in  Figure  1.4-8  however,  the  blade 
loading  is  pushed  to  the  limit  because  the 
air  is  accelerated  from  zero  to  about  1800 
feet  per  second.  Achieving  this  accelera¬ 
tion  requires  high  pressure  on  one  side  of 
a  flow  passage  (H) ,  and  a  low  pressure  on 
the  other  side  (L) .  The  main  tangential 
accelerating  force  is  that  due  to  the 
Coriolis  acceleration,  which  is  2u)V^ 
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Figure  1.4-9.  Performance  of  Compressor 
Shown  in  Figure  1.4-8, 


Cw  is  the  angular  velocity  and  is  the 

radial  component  of  velocity) .  This  force 
is  tempered  however,  by  the  baclcward  curva¬ 
ture.  Recall  that  the  product  of  the 
tangential  acceleration  by  the  fluid  den¬ 
sity  equals  the  tangential  pressure 
gradient.  (See  Chapter  2.)  The  difference 
between  the  pressures  at  L  and  H  is  thus 
proportional  to  the  tangential  acceleration 
and  the  spacing  of  the  blades.  The  net 
effect  of  this  acceleration  can  be  many 
2 

times  the  effect  /R^  with  blade  spacing 

found  in  axial  flow  compressors  or  other 
fcuniliar  flow  devices.  Differences  in  the 
pressures  between  L  and  H  are  sometimes 
comparatively  enormous.  To  achieve  these 
large  pressure  differences,  high  velocities 
must  theoretically  exist  near  the  surface 
L  if  those  at  surface  H  are  to  have  real 
finite  values. 

Any  retarded  flow  originating  or 
developing  along  H  is  scoured  from  that 
surface  and  deposited  on  L.  The  low  aspect 
ratio  of  the  passage  causes  the  retarded 
flow  along  L  to  become  thicic  while  the 
large  tangential  accelerations  and  the 
entropy  gradients  malce  it  extremely  stable. 
The  difference  in  pressure  between  H  and  L, 
however,  must  vanish  at  the  blade  tips. 

Rapid  diffusion  is  attempted  near  the  side 
mariced  L.  Extensive  flow  separation  and 
mixing  losses  can  then  occur  near  the  outer 
part  of  a  highly  loaded  rotor.  Relieving 
this  situation  has  continued  to  be  an 
objective  of  research. 

Consider  now,  the  main  relative  flow 
between  the  rotor  blades.  VJhen  this  flow 
escapes  from  the  rotor,  the  absolute  flow 
becomes  pertinent.  The  illustration  in 
Figure  1.4-10  distinguishes  absolute  and 
relative  flows.  They  are  described  more 
completely  in  Chapter  10.  The  vector  OA 
represents  the  highest  relative  velocity  of 
the  main  flow  leaving  the  rotor.  This  is 
the  highest  velocity  that  would  be  observed 
if  one  could  sit  on  this  rotating  unit. 

The  vectors  OB  and  BA  are  the  axial  and 
tangential  components  of  OA,  The  vector  AC 
represents  the  tangential  velocity  of  the 
rotor  at  its  maximum  radius.  By  vectorially 
adding  AC  to  OA,  the  absolute  velocity, 
vector  OC,  is  obtained.  This  is  the  velo¬ 
city  that  a  stationary  observer  would  see. 

It  is  also  the  velocity  that  determines  the 
behavior  of  the  flow  after  it  leaves  the 
rotor. 


Figure  1.4-10.  Velocity  Diagram  at 
Rotor  Exit. 


Now  let  OA'  represent  the  relative 
velocity  vector  for  a  portion  of  the 
retarded  flow  along  L.  The  rotor  velocity 
vector  AC  is  now  represented  by  A'C’.  The 
corresponding  absolute  velocity  vector  OC' 
is  greater  than  OC  in  this  case.  As  noted 
in  Figure  1.4-10,  the  absolute  velocities 
leaving  the  rotor  may  vary  from  OC  to  OC". 
This  variation  is  time-unsteady  with 
respect  to  a  stationary  observer. 

The  mixing  of  this  type  of  velocity 
spectrum  in  a  free  field  is  complex  because 
the  flow  is  unsteady  and  two  types  of 
momentum  must  be  conserved  instead  of  one 
(momentum  in  the  radial  direction  as  well 
as  angular  momentum) .  In  comparison  to  the 
variation  of  the  relative  velocities,  the 
ratio  of  the  minimum  to  the  maximum 
absolute  velocity  of  the  unsteady  flow  is 
small  in  this  illustration. 

The  disparity  in  the  energy  of  the 
flow  leaving  the  rotor  of  the  type  shown 
in  Figure  1.4-8  can  be  large.  It  is  shown 
in  Chapter  10  that  the  energy  added  to  the 
air  by  a  rotor  having  no  preswirl  is  pro¬ 
portional  to  the  absolute  tangential  compo¬ 
nent  of  velocity.  (This  does  not  include 
the  extra  thermal  energy  added  by  recircu¬ 
lations.)  In  Figure  1.4-10,  the  range  of 
the  mechanical  energy  addition  is  repre¬ 
sented  by  the  differences  in  the  lengths 
of  BC  and  OC".  This  variation  also  aug¬ 
ments  the  mixing  losses. 


The  previous  discussion  has  been 
devoted  to  the  bul)c  of  the  flow  between  the 
blades.  The  flow  adjacent  to  the  rotating 
surface  between  the  blades  is  retarded  with 
respect  to  that  surface,  but  it  really  has 
a  high  tangential  velocity.  The  other 
velocity  components  of  this  retarded  flow 
are  low.  There  is,  however,  a  radial 
clearance  between  the  rotating  surface  and 
its  companion  surface  in  the  diffuser.  (See 
Figure  1.4-8.)  Flow  can  enter  and  leave  a 
cavity  behind  the  impeller  through  this 
clearance.  Within  this  cavity  the  flow 
rotates  at  a  mean  velocity  that  is  about 
one-half  that  of  the  impeller.  The  tangen¬ 
tial  velocity  of  the  actual  flow  leaving 
the  impeller  is  thus  depressed  immediately 
beyond  the  rotating  surface  because  of 
recirculation  into  and  out  of  the  cavity, 
and  because  of  friction. 


The  outer  portion  of  the  rotor  flow 
passages  is  usually  formed  by  a  stationary 
surface  known  as  a  shroud.  A  small 
clearance  is  maintained  between  the  shroud 
and  the  adjacent  blade  ends.  Both  the 
through  flow  and  tangential  velocity  com¬ 
ponent  next  to  this  surface  are  retarded. 
The  tangential  velocity  is  further 
retarded  by  the  flow,  over  the  blade  ends, 
from  the  high  to  the  low  pressure  sides. 
The  tangential  component  is  somewhat 
enhanced,  however,  by  secondary  flow 
between  the  blades  and  by  the  turbulence 
created  by  the  flow  over  the  ends  of  the 
blades. 


The  low  tangential  flow  along  the 
shroud  invites  additional  secondary  flows 
which  move  radially  inward  along  the 
stationary  surface.  The  physics  of  this 
flow  are  imperfectly  understood  also.  The 
inward  flow  eventually  reenters  the 
impeller  and  moves  outwards.  All  recircu¬ 
lating  flows  of  this  type  represent  oui 
additional  dissipation  of  useful  energy 
and  require  the  expenditure  of  additional 
mechanical  energy. 


The  important  points  to  note  are  that 
the  flow  next  to  the  low-pressure  surfaces 
of  the  blades,  the  flow  next  to  the  rotat¬ 
ing  surfaces  between  the  blades,  and  the 
flow  next  to  the  shroud  create  situations 
that  can  cause  separated  flow  and  loss 
amplification  within  an  impeller.  The 
diffuser  can  be  thus  presented  with 
time-unsteady  flows  having  large  gradients 
in  energy,  momentum,  and  direction.  This 
situation  again  emphasizes  the  possibilities 
for  advanced  rotor  design  concepts. 


1.4. 4. 2  Diffusers 

Although  the  diffusers  shown  in 
Figure  1.4-8  appear  to  be  straight,  they  do 
reduce  the  angular  momentum  of  the  air  and 
thus  produce  a  tangential  force  that  is 
greater  in  the  main  flow  than  in  the 
retarded  flow  near  the  bounding  surfaces. 
However,  the  tangential  velocity  of  the  main 
flow  also  produces  a  centrifugal  force  that 
is  not  in  equilibrium  with  that  of  the 
retarded  flow.  The  net  effect  produces  a 
secondary  flow  more  or  less  in  the  direction 
indicated  by  the  arrow  at  C.  The  increase 
in  radius  between  the  inlet  and  outlet 
increases  the  distance  between  diffuser 
blades  also.  This  trend  causes  even  lower 
aspect  ratios.  Stable  stagnant  air  accum¬ 
ulates  along  most  of  the  surface  indicated 
by  the  point  of  the  arrow  and  the  6unount  of 
diffusion  that  can  be  efficiently  obtained, 
even  with  uniform  inlet  conditions,  is  thus 
limited.  Note  that  rotating  diffusers  would 
help  the  aerodynamic  problem  at  the  expense 
of  mechanical  complexity. 


1.4. 4. 3  Possibilities  for  Future 

Developments  of  Centrifugal 
Compressors 

Improved  materials  and  stress  analysis 
will  enable  the  number  of  blades  and  vanes 
to  be  increased  at  intervals  between  the 
inlet  and  outlet.  For  example:  ten  blades 
may  be  used  at  the  impeller  inlet,  an 
additional  ten  added  when  the  flow  is  suf¬ 
ficiently  compressed,  and  another  twenty 
added  near  the  outlet.  Similar  ideas  may  be 
applied  to  the  diffuser.  This  will  par¬ 
tially  relieve  the  diffusion  and  aspect 
ratio  problems  in  both  the  impeller  and 
diffuser.  Meanwhile,  improved  aerodynamic 


analysis  indicated  in  1.7  is  expected  to  be 
more  potent  in  the  near  future.  This-  will 
enable  the  blade  shapes  to  be  designed 
to  provide  high  pressure  ratios  with  greatly 
improved  efficiency.  There  is  reason  to 
hope  that  mixing  losses  may  be  subdued  by 
designing  diffusers  to  apply  pressure  dis¬ 
tributions  that  minimize  the  mixing  losses. 
This  goal  is  being  pursued. 

An  aspect  ratio  problem  that  is 
frequently  overlooked  in  centrifugal 
impeller  rotors  arises  from  turning  the 
air  from  an  axial  to  a  radial  direction. 

High  flow  units  in  particular  require 
blades  in  which  the  distance  from  hub  to 
shroud  at  the  inlet  is  much  greater  than 
the  corresponding  average  distance  between 
the  blades.  A  low  aspect  ratio  bend  is 
thus  formed.  The  secondary  flows  due  to 
the  turning  combine  with  the  effects  of 
centrifugal  force  on  the  retarded  flow 
relative  to  the  blades  to  accumulate  retard¬ 
ed  flow  along  the  surface  of  the  shroud 
near  the  inlet.  This  part  of  the  flow  then 
has  increased  difficulty  in  negotiating  the 
subsequent  pressure  rise  derived  from  the 
main  flow. 

This  type  of  secondary  flow  has  been 
alleviated  by  using  mixed-flow  impellers. 
Such  units  discharge  the  flow  with  both 
axial  and  radial  components  of  velocity. 

The  curvature  of  the  turn  toward  the 
radial  direction  is  thus  reduced.  The 
weight  of  mixed  flow  rotors  can  be 
undesireably  high  however,  because  of  the 
added  length.  Problems  in  critical  shaft 
speeds  can  also  be  augmented. 

Some  thought  has  been  given  to  form¬ 
ing  mixed-flow  impellers  from  three  or  more 
disks,  each  similar  to  an  axial-flow  rotor 
and  each  carrying  a  different  number  of 
blades.  A  few  long  blades  would  be  used 
at  the  inlet  while  many  short  blades  would 
be  used  at  the  outlet.  The  aspect  ratios 
presented  to  the  flow  would  improve  and 
the  impeller  weight  would  be  reduced. 

A  final  comment  is  pertinent.  When 
one  reviews  all  the  possible  sources  of 
losses,  he  has  to  wonder  why  centrifugal 
compressors  achieve  the  good  performance 
that  they  deliver.  The  principal  unknown 
quantities  are  the  effects  of  the  compli¬ 
cated  mixing  process  in  the  presence  of 
diffuser  vanes,  and  the  effects  of  large 
unsteady  components  of  flow.  (Recall  the 
discussion  near  the  end  of  1.4. 1.3.1.) 
Possible  latent  benefits  of  these  phenomena 
deserve  future  attention. 

1.4.5  Flow  About  Blade  Ends  of  Axial 
Turbomachines . 

Examination  of  the  cutaway  views  of 
the  engines  in  1,1  reveals  that  the  outer 
end  of  a  rotor  blade  is  near  a  stationary 
surface  while  the  inner  end  of  a  stationary 
vane  is  near  a  rotating  surface.  Some 
clearance  between  stationary  and  rotating 
surfaces  is  always  necessary  to  avoid 
damage.  Flow  squirts  from  high  to  low 
pressure  through  this  clearance  and  kinetic 
energy  is  converted  into  heat.  Gas 


flowing  backwards  over  rotor  tips  of  com¬ 
pressors  reenters  the  flow  at  lower  useful 
energy  levels.  The  retarded  flow  tends  to 
thicken  and  the  entropy  is  increased. 
Moreover,  additional  thermal  energy  is  thus 
added  to  this  flow.  Clearance  flow  also 
makes  its  own  contribution  to  secondary 
flow  eddies.  The  resulting  losses  have 
several  adverse  affects  on  turbomachinery 
performance;  The  attainable  pressure  ratio 
is  reduced,  the  entropy  rise  increased,  and 
the  surge-free  margin  of  the  compressor 
eroded.  Flow  over  blade  ends,  together  with 
secondary  flow  has  been  the  subject  of  much 
inquiry,  but  many  important  quantitative 
aspects  are  not  clearly  understood. 

In  order  to  avoid  clearance  losses , 
the  outer  ends  of  rotor  blades  are  often 
attached  to  co-rotating  rings  known  as 
shrouds.  Stator  vanes  may  be  shrouded 
also.  In  this  case,  the  rings  are 
attached  to  the  inner  ends  of  the  vanes. 
Circumferential  seals  adjacent  to  a  shroud 
then  limit  the  amount  of  flow  from  the 
high  to  the  low  pressure  side  of  a  blade 
or  vane.  Many  varieties  of  shrouds  and 
seals  have  been  made. 

Shrouds  are  known  to  be  aerodynamic- 
ally  beneficial  in  many  turbine  blade 
designs  where  the  useful  energy  of  the 
clearance  flow  is  irrevocably  lost  and  the 
secondary  flow  sets  up  eddies  that  rotate 
in  about  the  same  direction  as  the  clear¬ 
ance  flow.  The  general  aerodynamic  value 
of  shrouds  in  compressors  still  has  to  be 
decided.  All  experimental  data  do  not 
agree,  possible  because  clearance  flow 
vortices  oppose  those  from  the  secondary 
flow. 

Shrouds  are  often  necessary  on  com¬ 
pressor  stators,  however.  An  accidental 
rub  by  a  stator  heats  and  expands  both  the 
stator  and  its  adjacent  rotating  hub.  As 
a  result,  they  move  towards  each  other. 
Rubbing  is  then  intensified,  sometimes  with 
disastrous  results.  The  clearance  required 
to  eliminate  this  possibility  can  be  so 
great  that  the  resulting  clearance  flows 
severely  reduce  performance.  In  this  case, 
any  adverse  effects  of  the  shrouds  are  more 
than  compensated  by  eliminating  the  flow 
about  the  blade  ends.  Blade  and  vane 
vibrations  can  supply  another  motive  for 
using  shrouds.  Ingestion  of  large  birds 
(1.6.4)  may  also  require  the  use  of 
shrouds,  particularly  on  the  rotor,  "Part 
span"  shrouds  may  be  used.  These  are 
placed  between  the  hub  and  the  shrouds  of 
rotors  at  radii  where  they  can  be  most 
effective  mechanically. 

Shrouds  have  sometimes  been  used  on 
rotor  blades  of  axial  compressors  (some 
have  a.i  so  been  employed  on  centrifugal 
rotors  with  no  obvious  advantage,  with 
the  possible  exception  of  those  with  very 
small  blade  heights) .  The  stationary  sur¬ 
face  next  to  the  rotor  blades  however,  can 
be  designed  to  move  away  from  the  blades 
during  rubbing.  Closer  operating  clear¬ 
ances  can  thus  be  tolerated.  Losses  due 
to  blade  clearances  can  probably  be 
reduced  by  changing  the  shape  of  the  blade 


ends  when  more  is  known  about  the  flow 
there.  The  magnitude  of  some  of  these 
losses  as  well  as  the  losses  due  to  leak¬ 
ages  through  seals  depends  frequently  upon 
controlling  the  relative  movements  of  the 
rotating  and  stationary  units,  thus  evading 
some  of  the  flow  problems.  This  demands 
the  recognition  of  problems  that  are 
germane  to  other  disciplines  rather  than 
upon  aerodyncunlc  expertise.  This  important 
area  also  is  discussed  in  1.6. 

1.4.6  Summary  of  Loss  Problems 

The  losses  arising  from  nonuniform 
velocity  distributions  are  the  principal 
losses  that  concern  the  aerodynamicist. 

These  adverse  distributions  are  brought 
about  by  the  necessary  diffusion  during  the 
compression  process,  by  changing  the  direc¬ 
tion  of  the  flow,  and  by  leakage  around 
the  ends  of  blades  and  vanes. 

Losses  in  nonuniform  flow  are  aggra¬ 
vated  by  decelerating  the  flow.  Remember 
also  that  the  retarded  flow  is  urged  forward 
by  an  interchange  of  the  momentum  of  slowly 
moving  fluid  particles  with  that  of  faster 
moving  particles.  Numerous  experimental 
studies  of  jets  and  diffusers  have  shown 
that  the  rate  of  this  interchange  is 
limited  and  that  it  depends  upon  the 
passage  shape.  The  rate  of  momentum 
exchange  is  obviously  hastened  in  unstable 
flows  and  delayed  in  stable  ones. 

Probably  the  greatest  sources  of  losses 
result  from  the  necessary  diffusion  of 
partially  stabilized  flow.  Such  flow  fre¬ 
quently  rolls  up  into  a  localized  vortex. 

The  entropy  gradient  in  the  vortex  is  in 
the  opposite  direction  from  its  pressure 
gradient.  The  flow  is  stable  and  momentum 
interchange  with  the  rest  of  the  flow  is 
resisted.  Attempting  to  diffuse  the  result¬ 
ing  flow  aggravates  nonuniform  velocity 
distributions.  Subsequent  mixing  amplifies 
the  losses. 

Until  recently,  this  situation  had  to 
be  reluctantly  accepted,  particularly  where 
compactness  was  required.  Emerging  tech¬ 
niques  for  numerical  aerodyn2unic  analysis 
are  demonstrating,  however,  that  designs 
can  be  made  that  will  alleviate  the  accumu¬ 
lation  of  stable  impregnable  regions  of 
retarded  flows.  Special  types  of  tangen¬ 
tial,  axial,  and  radial  pressure  fields 
have  been  created  by  stator  vanes.  These 
fields  minimize  transverse  movements  of 
retarded  flows.  An  exciting  improvement 
in  a  turbine  has  been  obtained.  Even 
greater  accomplishments  are  expected  in  the 
near  future  by  alert  students  of  this 
work.  This  subject  is  briefly  elaborated 
again  in  1.7. 

1.5  INTERRELATIONSHIP  OF  AEROTHERMO- 

DYNAMIC  COMPONENTS 

Most  of  the  problems  in  this  category 
were  anticipated  in  the  discussions  of  the 
previous  sections.  Any  component  that 
delivers  a  nonuniform  distribution  to  a 
component  downstream  contributes  losses  and 
other  problems  to  the  downstream  component. 


Conversely,  events  in  a  downstream  component 
may  affect  an  upstream  one.  Because  of 
component  interactions,  potentially  bene¬ 
ficial  concepts  for  one  component  sometimes 
have  to  be  deferred  to  help  another  in  an 
engine  design. 

1.5.1  Inlets 

The  subject  of  inlets  is  thoroughly 
covered  in  Chapters  9,  13,  and  26.  Sub¬ 
sonic  inlets  rarely  impose  formidable 
problems.  When  airplane  speeds  are  low, 
the  flow  configuration  may  cause  some 
extra  internal  losses  and  flow  distortions 
as  suggested  in  the  sketch  in  Figure 

1.3- lOe.  Rounded  inlet  leading  edges 
make  any  accompanying  compressor  problem 
far  less  severe  than  that  which  might  be 
suggested  in  this  sketch.  This  flow 
situation  usually  lasts  only  for  a  short 
time  and  may  be  considered  to  be  under 
control  in  most  subsonic  airplanes. 

Inlets  for  supersonic  flight  speeds 
are  more  difficult  to  design.  Their  lead¬ 
ing  edges  must  be  relatively  sharp  and 
their  flow  mismatch  with  engines  often 
creates  unsteady  and  nonuniform  flow  dis¬ 
tributions  that  penalize  the  compressor. 
Present  knowledge  really  permits  us  only 
to  install  devices  in  the  inlet  that  serve 
as  bandaids  for  the  problem.  What  is 
really  needed  is  variable-geometry  that 
enables  the  engine  to  efficiently  inhale 
air  with  the  schedule  shown  in  Figure 

1.3- 9,  Curve  B. 


1.5.2  Compressors 

Other  parts  of  this  chapter  have  at 
least  hinted  that  compressors  prefer  time- 
steady  and  uniform  flow.  If  they  don't 
receive  flow  that  reasonably  meets  these 
specifications,  they  respond  by  surging  or 
by  reduced  performance.  At  the  present 
time,  compressors  are  prima  donnas  because 
they  are  essentially  diffusers  and  the 
best  diffusion  processes  occur  just  before 
flow  separation  (or  stall)  is  encountered. 
When  questionable  inlet  flow  is  expected, 
compressors  must  be  given  ample  stall  mar¬ 
gin,  even  at  the  expense  of  efficiency. 

The  amount  and  rate  of  static  pressure  rise 
asked  of  the  critical  stages  is  then 
reduced.  One  objective  of  future  research 
should  be  aimed  at  identifying  appropriate 
variable  engine  geometry  together  with 
controls  that  are  capable  of  coping  with 
the  temperamental  nature  of  a  compressor. 

Compact  transition  ducts  between  com¬ 
pressors,  such  as  that  shown  in  Figure 
1,1-7  can  be  a  further  source  of  nonuni¬ 
form  flow.  Curved  surfaces  just  ahead  or 
just  behind  the  blades  or  vanes  alter  the 
radial  distribution  of  the  flow.  The 
performance  of  the  compressor  is  then 
affected  unless  this  radial  distribution 
is  anticipated.  If  these  ducts  also  have 
significant  localized  total  pressure 
losses,  they  impair  the  performance  of 
the  following  compressor  and  increase  its 
design  problems.  Careful  planning  is 
essential  in  the  layout  of  the  flow  path. 


A  compressor  can  cause  problems  for 
itself  and  other  components.  One 
important  problem  stems  from  the  ability 
of  a  compressor  to  trap  an  anomaly  in  the 
flow.  This  phenomenon  may  be  visualized 
with  the  aid  of  Figure  1.5-1,  This 
sketch  is  a  partial  two-dimensional 
development  of  three  stages  of  an  eucial 
flow  compressor.. 
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Figure  1.5-1.  Schematic  Development  of 
Three  Blade  Rows  of  Axial 
Flow  Compressor. 


Observe  that  the  close  spacing  of  the 
blades  and  vanes  in  this  development  limits 
the  horizontal  spread  of  the  flow.  Suppose 
we  inject  a  plume  of  smoke  such  as  that 
indicated  by  A  into  this  compressor.  The 
smoke  will  be  confined  by  a  group  of  the 
first  row  of  rotor  blades  and  will  move 
towards  the  right.  A  little  bit  of  the 
smoke  may  escape  between  the  rotor  and 
stator,  but  most  of  it  will  be  captured 
by  a  few  passages  in  the  next  row  of 
stator  blades.  The  continuation  of  these 
events  through  each  stage  eventually  will 
cause  the  smoke  to  emerge  from  the  three 
stages  at  Position  B,  It  is  displaced  in 
the  direction  of  rotation  and  its  circum¬ 
ferential  extent  is  somewhat  expanded. 

This  trapping  of  the  flow  is  respon¬ 
sible  for  some  important  interactions 
between  a  compressor  and  the  rest  of  an 
engine.  If  the  flow  entering  the  compres¬ 
sor  is  not  uniform,  the  compressor  almost 
behaves  as  if  it  were  a  number  of  indepen¬ 
dent  compressors,  each  having  different 
inlet  conditions.  Each  path  then,  would 
have  the  same  map,  such  as  that  sketched 
in  Figure  1.5-2.  The  processes  actually 
Involved  with  nonuniform  entering  flows 
are  complex  and  some  of  them  are  Imperfectly 


Figure  1.5-2.  Representative 
Compressor  Map. 

understood.  This  statement  is  supported  by 
the  material  in  Chapter  17 .  The  trapped 
flow  concept  does  help  to  explain  some 
important  observations,  however. 


Suppose  that  the  flow  in  Region  A  of 
Figure  1.5-1  has  relatively  low  total 
pressure  due  to  a  flow  obstruction  upstream. 
Suppose  further  that  the  compressor  would 
normally  operate  at  Point  X  of  Figure  1.5-2 
if  the  flow  were  uniform.  The  compressor 
apparently  manages  the  flow  through  A  as  if 
the  operating  point  were  at  a  point  of 
higher  pressure  ratio,  say  at  Y.  If 
Region  A  is  large  enough,  and  if  its  total 
pressure  is  sufficiently  depressed,  the 
compressor  will  surge.  (Point  Y  would  cross 
the  surge  line.)  If  the  low  total  pressure 
in  Region  A  is  the  result  of  flow  separation 
in  the  inlet,  the  magnitude  and  extent  of 
the  losses  probably  varies  with  time.  If 
the  losses  are  large  enough  and  persist  long 
enough,  compressor  surging  can  be  expected. 
The  discussion  in  1.3. 3. 3  is  applicable  to 
this  situation  also. 


Figures  1.3-3  and  1.3-4  show  the  low 
pressure  of  the  flow  approaching  Region  A 
will  also  cause  the  temperature  rise  in  the 
compressor  to  be  higher  at  Y  than  at  X. 

This  higher  temperature  rise  is  transmitted 
through  the  combustor  into  the  turbine.  A 
local  area  in  the  turbine  flow  would  then  be 
hotter  than  the  average.  The  combustor  exit 
temperature  must  be  tempered  if  compressor 
inlet  distortions  occupying  a  fixed  region 
in  space  and  lasting  a  considerable  length 
of  time  are  smticipated .  This  necessary 
compromise  would  impair  the  thrust  and 
efficiency  of  an  engine. 


It  is  worth  noting  that  the  discussion 
associated  with  Figure  1.4-10  is  applicable 
to  all  turbomachinery,  although  the  amount 
of  retarded  flow  in  axial  compressors  is 
usually  less  than  in  centrifugal  compres¬ 
sors.  Note  from  Figure  1.5-1  that  the  air 
leaving  the  rotor  with  the  largest 
absolute  tangential  velocity  may  impinge 
on  the  concave  side  of  each  of  the  follow¬ 
ing  stator  vanes  and  remain  there.  The 
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temperature  of  this  air  is  higher  than 
average.  It  has  also  been  shown  that  the 
concave  side  of  a  rotor  blade  will  capture 
retarded  air  from  tne  stator.  The  details 
depend  upon  rotor  speed,  airspeed,  and  the 
orientation  of  the  blades  and  vanes. 
Repetition  of  this  phenomenon  leads  to 
circumferentially  varying  temperatures 
throughout  the  compressor  exit  flow.  Their 
disposition  in  space  depends  upon  the 
aspect  ratio  of  the  blades  and  vanes,  and 
the  magnitude  of  their  loading.  This  may 
continue  through  the  engine.  Because  of 
the  heavily  loaded  vanes  and  blades  and 
the  consequently  thicker  regions  of 
retarded  flow,  centrifugal  compressors  are 
potentially  the  worst  offenders. 

The  trapped  flow  illustrated  in 
Figure  1.5-1  also  works  backwards.  A  strut 
or  other  obstacle  placed  in  a  flow  creates 
a  high  static  pressure  field  near  its 
leading  edge.  Ordinarily,  the  pressure  of 
such  a  field  decreases  rapidly  with  dis¬ 
tance.  If  the  strut  is  placed  close 
enough  to  a  row  of  vanes,  however,  the 
local  increase  in  pressure  will  retard  the 
flow  through  one  or  more  of  these  vanes. 
Because  of  the  trapped-flow  principle, 
this  retardation  is  propagated  through 
a  limited  circumferential  extent  upstream. 
The  strut  will  thus  cause  a  small  portion 
of  the  compressor  to  assume  the  operating 
point  symbolized  by  Y  in  Figure  1,5-2 
while  the  rest  of  the  compressor  operates 
at  Point  X.  This  behavior  rarely  produces 
surging  problems,  but  it  does  cause  local 
zones  of  high  temperature  and  low  airflow. 
The  consequenses  previously  noted  must  be 
recognized.  Inasmuch  as  the  rotor  blades 
passing  through  a  trapped-flow  region 
experience  a  variation  in  force,  blade 
vibrations  can  be  induced  at  a  consider¬ 
able  distance  upstream  or  downstream  of  a 
disturbing  device. 

In  order  to  control  mixing  losses  at 
the  ends  of  the  blades  and  vanes  of  a 
compressor,  and  preserve  a  reasonably 
uniform  axial  component  of  velocity 
through  it,  extra  energy  is  usually  deli¬ 
berately  added  to  the  air  near  the  blade 
ends  to  compensate  for  momentum  deficien¬ 
cies  there.  (Additional  discussion  of 
compressor  flow  control  is  given  in 
Chapter  17.)  This  extra  energy  produces 
radial  temperature  and  entropy  gradients 
at  the  compressor  exit,  but  these  proper¬ 
ties  are  approximately  axisymmetric  if 
the  rotor  and  stator  clearances  are  uni¬ 
form.  As  discussed  in  1.6,  circumferential 
clearance  variations  must  be  expected.  The 
net  result  can  be  additional  uneveness  in 
the  flow,  pressure  and  temperature  distri¬ 
butions  leaving  the  compressor. 

1.5.3  Combustors 

The  relationship  between  the  com¬ 
bustor  and  its  adjacent  components  is 
thoroughly  discussed  in  Chapter  20.  The 
remarks  presented  here  are  included  to 
preserve  the  continuity  of  this  section. 


The  temperature  distributions  of  the 
gasses  within  and  leaving  a  combustor 
depend  upon  the  distributions  of  the  mag¬ 
nitude  and  temperature  of  the  approaching 
airflow  as  well  as  the  distribution  of 
fuel  and  airflow  into  the  combustor  itself. 
Local  deficiencies  in  approaching  airflow 
or  excesses  in  inlet  air  tanperature  cause 
local  hot  spots  within  and  downstream  of 
a  combustor.  Minimizing  these  hot  spots 
is  a  goal  of  engine  (not  just  combustor) 
design. 

One  should  be  aware  that  compact 
compressors  must  be  designed  so  that  their 
discharge  velocity  is  greater  than  the 
velocity  that  combustors  can  tolerate.  A 
diffuser  must  be  placed,  therefore,  between 
the  compressor  and  the  combustor  even 
though  part  of  the  combustor  can  be  used 
to  aid  diffusion.  Some  of  the  discussions 
presented  in  1.4. 1.3  apply  to  this  diffu¬ 
ser.  If  the  compressor  dispenses  nonuni¬ 
form  flow,  the  diffuser  problem  can  become 
very  difficult.  The  unevenness  in  the 
flow  is  amplified  by  the  diffuser  and  the 
flow  can  even  become  time  unsteady.  Such 
a  situation  must  be  rectified  before  an 
efficient  combustor  furnishing  acceptable 
discharge  conditions  can  be  designed. 

1.5.4  Turbines 

The  temperature  of  the  gas  entering 
a  turbine  should  be  as  circumferentially 
uniform  as  possible.  There  is  a  maximum 
temperature  that  any  portion  of  turbine 
stator  can  withstand  before  it  loses 
strength  or  is  corroded  by  chemical  pro¬ 
cesses.  The  maximum  temperature  of  the 
flow  from  the  combustor  is  thus  determined. 
However,  the  output  from  the  turbine 
depends  on  the  average  temperature.  The 
need  for  circumferential  uniformity  is 
obvious . 

On  the  other  hand,  there  is  always 
an  optimum  but  nonuniform  radial  tempera¬ 
ture  distribution  that  yields  the  best 
power  with  a  minimum  expenditure  of  cool¬ 
ing  air,  and  still  subjects  the  rotors  to 
the  seime  mechanical  duress  at  all  radii. 
Ample  discussions  of  this  subject  are 
included  in  Chapters  18  and  19. 

Any  flow  disturbance’  that  inhibits 
uniform  circumferential  temperatures  or 
proper  radial  temperature  distribution 
imposes  a  penalty  on  engine  performance. 
Close  cooperation  is  required,  therefore, 
between  the  designers  of  inlets,  compres¬ 
sors,  and  combustors  so  that  any  necessary 
compromises  are  consistent  with  the 
objectives  of  the  engine.  This  is  another 
example  where  specialists  should  be 
familiar  witii  peripheral  disciplines. 

A  largo  change  in  flow  direction  is 
required  in  the  vanes  and  blades  of  many 
turbines.  This  is  particularly  true  near 
a  turbine  hub.  Largo  secondary  flow 
vortices  (1.4. 3. 2)  are  often  generated 
there.  The  extent  of  these  vortices 
depends  upon  the  quality  of  the  flow 
entering  the  turbine.  They  can  be  partial¬ 
ly  controlled  by  adjusting  the  radial  gra¬ 
dients  of  the  energy  abstracted  from  a 
turbine. 


The  statements  made  in  connection 
with  Figure  1.4-10  can  be  extended,  with 
some  modification,  to  turbines  (see 
Chapter  10) .  It  can  be  shown  that 
retarded  flow  leaving  a  turbine  stator 
elevates  the  effective  temperature  of  the 
corresponding  flow  about  the  rotor. 
Unexpected  damage  near  rotor  blade  ends 
can  be  traced  to  this  phenomenon.  The 
need  for  achieving  proper  flow  distribu¬ 
tions  at  the  turbine  inlet  is  thus 
emphasized . 

In  many  engines,  the  flow  immediately 
behind  the  last  turbine  is  decelerated. 

The  stable  flow  within  the  secondary  flow 
vortices  at  the  hub  usually  causes  flow 
separation  along  the  inner  surface  behind 
the  turbine.  (Such  surfaces  are  shown  in 
the  cutaway  views  of  engines  shown  in  1.1.) 

Since  the  average  entropy  and  static 
pressure  gradients  near  the  t’os  are  in 
the  same  direction,  the  flow  there  is 
unstable.  The  flow  in  this  region  can 
usually  be  decelerated  efficiently.  The 
radial  distribution  of  static  pressure 
in  the  flow  leaving  the  turbine  can  then 
often  be  controlled  so  that,  although 
there  is  no  subsequent  deceleration  at 
the  hub,  an  average  deceleration  of  the 
flow  can  be  efficiently  accomplished 
behind  a  turbine.  In  this  connection,  it 
is  noteworthy  that  the  shape  of  the  flow 
passage  behind  a  turbine  can  strongly 
influence  its  performance. 

Emerging  techniques  for  calculating 
flow  distributions  (see  1.7)  will  make 
it  possible  to  diminish  many  unwanted 
flow  effects.  More  freedom  will  then  be 
available  to  a  turbine  designer. 

1.5.5  Afterburners 

Three  interrelationships  may  be  anti¬ 
cipated  with  afterburners.  One  is  associa¬ 
ted  with  presenting  an  afterburner  with  a 
flow  in  which  the  velocity  is  so  low  that 
the  flame  won't  be  blown  out.  This  is  a 
function  of  the  turbine  diffuser.  The 
second  was  intimated  in  1.3. 3. 2  and 
1.3. 3. 3.  When  afterburning  begins,  the 
rate  of  temperature  increase  in  the  cham¬ 
ber  must  be  carefully  synchronized  with 
the  opening  rate  of  the  nozzle  area.  If 
the  temperature  rise  is  too  fast,  the 
corresponding  rapid  increase  in  pressure 
may  cause  the  compressor,  and  especially 
the  fan,  to  surge.  This  synchronization 
is  a  function  of  the  controls.  The  third 
interaction  is  that  of  presenting  the 
nozzle  with  a  flow  that  has  reasonably 
uniform  momentum.  Thi'i  is  mentioned 
in  1.5.6.  Other  important  and  unique 
features  of  an  afterburner  are  discussed 
in  Chapter  21. 

1.5.6  Nozzles 

The  average  total  pressure  of  the  gas 
immediately  upstream  of  a  nozzle  exceeds 
the  static  pressure  in  the  vicinity  of 
the  nozzle  exit.  It  is  the  function  of 
the  nozzle  to  convert  this  pressure  differ¬ 
ence  into  velocity  as  effectively  as  possi¬ 
ble.  Although  the  momentum  of  the  flow 


leaving  the  nozzle  has  been  used  to 
calculate  the  thrust,  this  momentum  is 
only  the  reaction  to  the  static  pressure 
forces  within  the  engine.  It  is  these 
pressure  forces  that  actually  produce  the 
thrust. 

The  mass  flow,  thermal  energy,  and 
mechanical  energy  of  the  flow  upstream  of 
a  nozzle  are  established  by  the  other 
components  of  the  engine.  Recall  from 
1.4. 2. 4  that  the  magnitude  of  the  static 
pressure  depends  on  the  uniformity  of  the 
flow.  Low  static  pressures  due  to  nonuni¬ 
form  velocities  ahead  of  the  nozzle  do 
reduce  the  thrust.  The  thrust  developed 
is  thus,  not  only  dependent  on  the  losses 
in  all  the  components  upstream,  but  upon 
the  uniformity  of  the  velocity  presented 
to  the  nozzle.  The  acceleration  of  the 
flow  through  the  nozzle  does  improve  the 
distribution  and  reduces  the  potential 
losses,  however.  This  is  effected  by  the 
distributions  of  static  pressure  over  the 
inner  surface  of  the  nozzle.  The  adverse 
effects  of  a  maldistribution  can  never 
be  completely  overcome,  however. 

Note  that  swirling  flow  into  the 
nozzle  contributes  nothing  to  the  momentum 
from  a  nozzle.  Such  a  flow  represents 
wasted  energy,  although  some  swirl  may 
be  acceptable  if  it  sufficiently  improves 
the  efficiency  of  the  turbine  and  hence, 
the  useful  energy  available  to  the  jet. 

The  effects  of  nonuniform  velocities 
and  temperatures  are  usually  reconciled 
during  cycle  analysis  by  using  some  average 
value  for  each  together  with  an  appropriate 
flow  and  thrust  coefficients  for  the  nozzle 
(See  Chapters  6  and  14.)  Care  must  be 
taken  in  the  choice  of  averaging  and  the 
choice  of  these  coefficients  if  contribu¬ 
tions  to  performance  (or  performance 
defects)  are  to  be  correctly  identified. 

Care  must  also  be  taken  to  ensure  that 
the  static  pressure  at  a  nozzle  exit  is 
the  one  assumed.  Pressure  fields  created 
by  the  airframe,  or  by  curvature  of  the 
flow  from  or  about  the  nozzle  itself  may 
alter  the  effective  value  of  this  pressure. 

1.5.7  Summary 

Besides  the  obvious  effect  of  a 
mismatch  in  the  flow  capabity  and  effi¬ 
ciency  of  the  engine  components,  the  main 
source  of  unfavorable  interaction  comes 
from  nonuniform  flows  and  unsteady  flows. 
Some  deliberate  distortions  of  flow  may 
make  a  component  look  good  at  the  expense 
of  its  neiglibors.  Such  an  endeavor  may  or 
may  not  be  satisfactory.  The  overall  effect 
on  the  engine  must  be  considered  to  deter¬ 
mine  a  comiJonents  worth.  Again,  recall 
that  each  component  exists  for  the  engine 
and  not  vice-versa.  There  is  nearly 
always  a  need  to  compromise. 

1.6  INTERACTIONS  WITH  OTHER  SPECIALTIES 

It  cannot  be  mentioned  too  often 
that  there  are  many  disciplines  associa¬ 
ted  witli  designing,  developing,  ind  manu¬ 
facturing  an  enfjine.  Hov.  well  one 


discipline  understands  the  problems  and 
technology  of  other  disciplines  plays  an 
important  role  in  determining  costs  as 
well  as  the  elapsed  time  between  the 
initiation  of  design  and  the  delivery  of 
an  approved  product. 

An  aerodynamicist ' s  lack  of  apprecia¬ 
tion  of  stress  and  material  technology 
may  require  him  to  design  and  redesign  a 
blade  a  number  of  times  before  the  aero¬ 
dynamic  and  endurance  requirements  are 
satisfied.  If  manufacturing  technology 
is  ignored,  an  unnecessarily  expensive 
process  may  have  to  be  devised  to  make 
and  inspect  the  blade.  It  is  especially 
noteworthy  that  a  part  that  can  be 
thoroughly  inspected  is  often  preferred 
to  a  potentially  superior  part  that  does 
not  lend  itself  to  inspection.  Frequently, 
the  potentially  superior  part  turns  out 
to  be  inferior  because  it  doesn't  conform 
to  design  requirements.  Simple  design 
changes  that  improve  the  ability  to  repro¬ 
duce  a  product,  perhaps  with  a  slight 
penalty  in  abeyant  performance,  should 
always  be  in  the  thoughts  of  an  aerodynamic 
designer.  This  brings  up  the  requirement 
for  the  designer  to  understand  the  real 
needs  of  the  customer. 

As  mentioned  in  1.1,  the  purpose  of 
an  airplane  is  to  render  a  service  that 
enough  people  want  and  can  afford.  The 
costs  to  the  eventual  customer  include 
his  share  of  the  costs  associated  with 
the  initial  design  and  development,  manu¬ 
facturing,  maintenance,  and  reliability, 
(Reliability  signifies,  among  other 
connotations,  whether  nine  or  ten  engines 
must  be  purchased  to  be  sure  that  at 
least  eight  are  available  when  needed.) 

By  understanding  the  total  picture,  an 
honest  evaluation  can  be  made  about  whe¬ 
ther  the  added  cost  of  a  supposedly  more 
efficient  part  is  worth  its  latent  contri¬ 
bution  to  reduced  fuel  consumption, 
reduced  weight  or  increased  thrust.  This 
knowledge,  of  course,  cannot  be  acquired 
instantly.  The  successful  aerodynamic 
designer  will  always  be  alert  to  opportu¬ 
nities  that  will  improve  his  understand¬ 
ing  of  these  interrelationships. 

Besides  adopting  this  long  range 
philosophy,  \.tiere  are  many  areas  where  a 
good  understanding  of  peripheral  tech¬ 
nology  should  be  sought  almost  immedi¬ 
ately.  A  few  subjects  and  problem  areas 
have  been  selected  to  illustrate  the  need 
for  the  aerodynamicist  to  be  involved  in 
many  activities.  The  important  subject 
of  controls  is  not  covered  here  since 
attention  was  directed  to  them  earlier. 

1.6.1  Dimensional  Integrity 

Notice  was  taken  in  previous  sections 
of  some  effects  of  dimensional  changes 
that  accompany  temperature  variations 
throughout  an  engine.  The  existence  of 
variations  in  temperature  and  dimensional 
changes  along  the  length  of  the  engine 
during  steady-state  operation  should  be 
readily  appreciated.  The  effects  of  tran¬ 
sient  operation  on  changing  these  varia¬ 
tions  of  temperature  and  dimensions  with 
time  should  also  be  recognized. 


Circumferential  variations  in  temper¬ 
ature  near  an  outer  casing  can  cause  local 
bulges  in  the  casing,  with  a  resulting 
local  increase  in  clearance.  Simple  calcu¬ 
lations  can  indicate  how  easily  noticeable 
increases  in  local  clearance  are  achieved. 

It  is  practically  impossible  to  keep 
uniform  clearance  between  stationary  and 
rotating  parts  at  all  times.  There  is, 
however,  always  some  operating  condition 
and  one  or  more  areas  of  an  enjine  where 
the  clearance  is  a  minimum.  The  circum¬ 
stances  depend  upon  the  temperatures  and 
the  vibrations,  noted  in  1.6.3.  Airplane 
maneuvers  are  also  involved.  The  require¬ 
ment  of  mechanical  integrity  sets  the 
magnitude  of  the  minimum  clearances.  The 
clearances  at  other  operating  conditions 
are  then  automatically  defined. 

The  relative  growth  of  the  rotating 
and  stationary  parts  depends  to  some 
extent  on  the  aerothermodynamic  design. 

Heat  transfer  rates,  blade  shapes,  and  fac¬ 
tors  discussed  in  1.6.3  are  involved. 

Changes  in  the  area  of  turbine  stators 
and  exhaust  nozzles  with  temperature  are 
also  pertinent  items.  If  these  areas  are 
even  moderately  different  than  the  design 
intent,  the  engine  will  be  mismatched. 
Improper  pressure  ratios  will  be  imposed 
upon  the  turbine  and  the  engine  exhaust 
nozzle.  The  bypass  ratio  will  be  affected 
and  the  thrust  of  a  well  designed  engine 
will  deteriorate. 

1.6.2  Experimental  Testing 

It  is  easy  to  fall  into  the  organiza¬ 
tional  trap  of  four  isolated  groups.  One 
group  does  the  design  of  a  component, 
another  group  supervises  its  manufacture 
and  assembly,  a  third  group  tests  it  in 
the  laboratory,  while  a  fourth  group  inter¬ 
prets  the  data.  If  the  performance  is 
lower  than  anticipated,  the  resulting  dis¬ 
cussions,  while  stimulating,  do  not  hasten 
the  delivery  of  a  product  nor  lower  its 
cost.  Was  the  design  bad?  Was  it  poorly 
made  or  assembled?  Are  the  test  data  bad? 
Are  the  interpretations  inadequate? 

The  four  activities  stated  above 
constitute  the  source  of  nearly  all 
pertinent  aerothermodynamic  data.  The 
elements  in  each  process  should  be  care¬ 
fully  monitored  and  understood  by  the 
aerothermodynamic  designer.  Ideas  for 
changing  and  improving  procedures  will 
always  be  uncovered.  More  valuable  infor¬ 
mation  has  often  been  learned  by  watching 
or  participating  in  an  assembly  or  a 
test  than  by  looking  at  an  inspection 
report  or  examining  performance  curves. 

1.6.3  Flow  Blockage  by  Struts  and 
Accessory  Drive  Shafts 

The  rotating  parts  of  an  engine 
require  bearings  that  must  be  supported 
by  the  external  casing.  The  mechanical 
support  is  provided  by  struts  that  pass 
through  the  flow  passages  of  an  engine. 

At  first  blush,  an  aerodynamicist  prefers 
the  struts  to  be  thin,  few  in  number,  and 


remotely  located  from  any  blade  or  vane 
rows.  One  reason  for  this  was  noted  in 

1.4  where  "flow  trapping"  was  discussed. 

Unfortunately,  this  "ideal"  aerody¬ 
namic  arrangement  doesn't  work.  When 
an  airplane  executes  some  required,  but 
violent,  maneuvers,  the  struts  must  be 
strong  enough  to  resist  the  inertial 
(including  the  gyroscopic)  reactions  of 
the  rotor  with  minimal  deflections. 

Excessive  deflections  would  require  blade 
and  vane  end  clearances  that  would  con¬ 
sume  more  efficiency  than  would  the 
mechanically  appropriate  struts. 

Designers  must  also  anticipate  the 
loss  of  one  or  more  blades  due  to  unanti¬ 
cipated  blade  vibrations  or  to  foreign 
object  damage.  Rotor  vibrations  thus 
created  are  greater  than  those  normally 
accepted  by  even  self-adjusting  bearings. 

The  choice  of  strong  struts  is  again 
preferable  to  excessive  blade  and  vane 
clearances . 

Supplying  and  scavenging  oil  from  the 
bearings  requires  struts  having  adequate 
cross-sectional  area.  These  struts  also 
pass  through  engine  flow  passages.  The 
use  cf  thick  struts  is  frequently  necessary, 
but  they  should  not  be  placed  in  sensitive 
aerodynamic  areas.  A  mutual  understanding 
of  the  problem  by  specialists  in  aerody- 
ncimics,  stress  and  vibration  analysis, 
lubrication,  bearings,  and  weight  control 
is  the  key  for  arriving  at  the  proper 
trade-offs  between  clearances,  blockage, 
and  assembly. 

It  is  noted  in  passing  that  some 
struts  may  be  aerodynamical ly  useful. 

For  instance,  they  can  be  shaped  and  loca¬ 
ted  to  remove  part  of  the  swirl  from  the 
flow  leaving  a  turbine.  Refer  to  remarks 
in  1.5.6. 

Similar  problems  arise  when  mounting 
accessories  such  as  oil  pumps,  fuel  pumps, 
sta’'‘'‘rs,  generators,  and  other  rotating 
accessories  along  the  external  side  of  the 
engine  casing.  Some  of  these  are  shown  in 
the  engine  photographs  of  1.1.  A  so-called 
tower  shaft  must  then  pass  through  the 
airstream  to  connect  the  accessories  to  an 
engine  shaft.  When  there  are  high-  and 
low-pressure  compressors  and  turbines,  most 
connections  are  made  to  the  high-pressure 
shaft  because  its  speed  usually  varies  less 
than  that  of  any  other  shaft  during  flight. 
Moreover,  this  is  the  logical  unit  to  be 
attached  to  the  starter.  The  tower  shaft 
is  then  mounted  radially  between  compres¬ 
sors.  (Putting  it  between  turbines  in¬ 
vites  additional  problems  due  to  high 
local  temperatures.)  The  tower  shaft  must 
be  contained  within  a  housing  which  also 
supplies  oil  to  and  from  the  internal 
gears . 

Because  of  the  need  for  compactness, 
there  are  often  strong  motives  for  placing 
the  tower  shaft  close  enough  to  the  stators 
of  the  first  compressor  to  introduce  the 
trapping  problem  discussed  in  1.5.  Deter¬ 
mining  the  best  location  and  the  shape  of 
its  housing,  is  another  problem  that 
requires  intelligent  compromises  by  all  the 
specialties  concerned  with  the  design. 


1.6.4  Foreign  Object  Damage 

There  are  many  causes  of  foreign  ob¬ 
ject  damage  (FOD) .  When  some  airplanes 
begin  their  takeoff  run,  a  veritable 
tornado  often  develops  between  the  engine 
inlet  and  the  runway.  Loose  objects  are 
picked  up  and  sucked  into  the  inlet  where 
they  impact  the  rapidly  moving  compressor 
blades.  Rags,  tools,  and  other  materials 
are  sometimes  carelessly  left  in  the  in¬ 
let  by  maintenance  attendants.  These 
materials  hit  the  blades  when  the  engine 
is  started.  Birds  can  be  sucked  into  the 
inlet  while  the  airplane  is  in  flight. 
Special  provisions  must  be  made  for  large 
birds,  or  the  devastation  can  be  catastro¬ 
phic. 

Engines  must  pass  certain  tests  pre¬ 
scribed  either  by  law  or  by  contract  to 
prove  their  ability  to  withstand  particular 
types  of  foreign  object  ingestion.  Some 
of  the  tests  are  so  severe  that  aerodynamic 
performance  of  the  fan  or  the  first-stage 
compressor  may  have  to  be  sacrificed  to 
meet  the  requirements.  A  mutual  problem 
of  the  aerodynamicist  and  the  stress 
analyst  is  to  minimize  this  sacrifice. 
Unless  each  understands  the  other's  field 
to  some  extent,  intelligent  dialogue  is 
difficult  and  the  probability  of  finding 
an  optimum  solution  becomes  remote. 

In  order  to  make  intelligent 
decisions  from  the  beginning,  the  stress, 
aerodynamic,  and  performance  analysts  must 
anticipate  critical  problems  and  their 
solution  before  the  engine  specifications 
are  solidified.  A  great  deal  of  time  and 
money  is  otherwise  spent  overcoming 
unexpected  obstacles. 

1.6.5  Effects  of  Advanced  Aerodynamic 
Technology 

Initial  efforts  with  advanced  compu¬ 
tational  techniques,  summarized  in  1.7, 
have  already  shown  that  marked  departures 
from  conventional  vane  shapes  will  pro¬ 
duce  improvements  in  efficiency  that  have 
great  financial  value,  particularly  when 
fuel  availability  is  decisive.  A  logical 
extrapolation  of  this  result  indicates 
that  the  vane  and  blade  shapes  of  future 
engines  will  have  different  shapes  than 
the  ones  now  in  use.  The  first  reaction 
of  stress  analysts  and  manufacturers  will 
probably  reflect  a  complete  lack  of 
enthusiasm.  Acceptance  and  use  of  new 
and  improved  ideas  will  come  only  when 
the  three  specialties  share  sufficient 
information  to  permit  them  to  mutually 
overcome  the  apparent  difficulties.  The 
effectiveness  of  the  aerodynamicist  is 
again  enhanced  by  his  growing  ability  to 
contribute  to  solutions  of  the  problems 
that  stand  between  his  good  ideas  and 
their  ultimate  use  in  engines. 

1.6.6  Ceramic  Turbine  Blades  and  \'anes 

The  high  turbine  inlet  tcnperaturos 
of  newer  engines  are  obtained  through  the 
use  of  cooled  turbines  in  which  the  i^rin- 
cipal  material  is  nickel.  This  situatioii 
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iias  certain  disadvantages.  ilickel  is  not 
native  to  the  United  States,  and  the  sup¬ 
ply  could  bo  curtailed  by  the  whims  of 
another  nation.  Moreover,  the  total 
known  supply  is  not  inexhaustable  and 
there  are  competing  demands  for  it. 
kickcl  is  heavy  and  expensive.  The  tur¬ 
bine  cooling  process  limits  the  advantage 
f  elevated  temperatures  because  it 
lowers  turbine  efficiency  and  a  good  first 
approximation  to  a  turbine's  value  is  the 
product: 

(Turbine  Efficiency) 

X  (Turbine  Inlet  Temperature) 

(Refer  to  Chapter  7) 

For  those  reasons,  a  great  deal  of 
tiiio  and  money  has  lieen  spent  on  the 
search  for  cheap  and  readily  available  ma¬ 
terials  that  do  not  require  cooling.  Two 
ceranics,  silicon  carbide  and  silicon  ni- 
triao,  have  been  identified  as  promising 
candidates  at  this  writing. 

Those  materials  are  extremely  brittle 
in  comparison  with  .oresently  used  turbine 
ratorials  which  are  already  brittle  to 
1  troublesome  degree.  Extreme  care  must 
be  taken  in  mechanical  design.  Even  so, 
reductions  in  the  allowable  tensile 
stresses  must  be  contemplated.  These 
reductions  can  be  accomplished  by 
reducing  the  centrifugal  forces  on  the 
blades,  and  by  minimizing  bending  stresses 
due  tc  centrifugal  and  aerodynamic  forces. 

Either  scheme  offers  a  tlireat  to  tur¬ 
bine  efficiency.  Large  aerodynamic  blade 
loadings  may  be  necessary  because  compara¬ 
tively  low  lilade  speeds  would  be  required 
to  reduce  centrifugal  forces.  In  addition, 
the  radial  distribution  of  the  axial  and 
circumferential  components  of  flow  entering 
and  leaving  the  blades  and  vanes  may  differ 
from,  that  encompassed  by  our  present 
experience  in  order  to  reduce  bending 
tresses.  T!ie  need  for  new  blade  shapes 
iSt  therefore,  bo  anticipated.  The 
iovelop'mont  of  now  turiiine  aerodynamic 
technology  to  keep  the  efficiency  within 
toleriijle  levels  thus  becomes  a  challenge 
to  tl'.o  ae rodynamic i s t .  Emerging  computa- 
fion  techniques  may  enable  this  development 
to  ije  realized  at  an  affordable  price.  An 
'-rt  ippr.inal  i,f  such  opportunities  is 
I  roit  inu lug  rciuisite. 

T’l'MOt  in  1  pj'  stion  v.diethor  those 
articilar  C'riinic  materials  are  the  answer. 
Even  better  r:.it';rials  can  certainly  lie 
cxoacted .  The  lav;  of  tlie  "pi'rversity  of 
nat  .re"  pr  d.ably  applies  however,  and 
in  vre'isos  in  i.r i  1 1  Icness  seen  to  lie  an 
inevitable  accomp.inyment  to  increa.ses  i.n 
.  1  k,v;ab  lo  material  t  orape  ra  t  uros  .  An  aero- 
ivnimicisL  siiuulJ  understand  tlu;  intorac- 
ti  -n  ijef.veen  his  Jilade  designs,  the 
. r r('sp^;nd ing  stresses,  and  tlieir  efftsit 
an  ;  o  rt!icor;  in.M  materials.  He  is  tlien 
pr  pirea  t'  nursic  the  cf>urses  noci's.s  iry 
jn.i  n  ;  .i..,;r.'i  s  nf  freedom  ;  or  tile 

:  fi  '  '  i  'i'nt  hig!i  •  enpe  r  1 1  urn'  tar- 

:  i:.en.  h,.n''mb'a  no--;i"s  liiit  i  am  1 1  1 
r*  ii'O  ;  i-  1  _  Pinn  -  ,,  r  ■  d-'nanii''  e  tdd - 

'I'-'n-''  -in  b"  n  ilo  'I  ivi  i'  ransom 


for  retrieving  power  that  would  otherwise 
be  lost  to  cooling  at  very  high  turbine 
inlet  temperatures. 

1.6.7  Environmental  Problems 

The  design  freedom  in  propulsion 
engines  has  recently  been  restricted  by 
laws  and  regulations  enacted  to  protect 
our  environment.  One  area  of  protection 
limits  the  allowable  noise  that  various 
types  of  aircraft  can  generate.  The 
other  concerns  certain  polluting  com¬ 
pounds  that  are  generated  in  a  comliustor 
and  then  discharged  in  the  exhaust. 

Noise  is  the  subject  of  Chapters  24 
and  25.  A  section  on  the  subject  of  emis¬ 
sions  is  contained  in  Chapter  20.  Back¬ 
ground  information  is  presented  in  Chapter 
15.  The  noise  considerations  described 
below  illustrate  one  of  the  conflicts  of 
interest  in  this  area. 

Acousticians  and  vibration  analysts 
would  like  to  see  successive  blade  rows 
placed  far  apart.  Time-steady  flow  in  a 
rotor  produces  time-unsteady  flow  in  a 
stator,  and  vice-versa.  The  closer  the 
two  elements  are  to  each  other,  the 
greater  becomes  the  forces  causing  vib¬ 
ration  and  noise. 

The  aerodynamicist  and  the  weight 
analyst,  on  the  other  hand,  prefer  to  have 
them  close  together.  The  effect  on  engine 
weight  is  obvious.  As  far  as  aerodynamics 
is  concerned,  there  is  experimental  evi¬ 
dence  that  placing  rotors  and  stators 
close  together  benefits  performance .  The 
optimum  solution  is  found  when  all  four 
specialties  share  their  expertise  to  meet 
all  of  the  objectives  of  the  engine.  .A 
new  interface  is  thus  introduced  by  environ¬ 
mental  considerations. 

As  a  general  note,  proposed  regulations 
are  published,  and  comments  by  the  affected 
parties  are  invited.  The  participants  in 
these  areas  should  have  a  thorough  under¬ 
standing  of  existing  regulations,  and  be 
constantly  alert  to  proposed  changes. 

They  must  also  lie  aware  of  the  attitudes 
of  key  people  involved  in  offering  and 
adopting  regulations,  so  that  improve¬ 
ments  in  technical  competence  can  be  dir¬ 
ected  to  those  areas  v/here  problems  are 
an  t ic ipa  ted . 

1.7  REMARKS  ON  ADV.AMCED  PLOW  CALCULATIO.'IS 

The  art  of  flow  calculations  is  bur¬ 
geoning  at  an  enormous  rate.  Until  very 
recently,  tlie  methods  in  Chapters  4  and 
11  were  the  standard  repertoire  of  aero¬ 
dynamic  Jesigncr.s  of  turbomachinery .  The 
revolution  in  digital  computers  has  in- 
spir.ad  an  accompanying  rovo  1  u t  iejr.  in  tno 
art  of  numerical  analysis.  Even  a  lengt'ny 
treatise  at  this  point  would  do  an  injus¬ 
tice  to  this  subject.  Just  enough  inform- 
it  io:i  will  be  given  to  di'seribc  what,  lies 
behind  some  of  the  o.ujoirig  n' t  i  V  i  t  1  e  a  . 

Most  it  the  new  jirocoilures  omb'ody 
sou.'  l  orn  it  t  ho’  h  ivier-St oka.’.s  ;  j  ition.i 
In'-  iding  the  Reynold.!  I  urbul  eo.  stresses. 
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This  equation  is  developed  in  Chapter  4. 
Some  model  for  estimating  the  distribution 
of  turbulence  is  also  required.  Available 
models  are  approximate  and  subject  to 
opinions  and  improvements.  Nevertheless, 
some  very  useful  advances  have  been  made 
with  the  crude  turbulence  models  now  exist¬ 
ing.  Several  methods  of  calculating  a 
flow  field  can  be  developed  from  this  base. 
Some  procedures  use  the  concept  of  boundary 
layer,  introduced  in  Chapter  4  and  expanded 
in  Chapter  18. 

Another  technique  that  was  recently 
introduced  borrows  an  idea  from  electro¬ 
magnetic  theory.  The  flow  vector  is 
divided  into  two  components — one  of  which 
has  no  curl,  and  one  of  which  has  no  div¬ 
ergence.  The  latter  vector  describes  all 
the  vorticity  in  the  flow.  In  some  re¬ 
spects  it  is  really  a  generalization  of 
the  boundary  layer  concept.  Compatibil¬ 
ity  conditions  between  the  two  vector 
fields  are  required.  The  first  field  is 
mixed  elliptic-hyperbolic,  and  can  be  sol¬ 
ved  by  known  "relaxation"  procedures. 

The  second  field  is  essentially  parabolic, 
and  is  solved  by  "marching  methods" . 

(The  upstream  vector  doesn't  know  what 
the  downstream  vector  is  doing.) 

Two  classes  of  computational  techniques 
are  being  pursued.  One  class  begins  by 
assuming  the  flow  to  be  at  rest,  and 
imposes  the  boundary  conditions.  The  time- 
unsteady  equations  of  motion  then  estimate 
the  acceleration  of  the  flow  until  it 
reaches  equilibrium. 

The  otiier  class  uses  finite  differ¬ 
ence  or  finite  element  methods.  Transfor¬ 
mation  of  coordinates  as  a  function  of  the 
local  Mach  number  and  the  location  of  the 
point  of  interest  in  the  flow  field  may 
be  used.  Methods  of  taking  the  finite 
differences  or  of  describing  the  finite 
elements  also  vary  with  both  the  local  Mach 
number  and  the  point  in  the  field. 

All  the  programs  are  very  involved, 
and  their  preparation  presently  requires 
an  outstanding  ability  in  computer  pro¬ 
gramming,  numerical  analysis,  and  fluid 
m.echanics.  Because  of  the  enormity  of 
the  problem,  existing  programs  must  be 
considered  to  be  only  partially  developed. 
Even  in  this  crude  state,  their  use  has, 
for  example,  indicated  ways  of  designing 
turbine  vanes  so  that  the  secondary- flow 
losses  are  reduced.  The  experimental  test 
of  the  resulting  turbine  was  more  than 
gratifying . 

This  field  is  moving  forward  at  a 
rapid  rate.  Useful  new  concepts  are  con¬ 
tinually  being  disclosed.  As  a  result, 
the  ability  to  accurately  analyze  complex 
flov/s  in  detail  is  noticeably  improving 
from  year  to  year.  Close  attention  must 
be  paid  to  this  activity. 

The  pursuit  of  advanced  three- 
dirif.'nsional  analysis  will  bring  about  stop 
improvements  in  turbomachinory  perfor¬ 
mance.  Side  benefits  will  be  the  reduc¬ 
tion  of  expensive  testing  and  the  delinea¬ 
tion  of  forcing  functions  that  affect  blade 
vibration . 


The  final  section  of  this  chapter  is 
presented  to  show  that  all  specialties 
have  a  long  way  to  go  before  we  can  truly 
say  that  engines  can  be  accurately  designed. 
A  lot  of  development  work  needs  to  be  aone 
in  order  to  produce  a  successful  engine. 

Most  of  it  has  to  be  performed  by  "greasy- 
fingered"  engineers,  who  are  often  forced 
to  work  with  trial  and  error  methods.  They 
need  all  the  useful  help  they  can  get  from 
the  various  specialties  for  reducing  weight, 
improving  fuel  consumption,  and  increasing 
both  reliability  and  component  life. 

With  respect  to  the  biography,  observe 
first  that  research  is  continually  being 
directed  toward  improving  the  capabilities 
of  aircraft  and  engines.  General  analyses 
of  these  results  are  periodically  made  to 
examine  the  feasibility  of  improving  exist¬ 
ing  airplanes,  of  making  an  airplane  that 
will  either  perform  a  useful  service  more 
economically,  or  of  providing  one  that  was 
hitherto  unavailable. 

When  the  feasibility  of  an  improved 
engine/airframe  system  is  determined,  an 
analysis  similar  to  that  presented  in  Chap¬ 
ter  3  is  initiated.  Engines  and  airplanes 
having  the  proposed  advanced  concepts  are 
simulated  on  large  digital  computers. 
Estimates  are  made  of  the  properties  and 
behavior  of  every  significant  part  of  the 
engine  and  aircraft.  Interfaces  such  as 
those  discussed  in  Chapters  13,  14,  and 
26  are  carefully  considered.  The  vital 
features  of  the  synthesized  airplane  are 
calculated  along  its  proposed  flight 
paths.  Numerous  modifications  of  the  syn¬ 
thesized  engines  and  aircraft  are  examined 
until  the  calculated  optimum  reliable 
airframe/engine  combination  for  the  proposed 
mission  is  found. 

The  results  are  then  reviewed  to 
determine  the  worthiness  of  the  airplane. 
This  review  includes  an  estimate  of  the 
cost  of  designing  and  developing  the  en¬ 
gine  and  airplane,  the  cost  of  manufac¬ 
turing  the  desired  number,  and  the  cost 
of  operating  and  maintaining  them  over 
their  expected  life.  These  economic  evalua¬ 
tions  (w.hich  are  often  identified  by  the 
words  "cost  of  ownership",  "life-cycle- 
costs",  or  "return  on  investment")  are 
repeated  throughout  the  life  of  the  enter¬ 
prise. 

If  a  decision  is  made  to  proceed  with 
the  design  and  development  of  an  engine, 
the  inital  specifications  are  provided  by 
the  preceding  studies.  Tests  are  begun 
on  the  various  components  to  evaluate 
their  effectiveness:  i.e.,  how  does  the 
performance  compare  to  that  expected? 

Several  design  modifications  are 
frequently  required  to  realize  the  initial 
expectations . 

After  the  components  are  functioning 
reasonably  well,  they  are  assembled  into 
an  engine  to  evaluate  overall  performance 
and  reliability.  Parts  of  new  engines 
usually  operate  in  more  liostile  environ¬ 
ments  than  any  of  their  predecessors,  and 
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unanticipated  interactions  among  the  parts 
(both  aerothermodynamic  and  mechanical) 
are  occasionally  encountered.  Many  events 
can  and  do  happen.  Some  problems  can  be 
rectified  by  minor  changes  in  engine 
design.  Others  may  require  major  rede¬ 
signs  that  need  to  be  reevaluated  on  com¬ 
ponent  rigs.  In  some  instances,  added 
required  costs  of  time  and  money  can  put 
the  project  in  jeopardy. 

When  the  engine  performs  its  functions 
on  a  test  stand  with  sufficient  reliabil¬ 
ity,  it  is  ready  for  flight  tests.  New 
interactions  between  the  airfrcime  and  the 
engine  introduce  additional  problems. 

This  is  particularly  true  when  there  is 
no  previous  experience  with  the  maneuvers 
and  flight  regimes  demanded  of  the  airplane. 
Expedited  rebirth  and  development  of  cri¬ 
tical  engine  components  has  been  necessary 
even  at  this  late  phase  of  development. 
Dedicated  and  competent  engineering  team¬ 
work  usually  solves  the  problems,  and  an 
airplane  that  meets  its  specifications  is 
finally  derived. 

After  an  engine  has  been  certified 
by  a  government  bureau,  it  enters  its 
intended  service.  When  many  hours  of 
flight  have  elapsed,  new  major  problems 
have  suddenly  appeared.  Although  most  of 
these  are  mechanical  and  related  to  low- 
cycle  fatigue,  they  probably  represent  a 
poor  trade-off,  initially  made  with 
incomplete  data,  between  aerodynamics  and 
stress.  New  evaluations  and  new  designs 
have  to  be  made  and  developed  in  a  hurry 
to  solve  the  problems.  Again,  it  is  the 
teamwork  of  many  talents  that  overcome 
the  difficulties. 

Eventually,  even  better  performance 
is  wanted  and  advanced  development  begins. 
The  engine  is  gradually  and  continually 
improved  by  new  technology.  This  phase 
may  last  20  years  or  more.  Weak  parts  are 
strengthened  to  increase  the  time  between 
overhauls  (TBO) .  The  weights  of  other 
parts  are  decreased  by  improved  design  or 
by  material  substitution.  Superior  aero- 
thermodynamics  are  developed  that  can,  for 
instance,  raise  the  output  without  objec¬ 
tionable  increases,  or  even  reductions,  in 
fuel  consumption.  By  the  time  the  engine 
is  eventually  superseded  by  one  from  a  new 
generation,  its  output  may  have  been 
increased  100  percent  with  only  small 
increases  in  size  and  weight,  and  little, 
if  any,  increase  in  specific  fuel 
consumption. 

The  events  described  in  this  review 
are  not  atypical.  Including  them  is  not 
meant  to  disparage  any  work  of  the  past, 
or  discourage  bold  ventures  in  the  future. 
Rather,  it  is  intended  to  emphasize  the 
need  for  recognizing  problems  as  early 
as  possible  during  design  and  development. 

It  also  points  out  the  value  of  individuals 
having  the  wide  scientific  background 
necessary  for  recognizing  the  source  of  a 
variety  of  interrelated  problems  and  solving 
them. 


Of  equal  importance,  it  emphasizes 
the  need  of  basic  research  for  anticipating 
and  solving  problems  on  inexpensive  rigs 
rather  than  expensive  engines.  Most  of 
this  research  is  not  gleunorous  and  does  not 
provide  headlines.  Its  ultimate  financial 
value  cannot,  however,  be  overemphasized. 
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CHAPTER  2 
LIST  OP  SYMBOLS 


The  symbols  are  listed  In  alphabetical  order, 
first  In  the  English  alphabet,  then  In  the  Greek 
alphabet.  Subscripts  and  superscripts  are  then 
given.  The  equation,  figure  or  section  In  which 
the  symbols  are  first  Introduced  Is  Indicated  In 
parentheses.  Often  the  symbol  will  be  defined  In 
the  text  just  preceding  or  Just  following  the 
equation  or  figure. 

A  -  Cross  sectional  area  (Eq.  2.14.2) 
a  -  Speed  of  sound  (Eq.  2.16.3) 

C  -  Specific  heat  (Eq.  2.6.2) 

c  -  Circumference  (Eq.  2.15.5) 

-  Characteristic  velocity  (Eq.  2.18.3) 

D  -  Diameter  (Eq.  2.17.9) 

A)  -  Incremental  heat  Interaction  (Eq.  2.4.1) 

(tq  -  Incremental  heat  Interactlon/maas  (Eq.  2.6.1) 

iU  -  Incremental  work  Interaction  (Eq.  2.4.1) 

E  -  Energy  (Eq.  2.4.1) 

F  -  Helmholtz  function  (Eq.  2.9.2) 

f  -  Mathematical  function  (Eq,  2.17.21,  2.17.25) 

G  -  Gibbs  function  (Eq.  2.9.1) 
h  -  Specific  enthalpy  (Eq,  2.6.1) 

-  Heat  transfer  coefficient  (Eq.  2.17.11) 

M  -  Mathematical  function  (Eq.  2.10.1) 

-  Mach  number  (Eq.  2.16.3) 
m  -  Mass  (Eq.  2.14.8) 

m  -  Mass  flow  race  (Eq.  2.14.4) 

N  -  Mathematical  function  (Eq.  2.10.1) 

-  Stanton  number  (Eq,  2.17.12) 
p  -  piessure  (Eq.  2.5.1) 

P.E.  -  Potential  energy  (Eq.  2.14.3) 

R  -  Gas  constant  (Eq.  2.12.1) 

s  -  Specific  entropy  (Eq.  2.7.1) 

T  -  Temperature  (Eq.  2.6.2) 

t  -  Time  (Eq.  2.14.2) 

U  -  Internal  energy  (Eq.  2.5.1) 

u  -  Specific  internal  energy  (Eq.  2.6.3) 

-  Velocity  (Eq.  2.15.1) 

V  -  Volume  (Eq.  2.5.1) 

-  Velocity  (Fig.  2.14.3) 


V  -  Specific  volume  (Eq.  2.6.1) 

X  -  Independent  variable  (Eq,  2.10.1) 

-  Axial  co-ordinate  (Eq.  2.15.5) 

y  -  Independent  variable  (Eq.  2.10.1) 
z  -  Dependent  variable  (Eq,  2.10.1) 

Y  -  Ratio  of  specific  heats  (Eq.  2.6.4) 

A  -  Mathematical  function  (Eq.  2.17.21) 

-  (also  used  for  Increment  In  quantity) 

4  -  Small  Increment  In  quantity  (Eq.  2.6.2) 

0  -  Angle  of  wall  (Fig.  2.15.1) 

p  -  Density  (Eq.  2.11.18) 

T  -  Shear  stress  (Eq.  2,15.5) 

X  -  Nondlmenslonal  axial  coordinate  (Eq.  2.17.25) 
Subscripts 

C  -  Chamber  (Eq.  2,14,8) 

C,M,  -  Control  mass  (Eq,  2,14,1) 

C.V,  -  Control  volume  (Eq,  2,14,3) 
e  -  Exit  (Eq,  2,14,4) 

f  -  Skin  friction  (Eq,  2.17.8) 

1  -  Inlet  (Eq.  2.14,4) 

M  -  Mechanical  (Eq,  2,14,4) 

p  -  At  constant  pressure  (Eq,  2.6,2) 

R  -  Radiative  transfer  (Eq,  2.17.14) 
r  -  Reversible  (Eq.  2.4,1) 

T  -  Total  (Eq,  2.14,1) 

-  Convective  transfer  (Eq.  2.17.13) 

t  -  Stagnation  (Eq.  2,16,1) 

u  -  Universal  (Eq.  2.12.2) 

v  -  At  constant  volume  (Eq.  2.6,2) 
w  -  Wall  (Eq.  2.17.11) 

1  -  reference  state  (Eq.  2.4.1) 

-  Condition  at  entry  to  control  volume 
(Eq.  2,14.2) 

Superscripts 

-  Conditions  at  the  throat  (Eq.  2.18.3) 

-  Condition  at  exit  to  control  volume 
(Eq.  2.14.2) 
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CHAPTER  TVO 

THERMODYNAMICS  AND  QUASI-ONE-DIMENSIONAL  FLUID  FLOWS 


2.0  INTROTUCTION 

This  chapter  will  be  limited  to  a  very  brief 
review  of  the  concepts  and  laws  of  thermodynamics 
and  to  the  description  of  quasl-one-dlmenslonal 
flows .  It  Is  Important  to  understand  that  the 
subject  of  thermodynamics  Itself  Is  restricted  to 
the  study  of  substances  In  equilibrium;  Including 
thermal,  mechanical  and  chemical  equilibrium,  and 
hence  Is  more  nearly  analogous  to  statics  than  to 
dynamics.  This  restriction  might  seem  to  be 
hopelessly  restrictive  to  an  engineer  because  an 
engineer  Is  most  often  concerned  with  flow 
processes ,  and  the  substances  Involved  In  flow 
processes  are  not,  strictly  speaking,  In  equlllb* 
rlum.  In  fact,  however,  In  most  cases  of  Interest 
to  the  engineer,  such  substances  may  be  considered 
to  be  In  "quasl-equlllbrlum!'  such  that  we  may 
consider  local  values  of  the  thermodynamic 
properties  to  be  defined. 

Flow  processes  have  losses  associated  with 
them  that  can  be  Identified  with  the  lack  of 
equilibrium,  and  It  should  be  realized  that  the 
quantitative  prediction  of  such  losses  Is  beyond 
the  scope  of  thermodynamics.  The  "theory  of 
transport  phenomena"  must  be  applied  In  order  to 
quantitatively  estimate  such  losses,  and  Che 
prediction  of  Che  various  "transport  coefficients" 
must  rely  upon  Che  techniques  of  kinetic  theory. 

The  complicated  transport  mechanism  known  as 
turbulence  Is  an  essentially  macroscopic  phenom¬ 
enon.  The  accurate  description  of  losses  In 
turbomachines  relies  very  heavily  upon  the 
accurate  description  of  turbulent  processes 
because  the  turbulent  transport  mechanisms  contri¬ 
bute  Che  dominant  portion  of  the  losses  In 
virtually  all  Curbomachlne  components.  Chapters 
4  and  16  deal  specifically  with  the  methods  of 
estimating  turbulent  transport  effects. 

2.1  DEFINITIONS 

It  Is  Important  Co  be  precise  In  the  defini¬ 
tion  of  terms  Intended  for  use  In  the  context  of 
thermodynamics  so  that  possible  confusion  with 
the  colloquial  usage  of  a  term  may  be  avoided,  A 
very  abbreviated  list  of  definitions  as  will  be 
utilized  herein  follows. 

PROPERTY  -  A  property  Is  a  characteristic  (of  a 
system)  Chat  can  In  principle  be  quantitatively 
evaluated.  Properties  are  macroscopic  quantities 
that  Involve  no  special  assumptions  regarding  the 
structure  of  matter.  (Ex.;  temperature,  pressure, 
volume,  entropy.  Internal  energy,  etc.) 

Properties  are  grouped  Into  two  classes: 

Extensive  Properties  -  Properties  which  are 
proportional  to  the  mass  of  the  systaa. 

Intensive  properties  -  Properties  which  are 
Independent  of  the  mass  of  the  system.  Any 
extensive  property  can  be  made  an  Intensive 
property  simply  by  dividing  by  the  mass  of 
Che  system. 

THERMODYNAMIC  STATE  -  The  state  of  a  system  Is  Its 
condition  as  described  by  a  list  of  Che  values  of 
Its  properties. 


THERMODYNAMIC  PROCESS  -  In  the  limiting  case  when 
a  change  In  the  properties  of  a  thermodynamic 
system  cakes  place  very  slowly,  with  the  system  at 
all  times  very  close  to  equilibrium  the  "In- 
between"  states  can  be  described  In  terms  of 
properties.  A  change  under  such  conditions  Is 
called  a  thermodynamic  process, 

WORK  -  The  concept  of  work  Is  a  familiar  one  from 
mechanics.  Work  Is  said  to  be  done  by  a  system 
when  the  boundary  of  the  system  undergoes  a 
displacement  under  Che  action  of  a  force.  The 
amount  of  work  Is  defined  as  the  product  of  the 
force  and  Che  component  of  the  displacement  In  Che 
direction  of  Che  force.  Work  Is  so  defined  as  Co 
be  positive  when  the  system  does  work  on  the 
surroundings.  It  should  be  noted  that  work  can 
by  no  means  be  considered  a  property,  but  rather 
is  identified  with  the  transitory  process.  In 
order  Co  avoid  possible  confusion,  the  term  "work 
Interaction"  will  often  be  used  when  a  system  Is 
undergoing  a  "work  process."  Thus,  a  positive 
work  Interaction  occurs  when  the  system  does  work 
on  Its  surroundings  and  a  negative  work  Inter¬ 
action  occurs  when  the  surroundings  do  work  on  the 
system. 

HEAT  -  In  analogy  to  the  work  Interaction  defined 
above,  we  also  define  a  heat  Interaction.  Thus, 
when  a  hot  body  Is  brought  Into  contact  with  a 
cold  body,  the  temperature  of  each  changes,  and 
we  say  that  the  cold  body  experiences  a  positive 
heat  Interaction.  Similarly,  Che  hot  body 
simultaneously  experiences  a  negative  heat  Inter¬ 
action.  In  order  to  define  the  heat  Interaction 
of  a  body  quantitatively,  Che  change  In  one  or 
more  properties  (usually  the  temperature)  of  a 
standard  system  Is  measured  when  the  standard 
system  and  Che  body  reach  equilibrium  after  being 
placed  In  contact.  Like  the  work  Interaction,  Che 
heat  Interaction  Is  used  only  In  connection  with 
the  transitory  process. 

2.2  THE  LAWS  OF  THERMODYNAMICS 

In  the  following  sections,  Che  first  three 
laws  of  thermodynamics  will  be  discussed.  Because 
thermodynamics  Is  primarily  concerned  with  heat 
and  work  Interactions,  the  experiments  leading  to 
Che  formulation  of  the  laws  are  in  all  cases 
considered  to  deal  with  macroscoplcally  stationary 
materials.  Ihat  Is,  though  the  material  boundaries 
may  be  movable,  there  Is  no  contribution  to  the 
Interchanges  of  energy,  etc.,  due  to  a  change  In 
potential  energy  or  kinetic  energy  of  the  macro¬ 
scopic  sample.  It  Is  to  be  understood  chat  when 
such  contributions  are  of  Importance  In  an  Inter¬ 
action  (as  they  obviously  are  In  most  processes  In 
curbomachlnery) ,  they  may  be  included  later  In  a 
straightforward  manner  by  applying  the  laws  of 
mechanics.  The  Interaction  of  thermodynamic  and 
overall  mechanical  energy  effects  Is  considered  In 
sections  2.13-2.15. 

2.3  THE  ZEROTH  LAW  OF  THERMODYNAMICS 

This  law  Is  so  fundamental  In  classical 
thermodynamics  that  It  was  at  first  accepted  as 
being  self-evident  and  was  not  formally  denoted  a 
law  till  after  the  "First  Law"  and  "Second  Law" 
had  become  established.  It  is  now  recognized  that 
it  Is  of  fundamental  Importance  to  the  foundation 
of  classical  thermodynamics,  however. 
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Experience  has  shown  that  If  a  hot  body  Is 
brought  Into  contact  with  a  cold  body,  changes 
take  place  till  eventually  the  hot  body  stops 
getting  colder  and  the  cold  body  stops  getting 
hotter.  At  this  point  we  say  the  bodies  are  In 
themal  equilibrium.  The  Zeroth  law  states ; 

If  two  bodies  are  separately  In  thermal 
equilibrium  with  a  third  body,  they 
are  In  thermal  equilibrium  with  each 
other. 

It  Is  evident  that  bodies  In  thermal  equilib¬ 
rium  have  some  property  In  conmon  and  we  call  this 
property  the  temperature.  Thus,  If  we  so  pleased, 
we  could  use  any  reference  temperature  scale  (a 
mercury  thermometer  for  example)  to  determine  the 
temperature  of  an  object;  but  It  can  be  shown 
that  the  second  law  allows  the  definition  of  a 
temperature  scale  Independent  of  the  properties 
of  the  reference  substance. 

We  see  then  that  the  Zeroth  law  allows 
definition  of  the  property  temperature,  though  It 
does  not  lead  to  the  definition  of  any  particular 
reference  scale  for  temperature.  The  restric¬ 
tion  of  thermodynamics  to  the  study  of  equilibrium 
conditions  Is  very  evident  here;  because  tempera¬ 
ture  could  be  defined  as  that  property  the  bodies 
had  In  common,  only  If  the  bodies  were  allowed  to 
reach  equilibrium. 

2.4  THE  FIRST  LAW  OF  THERMODYNAMICS 

Joule,  In  1840,  conducted  his  famous  experi¬ 
ment  to  establish  the  equivalence  of  a  heat 
Interaction  and  a  work  Interaction.  His  result, 
available  In  many  texts,  allowed  the  definition 
of  a  new  property,  the  energy  E.  Thus,  denoting 
dQ  as  an  Incremental  heat  Interaction  and  SW  as 
an  Incremental  work  Interaction,  we  have 

E-Ei  "  (tfQ-aW)  (2.4.1) 

Here  we  note : 

(1)  The  energy  can  be  defined  In  terms  of  the 
system  properties  only  when  the  end  states  are 
equilibrium  states,  though  the  Intervening  states 
on  the  path  need  not  be  In  equilibrium, 

(2)  The  energy  Is  given  as  a  difference  In  magni¬ 
tude  between  the  two  states  and  Is  not  defined  In 
absolute  value. 

The  definition  of  a  simple  system  states  that 
such  a  system  Is  completely  defined  In  terms  of 
any  two  Intensive  properties,  and  the  energy  In 
such  a  restrictive  case  Is  usually  termed  the 
Internal  energy  and  denoted  by  U.  Usually  any  two 
of  the  three  properties— temperature  (defined  from 
the  zeroth  law),  pressure  (defined  from  mechanics) , 
or  volume  per  unit  mass  (defined  from  geometry)  — 
are  used  as  the  Independent  properties.  It  Is 
apparent  also  that  the  Internal  energy  of  a  system 
can  be  "tapped"  so  that  we  can  obtain  a  net  outflow 
of  enercv  In  the  form  of  either  a  heat  or  work 
Interaction.  Any  observant  person,  however,  can 
sense  that  there  must  be  some  restriction  on  the 
form  In  which  this  outflow  of  energy  can  occur 
because  of  the  comparative  ease  of  obtaining  a 
negative  heat  Interaction  from  a  system  as  com¬ 
pared  to  that  of  obtaining  a  positive  work  Inter¬ 
action.  This  restriction  Is  formalized  In  the 
statement  of  the  second  law  of  thermodynamics. 


We  may  note  the  differential  form  of  the 
first  law  may  be  written 

ffQ  =  dE  +  aw  (2.4.2) 

2.5  THE  REVERSIBLE  PROCESS 

A  very  useful  reference  process  in  thermo¬ 
dynamics  Is  that  of  the  reversible  process.  A 
thermodynamic  process  Is  defined  as  a  process  In 
which  changes  take  place  so  slowly  that  the  "In- 
between"  states  of  the  system  are  at  all  times 
close  to  equilibrium  so  that  the  Intermediate 
states  can  be  described  In  terms  of  properties. 

In  the  case  where.  In  addition,  all  external 
constraints  vary  only  Infinitesimally  from 
equilibrium,  the  process  Is  said  to  be  "rever¬ 
sible."  The  terminology  is  obvious  here  in  that 
If  there  Is  an  Infinitesimal  change  In  the  proper¬ 
ties  of  the  system  or  Its  surroundings,  the  process 
can  be  reversed  and  the  system  returned  to  Its 
Initial  conditions. 

Our  Interest  in  this  study  is  in  gases,  which 
are  very  close  to  Ideal  "simple  systems,"  in  that 
their  thermodynamic  state  Is  (very  nearly)  com¬ 
pletely  determined  by  any  two  thermodynamic 
properties.  For  such  a  substance  the  element  of 
work  done  In  a  reversible  process  is  simply 
aw  “  pdV,  In  which,  by  the  definition  of  a  rever¬ 
sible  process,  the  pressure  must  be  defined  at 
all  times  throughout  the  process.  We  see  then 
that  the  first  law  for  a  gas  undergoing  a  rever¬ 
sible  process  may  be  written 

aq^  =  dU  +  pdV  (2.5.1) 

2.6  DERIVED  PROPERTIES  -  ENTHALPY  AND  SPECIFIC 
HEATS 

So  far  In  our  discussion  of  thermodynamics, 
we  have  defined  and  used  only  four  properties  — 
specific  volume,  pressure,  temperature,  and 
Internal  energy  (v,  p,  T,  and  U).  These  proper¬ 
ties  are  defined  very  fundamentally,  but  we  will 
find  that  there  Is  great  utility  of  notation 
allowed  if  certain  properties  derived  from  these 
fundamental  properties  are  defined.  It  should  be 
noted,  of  course,  that  any  combination  of  proper¬ 
ties  is  Itself  a  property. 

One  group  of  properties  that  occurs  frequently 
for  gas  dynamic Is ts  is  u  +  pv,  and  this  group  Is 
given  the  symbol  h  and  the  name  specific  enthalpy. 
We  may  write  the  first  law  In  terms  of  enthalpy 
for  a  gas  undergoing  a  reversible  process  as: 
(henceforth,  for  convenience,  we  shall  refer  to 
[specific]  quantities) 

tfq^  =  dh  -  vdp  (2.6.1) 

Two  further  useful  derived  properties  are  the 
specific  heat  at  constant  pressure  and  the  specific 
heat  at  constant  volume.  These  specific  heats 
(or  specific  heat  capacities)  are  defined  as  the 
(differential)  heat  interaction  (at  constant 
pressure;  volume)  occurring  In  a  reversible 
process,  divided  by  the  resultant  (differential) 
temperature  change ,  That  Is , 


V  6t 


p  ”  Const 


V  =  Const 


(2.6.2) 


The  two  forms  of  the  first  law  given  above 
show  that  these  terms  are  in  fact  properties,  and 
that  they  may  be  written 


C  -  (^) 


C  =  (— ) 

V  '■6TW 


(2.6.3) 


The  ratio  of  the  specific  heats  is  also  often 
used  and  is  given  the  symbol  y,  where 


C 

y  h-E 
’  C 


(2.6.4) 


2.7  THE  SECOND  LAW  OF  THERMODYNAMICS 

Joules  experiment  which  led  to  the  establish¬ 
ment  of  the  First  Law  of  Thermodynamics  involved 
a  negative  work  interaction  with  a  system  and  the 
consequent  increase  of  internal  energy  of  the 
system,  rather  chan  the  reverse  process  of  a  posi¬ 
tive  work  interaction  at  the  expense  of  Che 
internal  energy  of  the  system.  The  engineer  is 
usually  concerned  with  this  latter  procedure,  and 
it  is  clear  that  a  very  desirable  type  of  englne-- 
thac  would  not  violate  Che  first  law—would  be  one 
which  used  a  very  large  reservoir  of  internal 
energy  (the  ocean  for  example)  and  converted  the 
energy  drawn  from  the  reservoir  entirely  into  a 
work  interaction.  Even  though,  wittingly  or 
unwittingly,  inventors  still  attempt  to  obtain 
patents  for  devices  capable  of  performing  in  the 
manner  described  above,  no  working  model  of  such 
a  device  has  ever  been  constructed,  and  the  very 
long  history  of  failures  to  do  so  has  long  since 
led  to  the  belief  that  it  is  impossible.  This 
restriction  on  the  first  law  has  been  formalized 
in  the  Second  Law  of  Thermodynamics  which  may  be 
stated ; 

It  is  impossible  for  any  engine,  working 
in  a  cyclic  process,  to  draw  heat  from  a 
single  reservoir  and  convert  it  to  work. 

This  statement  (or  any  of  its  equivalent 
forms)  when  combined  with  the  zeroth  and  first 
laws  allows  many  remarkable  deductions  to  be  drawn 
concerning  Che  thermodynamic  behavior  of  matter. 

These  deductions  are  usually  presented  as 
theorems,  and  include  amongst  them  the  definition 
of  a  new  intensive  property,  the  entropy,  s.  Thus, 


(2.7.1) 


We  also  note  the  differential  form 


Tds  =  ^q^ 


(2.7.2) 


Here  we  note : 

(1)  The  entropy,  like  the  internal  energy,  is 
given  as  a  difference  in  magnitude  between  the  two 
states  and  is  not  defined  in  absolute  value. 

(2)  It  is  very  important  to  note  that  the  defini¬ 
tion  of  entropy  in  no  way  requires  that  the  state 
to  be  described  be  reached  reversibly  from  some 
reference  state.  The  Integral  relation  given 
above  simply  gives  a  procedure  for  calculating  the 
entropy  difference  between  specified  end  states. 
The  value  of  entropy  Itself,  like  temperature, 
pressure,  or  any  other  thermodynamic  property, 
depends  only  on  the  (equilibrium)  conditions  at 
the  specified  state  and  in  no  way  depends  on  the 
"history"  of  the  processes  leading  to  that  state. 
As  stated  previously,  the  assignment  of  any  two 
thermodynamic  properties  completely  defines  all 
further  thermodynamic  properties  for  a  simple 
system;  and,  hence  for  example,  if  the  pressure 
and  temperature  of  Che  air  in  a  given  room  are 
specified,  so  Coo  is  Che  entropy.  Conversely,  of 
course,  if  the  temperature  and  entropy  are  speci¬ 
fied,  so  too  is  the  pressure. 

A  further  theorem  of  enormous  consequence  is 
chat  the  entropy  of  an  isolated  system  cannot 
decrease.  This  theorem  has  great  utility  in 
Investigating  the  possibility  or  impossibility  of 
an  assumed  process. 

2.8  THE  GIBBS  EQUATION 

An  equation  relating  Che  five  fundamental 
properties  of  thermodynamlcs--speclflc  volume,  v 
(defined  from  geometry),  pressure,  p  (defined  from 
mechanics),  absolute  temperature,  T  (defined  from 
Che  zeroth  and  second  laws),  internal  energy, u 
(defined  from  the  first  law),  and  entropy,  s 
(defined  from  the  second  law)--follows  directly 
by  combining  Eqs.  (2.5.1)  and  (2.7.2).  Thus, 


Tds  =  du  +  pdv 


(2.8.1) 


This  equation  is  known  as  the  Gibbs  equation, 
and  as  stated,  relates  the  five  fundamental 
properties  of  thermodynamics.  We  note  that  a 
similar  equation  is  obtained  in  terms  of  the 
derived  property,  enthalpy,  by  combining  Eqs. 
(2.6.1)  and  (2.7.2)  to  give 


Tds  =  dh 


(2.8.2) 


2.9  THE  GIBBS  FUNCTION  AND  THE  HEUfflOLTZ 
FUNCTION 

Two  further  derived  properties  are  defined  by 
the  relationships 


G  =  h  -  Ts  G  =  Gibbs  function  (2.9.1) 

F  =  u  -  Ts  F  -  Helmholtz  function  (2.9.2) 


In  some  applications ,  particularly  applica¬ 
tions  Involving  determination  of  chemical  equilib¬ 
rium,  these  newly  defined  properties  have  important 
physical  interpretations.  For  our  purposes, 
however,  we  simply  note  that  we  may  obtain  expres¬ 
sions  for  differential  changes  in  G  and  F  which 
may  be  promptly  utilized  Co  obtain  a  very  useful 
set  of  relationships  known  as  Maxwell's  Relations. 
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2.10  MAXWELL'S  RELATIONS 

By  definition,  when  a  simple  thermodynamic 
system  Is  considered,  specification  of  any  two 
(Intensive)  properties  completely  defines  the 
thermodynamic  state  (and  hence  all  properties)  of 
the  system,  thus.  If  the  differential  change  dz 
In  a  property  z  Is  given  In  the  form 


dz  =  M(x,y)dx  +  N(x,y)dy 
the  condition  for  exactness  gives 


r^-)  =  rM-i 

‘•by-'x  '■bx-'y 


In  addition,  we  note 


N  =  [^] 
'■by'x 


(2.10.1) 


(2.10.2) 


(2.10.3) 


Before  utilizing  these  equations  to  generate 
Maxwell's  Relations,  we  should  reflect  upon  the 
necessity  of  utilizing  the  partial  differential 
notation  In  which  the  variable  being  held 
constant  Is  explicitly  Indicated.  This  notation 
Is  required  In  thermodynamics  because  Chough  (for 
a  simple  system)  only  two  properties  may  be 
separately  specified,  there  Is  a  wide  choice  of 
which  two  properties  may  be  selected.  Thus,  for 
example,  Che  rate  of  change  of  pressure  with 
density  with  the  entropy  h.ld  constant  Is  not 
equal  to  the  rate  of  change  of  pressure  with 
density  with  the  temperature  held  constant.  Hence, 
of  course,  we  must  provide  a  notation  that  clari¬ 
fies  which  partial  derivative  Is  Intended. 


■ 

Combination  of  Eqs.  (2. 8. 1-2, 9. 2) 

leads  CO : 

du  “  Tds  -  pdv 

(2.10.4) 

• 

dh  =  Tds  +  vdp 

(2.10.5) 

dG  “  -  sdT  +  vdp 

(2.10.6) 

i 

dF  “  -  sdT  -  pdv 

(2.10.7) 

Systematic  application  of  Eqs.  (2 

10.2)  and 

(2.10.3)  then  leads  to: 

i 

'■ia'v  Xs-'p 

(2.10.8) 

^bv^s  ‘  ^  ■  ^bv^T 

(2,10.9) 

(^)  *  V  =  (— ) 

Xp-^s  Xp-^T 

(2,10.10) 

i 

^bT^p  ■  ®  ^bT^V 

(2,10.11) 

(— )  ■  -  (^) 

Xv^s  Xs\ 

(2.10.12) 

op  8  09  p 

(2.10.13) 

'•bp^T  '■bT^p 


'■bv'^T  '■bTW 


(2.10.14) 


(2.10.15) 


This  set  of  equations  Is  known  as  Maxwell's 
Relations.  One  of  the  prime  utilizations  of  these 
relations  Is  found  when  we  wish  Co  obtain  the 
behavior  of  certain  properties  In  terms  of  the 
"properties  of  state,"  p,  v,  or  T.  Usually  a 
substance  Is  described  by  Its  equation  of  state 
relating  the  three  variables,  p,  v,  and  T,  and  by 
manipulating  the  Maxwell's  Relations  appropriately, 
Che  behavior  of  other  properties  may  be  deduced. 

We  note,  of  course,  that  the  equation  of  state 
may  not  be  available  In  analytic  form,  but  rather 
In  the  form  of  tables  or  graphs.  However,  In 
turbomachinery  we  are  most  often  Interested  In 
gases  which  may  be  considered  perfect.  Special 
forms  of  the  several  following  relationships, 
valid  for  perfect  gases,  are  given  In  section  2.12. 


2.11 


GENERAL  RELATIONSHIPS  BETWEEN  PROPERTIES 


We  begin  by  writing  an  expression  for  a 
differential  change  In  entropy,  with  the  entropy 
considered  to  be  a  function  of  temperature  and 
specific  volume.  Thus, 


(^ 

-|Tv  dv 

,bu.  'bv  T 

'■bs^v 


With  Eqs , 
obtain 


(2.6.3),  (2.10.8),  and  (2.10,15)  we  then 


Tds  =  C^dT  +  T 


(2.11,1) 


Similarly,  we  consider  the  entropy  Co  be  a 
function  of  temperature  and  pressure  to  give 


(^) 


dT  +  (^)-dp 
Xp  T 

'■is'p 


With  Eqs.  (2.6.3),  (2.10.8),  and  (2.10.14)  we  then 
obtain 


Tds  =  CpdT  -  T  (^)pdp 


(2.11.2) 


Applying  Che  condition  for  exactness  to  the 
expressions  for  ds  given  by  Eqs.  (2.11.1)  and 
(2,11.2)  gives 


6C  -a 

<-b7^T  -  ^  (^>v 
(bf>T  (!f>P 


(2.11.3) 


(2.11.4) 


An  expression  for  Che  difference  of  specific 
heats  Is  obtained  by  subtracting  Eq.  (2.11.1)  from 
(2.11,2)  and  In  addition  noting  chat  Che  ratio 
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corresponds  to  (^)  for  the  case  where  dv  =  0. 
dT  6T  V 

Thus ,  we  obtain 


It  should  be  noted  that  the  gas  constant  R  Is 
given  in  terms  of  the  "Universal  Gas  Constant,"  Ry 
by 


C  .  c  =  T  (— ) 

>  ^  '■6T-’p 


(2.11.5) 


R  =  — ,  M  =  Molecular  weight  (2.12.2) 
M 


Combination  of  Eqs.  (2.d.X)  and  (2.11.1) 
gives  an  expression  for  the  differential  change 
in  internal  energy, 


du  =  C^dT  +  [T  (|£)^-P]dv  (2.11.6) 


and  combination  of  Eqs.  (2.8.2)  and  (2.11.2)  gives 
an  expression  for  the  differential  change  in 
enthalpy, 


The  value  of  R^  in  several  systems  is 

1  CAS  aJM  _ Ibm 

u  Hbm  ft  sec®  Ibra-mole'^R 


=  49,700  Yj— -o 
*  sec*'  Ibm-mole  R 


sec®  Kg-iTOle‘’K 


(2.12.3) 


dh  =  CpdT  +  [v-T  (^)p]  dp  (2.11.7) 


We  note  that  for  air  of  molecular  weight 
(approx.)  29,  we  have 


As  a  final  example  we  obtain  an  expression 
for  the  rate  of  change  of  pressure  with  density 
at  constant  entropy*  This  ratio  is  of  particular 
importance  in  fluid  mechanics  because  (as  follows 
from  momentum  considerations)  it  is  equal  to  the 
square  of  the  speed  of  small  disturbances  relative 
to  the  local  fluid  velocity*  We  begin  by  writing 


„  =  53  3  A  IbLlSSis  A  Jt-sa  ± 
"  (  Ibm  ft  ^^sec^  OR 


=  1714  (-^)*  ^ 
sec  Or 


(^)  (^) 

=  ip  S  ^  ^  ''iV  S 

ip  ^  AiE\  ip  T  A^^  ip  T 

'.jp-'T  '■iv'^T 


Applying  Che  chain  rule  of  calculus  we  have 


(i£) 

'iv’s 

-(^) 

(— ) 
"■bs^T 

(— ) 
^bT-^P 

T(— ) 
^bT-^P 

(iE) 

'iv’l 

-(^) 

'■bp^s 

(^) 

^bs^T 

(~) 

'•brv 

T(— ) 
^bT\ 

"as^p^ST'^p 

(^)  (— ) 

''as'^v''aT-^v 


The  latter  result  follows  from  Eq.  (2.10.8). 
Finally,  combining  the  derivatives  in  the  numerator 
and  denominator  of  this  latter  expression,  and 
noting  Eq,  (2.6.3),  we  obtain 


A^\  „  _E  (i£\  s  y  (^)  (2  11  8) 

'■ip’s  'ip’l  ^  '■ap^T 


'■sec'^  °K 


(2.12.4) 


It  should  be  noted  from  Eq.  (2.12.2)  that 
when  a  gas  is  in  a  regime  where  dissociation  is 
occurring,  it  is  not  strictly  speaking,  a  perfect 
gas.  This  is  because  dissociation  changes  the 
value  of  M,  and  hence  of  R.  We  note,  however. 
Chat  if  no  dissociation  occurs,  but  substantial 
vibrational  excitation  occurs ,  Chen  the  gas  would 
be  perfect,  but  not  calorlcally  perfect. 

The  behavior  of  a  perfect  gas  may  be  illu¬ 
minated  by  applying  the  t  .'latlonshlps  of  section 
2.11.  Thus,  with  Eq.  (2.12.1)  and  Eqs.  (2.11,3) 
and  (2.11.4)  we  find 


6Cv 

( — -)  =  0 
'6v-'t 


(2.12.5) 


hence  =  function  of  temperature  only 


It  is  Important  to  note  chat  in  the  develop¬ 
ment  of  this  latter  equation,  no  assumption  was 
made  regarding  Che  equation  of  state.  The  expres¬ 
sion  is  hence  valid  for  situations  in  which  Che 
ratio  of  specific  heats  may  vary  substantially. 


(2.12.6) 


hence  =  function  of  temperature  only 


2,12  THE  PERFECT  GAS 

A  perfect  gas  is  defined  as  a  substance  with 
equation  of  state  given  by 


pv  =  RT 


(2.12.1) 


In  this  expression,  R  is  a  constant  termed  Che  gas 
constant. 

If,  in  addition  to  satisfying  Eq.  (2.12,1), 
Che  gas  has  a  constant  ratio  of  specific  heats,  it 
is  termed  a  "Calorlcally  Perfect"  gas. 


From  Eqs.  (2.11.6)  and  (2.11.7) 


du  =  C  dT 
V 


dh  -  C  dT 
P 


(2.12.7) 

(2.12.8) 


Thus,  we  note  with  Eqs.  (2.12.5)  and  (2.12.6) 
that  both  the  internal  energy  and  the  enthalpy  are 
functions  of  temperature  only.  From  Eq.  (2.11,5) 
we  find 
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C  -  C  -  R  (2.12.9) 

P  V 

and  from  Eq.  (2.11.8) 

(3^)3  =yRT  (2.12.10) 

Thus,  the  many  familiar  relationships  peculiar 
to  a  perfect  gas  follow  directly  from  the  equation 
of  state  and  Maxwell's  Relations.  Note  particu¬ 
larly  that  Eqs.  (2.12.9)  and  (2.12.10)  are  valid 
whether  or  not  the  ratio  of  specific  heats,  y, 
varies . 

2.13  QUASI-ONE -DIMENSIONAL  FLUID  FLOWS 

A  quasl-one-dlmenslonal  flow  la  defined  as  a 
flow  In  which  the  fluid  properties  can  be  des¬ 
cribed  In  terms  of  a  single  spatial  coordinate 
(the  axial  dimension),  the  specified  axial  area 
variation  of  the  containing  tube  or  channel,  and 
(If  the  flow  Is  time  dependent)  the  time.  The 
simplicity  Introduced  by  utilizing  such  an 
approximate  description  of  the  flow  In  a  channel 
Is  clearly  a  virtue,  but  It  Is  equally  clear  that 
the  regimes  of  validity  of  any  analysis  Incor¬ 
porating  such  an  approximation  should  be  thoroughly 
Investigated. 

Before  Investigating  the  expected  regimes  of 
validity  of  the  quasl-one-dlmenslonal  approxima¬ 
tion,  let  us  note  that  the  approximation  Is  of 
particular  utility  In  the  study  of  aircraft  gas 
turbine  engines.  In  the  first  order  analysis  of 
the  various  components  of  a  turbomachine,  it  is 
customary  to  refer  to  the  "inlet  and  outlet" 
conditions  of  each  component.  It  Is  quite  obvious 
that  the  conditions  at  Inlet  and  outlet  of  any 
component  are  not,  in  fact,  uniform,  and  hence  any 
single  quantity  chosen  to  represent  a  given 
property  must  be  a  properly  chosen  average  quan¬ 
tity.  When  properly  chosen,  these  average  quan¬ 
tities  may  be  utilized  with  ease  In  a  cycle  analy¬ 
sis  to  predict  the  overall  performance  of  a 
given  engine  In  terms  of  the  performance  of  Its 
individual  components. 

In  many  situations,  however,  it  is  the  effect 
of  the  non-one-dlmenslonallty  that  Is  at  the  core 
of  the  problem  considered.  Thus,  for  example, 
when  describing  Che  performance  of  ejectors, 
careful  distinction  must  be  made  between  the  use 
of  such  averaging  methods  as  area  weighted,  mass 
weighted  and  mixed  out.  Another  example  of  Che 
importance  of  the  non-one-dlmenslonallty  of  a 
flow  appears  In  the  study  of  Inlet  distortion, 
where  Inlet  distortion  by  Its  definition  Involves 
Che  study  of  Che  variation  of  Che  stagnation 
temperature  and  stagnation  pressure  about  their 
appropriately  chosen  averages. 

It  Is  clear  that  if  we  consider  a  channel 
with  solid  walls  In  which  a  flow  exists  that 
severe  property  variations  will  occur  across  the 
channel.  To  make  this  statement  clear  we  can 
consider  Che  example  of  the  behavior  of  Che 
velocity  which  we  know  must  have  a  value  of  zero 
on  the  wall  and  be  finite  In  the  channel  center. 

If  Che  walls  are  heat  conducting  (or  If  the  Mach 
number  at  the  channel  center  Is  large),  we  would 
expect  to  find  large  variations  In  temperature 
across  Che  channel.  In  such  cases  we  recognize 
that  the  "temperature"  or  "velocity"  that  appear 
In  the  quasl-one-dlmenslonal  equations  would  In 


fact  be  an  appropriately  chosen  average  of  the 
values  found  across  the  channel.  Hie  definition 
of  this  "average"  would  depend  somewhat  upon  Che 
particular  problem  to  be  Investigated,  but  It  can 
be  seen  chat  If  the  "shape"  of  the  cross-channel 
property  variation  changes  radically  with  axial 
position,  whatever  averaging  process  Is  chosen 
will  have  to  be  modified  with  axial  position  In 
order  Co  obtain  meaningful  results  from  Che 
analysis.  Since  the  suitable  averaging  procedures 
would  not  be  known  "a  priori,"  such  a  procedure 
Is  tantamount  to  conducting  a  full  two-dimensional 
Investigation. 

Conversely,  however,  we  see  that  there  are 
two  limits  In  which  we  could  expect  a  quasl-one- 
dlmenslonal  assumption  to  be  of  use.  The  first 
is  Che  so-called  "fully  developed  flow”  In  which. 
In  fact,  the  shape  of  the  cross-channel  property 
variations  varies  only  slowly  with  axial  position. 
In  this  case,  the  quasl-one-dlmenslonal  assumption 
leads  to  an  accurate  description  of  the  behavior 
of  the  average  fluid  properties.  The  other  limit 
of  channel  flow  behavior  Chat  allows  an  accurate 
analysis  under  Che  restrictions  of  the  approxima¬ 
tion  Is  chat  limit  where  a  dominant  portion  of  the 
flow  In  Che  channel  satisfies  the  assumption  of 
very  nearly  uniform  cross-channel  conditions,  and 
only  a  small  portion,  "the  boundary  layer,"  has 
rapidly  varying  properties  in  the  cross-channel 
direction.  In  this  latter  case  It  Is  tacitly 
assumed  that  Che  boundary  layer  entrains  such  a 
small  portion  of  the  flow  that  Che  average  quanti¬ 
ties  are  not  affected  by  excluding  the  effects  of 
the  boundary  layer. 

It  would  be  well  Co  mention  here  that  a 
technique  commonly  used  to  extend  the  quasl-one- 
dlmenslonal  solution  utilizes  the  results  of  the 
quasl-one-dlmenslonal  solution  and  applies  these 
results  as  the  boundary  conditions  ("free  stream 
conditions")  to  be  applied  to  the  solution  of  Che 
behavior  of  Che  (two-dimensional)  boundary  layer 
equations . 

The  effect  of  the  curvature  of  the  channel 
must  be  considered  carefully,  because  It  Is 
evident  that  channel  curvature  Introduces  cross¬ 
channel  pressure  gradients  which.  In  turn,  Intro¬ 
duce  cross-channel  gradients  In  other  fluid 
properties.  In  general,  we  might  expect  that  if 
the  radius  of  curvature  of  the  channel  centerline 
is  large  compared  to  the  channel  dimension  In  the 
radial  direction  that  we  would  expect  the  effects 
of  Che  Induced  radial  pressure  fields  to  be  small. 
This  observation  can  be  extended  to  Indicate  that 
Che  flow  In  Individual  scream  cubes  of  a  general 
three-dimensional  flow  can  be  expected  to  be 
described  by  the  quasl-one-dlmenslonal  flow  equa¬ 
tions,  though  the  determination  of  Che  behavior 
of  Che  scream  tube  Itself  (through  the  pressure 
fields  induced  by  other  stream  tubes)  will  rely 
upon  solution  of  Che  complete  equations. 

In  what  follows  we  shall  first  extend  the 
first  law  of  thermodynamics  to  Include  Che  effects 
of  the  kinetic  energy,  and  potential  energy  of  the 
flowing  fluid,  in  a  form  suitable  to  adapt  for  use 
In  Che  quasl-one-dlmenslonal  equations.  In  this 
derivation  the  very  useful  concept  of  the  "control 
volume"  will  be  Introduced,  and  Che  concept  of 
the  control  volume  will  be  employed  later  In  the 
derivation  of  Che  quasl-one-dlmenslonal  equations. 
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2.14  THE  FIRST  LAW  FOR  A  FLOWING  SYSTEM— THE 
CONTROL  VOLUME 

An  important  application  of  the  first  law  of 
thermodynamics  Is  to  be  found  In  the  analysis  of 
a  flowing  system.  A  very  convenient  and  often 
used  concept  Is  that  of  a  "Control  Volume,"  defined 
simply  as  a  given  region  In  space.  This  region  In 
space  may  be  moving,  changing  shape,  etc.,  but 
most  often  If  we  wish  to  analyze  material  behavior 
using  the  control  volume  technique,  we  select  a 
simple  control  volume  of  fixed  size,  shape  and 
position.  The  selection  of  the  most  suitable 
control  volume  will  depend  upon  the  problem  at 
hand,  but  It  can  be  stated  In  general  that  most 
often  we  attempt  to  select  a  control  volume  such 
that  the  material  at  entrance  and  exit  Is  In  local 
thermodynamic  equilibrium  and  In  addition  may  have 
its  behavior  closely  approximated  by  assuming  that 
all  properties  at  the  entrance  or  exit  are  the 
average  properties  at  the  entrance  or  exit.  This 
latter  requirement  Is  equivalent  to  stating  that 
conditions  at  the  entrance  and  exit  are  "quasl- 
one-dimenslonal."  As  will  be  seen  shortly,  we 
will  also  require  some  Information  concerning  the 
heat  and  work  interactions  at  the  boundaries  of 
the  control  volume,  but  It  should  be  noted  care¬ 
fully  that  no  requirement  of  reversibility  or  one 
dimensionality  for  the  processes  within  the  control 
voltane  will  be  imposed. 

An  Important  point  to  recognize  Is  that  In 
the  preceding  sections  on  thermodynamics  we  wrote 
Che  first  law  as  It  pertained  to  a  given  mass  of 
material  (the  theimodynamlc  system),  and  we  now 
focus  our  attention  on  a  given  volume  in  space 
through  which  material  passes.  It  will  be 
recalled  that  we  did  not  consider  that  portion 
of  work, kinetic  energy  or  potential  energy  Identi¬ 
fied  with  Che  bulk  motion  of  the  thermodynamic 
system,  simply  because  such  behavior  was  considered 
to  be  already  known  from  the  laws  of  mechanics. 

Now  that  we  are  to  consider  a  control  volume, 
through  which  fluid  enters  and  leaves,  however, 
the  energy  Identified  with  the  bulk  motion  of  the 
fluid  must  be  included  in  order  to  account  for  any 
such  bulk  motion  energy  changes  experienced  by  the 
fluid  between  entrance  and  exit. 


time  t  +  dt  Che  control  mass  occupies  the  volume 
bounded  by  the  two  dotted  lines  2  and  2'  and  the 
solid  walls  of  Che  container.  The  control  volume 
will  be  considered  to  be  the  volume  bounded  by  the 
container  and  lines  2  and  1' . 

The  change  In  "total  energy"  (l.e..  Internal 
plus  kinetic  plus  potential  energy)  of  the  control 
mass  Is  given  by 

dEc.M.  =  (2.14.1) 

Here  we  have  written  SMj  to  indicate  the  total 
work  Interaction  of  the  control  mass  in  the  time 
dt.  This  work  interaction  can  be  considered  to  be 
of  two  parts. 

(1)  The  work  interaction  with  mechanical  contri¬ 
vances  (Ailj^)  such  as  shafts,  etc. 

(2)  The  net  work  interaction  of  the  fluid  In  the 
control  mass  with  the  fluid  external  Co  the 
control  mass  by  the  moving  Interfaces  at  entrance 
and  exit.  This  form  of  work  interaction,  some¬ 
times  called  the  flow  work,  is  equal  to  F^Vgdt  - 
FjVidt  In  which  F^  and  Fj  are  the  forces  on  the 
Interfaces  at  entrance  and  exit  to  the  control 
volume,  respectively.  With  the  assumptions  of 
local  thermodynamic  equilibrium  and  quasi-one- 
dimenslonality,  these  forces  can  be  written  as  the 
product  of  the  pressure  times  Che  area  so  that  the 
flow  work  may  be  written 

PjAjVjdt  -  PiAiVjdC 

The  expression  for  the  change  in  energy  of 
the  control  mass  may  then  be  written 

‘*^C.M,  '  3Q-3w^-  (p^AjVj  -pjAiVi)  dt  (2.14,2) 

The  energy  within  the  control  volume  is 
related  Co  Chat  within  the  control  mass  at  times 
t  and  t  +  dt  by 


Our  method  for  extending  the  first  law  for  a 
thermodynamic  system  to  a  control  volume  will  be 
to  first  write  the  first  law  for  chat  mass  con¬ 
tained  within  the  control  volume  at  time  t.  We 
Chen  follow  Che  mass  till  time  t  +  dt  and  apply 
the  first  law  of  thermodynamics  to  the  change 
experienced  by  the  mass*  These  changes  may  then 
be  related  to  the  changes  experienced  by  the 
material  passing  through  the  control  volume. 

1'  2' 


“^^C.V.  "  (Ui  +  ^  +  P.E.i) 

-  AjVjdtO,  (Uj  +  ^  +  P.E.j)  (2.14.3) 

But  AP  V  *  m,  the  mass  transfer  per  second  through 
the  boundary.  By  equating  the  expressions  for 
^^C.M  *  dividing  by  dt  and  writing  u  +  p/p  as  the 
enthalpy,  h,  there  is  obtained 


We  consider  a  control  mass  which  at  time  t 
occupies  the  volume  bounded  by  the  two  dotted  lines 
1  and  1'  and  the  solid  walls  of  the  container.  At 


dE^  ^ 


dt  dt 


(2.14.4) 


1  2 

Figure  2.13.1.  Control  Volume  and  Control  Mass 


E^_y_(t)  =  Ej,  j^_(t)  -  (AiVidt)/>i  (ui  +  ^  +  P.E.i) 

Ec_v.(t+dt)  =  E^.„.(t+dt) 

-  (AeVjdt)Pj  (Uj  +  ^  +  P.E.g) 

Thus 


EXAMFIJS  2.14.1  Flow  In  an  adiabatic  nozzle. 


EXAMPLE  2.14.2 


Figure  2.14.1  Adiabatic  Nozzle 


As  a  very  simple  example,  let  us  consider  Che 
adiabatic,  steady  flow  of  a  fluid  In  a  nozzle.  We 
shall  consider  the  control  volume  Co  be  Chat 
volvnne  bounded  by  Che  solid  walls  of  Che  nozzle 
and  the  do''ted  lines  shown  In  Che  sketch.  The 
assumption  of  steady  flow  allows  us  to  write 
dE  .  . 

(^)c  V  “  ®  “  "‘o’  t**®  assumption  of  adia¬ 


batic  flow  requires  ^  because  the  nozzle 

has  no  work  Interaction  with  mechanical  conCrl- 

aw 


vances,  we  have  *0.  We  may  also  assume  very 

little.  If  any,  change  In  potential  energy  across 
Che  nozzle  so  that  the  control  volume  form  of  the 
energy  equation  gives 


(h 


V® 


(2.14.5) 


If,  as  Indicated  In  the  sketch,  the  Inlet 
surface  Is  so  chosen  that  Che  kinetic  energy  per 
unit  mass  of  Che  fluid  Is  very  small  compared  Co 
the  enthalpy  of  the  fluid,  we  find 


p.p  etc.  1 


Figure  2,14.2  Fluid  Container 


As  a  further  example,  consider  the  "blowdown" 
of  a  calorlcally  perfect  gas  from  a  vessel  through 
a  nozzle.  We  desire  the  relationship  between  the 
pressure,  temperature  and  density  of  the  fluid  in 
Che  container  as  mass  is  expelled.  Again  assume 
Che  container  to  be  adiabatic.  In  this  case,  of 
course,  the  conditions  in  the  control  volume 
change  with  time  and  the  control  voluiDe  form  of 
Che  energy  equation  hence  gives 


dtX.V. 


m 

o 


[h 


(2.14.7) 


Now  nig  Is  the  mass  flow  out  of  the  container, 
and  may  be  written  -  dm/dc  where  m  Is  the  mass 
within  the  container.  For  simplicity  we  select 
the  "exit  portion"  of  the  control  volume  to  be  the 
dotted  line  shown  which  by  assumption  exists  where 
V® 

h  =  h^  »  In  this  case  Che  energy,  E,  within 

the  control  volume  consists  of  Internal  energy 
only,  so  chat  E  “  “CyTc  and  there  Is  obtained 


dm  .  _  dm 

^v  dt  '  dt  c  *  dt  ^p^c 


"e  =  ''2(h,-h^) 


Expanding  the  derivative  on  the  left  side, 
cancelling  the  differential  of  time  and  re¬ 
arranging,  It  follows  that 


We  may  Interpret  this  simple  and  convenient 
result  In  the  following  way.  The  function  of  the 
nozzle  Is  to  Cake  the  random  thermal  velocities 
of  the  fluid  In  the  reservoir  and  to  direct  such 
velocities  so  as  to  give  a  directed  kinetic  energy 
to  the  expelled  fluid.  In  addition,  the  pressure 
within  the  chamber  also  supplies  "flow  work"  which 
adds  further  to  the  directed  energy.  We  should 
note  that  the  flow  work  so  supplied  must  be 
supplied  by  a  compressor  or  similar  device  If  the 
reservoir  conditions  are  not  to  change  v'Ch  time. 
We  may  note  also  that  without  further  specifying 
Che  process  we  cannot  state  what  the  conditions 
should  be  at  a  particular  point  on  the  nozzle. 

Thus ,  a  very  rough  nozzle  might  cause  the  process 
to  be  highly  Irreversible  with  the  result  that 
even  If  Che  pressure  drops  the  same  amount  as  It 
does  In  another  smoother  nozzle,  the  velocity  at 
that  point  In  the  nozzle  wouIl  '  less  than  that 
In  the  smooth  nozzle.  The  sum  of  the  kinetic 
energy  and  enthalpy  would  be  the  same,  however. 
Indicating  that  the  roughness  has  had  the  effect 
of  slowing  down  the  fluid  and  returning  the 
directed  velocity  to  the  random  thermal  velocities 
we  Identify  with  the  temperature  (and  enthalpy) . 


(y-1) 


dm 

m 


This  then  Integrates  to  give 


( 


Hl/'I 
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(2.14.8) 


IC  has  been  emphasized  to  this  point  that  the 
assumptions  leading  to  the  control  volume  form  of 
the  first  law  did  not  require  the  presence  of 
reversibility.  We  know  also  that  if  an  adiabatic 
process  is  reversible,  no  entropy  change  occurs. 

Let  us  hence  calculate  the  entropy  change  occurring 
in  this  process.  From  the  Gibbs'  equation  for  a 
calorlcally  perfect  gas  we  obtain 


hence 


ds 


dT 

C  ^  + 

V  T 


R 


d(l/P) 

1/P 


“c,  *SCi 


C 


V 


(2.14.9) 


Thus,  In  this  case 
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*-C, 

-  Cy  (y-l)  ^  *  0 


thus,  for  this  case  of  expansion  to  zero 
exit  pressure,  the  exit  temperature  and  hence  exit 
internal  energy  and  enthalpy  are  zero.  Equation 
(2.1A.6)  thus  gives 


It  thus  seems  we  have  encountered  a  paradox, 
because  no  explicit  statement  was  made  to  intro*> 
duce  the  assumption  of  reversibility,  yet  the 
result  indicates  that  the  process  described  must 
have  been  reversible.  It  is  apparent  that  an 
assumption  of  reversibility  must  have  been  made 
implicitly.  A  little  thought  indicates  that  by 
assuming  the  enthalpy  at  the  exit  was  that  of  the 
entire  container,  or  more  particularly  by  assuming 
the  pressure  at  the  exit  was  that  of  the  entire 
chamber,  we  in  fact  assumed  no  "viscous  drop"  for 
the  pressure  and  hence  that  the  process  within  the 
chamber  was  reversible.  If  the  expulsion  of  the 
fluid  had  been  particularly  rapid  or  the  fluid 
particularly  viscous,  we  might  have  expected  a 
pressure  drop  across  the  chamber,  and  hence  would 
have  been  in  error  assuming  the  pressure  at  exit 
and  chamber  pressure  to  be  identical. 

EXAMPLE  2,14.3 

An  example  that  will  hopefully  clarify  the 
method  and  utility  of  utilizing  the  control  volume 
or  control  mass  method  of  "bookkeeping"  the  equa¬ 
tion  for  the  first  law  of  thermodynamics  follows 
by  considering  the  combined  behavior  of  examples 
2.14.1  and  2.14.2. 


Figure  2.14.3  Container  and  Nozzle 


Directed  kinetic  energy/mass 


2 


C  T 
P  c 


At  first  this  result  might  appear  incongruous 
because  the  energy/mass  escaping  the  container  is 
larger  (by  a  factor  of  y)  than  the  energy/mass 
within  the  container.  Clearly,  however,  the 
additional  energy  is  being  transmitted  to  the 
escaping  mass  by  the  "flow  work"  of  the  internal 
fluid.  Hils  flow  work  is  supplied  by  the  expanding 
gas  within  the  container  which,  as  a  result  of  its 
expansion  (and  hence  work  interaction) ,  has  its 
own  Internal  energy  and  hence  temperature  reduced. 
The  total  outflow  of  energy  from  the  nozzle  is 
given  by 


.  ve=  r  ^ 

Total  energy  =  J  — dm  -  J 


1  X 

n,  ^  r  c  .  m 

”*c^  ^c^  J  T  ^  m 

^  ^  o  C^  Cl 

With  equation  (2,14.8)  we  have 

Total  energy  =  J  (^)  d  - 


Cl 


«  m.  T«  C  . 

Cl  Cl  V 


This  latter  result  follows  ianediat^^y  when 
the  control  mass  form  of  the  first  law  is  con¬ 
sidered,  because  the  control  mass  statement  would 
simply  be  that  all  the  energy  originally  contained 
In  the  vessel  (m^Cylp  )  must  be  equal  to  all  the 
energy  in  the  exhausted  gas  (namely  all  the 
directed  kinetic  energy). 

2.15  THE  CHANNEL  FLOW  EQUATIONS 


We  thus  consider  the  "blowdown"  of  a  calori- 
cally  perfect  gas  from  a  large  container  through 
a  nozzle  to  an  (approximately)  zero  exit  pressure. 
We  consider  the  behavior  of  the  gas  in  the  chamber 
and  across  the  nozzle  to  be  that  previously 
derived  in  examples  2.14.1  and  2,14.2.  Utilizing 
the  control  volume  approach  we  are  to  find  the 
directed  kinetic  energy  per  mass  at  the  nozzle 
exit,  and  to  integrate  this  energy  over  the  entire 
mass  outflow  to  determine  the  total  directed 
kinetic  energy  in  the  departing  fluid.  We  then 
will  check  this  latter  result  by  utilizing  the 
control  mass  form  of  the  first  law. 

We  first  note  from  the  Gibbs  equation  for  a 
calorically  perfect  gas  that 


ds 


c  ^ 

P  T 


R 


P 


so  chat 


£a. 

Pi 


y-l 


We  now  consider  the  steady  flow  of  fluid  In 
channels  with  rigid  walls.  Quasl-one-dimenslon* 
ality  will  be  assumed,  the  effects  of  potential 
energy  changes  will  be  ignored  and,  in  addition, 
the  wall  slope,  and  hence  rate  of  change  of  cross- 
sectional  area,  will  be  assumed  to  be  small.  The 
effect  of  this  latter  assumption  is  that  the 
cosine  of  the  wall  angle,  9,  may  be  considered  to 
be  unity. 


P 


(2.14.10) 
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Figure  2.15.1  Element  of  Fluid  In  Duct 


combining  Eqs.  (2,15.4)  and  (2,15,5)  to  give 


We  develop  the  conservation  equations  by  con¬ 
sidering  the  conditions  across  a  small  axial 
segment  of  the  duct,  as  Indicated  in  the  sketch. 

The  conservation  of  mass  gives  immediately  Tds  =  dq  +  ^  dx  (2.15.6) 


puA  =  Const 
or 

^  ^  ^  =  0  Continuity  (2.15.1) 

p  u  A 

The  first  law  of  thermodynamics  follows 
directly  from  Eq.  (2.14.4)  as  applied  across  the 

element .  Thus ,  noting  mi  =  m^ ,  and  that  ^  ^  > 

the  heat  interaction  per  unit  mass ,  we  obtain 

dh  +  udu  =  tfq  FIRST  LAW  (2.15.2) 

The  Gibbs  Equation  may  be  applied  directly, 

Tds  =  dh  -  -  dp  GIBBS  EQUATION  (2.15.3) 

P 

and  the  First  Law  and  Gibbs  Equation  may  be  com¬ 
bined  to  give 


~  dp  +  udu  =  dq  -  Tds 


(2.15.4) 


We  now  obtain  the  momentum  equation  by 
writing  Newton's  Law  in  a  form  appropriate  for 
use  with  a  control  volume,  namely 


Sum  of  the  forces  «  rate  of  production  of  momentum 


Pressure  forces  +  viscous  forces  =  momentum 
convected  out  through  surface  2  per  second  - 
momentum  convected  in  through  surface  1  per 
second 

In  symbols  we  thus  obtain 

PiAi  +  P'lA  -  PjAg  -  Jtc  dx 


It  Is  apparent  In  this  relationship  that  for 
an  Ideal  process.  In  which  the  shear  stress  Is 
zero,  the  entropy  variation  corresponds  to  that 
for  reversible  heat  Interaction,  as  already  given 
in  Eq.  (2.7.2).  The  irreversibility  of  the 
viscous  terms  is  apparent  In  its  contribution  to 
the  increase  in  entropy. 

2.16  STAGNATION  PROPERTIES 

A  stagnation  property  is  defined  as  that 
value  of  the  property  that  would  exist  if  the 
fluid  was  extracted  and  brought  isentroplcally  to 
rest.  The  process  may  be  imagined  to  be  that 
shown  in  the  sketch  wherein  the  fluid  flows 
isentroplcally  through  a  duct  from  condition  1  to 
condition  t  . 


Figure  2.16.1  Duct  and  Imaginary  Duct  for  Stagna¬ 
tion  Condition 


Application  of  Eq.  (2.15.2)  gives  an  expres¬ 
sion  for  the  stagnation  enthalpy.  Thus,  noting 
3q  =  0  and  integrating,  we  find 

h^  =  hi  +  ^  (2.16.1) 

Obviously  the  location  of  point  1  in  the  duct 
in  which  the  flow  actually  occurs  is  arbitrary, 
so  in  the  following  relationships  between  proper¬ 
ties  and  their  related  stagnation  values,  the 
subscript  1  will  be  omitted. 


=  (pu=A)j  -  (pu=A)i 

In  this  expression  we  have  introduced  the 
shear  stress,  T,  and  the  circumference,  c. 
Retaining  terms  only  to  the  first  order,  then,  we 
have,  utilizing  the  continuity  equation,  Eq. 
(2.15.1) 


-  d(pA)  +  pdA  -  rcdx  =  OuAdu 


or 


—  dp  +  udu 

P 


-  ^  dx 

pA 


Momentum  Equation 


(2.15.5) 


It  may  be  noted  that  this  equation  closely 
resembles  the  familiar  Bernoulli  Equation  of 
elementary  ideal  fluid  mechanics.  The  only 
addition  to  the  ideal  form  of  the  equation  arises 
from  the  viscous  shear  stress  contribution.  An 
equation  for  the  entropy  variation  follows  by 


The  equations  take  on  particularly  simple 
forms  when  a  calorically  perfect  gas  is  considered 
Thus,  Eq.  (2.16.1)  becomes 

Vt  =  V^T 

Further  manipulation  leads  to 


T=  l-^>^  (2.16.3) 


Here  we  have  Introduced  the  Mach  number, 
defined  as  M  -  u/a.  the  speed  of  sound,  a,  as 

stated  In  section  2.11,  Is  equal  to  which 
combined  with  Eq .  (2.12.10)  gives  a^  =  yRT.  Eq, 
(2,12.9)  was  utilized  to  give  ^  =  >-l. 


Equation  (2.14.10)  may  be  applied  directly 
(with  Sj  •  Sj )  to  give 

JL.  JL. 

P.  T  y-1  ,  y-1 

y  =  (-y)  =  (1  M*)  (2.16.4) 

Then,  also 

1 

^t  Pt  T  y-1  p 

•;^  =  y^=(l+^lf)  (2.16.5) 

Some  Important  behaviors  concerning  the 
variation  of  stagnation  properties  In  ducts  can 
be  Illuminated  by  applying  Eq.  (2.14.10)  directly 

to  Che  conditions  at  t  and  t  ,  Thus, 

1  2 


(2.16.6) 


1  2 

Figure  2.16.2  Stagnation  Conditions  at  Two  Axial 
Locations 


Here  we  note  that  by  definition  •  s^  and  Sj  “ 

®t  •  ^ 

‘■2 

In  Che  special  case  of  adiabatic  flow  in  the 
duct,  we  note  from  Eqs.  (2.15.2)  and  (2.16.2)  that 
Tt,  =  .  Then 

Pt, 


(2.16.7) 


Ue  saw  from  the  second  law,  or  equivalently 
from  Eq.  (2.15.6)  that  when  shear  exists  In  an 
adiabatic  flow,  s^  ^  Sj .  Thus, 


for  adiabatic  flow 


(2.16,8) 


This  result  has  important  consequences  in 
turbomachinery,  because  the  high  performance  of 
turbomachinery  is  dependent  upon  the  efficient 
attainment  of  high  stagnation  pressures.  It  is 
clear  from  this  application  of  the  second  law  that 
nature  naturally  tends  to  erode  the  attained  stag¬ 
nation  pressure. 

2.17  PROPERTY  VARIATIONS  IN  CHANNELS 

Several  Important  relationships  may  be 
obtained  in  a  fairly  general  form  by  combining 
the  conservation  equations  of  section  2.14.  In 


so  doing  It  will  be  appropriate  to  express  the 
change  In  pressure  in  terms  of  corresponding 
changes  in  density  and  entropy.  We  thus  utilize 
Eq.  (2.10.12)  to  obtain 


‘‘p  = 


(2.17.1) 


6T 

Then  note  that  dT  =  “^P  S^-ves 


(Ms  ^  .p  s  ^  -Ms  (M  s 


(2.17.2) 


Thus,  utilizing  Eq.  (2.11.8)  and  Che  relationship 
(M)  M)  =  .  (M  s 


Eqs.  (2.17.1)  and  (2.17.2)  may  be  combined  to  give 
“^P  '  ^Ip^s  ‘‘P  •  (2.17.3) 


This  expression  for  the  pressure  increment 
may  now  be  substituted  into  Eq.  (2,15.4),  where¬ 
upon  by  utilizing  the  continuity  equation,  Eq. 


(2,15.1)  together  with  (^)g  =  ®‘ 


and  M®  = 

a®  ’ 


(l-M®)^ 
A  u 


rjT-  (V-l)P  (^)p]  ds-ffq] 
(2.17.4) 


It  will  be  recognized  that  this  equation 
implies  the  requirement  of  the  famous  convergent- 
divergent  duct  shape  if  an  adiabatic  perfect  flow 
(dq  =  ds  =  0)  is  to  be  accelerated  from  a  Mach 
number  less  than  unity  to  a  Mach  number  greater 
than  unity.  When  a  perfect  gas  is  considered  the 
equation  reduces  to 


~  +  (1-lf )  ^  ^  >rds  -  Jq]  perfect  gas 

(2.17.5) 


2.17.1  ADUBATIC  FLOW  OF  A  PERFECT  GAS 

When  no  heat  interaction  occurs,  Eq. (2.17.5) 
further  reduces  to 

Y  +  ^  =  Y  (2.17.6) 

(perfect  gas,  adiabatic  ilow) 


In  an  accelerating  flow  (i.e.,  in  a  nozzle), 
du  Is  positive.  In  an  adiabatic  (real)  flow,  ds 
is  positive.  Thus,  at  the  throat  of  a  nozzle 
(dA  *  0)  we  must  have  If*  <  1.  A  method  of  esti¬ 
mating  how  much  less  than  unity  Is, at  a  nozzle 
throatpWlll  be  developed  shortly,  but  it  Is  of 
Interest  at  this  point  to  relate  this  quasi-one- 
dimenslonal  description  to  the  two  dimensional 
description  of  a  free  stream  interacting  with  a 
(growing)  boundary  layer.  In  the  latter  case.  It 
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Is  Imagined  that  the  growing  boundary  layer  causes 
the  effective  throat  of  the  nozzle  (as  "seen  by 
the  free  stream")  to  shift  slightly  downstream, 
so  that  the  Mach  number  at  the  geometrical  throat 
remains  less  than  unity.  It  can  be  seen  that  the 
two  descriptions  are  not  in  opposition  to  each 
other. 


Combination  of  these  three  equations  and  Eq. 
(2.17.8)  leads  to 


Pt 


r_^a_ 


Cf  -  dK] 


(2.17.10) 


To  estimate  the  effect  of  shear  upon  the  Mach 
number  at  the  throat  in  an  adiabatic  nozzle 
(dA  =  0,  dq  =  0),  we  combine  Eqs.  (2.15.5), 
(2.15,6),  and  (2.17.6)  to  give 


1  + 

throat 


Tcdii 

Adp 


l-O'-l) 


Tcdx 

Adp 


(2.17.7) 


It  can  be  seen  that  the  group  Is  just 

the  ratio  of  the  shear  force  acting  on  the  edges 
of  an  elemental  voltmie  of  length  dx  to  the  pres¬ 
sure  forces  acting  upon  the  cross-section  of  the 
same  volume.  In  order  to  further  estimate  the 
magnitude  of  this  number,  we  introduce  the  skin 
friction  coefficient,  Cj,  defined  by 


C 


T 

f  "  pu= 


(2.17.8) 


Then,  considering  a  circular  throat  of  diameter, 
D,  we  have 


This  expression  makes  it  clear  that  both  heat 
interaction  and  frictional  effects  cause  a  degra¬ 
dation  in  stagnation  pressure  when  the  Mach  number 
is  other  than  zero.  The  source  of  this  degradation 
becomes  clear  when  Eq.  (2.16.6)  is  considered 
along  with  the  above  equations.  Thus,  from  Eq. 
(2.16.6)  it  follows  that  for  a  given  stagnation 
temperature  the  stagnation  pressure  decreases  with 
increasing  entropy.  If  a  positive  heat  interaction 
is  to  occur,  and  the  entropy  increase  kept  to  a 
minimum,  the  (static)  temperature  at  which  the 
heat  interaction  takes  place  must  be  kept  as  high 
as  possible.  Clearly,  when  a  flow  of  given  stag¬ 
nation  temperature  exists  at  finite  Mach  number, 
the  static  temperature  is  reduced,  leading  to  a 
lower  stagnation  pressure  than  that  attainable 
for  zero  Mach  number  heat  addition. 

This  effect  upon  the  stagnation  pressure 
becomes  of  paramount  importance  in  both  the  combus¬ 
tion  chamber  and  afterburner  of  an  aircraft  gas 
turbine  engine.  In  some  modern,  high  performance 
aircraft,  the  maximum  engine  cross-section  is 
determined  by  the  requirement  to  keep  the  Mach 
number  at  entrance  to  the  afterburner  at  an 
acceptably  low  value. 


ly  M®  Cj 


D  ^ 

p  dx 


(2.17.9) 


As  a  rough  approximation  we  may  approximate 
the  denominator  of  this  expression  as  unity  with 
the  assumption  that  the  very  rapid  pressure 
changes  found  at  a  throat  correspond  to  the 
pressure  changing  on  Che  order  of  magnitude  of 
its  own  value  within  one  nozzle  diameter.  Such 
a  coarse  approximation  is  not  wildly  distant  from 
the  truth  for  typical  nozzles.  A  typical  value 
for  Cf  would  be  approximately  0.005,  so  that  Eq, 
(2.17.7)  yields  *995.  (Note  dp/dx  is 

negative.)  This  sixnewhat  Justifies  the  almost 
universally  used  approximation  that  =  1. 

2.17.2  NON-ADIABATIC  FLOW  OF  A  PERFECT  GAS 


It  would  appear  at  first  glance  that  Eq. 
(2.17.10)  implies  that  in  Che  case  of  a  negative 
heat  interaction,  the  stagnation  pressure  of  the 
fluid  could  be  increased.  To  investigate  this 
concept  we  assume  that  the  heat  interaction  may 
occur,  by  either  convective  heat  transfer  (dq,^) , 
or  radiative  heat  transfer  (dqjj) . 

Introducing  the  heat  transfer  coefficient,  h, 
we  have 


(by  definition  of  h) 


mdq^  =  h  (T„  -  Tj.)  cdx 
T 

V 


(2.17.11) 


As  will  be  evident  in  Chapter  7,  the  behavior 
(and  preservation)  of  the  stagnation  pressure  has 
a  vital  effect  upon  the  performance  of  gas  turbine 
engines*  The  effects  upon  stagnation  pressure  of 
heat  transfer  and  shear  may  be  obtained  by 
combining  Eqs,  (2,15.2)  and  (2*16.2),  together 
with  (2.15.6)  and  (2.14.10).  These  may  be  written 


Figure  2*17*1  Element  of  Channel 
The  Stanton  number,  Ng-j.*  is  defined  by 


V  -  ^ 

^ST  mC 

P 


(2*17*12) 


C  dTj.  =  Jq 

^  We  may  thus  write 


ds^ 


ds 


dT  dp 


CpTt  '  '"sT 


Hence  Eq,  (2,17.10)  becomes 


(2.17*13) 


. .  2imi  c  ^  .  Vlt  ^ 

-  2  A  ”ST  2  CpT^ 

(2.17.14) 


A  remarkable  relationship  termed  "Reynolds 
Analogy"  relates  the  skin  friction  coefficient 
and  Stanton  number  over  a  wide  range  of  flow 
conditions : 


If  the  heat  interaction  rate  is  known,  this 
equation  may  be  numerically  Integrated  to  give  M 
versus  X.  Two  special  cases  are  considered  in  the 
following  sections. 

2.17.4  IDEAL  CONSTANT  AREA  HEAT  INTERACTION  - 
THERMAL  CHOKING 

In  the  limit  where  the  flow  may  be  considered 
to  be  ideal  (Cf  =  0),  Eq.  (2.17.19)  may  be  inte¬ 
grated  directly  to  give 


Nst  « -y  Reynolds  Analogy  (2.17.15) 


Incorporating  this  relationship  in  Eq.  (2.17.14), 
we  obtain 


A  t  Cpdx  L  T  ^  ~ 


2  C  T^ 
P  C 


(2,17.16) 

This  latter  result  Indicates  that  (assuming 
Reynolds  Analogy  is  approximately  valid)  no 
matter  how  far  the  wall  temperature  is  reduced, 
the  stagnation  pressure  cannot  be  increased 
through  convective  transfer  effects.  The  possi¬ 
bility  remains,  however,  that  extreme  radiative 
transfer  (as  might  occur  in  a  high  powered  gas 
laser)  might  contribute  to  a  stagnation  pressure 
Increase.  Similarly,  if  evaporation  occurs,  the 
heat  transfer  is  not  limited  by  Reynolds  analogy 
and  the  stagnation  pressure  can  Increase. 

2.17.3  CONSTANT  AREA  HEAT  INTERACTION 

Combination  of  the  continuity  equation  (with 
dA  =  0) ,  Eq.  (2.15.1),  the  momentum  equation,  Eq, 
(2.15.5)  and  Eq.  (2.17.8)  yields 


d(p+pu®)  =  -  i  Cj 


Then,  noting  this  expression  may  be 

manipulated  to  give 


dp  ,  Y  dM^  _  yc  M", 

p  l+yM=!  2  A  f  1+y  M 


^  dx  (2.17.17) 


The  logarithmic  derivative  of  Eq,  (2,16,4)  gives 


Zt  dP  ,  2 

Pt  ■  P  1 


(2.17.18) 


Thus,  noting  that  C-dT^  =  dq,  Eqs.  (2.17.10), 
(2.17.17)  and  (2.17.18)  may  be  combined  to  yield 


‘•^t  „  i  yM°  .  ^  2dM^ 

‘^f  A  l+VM®  M'^  (l+yM"*) 


M®  (1+  ^  m“) 


(2,17.19) 


Ik  1  +  fCH.;) 

Tt^  '  CpTt^  '  f(Mi®  ) 

(2.17.20) 

1  +  ^  m’ 


Clearly,  when  the  stagnation  temperature 
Increases,  f(l^®)  must  be  larger  than  f(Mi®).  It 
is  hence  of  Interest  to  investigate  the  form  of 
the  function  f(M®)  to  see  if  it  is  always  possible 
to  Increase  the  stagnation  temperature.^  Straight¬ 
forward  differentiation  shows  that  =  0  at 

M  =  1,  so  noting  also  that  f(0)  =  0,  f(l)  =  2(y+l) 
and  f(»)  =  we  obtain  a  graph  of  f(M®)  versus 

M  as  indicated  in  Fig.  2.17.2. 


"  0  .5  1.0  1.5  2.0  2.5  3.0 

Figure  2.17.2  f(M  )  vs  M,  Ideal  Constant  Area 
Heat  Interaction 


This  figure  aids  in  the  prediction  of  certain 
famous  characteristics  of  heat  addition  at  constant 
area.  Thus,  we  see  from  Eq.  (2.17.20)  that  if 
the  stagnation  temperature  increases,  f(l^®)  must 
be  larger  than  f(Mi®).  The  figure  Indicates  that 
it  must  then  be  true  that  whether  Mj  was  greater 
chan  or  less  than  unity,  must  be  closer  to 
unity  than  Mj . 

A  further  result,  at  first  appearing  to  be  a 
paradox,  occurs  when  a  heat  interaction  sufficient 
to  require  f(ft®)  to  be  greater  than  l/2(>'+l)  is 
imposed.  Since  this  requirement  is  impossible  to 
satisfy,  it  appears  that  the  analysis  flies  in 
the  face  of  reality,  because  it  is  apparent  that 
we  will  not  be  limited  experimentally  in  the 
amount  of  heat  interaction  we  may  impose.  It  must 
be  recalled,  however,  that  ^qi-o  heat 

interaction  per  unit  mass,  and  the  condition  of 


Mg  ~  I  represents  that  state  when  the  raaxlinuin  mass 
flow  per  unit  area  exists  for  the  given  p^  and 
.  Thus,  if  in  an  experiment  this  cofidition, 
telmed  "thermal  choking"  is  reached,  and  it  is 
attempted  to  cause  a  further  heat  interaction, 
the  upstream  conditions  must  change  (usually  the 
stagnation  pressure  must  Increase)  if  the  mass 
flow  is  to  be  passed.  It  can  be  recognized  that 
this  phenomenon  of  thermal  choking  can  be  of 
vital  importance  in  determining  the  maximum 
allowable  heat  interaction  in  a  ramjet  ,  in  an 
afterburner,  or  even  in  a  conventional  combustor. 

Equation  (2,17.20)  is  a  quadratic  equation 
in  ,  which  may  be  solved  and  manipulated  to 
yield 


where 


Mg2 


A  ri+Ai 
1  -  2y  f +A 


A=  +  [1-2  O'  +  l)  f}^ 


(2,17,21) 


2.17.5  ADIABATIC  CONSTANT  AREA  FLCW  -  VISCOUS 
CHOKING 

When  adiabatic  flow  is  considered  no  change 
in  stagnation  temperature  occurs,  so  Eq.  (2.17.19) 
yle Ids 


1  -  M 

yc,  X  dx  = - - 


dM^  (2.17.24) 


It  Is  apparent  that  is  positive  for  M  <  1 

and  negative  for  M  >  1.  Thus,  as  with  thermal 
choking,  the  effect  of  viscosity  is  to  drive  the 
flow  to  Mach  one.  This  effect  is  termed  viscous 
choking.  As  in  the  case  of  thermal  choking,  the 
condition  represents  that  state  where  maximum 
flow  per  unit  area  has  been  achieved  for  the  given 
local  values  of  stagnation  pressure  and  tempera¬ 
ture.  If  more  flow  is  to  be  passed,  the  upstream 
conditions  must  change. 


1  +  ^  Ml®  n 

*  =  (i+yMV)5 

*  p  1-1 


and  the  +  sign  corresponds  to  subsonic  flow; 
the  -  sign  corresponds  to  supersonic  flow. 


Equation  (2.17.24)  may  be  integrated  in  a 
straightforward  manner  to  yield 


X,  -Xi  =  f(lt®)  -f(Mi®) 

here 


The  stagnation  temperature  follows  inmedi'^ 
ately  from  Eq.  (2.17.20),  and  combination  of  the 
continuity  equation  and  momentum  equation  for 
constant  area  flow  gives 


f(M)  = 


1  + 
( - 


III 

2 

TP" 


M® 
— ) 


1 

iP 


and 


(2.17.25) 


Pi  +  PlUi®  =  Pa  +  Palis  ® 


Pi  T+yv 


Then 


,  ^+yMi;  r 
1  +yM5®  ^ 


y-1  a 

1  +  V  Mg®  y-1 

- - — — } 

1  +  Ml® 


(2.17.22) 


(2.17.23) 


gives 


Combination  of  Eqs.  (2.17.17)  and  (2.17.24) 


1  +  ^  M® 


from  which 


Example  results  are  shown  in  Fig.  2.17.3. 


^  .  Mi 

Pi  Ma  1  ^  ^a 


(2.17.26) 


and 


y+i 


Pta  Ml  ^ 


1  +  '-f  Ml 


Example  results  are  Indicated  in  Fig.  2.17.4. 
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1.0 


c*  = 


y+1 

2(y-l) 


x,-x. 


Figure  2.17.4  Variation  of  Static  Pressure, 

Stagnation  Pressure  and  Hach  Number 
with  Axial  Position,  Adiabatic 
Constant  Area  Flow 


Note  that  by  the  assumption  of  adiabatic 
flow  Tj  -  Tj*  everywhere.  It  should  be  pointed 
out  here  that  It  is  not  Inconsistent  to  consider 
the  Mach  number  to  be  unity  at  the  throat,  but  to 
not  Insist  that  Pj.  =  p^*  throughout.  Thus,  M*  =  1 
is  an  approximation  that  Is  numerically  quite 
accurate,  it  does  not  Imply  the  assumption  that 
viscous  effects  are  absent.  It  Is  possible  to 
have  Che  accumulated  effects  of  viscosity  upon 
Che  stagnation  pressure  be  quite  significant,  but 
to  still  have  Che  local  viscous  effect  at  Che 
throat  be  very  small. 

Expressions  for  the  area  variation  with  Mach 
number  and  static  pressure  can  be  obtained 
directly  by  dividing  Eq.  (2.18.3)  Into  Eqs. 

(2.18.1)  and  (2.18.2),  respectively,  to  give 


^^)] 


2(y-i) 


1 

M 


(2.18.4) 


2.18  THE  NOZZLE  FLOW  EQUATIONS 

We  now  consider  the  adiabatic  flow  of  a 
calorlcally  perfect  gas  In  a  channel  of  varying 
cross  section.  The  mass  flow  rate,  m,  may  be 
obtained  In  terms  of  the  local  area,  Mach  number 
and  stagnation  properties  directly  from  the 
continuity  equation  and  Eqs.  (2.16.4),  (2,16.3), 
and  a®  =  yRT  as  follows ; 


A* 


2(y-l) 


Pt 


Pt 

(f)  (1 


\  y 


(2.18,5) 


Example  results  for  Isentroplc  flow  (p,  »  p  *)  are 
shown  In  Fig.  2.18.1. 


•  >  .  >  .  P  a  u 

o  =  puA  =  p^a^A  ^  - 


2(y-l) 

M*]  M 

(2.18.1) 


Alcernatlvely ,  chls  expression  may  be  written 
in  terms  of  the  local  static  pressure  by  utilizing 
Eq.  (2,16,4)  to  give 


ri-2_ 
-R  y-1 


U-(^)’'l]^ 

(2.18.2) 


It  Is  common,  also,  Co  reference  conditions 
CO  conditions  at  the  throat,  which  we  will  here 
denote  by  an  asterisk.  In  section  2.16.1  It  was 
shown  that  Che  Mach  number  at  the  throat  can  be 
expected  to  be  very  close  to  unity,  and  It  Is 
usual  to  Include  chls  approximation.  We  may  then 
write 


Subsonic  A/A*  Supersonic 


Figure  2.18.1  Pressure  Ratio  and  Mach  Number 

Versus  Area  Ratio  for  Isentroplc 
Nozzle  Flow 


m 


A*P^* 

C* 


(2.18,3) 


where  by  definition  C*  Is  Che  characteristic 
velocity 
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CHAPTER  3 
LIST  OF  SYMBOLS 


The  symbols  are  listed  in  alphabetical  order, 
first  in  the  English  alphabet,  then  in  the  Greek 
alphabet.  Subscripts  and  superscripts  are  then 
given.  The  equation,  figure  or  section  in  which 
the  symbols  are  first  introduced  is  indicated  in 
parentheses.  Often  the  symbol  will  be  defined  in 
the  text  just  preceding  or  just  following  the 
equation  or  figure. 

e  -  Unit  vector  (Eq.  3,2.2) 

h  -  Height  (Fig.  3.1.1) 

k  -  Heat  transfer  coefficient  (Eq.  3.1.8) 

L  -  Reference  length  (Eq.  3.2.2) 

M  -  Mach  number  (Eq.  3.1.24) 

-  Stanton  number  (Eq.  3.1.33) 

P  “  Pressure  gradient  parameter  (Eq.  3.1,6) 

Pr  -  Prandtl  number  (Eq.  3.1.23) 

p  -  Pressure  (Eq.  3.1.3) 

q  -  Heat  transfer  per  area  (Eq,  3,1.8) 

-  Reynolds  number  (Eq.  3.2.3) 

r  -  Recovery  factor  (Eq.  3,1.26) 

T  -  Temperature  (Eq.  3,1.8) 

U  -  Wall  velocity  (Fig.  3.1.1) 

u  -  Velocity  (Fig,  3.1.1) 

-  Also  x-component  of  velocity  (Eq,  3.1.15) 

u  -  Vector  velocity  (Eq.  3.2.1) 

V  -  y-component  of  velocity  (Eq.  3,1.15) 

w  -  z-component  of  velocity  (Eq.  3.1.15) 

X  -  Co-ordinate  (Fig,  3,1.1) 

y  -  Co-ordinate  (Fig.  3.1.1) 

z  -  Co-ordinate  (Eq.  3,1.3) 

t-  -  Dimensionless  group  (Eq.  3.1.14) 

-  Ratio  of  specific  heats  (Eq.  3.1.24) 

-  Boundary  layer  thickness  (Fig.  3.3.1) 

n  -  Dlmensionleys  co-ordinate  (Eq.  3.1,7) 

'}  -  Dimensionless  temperature  (Eq.  3.1.12) 

u  -  Coefficient  of  viscosity  (Eq,  3,1.2) 

^  -  Density  (Eq.  3.2.1) 

I  -  Shear  stress  (Eq.  3.1.2) 

t  -  Dissipation  function  (Eq.  3.1.15) 


Subscripts 

h  -  Condition  at  y  *  h  or  n  *  1  (Eq.  3-1.22) 
L  -  "Lower"  velocity  (Fig.  3.4.2) 
u  -  "Upper"  velocity  (Fig,  3.4.2) 
w  -  Value  at  the  wall  at  n  “  0  (Eq,  3.1.27) 

0  ^  Condition  at  y  or  n  “  0  (Eq,  3.1.14) 

-  Also  condition  at  y  *  0  when  lower  wall 
insulated.  (Eqs.  3.1.22,  3.1,31) 

-  Also  upstream  reference  value  (Eq.  3.2.2) 

1  -  Upstream  condition  (Eq.  3.4,1) 

2  “  Downstream  condition  (Eq,  3,4.1) 
Superscripts 

'  -  Dimensionless  quantity  (Eq.  3.2.2) 

"  -  Quantities  made  dimensionless  with  respect 

to  6  (Eq.  3.3.1) 


CHAPTER  THREE 
LAMINAR  VISCOUS  FLOWS 


3.0  INTRODUCTION 

In  Chls  chapter  we  will  seek  to  Investigate 
the  behavior  of  fluids  under  flow  conditions  In 
which  the  molecular  transport  of  momentum  or 
energy  has  a  determining  effect.  We  will  exclude 
consideration  of  the  phenomenon  of  turbulence  (to 
be  considered  In  Chapters  4  and  16),  and  restrict 
our  attention  to  laminar  flows.  A  laminar  flow  is 
defined  simply  as  a  flow  In  which  adjacent  layers 
of  fluid  slide  smoothly  over  each  other.  The 
transfer  of  normal  and  tangential  momentum,  as 
well  as  energy,  is  due  to  molecular  transport 
only. 

In  what  follows  selected  simple  examples  of 
laminar  flows  will  be  considered,  the  Intent 
being  to  Illuminate  several  fundamental  physical 
interactions  that  affect  the  limiting  performance 
of  turbomachines.  Principal  among  such  effects 
is  the  phenomenon  of  separation,  wherein  the 
combination  of  viscous  effects  and  Imposed 
pressure  gradient  causes  a  region  of  reversed 
(separated)  flow  to  form  .  Such  separated  flow 
regions  lead  to  large  drag  losses ,  and  in  the 
case  of  airfoils  can  lead  also  to  loss  of  lift. 

3.1  COUETTE  FLOW  -  INCOMPRESSIBLE  FLUID 

A  very  simple  conceptual  experiment  is  that 
wherein  flow  occurs  between  two  parallel  flat 
walls,  one  of  which  is  at  rest,  the  other  moving 
with  velocity  U.  We  consider  a  pressure  gradient 
to  exist,  but  note  that  because  of  the  assumption 
of  incompressibility  of  the  fluid,  together  with 
the  assumption  of  very  large  walls,  no  streamwlse 
variations  in  pressure  gradient  or  fluid  velocity 
will  exist.  This  type  of  flow,  Couette  flow, 
hence  allows  us  to  consider  the  interaction  of 
the  pressure  and  shear  stresses  without  the  addi¬ 
tional  complication  of  including  the  fluid 
inertial  reaction,  A  similar  analysis  to  the 
following  can  be  carried  out  considering  compres¬ 
sible  flow  (Reference  3.1).  It  is  necessary  in 
the  compressible  flow  case  to  restrict  attention 
to  flows  with  no  axial  pressure  gradient,  however, 
in  order  to  exclude  the  presence  of  axial  varia¬ 
tion  of  the  fluid  properties. 


Figure  3.1.1  Couette  Flow 


3.1.1  THE  COEFFICIENT  OF  VISCOSITY 

In  the  special  case  of  Couette  flow  in  which 
no  pressure  gradient  exists,  experiment  shows  that 
for  gases  and  most  liquids,  a  linear  velocity 
profile  exists  between  the  plates  such  that 


(3.1.1) 


In  addition,  it  is  found  that  the  shear 
stress,  T,  at  the  wall  is  proportional  to  the 
(linear)  velocity  gradient.  The  proportionality 
constant  is  termed  the  coefficient  of  viscosity, 
H,  so  that  we  obtain 


ju 


Note  that  a  simple  force  balance  Indicates 
that  T  is  constant  throughout  the  fluid.  (Fluids 
that  (closely)  follow  a  relationship  of  the  form 
given  in  Eq.  (3.1»2)  are  termed  Newtonian  fluids.) 
In  flows  of  a  more  complicated  nature  than  the 
very  simple  uniformly  deforming  flow  considered 
above,  the  coefficient  of  viscosity  plays  essen¬ 
tially  the  same  role  as  Chat  described  above. 

The  primary  additional  complication  in  a  more 
general  flow  arises  because  i)  there  will  be  a 
stress  component  present  on  all  the  faces  of  a 
fluid  element,  and  ii)  normal  stresses  will  exist 
because  of  the  rate  of  change  of  fluid  properties 
in  the  fluid  flow  direction.  The  required  rela¬ 
tionships  involve  the  use  of  tensor  concepts,  and 
are  developed  in  many  books  on  fluid  mechanics 
(Ref.  (3.2)). 

3.1.2  BEHAVIOR  OF  THE  VELOCITY 

We  now  consider  a  force  balance  on  a  fluid 
element  and  note  that  because  there  is  no  accel¬ 
eration  of  the  fluid,  the  statement  of  the  equation 
T+|dy 


+  dx 
3x 


Figure  3.1.2  Forces  on  Fluid  Element 


of  motion  becomes  simply  that  the  pressure  forces 
must  be  equal  and  opposite  to  the  viscous  forces. 
That  is, 


(T  +  7^  dy)  dxdz  -  Tdxdz 


'(?■*■  dx)  dydz  -  dydz 


IP  =  II 

‘X  :y 


(3.1.3) 


For  simplicity  we  restrict  our  attention  to 
flows  in  which  the  coefficient  of  viscosity  is 
constant  throughout  the  fluid.  Then  noting  that 

^  ^  must  be  constant  throughout  the  fluid, 

that  7“  "  and  incorp'^rating  Fq.  (^.1.1),  there 
Is  obtained 


^  =  U  ^ 
dx  ^  dy’ 


3-1 


O.  !  .4  I 


this  equation  may  be  Integrated  directly, 
and  utilizing  the  boundary  conditions  y  =  0,  u  =  0; 
y  =  h,  u  “  U  It  follows  that 


u 

U 


h 

2nU 


(1  -^) 


(3.1.5) 


the  velocity  profile  Is  thus  the  sum  of  a 
linear  part  which  exists  for  no  pressure  gradient 
and  a  parabolic  part  that  exists  as  a  result  of 
the  pressure  gradient. 


H*  do 

the  dimensionless  group  P  =  (-  ■^)  may  be 

considered  a  pressure  gradient  parameter,  (the 
negative  sign  Is  Included  with  the  derivative  for 
convenience,  because  F  Is  then  positive  for  a 
"favorable  pressure  gradient."  that  Is,  a 
pressure  gradient  that  tends  to  accelerate  the 
flow  downstream.)  For  Interpretive  purposes  we 
note  that  by  regrouping  the  terms 


^  =  0  at  the  lower  wall.  For  larger  negative 

values  of  P,  a  portion  of  the  flow  exists  In  which 
the  velocity  Is  directed  "upstream." 

This  situation  has  a  close  analog  In  some 
cases  of  flow  In  turbomachlnery .  Thus,  for 
example,  the  condition  can  exist  where  the  flow 
over  a  compressor  blade  will  encounter  a  region 
of  strong  adverse  pressure  gradient.  As  In  the 
above  example,  the  flow  near  the  blade  surface  will 
have  a  lower  momentum  than  that  further  away  (In 
the  "free  stream"),  and  If  the  pressure  gradient 
la  sufficient  to  overcome  the  effects  of  the 
Inwardly  convected  momentum,  flow  reversal  can 
occur.  This  condition  Is  referred  to  as  "separa¬ 
tion,"  and  in  most  cases  in  turbomachlnery  It  Is 
the  onset  of  separation  that  establishes  the 
limiting  performance  of  the  machine. 

3.1.3  THE  COEFFICIENT  OF  HEAT  TRANSFER 


^  (-dp)  (hdz)  _  (-dp)(hdz) 

^  (dxdz) 
n 


(3.1.6) 


1  Net  pressure  force  on  fluid  element 

2  Shear  force  existing  on  one  surface 
of  fluid  element  In  the  absence  of 
a  pressure  gradient 


A  coefficient  of  heat  transfer,  k,  can  be 
defined  in  a  manner  quite  analogous  to  the  defini¬ 
tion  of  the  coefficient  of  viscosity  already 
considered  In  section  3.1.1.  Thus,  If  a  tempera¬ 
ture  gradient  Is  Imposed  on  a  material.  It  Is 
found  that  the  heat  transfer  per  unit  area,  q.  Is 
proportional  to  the  negative  of  the  temperature 
gradient.  Thus,  In  the  simple  case  of  a  tempera¬ 
ture  gradient  existing  in  the  y  direction  only,  we 
would  have 


Introducing  the  further  dimensionless  groups, 

T)  =  ^,  V  ■=  ^,  Eq.  (3,1.5)  may  be  written  as 
h  U 


(3.1.8) 


V  »  t)  +  PT)  (l-Tj)  (3.1.7) 

Velocity  profiles  for  several  values  of  P 
are  Indicated  In  the  sketch.  These  results, 
though  obtained  for  a  highly  simplified  example 
flow.  Indicate  tendencies  of  great  significance. 


Figure  3.1.3  Couette  Velocity  Profiles 


Thus,  for  example.  It  can  be  seen  that  the  movement 
of  the  upper  plate  tends,  through  viscous  momentum 
transfer,  to  transfer  momentum  to  the  lower  fluid 
laminae.  When  an  "adverse  pressure  gradient"  (P 
negative)  Is  Imposed,  such  a  gradient  tends  to 
remove  the  momentum  present  In  the  fluid.  It  can 
be  seen  that.  In  this  case  of  Couette  flow,  when 
P  reaches  a  value  of  minus  one ,  the  onset  of 
reverse  flow  Is  limlnent.  Note  that  In  this  case 


In  the  more  general  case  of  an  arbitrarily 
Imposed  temperature  field,  the  expression  would 
be  written 


q  -  -  k  V  T 


(3.1.9) 


3,1.4  THERMAL  EFFECTS  IN  COUETTE  FLOWS 


We  again  restrict  ourselves  to  the  simple 
Couette  geometry  considered  In  section  3.1.  We 
shall  consider  the  effects  of  heat  transfer  upon 
the  flow,  and  again  consider  only  cases  where  no 
axial  variations  In  fluid  properties  occur.  It 
may  be  noted  that  this  latter  assumption  excludes 
from  consideration  the  case  where  both  of  the 
channel  walls  are  thermally  Insulated.  If  the 
walls  were  thermally  Insulated,  the  viscous 
dissipation  within  the  fluid  would  cause  a 
continual  temperature  increase  In  the  axial  direc¬ 
tion,  thereby  violating  the  assumed  axial  Invar¬ 
iance  of  the  fluid  properties. 


To  analyze  the  temperature  distribution  In 
the  fluid,  we  apply  the  first  law  of  thermodynamics 

to  a  fluid  element.  .  dq  , 
q  +  ^  dy 
1  dy 


up 


,  duT  . 
ur  +  —r~  dy 
^  dy 


up  +  dy 
dy 


Figure  3.1.4  Heat  and  Work  Interactions 


The  energy  balance  Is  Indicated  schematically 
In  the  figure,  and  may  be  written  In  words  as: 

Heat  transfer  from  upper  face  - 
Heat  transfer  Into  lower  face 
=  Viscous  work  Interaction  with  upper  face  - 
Viscous  work  Interaction  with  lower  face 
+  Pressure  work  interaction  with  left  face  - 
Pressure  work  interaction  with  right  face 


The  Integrand  is  thus  proportional  to 

Che  viscous  dissipation  occurring  at  Che  location 
1).  This  Is  a  very  simple  form  of  the  more  general 
"dissipation  fimctlon"  <t;  defined  by  (Ref,  (3.3)): 


This  leads  to 


'■Sx  '■by  bz'  ''bz  bx^ 


do  _  duT  dup 
dy  dy  dx 


(3.1.10) 


2 

3 


'■bx  by  bz-’ 


(3.1.15) 


Noting  that  '  0,  and  utilizing  Eqs.  (3.1.2),  3.1.5  TEMPERATURE  DISTRIBUTION  -  UPPER  AND  LOWER 

(3.1.3),  and  (3.1.8),  it  follows  that  WALLS  THERMALLY  CONDUCTING 


d  /,  df,  .  .du-a 
dy  dy^  '  ■  ^ 


An  equation  for  the  temperature  ratio,  6,  In 
(3  1  11)  terms  of  position,  T),  is  obtained  by  combining 

Eqs.  (3,1,7)  and  (3.1.13).  Thus, 


Again,  for  simplicity  we  assume  the  trans¬ 
port  coefficients  k  and  4  are  constant.  Ihen 
utilizing  the  previously  defined  dimensionless 
variables  and  Introducing  |3  and  0  such  chat 


^  =  -/S  [I  +  2P  +!“®  -  4rj  (1+  P)  +4TfP®] 

(3.1,16) 


n 


H  p  ^ 

U’  2uudx 


9 


(3,1,12) 


Straightforward  integration  of  this  equation 
subject  to  the  boundary  conditions  0  =  9^  on  t)  »  0, 
0  =  1  on  17  =  1  gives,  after  some  simple  manipula¬ 
tion, 

0  =  0^(1  -n)  +  ?/+  [3+2P  i-pa 


Equation  (3,1.11)  may  be  written 


2P  (2+P)  T)  +  2P»t)®]  (3,1.17) 


d®0 

W 


■  ^ 


Several  example  temperature  distributions  are 
(3.1.13)  shown  in  Figure  3.1.5. 


In  Eq.  (3.1.12)  Tj,  refers  to  the  temperature 
of  the  upper  wall  which  will  be  considered  constant 
In  the  example  solutions  to  follow.  It  Is  Co  be 
noted  that  the  thermal  effects  considered  here  In 
no  way  affect  the  previously  obtained  solution  for 
the  velocity  distribution.  This  Is  because  of  the 
assumed  constant  density  and  coefficient  of 
viscosity. 

The  dimensionless  group  0  gives  a  measure  of 
the  relative  effects  of  the  viscous  dissipation 
and  the  heat  transfer.  Thus,  we  note 

a  _  uU^  _  ^  h^''. Viscous  work  Interaction 
"  ~  kT.  T  '  Heat  transfer 

''  k 

(3.1.14) 

Before  obtaining  explicit  example  solutions. 

It  is  of  interest  to  note  that  any  difference  In 

d6 

the  heat  convecced  out  the  upper  wall  (~  *(^)u) 

as  compared  to  that  convecCed  In  the  lower  wall 

d  0 

(~  )musc  arise  from  the  effects  of  viscous 

dT)  o 

dissipation  within  the  fluid.  A  direct  first 
Integral  of  Eq.  (3.1.13)  gives 


be/s 


Figure  3.1.5  Temperature  Perturbations  Due  to 
Dissipation  x  1/0  (Lower  Wall 
Conducting) 


“  p  J  bT) 


MTj'h  MT)' 


(3.1.14) 


be 


The  heat  transfer  rate  Is  proportional  to 


(3.1.8)  and  (3.1.12). 
(3.1.17)  we  note  that 


as  Is  evident  from  Eqs 
From  Eq. 


3-3 


obtain 


II  =  1  -e^  +  I  [(l-2»?)(3+2P+P^) 

-2p(2+P)(2TJ-3Tf  )+2P®(3»f-47r')]  (3.1.18) 


T  =  T.  +  ^  [3  +  2P+P*]  (3.1.22) 

o  n  K  o 


We  may  now  determine  when  the  minimum  in 
heat  transfer  rate  occurs  at  a  given  value  of  7) 
as  a  function  of  P.  Thus,  we  note 


^  (||)  =f  [  (1-2)7)  (l-«>)-2(l-«')(2?7-3»7*) 


+2P  (Jrf-Vf)} 


(3.1.19) 


We  now  introduce  the  Prandtl  number,  Pr, 
defined  by 


Pr  =  ^2 


(3.1.23) 


Then,  assuming  that  the  fluid  Is  a  perfect 
gas ,  so  that  we  may  write 


The  minimum  value  of  ^  at  each  wall  hence 

occurs  at  p=  -1  for  77  =  0  and  p  =  +1  for  77  =  1. 

It  will  be  noted  that  each  of  these  values 

corresponds  to  the  case  where  ^  -  0>  which  In 

turn  corresponds  to  the  case  where  Che  local  value 
of  the  dissipation  function  Is  zero. 

3.1.6  TEMPERATURE  DISTRIBUTION  -  LOWER  WALL 
THERMALLY  INSULATED 

When  the  lower  wall  Is  considered  to  be  Insu¬ 
lated,  the  boundary  condition  at  77  »  0  becomes 
dd 

^  =  0.  With  this  boundary  condition,  as  well  as 
9  =  1  on  77  =  1,  Eq.  (3.1.16)  yields 


9*1+1  [3(1+P)®  (l-7)®)-4P(l-tf)(l-7f ) 


+  2P(lV)] 


(3.1,20) 


Several  eTcample  temperature  profiles  are  shown  In 
Fig.  3.1.6. 


0  .2  ,4  .6  .8  1.0 
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Figure  3.1.6  Temperature  Perturbations  Due  to 
Dissipation  x  1/(3  (Lower  Wall 
insulated)  A9/9  =  1/6[3(1+P)®  (l-+f  ) 
-4P(l+f’)(l-7f  )+2P(l-7)*)] 


It  is  of  interest  to  note  the  behavior  of  the 
temperature  at  the  lower  wall.  Thus,  we  see  from 
Eq.  (3.1,20)  with  77  =  0: 


J£_  =  IR  je_  =  (y.l)  «  . 

C  T.  C  VRT.  ’  h 

p  n  p  ii 


Eq.  (3.1.22)  may  be  written 


^o  '  \  ^  V]  (3.1.24) 


Or  in  the  special  case  of  zero  pressure  gradient. 


■^o  "  \  VJ  (3.1.25) 


We  note  that  the  development  here  applies 
strictly  only  to  flows  In  which  the  Mach  number  Is 
very  low.  This  is  because  we  have  assumed  Che 
flow  to  be  Incompressible.  A  development  allowing 
compressibility  leads,  however,  to  the  same  result 
as  Eq.  (3.1.25)  provided  that  the  pressure  gradient 
is  zero  (Ref,  (3.1)). 

For  gases  the  Prandtl  number  is  not  far  from 
unity  (for  air  Pr  *5  0.73).  Thus,  the  temperature 
attained  at  the  adiabatic  wall,  termed  Che  recovery 
temperature,  is  not  far  from  the  stagnation 
temperature  of  the  fluid  at  the  moving  surface. 

The  recovery  factor,  r,  is  defined  by 


Tth  -  Th 


(3.1.26) 


and  in  this  case  of  Couette  flow  of  a  perfect  gas 
is  seen  to  be  equal  to  Pr. 

When  a  boundary  layer  exists  on  an  adiabatic 
wall,  the  situation  is  similar  to  that  described 
above,  conditions  In  Che  "free  stream"  becoming 
analagous  to  those  at  the  upper  wall  In  Couette 
flow.  In  the  boundary  layer  case,  except  under 
conditions  of  extreme  acceleration,  the  equivalent 
pressure  gradient  parameter  is  very  small.  This 
is  because  Che  height,  h,  in  the  expression  for  P 
(Eq.  (3.1.12))  is  very  small.  Obviously  the 
recovery  temperature  is  that  value  of  wall 
temperature  for  which  the  heat  transfer  is  zero. 

3.1.7  relationship  BETWEEN  THE  HEAT  TRANSFER  AND 
WALL  FRICTION 


9  =  1  +  f  [3+2P  +  P*] 


In  the  special  case  of  zero  pressure  gradient 
(3.1.21)  an  expression  relating  the  wall  heat  transfer  and 

skin  friction  is  easily  obtained.  Thus,  integra¬ 
tion  of  Eq.  (3.1.10)  from  y  =  0  to  y  =  y  gives 


This  is  more  easily  interpreted  in  terms  of 
the  original  dimensional  variables,  for  which  we 


3-4 


-q+uT*-q„ 


(3.1.27) 


. 


r 


Eqs.  (3.1,2)  and  (3.1.8)  then  give 


,  dT  .  du 


c 


il 

Pr  dy 


(3.1.28) 


To  this  end  we  shall  consider  the  three  dimensional 
equations  of  motion,  again  restricting  our  atten¬ 
tion  to  a  constant  density  fluid  with  constant 
transport  properties. 

In  the  case  of  steady  flow,  the  momentum 
equation  may  be  written  in  vector  form  as :* 


The  Prandtl  number  is  usually  very  nearly 
constant,  and  if,  in  addition,  Cp  can  be  considered 
constant,  we  obtain 

C  (T-V+l  (3.1.29) 

0 

Eq.  (3.1.3)  indicates  that  the  shear,  T,  is 
a  constant  when  the  pressure  gradient  is  equal  to 
zero.  Eq.  (3.1.2)  may  then  be  integrated  directly 
and  substituted  into  Eq.  (3.1.29),  to  give 

Vw  =  (3.1.30) 

w 


It  can  be  recognized  that  this  expression 
reduces  to  Eqs,  (3.1.22)  or  (3.1.25)  in  the  case 
P  =  0  and  q^  =  0.  Utilizing  Eq.  (3.1.22)  with 
P  =  0  we  then  obtain 


-  T  ) 


T  C 

w  p 

U  Pr 


(3.1.31) 


This  form  emphasizes  the  requirement  that 
T^,  >  Tg  for  heat  transfer  into  the  stream  to  occur. 
In  section  2.17.2  we  Introduced  the  heat  transfer 
coefficient  h  in  a  form  valid  for  the  case  where 
Pr  =  1  (Eq.  (2.17.11)).  The  Stanton  number,  N3J, 
and  skin  friction  coefficient,  Cj,  were  also  intro¬ 
duced  in  Chapter  2  (Eqs.  (2.17.8)  and  (2,17.12)). 

In  a  form  appropriate  for  Pr  ^  1,  these  may  be 
written 


Vt"’  ”st  "  puc  -  S  '  hT^ 


(3.1.32) 


Substitution  of  these  relationships  into  Eq. 
(3.1.31)  gives 


ST  2Pr 


(3.1.33) 


Thus,  we  see  that  in  the  case  of  Couette  flow 
at  constant  pressure,  "Reynolds  Analogy"  relates 
the  Stanton  number  to  the  skin  friction  coeffi¬ 
cient,  In  the  case  where  Pr  ss  1,  the  expression 
reduces  to  the  form  assumed  in  Chapter  2. 

3,2  THE  RELATIVE  EFFECTS  OF  VISCOUS  FORCES  AND 
INERTIAL  FORCES 

In  section  3.1  we  considered  the  behavior 
of  a  fluid  in  which  the  effects  of  the  inertia  of 
the  fluid  were  zero,  because  the  fluid  underwent 
no  acceleration.  In  general,  it  is  of  interest  to 
consider  flow  fields  with  acceleration,  however, 
and  in  such  cases  it  is  necessary  to  estimate  the 
relative  effects  of  the  inertial  and  viscous  terms, 


p(u.7)  u+7p  =  /iV®u  (3.2.1) 


This  expression  gives  the  relationship 
between  the  inertial,  pressure  and  viscous  terms, 
respectively.  It  is  of  use  to  compare  the 
expected  magnitudes  of  each  of  these  separate 
terms,  and  to  do  so  we  first  non-dimens ionalize 
the  equation. 

The  operator  (u  .  7)  expresses  the  rate  of 
change  along  streamlines.  We  thus  imagine  a 
characteristic  length,  L,  over  which  the  quantity 
being  operated  upon  will  change  of  the  order  of 
its  own  reference  value.  For  example,  we  may 
consider  the  flow  of  a  fluid  about  a  cylinder. 

We  know  in  this  case  the  velocity  changes  from 
the  oncoming  velocity,  u^,  to  a  value  of  2uq  at 
the  upper  surface  of  the  cylinder  in  a  length  of 
"about"  the  diameter  of  the  cylinder.  In  such  a 
case  the  diameter  would  be  considered  the 
characteristic  length,  L,  and  the  distant  velocity, 
u^,  the  characteristic  velocity.  Introducing  the 
dimensionless  quantities 


as  X 

L*  L^ 


7  ’ 


(3,2.2) 


we  would  thus  expect  that  the  term  (u**  7’)u’ 
would  be  expected  to  have  a  value  of  about  unity 
in  the  region  of  flow  of  interest  (i.e.,  near  the 
obstacle).  With  the  additional  definitions 


pu^L 

—  -  Reynolds  number 

(3.2.3) 


Eq.  (3.2.1)  becomes: 

(T;'-7')u'  +7'p'  (3.2.4) 


It  is  evident  from  Bernoulli's  equation  that 
If  u'  =  —  changes  by  a  sizeable  fraction,  that 

we  would  expect  p'  to  change  by  a  fraction  of 
corresponding  magnitude.  It  would  hence  seem 
that  the  magnitude  of  the  viscous  contribution 
to  the  momentum  equation  is  of  the  order  of  1/Re 
times  the  inertial  and  pressure  contributions. 


*Note  that  T^u  in  fact  requires  tensor  concepts 
to  be  expanded  in  other  than  Cartesian  coordinates. 
However,  vector  notation  can  be  retained  if  we 
define  '.’^F  with  T  a  vector,  by  the  relationship 
•:^F  :  7(7  •  F)  -  ;x(;  xF). 


€ 
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For  Instructive  purposes  It  Is  useful  to 

pUo® 

write  the  Reynolds  number  as  Re  =  - - .  When 

*^“o/L 

written  in  this  form  it  is  obvious  that  Re  is 
the  ratio  of  inertial  stresses  to  viscous  stresses 
that  would  exist  in  a  fluid  with  velocity  gradient 

^  ^ - Without  postulating  the  existence 

of  such  a  thing  as  a  boundary  layer,  we  find  that 
solutions  to  the  "perfect  fluid"  equations  (i.e«, 
no  viscosity)  do  indicate  that  the  velocity 
gradients  found  are  of  the  order  u^/L.  With  this 
being  the  case  we  can  then  check  to  find  the 
approximate  ratio  of  the  inertial  effects  to 
viscous  effects  to  be  expected  in  flow  fields 
predicted  by  the  perfect  fluid  equations. 

As  an  example,  let  us  consider  air  at  about 
room  temperature  (15°C)  flowing  past  an  object  of 
characteristic  dimension  one  meter  at  a  velocity 
of  fifty  meters  per  second.  The  appropriate 
parameters  for  these  conditions  are  approximately 
n  =  180(10-®)  Newt-sec^  p  =  1.3  Kg/rf  ,  u  =  50—, 


L  =  Im.  Hence  Re  as  3.6(icf  ). 

Thus,  we  estimate  in  this  case  that  the 
inertial  terms  are  more  than  a  million  times 
larger  than  the  viscous  terms!  It  is  small  wonder 
that  early  investigators  in  the  field  of  fluid 
mechanics  felt  justified  in  excluding  the  viscous 
terms.  It  is  clear,  however,  that  in  a  real  flow 
the  fluid  velocity  at  the  wall  must  be  zero. 

(Here  we  exclude  rarefied  gas  effects  that  allow 
"wall  slip.")  And  it  is  apparent  that  at  least 
near  the  wall  the  viscous  effects  must  be  compar¬ 
able  to  the  inertial  effects.  This  region  in  the 
vicinity  of  the  wall,  the  boundary  layer,  is 
discussed  In  the  next  section. 

3.3  THE  BOUNDARY  LAYER 

Let  us  now  hypothesize  the  existence  of  a 
thin  layer  adjacent  to  the  fixed  boundary.  This 
layer  will  be  defined  as  the  layer  within  which 
the  viscous  forces  are  "about"  as  large  or  larger 
than  the  inertial  forces.  We  note  that  within 
the  boundary  layer  the  largest  rates  of  change 
will  be  across  the  fluid  laminae.  Thus,  the  rates 


We  would  expect  the  group  7''^u'to  be  of  order 
unity.  The  entire  viscous  term  of  Eq.  (3.2.4) 

then  becomes  ^  Now  since  by  hypo¬ 

thesis  6  is  the  width  of  the  layer  within  which 
the  viscous  forces  are  about  as  large  as  the 

inertial  forces,  we  must  have  —  (^)®  --  1. 

The  estimate  for  the  thickness  of  the  boundary 
layer  is  thus 


(3.3.2) 


If  L  is  considered  to  be  the  length  from  the 
leading  edge  of  the  obstacle  we  see  in  this  case 
of  laminar, flow  that  the  boundary  layer  thickness 
grows  as  L^.  Note  that  for  the  example  of  section 
3.2  the  ratio  of  6  to  L  would  be  approximately 

This  helps  to  Illustrate  why  we  may  often 

calculate  the  "inviscid  flow  field"  ignoring  the 
effect  of  the  boundary  layer,  and  then  later 
calculate  the  conditions  within  the  boundary 
layer  using  the  results  of  the  Inviscid  flow 
field  calculations  as  the  boundary  conditions  (or 
"free  streaof'  conditions)  for  the  boundary  layer 
calculations. 

3.4  SEPARATION 

An  often  observed  phenomenon  is  that  of  fluid 
"separation"  from  the  boundary. 


Figure  3,4.1  Airfoil  with  Separated  Flow 


Figure  3.3.1  The  Boundary  Layer 


By  separation,  we  mean  that  the  flow  divides 
from  the  boundary  and  has  a  region  of  reverse 
flow.  Clearly,  if  such  an  event  occurs  we  can  no 
longer  assume  that  the  "boundary  layer"  is  thin. 

It  is  equally  clear  that  we  can  no  longer  calcu¬ 
late  the  inviscid  flow  field  assuming  that  the 
apparent  fluid  boundary  is  very  nearly  that  of  the 
physical  boundary. 


of  change  in  the  inertial  terms  (which  occur 
along  the  streamline  direction)  remain  of  the  same 
order  as  discussed  in  section  3.2,  whereas  we  now 
expect  the  fluid  velocity  to  change  from  of  order 
Uq  to  zero  across  the  laminae  in  a  distance  6. 
Defining 


X  y  z  . 
'  6'  ^  6 


(3.3.1) 


The  phenomenon  of  separation  Is  of  great 
engineering  interest,  because  of  its  effect  on 
such  things  as  the  performance  of  airfoils,  the 
performance  of  gas  turbine  compressors  and  the 
off  design  performance  of  (over  expanded)  rocket 
nozzles.  In  many  cases  the  conditions  under  which 
separation  will  just  occur  can  be  estimated  by 
finding  where  the  derivative  of  the  fluid  velocity, 
in  the  normal  direction,  goes  to  zero.  The  calcu¬ 
lations  leading  to  the  estimate  of  such  a  position 
are  rather  complex,  but  can  gain  some  Insight 
by  considering  the  qualitative  effects  of  the 
momentum  influx  from  the  free  stream  and  of  the 
externally  imposed  pressure  gradient. 


,  2 
U2 


(3.4.1) 


The  velocity  at  a  given  elevation  In  the 
boundary  layer  Is  partly  determined  by  the  balance 
between  Incoming  momentum  from  the  upper  layers, 
and  outgoing  momentum  to  the  lower  layers  (and 
wall).  It  Is  this  transmission  of  momentum  to 
the  wall  that  results  In  the  skin  friction,  r^, 
at  the  wall.  Thus,  If  we  have  a  turbulent  boundary 
layer  In  which  a  great  deal  of  "macroscopic" 
Interchanging  of  fluid  "packets"  occurs,  and 
consequently  a  great  deal  of  Interchanging  of 
fluid  momenttm  occurs,  we  would  expect  the  trans¬ 
mission  of  momentum  Inward  to  resist  the  effects 
of  the  (adverse)  pressure  gradient  and  conse¬ 
quently,  separation  to  be  delayed.  The  result 
then  Is  that  the  Increased  Inward  flux  of  momentum 
helps  to  resist  the  formation  of  a  flow  reversal 
region. 

The  effects  of  the  pressure  gradient  on  the 
boundary  layer  have  already  been  somewhat  fore¬ 
shadowed  In  section  3.1.2.  There  we  noticed  that 
reverse  flow  occurred  for  values  of  the  pressure 
gradient  parameter  F  more  negative  than  minus  one. 
This  reversal  occurs  even  though  the  upper  wall 
attempts  to  drag  all  the  fluid  forward. 

In  the  case  of  boundary  layers ,  an  important 
mathematical  approximation  (Introduced  by  Prandtl) 
Is  that  any  effect  of  the  normal  pressure  gradient 
Is  negligible.  This  result  occurs  because  the 
boundary  condition  on  the  vertical  velocity 
component  at  both  edges  of  the  boundary  layer  Is 
that  It  be  zero,  and  the  additional  fact  that  the 
boundary  layer  la  very  thin  ensures  that  no 
sizeable  vertical  velocity  component  can  be 
attained.  The  result  then  Is  that  no  sizeable 
Inertial  effects  are  present  In  the  normal  direc¬ 
tion  to  lead  to  sizeable  pressure  gradients.  This 
extremely  useful  approximation  then  allows  us  to 
state  that  the  pressure  at  the  outer  edge  of  the 
boundary  layer  la  the  same  as  that  at  the  Inner 
edge,  or  In  more  mathematical  phrasing  p  <■  p(x). 

Insight  Into  the  effects  of  an  axial  pressure 
gradient  can  be  gained  by  considering  the  behavior 
of  a  very  simple  "non- viscous  boundary  layer." 

That  Is,  suppose  for  now  that  a  boundary  layer  of 
the  form  sketched  In  Fig.  3. 4. 2  has  been  formed, 
and  then  the  viscosity  "turned  off."  (This 
example  Is  not  as  far  removed  from  reality  as 
might  at  first  be  suspected,  because  near  separa¬ 
tion  ^  Is  very  nearly  zero  near  the  wall  and 

hence  the  effects  of  viscous  stresses  are  very 
small  Indeed.) 


-  -  I  (R2  -  Pi) 


V.  -“l'  =  -p  (P*-Pi) 


(3.4.2) 


and 


11  .“'It  "  ,+Ut  . 

u2  L2  U'  L' 


u  -u,  u  +u, 
ui  Li  U2  L2 


(3.4.3) 


We  thus  see  what  Is  Intuitively  obvious.  If 
the  fluid  Is  forced  to  negotiate  a  pressure  rise 
(Pa  -  Pi  positive)  a  point  Is  reached  (at 
2 

—  (Pa  -Pi)  “  u,*)  after  which  the  Initial  momentum 

P  ^  I 

of  the  lower  stream  Is  no  longer  capable  of 
negotiating  a  further  pressure  rise.  We  note  also 
from  equation  (3.4.3)  that  the  difference  between 
the  upper  and  lower  velocities  Increases  for  a 
pressure  rise  ([  u  +  Uj^^]  <  [  u  +  u^  ) )  and 
decreases  for  a  pressure  reducnon  i[u^j+  Uj^j,]  > 
[u^^+ujj]).  Ulus,  an  adverse  pressure  gradient 
(l.e.,  a  positive  pressure  gradient)  leads  to 
separation,  while  separation  cannot  occur  In  a 
favorable  pressure  gradient. 
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Figure  3.4.2  Simple  "Non-Vlscous-Boundary  Layer" 


Now,  because  there  are  no  viscous  stresses 
on  the  fluid  streams.  If  the  pressure  changes  from 
p^  to  Pj ,  the  corresponding  changes  In  the 
velocities  u^  and  u^  follow  from  Bernoulli's  equa¬ 
tion  and  may  be  written 
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4.0  INTRODUCTION 


d  •  Diameter 
|i  “  Viscosity 


Reynolds  number 


1/2  plPA 


The  results  of  many  Investigators  who  studied 


A  turbulent  flow  Is  a  flow  in  which  the  momen-  li  “  Viscosity 

turn,  energy,  and  other  properties  of  the  fluid  are 

transported  across  "streamlines"  by  the  random  move-  „  _  nrao  oofflol  r  -  D 

ment  of  "macroscopic  eddies",  rather  than  (solely)  by  u  ®  1/2  pU^A 

the  molecular  movement.  Turbulent  mechanisms  have  a 

profound  effect  upon  the  nature  of  flow  within  turbo-  R^  “  Reynolds  number  “  ^ —  (' 

machines,  and  as  a  result  are  crucial  In  determining  ^ 

the  operating  limits  of  many  of  the  turbomachine  com¬ 
ponents.  For  the  engineer.  It  Is  Important  to  attempt  The  results  of  many  Investigators  who  sti 
to  understand  the  physics  of  turbulent  flows  so  that  Incompressible  flow  about  a  sphere  led  to  the 
design  pitfalls  may  be  avoided,  and  possible  benefits  relationship  indicated  In  Figure  4.1.2. 
of  turbulence  exploited.  It  is  Important,  also,  to 
develop  computational  techniques  so  that  the  loss 
mechanisms  Identified  with  turbulence  effects  may  be 
accurately  estimated.  Such  accurate  estimates  would  jqq  ^ 
not  only  allow  suitable  estimates  of  component  \  I 

efficiencies  to  be  obtained  for  use  In  cycle  analysis  \ 

(Chapter  7),  but  could  also  allow  competing  designs  \ 

to  be  compared  analytically.  \ 

10  -  \ 

In  this  chapter  an  attempt  Is  made  to  des-  \ 

crlbe  the  physics  of  turbulent  flows.  Particular  \ 

emphasis  Is  placed  upon  the  description  of  turbu-  g 

lent  boundary  layers  because  of  their  great  Impor-  j  .  Nv  |  CRIT 

tance  in  turbomachinery.  Chapter  16  presents  an  j 

exhaustive  study  of  computational  techniques  and  —  *  1 

turbulence  modeling  for  turbulent  boundary  layers.  \ 
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4.1  SOME  EXPERIMENTAL  RESULTS 

Perhaps  the  most  famous  series  of  experiments 
Illuminating  the  nature  of  drag  are  those  experi¬ 
ments  taken  on  circular  cylinders  or  spheres. 
Simple  dimensional  arguements  Indicate  that  In 
Incompressible,  time  Independent  flows,  the  drag 
coefficient  can  be  a  function  of  the  Reynolds 
number  only. 


10"'  1  10  10^  10’  10*  10®  10*  lO’ 


Figure  4.1,2  Drag  Coefficient  for  Spheres  Versus 
Reynolds  Number 

Figure  4.1.2  Indicates  that  the  drag  coeffi¬ 
cient  becomes  very  large  at  very  low  Reynolds 
numbers.  As  a  matter  of  fact,  when  the  Reynolds 
number  is  less  than  unity  (point  1,  Fig,  4.1.2) 
the  experimental  results  approach  the  analytical 
result  obtained  by  Stokes  In  1851  (Ref,  4.1)  which 
may  be  written 


C„  “  ^  Stokes'  Equation 
D  K 

e 


(4.1.2) 


It  Is  Interesting  to  note  that  In  the  analyti¬ 
cal  result  obtained  by  Stokes,  the  streamline 
patterns  approaching  and  departing  the  sphere 
are  symmetric.  Also,  one  third  of  the  drag  arises 
because  the  pressure  on  the  downstream  side  Is 
less  than  the  pressure  on  the  upstream  side,  and 
the  remaining  two  thirds  of  the  drag  arises  from 
the  surface  shearing  stresses.  In  this  case,  then, 
we  would  say  that  one  third  of  the  drag  Is  profile 
drag,  and  two  thirds  of  the  drag  is  skin  drag. 


Figure  4.1.1  Flow  About  a  Sphere 
Note  we  define  the  symbols 

D  -  Drag 
0  *  Density 

U  •  Far  upstream  flow  speed 
A  -  cross  sectional  area 


As  the  Reynolds  number  Is  increased ,  the 
inertial  stresses  within  the  fluid  increase  more 
rapidly  than  do  the  (molecular)  viscous  stresses. 
Soon  the  situation  Is  reached  (point  11,  Fig.  4.1.2) 
where  the  Inertial  stresses  are  sufficiently  large 
that  a  substantial  pressure  rise  is  Identified 
with  the  retarding  of  the  flow  from  point  A  to 
point  B  of  Figure  4.1.3. 
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Figure  4.1.3  Flow  About  a  Sphere  at  Moderate 
Reynolds  Number 

At  this  condition.  It  happens  that  the  fluid 
near  the  sphere  surface  (In  the  "boundary  layer") 
has  Insufficient  momentum  to  surmount  the  Imposed 
adverse  pressure  gradient  and  a  small  separated 
region  of  flow  exists.  The  presence  of  the  separated 
region.  Itself,  prevents  the  attainment  of  the  higher 
static  pressure  on  Che  aft  end  of  the  sphere,  and  as 
a  result  the  form  drag  Increases  In  comparison  to 
iriiat  It  would  be  If  separation  did  not  occur.  Thus, 
the  drag  coefficient  Increases  over  what  It  would 
be  If  Stokes  flow  were  still  present.  *  lA/R^) 

With  further  Increase  In  Reynolds  number 
(point  111,  Fig.  4.1.2)  this  separated  region 
spreads  until  the  separation  point  actually  moves 
ahead  of  the  6  •  90°  point  of  the  sphere.  In  this 
condition  the  skin  drag  Is  very  low  and  the  form 
drag  very  large.  It  Is  Interesting  to  note,  as 
an  aside,  that  such  a  flow  field  would  never  even 
be  approximated  by  the  "classical"  method  of  first 
calculating  the  free  stream  and  then  determining 
Che  boundary  layer  behavior  under  Che  Influence  of 
Che  pressure  field  Imposed  by  the  free  scream.  The 
classical  method  would  predict  a  favorable  pressure 
gradient  up  to  the  6  ■  90°  point,  whereas  It  Is 
apparent  from  the  experimental  results  that  Che 
effect  upon  the  external  flow  field  of  the  aft  end 
separation  Is  so  enormous  that  Che  Imposed  pressure 
gradient  must  In  fact  be  adverse  well  ahead  of  the 
0  ■  90°  point. 

With  still  further  Increases  In  Reynolds  number 
a  dramatic  reduction  In  drag  coefficient  occurs. 

This,  at  first  surprising  result,  occurs  because 
the  boundary  layer  becomes  turbulent  over  a  sub¬ 
stantial  portion  of  Its  length.  As  a  result  the 
Increased  transfer  of  momentum  from  the  outer  stream¬ 
lines  to  the  Inner  streamlines  enables  the  boundary 
layer  to  remain  attached  to  a  much  more  rearward 
position,  leading  In  turn  Co  a  great  reduction  In 
form  drag  with  only  a  slight  Increase  In  skin  fric¬ 
tion.  Figure  4.1.4  shows  the  related  flow  fields 
for  flows  with  Reynolds  numbers  above  and  below  this 
critical  value.  (Becjiy) 

Beyond  Rg  -  Rej-j^j^  the  drag  coefficient  con¬ 
tinues  Co  rise  as  the  separated  region  again  enlarges. 
This  classic  experiment  Illustrates  how  drag  may  be 
considered  to  be  of  two  parts,  skin  drag  and  profile 
drag,  and  how  each  may  be  somewhat  controlled  Co 
affect  Che  other.  Thus,  for  example,  as  In  Prandtl's 
famous  experiment,  a  "trip  ring"  may  be  attached  to 
the  sphere  to  hasten  the  onset  of  turbulence  In  the 
boundary  layer.  At  Che  appropriate  Reynolds  number 
this  slightly  Increases  the  skin  drag  but  greatly 
decreases  the  form  drag. 
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Figure  4.1.4  Flows  about  a  Sphere  Near  ^ecRIT 

Such  tradeoffs  between  skin  drag  and  form  drag 
occur  In  many  engineering  applications.  An  example 
is  that  of  an  Inlet  diffuser  equipped  with  vortex 
generators.  The  vortex  generators  act  somewhat  as 
turbulence  generators  by  causing  the  external  high 
momentum  air  to  be  transported  Into  the  boundary 
layer  where  the  added  momentum  delays  the  onset  of 
separation.  Similarly,  vortex  generators  can  be 
placed  on  upper  wing  surfaces  to  delay  separation 
at  high  angles  of  attack.  In  the  latter  case, 
however,  the  Increased  skin  drag  can  cause  a  sub¬ 
stantial  drag  penalty  when  the  aircraft  Is  In  the 
cruise  condition,  and  when  In  fact  the  vortex 
generators  are  not  required. 


4.2  THE  MOMENTUM  EQUATION  INCLUDING  TURBULENCE 
REYNOLDS  STRESSES 

The  momentum  equation  may  be  written  In  the 
form  (Ref,  4,2) 


D +  (pu*V)u  -  -Vp+pV^u V(V*u)  +  2[(7ii)»V]u 


+7yx(Vxu)  -  —  Vu(V*u)  (4,2,1) 


Our  principal  concern  In  this  chapter  is  to 
Investigate  the  effects  of  turbulence,  so  for 
simplicity  we  will  restrict  our  attention  to  flows 
in  which  the  effects  of  the  spatial  variation  of 
viscosity  are  negligible.  In  this  case,  the  last 
three  terms  of  Eq.  (4.2.1)  vanish,  so  that  upon 
adding  the_vector  velocity  times  the  continuity 
equation  (u(3p/8t  +  V*pu)  “  0]  to  Eq.  (4.2.1) 
there  Is  obtained 


+  (pu’V)u  +  u(V'Pu) 


-Vp+ijV*u  +  ^  V(V*u) 


(4.2.2) 


It  ls_oX  convenlen£e_tc  introduce  the  dyadic 
operator  (AoB) ,  where  (AoB)  Is  the  special  tensor 
defined  by  the  property 


(AoB)C  -  A(B'C) 


(4.2.3) 
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Utilizing  Eq.  (4.2.S),  Eq.  (4.2.2)  may  be 
written  In  the  compact  form 

+  V*(puOu)  -  -Vp4vV^u  +  ^  V(7"u)  (u  ■  const) 

(4.2.6) 

In  order  to  most  easily  Illuminate  the  major 
effects  of  turbulence  we  now  restrict  our  attention 
to  Incompressible  fluids,  so  that  the  momentum 
equation  reduces  to 

p[-|^  +  7"(uou)]  -  -Vp+vV^u  (p  “  const,  (4.2.7) 

p  -  const) 

We  now  postulate  the  possible  presence  of 
velocity  fluctuations  due  to  turbulence  within  the 
fluid.  Virtually  by  definition  such  fluctuations 
are  random,  so  chat  a  general  solution  of  an  equa¬ 
tion  as  complicated  as  Eq.  (4.2.7)  would  seem  to  be 
Impossible.  Thus,  rather  than  seek  a  general  time 
varying  solution  to  Eq.  (4.2.7),  we  attempt  to 
obtain  solutions  to  the  velocity  field  averaged  over 
a  time  long  compared  to  the  time  of  a  "typical" 
turbulent  fluctuation.  _We  thus  Introduce  the 
perturbation  velocity  u'  defined  by 


4.3  THE  BALANCE  OF  FORCES  WITHIN  THE  BOUNDARY 

LAYER  -  ESTIMATION  OF  THE  EQUILIBRIUM  LENGTH 

Often  boundary  layers  experience  sudden  changes 
In  environment,  as  for  example,  when  they  pass  from 
a  rough  surface  to  a  smooch  one.  It  would  be 
expected  that  the  behavior  of  the  boundary  layer 
with  regard  to  such  things  as  Its  energy  content, 
etc.,  would  begin  to  change,  and  It  Is  of  Interest 
to  attempt  to  estimate  over  what  kind  of  distance 
one  might  expect  the  "upstream  history"  of  the 
layer  to  persist.  To  make  such  an  estimate  we 
consider  a  portion  of  a  fixed  wall.  Ax  In  length 
and  of  unit  width,  as  shown  In  Figure  4.3.1. 


u  "  u  +  u'  (4.2.8) 

here  u  Is  the  time  averaged  value  of  u 

Denoting  a  time  average  by  the  symbol  <  >,  we 
see  that 

<u>  =  u  ,  <u'>  -  0  (4.2.9) 


Note  that  the  time  scale  of  the  averaging 
process  of  the  turbulence  quantities  may  be  much 
less  than  the  time  scale  of_the  variation  of  the 
mean  quantities,  so  that  3u/3t  need  not  necessar¬ 
ily  be  zero. 

Equation  (4.2.8)  Is  now  substituted  Into  Eq. 
(4.2.7)  and  the  time  average  taken  to  give; 

^^3t  ^  “  -VpHiV*u-V' (p<u'ou' >)  (4.2.10) 

It  can  be  seen  chat  Che  effect  of  the  fluctuat¬ 
ing  velocities  is  to  Introduce  "apparent  stresses" 
on  the  right  side  of  the  equation.  It  Is  evident 
that  these  apparent  stresses  or  "Reynolds  stresses" 
do.  In  fact,  represent  the  effects  of  the  flow  of 
momentum  across  fluid  element  surfaces,  and  In  that 
sense  are  analagous  to  the  molecular  viscosity 
brought  about  by  the  flux  of  molecules  across 
element  surfaces. 

Introducing  the  molecular  (or  laminar)  stress 

tensor  T,  ,  and  the  turbulent  stress  tensor  ,  It 
•L  "t 

follows  (utilizing  V^u  • -Vx(Vxu) ,  Sec.  3.2)  that 


Figure  4.3.1  Portion  of  Boundary  Layer 

Note  as  Indicated  in  Figure  4.3.1  we  will 
hereafter  refer  to  the  time  averaged  velocities 
and  velocity  components  without  the  use  of  the 
underbars. 

The  net  force  acting  in  the  negative  x-directlon 
Is 

F  .  -  T  Ax  +  Ax6  -  T  Ax  (1  +  —  1^)  (4.3.1) 

net  w  3x  w  T  dx 

w 

The  kinetic  energy  (K.E.)  within  the  boundary 
layer  Is 

K.E.  -  I  0  u^dydx  ^  6Ax  (4.3.2) 

Again  defining,  as  In  Sec.  (3.3),  that  the 
edge  of  the  boundary  layer  is  "about"  where  the 
viscous  stresses  are  of  the  order  of  the  Inertial 
stresses,  we  obtain  the  approximate  relationships 
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1 


(4.3.3) 


here  L  is  a  characteristic  length  of  the  body 

The  ratio  of  the  kinetic  energy  to  the  net 

force  gives  us  an  estimate  of  the  length  (L.  ) 

B  •  L  • 

over  which  we  would  expect  sizeable  changes  in  the 
conditions  in  the  boundary  layer  to  occur.  It 
follows  from  Eq.  (4. 3. 1-4. 3. 3)  that 


(4.3.4) 


Thus,  the  "boundary  layer  interaction  length" 
is  of  the  order  of  the  length  of  the  object  itself. 
This  implies  a  very  large  distance  in  terms  of  the 
number  of  boundary  layer  thicknesses  that  the  boun¬ 
dary  layer  must  travel  after  encountering  a  distur¬ 
bance  before  it  comes  to  "equilibrium".  This  result 
serves  to  emphasize  that  the  previous  history  of  a 
boundary  layer  is  very  important  in  determining  its 
behavior. 

It  can  be  suspected,  also,  that  boundary  layers 
with  a  constant  ratio  of  net  pressure  force  to  wall 


shear  force  (that  is  with 


6  9p  , 


const)  will  have 


especially  simple  behaviors.  This  class  of  boundary 
layer,  the  "equilibrium"  boundary  layer,  is  des¬ 
cribed  in  the  classic  work  of  Ref.  (4.3). 


CREATION  AND  DESTRUCTION  OF  TURBULENCE 
WITHIN  THE  BOUNDARY  LAYER 


uT  -  This  is  the  shear  work  interaction  rate 

per  area  which  is  transmitted  through 
the  element  to  the  next  element. 

3t 

u  ~  dy  -  This  term  represents  the  effect  of  the 
^  unbalanced  forces  upon  the  fluid  element 

and  leads  to  acceleration  of  the  mean 
flow.  Note  that  in  this  simplified 
case,  utilizing  Eq.  (4.2.12),  we  may 
write  for  the  turbulent  portion 

^^xv  ,  3<u'v'> 

“  ^  ^  ^  • 

T  ^  dy  -  This  term  represents  a  net  work  inter- 
^  ^  action  of  the  stresses  with  the  fluid 

element.  This  term  does  not  involve 
any  unbalanced  forces,  so  the  work 
interaction  goes  directly  to  the  element 
and  immediately  appears  as  turbulent 
energy.  Note  that  in  this  simplified 
case,  utilizing  Eq.  (4.2.12),  we  may 
write  for  the  turbulent  portion 

T  7^  dy  =  -p<u  v'>  T—  dy  . 
xy  3y  9y 

The  measurements  of  Klebanoff  (Ref.  4.4) 
reported  in  1954  and  illustrated  in  Figure  4.4.2 
support  the  hypothesis  that  large  eddies  are  "born" 
deep  within  the  shear  layer.  Such  eddies  are 
ejected  outward  where  initially  the  mean  flow 
velocity  gradient  is  very  large.  As  a  result, 

Che  eddy  grows  rapidly  in  energy,  leading  to 
still  larger  values  of  <u'v'>.  As  the  eddy 
approaches  the  boundary  layer  edge,  however,  its 
growth  rate  diminishes  because  of  the  ever  decreas¬ 
ing  velocity  gradient  9u/9y  . 


We  now  restrict  our  attention  to  flows  which 
on  the  average  are  two  dimensional,  incompressible 
and  steady.  It  is  desired  to  relate  the  fluid 
velocity  profile  and  turbulence  levels  to  the 
volumetric  rate  of  production  of  turbulence,  and 
to  the  interaction  of  the  turbulence  shear  stresses 
with  the  mean  velocity  profiles.  An  example  fluid 
element  is  Illustrated  in  Figure  4.4.1. 


6  ,  I 

- T  <U*V'>  -r-  vs. 


3ut  3t  » 

UT  H — -  ^  dy  ”  UT  +  u  — dy  +  T  -5^  dy 
xy  dy  xy  dy  ^  xy  dy 


Figure  4.4.1  Fluid  Element  in  Turbulent  Flow 

It  is  evident  from  Figure  4.4.1  that  the  shear 
Interaction  with  the  flow  field  can  be  considered 
to  be  of  rhrec  parts: 


0  0.2  0.4  0.6  0.8  1.0 

y/6 

Figure  4.4.2  Normalized  Turbulent  Energy  Production 
Rate  Per  Unit  Volume  In  a  Typical 
Turbulent  Boundary  Layer 

The  axial  distance  for  the  entire  process  of 
eddy  birth,  growth.  Interaction  with  the  fluid  near 
the  outer  edge  of  the  boundary  layer  and  decay, 
can  be  roughly  estimated  utilizing  a  simple  model. 
Most  of  the  change  in  fluid  velocity  in  a  turbulent 
boundary  layer  occurs  very  close  to  the  wall  so  we 
may  assume  that  the  axial  speed  of  the  eddy  through 
most  of  its  life  is  approximately  the  free  stream 
velocity,  Ug.  The  axial  distance  over  which  the 

eddy  will  be  convected  while  traveling  to  the 
boundary  layer  edge  will  hence  be  approximately 

.  In  most  cases  v/u^  is  considerably  less 


chan  one- tenth >  so  we  would  expect  a  "turbulence 
upstream  history"  to  date  from  at  least  106  upstream 
of  a  given  axial  location. 

The  models  postulated  in  the  preceding  para¬ 
graphs  lead  to  the  "picture"  of  turbulence  inter¬ 
action  given  in  Figure  4.4.3  (Ref.  4.5). 


It  should  be  noted  that  this  functional  form 
does  not  exclude  the  effects  of  external  conditions, 
because  the  external  conditions  affect  .  The 
six  terms  of  the  functional  equation,  Eq.  (4.5.1), 
give  rise  to  three  dimensionless  groups,  giving  in 
turn  a  functional  relationship  of  the  form 


OUTER  EDGE  OF  LAYER 


Extraction  of  mean  flow 
energy  by  the  Reynolds 

9<u'v*> 

stress  gradient  u  — - 

leading  to  acceleration  of 
inner  mean  flows 


Energy  transfer  inward  by 
Reynolds  stress  <u'v’>u 


Conversion  into  turbulent 
energy  <u'v'>  and 


=  F(y«.K^) 


Here  there  has  been  introduced 


(4.5.2) 


Diffusion  of  tur¬ 
bulent  energy  from 
the  inner  layer 

<(|  d'  +  p')v'> 


dissipation 


Figure  4.4.3  Turbulent  Processes  in  the  Boundary 
Layer 


u  »  ( — )  =  "the  friction  velocity" 

T  p 


K  =  -  ^ 

T  P^U  3  dx 
T 


The  dimensionless  acceleration  parameter,  , 

can  be  Interpreted  in  a  physical  way.  Thus,  we 
consider  the  ratio  of  the  wall  shear  force  to 
(minus)  the  pressure  force  for  an  element  of  fluid 
as  indicated  in  Figure  4.5.1. 


The  essence  of  the  problem  in  calculating 
turbulent  shear  flows  is  to  obtain  a  valid  repre¬ 
sentation  of  the  Reynolds  stresses.  Calculation 
procedures  rely  upon  empirical  representation  of 
these  stresses,  and  the  success  of  utilizing  such 
procedures  beyond  the  range  of  the  data  used  to 
supply  the  empiricism  is  usually  directly  related 
to  how  physically  plausible  Che  model  was  Chat 
was  used  to  represent  the  stresses.  In  formulating 
such  models,  particularly  in  attempting  to  describe 
typical  flows  in  turbomachinery  where  large  rates 
of  change  of  Imposed  pressure  gradients  often  occur, 
particular  care  must  be  directed  to  the  description 
of  the  turbulence  history  effects.  (Chapter  16) 


y(p+^  dx) 


4.5  REGIMES  OF  THE  BOUNDARY  LAYER 

The  simplified  model  of  a  turbulent  boundary 
layer  represented  by  Figure  4.4.3  allows  us  to 
postulate  Che  dominance  of  certain  mechanisms 
within  the  boundary  layer.  By  so  doing,  we  are 
able  to  postulate  the  existence  of  an  "inner  layer" 
where  conditions  depend  only  on  the  distance  from 
the  surface  and  conditions  at  the  surface,  and  an 
"outer  layer"  where  conditions  depend  somewhat  on 
the  history  of  the  diffusion  of  turbulence  energy 
into  the  outer  layer  from  the  inner  layer,  and 
also  on  Che  transverse  mean  velocities  and  their 
gradients.  These  latter  two  effects  of  the  trans¬ 
verse  velocities  in  the  outer  layer  owe  their 
Importance  to  the  fact  that  such  effects  may 
modify  considerably  the  course  of  development  of 
the  large  eddies  chat  control  Che  entrainment 
of  the  non-turbulent  fluid. 

4.5.1  THE  INNER  LAYER 

We  postulate  that  very  close  to  the  surface 
the  flow  should  depend  only  on  conditions  at  the 
surface  and  the  distance  from  the  wall.  Thus  we 
expect  a  functional  relationship  of  the  form 


Figure  4.5.1  Forces  on  a  Fluid  Element 

The  ratio  of  net  pressure  force  to  wall  shear 
force  is 


_  ydp 

T  dx 


However  we  may  write 


f(i„.P.'..y.  f ) 


(4.5.1) 


U  _  i  vdp 

p*u  ’  dx  y*  T  dx 
T  w 


Thus  the  acceleration  parameter,  ,  is  equal 

to  the  ratio  of  net  pressure  force  to  shear  force 
acting  on  a  fluid  element  of  height  y  •  u/pu^  . 

(That  is  of  height  y  such  that  y*  ”  1) .  This 
height  is  in  fact  very  small  Indeed,  and  it  is 
only  under  conditions  of  very  extreme  acceleration 
that  assumes  values  of  the  order  of  unity. 

A  relationship  of  the  form  of  Eq.  (4.5.2) 
can  be  very  useful  in  itself,  but  it  is  possible 
to  consider  the  inner  layer  to  itself  be  composed 
of  three  separate  layers,  the  sublayer,  the  blending 
region  and  the  equilibrium  layer.  These  layers 
are  separately  considered  in  the  following  sections. 
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A. 5. 1.1  THE  SUBLAYER 


This  layer  Is  considered  to  be  very  close  to 
the  wall,  so  close  In  fact  that  the  Inertial  tertos  of 
the  oomentum  equation  are  very  small.  The  presence 
of  the  wall  also  prevents  the  attainment  of  sub¬ 
stantial  turbulent  perturbation  velocities  so  that 
the  Reynolds  stresses  are  also  very  small.  Consi¬ 
dering  a  steady  two-dimensional  flow,  and  Ignoring 
the  Inertial  terms  and  Reynolds  stresses,  Eq.  (4.2. 13) 
reduces  to  the  very  simple  form 


_  1  ^ 
3y^  y  dx 


(4.5.3) 


4. 5. 1.3  THE  EQUILIBRIUM  LAYER  -  THE  LAW  OF  THE 
WALL 

It  can  be  seen  that  within  the  sublayer, 
except  for  conditions  with  extreme  pressure 
gradients,  the  shear  stress  remains  constant  with 
y.  This  Is  a  direct  result  of  the  assumption  that 
the  inertial  terms  were  assumed  to  be  small,  so  that 
the  remaining  forces  on  a  fluid  element,  the  shear 
forces,  had  to  balance.  This  so  called  "constant 
stress  layer"  exists  to  some  extent  In  any  flow 
near  a  wall.  As  a  simple  example  of  such  a  flow, 
and  to  observe  some  of  the  consequences,  consider 
fully  developed  flew  in  a  circular  pipe. 


Note  In  this  expression  that  the  boundary 
layer  approximation  dp/dx  *  dp/dx  has  been 
employed,  where  p  Is  the  pressure  imposed  by 
the  free  stream.  In  terms  of  the  dimensionless 
variables  of  Eq.  (4.5.2),  Eq.  (4.5.3)  may  be 
written 


u/u 

3y*2 


K 


T 


(4.5.4) 


The  boundary  conditions  are 

and  from  x  ■  y  4^1  ,  we  find 

With  these  boundary  conditions,  Eq 
grates  immediately  to  give 


0  at  y* 


.  (4.5.4) 


-  1 

■0 

inte- 


-0, 


“  y*  -  j  y*'  (4.5.5) 

It  can  be  noted  that  thla  latter  form  la  a 
very  simple  example  of  the  general  form  of  Eq. 
(4.5.2).  Often,  even  In  flows  with  a  pressure 
gradient,  the  term  In  y*^  la  excluded  because 
It  Is  usually  quite  small.  This  Is  not  always  the 
case,  however,  and  considering  Its  simplicity  It 
would  be  wise  to  Include  its  effects.  Note,  however, 
that  If,  In  an  experiment,  it  Is  attempted  to 
estimate  the  wall  shear  stress  by  obtaining 

the  slope  ^  and  then  writing  •  U  'l^  (not 

usually  a  recommended  procedure),  then  the  pressure 
gradient  term  does  not  affect  the  expression  for 

the  slope  as  y  -*  0  . 

It  is  to  be  noted  that  in  a  typical  turbulent 
boundary  layer  the  sublayer  may  be  considered  to 
extend  out  to  approximately  y*  -  10  .  In  this 
distance  the  velocity  may  reach  approximately  40? 
of  Its  free  stream  value.  Typically  the  physical 
height  corresponding  to  y  ■  1  Is  only  one  or 
two-tenths  of  a  percent  of  the  boundary  layer 
height  so  we  see  that  the  velocity  reaches  about 
40?  of  its  free  stream  value  In  only  one  or  two 
percent  of  the  boundary  layer  height! 

4. 5. 1.2  THE  BLENDING  REGION 

With  Increased  distance  from  the  wall,  the 
assumption  of  very  low  Reynolds  stresses  and  Iner¬ 
tial  terms,  falls,  and  a  region  Is  entered  where 
the  contributions  of  the  Inertial  terms,  and 
molecular  and  turbulent  transport  terms  are  all 
comparable.  This  region  Is  termed  the  blending 
region,  and  Its  description  requires  the  full 
functional  form  of  Eq.  (4.5.2).  This  functional 
relationship  Is  obtained  from  experiment. 


Figure  4.5.2  Fully  Developed  Pipe  Flow 

Fully  developed  pipe  flow  offers  some  special 
simplifications,  because  though  analagous  regimes 
to  all  the  regimes  of  the  turbulent  boundary  layer 
are  present,  conditions  are  Invariant  with  axial 

positions  so  that  ^  is  constant,  and  no  inertial 

terms  are  present.  A  simple  force  balance  on  a 
tube  of  fluid  of  radius  r  and  length  dx  gives 

2itrdxT  »  irr^dx  ^  or  T  ■  t  ^  (4.5.6) 

dx  2  dx 

In  terms  of  the  shear  stress  at  the  wall, 
we  may  hence  write 


Measurements  indicate  that  In  turbulent  flows 
at  moderately  large  Reynolds  number's,  the  fluid 
velocity  will  be  about  80%  of  the  value  In  the 

R—  IT 

center  of  the  pipe  within  a  distance  — g-  ^  0.1  . 

Thus,  the  shear  will  change  by  only  about  lOX 
across  a  layer  in  which  the  fluid  velocity  reaches 
80%  of  its  maximum  value. 

We  can  now  estimate  the  total  rate  of  energy 
input  to  the  flow  from  the  centerline  to  a  radius 
r^  ,  where  r^  is  just  outside  the  layer  of  large 

velocity  gradient.  (Fig.  4.5.2)  We  consider 
first  an  annular  element  of  length  dx  ,  thickness 
dr  and  inner  radius  r  ,  as  in  Figure  4.5.3. 


Thus,  making  the  quite  rough  approximation 

that  u  :  u  we  obtain  the  estimate 
0 


i—  dx  — J 


E(R)  ;  2ttt„u^R 


and  hence 


E(r  )  ^  r  -  u 

E(R)  '  2  ^R  ^ 


(A. 5. 12) 


(4.5.13) 


^  Thus,  In  a  typical  wall  layer  where  —  I  0.8  , 
~  =0.9  we  find  ° 


E(r  ) 
E(R)  ' 


(4.5.14) 


Figure  4.5.3  Annular  Fluid  Element 

The  total  rate  of  input  of  energy  to  the  ele¬ 
ment  by  shear  and  pressure  forces  may  be  written 


Tu(2Trrdx)  +  dr  -  Tu(2TTrdx) 

-t-  pu(2Trrdr)-{pu(2irrdr)  + 

2Trdxdr[-T“-  -  ur  — rate  of  energy  input  (4.5.8) 
^  *  to  element 

With  Eq.  (4.5.6)  this  expression  may  be 
reduced  to 


2TTrT  dxdr  — rate  of  energy  input  to  (4.5.9) 
element 

The  rate  of  energy  input,  per  axial  length, 
to  the  entire  flow  from  r^  to  the  axis,  E(r^) 
is  hence  given  by 


dr  •  -  2ir  [riu] 


°  In 


That  is,  about  90%  of  the  entire  turbulent 
energy  production  occurs  in  a  layer  over  which  the 
shear  changes  by  only  about  10%.  Very  similar 
arguements  lead  to  the  same  result  for  boundary 
layer  flow,  because  we  may  argue  that  the  Inertial 
terms  and  pressure  gradient  terms  (usually)  have 
little  effect  on  the  thin  inner  layer. 

This  enormous  production  of  energy  within  the 
constant  stress  layer  leads  us  to  the  "equilibrium 
hypothesis"  that  within  the  constant  stress  layer 
the  rate  of  production  of  turbulent  energy  is 
equal  to  the  rate  of  dissipation  of  turbulent 
energy.  This  hypothesis  is  equivalent  to  the 
statement  that  the  transport  of  turbulent  energy 
from  the  layer,  and  rate  of  work  interaction  from 
the  pressure  gradient  are  very  small.  Careful 
measurements  (Ref.  4.6  for  example)  have  verified 
the  assumption  that  the  energy  transfer  in  the 
constant  stress  layer  is  negligible  compared  to 
the  production  and  decay  terms.  Furthermore, 
measurements  have  indicated  that  for  moderately 
large  Reynolds  numbers  in  flows  without  extreme 
pressure  gradients,  the  constant  shear  region 
Includes  both  the  sub-layer  and  a  considerable 
portion  of  the  turbulent  region.  This  allows  us 
to  hypothesize  a  region  of  flow  of  (almost) 
constant  shear  in  which  the  major  contribution  to 
the  stress  is  the  turbulent  contribution. 


Utilizing  Eq.  (4.5.7)  it  follows  that 


E(r^)  -  -  2tit„  Y  “1 


f^i  r 

I 


dr  (A, 5, 10) 


The  latter  integral  Is  now  approximated  as 


to  give 


i  f, 

—  u  f  1 - 1 


(4.5.11) 


This  ratv  of  energy  input  into  the  fluid 
insivit  radius  mav  be  compared  to  the 

rate  t  ‘-nergy  input  Into  the  fluid  inside  the 
k  We  thus  ftave,  with  r^  replaced 

o  !  T*pla>»'d  bv  zero  in  Eq .  (4.5.10), 


The  rate  of  production  of  turbulent  energy 
(pet  mass/sec)  by  extraction  of  energy  from  the 

mean  flow  is  ”'1“  (Sec.  4.4).  This  turbulent 

energy  appears  dominantly  in  the  large  eddies 
thrown  up  from  the  sub-layer  and  blending  region. 

It  Is  important,  now,  to  realize  that  the  dissipa¬ 
tion  of  energy  from  these  large  "energy  containing 
eddies"  can  be  viewed  as  a  two-step  process.  The 
actual  degradation  of  the  mechanical  energy  of 
an  eddy  to  "viscous  heating"  through  molecular 
viscosity  is  dependent  upon  the  square  of  the 
frequency  of  movement  of  the  eddy.  The  large 
eddies  in  fact  have  low  frequencies  and  consequently 
low  dissipation  rates.  Thus  the  energy  is  extracted 
from  the  energy  containing  eddies  by  their  first 
dispersing  their  energy  to  higher  frequency,  smaller 
eddies,  and  then  the  subsequent  dissipation  of  the 
.small  high  frequency  eddies.  It  is  the  process  of 
dispersion  (by  the  mechanical  process  of  the 
"collisions"  of  the  eddies)  that  forms  the  rate 
limiting  step  in  the  overall  process  of  dissipa¬ 
tion.  This  observation  is  of  importance  because 
the  process  of  dispersion  is  dependent  only  on  the 
collision  rate  of  the  eddies  and  not  on  the  molecular 
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viscosity  of  the  fluid.  We  thus  have  the  perhaps 
surprising  result  that  processes  within  the  equilib¬ 
rium  layer  are  Independent  of  the  Reynolds  number! 

The  net  dissipation  rate,  e  ,  can  hence  only 
depend  upon  the  parameters  p  and  T  ,  so  that 
dimensional  analysis  reveals  that  a  functional 
relationship  of  the  form 


f  (-f^)  -  0  (4.5.15) 

must  exist.  Equivalently  this  means 
u  ^ 

e  -  ,  K  -  const  (4.5.16) 


We  now  invoke  the  equilibrium  hypothesis  and 
equate  the  production  and  dissipation  terms  to  find 


3u  .  ^  1 

3y  Ky  ‘  3y*  ” 


(4.5.17) 


Direct  Integration  then  gives 

—  =  S.n  y*  +  A  The  law  of  the  wall  (4.5.18) 
u  K  ^ 

T 

This  is  the  famous  expression  known  as  the  law 
of  the  wall.  It  Is  apparent  from  the  development 
leading  to  It  that  the  expression  should  be  valid 

in  the  regime  where  T  »  x  ,  and  where  x 
t  L  t 

Is  approximately  constant  In  y  .  This  latter 
requirement  Implies,  also,  that  strong  pressure 
gradients  are  not  present. 

Experimental  values  have  been  obtained  for 
the  constants  K  and  A  ,  and  they  are  found  to 
have  values  of  approximately 

K  -  0.4  ,  A  -  5.1  (4.5.19) 


As  stated  above,  we  expect  Eq.  (4.5.18)  to 
be  valid  when  when,  say 


10  < 


3u 
^  3y 


Ky  -  Ky 


(4.5.20) 


Thus,  we  would  expect  Eq.  (4.5.18)  to  be 
valid  for  y*  greater  than  about  25.  Typical 
experimental  results  are  Indicated  in  Figure  4.5.4. 


It  can  be  noted  here,  that  In  practice  Eq. 
(4.5.18)  provides  an  Implicit  relationship  for 
the  wall  skin  friction.  Thus,  If  actual  data  Is 
fitted  (In  the  law  of  the  wall  regime)  by  a 
formula  of  the  form 

u  -  a  In  y  +  b  (4.5.21) 

then  by  equating  Eqs.  (4.5.18)  and  (4.5.21),  a 
single  equation  for  the  unknown  value  of  the  skin 
friction  velocity,  u^  results.  This  process  can 

be  simplified  by  utilizing  graphical  procedures. 
(Refs.  4.3,  4.7) 

4.5.2  THE  OUTER  LAYER  -  THE  LAW  OF  THE  WAKE 

We  have  seen  that  the  Inner  region  of  the 
boundary  layer  flow  may  be  subdivided  into  three 
layers,  the  sub-layer,  the  blending  region  and 
the  logarthmlc  region.  We  now  consider  the  outer 
portion  of  the  boundary  layer  (approximately  the 
outer  80%)  which  for  reasons  that  will  become 
apparent  Is  termed  the  wake  region. 

The  success  of  the  inner  layer  theories  In 
matching  the  empirical  results  would  support  the 
notion  that  we  might  gainfully  write  the  general 
equation  for  the  velocity  profile  In  the  form 
(Ref.  4.8) 

-  f(y*)  +  h(x,y)  (4.5.22) 

here 

*  * 

f(y  )  “  y  in  the  sublayer  (small  pressure 

gradient) 

*  1  * 

f(y)"^Iny  +  A  in  the  logarithmic  region 

h(x,y)  is  a  general  function  that  must  have 
the  property  that  It  be  negligibly 
small  close  to  the  wall 

The  problem  of  the  outer  flow  Is  to  determine 
the  form  of  h(x,y)  .  The  experiments  of  Ref.  4.3 
indicated  that  at  least  in  the  case  of  equilibrium 
profiles  (Sec.  4. 3, -to  be  more  carefully  defined  In 
the  following),  the  velocity  defect  u^-u  could  be 

plotted  versus  y/S  In  the  form 
u  -u 

-  F(tt,  y/6)  (4.5.23) 


Here  n  Is  a  pressure  gradient  parameter 
which  Is  a  constant  for  a  given  equilibrium  flow. 
This  form  of  velocity  defect  profile  was  found 
to  be  valid  outside  the  laminar  sub-layer  and 
blending  region,  provided  the  pressure  gradient 
was  moderate. 


The  behavior  of  h(x,y)  can  be  Inferred 
from  this  result  (for  the  case  of  equilibrium 
flows)  by  writing 


u 

X 

u 


1  *“x‘^ 

^  lln  -  +  A  +  h(x,6) 

K.  y 

1 

-  In  — —  +  A  +  h(x,y) 
N  y 
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hence  with  Eq.  (4.5.23) 

h(x,y)  -  h(x,6)  +  ^  in  ^  -  F(ti  ,  i) 

A  second  condition  on  the  wake  function,  w  , 

Thus,  the  function  h(x,y)  can  be  written  as  a  caise  from  the  experimentally  observed  very  near 
function  of  Ti  and  y/6  for  equilibrium  boundary  asymmetry  of  the  function  (Fig.  4.5.5).  As  a 

layers.  That  is:  result  we  may  write 


(4.5.24) 


o 


(4.5.31) 


h(x,y)  -  g(li,  |)  (4.5.25)  |  wd  |  =  *  [w(|)  ]  ‘  -  J^°  |  dw 

.  w  -1 

It  was  found  in  reference  4.8  that  in  a  wide  ° 

variety  of  conditions  the  function  g('n,  y/6)  would  Hence  w  =  2 
be  well  represented  by  ° 


(4.5.32) 


gCTf.  ”^6^  (4.5.26) 

The  equation  for  the  velocity,  Eq.  (4.5.22), 
then  becomes 

~  =  f(y  )  +  ^ W  (4.5.27) 

This  equation  is  known  as  the  law  of  the  wake, 
and  the  function  w(y/6)  is  termed  the  wake  func¬ 
tion.  It  is  obvious  that  we  can  absorb  any  con¬ 
stants  of  proportionality  in  the  as  yet  undefined 
function  f(x)  ,  so  we  look  for  a  convenient  form 
of  w(y/5)  .  The  displacement  thickness,  6*  ,  is 
an  often  used  quantity.  This  distance  is  defined 


y/6 

Figure  4.5.5  The  Wake  Function 


as  the  thickness  through  which  the  external  stream¬ 
lines  are  shifted  owing  to  the  formation  of  the 
boundary  layer.  For  an  incompressible  boundary 
layer  we  hence  find 

u^6’‘  -  I  (u^-u)dy  or  |  -  |  (i  -  .^)  d(|) 

'C  ^0  0 

(4.5.28) 

We  now  utilize  Eq.  (4.5.27)  to  obtain  the 
ratio  6*/6  .  The  answer  Is  simplified  consider¬ 
ably  if  we  ignore  the  presence  of  the  sub-layer 
and  blending  region  and  assume  the  logarithmic 
region  extends  to  the  wall.  This  is  in  fact  a 
good  approximation  (numerically)  because  the 
sub- layer  and  blending  region  are  in  fact  very 
thin.  We  thus  obtain: 


Coles  (Ref.  4.8)  determined  the  values  of  the 
wake  function  empirically  to  be  those  of  Table  4.5.1 


1 

6 

0 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

w(f) 

0 

0.004 

0.029 

0.084 

0.168 

0.272 

0.396 

i 

6 

0.35 

0.40 

0.45 

0.50 

0.55 

0.60 

0.65 

w(f) 

0.535 

0.685 

0.838 

0.994 

1.152 

1.307 

1.458 

Z 

s 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

w(f) 

1.600 

1.729 

1.840 

1.926 

1.980 

1.999 

2.00 

Table  4.5.1  The  Wake  Function 


6*/6 


u,  ,  6u  0 

0  '0 

u  u  ,  6u  0  ,  /w 


This  experimental  determination  of  the  actual 
wake  function  is  often  approximated  by  convenient 
antlsymmetrlcal  analytic  approximations.  Two 
examples  are; 

V  '2  f  -  Dir 

w(|)  -  1  +  sin  [ - 2_ - ]  (Ref.  4.8)  (4.5.33) 

w(^)  -  2(|)^  (3-2  |)  (Ref.  4.9)  (4.5.34) 

Interpretation  of  w  as  a  Wake  Function 


6* 

6  * 


^  ^  (1  +  IT 

K  u 

0 


(4.5.29) 


For  convenience  then.  Coles  (Ref.  4.8)  chose 


(4.5.30 


The  ”wake-llke"  aspect  of  the  function 
w(y/6)  can  be  inferred  from  several  empirical 
observations.  For  example,  by  representing  the 
function  h(x,y)  as  fT/Kw(y/6),  it  is  apparent 
that  the  outer  region  of  the  boundary  layer  is 
similar.  Many  studies  of  (fully  developed)  wakes 
have  indicated  their  similarity. 
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4.6.1  REFERENCES 


Another  result  of  interest  follows  by  consi¬ 
dering  the  boundary  layer  in  the  case  where  the 
boundary  layer  approaches  separation.  At  separation 
the  skin  friction,  and  hence  u^  ,  goes  to  zero. 

The  expression  for  the  velocity  profile  is  then 


written  in  terms  of  u/u^ 
utilizing  Eq.  (4.5.31) 


We  note  then. 


u  u  Pyu  u  x”  ^ 

U  T  _ T  o  T  .  .  T  .  ,0  1  Tx  /Vx 

uuKu  |i  u  5Ku  6 

TOO  0  O 


Then  noting  u 


(4.5.35) 

0  as  the  boundary  layer 


approaches  separation,  we  find 


^  -j-  w(-j)  (at  separation)  (4.5.36) 

o 


(4.1) 

(4.2) 

(4.3) 

(4.4) 

(4.5) 
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We  note  also 

^  =  1  (1  -  ^)  d(f)  .  1-^  I  w(f)  d(f) 

■'o  0  ■'o 

A 

or  ^  separation  (4.5.37) 

Thus  ^  w(^)  at  separation  (4.5.38) 

0 

It  can  be  seen  Chat  at  separation  the  entire 
velocity  profile  is  that  corresponding  to  the  wake 
function,  w(y/6).  At  separation  the  effects  of  the 
wall  shear  are  zero,  so  the  boundary  layer  processes, 
in  this  condition,  can  be  interpreted  as  a  large 
scale  mixing  process, as  in  a  wake.  In  non-sep- 
arated  flow  the  "wall  effect"  penetrates  the 
"wake  effect"  to  varying  degrees. 
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The  Pressure  Gradient  Parameter,  w 


We  have  from  Eqs.  (4.5.22)  and  (4.5.27)  that 
outside  the  sub-layer  and  blending  region 


(4.5.39) 


Equilibrium  flows  (Ref.  4.3)  are  experi¬ 
mentally  obtained  by  adjusting  the  pressure 

the 

,  II 
0 


distribution  in  the  test  section  so  that 
u^-u 


given  value  of 


found  at  entry  is  held 


constant  throughout  the  test  section.  Obviously 
for  such  a  pressure  distribution  the  parameter 
TT  remains  constant  in  x,  and  hence  the  term 
pressure  gradient  parameter. 


In  summary,  it  is  hoped  that  the  underlying 
physics  of  turbulent  boundary  layers  has  been 
reasonably  revealed  in  this  chapter.  Many  numerical 
techniques  exploit  the  analytical  forms  presented 
for  the  several  regimes  in  the  boundary  layer,  and 
extend  their  areas  of  validity  beyond  those  strictly 
implied  in  the  foregoing  derivations  by  allowing 
some  of  the  parameters  fairly  wide  functional 
variation.  Such  techniques  are  thoroughly  consi- 
dered  in  Chapter  16,  but  it  should  be  remembered 
that  almost  always  the  most  successful  analytical 
techniques  arise  from  the  most  physically  plausible 
models  for  the  phenomenon  studied. 
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CHAPTER  5 
LIST  OF  SYMBOLS 


The  symbols  are  listed  In  alphabetical  order, 
first  in  the  English  alphabet,  then  in  the  Greek 
alphabet.  Subscripts  and  superscripts  are  then 
given.  The  equation,  figure  or  section  in  which 
Che  symbols  ace  first  introduced  is  indicated  in 
parentheses.  Often  the  symbol  will  be  defined  in 
the  text  just  preceding  or  just  following  the 
equation  or  figure. 

A  -  Cross  sectional  area  (Fig.  5.15.2) 
a  -  Speed  of  sound  (Eq.  5.6.1) 

C  -  Specific  heat  (Eq.  5.1.2) 

F  -  Thrust  (Eq.  5.4.1) 

f  -  Fuel  to  air  ratio  (Eq.  5.6.14) 

-  Function  (Eq.  5.15.20) 
g^  -  Gravitational  constant  (Table  5.5.1) 

IP  -  Horsepower  (Table  5.5.1) 
h  -  Heating  value  (Eq.  5.6.14) 

J  -  Joule  (Table  5.5.1) 
kg  -  Kilogram  (Table  5.5.1) 

M  -  Mach  number  (Eq.  5.1.1) 
m  -  Mass  flow  rate  (Eq.  5.4.1) 

N  -  Newton  (Table  5.5.1) 

p  -  Pressure  (Eq.  5.1.1) 

R  -  Gas  constant  (Eq.  5.6.1) 

S  -  Specific  fuel  consumption  (Eq.  5.6.15) 
s  -  Entropy  (Fig.  5.3.3) 

T  -  Temperature  (Eq.  5.1.1) 
u  -  Velocity  (Eq.  5.4.1) 


p  -  Constant  pressure  (Eq.  5.1.2) 

-  Propulsive  (Sect.  5.4) 

r  -  "Recovery"  (Eq.  5.1.1) 

t  -  Turbine  (Sect.  5.1) 

-  Also  stagnation  quantity  (Sec.  5.1) 

th  -  Thermal  (Eq.  5.3.1) 

1  -  Refers  to  enthalpy  ratios  (Eq.  5.1.2, 

Table  5.1.1) 


TOT  -  Total  (Eq.  5.11.8) 

UN  -  Unmixed  (Eq.  5,15.34) 

MIX  -  Mixed  (Eq.  5.15.35) 


-  Refers  to  by-pass  stream  (Fig.  5.1.1) 


-  Value  leading  to  minimum  specific  fuel 
consumption  (Eq.  5.14.23) 


a  -  By-pass  ratio  (Eq.  5.14.1) 
y  -  Ratio  of  specific  heats  (Eq.  5.6.2) 
A  -  Function  (Eq.  5.15.20) 

n  -  Efficiency  (Eq.  5.3.1) 

IT  -  Pressure  ratio  (Sect.  5.1) 

D  -  Density  (Fig.  5.3.2) 

T  -  Temperature  ratio  (Sect.  5.1) 
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CHAPTER  FIVE 
IDEAL  CYCLE  ANALYSIS 


5.0  INTRODUCTION 

In  this  chapter  we  will  apply  the  systematic 
process  termed  "cycle  analysis"  Co  several  differ¬ 
ent  engine  types.  The  object  of  cycle  analysis 
Is  to  obtain  estimates  of  the  performance 
parameters  (primarily  thrust  and  specific  fuel 
consmqttlon)  In  terms  of  design  limitations  (such 
as  the  maximum  allowable  turbine  temperature) , 

Che  flight  conditions  (the  abmlenC  pressure  and 
CeiaperaCure  and  the  Mach  number)  and  design 
choices  (such  as  the  compressor  pressure  ratio, 
fan  pressure  ratio,  by-pass  ratio,  etc.).  In 
this  chapter  we  will  consider  all  components  Co 
be  Ideal,  with  the  result  that  the  various 
algebraic  manipulations  will  be  quite  simplified 
and  hopefully  as  a  result,  the  methodology  of  Che 
analysis  will  be  comparatively  transparent.  The 
analytical  results  will,  of  course,  be  far  more 
optimistic  than  would  be  the  case  if  component 
losses  were  Included,  but  many  of  Che  general 
trends  will  be  valid.  The  effects  of  component 
losses  will  be  quite  thoroughly  Investigated  In 
Chapter  Seven. 

5.1  NOTATION 


^  _  Stagnation  temperature  leaving  component 
Stagnation  temperature  entering  component 

Examples 

T^,  It  =  Compressor  stagnation  temperature, 
pressure  ratio 

Tj^,  11^  =  Burner  stagnation  temperature, 
pressure  ratio,  etc. 

Exceptions 

We  define  and  by 


It 


r 


{1 


Po 


(5.1.1) 


He  here  Introduce  a  systematic  notation  In 
order  to  facilitate  slnple  manipulation  of  the 
equations  Co  follow.  Throughout  this  document 
we  will  refer  to  the  station  numbers  Indicated  In 
Figure  5.1.1. 


Thus,  free  scream  stagnation  temperature  T^^  = 

TqT^;  free  stream  stagnation  pressure 
It  should  be  noted  that  T  and  TT^  represSnC  the 
effects  of  the  flight  Mach  number,  Mp, 


- - ■ 

< 

1  2 

3 

'  6'<  7’  8*  9’ 

1 

n 

TTlC  Th  •< 

! - : — - - - -  1  \  ' 

3  ^  ^ 

Figure  5.1.1  Station  Numbering 


The  locations  Indicated  In  Figure  5.1.1  are; 


0  Far  upstream 

1  Inlet  entry 

2  Compressor  face 

3  Compressor  exit 
3'  Fan  exit 

4  Turbine  entry 

5  Turbine  exit 


6  Afterburner  entry 

6'  Duct  afterburner  entry 

7  Primary  nozzle  entry 
7'  Secondary  nozzle  entry 

8  Primary  nozzle  throat 
8'  Secondary  nozzle  throat 

9  Primary  nozzle  exit 
9'  Secondary  nozzle  exit 


We  Introduce  the  ratio  of  stagnation  pressures. 
It,  and  ratio  of  stagnation  temperatures,  T  ,  where 


Stagnation  pressure  leaving  component 
Stagnation  pressure  entering  component 


Further  exceptions 

It  is  often  appropriate  to  introduce  the 
effect  of  a  design  limitation  such  as  the  maximum 
allowable  turbine  inlet  stagnation  enthalpy, 
Cp^Tt^ .  We  thus  Introduce  the  term  ,  where 

Is  defined  by 


T 


\ 


fPt^ 


(5.1.2) 


Similarly,  and  will  be  used  where  the 

maximum  stagnation  enthalpy  referred  to  will  be 
the  stagnation  enthalpy  following  the  primary 
stream  afterburner  or  duct  afterburner  respec¬ 
tively. 
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Componencs 


5.2 


IDEAL  COMPONENT  BEHAVIORS 


Each  component  will  be  identified  by  a  sub¬ 
script  as  follows: 

d  -  diffuser  (or  "inlet") 
c  -  compressor 
c'  -  fan 
b  -  burner 
t  -  turbine 

AB  -  afterburner  (primary  stream) 

AB'-  afterburner  (secondary  stream)  ' 
n  -  nozzle  (primary  stream) 
n'  -  nozzle  (secondary  stream) 

Table  5.1.1  gives  the  relationships  between 
all  defined  TT's  and  r's  and  Che  corresponding 
temperatures,  pressures  and  Mach  numbers. 


In  the  analysis  to  follow  in  this  chapter, 
ideal  performance  of  all  components  will  be 
assumed.  In  addition,  we  will  assume  that  Che 
gas  is  calorically  perfect  throughout,  withy  and 
Cp  constant  throughout,  and  Chat  the  fuel  mass 
flow  is  so  small  that  the  fuel  Co  air  ratio  may 
be  ignored  in  comparison  to  unity.  Under  these 
circumstances  the  following  relationships  for  the 
components  are  valid, 

5.2.1  DIFFUSER 

To  a  very  high  degree  of  approximation  the 
flow  through  the  diffuser  may  be  considered  to  be 
adiabatic.  When,  in  addition,  Che  flow  is  ideal 
it  may  also  be  considered  to  be  isencroplc.  We 
thus  have,  with  Eq.  (2.14.10), 


Table  5.1.1  Temperature  and  pressure  relationships 
for  all  T's  and  H's 


Td  =  1  and  1  (5.2.1) 


^  "  "Pc  "^o 

-  Ik 

^AB  "  Cp  T 

O 

-  ^pab'  V 

Aab'“  Cp  T 

Re  O 


^  ^  M  2)^'^  5.2.2  COMPRESSOR  OR  FAN 

The  compressor  or  fan  pressure  ratio  is 
usually  selected  as  a  design  choice  and  hence  may 
be  considered  prescribed.  For  an  ideal  process, 
the  process  will  be  isentroplc,  so  we  have  (again 
utrilzlng  Eq.  (2.14.10)) 

=  11^  and  T^,  =  '>'  (5.2.2) 

5.2.3  COMBUSTOR  OR  AFTERBURNER 


T 


d 


T 


c 


For  an  ideal  burner  the  stagnation  pressure 
remains  constant.  It  may  be  noted,  as  shown  in 
section  2.17.2,  chat  this  assumption  implies 
burning  at  very  low  Mach  number.  We  have  then 

17^  =  1  (5.2.3) 


T 


'■^t  ' 
T,- 


T 


b 


T 


t 


Ik 


5.2.4  TURBINE 

Here,  as  with  the  compressor,  the  ideal 
process  is  an  isentroplc  process  so  that  we  have 


5.2.5  NOZZLE 


(5.2.4) 


AB 


As  with  the  diffuser,  Che  flow  through 
nozzles  is  very  nearly  adiabatic  and  is  ideally 
isentroplc.  Thus, 


T 


AB' 


T 


n 


r 


5.3  THE  IDEAL  THERMODYNAMIC  CYCLE 


V 


Ik 

"bp' 


We  now  consider  an  ideal  turbojet  and  investi¬ 
gate  its  behavior  as  a  heat  engine. 


Inlet  Burner  Nozzle 

Compressor  Turbine 


Figure  5.3.1  Ideal  Turbojet 


Hie  pressure-specific  volume  and  temperature- 
entropy  diagrams  for  this  Ideal  engine  are  indi¬ 
cated  In  Figures  5.3.2  and  5.3.3. 


When  viewed  as  a  thermal  engine,  the  "work" 
of  Che  engine.  In  the  thermodynamic  sense, 
appears  as  the  change  In  kinetic  energy  between 
the  Incoming  and  outgoing  fluid.  It  can  be  noted, 
for  example,  Chat  If  the  engine  was  to  be  utilized 
for  ground  power,  the  kinetic  energy  of  the  jet 
could  be  extracted  by  a  further  turbine  vdilch  In 
Cum  would  supply  a  mechanical  work  Interaction. 
Not  all  of  Che  work  of  the  turbojet  engine 
appears  as  useful  work  (supplied  to  the  aircraft), 
however,  because  the  force  from  Che  engine 
provides  work  to  Che  aircraft  In  an  amount  propor¬ 
tional  to  the  flight  speed. 

Performance  parameters  of  direct  utility  to 
the  aircraft  designer  are  the  thrust,  F,  and 
specific  fuel  consumption,  s.  The  specific  fuel 
consumption  Is  measured  as  Che  kilograms  of  fuel 
flow  per  second  divided  by  the  thmst  In  Newtons 

(or  alternatively  S  «  Clearly  S  ig, 

In  some  sense,  Che  Inverse  of  the  overall  engine 
efficiency,  and  both  the  thermodynamic  efficiency 
of  the  engine  and  the  efficiency  of  transmitting 
the  work  of  Che  engine  Into  work  on  the  aircraft 
(or  equivalently  of  the  "propulsive  efficiency" 
(section  5.4)),  are  of  importance. 

The  thermal  efficiency,  T]^.^  of  this  Ideal 
engine  may  be  obtained  directly  by  writing 


C  (Ti  -T^) 


(^  -1) 


We  note,  however. 


Figure  5,3,2  Pressure-Specific  Volume  Diagram 


( — ^) 
To 


JL. 

Tt.  y-1 


and  hence 


.  lit 


Thus  with 


T_T.  we  obtain 
r  c 


(5.3.1) 


Figure  5.3.3  Temperature-Entropy  Diagram 


These  diagrams  represent  the  "Brayton  Cycle," 
which  consists  of 


0-3  Isentroplc  compression 

3- 4  Constant  pressure  combustion  (equiva¬ 

lent  to  a  constant  pressure  heat 
Interaction) 

4- 9  Isentroplc  expansion 

9-0  Constant  pressure  "heat  rejection" 


Thus,  it  Is  apparent  that  the  thermal  effi¬ 
ciency  of  the  Ideal  engine  Increases  as  the  fll^t 
Mach  number  Increases  (r^  Increases),  and  as  the 
compressor  pressure  ratio  increases  (r^  increases). 

5,4  THE  PROPULSIVE  EFFICIENCY,  7) 

'P 

The  propulsive  efficiency  Is  a  measure  of 
how  well  the  power  produced  by  the  engine  Is 
utilized  In  propelling  the  vehicle.  It  Is  defined 
by 
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reduction  required  will  be  much  reduced  as  com¬ 
pared  to  conventional  turboprops. 


Power  delivered  to  vehicle _ 

”  Net  (mechanical)  power  in  the  exhaust 

Thrust  X  vehicle  flight  speed 
Power  produced  by  the  engine 


An  ideal  engine  has  the  nozzle  exit  pressure 
equal  to  the  ambient  pressure,  so  the  thrust  is 
simply  equal  to  the  rate  of  momentum  production 
of  the  engine.  Thus, 


4  -  “o“o  = 


(5.4.1) 


The  power  produced  by  the  engine  Is  - 

u  ® ) ,  so  we  obtain  for  this  ideal  engine 


2u 


u»  +u 

®  n 


(5.4.2) 


In  order  to  increase  the  propulsive  effi¬ 
ciency  we  should  reduce  the  exit  velocity,  . 
This,  of  course,  will  come  with  a  penalty  in 
thrust  if  the  mass  flow  is  not  increased.  An 
obvious  way  to  obtain  good  propulsive  efficiency 
is  to  utilize  a  large  diameter  propeller  in 
order  to  move  a  very  large  mass.  Turbo-prop 
engines  are,  in  fact,  highly  efficient  engines, 
but  have  encountered  two  major  problems  in  the 
past.  The  large  gearbox  necessary  to  reduce  the 
propeller  speed  has  often  caused  weight  and 
reliability  problems,  and  the  onset  of  high  Mach 
numbers  at  the  propeller  tips  (as  the  aircraft 
speed  increases)  has  led  to  unacceptably  low 
propeller  efficiencies. 

Lately,  a  resurgence  of  interest  has  occurred 
in  "very  high  bypass  ratio  turbofans,"  however. 
Thus,  engines  with  up  to  eight  relatively  small 
radius  propeller  blades  are  envisioned.  These 
blades  will  be  swept  backwards  (in  the  relative 
flow)  in  order  to  forestall  the  onset  of  high  Mach 
number  effects,  and  because  of  the  relatively 
small  radius  of  the  blades,  the  amount  of  gear 


By  ducting  the  "propeller*’  or  fan,  the  tip 
Mach  number  problems  can  be  avoided  by  diffusing 
the  flow  prior  to  the  fan.  An  additional  benefit 
occurs  because  the  blades  may  be  highly  loaded, 
aerodynamically,  right  out  to  the  blade  tips 
because  the  cowl  much  reduces  tip  flow.  Such 
ducted  fan  engines,  termed  turbofan  engines,  have 
been  very  successful  when  utilized  for  high 
subsonic  or  low  supersonic  flight  regimes. 

Present  turbofans  used  for  subsonic  flight  have 
"by-pass  ratios"  (the  ratio  of  air  passing 
through  the  outer  duct  to  that  passing  through 
the  core  engine)  of  about  five  or  six,  whereas  it 
is  imagined  that  the  very  high  by-pass  engines 
discussed  in  the  preceding  paragraph  will  have 
(equivalent)  by-pass  ratios  of  twenty  five  to 
fifty.  (A  turboprop  has  a  "by-pass  ratio"  of 
about  100.)  A  cowl  for  an  engine  with  such  a  huge 
by-pass  ratio  would  not  only  be  large  and  heavy, 
but  would  also  present  a  large  wetted  area  and 
projected  area,  with  consequent  large  drag 
penalty. 

The  various  "trade-offs"  for  such  engine 
choices  are  best  detennined  by  a  systematic  use 
of  cycle  analysis. 

5.5  SYSTEMS  OF  UNITS 

In  the  following  sections,  the  various  dimen¬ 
sionless  quantities  will  be  calculated  in  the  SI 
system  of  units.  However,  because  of  the  greater 
familiarity  to  some  readers  of  the  British  system 
of  units  (or  of  the  British  gravitational  system 
of  units) ,  the  various  formulae  will  also  be 
presented  in  these  alternate  systems.  Table  5.5.1 
gives  a  brief  list  of  pertinent  terms  for  use  in 
propulsion,  together  with  appropriate  conversion 
factors. 


Table  5.5.1  Units  and  Conversion  Factors  British  System,  SI 


Item 

Units 

British  System 

Units 

SI 

Conversion  Factor 
(Multiply  British  System 
to  get  SI  Value) 

Length 

ft 

m 

0.30480 

Mass 

slug,  Ibm 

kg 

14.594,  0.45359 

Rotational  Speed 

rpm 

rad/sec 

2  TT 

Power 

HP 

w 

745.70 

Fuel  Heating  Value,  h 

J/kg 

2326.0 

J/  (kg  k) 

4180.8 

Gas  Constant,  R 

ft^ 

sec®  “r 

nf  /s^k 

0.16723 

Specific  Fuel 
Consumption  S 

kg  fuel/sec  ,  , 

- ^ - rr - -  =  kg /Ns  -  s/m 

newtons  thrust 

2.8325(10"®  ) 

Ibm  fuel/hr 

H> 

1.6897(10"'') 

Specific  Thrust 

Y 

T  -  Ns/kg  *  m/s 
m 

9.8067 

British  System  -  Gravitational  Constant  g^  ■  32.174  tt?  - t 

^  ®o  Ibf  sec*^ 

SI  -  Acceleration  of  Gravity  9.8067  m/s^ 


5.6  THE  IDEAL  TURBOJET 


5.6.1  METHODOLOGY  OF  CYCLE  ANALYSIS 

We  will  now  manipulate  the  pertinent  conserva¬ 
tion  equations  to  obtain  the  performance  variables 
specific  thrust  and  specific  fuel  consumption  in 
terms  of  assumed  design  variables,  ambient  condi¬ 
tions  and  design  limitations.  The  methodology  for 
all  cycles  to  be  considered  will  be  the  same. 

Thus,  we  will  find  (even  in  the  cases  where  losses 
are  included)  that  to  obtain  the  specific  thrust 
we  will  require  both  the  ratio  of  temperature  at 
nozzle  exit  to  ambient  temperature,  and  the  ratio 
of  Mach  number  at  nozzle  exit  to  flight  Mach 
number.  By  then  writing  the  ratio  of  stagnation 
to  static  temperature,  Tj^ ,  at  exit  as  a 

function  of  exit  Mach  number,  and  then  further 
writing  the  stagnation  temperature  at  exit  in 
terms  of  the  products  of  all  the  component  temper¬ 
ature  ratios,  an  expression  for  the  ratio  1^ /Tq 
will  be  obtained  in  terms  of  Mg  and  all  stagna¬ 
tion  temperature  ratios.  A  second  equation  for 
Mg  in  terms  of  all  the  component  pressure  ratios 
(and  imposed  exit  pressure  ratio  pg/po)  is  simi¬ 
larly  obtained  by  writing  the  ratio  of  stagna¬ 
tion  to  static  pressure,  p^^/ps.  at  exit  as  a 
function  of  exit  Mach  number.  The  component 
relationships  of  Secs.  (5.2,1)  to  (5- 2. 5)  (or 
their  non-ideal  equivalents)  then  allow  descrip¬ 
tion  of  the  engine  specific  thrust  in  terms  of 
the  component  performances  and  design  choices. 

Not  all  component  performances  are  indepen¬ 
dent,  however,  because,  for  example,  the  turbine 
and  compressor  work  interaction  rates  must  be 
equated.  Such  a  power  balance  will  lead  to  evalua¬ 
tion  of  the  turbine  temperature  ratio  and  pressure 
ratio  in  terms  of  the  chosen  compressor  pressure 
ratio  and  other  parameters. 


+  2  ”9  ^  T  T,  T. 

O  H  ts 


“  '^oVt’’n  °  Vx^’t  “  (1  +  ^  M/) 

(5.6.3) 


Here  we  have  put  »  1  which  follows  from 
Eq.  (5.2.5).  We  should  also  note 


T  s  — e  — ^  ^  ^  ^  T  T  T  T 

\  T  T  Tt  Tt  T.  r  d  c  b 
o  o 


'•  1 
■  *  '% 


Hence  with  Eq.  (5.2.1) 


T.  ~  T  T  T, 
X  r  c  b 


(5.6.4) 


Thus,  we  note  that  the  minimum  conceivable 
which  corresponds  to  no  burning  in  the 
combustor,  is 


(Tv)  .  »  T  T 

A  min  r  c 


We  may  write  for  the  pressures 


Ptg  '  P9  U  +  ^  M9®  ] 


(5.6.5) 


Finally,  Che  specific  fuel  consumpclon  Is 
evaluated  by  considering  an  enchalpy  balance 
across  the  combustor.  Several  example  cycles  are 
evaluated  In  the  following  sections  as  well  as  in 
Chapter  Seven,  and  It  will  be  seen  chat  the 
methodology  described  in  this  section  is  systemat¬ 
ically  applied  throughout. 

5.6.2  CYCLE  ANALYSIS  OF  THE  IDEAL  TURBOJET 

We  assume  Ideal  behavior  so  that  the  component 
relationships  are  as  In  sections  5. 2. 1-5. 2. 5. 
Additionally,  the  gas  is  assumed  to  be  calorlcally 
perfect  throughout,  the  pressure  at  exit  is 
assumed  equal  to  the  ambient  pressure  and  the  fuel 
to  air  ratio,  mj/m^j  =  f,  ig  assumed  to  be  much 
less  chan  unity.  With  these  assumptions  we  have 
(referencing  Figure  5.3.1) 

F  »  m  (uj  -  u.) 


Pto  Pc,  Pt,  Pt*  Pt,  Pt. 

Po  Pto  Ptg  Ptg  Pt*  Ptg  ‘  '’o’'r’'d’'c’'b’'t’'n 

(5.6,6) 


or  noting  =  p  and  from  Eqs.  (5.1.1)  and 

Izl 

(5.2. 1-5. 2.5) ,  ff ,  =  ff,  ■=  ff  =1  and  rr  ^  ■=  r  , 

a  b  n  r  r 


^  =  T^,  "  T^,  we  obtain  from  Eq.  (5.6.6) 


1  +  ^  Mb®  *  TT 


(5.6,7) 


Combination  of  Eqs.  (5.1.1),  (5.6.3)  and  (5.6.7) 
then  gives 


Specific  thrust  =  t  =  u  (^  -  1)  «  a  M  (■^  -  1) 
m  o  'u  o  o  u 

o  o 


We  may  write 


(Note  y. 


(5.6.1) 


.  i  (2k,)a  (5.6.2) 

“o  ^''o'Po  V  fo  ”o 


^  'Pr’’c 


(5.6.8) 


«o  ’’r  ■  ^  y-l  ^  'ret 


The  specific  thrust  then  follows  by  combining 
Eqs.  (5.6.1),  (5.6.2),  (5.6.8),  and  (5.6.9)  to 
give 
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(5.6-10) 


f 


(5.6.14) 


£  =  a 
m  o'-  > 


>^-1  T  T 


The  Power  Balance 

We  now  utilize  a  power  balance  between  the 
compressor  and  turbine  to  relate  the  turbine 
temperature  ratio,  T^,  to  other  variables.  It 
follows  from  the  first  law  applied  to  a  control 
volume  (section  2.14)  that  for  steady  state  condi¬ 
tions  the  mechanical  work  Interaction  per  mass  Is 
equal  to  the  negative  of  the  change  In  stagnation 
enthalpies  across  the  control  volume.  The  turbine 
work  output  must  be  equal  to  the  compressor  work 
input,  so  applying  the  first  law  we  have 

(m-fm^)  Cp^  (T^^  ‘^tg)  “  "^t,) 


T-  T,.  Tt. 

(1  +  f)  (1  -  r^)  =  (:=^-l) 

Co. To  "t.  Tq  Tto 


Cpt^t. 


''Pc'-o  o  ‘to  ^t, 

(i  +  f)Tx  (1-V  = 


But  here  f  «  1,  =  1  (also  Cp^ 

that  we  obtain 


Cpc  =  Cp)  so 


Tt=l-?J(rc-l)  (5.6.11) 


Eq.  (5.6.11)  can  now  be  substituted  Into  Eq. 
(5.6.10)  to  give  after  some  manipulation 


2t 


(5.6.12) 


We  may  note  here  that  when  a  ramjet  is  con¬ 
sidered  (no  compressor  so  =  1),  the  equation 
for  the  specific  thrust  reduces  to  the  very  simple 
form 


I  =  a  M  [7 3-^  -  1]  (IDEAL  RAMJET)  (5.6.13) 
m  o  o  '*  T  T 
r  c 


We  can  also  note  from  Eq.  (3.6.12)  that  the 
thrust  goes  to  zero  (of  course)  for  no  combustion 
TX 

in  the  burner  (Tj^  =  ~  y  =  1) . 

r  c 

Specific  Fuel  Consumption 

From  the  enthalpy  balance  across  the 
we  may  write 

(m-lnij)  CpT^^  -  m  CpT^^  -  m^h 

Here,  h  is  the  "heating  value  of  the  fuel, 

Thus,  again  taking  f  «  1,  we  obtain 


C  T 


The  specific  fuel  consumption  may  hence  be 
written 


.  _  kg  fuel/sec  _  ”*1 .  ^  i  cv 

Newtons  thrust  F  T/m  (  •  • 


5,7  SUMMARY  OF  THE  EQUATIONS,  IDEAL  TURBOJET 
(OR  RAMJET) 

We  here  sumaarize  the  equations  In  a  form 
suitable  for  calculation.  The  pertinent  equations 
and  terms  for  the  British  system  of  units  irill  be 
included  In  brackets  ([  ]). 

Inputs:  T„(K)[°r].  y,  h(j/kg)[|^]. 


K'ni 


Outputs:  I  (Ns/kg)[-^. 


„  ..  srlbm  fuel/hr, 

^  (kg/Ns)C'^,,^  thrust  3, 

,  .kg  fuel/sec.plbm  fuel/sec- 
^  kg  alr/sec  Ibm  air/sec  ^ 

Equations : 

R  .  ^  C  rf/s’kCR- 


ft? 
as 

(5.7.1) 


a  »  V y RT  m/s  [ft/sec] 
o  o 


T  =  1  -f  ^  M  ® 
r  2  o 


u  y 

c 

2t. 


(5.7.2) 

(5.7.3) 

(5.7.4) 


1“  (7^-i>(V1)^7^V3^-V 

r  c  r  c 

“  32.174  ^ T  ■  (’’c'^^ 


+  M  »)^-M  ]] 

T  T  O'* 

r  c 

(5,7.5) 

combus Cor 

C  T 

^ Vc^ 

(5.7.6) 

II 

f  3600  f, 

S  “  [3  ■  p/g  A  J 

(5.7.7) 
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5.8 


EXAMPLE  RESULTS,  IDEAL  TURBOJET  AND  RAMJET 


As  an  example  of  the  use  of  the  perfoimance 
equations,  consider  the  problem  of  selecting  an 
appropriate  compressor  pressure  ratio  for  a  given 
flight  condition.  Ue  consider  a  turbojet  to  fly 
mt  tlq  “  2  with  the  conditions  y  ■  1.4,  1.-  222.2  K 
[400®R],  h  ■=  4.4194(10’ )j/kg  [19,000  BTU/lbm], 

-  1004.9  j/kg  K  [0.24  BTU/lbm  °R]  ,  -  7. 

Figure  5.8.1  Indicates  the  results. 
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-  .8  Figure  5.8.2  Specific  Thfast  Versus  Mach  Number, 
2.20  Ideal  Turbojets  and  Ramjet 
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Figure  5.8.1  Effect  of  Compressor  Pressure  Ratio 
on  Performance,  Ideal  Turbojet 


It  can  be  seen  from  the  figure  that  even  with 
the  assumption  of  Ideal  engine  behavior  some 
Important  design  trends  become  evident.  Thus, 
this  Ideal  analysis  Indicates  that  the  specific 
fuel  constncptlon  tends  to  decrease  as  the  compres¬ 
sor  pressure  ratio  Increases.  (This  trend  Is 
true  also  when  the  losses  are  Included  over  a 
large  pressure  ratio  range,  but  not  out  to  extreme 
pressure  ratios.)  The  specific  thrust,  however, 
maximizes  at  quite  low  values  of  the  compressor 
pressure  ratio.  (Note  that  as  the  compressor 
pressure  ratio  Increases,  the  stagnation  tempera¬ 
ture  at  entry  to  the  burner  Increases  with  the 
consequence  that  the  allowable  fuel  addition  Is 
reduced  because  of  the  restricted  r^.)  It  Is 
hence  evident  that  (Ignoring  afterburning  effects 
for  the  moment)  If  a  designer  wanted  a  high  thrust 
llgjhtwelght  engine  for  use  In  an  Interceptor,  he 
would  favor  a  low  compression  ratio  engine,  whereas 
If  the  engine  was  to  be  used  for  transport  purposes 
where  fuel  consusq>tlon  Is  of  paramount  Importance, 
a  heavier  higher  compression  ratio  but  more  effi¬ 
cient  engine  would  be  appropriate. 

Figures  5.8.2  and  5.8.3  show  Che  expected 
performance  of  engines  over  a  range  of  flight  Mach 
numbers. 


Figure  5.8.3  Specific  Fuel  Consumption  Versus 
Mach  Number,  Ideal  Turbojets  and 
Ramjet 


The  conditions  assumed  for  these  examples  are 
Identical  to  those  In  the  preceding  example 
except  that  T,  was  taken  to  be  equal  to  eight  for 
the  ramjet.  It  Is  important  to  note  that  these 
examples  Illustrate  the  behavior  of  what  would  be 
a  series  of  engines  designed  to  fly  at  the  Illus¬ 
trated  Mach  number  at  the  Indicated  pressure  ratio. 
In  other  words,  the  graphs  represent  the  behavior 


of  a  family  of  engines  all  wlch  the  same  compressor 
pressure  ratio  but  flying  at  various  design  Mach 
numbers.  If  an  engine  designed  for  a  certain  Mach 
number  and  pressure  ratio  Is  flown  off-deslgn  (at 
a  different  Mach  number) ,  Its  compressor  pressure 
ratio  will  change.  These  effects  are  analyzed  In 
section  8. 1  . 

It  Is  apparent  In  Figure  5.8.2  that  In  the 
case  of  the  turbojets,  as  the  flight  Mach  number 
Increases  the  resultant  Increase  In  compressor 
outlet  temperature  restricts  the  allowable  fuel 
addition  causing  a  reduction  In  specific  thrust. 
(Note  that  in  an  actual  engine  the  airflow  would 
Increase  as  M^  Increased  causing  the  thrust  (but 
not  specific  thrust)  to  Initially  Increase.)  In 
the  case  of  the  ramjet,  the  thermal  efficiency  of 
the  engine  Is  so  low  at  low  Mach  numbers  that  the 
specific  thrust  at  first  increases  with  Increasing 
Mach  numbers  before  eventually  decreasing  due  to 
the  limitation  on  fuel  addition. 

Figure  5.8.3  indicates  that  the  turbojet 
specific  fuel  consumption  at  first  Increases  with 
Increase  In  This  is  because  the  energy 

required  for  a  given  velocity  change  from  inlet 
to  exit  (and  hence  thrust  production)  Increases 
as  the  flight  speed  Increases.  At  very  low 
thrusts  the  specific  fuel  consumption  decreases 
(for  this  Ideal  engine)  because  the  propulsive  and 
thermal  efficiencies  increase.  For  the  ramjet, 
the  initial  sharp  drop  In  S  reflects  the 
Increasing  Chennai  efficiency.  Later,  the  effect 
of  the  extra  required  energy  for  a  given  velocity 
change  causes  S  bo  Increase. 

As  a  final  example  calculation,  we  again 
consider  a  family  of  turbojets  with  M^  =  2  and 
with  tTj,  =  20.  We  then  consider  the  effect  of 
varying  Che  turbine  inlet  temperature,  or  equiva- 


Figure  5.8.4  Specific  Fuel  Consumption  and 

Specific  Thrust  Versus  T,  ,  Ideal 
Turbojet 


Figure  5.8.4  indicates  how  the  specific  fuel 
consumption  decreases  as  the  turbine  Inlet  temper¬ 
ature  decreases  because  of  Che  Increasing  propul¬ 
sive  efficiency.  However,  If  component  losses 
were  present,  a  finite  fuel  flow  would  be  required 
as  the  thrust  approached  zero  with  the  result  that 
the  specific  fuel  consumption  would  Increase 
dramatically. 

5.9  INTERPRETATION  OF  THE  BEHAVIOR  OF  THE 
SPECIFIC  FUEL  CONSUMPTION 

In  the  preceding  sections  the  equations  for 
S  and  F/m  were  deliberately  formulated  in  a 
manner  Chat  led  to  easy  algebraic  manipulation 
and  calculation.  For  Interpretive  purposes  we 
may  write  S  in  the  alternate  form 


or 


°f  (^f>  if 

F  u  F 

o 


S  =  -ii 


u  F 


I 


hm.  °  ^ 


(5.9.1) 


From  sections  5.3  and  5.4  It  can  be  seen 
that  the  expressions  In  parentheses  are  just  the 
propulsive  and  thermal  efficiencies.  That  Is, 


u  F 
o 


P  a) 


and 


’’th 


hm. 


(5.9.2) 


Hence  we  may  write 


a  M  , 

o  0  _ 1 


(5.9.3) 


Equation  (5.3.1)  related  the  thermal  effi¬ 
ciency  to  the  thermodynamic  variables  by 


\h  =  1  -  —  =  '  - 
r  c 


and  we  toay  obtain  an  expression  for  the  propulsive 
efficiency  by  combining  Eq.  (5.4.2),  (5,6.1)  and 
(5.7.5)  to  give 


2M 


(;p^-l)(r^-l)  +^M^»}^4Mo 


(5.9.4) 


Equation  (S.9.3)  Indicates  that  we  may  Inter¬ 
pret  the  behavior  of  the  specific  fuel  consumption 
as  a  combination  of  three  Influences,  llius,  as 
the  flight  Mach  number  Increases ,  the  required 
Increase  In  energy  requirement  appears  In  the 
factor  M^.  This  effect  Is  somewhat  compensated 
for  by  the  Increases  In  T)  and  that  occur  for 
Increases  In  M^  for  the  ifleal  engine  case.  Figure 
5.9.1  Illustrates  the  variation  In  behavior  cf  the 
thermal  and  propulsive  efficiencies  for  the  Ideal 
turbojets  and  ramjets  previously  considered. 
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(5.10.1) 


vhen  F/m  is  a  maxlinum.  The  expression  for  the 
specific  thrust  in  this  special  case  is  hence 

(|)max  =  “ot  {  (^)  -  1)»  t  M/  )  -  Mj 

(5.10.2) 


Also,  It  follows  from  Eqs.  (5.10.1)  and  (5.7.6) 
that 


C  T 


(5.10.3) 


5.10.1  TEMPERATURE  RELATIONSHIPS  AT  MAXIMUM  THRUST 

The  relationship  of  Eq.  (5.10.1)  leads  to 
the  result  that  the  stagnation  temperature 
following  the  compressor  Is  equal  to  the  static 
temperature  at  nozzle  exit.  This  can  be  shown  as 
follows ; 


Figure  5.9.1  Thermal  and  Propulsive  Efficiencies 


--2.-TT  ‘  (n  II  )'  =  (-^2.)  r 

T  cr  cr^ 
o  o 


It  can  be  seen  Chat  the  trends  support  the 
cemments  made  In  the  previous  section  In  that  the 
low  thermal  efficiency  dominates  the  ramjet 
performance  at  low  Mg  whereas  the  rapidly  Increas¬ 
ing  propulsive  efficiency  leads  to  the  reduced 
specific  fuel  consumption  at  high  Mach  numbers 
for  the  turbojet. 


But  =  p^  and  P|^  =  Pl^  so  that  with 


Pt,  y  Pt.  y  \ 

(—)  =  (— )  =  — 
Pf  Ps  Ti 


As  a  final  observation  upon  the  behavior  of 
the  specific  fuel  consumption,  it  can  be  noted 
that  for  given  Mg  (T^)  and  compressor  pressure 
ratio,  ff  (hence  Tg),  the  thermal  efficiency  of 
the  Ideal  engine  Is  Independent  of  turbine  Inlet 
temperature.  Thus,  the  observed  decrease  In  S 
with  seen  In  Figure  5.8.4  results  solely  from 
the  Increase  in  propulsive  efficiency  that  occurs 
with  decrease  In 

5.10  THE  MAXIMUM  THRUST  TURBOJET 


We  may  write 


Tt  Tt 


Tt.,  Tf  Tf 

(■#■)’  =  =  (-^y 


In  Figure  5.8.1  It  Is  evident  that  a  maximum 
specific  thrust  occurs  for  a  specific  value  of 
compressor  pressure  ratio.  This  specific  value 
of  compressor  pressure  ratio  can  be  directly 
obtained  from  Eq.  (5.7.5)  by  equating  the  deriva¬ 
tive  of  the  specific  thrust  with  r  to  zero. 

Noting  that  at  fixed  flight  conditions  and  turbine 
Inlet  temperature,  Sg,  Tj.,  and  T,  are  all 
constant,  it  Is  evident  that  F/m  will  be  a  maximum 
when 


^T^  T  =  Ti  Q.E.D.  (5.10.4) 


The  temperature  entropy  diagram  is  then  as 
Indicated  in  Figure  5.10.1.  Note  that  the  T-s 
diagram  is  very  "full"  for  the  condition  T^^  •  . 
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Figure  5.10.1 


Temperature  Entropy  Diagram  for  Max 
Thrust  Turbojet 


Maximum  Thrust 


5.10.2  EXAMPLE  RESULTS  -  MAX  THRUST  TURBOJET 


5.11 


THE  IDEAL  TURBOJET  WITH  AFTERBURNING 


The  performance  of  a  max  thrust  turbojet  may 
be  plotted  In  a  similar  manner  to  the  conventional 
turbojet  and  ramjet.  Figure  5.10.2  shows  the 
specific  thrust  versus  flight  Mach  number  for  a 
family  of  max  thrust  turbojets.  Shown  for  compari¬ 
son  Is  the  equivalent  performance  of  a  family  of 
turbojets  with  a  compressor  pressure  ratio  of 


A  well  established  and  relatively  simple  method 
of  Increasing  the  thrust  level  of  a  turbojet  Is  to 
"afterbum"  In  the  duct  following  the  turbine  outlet. 
The  additional  enthalpy  addition  coupled  with  the 
nozzle  pressure  ratio  provides  a  substantial  thrust 
augmentation,  though  at  the  expense  of  an  Increase 
In  specific  fuel  consumption.  The  mechanical 


arrangement  and  related  station  numbering  are 

Indicated  In  Fig.  5.11.1 

• 

1  2 

3  4 

..■4....  ,  .4 

5  6  7  8  9 

°  1 

imoc_ 

1  1  < 

1  ^ 

• 

Figure  5.10.2  Specific  Thrust  Versus  Flight  Mach 
Number  -  Max  Thrust  Turbojet 


Figure  5.11.1  The  Turbojet  with  Afterburning 


The  related  compressor  pressure  ratio  giving 
maximum  thrust  Is  shown  In  Figure  5.10.3.  Note 
that  each  max  thrust  turbojet  graph  must  terminate 
where  =  1.  This  occurs  when  =  1  giving  from 
Eq.  (5.10.1)  T  =  Hence 


(«o>max 


-  1)}^  (5.10.5) 


When  the  entire  cycle  Is  considered  Ideal, 
all  the  component  relationships  of  Sec.  (5.2) 
remain  true  and  In  addition  we  note  ”  1  . 

Usually  the  maximum  temperature  attainable  In  the 
afterburner  Is  substantially  higher  than  that 
attainable  In  the  primary  combustor  because  of 
the  restriction  placed  upon  the  attainable  tempera¬ 
ture  in  the  primary  combustor  by  the  presence  of 
the  turbine.  Figures  5.11.2  and  5.11.3  Indicate 
the  thermodynamic  cycles  appropriate  for  the  Ideal 
afterburning  turbojet. 
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Figure  5.11.2  Pressure-Volume  Diagram,  Ideal 
Afterburning  Turbojet 


Equations  (5.11.1)  to  (5.11.5)  may  now  be 
combined  to  give 


F 

ill 


a  r{-2__m. 
0  Y-1  TXT 


(X  X  x^- 
r  c  t 


(5.11.6) 


The  similarity  between  this  expression  and 
that  obtained  for  the  turbojet  without  afterburning 
(Eq.  5.6.10)  Is  evident  when  It  Is  noted  that  the 
minimum  value  for  that  occurs  for  no  after¬ 

burning  Is  (T,  ..)  ,  “  T.T  .  With  this  substitution 
AAJ)  min  A  t 

Eq.  (5.11.6)  reduces  Immediately  to  Eq.  (5.6.10). 


The  power  balance  between  compressor  and  turbine 
remains  unchanged,  so  that  Eq.  (5.6.11)  remains 
valid,  namely: 


x 

t 


1  -  (T  -1) 


The  expression  for  the  fuel  to  air  ratio  In 
the  primary  burner  also  remains  as  before  (Eq. 
5.6.14).  The  fuel  to  air  ratio  for  the  afterburner 
Is  obtained  from  an  enthalpy  balance  across  the 
burner  to  give 


“fAB  h  -  («  +  mf 


T  m-;u 


'f' p^t 


AB 


fAB 

m 


C  T 


Combining  Eqs.  (5.6.11),  (5.6.14)  and 
then  gives  , 


"“f-^fAB 


TOT 


C  T 

h  ^"'XABT’^r^ 


(5.11.7) 
(5.11.7) 

(5.11.8) 


Figure  5.11.3  Temperature-Entropy  Diagram,  Ideal 
Afterburning  Turbojet 


5.12  SUMMARY  OF  THE  EQUATIONS,  IDEAL  TURBOJET 
WITH  AFTERBURNING 


5.11.1  CYCLE  ANALYSIS  OF  THE  IDEAL  AFTERBURNING 
TURBOJET 

Again  assuming,  as  In  Sec.  (5.6.2),  that  all 
component  efficiencies  are  perfect,  that  the  gas 
Is  calorlcally  perfect,  that  the  exit  static  pres¬ 
sure  Is  equal  to  the  ambient  pressure  and  that  the 
fuel  to  air  ratio  In  both  primary  combustor  and 
afterburner  Is  much  less  than  unity,  we  have: 


BTll 

Inputs:  T^(K)('’R),  Y,  h(J/kg)  , 

C  (J/kgK)(y|P^),  T^,  TT^,  M^ 


Outputs:  I  Ws/k8)[^  , 
0 


S(kg/Ns) 


. Ibm  fuel/hr, 
^  Ibf  thrust 


Specific  thrust  *  *  a  M  (— ^  -  1)  (5.11.1) 

m  0  0  u 


f  .kg  fuel/secx ,lbm  fuel/seci 
TOT  ^kg  alr/sec'^  Ibm  air/sec' 


Equations: 


Where  as  before. 


0 

We  now  write 


T  M  ^ 
0  0 


(5.11.2) 


^t  '  ^9^^  ^  “  ^0  ^XAB  (5.11.3) 

9 


P.  ■  P  V-  ■  , 

t  9  2 


(1  +  ^  M  ^)^"^  -  P  TI  TT  TI  (5.11.4) 
^  ‘  0  r  c  t 


Hence  with  Eqs.  (5.1.1),  (5.2.2),  (5.2.4)  and 
(5.11.4) 


R  -  ^  mVs^k  [R  =  Cp(2.505)(10‘')“^T^] 


y  p 


a  *  /rRT  m/s  [ft/sec] 
0  0 

Izi 

T  =  W  ^ 

c  c 


>  1  -  -  (VI) 


V  -  a  (T  T  T  ] 

m  0  Y-1  T  T  T  r  c  t  o' 


XAB  , 


(5.12.1) 

(5.12.2) 

(5.12.3) 

(5.12.4) 

(5.12.5) 


F 


o 


2 


2/2 


NOTE:  The  minimum  allowable  value  for  T 


is  T 


xab 


XAB 


We  may  obtain  the  analytical  expression  for 
the  compressor  pressure  ratio  giving  maximum  thrust 
by  noting  with  Eq.  (5.12.5), 


C  T 


TOT 


f 

F/A 


3600F, 
‘  F/g^Al 


(5.12.7) 

(5.12.8) 


3t  t 
c  t 

3t 


X—  {t  -  (t  )} 
3t  c  t,  c  c 
c  X 


Hence  at  the  maximum 


5.13  EXAMPLE  RESULTS,  IDEAL  TURBOJET  WITH 
AFTERBURNING 

We  consider  a  turbojet  to  fly  at  a  flight 
Mach  number  of  two,  with  the  conditions  Y  “  1.^  , 

T^  =  233.3  [420°R],  h  »  4. 5357(10’)J/kg[19,500  . 

0  Ibm 

C  -  1004.9  J/kgK[0.24  BTU/lbrn'R] ,  T,  -  7  ,  T,  8. 
p  A  AAd 

Figure  5.13.1  compares  the  performance  of  the 
turbojet  over  a  range  of  compressor  pressure  ratios 
operating  with  and  without  afterburner. 

[^]  F/m  S(10  =  )  (Si 


0  10  20  30  40 


71 

C 


Figure  5.13.1  Effect  of  Compressor  Pressure  Ratio 
on  Performance,  Ideal  Turbojet  with 
Afterburner 


1  -  (2t  -1)  =  0  or  (T  ) 


T,+  T 
X  r 


c  max  thrust 


2t 


and 


T^+T^  Y-1 

^c  max  thrust  ^  2t  ^ 


(5.13.1) 


In  the  example  given  above  we  obtain 
o3.5 


"c  max  thrust  = 


It  would  appear  then  that  such  a  value  for 
compressor  pressure  ratio  would  be  near  a  suitable 
compromise  for  an  aircraft  that  was  to  cruise 
efficiently  with  no  afterburning,  but  was  to  engage 
In  combat  with  high  thrust  and  relatively  efficient 
afterburning  fuel  consumption. 


5.14 


THE  TURBOFAN  WITH  SEPARATE  EXHAUST  STREAMS 


5.14.1  CYCLE  ANALYSIS  OF  THE  IDEAL  TURBOFAN  WITH 
SEPARATE  EXHAUST  STREAMS 


The  methodology  of  cycle  analysis,  as  des¬ 
cribed  In  Sec,  (5.6.1),  will  again  be  applied. 

When  applying  the  cycle  analysis,  we  must  now 
account  for  the  thrust  of  both  the  primary  (core 
engine)  and  secondary  (fan)  streams,  and  must  note 
that  the  turbine  power  output  will  now  be  equated 
to  the  power  Input  to  both  fan  and  compressor.  We 
again  assume  that  all  component  efficiencies  are 
perfect,  that  the  gas  Is  calorically  perfect,  that 
the  fuel  to  air  ratio  In  the  combustor  Is  much  less 
than  unity  and  that  the  exit  static  pressures  of 
both  primary  and  secondary  streams  are  equal  to 
the  abmlent  pressure.  The  nomenclature  and  notation 
arc  as  In  Fig.  5.1.1  and  Sec.  (5.1). 


The  total  thrust  may  be  written  as  the  sum  of 
the  thrust  contributions  of  the  two  streams  to  give 


As  predicted,  the  addition  of  afterburning 
leads  to  an  Increase  of  specific  thrust  at  the 
expense  of  an  Increase  In  specific  fuel  consump¬ 
tion.  It  Is  of  Interest  to  note  the  location 
of  the  maximum  In  the  specific  thrust  when 
afterburning  Is  present.  By  formally  taking  the 
derivative  of  the  specific  thrust  with  T 

c 

(Eq.  5.12.6),  It  Is  evident  that  the  maximum  occurs 

when  the  product  ITT  reaches  a  maximum.  Such 
ret 

a  maximum  occurs  when  tttt  "p  /p  «p  /p 
ret  t  t  9 

5  5 

reaches  a  maximum  and  it  Is  evident  (and  obvious) 
that  the  maximum  thrust  occurs  when  the  nozzle 
pressure  ratio  reaches  a  maximum.  We  note  also 
that  because  is  a  function  of  and 

(and  CpT^/h)  only,  the  maximum  in  thrust  corresponds 
to  the  minimum  In  specific  fuel  consumption! 


F  “  m  (u  -u  )  +  m  (u  ,-u  ) 

ISO  290 

-  (5.14.1) 

12  0  0 


Here  we  have  introduced 


m  •  Mass  flow  rate  of  the  primary  stream 
i 


m  *  Mass  flow  rate  of  the  secondary  stream 


m 

a  ■  ■  By-pass  ratio 

1 


SECONDARY  STREAM 


The  specific  fuel  consumpcion  then  follows  from 


u  T  ,  M 

We  again  have  (— ^)  =  ^ 

“o  ^0  0 


(5.14.2) 


=  !i  _  1 

F  m  m  +m  /  F 

m  1  2 


Now  write 


m  -Hd 
1  2 


T  '  =  T  ’  (1  +  ^  M  ?)  =  T  T  T  (5.14.3) 

t9  9^9C)rC  12 

Y-1  2  Y-l  /c  /\  Combination  of  Eqs.  (5.14.1)  and  (5.14.7)- 

“  Pg*  (1  ■*'  ^  *  ^o^r^c'  (5.14.4)  (5.14.11)  then  gives  the  following  summary  of 

equations. 


(5.14.11) 


With  Eqs.  (5.1.1),  (5.2.2),  and  (5.14.4) 

=  Vc- 


5.14.2  SUMMARY  OF  THE  EQUATIONS,  IDEAL  TURBOFAN, 
BY-PASS  RATIO  PRESCRIBED 


(5.14.5) 


Inputs:  T^(K)(°R1,  Y,  h(J/kg)  [|^] 


"c’-  '‘o-  “ 


(5.14.6) 


We  might  note  here  that  this  result  could  have 
been  obtained  more  directly  by  noting  P  ,  =  P.  and 

9  O 

s  .  =  s  ,  hence  T  ,  =  T  .  Equations  (5.14.2), 

9  '  0  9  0 

(5.14.5),  and  (5.14.6)  then  give 


'g  (A  ^  'y  ibSTi 

12  0  1  2 

- .  ,lbm  fuel/hr, 

■  thruil'> 

r  kg  fuel/sec 


kg  primary  air/sec 


*^0  (5.14.7) 


PRIMARY  STREAM 


R  =  Ori  C  mVsY  (R  =  ^  C  (2.505)  (lO")  — ^] 
Y  p  Y  P  sec‘  R 


The  relationships  for  temperatures  and  pres¬ 
sures,  here,  are  exactly  as  previously  obtained 
for  the  turbojet  (Sec.  5.6.2),  so  we  may  write 


“o  ^  -  Mo  (5.14,8) 


POWER  BALANCE 

For  this  ideal  cycle  the  power  output  from 
the  turbine  will  Just  equal  the  power  input  to  the 
fan  and  compressor.  We  hence  obtain 


n  C  (T  -T  )  >  m  C  (T^  -T  )  +  m  C^(T^  ,-T  ) 

1  P  t4  ts  1  P  t3  t2  2  P  t3  t2 


or  (1-T^)  = 


hence  T  =  1  -  [  (T  -1)  +  a(T  ,-l)  ]  (5.14.9) 


SPECIFIC  FUEL  CONSUMPTION 


sec^ 

(5.14.12) 


a  *  /yRT  m/s  [ft/sec] 
0  0 


T  =  1  +  ^  M  ^ 
r  2  0 


T  *  TT 
c  c 


T  '  =  IT  ’  ^ 


T  =  1  -  —  [(T  -I)  +  0(T  '-!)] 


F  ^0  ,r  2  "^X  r  T  -13)^/''^ 

m  +m  “  1+a  Y-l  T  T  ret 
12  in 

(5,14.18) 

(To  obtain  British  units  of  Ybm'/s'e'c  '  ^3 


(5.14.13) 


(5.14.14) 


(5.14.15) 


(5.14.16) 


(5.14.17) 


meters/sec  would  be  replaced  by  ^2  j 72,  "here  a^ 
An  enthalpy  balance  across  the  combustor  gives  should  be  given  In  ft/sec) 


m.h  »  m  C  (T^  -T  ) 
f  1  p  tu  t3 

m-  C  T 

f  -  T-  -  (t,-t  t  ) 

m  h  X  r  c 

j 


It 


(5.14.19) 


(5.14.10)  S  -  - 


12  0  I  i 


(5.14.20) 


'i  *  * 
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5.14.3  BY-PASS  RATIO  FOR  MINIMUM  SPECIFIC  FUEL 
CONSUMPTION 

It  would  be  desirable  to  select  the  by-pass 
ratio  a  ,  to  give  the  minimum  specific  fuel  con¬ 
sumption  possible  for  given  prescribed  operating 
conditions  (T^,M^),  design  limits  (T^)  and  design 

choices  (tt  ,Tr  ').  It  Is  evident  from  Eqs.  (5.14. 18) 
c  c 

'  (5.14.20)  that  the  minimum  value  for  S  will 
occur  at  the  maximum  value  of  the  expression 


-ITT 
r  c 


(TrXcT,-l) 


Taking  the  derivative  of  this  expression  with 
a  we  obtain 


(X  Xc'^t"^^^ 

'  r  c 


It  can  be  seen  from  Eq.  (5.14.18)  that  this 
relationship  shows  that  when  the  by-pass  ratio  Is 
such  as  to  give  minimum  specific  fuel  consumption 
(for  the  Ideal  engine)  the  thrust  per  mass  per 
second  of  the  primary  stream  Is  one-half  of  the 
thrust  per  mass  per  second  of  the  secondary  scream. 
This  somewhat  surprising  result  follows  primarily 
because  when  Che  efficiency  of  energy  transmission 
between  the  two  streams  Is  very  high,  the  propul¬ 
sive  efficiency  of  the  engine  Is  Improved  by  expend¬ 
ing  most  of  the  energy  In  providing  momentum  to 
the  denser  (cooler)  secondary  stream.  It  should 
be  noted  that  when  component  losses  are  present, 

Che  optimal  thrust  per  mass  per  second  of  Che 
primary  stream  Is  a  much  higher  fraction  of  that 
of  the  secondary  stream.  (Usually  larger  than 
unity. ) 


The  optimal  by-pass  ratio  may  be  obtained  from 
Eq.  (5.14.17)  to  give 


a* 


X 

r 


1-x  * 
_ t 


X  '-1 
c 


X  -1 


c 


(5.14.25) 


=  0  at  minimum  S 


(5.14.21) 


The  expression  for  the  thrust,  Eq.  (5.14.18) 
may  be  simplified  with  Eq.  (5.14.24)  to  give 


From  Eq.  (5.14.17)  we  find 
3x  X 

^  (X  '-!) 

30  x^  c 


(5.14.22) 


Equations  (5.14.21)  and  (5.14.22)  give  an 
equation  for  that  value  of  x^.  Identified  with 

the  minimum  specific  fuel  consumption.  Thus, 
denoting  by  an  asterisk  Che  particular  value  of 
the  property  leading  to  minimum  specific  fuel 
consumption  we  find 


-  “o  (x^x^'-l)}^/^-Mj  (5.14.26) 

1  2 

These  equations  are  summarized  In  the  next 
section. 

5.14.4  SUMMARY  OF  THE  EQUATIONS,  IDEAL  TURBOFAN, 
BY-PASS  RATIO  OPTIMIZED 


Inputs:  T^(K)t‘’R],  Y,  h  J/kg  ,  [^1, 


T  *  =_i_  +  - ^ 

^t  Xj.x^  ^  2(y-1)x 


(5.14.23) 


Utilizing  this  value  of  x^*  ,  we  then  find 


tiSl*  "c’’ 

12  0  1  2 

,,lbm  fuel/hr, 
S*(kg/Ns)[^,^^- 


r  c 


^  (x  X  ’-1)  (X  -1)-M  (X  X  '-l))^^iM  ^ 

Y-1  r  c  Y-1  r  o  y-l  '  r  c  O 


[(^  (x,x,’-l)}^/^-«„] 


f _ !a_  fuel/sec 

kg  primary  alr/sec  ’ 


Equations: 


The  first  five  equations  are  identical  to 
Eqs.  (5.14.12-5.14.16),  then 

^  +  111  [  7^  !r.<Jc'  f 


*  X.  1-x  *  X  -1 

*  _X  t  c 

*  “  X  X  '-1  ■  x’-l 

r  c  c 


(5.14.2  7) 
(5.14.28) 


—P*. .  .  a  rf_?_  T  ’-1)^/2  , 

m  +m  o  2(14ci*)  Y-1  ^  r  c 


(5.14.29) 


Ibf 


(5.14.24) 


(To  obtain  British  units  of  tx — ; -  ,  a„  In 

Ibm/sec  o 

a.. 

meters/sec  would  be  replaced  by 
should  be  given  In  ft/sec  .) 


3074  *0 
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c  T. 


(5.14.30) 


* 

S  - 


IS 


3600f 


12  0  1  2 


(5.14.31) 


5.14.5  EXAMPLE  RESULTS  -  IDEAL  TURBOFAN  WITH 
SEPARATE  EXHAUST  STREAMS 


As  an  example  of  the  use  of  the  performance 
equations  we  consider  the  effect  upon  the  per¬ 
formance  parameters  and  the  optimal  by-pass  ratio 
of  variations  In  the  by-pass  pressure  ratio. 


1  1.5  ^  Jt.O  2.5  1  1.5^  ,  2.0  2.5 

c  c 


Figure  5.14.1  Optimal  Figure  5.14.2  Specific 
By-Pass  Ratio  Versus  Thrust  and  Specific  Fuel 

By-Pass  Pressure  Ratio  Consumption  Versus  By-Pass 

Pressure  Ratio 

Conditions  assumed  for  these  calculations  were 
y  -  1.4,  T^  -  233.3'’K[420'’R],  h  =  4.4194(10’)J/kg 
[19,000  BTU/lbm],  C^  =  1004.9  J/kgK[0.24  BTU/lbm’R], 

V  »  20,  T,  •  6,5,  M  •  2  .  It  Is  apparent  that  a 

C  A  0 

trade-off  between  high  thrust  per  frontal  area 
and  low  specific  fuel  consumption  occurs.  This 
clearly  reflects  the  Increase  of  propulsive  effi¬ 
ciency  with  a  decrease  In  fan  exit  velocity  (lown^'). 

The  enormous  optimal  by-pass  ratios  occurring  for 
the  very  low  by-pass  pressure  ratios  do  not  In  fact 
occur  when  losses  are  considered  (Chapt.  7).  The 
effect  of  losses  Is  to  much  reduce  the  optimal 
fraction  of  energy  to  be  supplied  to  the  by-pass 
stream. 

The  variations  of  a*,  S* 

flight  Mach  number  are  shown  In 
5.14.4.  The  conditions  assumed 

the  additional  value  V  '  «  2.0 
c 


and 


with 


n  +m 
1  2 

Figs.  5.14.3  and 
are  as  above  with 


Figure  5,14.3  Optimal 
By-Pass  Ratio  Versus 
Flight  Mach  Number 


Figure  5.14.4  Specific 
Thrust  and  Specific  Fuel 
Consumption  Versus  Flight 
Mach  Number 


The  strong  effect  of  flight  at  Increasing  Mach 
numbers  Is  very  evident  In  these  curves.  Thus,  even 
though  the  optimal  by-pass  ratio  reduces  sharply, 
the  much  reduced  power  capability  of  the  turbine 
causes  a  reduction  In  the  specific  thrust.  It  can 
be  seen  that  It  is  most  Important  that  a  designer 
be  aware  of  the  Intended  flight  regime  if  he  is 
to  be  able  to  properly  choose  his  design  variables. 


Figures  5.14.5  and  5.14.6  Indicate  that 
Increasing  has  a  similar  effect  upon  Che 

optimal  by-pass  ratio  and  specific  thrust  as  does 
reducing  the  flight  Mach  number.  (Conditions 

assumed  are  as  above  with  M  2).  This  Is  true, 

0 

of  course,  because  an  increase  in  gives  an 

Increase  in  turbine  power  capability.  The  slight 
Increase  in  specific  fuel  consumption  with 

would  appear  to  negate  the  thrust  advantages  of 
going  to  higher  turbine  temperatures.  However,  It 
should  be  noted  that  not  only  would  the  engine  be 
smaller  (particularly  the  core  engine) ,  but  the 
specific  fuel  consumption  will  actually  tend  to 
decrease  with  Increasing  when  component 

losses  are  Included. 


4.5  5.5  6.5  7.5  4.5  5.5  6.5  7.5 


Figure  5.14.5  Optimal  Figure  5.14.6  Specific 
By-Pass  Ratio  Versus  Thrust  and  Specific  Fuel 
Consumption  Versus 
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As  a  final  example  of  the  Ideal  turbofan  with 
separate  exhaust  streams  we  consider  the  effects 
of  varying  the  by-pass  ratio  from  the  optimum 
value.  Conditions  are  as  assumed  In  the  above 
examples,  and  the  results  are  Illustrated  In 
Figure  5.14.7. 


S(10=) 
kg /Ns 


5.15.1  CYCLE  ANALYSIS  OF  THE  IDEAL  TURBOFAN 
WITH  MIXED  EXHAUST  STREAMS 


3  4  5 


0  1  2  3  4  5 

a 

Figure  5.14.7  Specific  Thrust  and  Specific  Fuel 
Consumption  Versus  By-Pass  Ratio 

This  figure  Illustrates  that  a  truly  optimal 
choice  of  by-pass  ratio  might  be  other  than  that 
leading  to  the  minimum  specific  fuel  consumption. 
Thus  for  example  note  that  by  selecting  0*3 
rather  than  a*  =  3.91  ,  a  21%  increase  In  specific 
thrust  can  be  obtained  at  a  penalty  of  a  1.5% 
Increase  In  specific  fuel  consumption.  When  the 
engine  size,  weight  and  cowl  diameter  are  all 
considered  for  the  Installation  effects.  It  Is 
probable  that  a  by-pass  ratio  lower  than  that 
corresponding  to  a*  would  be  selected. 

5.15  THE  IDEAL  TURBOFAN  WITH  MIXED  EXHAUST 
STREAMS 

In  many  Installations,  particularly  In  air¬ 
craft  with  body  mounted  engines.  It  Is  suitable 
and  convenient  to  duct  the  primary  and  secondary 
streams  through  a  common  exit  nozzle.  In  the 
event  that  little  mixing  of  the  streams  occurs 
the  analysis  of  the  preceding  section  would 
remain  valid.  In  many  applications,  however, 
"forced  mixers"  are  used  to  greatly  enhance  the 
mixing  of  the  streams.  Several  benefits  may 
accrue  from  mixing  the  streams,  such  as  improve¬ 
ments  in  the  performance  parameters  and  reductions 
In  the  exhaust  Jet  noise. 

In  order  to  analyze  the  behavior  of  a  turbo¬ 
fan  with  ideal  stream  mixing,  we  will  assume  the 
presence  of  an  "Ideal  constant  area  mixer”.  An 
ideal  constant  area  mixer  Is  defined  as  a  constant 
area  mixer  with  no  sidewall  friction.  Analysis 
of  such  a  device  provides  us  with  the  outlet  stag¬ 
nation  conditions  as  a  function  of  the  two  sets  of 
Inlet  conditions.  When  the  outlet  conditions  are 
known  the  performance  of  the  engine  can  be 
determined. 


Figure  5.15.1  The  Ideal  Turbofan  with  Mixed 
Exhaust  Streams 

We  again  assume  all  efficiencies  perfect, 
nozzle  exit  pressure  equal  to  the  ambient  pres¬ 
sure,  that  the  gas  is  calorlcally  perfect  and 
that  the  combustor  fuel  to  air  ratio  Is  much  less 
than  unity.  The  specific  thrust  may  hence  be 
written 


»  .  1  «  a  M  (— ^  -  1) 

m  +m  0  0  u 
1  2  0 


We  again  have 


(—2.)  a  —z.  (— ^) 
0  0  0 


and  may  write 


T  -  T  (1  +  ^  M 

t9  9  A  9 


P.  -  P  (1  +  ^  M  2)^'^ 
t9  9  2  9 


An  enthalpy  balance  gives 


mCT  +111CT  ,-(in  +  a)CT 

i  P  t5  2  p  t3*  1  2  P  t9 


m  Vt-'“Vc'’ 


(5.15.1) 


(5.15.2) 


(5.15.3) 


(5.15.4) 


(5.15.5) 


Combination  of  Eqs.  (5.15.1-5.15.5)  then 


^  (5.15.6) 

r  c  p^^ 


-  *1 
■  J 


The  power  balance  between  compressor,  fan 
and  turbine  remains  unchanged,  so  Is  still 

given  from  Eq.  (5.14.9).  In  Sec.  (5.15.2)  we 
will  obtain  the  ratio  p  /p  ,  so  note  here 

t9  ts 


p  TT  TI 
c  t 

P  IT  ' 
‘^ts  C 


(5.15.7) 


The  equation  for  the  mass  flow,  Eq.  (2.18.1), 
may  be  written  In  the  form 


"1  "1 


3' ,  5  or  7) 
(5.15.12) 


Noting  from  Che  enthalpy  balance  that 


The  expressions  for  f  and  S  remain  as  In 
Eqs.  (5.14.10)  and  (5.14.11).  These  equations 
will  be  summarized  In  Sec.  (5.15.4). 

5.15.2  THE  IDEAL  CONSTANT  AREA  MIXER 
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‘ts 


(5.15.13) 


an  equation  for  can  be  obtained  by  combining 

Eqs.  (5.15.11  -  5.15.13),  and  may  be  written  In 
the  form 

T.  , 


(1  +  a)(l  +  o 


') 


f(M  ) 

7 


where 


:t3' 

of  T^ 


/f  (M^)  ^f(M^0 

M^(l  +  ^  M^) 
fW  =  (1  +  yM2)2 


(5.15.14) 


This  Is  once  again  of  the  sane  functional 
form  for  the  Mach  number  as  occurred  In  the  solu¬ 
tion  for  the  heat  Interaction  at  constant  area. 
Sec.  (2.17.4),  so  we  may  write 


Figure  5.15.2  The  Constant  Area  Mixer 
We 


may  consider  p^  ,  T^.^  ,  M^  ,  P^^i  t  , 

and  o  to  be  prescribed.  The  common  static  pres¬ 
sure  at  the  splitter,  p  ,  can  then  be  obtained 
directly  from 


-  (1  +  ^  M 
P  2  5 


from  which  we  obtain 

](=1 


2  ,,Ptl\  ^ 


Y-1 


Equation  (2.18.1)  for  the  mass  flows  may  be 
utilized  to  give 


A  , 


^ . /S7  A. 

A  "y  T.  M  ,  'p  ’ 
5  ts  3  ts 


z  All  +  .A] 

7  l-2Yf+A 


where  A  ■  /l-2(Y+l)f 


(5.15.15) 


Following  solution  for  M  ,  the  other  down- 

7 

stream  variables  follow  directly.  Thus,  Eqs. 
(5.15.12)  and  (5.15.13)  may  be  combined  to  give 


(5.15.8) 


Y+1 


1  +  ^  M 


^  ■=  {(l+ci)(l-tci  [ -  Ji  "! 


ts 


Izi 

M.?  =  ;;rr  ((-^)  -U 

T  l-ts  Z  5 

(5.15.9) 


1  +  ^  M 

2  5 


M  1+A  ,/A 

7  3  5 


(5.15.16) 


The  equations  of  this  section  are  summarized 
in  Sec.  (5.15.3). 


5.15.3  SUMMARY  OF  THE  EQUATIONS  -  IDEAL  CONSTANT 
AREA  MIXER 


(5.15.10)  Inputs: 

The  momentum  equation  may  be  written  as 


^t,’  S,- 


P  ’  T 
•^ts  ts 


Outputs:  — ^  •  M 
Pts  ’ 


A  (p  +p  u  ^)+A  p(p  ,+p  ,u  ,)  -  A  (p  +p  u  *) 
5  5  5  5  3  3  3  3  7  7  7  7 


Equations : 


or  A  p(l+YM  ^)+A  ,p  ,(1  +  yM  ,^)  -  A  p  (1  +  yM  ^) 

55  5  3*^3  3  7*7  7 
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M  -  ri  MLtAl, 

“7  l-2Yf+Al 
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(To  obtain  British  units  of  meters/sec 

would  be  replaced  by  where  a^  should  be 

given  In  ft/sec  .) 


T.  ,  1/2  Y+1 

{(l-ta)(14a^)}  „  1 +1=1  „  a  2(y-1) 

_tz  .  _ El _ l  f _ 2 - 2-1 

A  .  M  1  +  1=1  „  2 
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5.15.4  SUMMARY  OF  THE  EQUATIONS  -  IDEAL  TURBOFAN 
WITH  MIXED  EXHAUST  STREAMS 


(5.15.32) 


^g  (m  4*  )' 
0  I  2 


Inputs:  T^(K)[“R],  y.  h(J/kg)[|^], 


C  (J/kgK)[T^].  T,.  Tt  .  ^  M  .  a.  M. 


Outputs:  1  (Ns/kg) [ — — ], 

m  +ni  ®  ‘g  (m  +in  )  Ibm/sec 

12  o  1  2 

.  .Ibm  fuel/hr,  ,  kg  fuel/sec 


Stke/Ns^r^*””  ^“gl^hr,  _ kg  fuel/sec _ 

*  ^^Ibf  thrust*’  kg  primary  alr/sec 


Equations: 


R  -  ^  C  m^/s^K  [R  -  ^  C  (2. 505)  (10-)  — ^] 


(5.15.33) 

5.15.5  EXAMPLE  RESULTS  -  IDEAL  CONSTANT  AREA  MIXER 

In  order  to  compare  the  performance  of  fully 
mixed  streams  and  separate  streams,  we  will  consider 
the  "gross  thrust"  capability  of  the  two  cases.  By 
gross  thrust  we  mean  that  thrust  that  would  occur 
If  all  the  momentum  of  the  exit  streams  contributed 
entirely  to  thrust.  We  thus  write 


R™  “mu  +  m  u  for  unmlxed  streams  (5.15.34) 

UN  1  ei  2  62 

Rut..  "  (m  +m  )u  for  mixed  streams  (5.15.35) 

MIX  12  6 


Noting  that  for  all  cases  (Sec.  2.14) 

Y-1 

“e"  ■  ^  RTfd  -  (^)  1  (5.15.36) 


■  ryRT^  m/s  [ft/sec] 
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1=1 
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c  c 


T  -  1  -  [(T  -l)4a(T  '-1)1 
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\ 


(5.15.23) 

(5.15.24) 

(5.15.25) 

(5.15.26) 

(5.15.27) 

(5.15.28) 

(5.15.29) 


It  follows  Immediately  that 


1=1 

'f 


U.  (^)^V2,  /^^l.(^)^  j7/2 

/uN  _  Pts  ^  Pt3’ 

^“1*  T  p  ^ 

{(l-K.)(l-ta  ;^)[1-  (^) 

'5  (5.15.37) 

Equations  (5.15.17  -  5.15.22)  and  (5.15.37) 
allow  direct  calculation  and  comparison  of  the  Ideal 
constant  area  mixer  performance  with  non-mlxed 
stream  performance.  As  an  example  we  consider  a 
mixer  with  a  ■  2  ,  M^  -  0.5  and  Y  ”  1.4  ,  and 

Investigate  the  effects  of  varying  the  temperature 

^tj  Rts' 

ratio  =— *•  ,  stream  pressure  ratio  — *■  and  exit 

p. 


{ -  is  then  obtained  from  the  equations  for  the  pressure  ratio 

**t5 

Ideal  constant  area  mixer.  Sec.  (5.15.3).  Note 


Figure  5.15.3  Effect  of  Figure  5.15.4  Effect  of 
Variation  In  Stream  Prea-  Variation  In  Stream  Temp- 
sure  Ratio,  Ideal  Constant  erature  Ratio  and  Exit 
Area  Mixer  Pressure  Ratio,  Ideal 

Constant  Area  Mixer 

Several  trends  are  evident  In  Figs.  5.15.3 
and  5.15.4.  Thus  note  that  a  mixing  benefit 
occurs  only  when  there  Is  a  difference  In  stagna¬ 
tion  temperatures  In  the  streams.  This  Is  because 
the  stagnation  pressure  losses  Identified  with 
mixing  will  cause  a  decrease  In  thrust  unless  one 
of  the  streams  has  a  higher  stagnation  enthalpy, 
with  consequent  possible  benefit  of  equalizing 
the  enthalpies.  It  Is  to  be  noted  also,  that 
when  the  exit  pressure  Is  further  reduced,  the 
penalty  Identified  with  stagnation  pressure 
loss  In  mixing  Is  reduced,  because  the  overall 
pressure  ratio  Is  so  large. 

It  can  be  surmised  then,  that  real  mixers 
(Including  viscous  losses)  may  show  signs  of 
performance  gains  when  used  with  nozzles  with 
large  expansion  ratios  and  In  which  substantial 
temperature  differences  between  the  two  streams 
exist.  It  should  be  noted  that  "forced  mixers" 
are  being  considered  very  much  for  transport 
aircraft,  where  the  promise  of  performance  bene¬ 
fits  Is  not  substantial.  In  such  cases  the 
prime  motivation  for  the  use  of  mixers  arises 
from  the  hope  of  substantially  reducing  the  Jet 
noise. 

As  a  final  example  we  note  the  effect  of 
varying  the  Inlet  Mach  numbers  of  the  mixing 
streams.  We  consider  the  case  a  •  2  , 


Figure  5.15.5  Effect  of  Variation  In  I-let  Mach 
Number,  Ideal  Constant  Ar^a  Mixer 

We  note  here  that  '  »a=!l  g  the  Mach  number 
at  entry  to  the  mixer  rc  cne  losses.  This 

might  at  first  appear  anomalous  because  one  might 
expect  Interactions  at  low  Mach  number  to  be  less 
vigorous.  It  Is  apparent,  however,  that  as  the 
Mach  number  M  decreases,  the  pressure  at  the 

splitter  plate  Increases,  leading  to  a  lower  value 
of  M  ,  .  Thus  the  relative  velocity  difference 

Increases  as  M  decreases,  leading  to  the  greater 

mixing  losses  predicted  by  the  Ideal  analysis. 

It  should  be  noted  that  when  skin  friction  losses 
are  Included,  there  will  be  an  opposing  effect 
because  of  the  Mach  number  squared  dependence 
of  the  skin  friction  losses.  (Secs.  2.16  and  2.17) 
The  design  of  a  real  mixer  will  Involve  the  optimal 
choice  of  the  design  parameters  including  not  only 
the  effects  just  discussed,  but  Including  also 
consideration  of  the  many  Installation  effects. 

5.15.6  EXAMPLE  RESULTS  -  IDEAL  TURBOFAN  WITH  MIXED 
EXHAUST  STREAMS 

To  compare  the  performance  of  turbofans  with 
and  without  mixing,  we  consider  a  turbofan  with 
by-pass  ratio,  a  ,  equal  to  two.  Other  conditions 
will  be  as  those  given  for  Fig.  5.14.7,  chat  Is: 

Y  -  1.4,  T^  -  233.  3'’K[420'’R],  b  -  4.4194(10’)  J/kg 

(19,000  BTU/lbm],  C  -  1004.9  J/kgK(0.24  , 

p  iDin  K 

V  “  20,  IT  '  -  2,  T,  -  6.5,  M  -  2  . 

c  c  X  0 

The  analysis  utilized  to  obtain  Fig.  5.14.7 

yielded  T  -  1.8,  T  -  2.3535,  T  '  -  1.2190, 
r  c  c 

■  0.50387,  and  0.090807  .  These  values 

utilized  with  the  equations  of  (5.15.3)  and  (5.15.4) 
Pt, 

then  give  -  1.0564  .  Finally  Eqs.  (5.15.30)  - 
‘’ts 

(5.15.33)  yielded  for  the  turbofan  with  mixed  streams 
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S  •  2.10(10  ')kg/Ns  [.7A1 


3-|t-  =  190.8  Ns/kg  ^  =  19.46  ] 

m  +m  °  g  (m  +m  )  Ibm/sec 

12  0  1  2 

These  values  are  to  be  compared  with  the  follow¬ 
ing  values  for  the  unmlxed  case 


With  Eqs.  (5.1.1),  (5.2.2),  and  (5.16.4) 


1  +  ^  M  ,^  =  T  T  , 
2  9  r  c 


(5.16.5) 


Combining  Eqs.  (5.16.3)  and  (5.16.5)  gives 


(5.16.6) 


S  =  2.14(10"=)kg/Ns  [.  754 


P  P  Ihf 

-•-4jr  “  187-5  Ns/kg  [ 7-.  .  ■  =  19.12  — ] 

m  -hn  g  (m  +m  )  Ibm/sec 

12  0  1  2 

Thus  the  ideal  mixer,  in  this  case,  provides 
a  thrust  and  specific  fuel  consumption  Improvement 
of  almost  two  percent. 


5.16  THE  IDEAL  TURBOFAN  WITH  AFTERBURNING 

A  cycle  that  somewhat  combines  the  high  thrust 
per  frontal  area  of  a  turbojet  at  high  Mach  number 
while  providing  respectable  specific  fuel  consump¬ 
tion  for  subsonic  cruise  conditions  is  the  turbofan 
with  duct  burning.  The  turbofan  would  utilize  duct 
burning  (burning  in  the  secondary  stream)  for  super¬ 
sonic  cruise,  but  would  cruise  subsonlcally  without 
duct  burning.  In  many  cycles,  the  fan  and  compressor 
require  so  much  power  extraction  from  the  primary 
stream  that  the  turbine  outlet  pressure  is  greatly 
reduced.  The  resulting  low  primary  nozzle  pressure 
ratio  renders  primary  stream  afterburning  unattrac¬ 
tive.  In  the  following  analysis,  however,  the  pos¬ 
sibility  of  primary  stream  afterburning  as  well  as 
secondary  scream  afterburning  will  be  included. 

5.16.1  CYCLE  ANALYSIS  OF  THE  IDEAL  TURBOFAN  WITH 
AFTERBURNING 

It  is  again  assumed  that  all  component 
efficiencies  are  perfect,  that  the  gas  is  caloric- 
ally  perfect,  that  the  fuel  to  air  ratio  in  all 
combustors  is  much  less  than  unity  and  Chat  the 
exit  static  pressures  of  both  primary  and  secondary 
streams  are  equal  to  the  ambient  pressure.  The 
nomenclature  and  notation  are  as  in  Fig.  5.1.1  and 
Sec.  (5.1). 

The  expression  for  the  total  thrust  remains 
as  given  by  Eq.  (5.14.1),  thus: 


so  that  with  Eqs.  (5.16.2),  (5.16.5)  and  (5.16.6) 
we  obtain 


o  r  c 


Primary  Stream 


(5.16.7) 


The  relationships  for  temperatures  and  pres- 
sures»  here,  are  exactly  as  previously  obtained 
for  the  turbojet  with  afterburning  (Sec.  5.11.1), 
so  we  may  write 


=  (VcVi»  -«o 


(5.16.8) 


Power  Balance 


The  power  balance  between  fan,  compressor 
and  turbine  remains  as  for  the  turbofan  without 
afterburning,  (Eq.  5.14.9)  so  we  may  write 

T  •  l-:;r  t(T  -l)+a(T  ,-1)1  (5.16.9) 


Specific  Fuel  Consumption 

The  specific  fuel  consumption  could  be  obtained 
by  writing  an  enthalpy  balance  for  each  burner 
separately  and  then  summing  the  separate  fuel  con¬ 
sumptions.  It  is  more  direct,  however,  to  write 
an  enthalpy  balance  across  the  entire  system  and 
to  equate  the  energy  addition  in  Che  burners  to  the 
overall  enthalpy  change.  Thus 


(m  -hn, ,  , ,  „ , )  h  =  mCT  +mCT  ,-(m-hn)CT 

f  fAB  fAB'  1  p  t9  2  P  t9  1  2  P  t2 


1)  -t-  a  (^  -  1)1  (5.16.1) 


Secondary  Stream 
We  again  have 


u  ,  T  ,  M 
(-*■)  -  (-^) 
0  0  0 


Now  write 


(5.16.2) 


^t,'  ‘^0  ^AAB- 


P  ,  -  p  ,  (1  -f  ^  M  f  )^  -  p  TT  TT  ' 
t9  9  2  9  ore 


(5.16.3) 


(5.16.4) 


_  “f'*®fAB''™fAB'  ,  rir  It  1 

=  - -5 - It 

(5.16.10) 

The  specific  fuel  consumption  then  follows  from 


"f^fAB'^^fAB' 


5.16.11) 


These  equations  can  then  be  summarized  as  in 
Sec. (5.16.2).  It  can  be  noted  here,  however,  that 
in  fact  this  analysis  contains  most  of  the  pre¬ 
ceding  analyses  of  this  chapter  as  special  cases. 
Thus  note  that  If  a  duct  burning  turbofan  with  no 
primary  stream  burning  is  to  be  considered,  t 
need  only  be  replaced  by  its  minimum  value, 


^^XAB^rain  ’  ^X^t 


(5.16.12) 
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If  no  duct  burning  is  present,  must  be 

replaced  by  Its  minimum  value, 


^^XAB'  ^min  ^r^c' 


(5.16.13) 


If  a  turbojet  is  to  be  considered  (with  or  with¬ 
out  afterburning)  the  by-pass  ratio,  a  ,  must  be  put 
equal  to  zero,  and  finally  if  a  ramjet  Is  to  be  con¬ 
sidered,  a  must  be  put  equal  to  zero  and  also 
(or  T^)  must  be  put  equal  to  unity. 

5.16.2  SUMMARY  OF  THE  EQUATIONS,  IDEAL  TURBOFAN 
WITH  AFTERBURNING 


Inputs:  T^(K)['>R],  y,  h(J/kg)[-^l, 


Cp('^/kg’^)[lbm°Rl,  ^A’  "'aAB’  '^AAB" 


Outputs : 


TT  ,  t;  '  M  ,  a 
C  C  0 


F  ,,  ,  ,  F  Ibf  , 

m  +ra  ^  ®  g  (m  )  ’  Ibm/sec  * 

12  0  1  2 

S(kg/NS)f^km  fuel/hr 
SiKg/NSjlj^j^j  thrust'. 


j  kg  fuel/sec 

TOT  kg  primary  alr/sec 


Equations: 

The  first  six  equations  are  Identical  to 
Eqs.  (5.14.12-5.14.17),  then: 


_  .  _0.  rf_2_  ^XAB  .  .  ^ 

m  +m  1+a  Y-1  T  T  T  ^r^c  t  o 

IS  ret 


.a[{^^;(V^.-l)}^/^-.Moll 
r  c 


(To  obtain  British  units  of  — rr — 7 -  ,  in  meters 

Ibra/sec  0 

per  second  would  be  replaced  by  , ,,  where  a^ 
u  I-  j  j  f  /  \  32.174  0 

should  be  given  in  ft/sec.) 


1  2 


(5.16. 15) 

(5.16.16) 


NOTE:  In  these  equations  the  minimum  values  of 


^XAB  ^XAB'  considered  are 


^^XAB^mln  “  ^X^t 


^’^XAB'^mln 


5.16.3  EXAMPLE  RESULTS  -  IDEAL  TURBOFAN  WITH 
AFTERBURNING 

As  an  example  of  the  effect  of  afterburning, 
we  consider  the  family  of  Curbofan  engines  consi¬ 
dered  in  Sec.  (5.14.5)  that  gave  the  results  of 
Fig.  5.14.7.  Here,  we  again  consider  the  addition 
of  burning  in  the  secondary  stream  such  that 
^AAB*  *  Conditions  are  hence  Y  “ 

T^  =  233.3‘’K(420‘’R],  h  =  4.4194(10’)J/kg(19,OOOBTU4bmJ, 
C  =  1004.9J/kgK[0.24  BTU/lbm°R],  ir  =  20,  T,  =  6.5, 

p  C  A 

M  =  2  and  iT*  =  2  .  The  results  are  indicated  in 
0  c 

Fig.  5.16.1. 


S(10®) 

kg/Ns 


' — 

'no  A 

1 

(5.16.14) 


Figure  5.16.1  Specific  Thrust  and  Specific  Fuel 
Consumption  Versus  By-Fass  Ratio, 
Duct  Burning  Turbofan 

The  figure  Illustrates  the  very  substantial 
increases  in  specific  thrust  that  can  be  obtained 
by  the  use  of  duct  burning.  The  results  suggest, 
also,  that  if  high  thrust  levels  are  to  be  attained 
for  given  flight  conditions,  whereas  efficient 
cruising  Is  desired  for  other  (lower  thrust)  flight 
conditions,  the  duct  burning  turbofan  shows  promise 
of  affecting  a  reasonable  compromise. 


(5.16.17) 

(5.15.18) 


If  either  of  these  minimum  values  is  used, 
the  calculation  corresponds  to  the  case  where 
burning  is  not  present  in  the  respective  afterburner. 
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CHAPTER  6 
LIST  OF  SYMBOLS 


The  symbols  are  listed  In  alphabetical  order, 
first  In  the  English  alphabet,  then  In  the  Greek 
alphabet.  Subscripts  and  superscripts  are  then 
given.  The  equation,  figure  or  section  In  which 
the  symbols  are  first  Introduced  Is  Indicated  in 
parentheses.  Often  the  symbol  will  be  defined  in 
the  text  just  preceding  or  just  following  the 
equation  or  figure. 

Where  appropriate,  the  location  of  the  intro¬ 
duction  of  the  symbols  is  referred  to  in  previous 
chapters. 

A  “  Cross-sectional  area  (Eq.  6,1.3) 

C  -  Specific  heat  (Sect.  2.6) 
ds  -  Area  element  (Fig.  6.1.1) 
dv  -  Volume  element  (Fig.  6.1.1) 
e  -  Polytropic  efficiency  (Eq.  6.3.2) 

F  -  Force  (Eq.  6.1.1) 

H  -*  Force  defined  in  Fig.  6.1.8 
h  -  Enthalpy  (Sect.  2.6) 

-  Heating  value  (Eq.  6.4.1) 

M  -  Mach  number  (Eq.  6.1.19) 

-  Molecular  weight  (Eq.  6.4.3) 
m  -  Mass  flow  rate  (Eq.  6.1.5) 

N  -  Number  of  stages  (Eq,  6.3.7) 
p  -  Pressure  (Eq.  6.1.1) 

R  -  Gas  constant  (Eq.  6.4.3) 

s  -  Entropy  (Sect.  2,7) 

T  -  Temperature  (Eq,  6.1.19) 

t  -  Time  (Eq.  6.1.1) 

u  -  x-component  of  velocity  (Eq,  6.1.4) 
u  -  Vector  velocity  (Eq.  6,1.1) 

V  -  Velocity  (Fig.  6.1.8) 


T  -  Ratio  of  temperatures  (Sect,  5.1) 

X  -  Function  (Eq.  6.4.8) 

Subscripts 

A  -  Uninstalled  (Eq.  6,1.8) 

D  -  Drag  (Eq.  6,4.5) 
e  -  Exit  (Fig.  6.1.2) 
f  -  Fuel  (Eq,  6.4.1) 
i  -  Inlet  (Fig.  6.1.2) 

-  Also  ideal  (Sect,  6.3.1) 

j  -  Stage  number  (Eq.  6.3.7) 

m  -  Mechanical  (Table  6,7.1) 
p  -  Installed  (Eqs.  6.1.3,  6.1.11) 

-  constant  pressure  (Sect.  2.6) 
s  -  Stage  (Eq.  6.3.11) 

t  -  Stagnation  quantity  (Sect.  2.16) 

u  -  Universal  (Eq.  6,4.3) 

V  -  Viscous  (Eq.  6.1.1) 

0  -  Far  upstream  (or  ambient)  (Eq,  6,1,3) 

-»  -  Far  downstream  (Fig,  6.1,4) 

add  -  Additive  (Eq,  6,1,9) 

ext  -  External  (Fig,  6,1,2) 

int  -  Internal  (Fig.  6,1.2) 

CB  -  Centerbody  (Fig.  6,1,2) 

DA  -  Additive  drag  (Eq,  6.1.18) 

Special  symbols  defined  in  Fig.  6.1.8 
«>,  c,  L,  n,  s 

Subscripts  previously  defined  in  Sect.  5.1 
b,  c,  d,  n,  r,  t 

0-9  Station  numbers  (Fig,  5.1.1) 


y  -  Ratio  of  specific  heats  (Sect.  2,6) 
A  -  Function  (Eq.  6,4.9) 

Aq  -  Heat  interaction  (Fig.  6.4,1) 

Aw  -  Work  interaction  (Table  6.7.1) 
n  -  Efficiency  (Eq.  6.3.1) 

n  -  Product  (Eq.  6.3.9) 

*’  -  Ratio  of  pressures  (Sect.  5.1) 

-  Density  (Eq.  6.1.1) 
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CHAPTER  SIX 
COMPONENT  PERFORMANCE 


In  this  chapter  the  behavior  of  the  engine 
components  including  the  non-ideal  effects  will 
be  described.  The  performance  of  the  various 
components  will  be  described  in  terms  of  "figures 
of  merit",  which  will  allow  cycle  analyses  includ¬ 
ing  losses  to  be  efficiently  carried  out.  It 
should  be  noted,  however,  that  both  the  accurate 
quantitative  estimation  of  such  figures  of  merit, 
and  the  design  of  the  components  to  reduce  the 
losses,  are  very  demanding  processes  and  absorb 
much  of  the  industry  effort.  Prior  to  consider¬ 
ing  each  individual  component,  we  first  consider 
the  expression  for  the  overall  thrust  of  the 
engine  when  losses  are  present.  It  will  be  found 
that  both  internal  and  external  losses  will  be 
present,  and  an  optimal  design  would  be  such  as 
to  minimize  the  combination  of  all  losses. 

6.1  THE  THRUST  EQUATION 

General  Momentum  Equation 


Figure  6.1.1  General  Control  Volume 

The  momentum  equation  for  a  control  volume 
may  be  written  in  the  form: 

Force  on  volume  of  fluid  - 

Rate  of  production  of  momentum 


or 


Pressure  force  +  viscous  force  “ 

Rate  of  accumulation  of  momentum 

+  Rate  of  convection  of  momentum 
through  boundaries 

Each  of  these  terms  may  be  represented  by  an 
appropriate  area  or  volume  Integral,  but  for 
simplicity  of  presentation  we  will  write  the 
viscous  force  simply  as  F^  .  The  above  word 

equation  can  then  be  written: 

-//pds  +  F  “  ///pudv  +  //ouu'ds  (6.1.1) 

V  0 1 


It  should  be  noted  here  that  the  vector  area 
element,  d§  ,  Is  defined  to  be  positive  when 
directed  outwardly.  Thus,  the  pressure  force  from 
the  surface  onto  the  fluid  must  have  the  negative 
sign  Identified  with  it.  Ue  will  be  considering 
the  engine  operating  In  steady-state  conditions 
(or  "quasi-steady-8tate'\  so  the  integral  denoting 
the  volumetric  accumulation  of  momentum  with  time 
will  be  zero. 

The  thrust  equation  may  then  be  written 


F^-//pds  ■  //puu'ds 


(6.1.2) 


Application  to  Engine 


Figure  6.1.2  Pressure  and  Viscous  Stresses  on 
Engine 


It  has  been  agreed  to  define  the  thrust  of 
the  engine  as  the  net  force  resulting  from  all 
the  pressure  and  viscous  stresses,  less  the 
external  viscous  drag.  This  means  that  the 
external  viscous  forces  will  be  considered  to  be 
drag  and  will  be  included  in  the  airplane  drag 
as  far  as  "account Ing**  goes. 


We  desire  the  axial  component  of  force  only, 
so  define  dA  as  the  axial  projection  of  an  area 
element.  The  thrust,  ,  is  defined  as  being 

positive  in  the  negative  x-dlrectlon ,  so  that 
applying  Eq.  C6.1.2)»  and  referencing  Fig.  6.1.2 
we  obtain  for  F 

P 


(p^n,-pJdA-F^ 


int 


int 


(p  -p  )dA-F  __ 
^ext  V  CB 


ext  CB 


^ext 

here  int  refers  to  surfaces  wetted  by  fluid 
passing  through  the  engine 
ext  refers  to  surfaces  wetted  by  fluid 
passing  outside  the  engine 
ext  CB  refers  to  that  portion  of  the  centerbody 
protruding  forward  of  the  inlet  plane 
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It  is  clear  that  direct  evaluation  of  the 
internal  viscous  and  pressure  forces  would  be  hope¬ 
less,  so  we  relate  the  Internal  forces  to  the 
changes  in  fluid  properties  occurring  from  inlet 
to  exit  of  the  engine.  To  do  this  we  consider  the 
effects  of  the  Internal  forces  acting  Inward  on 
the  fluid.  The  forces  acting  on  the  fluid  bet¬ 
ween  inlet  and  exit  will  now  include  the  pressure 
and  viscous  forces  acting  on  the  interior  engine 
parts.  Thus,  again  applying  Eq. (6.1.2)  we  obtain 


m,u,+(p.-p  )A,  +  [  (p  -p  )dA+F  *  +  m  u  +  [(p  -p  )dA 
^  ^  ^  °  ^  Lt  CB^  °  ''CB  =  ° 


•'ext  CB 

and  hence  with  Eq.  (6.1.5) 


(6.1.6) 


F  “mu  -m  u  -6  (p  -p  )A  -  (p  -p  )dA-  ,  (p  -p  ) 
p  e  e  o  o  “^e  ^0  e  _  ^ext‘^0^  i  /ext^o' 


i 


)dA 


We  now  write 


(6.1.7) 


-F  [,  (p,  -p  )dA+  .(p.-p  )dA-  f  (p  -p  )dA 


int  ^  int 

pu^dA  +  1  pu'^dA 


(6.1.4) 


We  note  here  that  the  first  two  terms  are 
identical  to  the  same  pair  of  terms  appearing  in 
Eq.  (6.1.3).  The  effect  of  the  minus  sign  that 
would  appear  because  of  the  difference  in  direction 
of  the  outwardly  directed  area  element  is  cancelled 
because  F  was  defined  to  be  positive  in  the 
negative  ^-direction.  For  simplicity  in  writing 
the  equations  we  assume  conditions  are  one-dimen¬ 
sional  at  entrance  and  exit  to  obtain,  by  combin¬ 
ing  Eqs.  (6.1.3)  and  (6.1.4) 


F-  =mu-mu+(p-p  )A 
A  e  e  0  0  *^e  o  e 


(6.1.8) 


then 


*add 

j 

L  ^PexiPo^' 
0 

re 

► 

ext 

=  j 

!i  (PexJPo' 

ext 

1  _ 

F  - 

•D  .  , 

-D 

P 

A 

add 

ext 

drag 

externa 

drag 


(6.1.11) 


It  is  usual  to  term  the  uninstalled 

thrust  and  Fp  the  installed  thrust. 

6.1.1  INTERPRETATION  OF  THE  TERMS  APPEARING  IN 
THE  THRUST  EQUATION 


F 

P 


^u^-;^u^+(p^-p^)A^-(p^-p^)A^-| 


-  F  - 

V. 


i  (Pext-Po)”^ 


(p  -  p  )dA 
'ext  CB 


(6.1.5) 


CB  J  ext 


This  form  is  not  particularly  useful,  because 
not  only  is  it  difficult  to  determine  u^  without 

quite  detailed  engine  information,  but  u^^  and 


Equations  (6.1.8-6.1.11)  are  in  a  suitable 
form  for  design  purposes,  but  they  are  at  first 
difficult  to  interpret.  Thus,  for  example,  it  at 
first  seems  peculiar  that  a  pressure  Integral  over 
surfaces  external  to  the  engine  (0-i)  could  have 
anything  to  do  with  the  forces  on  the  engine.  The 
additive  drag  term  and  external  drag  term  are  inter¬ 
dependent,  however,  and  we  can  learn  something  about 
this  interdependence  by  considering  a  "perfect 
engine",  that  is  an  engine  with  no  external  viscous 
drag  or  form  drag. 


hence  the  pressure  integrals  over  the  centerbody 
and  exterior  change  with  a  change  in  design  of 

the  inlet.  It  would  be  better  to  relate  F  to 

P 


the  flow  conditions  far  upstream,  and  to  do  this 
we  consider  the  control  volume  shown  in  Fig.  6.1.3. 


m 


m 


p  ” 


Figure  6.1.3  Control  Volume  for  Approaching  Flow 

Again  assuming  one-dimensional  conditions  at 
entrance  (and  far  upstream),  we  find  with  applica¬ 
tion  of  Eq.  (6. 1. 2) 


Figure  6.1,4  External  Fluid  Control  Volume 

We  now  consider  the  momentum  equation  for  all 
the  fluid  flowing  external  to  the  engine.  Because 
the  flow  is  perfect  (no  shocks,  no  boundary  layers) 
the  fluid  conditions  externally  are  identical  at 
0  and  0°  .  The  pressure  is  around  the  external 

contour,  and  we  choose  the  contour  to  be  a  stream¬ 
line  so  that  no  Tnomentum  is  convected  through  the 
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perimeter.  The  momentum  fluxes  through  the  ends  of 
the  control  volume  are  equal  because  the  velocities 
are  equal,  so  that  the  momentum  equation  reduces  to 
the  simple  statement  that  the  sum  of  the  pressure 
integrals  over  all  the  internal  surfaces  must  be 
aero.  Thus 


D  +  D  +  (p  -p  )dA  “  0  (perfect  flow) 
add  ext  Je  "^ext  *^o 

(6.1.12) 

It  can  be  seen  then  that  for  a  correctly 
expanded  nozzle  (p  =  p  ,  jet  parallel  to  the 
main  stream)  and  fSr  perfect  external  flow 


D 


ext 


“add 


(6.1.13) 


and 


)  *  F 

'  p  perfect  A 


(6.1.14) 


It  is  evident  from  Eq.  (6.1.13)  that  when 
evaluating  the  drag  terms  for  a  real  inlet  the 
additive  drag  and  external  drag  must  be  evaluated 
most  carefully,  because  the  net  drag  can  be  the 
difference  between  two  quite  large  terms.  (Note, 
of  course,  that  in  such  a  case  the  external  "drag*' 
would  be  negative.) 

It  is  common  practice  to  break  the  external 
drag  into  two  components,  ,  the  drag  associated 

with  the  "front  end"  of  the  engine,  and  D,  ,  the 

b 

drag  associated  with  the  back  end.  This  is 
usually  a  reasonable  approach  because  often  lip 
separation  dominates  near  the  inlet  and  boat-tail 
drag  near  the  exit.  Assuming  this  division  is 
meaningful  we  can  interpret  the  terms  by  consi¬ 
dering  the  engine  to  be  very  long  and  parallel 
in  the  middle.  In  this  case,  perfect  flow  would 
give  us  p^  etc.,  at  the  middle,  and  the  same 

argument  as  led  to  Eq.  (6.1.12)  would  lead  to 


Figure  6.1.5  Flow  Into  Inlets 

6.1.2  ONE-DIMENSIONAL  CALCULATION  OF  THE 
ADDITIVE  DRAG 


For  simplicity,  we  consider  an  inlet  without 
external  centerbody,  so  obtain  from  Eqs,  (6.1.6) 
and  (6.1.9), 


D  , ,  •  m.u-m  u  +(p.-p  )A. 
add  1  1  0  0  1  *^o  i 


(6.1.17) 


An  additive  drag  coefficient  C.,  can  be 

DA 

defined  in  terms  of  the  inlet  area  by: 


DA 


“add 

1/2  P„u„^A, 
0  0  i 


(6.1.18) 


and 


D  ,,  +  D  =  0 
add  w 


D,  +  (p  ^-p„)dA 
b  e  ext  0 


(perfect  flow) 


0  (perfect  flow) 


(6.1.15) 

(6.1.16) 


The  negative  forebody  drag  required  to  cancel 
the  additive  drag  arises  from  the  suction  near  the 
leading  edge  of  the  inlet.  This  is  why  supersonic 
inlets,  with  their  sharp  leading  edges,  have  a  large 
"additive  drag  penalty"  when  operated  at  mass  flows 
other  than  their  design  mass  flows  because  their 
sharp  leading  edge  prevents  the  suction  from 
occurring  (Fig.  6.1.5).  Note  that  the  additive 
drag  penalty  for  the  supersonic  inlet  is  much 
more  severe  than  that  for  the  subsonic  inlet,  even 
though  the  additive  drags  (in  the  figure)  are 
identical. 

Similarly,  separation  from  the  trailing  body 
of  the  engine  prevents  the  diffusion  that  would 
lead  to  large  "forward  thrusts",  giving  boat-tall 
drag. 


Noting  that  m^^  =  m^" 
Eqs.  (6.1.17-6.1.18) 


p  u  A  we  obtain  from 
OOP 


DA 


A  u  (Pi-Pq)*! 

2  -1+~J— 2-i] 

*i  “o  “l“o 


2  -1+-^ 
*1  “o  “l 


0  1  “o  '’i 


-  —  —  (1  -  — )  ] 
^  Pi  Pp  Pi 


— (6.1.19) 


The  flow  from  far  upstream  to  the  inlet  may  be 
considered  to  be  isentroplc,  so  that  the  separate 
terms  of  Eq,  (6.1.19)  may  be  evaluated  as  follows: 


From  Eq.  (2.18.1) 


A 

_a 


M 

o 


1  + 
( — 
1  + 


1=1 

2 


1=1 

2 


■1±L- 

2(Y-1) 

] 


(6.1.20) 


T 
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in  some  way  obtain  the  (net)  Inlet  drag  accurately. 
One  method  of  determining  inlet  drag  is  to  heavily 
Instrument  a  given  cowl  with  static  pressure  caps, 
(6.1.22)  then  to  Integrate  the  axial  force  implied  by 
such  measurements. 
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(6.1.23) 


Thus,  when  the  "design  Mach  number"  (that  Mach 
number  existing  at  Che  inlet  plane  for  the  given 
engine  setting)  is  known,  the  drag  coefficient 
can  be  obtained  as  a  function  of  the  flight  Mach 
number.  We  may  note  that  when  the  flight  Mach 
number  is  equal  to  the  design  Mach  number  Che 
inlet  Just  swallows  its  projected  image.  As  a 
result  no  curvature  exists  in  Che  entering  scream- 
tube  and  the  additive  drag  is  zero.  Figure  6.1.6 
shows  the  behavior  of  the  additive  drag  coefficient 
with  flight  Mach  number  for  an  inlet  with  design 
Mach  number,  M  ,  equal  to  0.6  (7  -  1.4). 
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Figure  6.1.6  Additive  Drag  Coefficient  Versus 
Flight  Mach  Number 

It  should  be  noted  here  chat  the  very  large 
drag  coefficients  occurring  for  low  Mach  numbers 
do  not,  in  fact,  correspond  to  extremely  large 
drag  forces,  because  the  reference  dynamic  pressure, 

1/2  •  is  Itself  rapidly  decreasing  as  the 

flight  Mach  number  decreases.  For  a  given  refer¬ 
ence  pressure  p^  ,  the  drag  force  will  be  pro¬ 
portional  to  M  ,  and  as  can  be  seen  the 

0  DA 

drag  force  does  not  Increase  as  severely  at 
small  Mach  numbers  as  does  the  drag  coefficient. 

The  results  do  serve  to  emphasize,  however,  that 
the  additive  drag  itself  may  be  quite  large, 
whereas  the  net  drag  of  the  inlet  could  be  very 
small. 

6.1.3  SOME  REALITIES  OF  THE  DETERMINATION  OF 
INLET  DRAG 

It  has  been  emphasized  in  the  preceding 
section  chat  inlet  drag  must,  in  some  cases,  be 
determined  as  the  difference  between  two  large 
quantities,  the  additive  drag  and  the  external 
pressure  drag.  If  various  cowl  shapes  are  to  be 
compared  for  their  drag  characteristics,  we  must 
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Figure  6.1.7  Instrumented  Cowl  and  Stagnation 
Streamline 

The  internal  flow  must  also  be  simulated 
accurately  in  such  a  technique  in  order  to  give 
the  proper  additive  drag  and  correct  boat-tall- 
Jet  Interactions,  Even  assuming  correct  internal 
flow  simulation  the  location  of  the  contact  point 
of  the  stagnation  streamline  must  be  very  accurately 
determined,  and  Che  upstream  shape  of  the  streamline 
and  pressure  at  each  location  accurately  estimated 
through  the  use  of  a  compressible  flow  calculation 
(Ref.  6.1). 

It  is  evident  that  the  one-dimensional  approxi¬ 
mation  for  the  additive  drag  will  have  serious 
shortcomings  in  accuracy  for  several  reasons. 
Firstly,  as  is  evident  from  Fig.  6.1,7,  the  pro¬ 
jected  area  of  the  stagnation  streamtube  Increases 
abruptly  in  the  immediate  neighborhood  of  the  cowl. 
It  is  in  this  regime  that  the  one-dimensional 
estimate  of  Che  static  pressure  is  poorest,  because 
the  local  static  pressure  is  approaching  stagnation 
pressure  whereas  the  one-dimensional  estimate  of 
the  static  pressure  will  be  that  corresponding  to 
Che  Mach  number  for  one-dimensional  flow  through 
the  area  A^  .  The  location  of  the  area,  A^  , 

Itself  is  not  precisely  determined,  because  in  the 
one-dlmenslonal  approximation  it  is  consistent  to 
assume  A^  is  the  minimum  area  of  the  inlet, 

whereas  in  a  two-dimensional  calculation  would 

be  that  area  within  the  locus  of  stagnation  points, 
and  would  change  with  operating  condition. 

Several  methods  have  been  devised  for  simu¬ 
lating  the  Internal  flow  behavior  in  order  to 
determine  nacelle  drag.  Reference  (6.2)  describes 
a  method  suitable  for  directly  measuring  the  net 
nacelle  drag  of  the  front  portion  of  the  cowl. 

(The  lip) 
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Figure  6.1.8  Wind  Tunnel  Test  of  Inlet  Model 

The  authors  show  by  utilizing  a  force  balance 
similar  in  nature  to  those  considered  in  Secs.  (6.1) 
and  (6.1.1)  that  the  lip  drag  la  given  in  terms 

of  the  directly  measureable  quantities  indicated  in 
Fig.  6.1.8  by 


D, '  •  m  (v  -V  )+A  (p  -p  )+A  (p  -p  )+A  ' (p  -p  )-H 

(6.1.24) 

This  method  has  the  advantage  of  simple  data 
reduction  but  has  several  disadvantages.  Each 
separate  measurement  must  be  made  with  extreme 
accuracy  because,  once  again,  the  desired  term, 
the  lip  drag,  can  be  very  small  compared  to  the 
individual  measured  terms.  The  method  also  includes 
the  lip  skin  drag,  so  strictly  speaking  does  not 
directly  obtain  the  desired  additive  drag  plus  pro¬ 
file  drag,  only.  Finally,  the  lack  of  jet  simulation 
precludes  the  measurement  of  the  complete  cowl  drag. 

A  device  that  has  been  utilized  extensively 
to  determine  cowl  drag  is  the  "Powered  Nacelle" 

(Ref.  6.3).  This  device  utilizes  an  air  driven 
turbine  to  power  a  fan,  and  as  a  result  succeeds 
in  simulating  the  internal  flow  quite  well.  Data 
reduction  usually  is  carried  out  by  utilizing  many 
surface  static  pressure  taps  and  computing  the  addi¬ 
tive  drag  from  a  two-dimensional  computer  program. 
Sometimes  the  changes  in  drag  for  different  inlets 
have  been  measured  by  utilizing  a  thrust  balance. 

In  such  cases  great  care  must  be  taken  to  exactly 
match  the  powered  fan  settings  from  test  to  test 
in  order  to  duplicate  the  thrust  contributions. 

Use  of  the  thrust  balance  also  Includes  the  external 
skin  friction  drag  which  can  confuse  measuremeni  of 
Che  profile  drag. 

In  common  with  all  subscale  models,  Che  powered 
nacelle  has  problems  with  correct  Reynolds  number 
simulation.  The  problem  is  particularly  aggravated 
with  inlet  testing,  because  the  only  phenomenae  that 
lead  CO  net  drag  are  the  presence  of  shock  waves 
or  regions  of  separation.  (Remember  the  skin  drag 
is  excluded.)  It  is  easily  possible,  particularly 
for  a  relatively  sharp  edged  inlet,  for  a  small 
scale  model  to  have  a  laminar  separation  bubble 
occur  in  the  regime  of  rapid  recompression  follow¬ 
ing  Che  acceleration  around  the  lip,  whereas  in 
the  full  scale  inlet  the  boundary  layer  could  be 


turbulent  with  no  separation  present.  Similarly 
the  aft  end  separation  characteristics  could  change 
markedly  from  subscale  to  fullscale  testing. 

It  Is  hoped  that  the  coomients  of  this  section 
will  sound  a  warning  that  when  the  great  accuracy 
required  In  practice  is  to  be  obtained,  much  atten¬ 
tion  to  detail  and  subtlety  of  thought  is  required! 


6.2  THE  INLET 

He  now  concern  ourselves  with  the  internal 
behavior  of  the  engine,  and  consider  first  Che  inlet. 


Figure  6,2.1  Internal  Losses  in  an  Inlet 

Inlet  losses  arise  because  of  the  presence 
of  wall  friction,  shock  waves  and  regimes  of 
separated  flow.  All  of  these  loss  mechanisms 
result  in  a  reduction  in  stagnation  pressure  so  that 

itj  <  1  (6.2.1) 

Virtually  all  inlets  are  adiabatic  to  a  very 
high  degree  of  approximation,  so  we  have 

T  ,  -  1  (6.2.2) 

d 

It  is  important  to  note  that  a  major  problem 
with  inlets  centers  about  the  lack  of  one-dimen¬ 
sionality  of  the  flow.  The  shock  system  and  wall 
friction  lead  to  areas  of  reduced  stagnation  pres¬ 
sure  at  exit  from  the  diffuser.  The  static  pressure 
is  very  nearly  constant  across  the  diffuser  exit, 
so  a  reduced  stagnation  pressure  corresponds  to  a 
reduced  axial  velocity.  Such  a  reduced  velocity 
will  cause  the  rotor  blade  to  encounter  a  sudden 
increase  in  angle  of  attack  with  consequent 
possibility  of  blade  stall.  In  addition,  the 
shock  system  is  unstable  and  produces  time  varying 
fluctuations  in  stagnation  pressure.  These  non 
one-dimensional  effects  are  thoroughly  discussed 
in  Chapter  13. 

6.3  THE  COMPRESSOR 

Compressors  are,  to  a  high  degree  of  approxi¬ 
mation.  adiabatic,  so  that  the  work  interaction 
across  the  compressor  per  mass  is  just  equal  to 
the  change  in  stagnation  enthalpy  per  mass.  He 
will  assume  that  the  gas  is  calorlcally  perfect 
across  the  compressor,  and  will  consequently  be 
easily  able  to  relate  the  temperature  change  to 
the  desired  pressure  change.  There  are  in  fact 
three  related  definitions  of  efficiency  of  use 
in  describing  compressor  behavior,  each  of  which 
is  described  in  the  following  sections. 
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6.3.1  THE  COMPRESSOR  EFFICIENCY,  n 

c 

The  compressor  efficiency  Is  defined  by 


Ideal  work  Interaction  for  a  given  pressure  ratio 
^c  actual  work  Interaction  for  a  given  pressure  ratio  h^nce 

fT.  ,  1 


R  ‘^Pt^Pt 

Cp  dT^/T^ 


Y  -1  dp 
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(6.3.4) 


The  Ideal  process  Is  an  Isentroplc  process  so 
that  from  Eq.  (2.14.10) 

Y  -1  V 


If  we  may  now  assume  that  e^  Is  constant 

over  the  range  of  Interest  (this  Is  similar  to 
assuming  that  each  stage  efficiency  Is  the  same) , 
Eq.  (6.3.4)  may  be  Integrated  Immediately  to  give 
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(6.3.5) 


TT^C  -  1 


Equations  (6.3.1)  and  (6,3.5)  then  give  an 
equation  relating  ,  e^  and  the  compressor 

(6.3.1)  pressure  ratio,  it 


Thus,  for  example.  If  the  desired  pressure 
ratio  Is  given  and  the  compressor  efficiency  esti¬ 
mated,  the  stagnation  temperature  ratio  and  hence 
required  work  Interaction  may  be  obtained. 

6.3.2  THE  COMPRESSOR  POLYTROPIC  EFFICIENCY,  e 

c 

This  efficiency,  which  Is  related  to  the  com¬ 
pressor  efficiency.  Is  defined  by 

Ideal  work  Interaction  for  a  given 
differential  pressure  change 
®c  actual  work  Interaction  for  a  given 
differential  pressure  change 

The  concept  embodied  In  the  use  of  the  poly- 
troplc  efficiency  Is  that  If  we  may  assume  that 
the  stage  efficiencies  are  constant  throughout  a 
given  compressor,  (It  will  be  shown  shortly  that 
the  stage  efficiency  Is  very  nearly  the  polytropic 

efficiency)  then  by  assuming  e  Is  a  constant, 

c 

the  effect  of  Increasing  the  compressor  pressure 
ratio  (by  adding  stages)  upon  the  compressor  effi¬ 
ciency  may  be  estimated.  Thus,  when  conducting  a 
cycle  analysis  the  most  appropriate  compressor 
pressure  ratio  may  be  selected. 

We  may  write 


IT  ^c  -  1 


"c 


(6.3.6) 
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This  relationship  Is  plotted  In  Figure  6.3.1 
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Figure  6.3.1  Compressor  Design  Efficiency  Versus 
Pressure  Ratio 


The  Gibbs  Equation,  Eq.  (2.8.2)  gives 


^‘“’t  ‘‘Pt 


but  for  the  Ideal  process  ds 


so  that  we 


It  can  be  seen  that  the  compressor  efficiency 
(6.3.2)  goes  doTm  with  Increase  In  compressor  pressure  ratio 
for  a  given  fixed  value  of  e^  ■  It  must  be  empha¬ 
sized  here  that  this  behavior  of  compressor  effi¬ 
ciency  with  pressure  ratio  reflects  the  estimated 
behavior  of  a  family  of  compressors  designed  to 
different  pressure  ratios  (and  hence  Incorporating 
different  numbers  of  stages).  Such  a  curve  In  no 
way  reflects  the  expected  behavior  for  a  given 
compressor  operating  off-deslgn. 


THE  COMPRESSOR  STAGE  EFFICIENCY 


<‘^l  ■  ^  <*Pt 


Thus,  writing  dh^  •  C  dT^  we  obtain  from 
t  p  t 

Eqs.  (6.3.2)  and  (6.3.3)  together  with  the  equation 
of  state 


(6.3.3) 


The  compressor  stage  efficiency  Is  defined  In 
a  completely  analagous  manner  to  the  compressor  effi¬ 
ciency,  Sec.  (6.3.1),  except  that  the  reference 
pressure  ratio  is  that  of  the  stage  itself.  Thus 
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Here  the  subscript  J  refers  to  the  J 
stage  of  N  total  stages. 


thus,  noting  ^  «  1  ^  very  large 

Inx  -  N  InCl-^)  N(-  ^  +  .  .) 


hence  in  the  limit  of  large  N 


y  -  -  In  X 


To  relate  the  stage  efficiencies  to  the  com-  We  now  consider 
pressor  efficiency  we  note 


1  {(If.  )'"  -  1} 


and  hence 
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Equation  (6.3.9)  gives  a  method  of  predicting 
the  efficiency  of  a  compressor  from  the  (possibly 
measured)  efficiencies  of  the  Individual  stages. 

Note  of  course  that 
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Thus  as  N  becomes  large  we  have  ^ 
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Hence  for  N  large,  Eq.  (6.3.11)  approaches 
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(6.3.10) 


In  the  special  case  where  all  stage  efficiencies 
(Hg),  and  stage  pressure  ratios  are  equal,  Eq.  (6.3.9) 

reduces  to  the  special  form 
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But  this  expression  Is  Identical  to  that 
obtained  for  ri^  versus  e^  ,  Eq.  (6.3.6) 

Indicating  that  ®c  **  becomes  large. 

(6  3  11)  calculation,  say  a  sixteen 

^  stage  compressor  of  it  -25  is  to  be  constructed. 

c 

We  wish  to  estimate  the  compressor  efficiency  from 
the  measured  stage  efficiency  h  .  We  have 


6.3.4  RELATIONSHIP  BETWEEN  THE  COMPRESSOR,  STAGE 
AMO  POLYTROPIC  EFFICIENCIES 

Equations  (6.3.6),  (6.3.9),  and  (6.3.11)  give 
analytical  relationships  between  the  various  defini¬ 
tions  of  efficiency,  but  It  should  be  of  Interest  to 
see  If  formally  approaches  e^  as  we  let  the 

number  of  stages,  for  a  given  pressure  ratio,  get 
very  large.  (That  Is  the  pressure  ratio  per  stage 
approaches  a  differential  pressure  ratio  per  stage.) 

First  note  the  relationship  that  If 


1/1  s  * 

”  25  '  “  1.223,  and  say  Is  measured  at 

0.93.  Then  from 
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we  have  e 
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'0.932  here. 


We  get  two  estimates  for  ri  from  Eqs.  (6.3.6) 
and  (6.3.11),  to  give  ”.897  “^or  .896  respec¬ 
tively.  It  can  be  noted  that  If  we  simply  assumed 
e^  was  equal  to  the  measured  ri^  and  utilized 

Eq.  (6.3.6),  we  would  have  found  -  .895. 

The  point  of  these  manipulations  Is  Chat  use 
of  the  polytropic  efficiency  allows  rapid  estimation 
of  the  compressor  efficiency.  In  addition,  for 
very  rapid  preliminary  estimates  It  Is  sufficient 
to  assume  the  polytropic  efficiency  is  equal  to  the 
stage  efficiency  and  then  to  utilize  Eq.  (6.3.6) 
to  estimate  q 

c 


6. A  THE  BURNER 

The  burner  is  usually  approximated  as  having 
adiabatic  combustion  because  no  heat  transfer  is 
assumed  at  the  boundaries.  There  are  two  measures 
of  the  burner  performance,  incomplete  combustion 
and  stagnation  pressure  loss.  The  burner  effi¬ 
ciency,  n,  ,  is  defined  as 
b 

1  •  •  ■ 

[  (®+i»,)h  -mh  ]  = 
b  m^h  f  t4  ta 


[(mtm,)C  T  -mC  T  ] 
f  Pt  t"  Pc 


(6.4.1) 


where  h  =  "heating  value"  of  the  fuel 
h^  =  stagnation  enthalpy  = 
m^  «  fuel  mass  flow  rate 


The  stagnation  pressure  loss  arises  from  two 
effects,  Che  viscous  losses  In  Che  combustion  chamber 
and  the  stagnation  pressure  losses  due  to  enthalpy 
addition  at  finite  Mach  number.  These  effects  are 
combined  for  the  purposes  of  performance  analysis 

in  the  burner  stagnation  pressure  ratio  n  ,  where 
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TT 


b 


(6.4.2) 


As  with  the  Inlet  there  are  many  important 
limitations  brought  about  by  the  lack  of  one- 
dlmenslonallcy  of  the  flow  (hot  spots).  These 
effects,  which  are  thoroughly  discussed  In  Chapter  20 
appear  in  the  preliminary  cycle  analysis  only 
indirectly  through  Che  required  reduction  in 
average  combustor  outlet  temperature,  T 

1 4 

6.4.1  THE  BEHAVIOR  OF  THE  THERMODYNAMIC  PROPERTIES 
ACROSS  THE  COMBUSTOR 


In  the  cycle  analysis  to  follow  in  Chapter  7, 

It  will  be  assumed  that  the  gas  prior  to  the  com¬ 
bustor  is  calorlcally  perfect  with  properties  C  , 

Pq 

etc.  Similarly  the  gas  following  the  combustor 

will  be  assumed  calorlcally  perfect  with  properties 
C  ,  y  etc.  In  very  high  temperature  engines  this 


latter  assumption  Is  not  highly  accurate,  and  it 
should  be  understood  that  if  highly  accurate  results 
are  required,  resort  should  be  i.ade  to  the  use  of 
real  gas  cables.  The  tendencies,  and  even  magnitudes 
(provided  y^  is  selected  in  the  appropriate  range) 

of  the  relatively  simple  calculations  to  follow,  are 
quite  suitable  for  preliminary  cycle  analysis. 


When  considering  changes  In  Che  thermo¬ 
dynamic  properties  Cp  and  y  ,  It  should  be 

remembered  that  these  two  properties  are  related. 
Thus  we  note 


Y-1 


R 
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M 


(6.4.3) 


here  R  -  universal  gas  constant 

u 

M  «  molecular  "weight" 


Thus,  if  the  chemical  reaction  in  the  com¬ 
bustion  chamber  causes  the  vibrational  modes  to 
be  excited  but  does  not  cause  appreciable  dis¬ 
sociation,  and  if  in  addition  the  rather  small 
percentage  of  fuel  addition  does  not  significantly 
change  the  molecular  weight,  then  M  would  be 
approximately  constant.  In  this  case,  a  reduction 
in  Is  directly  related  to  an  Increase  in 

C  by  the  formula 


It  Vi 

^c  ^t"^ 


(6.4.4) 


This  approximation  will  be  used  throughout 
Chapters  7  and  8. 


6.4.2  ONE-DIMENSIONAL  ESTIMATION  OF  THE  BURNER 
STAGNATION  PRESSURE  RATIO 


We  now  consider  the  effect  of  flameholder  drag 
and  enthalpy  increase  at  finite  Mach  number  on  the 
stagnation  properties  in  a  combustion  chamber. 

For  simplicity  we  consider  a  constant  area  duct 
and  assume  that  the  drag  may  be  estimated  by 
relating  the  drag  loss  to  the  Incoming  dynamic 
pressure.  (Such  an  analysis  tends  to  be  most 
suitable  to  the  description  of  flow  in  a  constant 
area  afterburner.) 


3 


Flame  Holders 


4 


Figure  6.4.1  Constant  Area  Combustion  Chamber 

To  simply  analyze  the  combustion  chamber 
behavior,  we  assume  the  gases  to  be  calorlcally 
perfect  at  entrance  and  exit  to  the  chamber, 
and  In  addition  assume  that  the  mass  addition 
of  fuel  is  extremely  small  compared  to  the  air 
mass  flow.  The  momentum  equation  may  then  be 
written 
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from  which 
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The  state  equation  and  continuity  equation 
(p  u  -  p  u  )  nay  be  combined  to  give 

3  3  4  4 

-  2  ..  2„2 


T  fp  P  ^  u  p 

r-ii  .  -(—)(—] 

'•X  [p  P  J  '‘u  •*  '•p 


T  O^Y  YM^P^ 

_1L  .  — a - 1 _  f-jL]  _!t_  (—It.] 

^  y,RT4  u^V(y^RT^)  y,,  y^ 

We  also  have 


(6. A. 6) 


T,  1  +  -V-  M 
_ _  1  4 


1  +  M  ' 

2  3 


(6. A. 7) 


Combining  Eqs.  (6. A. 5-6. A. 7)  then  gives 


1 

Here  T  -  1.128,  and  t=(15) -  2.35A, 
r  c 

so  T,  /T^  ”  2.637  .  Direct  calculation  then 

t4  1 3 

yields  the  results  of  Figure  6. A. 2. 


3 


M  *(1+-V-  M 

4  ^4 

(1+Y,.M  2)2 

t  4 


Y  -1 

Y  M  ^(1+-^-  M^)  T, 

_£ _ 3 _ 2 _ 3__i<L  :  Y 

Y  C  T  ” 

fl+Y  M  ^(1-^)]^  *2 

C  3  2 

(6. A. 8) 


This  Is  an  equation  for  M  In  terns  of  the 

4 

upstream  variables  and  prescribed  stagnation 
temperature  ratio  T  /T^  .  This  Is  once  again 

t4  1 3 

of  the  same  functional  form  for  the  Mach  number  as 
occurred  In  the  solution  for  the  heat  interaction 
at  constant  area,  Sec.  (2.17.4),  so  we  may  write 


Figure  6. A. 2  Combustor  Stagnation  Pressure  Ratio 
and  Exit  Mach  Number 

It  Is  evident  from  Figure  6. A. 2,  that  for 
these  conditions  the  Inlet  Mach  number  must  be 
restricted  to  a  value  of  0.13  or  less  If  the  com¬ 
bustor  pressure  loss  Is  not  to  become  excessive. 
This  restriction  to  low  required  Mach  numbers, 
particularly  In  afterburners,  can  lead  to  design 
limitations  upon  the  required  bujmer  cross- 
sectional  area. 


6.5  THE  TURBINE 


(6. A. 9) 


Following  solution  for  M  ,  Che  desired 
4 

stagnation  pressure  ratio,  it.  ,  Is  then  given  by 

D 


Y,-l  Y  -1 

ll+-^M/}  ^ 


^3  ■'  ' 


J:c_P3 


(6.4.10) 


Y  -1  Y  -1 

{1  +-%-M/l  = 


where  p  /p  Is  given  by  Eq.  (6.4.5). 
4  3 


As  an  example  calculation  we  consider  an  air¬ 
craft  flying  at  Mach  number  0.8  with  compressor 
pressure  ratio  -  15  .  We  are  given  T^  /T^  ■  7, 

Yj,  •  l.A,  Y^  “  1.3,  e^  -  .905  and  Cj^  "  1.5,  so  obtain 


Unlike  compressors,  modern  turbines  are 
almost  always  cooled,  at  least  in  the  first 
several  high  pressure  stages.  Cooling  is 
accomplished  by  passing  air  directly  from  the 
compressor  to  the  turbine  blades  where  any  one 
of  several  cooling  methods  may  be  employed.  (See 
Chapter  190  The  "accounting"  of  cooling  losses 
Is  best  carried  out  by  considering  the  cooling 
air  and  mainstream  air  to  be  a  combined  multiple 
stream  adiabatic  flow.  This  method  of  accounting 
for  cooling  losses  Is  described  in  detail  in 
Chapter  16.  In  this  section  the  so-called  adiabatic 
efficiencies  will  be  described,  and  estimation  of 
the  effect  of  cooling  will  be  considered  to  be 
separately  determined. 


6.5.1  THE  TURBINE  EFFICIENCY, 

The  turbine  efficiency  is  defined  In  a  manner 
analogous  to  that  of  the  compressor  efficiency  to 
give 


actual  work  interaction  for  a 


pressure  ratio 


Ideal  work  interaction  for  a  given  pressure  ratio 


III  .■  .11  .  J  g  I  ■  • 


C 

_E. 

C 

P 


ti. 


ts. 


) 


1-T 


t 


1-T. 


1 


The  Ideal  process  Is  Isencropic  so  we  obtain 


It  can  be  seen  that  the  turbine  efficiency 
Increases  as  the  turbine  design  expansion  ratio 

Increases.  This  occurs  because  that  energy 

that  Is  not  extracted  In  a  given  stage  because  of 
Inefficiencies  remains  partly  available  to  the 
succeeding  stages. 


1-T. 


Y  -1 

1-(TT  )-l - 

y 


(6.5.1) 


6.5.2  THE  TURBINE  POLYTROPIC  EFFICIENCY,  e^. 


Again,  analogous  to  the  compressor  polytropic 
efficiency  we  define 

actual  work  Interaction  for  a  given 
differential  pressure  change 
t  Ideal  work  Interaction  for  a  given 
differential  pressure  change 

Thus  we  write 


6.5.3  THE  TURBINE  STAGE  EFFICIENCY 


The  turbine  stage  efficiency  is  defined  In 
a  completely  analogous  manner  to  the  turbine 
efficiency.  Sec.  (6.5.1).  to  give 


1  -  (IT  ) 

^4 


Noting  "'^t  ^ 

Y. 

Tt  =  l-nj.  {1-(tTj,  )  }  and  T 

J  j  j 


N 

=  n 

j=i 


T 

t  , 
J 


(6.5.4) 


dh  C  dT 
_ t_  _  p  t 

dh.  ■  1  J 

t .  ~  dp 

1  ®(. 


Y^  dTj./T|. 
®t  Y^-1  dp^/p^ 


Hence  If  we  may  assume  e^  to  be  approximately 
constant,  integration  gives 


e^Y^ 


T  p 

or  = 

Equations  (6.5.1)  and  (6.5.2)  then  give 


(6.5.2) 


vT 

l-TT  ^t 


1-T. 


1/e. 


(6.5.3) 


1-T. 


This  relationship  is  plotted  in  Figure  6.5.1. 


Figure  6.5.1  Turbine  Design  Efficiency  Versus 
Pressure  Ratio 


we 


obtain 


N  Y 

l-n  [l-n  {l-(Tr  )  }] 

—I’ll _ j _ i 


(6.5.5) 


In  the  special  case  when  all  stage  efficiencies 
(n^)  and  stage  pressure  ratios  are  equal,  Eq. 

(6.5.5)  reduces  to 


Vi 

Y  N 

i-(l-n  {i-(7T  )  I"  }]'’ 
S  t 

Y^-l 


1  -  P. 


(6.5.6) 


6.6  THE  NOZZLE 

The  major  loss  mechanisms  of  a  nozzle  are 
usually  Identified  with  the  pressure  Imbalance 
at  exit  caused  by  over  or  underexpansion.  The 
degree  of  over  or  under  expansion  Is  often  selected 
for  the  best  balance  of  internal  (exit  pressure) 
and  external  (boat-tail  drag)  losses.  In  any  case, 
the  boat-tall  losses  are  separately  accounted  for 
when  the  cowl  drag  Is  determined  and  the  effect 
of  exit  pressure  Imbalance  Is  Included  in  the 
expression  for  F^  ,  Eq.  (6.1.8). 

For  convenience  we  Include  in  the  nozzle 
stagnation  pressure  losses,  all  those  losses 
occurring  from  the  turbine  .xit  to  nozzle  exit. 

Thus  we  write 


(6.6.1) 


For  engines  without  afterburners  tt  Is 

n 

usually  very  nearly  unity  (0.99  or  larger),  but 
when  the  flameholder  ducts  are  present  ti^  can  be 
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Table  6.7.1  Component  Figures  of  Merit 
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CHAPTER  7 
LIST  OF  SYMBOLS 


The  symbols  are  listed  In  alphabetical  order, 
first  In  the  English  alphabet,  then  In  the  Greek 
alphabet.  Subscripts  and  superscripts  are  then 
given.  The  equation,  figure  or  section  In  which 
the  symbols  are  first  Introduced  Is  Indicated  In 
parentheses.  Often  the  symbol  will  be  defined  In 
the  text  just  preceding  or  just  following  the 
equation  or  figure. 

Where  appropriate,  the  location  of  the  Intro¬ 
duction  of  the  symbol  Is  referred  to  In  previous 
chapters. 

A  -  Cross-sectional  area  (Eq.  7.2.1) 
a  -  Speed  of  sound  (Eq.  7.2.4) 

C  -  Specific  heat  (Sect.  2.6) 

-  Work  Interaction  coefficient  (Eq.  7,4.3) 

F  -  Thrust  (Eq.  7.2.1) 
f  -  Fuel  to  air  ratio  (Eq,  7.2,2) 
g^  -  Gravitational  constant  (Sect.  7.2.2) 
h  -  Heating  value  (Eq.  7.2.13) 

M  -  Mach  number  (Eq.  7.2.3) 
m  -  Mass  flow  rate  (Eq.  7.2.1) 
p  -  Pressure  (Eq.  7.2.1) 

K  -  Gas  constant  (Sect.  2.12) 

S  -  Specific  fuel  consumption  (Eq.  7.2.15) 

T  -  Temperature  (Eq.  7.2.3) 

u  -  Velocity  (Eq.  7.2.1) 


A  -  Uninstalled  (Eq.  7.2.1) 

c  -  Core  (Eq.  8,4,10) 

f  -  Fuel  (Eq.  7.2.2) 

g  -  Gearbox  (Eq,  7.4,11) 

m  -  Mechanical  (Eq.  7,2.11) 

p  -  Constant  pressure  (Sect.  2.6) 

-  Power  (Eq.  7.4.18) 
t  -  Stagnation  quantity  (Sect.  2.16) 
core  -  Core  engine  (Eq.  7,4,9) 

PROP  -  Propeller  (Eq.  7.4,12) 

1  -  Core  stream  (Eq,  7.3,1) 

2  -  Fan  stream  (Eq.  7.3.1) 

Subscripts  previously  defined  In  Sect.  5.1 

AB,  b,  c,  d,  n,  r,  t,  X 

0-9  Station  numbers  (Figs,  5.1.1,  7.2.1) 


Superscripts' 


-  Fan  stream  (Fig.  7.3.1) 


-  Conditions  at  minimum  specific  fuel 
consumption  (Eq.  7.3.33) 


a  -  By-pass  ratio  (Eq.  7.3.2) 

Y  -  Ratio  of  specific  heats  (Sect.  2,6) 

n  -  Efficiency  (Eq.  7.2.11) 

n  -  Group  defined  In  Eq,  7.3,35 

IT  -  Ratio  of  pressures  (Sect.  5.1) 

p  -  Density  (Eq.  7.2.3) 

T  -  Ratio  of  temperatures  or  enthalpies 
(Sect.  5.1) 


CHAPTER  SEVEN 
NON-IDEAL  CYCLE  ANALYSIS 


7.0  INTRODUCTION 

In  this  chapter  we  again  apply  cycle  analysis 

to  several  exaiq>le  engine  types.  The  methodology 
will  remain  as  In  Sec.  (5.6.1),  the  only  difference 
between  the  results  of  this  chapter  and  Chapter  S 
arising  because  of  the  non-ideal  component  processes 
assumed,  and  because  of  the  use  of  different  thermo¬ 
dynamic  properties  following  the  primary  burner  and 
afterburners.  The  notation  will  be  that  already 
Introduced  In  Sec.  (5.1). 

7.1  NUMERICAL  SOLUTION  OF  EQUATIONS 

In  several  of  the  examples  to  follow,  desired 
variables  appear  In  transcendental  equations.  Many 
Iterative  techniques  are  available  for  the  solution 
of  such  equations.  The  numerical  complications  of 
such  techniques  have  been  greatly  reduced  with  the 
advent  of  small  computers  with  branching  and  looping 
capability,  so  that  graphical  techniques,  etc.  are 
no  longer  necessary.  In  the  following,  two  well 
known  techniques  are  described. 

7.1.1  NEtfrONIAN  ITERATION 

He  consider  a  transcendental  equation  of  the 

form 


F(x)  -  0 


(7.1.1) 


Now  we  consider  a 


,th 


estimate  of 


X  to  be 


and  desire  a  method  of  estimating  a  next  (closer) 
estimate,  Xj^j^  .  The  function  F(Xj^j^)  Is  expanded 

In  a  Taylor^  series  to  give 


F(Xj^^)  -  F(Xj)  +  (Xj^^-x^)  F'(Xj)  +  ...  (7.1.2) 

Here  F'(Xj)  means  the  derivative  of  Che 
function  F(x)  by  x  ,  evaluated  at  the  value  x^  . 
Now  If  close  to  the  solution  of 

F(x)  •  0  ,  we  may  approximate  F(Xj^j^)  as  being 
zero.  Also,  If  Xj  Is  not  far  from  ve  may 

Ignore  the  higher  order  terms  In  the  series  to  give 


*J+1 


F(x^) 

F'(Xj) 


Newtonian  Iteratlon(7.1.3) 


Equation  (7.1.3)  gives  a  method  for  obtaining 
the  next  estimate  for  the  solution  to  the  equation, 
,  In  terms  of  the  previous  approximation.  In 

practice  the  process  would  be  continued  till 
(Xj_^^-x^)  was  less  Chan  the  desired  accuracy. 

It  Is  sometimes  convenient  to  appioxlmate  Che 
derivative  of  the  function  by  a  finite  difference 
form,  say 


F(x,+5)-F(x.-6) 

F’(Xj)  »  - 1-^3 - 3 -  (7.1.4) 

here  5  would  be  a  suitably  small  quantity.  The 
advantage  of  utilizing  such  an  approximation  la 
that  If  a  computer  Is  to  be  programmed  to  utilize 
Newtonian  Iteration,  only  a  sub-routine  to  calculate 
the  function  F(x)  Itself  need  he  supplied,  it  not 
being  necessary  to  provide  a  separate  subroutine  to 
calculate  the  derivative. 


Newtonian  Iteration  is  sometimes  unstable, 
but  It  Is  fortunate  In  the  examples  to  follow,  that 
provided  a  suitable  first  guess  for  the  desired 
variable  Is  made,  Newtonian  Iteration,  or  the 
simpler  functional  Iteration,  (next  section)  is 
stable  in  all  examples  considered  herein. 

7.1.2  FUNCTIONAL  ITERATION 

A  simple  form  of  iteration  related  to  Newtonian 
Iteration  Is  functional  iteration.  He  now  assume 
we  have  a  transcendental  equation  of  the  form 

X  -  f(x)  (7.1.5) 

This  may  be  formally  converted  to  a  form 
suitable  for  solution  by  Newtonian  Iteration  by 
defining 

F(x)  -  x-f(x) 

hence  from  Eq.  (7.1.3) 

F(x  )  X  -f(x  ) 

*J+l  ■  *3  "Foy  “ 

Now,  If  the  function  f(x)  Is  slowly  varying 
in  X  ,  then  f ' (Xj )  may  be  Ignored  compared  to 

unity.  In  Chat  case  Eq.  (7.1.6)  reduces  to 

Xj^j^  ”  f(Xj)  Functional  Iteration  (7.1.7) 

This  extremely  simple  form  would  then  be 
Iterated  till  (Xj_j_j^-Xj)  Is  less  than  the  desired 

accuracy.  This  form  Is  very  simple  and  convenient, 
but  is  suitable  only  when  |f’(Xj)|  «  1  . 

7.2  THE  TURBOJET 

He  will  now  develop  the  performance  equations 
for  the  turbojet.  It  will  be  assumed  that  the 
gas  Is  calorlcally  perfect  up  to  the  compressor 

outlet,  with  properties  Y  >  Cn  etc.  The  gas 

c  “c 

will  also  be  assumed  calorlcally  perfect  following 
the  burner  with  properties  Y^  ,  Cp^  etc.  If  an 

afterburner  Is  in  operation,  the  gas  following  the 
afterburner  will  again  be  assumed  calorlcally  per¬ 
fect  with  properties  Y^g,  ^py^j  Ft  will  be 

assumed  that  the  gas  constant  remains  unchanged 
throughout  so  that  Eq.  (6.4.4)  (or  equivalent  for 
and  Y^)  remains  valid.  All  components  will 

be  considered  to  be  adiabatic  (no  turbine  cooling) 
and  the  efficiencies  of  compressor  and  turbine 
will  be  described  through  the  use  of  constant  poly- 
troplc  efficiencies.  Finally,  the  effects  of  gas 
leakage  and  the  use  of  drawn-off  air  for  auxllllary 
power  will  not  be  included.  The  reference  stations 
are  Indicated  in  Fig.  7.2.1. 


T.  -  T  {1+-^^  M  ^}  «  T  T,  (7.2.6) 

t9  9  2  9  0  Cp^g  XAB 

and  ^AB 

Y  “1  y  -1 

K.  -  M/}  “  -  PoVdVbVn^^-2-^^ 


we  may  write 


A  5  6 


^  y  /VO 


(7.2.8) 


°  “o  Sab  Yab' 


-(^) 
P.  "ab  , 


-(^) 
P.  "ab  , 


M  ^  (— ^)  =  -= —  T  1 1  -  (— ^)  1 

0  '‘uj  Y  -1  XAB'-^  S  ^  J 


(7.2.9) 


Also  note 


Figure  7.2.1  Turbojet  Reference  Stations 

The  analysis  to  follow  will  be  developed  in 
a  form  suitable  for  use  whether  or  not  an  after¬ 
burner  is  present  or  in  operation. 

7.2.1  CYCLE  ANALYSIS  OF  THE  TURBOJET  WITH  LOSSES 

The  expression  for  the  uninstalled  thrust  is 
as  given  by  Eq.  (6.1.8).  That  is  with  the  station 
numbering  of  Figure  7.2.1. 


F,  »  m  u  -m  u  +  (p  -p  )A 
A  9  9  0  0  '*^9  ^0  9 


(7.2.1) 


Because  gas  leakage  and  the  use  of  auxllllary 
air  is  being  Ignored,  we  may  write 


■  "o  ■^"f‘*‘"fAB‘ 


(7.2,2) 


T  C  XAB 

-1  (7.2.10) 

O  /AB  ■ 

(Si)  ^AB 
P 

9 

Equations  (7.2.9)  and  (7.2.10)  allow  determina¬ 
tion  of  the  principal  terms  in  the  expression  for 
tho  specific  thrust,  except  that  the  turbine  pres¬ 
sure  ratio,  TF^  ,  must  be  obtained  from  the  power 

balance  between  turbine  and  compressor.  We  thus 
write: 

Dividing  by  »>-Cp.T  ,  and  rearranging  we 

obtain  °  ®  ® 


Also  note 


and  then 


(1+f+f .„)  u„  R  T  p„ 

_ AB  _  0  9  9  ,, 

u  /u„  u„2/(y  R  T„)y  R  T„  ^^"p 

9  0  0  CCO'CCO  *^9 
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^  (P,-P„)A,  -  (i+m,g)  h 

0  CO9O  90 
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In  this  last  expression  we  have  utilized 
R^  ■  R^  .  Equations  (7. 2. 1-7. 2. 3)  then  give 


X  (1  -  f)] 

9 

U  ^  Y.nR.„  T 

„  2  (_1)  .  JiLM  _2  M  2 

0  'u  *  Y  R  T 

0  'c  C  0  ’ 
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(7.2.5) 


It  should  be  noted  here  that  the  mechanical 
efficiency,  ,  will  normally  be  very  high 

(approximately  unity)  for  most  gas  turbine  engines. 

However,  by  retaining  n  in  the  equation  we  pro- 
m 

vide  a  convenient  method  of  accounting  for  auxllllary 
power  take-off. 

Finally,  expressions  are  obtained  for  the  fuel 
to  air  ratios  from  the  enthalpy  balances  across 
the  appropriate  burners.  Thus, 

PRIMARY  BURNER 

Dividing  by  m  Cp  T  and  rearranging,  there  is 
obtained  o  fc  o 


T,-  T  T 
X  r  c 


(7.2.13) 


Then  noting 


AFTERBUKNER 


Dividing  by  ®^Cp  T  and  rearranging,  there 
Is  obtained  ^ 


^AB  "  -- 


'AB 


-  T, 


Ct)  t  ‘xab 

Fc  0 


"f^fAB  ^^*AB 


F./A 

A  A  0 


Equations  (7.2.1)  to  (7.2.15)  may  now  be 
arranged  In  an  order  to  allow  direct  calculation 
of  the  desired  performance  variables  In  terms  of 
the  Imposed  flight  conditions,  design  limits, 
design  choices  and  component  efficiencies.  The 
equations  are  summarized  In  the  next  section. 


7.2.2  SUMMARY  OF  THE  EQUATIONS,  TURBOJET  WITH 
LOSSES 


Inputs;  T  (K)  [  R],  y  ,  y  ,  y.n*  ^p_*  ^p,.  * 


Cp^B(J/kgK)  (^],  h(J/kg)  [f^J, 


’'d*  ’^b’  ^n’  '^AB’  %’  *c’  *t’ 


•  ■'X*  ^XAB*  ’'c'  “o 


Outputs: 


k  'A  • 

0  *0  0 
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Equations: 
Y  -1 
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sec  R 
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X  r  c 
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t  n„(l+f)  T.  '  c 

n  A 


(7.2.22) 
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The  specific  fuel  consumption  may  then  be  written 

(7.2.15) 


T  Y  -1 

O  /AB  \ 

Pf.  ^ 

)  ^ab 


(7.2.25) 


NOTE:  If  no  afterburning  Is  present,  then  T 


XAB 


should  be  put  equal  to  •  Also,  Cp^  and 


Yjj,  would  be  out  equal  to  Cp^  ,  and  y^  . 

'XAB~  ‘X‘t 
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(To  obtain  British  units  of 
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matar«/tec  would  bt  raplactd  by  vhare  a 

ahould  ba  glvan  in  ft/atc  .) 
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7.2.3  EXAMPLE  RESULTS  -  TURBOJET  WITH  LOSSES 


(7.2.16) 

(7.2.17) 

(7.2.18) 


As  a  first  example  we  consider  a  turbojet 
to  be  designed  for  flight  at  Mach  two  without  after¬ 
burner.  A  range  of  possible  pressure  ratios  Is 
considered,  and  the  following  characteristics  were 
assumed. 


T^  -  233.3“K1420'’R] 


y  “1.4 
c 


Cp  -  996.5  J/kgK[0.238  BTU/lbm'R] 


(7.2.19) 


Yj  -  1.35 


Cpj  -  1098.2  J/kgK[0.262  BTU/lbm°Rl 


Xj  -  .9425 
d 


(7.2.20) 

(7.2.21) 


X,.  -  .98 
b 


X  -  .99 


n  “  .99  p  /p  -  1 

"•  9  D 


e  “  .92.  .89  h  •  4. 5357(10’)J/kg( 19 ,500  BTU/lbm] 


Figure  7.2.2  Effect  of  Compressor  Pressure  Rstlo 
and  Efficiency  on  Performance, 

Turbojet  with  Losses 

Figure  7.2.2  Indicates  that  the  general  trend 
of  the  performance  of  the  turbojet  with  losses  la 
quite  similar  to  that  of  the  Ideal  turbojet  depicted 
In  Fig.  S.8.1.  The  moat  notable  difference  In 
trend  la  that  when  losses  are  present  a  minimum 
exists  In  the  specific  fuel  consumption,  whereas 
In  the  Ideal  case  the  specific  fuel  consumption 
continues  to  decrease  with  Increasing  compressor 
pressure  ratio. 


Figure  7.2.3  Effect  of  Exit  Pressure  Variations 
on  Specific  Fuel  Consumption 

It  Is  apparent  from  Fig.  7.2,3  that  variations 
In  the  pressure  ratio  p  /p^  In  the  neighborhood 

of  P  /Pq  “1  do  not  strongly  affect  the  specific 

fuel  consumption.  It  Is  hence  of  great  Importance 
to  consider  this  mild  sensitivity  of  S  to  P^/Pq 

when  designing  a  nozzle  so  as  to  select  that  nozzle 
giving  the  best  combination  of  Internal  and  external 
performance. 

In  order  to  assess  the  effects  of  afterburning, 
an  engine  was  considered  with  the  same  characteris¬ 
tics  as  that  considered  above  but  with  the  addition 

that  e  •  0,92,  ti..  •  0.96,  it  "  0.96  burner  on, 

C  AJB  n 

•  0.98  burner  off,  ^AB  "  ^t  ‘ 

Figure  7.2.4  shows  the  results. 


If  the  engine  was  to  be  used  without  after¬ 
burning,  the  designer  would  again  be  faced  with 
the  choice  of  selecting  a  low  thrust,  large  pres¬ 
sure  ratio,  low  specific  fuel  consumption  engine 
as  compared  to  a  high  thrust,  low  pressure  ratio 
high  specific  fuel  consumption  engine.  Another 
aspect  of  the  designers  dllemoia  becomes  apparent 
when  comparing  the  curves  obtained  for  the  two 
different  compressor  efficiencies.  Thus,  for 
example.  If  a  designer  chose  a  compression  ratio 
of  30  for  use  In  a  supersonic  transport  because 
his  compressor  design  group  had  promised  a  com¬ 
pressor  with  e  ~  0.92,  and  then  the  group  deliv¬ 
ered  a  compressor  with  e  -  0.89  ,  It  can  be 
seen  that  the  choice  of  tt'^  -  30  would  be  quite 
Inappropriate.  That  Is,  Such  a  compressor  would 
be  of  a  higher  pressure  ratio  than  that  leading 
to  minimum  fuel  consumption.  Thus,  the  designer 
would  have  a  compressor  that  was  heavier  (and  more 
expensive)  than  that  leading  to  a  minimum  specific 
fuel  consumption,  he  would  also  have  lower  thrust 
per  frontal  area,  and  finally  he  would  have  an 
acute  need  to  change  his  location  of  employment. 

The  effects  of  nozzle  off-deslgn  can  be 
Investigated  by  considering  the  engine  to  have  the 
same  parameters  as  those  Indicated  above,  but  to 
have  various  values  of  p  /p  .  Figure  7.2.3  shows 

9  0 

the  effect  upon  specific  fuel  consumption  of 
varying  the  exit  pressure  for  an  engine  with 
TT^  -  16,  e^  •  0.92  and  other  parameters  as  given 

above. 


10  20  TT  30  40 

c 

Figure  7.2.4  Performance  of  Turbojet  with 
Afterburning 


7.3 


THE  TURBOFAN 


The  performance  equations  for  the  turbofan  will 
be  developed  with  the  same,  or  equivalent,  assunq)- 
tlons  as  utilized  for  the  analysis  of  the  turbojet. 
Sec.  (7.2).  The  equations  will  be  developed  to 
allow  for  both  primary  stream  afterburning  and/or 
secondary  scream  afterburning.  Only  Che  case  of 
separate  exhaust  streams  will  be  considered  here, 
as  It  Is  hoped  that  the  techniques  of  cycle  analysis 
as  developed  herein  together  with  the  results  of 
Sec.  (5.15.1)  will  enable  the  Interested  reader  to 
rapidly  generate  an  analysis  for  the  mixed  stream 
case  If  so  desired. 

7.3.1  CYCLE  ANALYSIS  OF  THE  TURBOFAN  tfITH  LOSSES 


Figure  7.3.1  Turbofan  Reference  Stations 

The  expression  for  the  uninstalled  thrust 
can  be  written  as  the  direct  sum  of  Che  primary 
stream  and  secondary  stream  thrust  contributions 
to  give 


F  -  (m  -hii.-hn  )u  -m  u  +(p  -p.)A  +(m  +m  ,)u  ' 
A  if  fAB  91O  9  O9  2  fAB  9 


m  u  +(p  ,-p„)A  , 
2  Q  S  0  s 


(7.3.1) 


This  expression  can  then  be  manipulated  In  a 
manner  completely  analogous  to  chat  of  Sec.  (7.2.1) 
to  give 

®  “  1 

r-A-  -  -rr:  {(l+f+f.„)(M  -i)-M  +(l+f+f,-)  - - - 
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SECONDARY  STREAM 


The  temperature  and  pressure  relationships  for 
Che  secondary  stream  may  be  written 


^AB'~^  „  2, 


T^  ,  -  T  ,(1  +  .  M  ,^)  -  T 

tj  »  291 


"Pc 


0  C, 


■PaB' 
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AB' 


here 
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(7.3.3) 

(7.3.4) 

TT  ,  TT  , 

c'  n' 

(7.3.5) 

Hence  noting 
there  Is  obtained 
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PRIMARY  STREAM 


The  relationships  of  Sec.  (7.2.1)  leading  to 
Eqs.  (7.2.9)  and  (7.2.10)  remain  Identical  for  use 
In  the  description  of  the  turbofan  primary  stream. 
The  eicpresslon  for  Che  turbine  temperature  ratio 
must  be  modified,  however,  to  Include  the  effect 
of  power  extraction  by  the  fan.  We  thus  write  for 
the  power  balance  of  fan  compressor  and  turbine 


^Sc<^,-^2>^a‘=Pc^9•-^.^ 


Tl„(m  +m  )Cp  (T  -T 
mi  f  t4 


Dividing  this  expression  by  m  Cp  T  ,  end 
rearranging,  there  is  obtained  ^  ^ 


T 


t 


also. 


_ 

iTj.  -  (7.3.8) 


Expressions  for  the  fuel  to  air  ratios  are 
obtained  by  considering  enthalpy  balances  across 
each  of  the  burners.  The  expressions  for  the 
primary  burner  and  afterburner  remain  exactly  as 
given  by  Eqs.  (7.2.13)  and  (7.2.14).  For  the 
secondary  afterburner  we  obtain 


we 


"2  Wtj'-^fAB'V 

Hence,  dividing  by 
obtain 


,h  »  (m  +m 
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m  Cn  T 
2  Pc  0 


fAB’^'^PAB'^^ti' 
and  rearranging. 
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Finally,  the  specific  fuel  consumption  Is 
obtained  from 


.  „+m, .  „ ,  f+f..+oif.„, 

f  fAB  fAB'  _  AB  AB' 


<i^><ftift-> 
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Equations  (7.3.1-7.3.10),  (7.2.9),  (7.2.10), 
(7.2.13)  and  (7.2.14)  completely  describe  the 
desired  performance  behavior  of  the  turbofan.  The 
equations  are  summarized  in  a  form  suitable  for 
calculation  in  Sec.  (7.3.2). 


7.3.2  SUMMARY  OF  THE  EQUATIONS,  TURBOFAN  WITH 
LOSSES,  BY-PASS  RATIO  PRESCRIBED 


(7.3.22) 


Inputs:  T„(K)[«R].  y^.  y^.  y^.  y^,.  Cp^.  Cp^.Cp^. 
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NOTE:  If  no  secondary  strean  afterburning  is  pre¬ 
sent,  then  T.,,,  should  be  put  equal  to  T  T  ,  . 

AAB  r  c 


Also,  Cp^,  and  Y^^i  would  be  put  equal  to  Cp^ 
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sec  would  be  replaced  by 
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where  a  should 
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7.3.3  OPERATION  WITH  CONVERGENT  EXIT  NOZZLES 


In  the  usual  subsonic  transport  application  of 
separate  stream  turbofan  engines,  no  afterburning 
NOTE:  If  no  primary  stream  afterburning  is  present,  la  utilized  and  the  pressure  ratio  across  both  the 
then  should  be  put  equal  to  •  Also,  primary  and  secondary  nozzles  Is  not  very  large. 

Cd..  and  Y„  would  be  put  equal  to  C-,  and  Y  •  “®"®^  therefore  to  employ  convergent,  only, 

KAO  AS  Ft  t  nozzles.  In  such  cases,  if  the  nozzles  are  choked, 

we  have: 
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Thus  with  Equations  (7.3.35)  and  (7.3.18)  it 
follows  directly  that 
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(7.3.32) 


Equations  (7.3.33-7.3.35)  and  (7.3.36)  may 
then  be  combined  to  give  a  single  equation  for  the 


Equations  (7.3.31)  and  (7.3.32)  would  then  be 
utilized  in  Eq.  (7.3.28)  to  give  the  specific  thrust. 
Note  that  the  expressions  are  valid  for  a  convergent 
nozzle  only  when  p  and/or  p  ,  are  larger  than  p  . 


turbine  temperature,  ratio,  ,  leading  to 


If  Eqs.  (7.3.31)  and  (7.3.32)  predict  that  p  is 


minimum  specific  fuel  consumption. 

1  1 

T  a  A  ^  + _ = -  r  ^ — £ - 

t*  n  ^t*  2(y  -i)t,  ‘  u  , 


larger  than  p  or  p  ,  ,  the  given  nozzle  will  not 
9  9 


ri  (M  -S - M  ) 

m  o  u  0 
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be  choked,  and  in  such  a  case  the  exit  pressure 
should  be  taken  equal  to  p 


7.3.4  BY-PASS  RATIO  FOR  MINIMUM  SPECIFIC  FUEL 
CONSUMPTION 


1-e  ,  -1/e  2 


(7.3.37) 


Particularly  with  engines  for  transport  air¬ 
craft,  it  is  appropriate  to  select  the  by-pass  ratio 
to  give  the  mlnlimm  specific  fuel  consumption 
possible  for  given  prescribed  operating  conditions, 
design  limits,  design  choices  and  component  effi¬ 
ciencies.  We  thus  consider  a  non-af terbumlng 
turbofan  engine  with  nozzle  exit  pressures  matched 
to  the  ambient  static  pressure,  and  note  from  Eqs. 
(7.3.29)  and  (7.3.17)  that  the  minimum  specific 


It  can  be  noted  here  that  when  the  ideal  con¬ 
ditions  assumed  in  Chapter  5  are  inserted  in  the 
expression,  the  equation  reduces  to  that  given  by 
Eq.  (5.14.23).  In  fact,  the  right  side  of  Eq. 


(7.3.37)  varies  quite  slowly  with  ,  and  as 


a  result  the  equation  can  be  solved  very  simply  by 
utilizing  functional  iteration.  Sec.  (7.1.2).  A 
suitable  starting  guess  for  the  iteration  is 


obtained  by  taking  e^  ■  1  to  give 


fuel  consumption  will  occur  where  (l+a)(Fy(m  +m)) 

A  1  2 


reaches  a  maximum.  Equivalently  (from  Eq.  7.3.28) 
we  take 
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Following  solution  for  ,  the  related  by- 


Taklng  the  derivative,  and  rearranging  slightly, 
there  is  obtained 


pass  ratio,  a  ,  follows  directly  from  Eq.  (7.3.7) 
to  give 
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Here  the  asterisk  will  be  used  to  denote  quan¬ 
tities  with  values  appropriate  to  give  the  minimum 
specific  fuel  consumption,  S*  . 


The  equations  may  be  summarized  in  a  form 
suitable  for  calculation  as  in  the  next  section. 


write 


We  note  from  Eqs.  (7.3.18-7.3.20)  and  (7.3.22), 
"XAB  -  \b  ■  ^t  Po 


7.3.5  SUMMARY  OF  THE  EQUATIONS,  TURBOFAN  WITH 
LOSSES,  NO  AFTERBURNING,  EXIT  PRESSURES 
MATCHED,  AND  BY-PASS  RATIO  OPTIMIZED 


p  that  we  may 
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Inputs:  T^(K)('’R],  y^,  Cp^ 


(M„ 


1  -(^) 

Y  -1  ^^t  ■  n  ’^t  ®t  ' 


(7.3.34) 


Here  we  have  defined  for  convenience 


TT  , ,  TT,  ,  TT  -  TT  ,  ,  f),  ,  TT  ,  6  •  e  . 

d  b  n  n  b  m  c  c 


n  =  (TT  TT  .TT  TT.  TT  )  y 

r  d  c  b  n  t 


(7.3.35) 
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O-tputs:  yA-  fg  («.  +&■  )  IbWlicl- 

12  O  I  2 

I.,  ,  rlbm  fuel/hr,  *  , 

tlbf“  thrust !•  “  •  * 


Equations: 

The  first  seven  equations  are  Identical  to 
Eqs.  (7.3.11-7.3.17),  then: 


variation  In  by-pass  pressure  ratio  on  the  optimum 
by-pass  ratio  and  on  the  performance  parameters. 

In  order  to  emphasize  the  effects  upon  the  design 
configuration  of  changes  In  component  efficiencies, 
three  engines  are  considered,  (1)  a  perfect  engine, 

(2)  an  engine  with  high  component  efficiencies,  and 

(3)  an  engine  with  low  component  efficiencies. 
Plight  Mach  number  was  taken  to  be  •  0.9,  and 
the  component  efficiencies  for  the  three  engines 
taken  to  be 


n  n  ,  n.  n.  ri.  n  e  e  ,  e 
n  n  d  b  b  m  c  c  t 

111111111 


H  -  (TTnirnn)  't 
r  d  c  D  n 


(7.3.40)  2  .99  .99  .98  .98  .98  1  .93  .93  .92 

3  .96  .96  .95  .95  .96  .98  .87  .86  .86 


^  -  IT  TT.TT  ,7r  , 
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In  addition  It  was  assumed  that  the  exit  pres~ 
sures  are  matched  (p  a  "  p  *  P^)»  and  that  h  * 

9  9  0 

4.4194(10’)J/kg[19,000  BTU/lbm] ,  Cp^  -  1004.9  J/kgK 

[0.24-j^^],  T^-  233.3*K[420°R],  T^-  7.71andY|.-  1.35. 

Hie  resulting  values  for  optimal  by-pass  ratio 
a  ,  versus  the  by-pass  pressure  ratio,  P  ,  ,  are 
shown  In  Fig.  7.3.2.  ^ 


1-e  ,  -1/e  „ 


(7.3.44) 


This  equation  requires  iteration  to  determine 
T  (utilizing  T  *  as  the  first  guess),  then: 

t*  tg* 

*  7,  ...... 


0  c 


1.1  1.2  1.3  1.4  1.5  1.6  1.7  1.8 
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(7.3.47) 

(To  obtain  British  units  of  ,■  ^7^ —  ,  a  In 

Ibm/sec  0 

meters/sec  would  be  replaced  by  °--r  where  a 
should  be  given  In  ft/sec  .) 
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7.3.6  EXAMPLE  RESULTS  -  TURBOFAN  WITH  LOSSES 

As  an  example  study  we  consider  a  "core  engine" 

with  Tt  -  25,  and  Investigate  the  effect  of 
c 


Figure  7.3.2  Optimal  By-Pass  Ratio  Versus  By-Pass 
Pressure  Ratio 

Several  tendencies  are  immediately  notable. 

It  is  clear  that  the  optimum  by-pass  ratio  for  a 
given  w  ,  can  change  dramatically  with  changes 
in  component  performance,  particularly  at  low  values 
of  fan  pressure  ratio.  This  again  emphasizes  the 
designers  problem  in  chat  he  must  have  accurate 
component  performance  estimates  in  order  to  correctly 
select  his  engine  configuration.  The  very  large 
by-pass  ratio  indicated  to  be  optimum  (as  compared 
to  present  day  practice)  result  because  of  the  very 
high  turbine  temperature  capability  assumed,  and 
further  because  the  turbine  cooling  air  penalty  has 
not  been  Included. 

Even  when  the  by-pass  ratio  is  selected  to  be 
optimal  for  the  given  component  efficiencies,  the 
penalties  in  performance  for  the  component  inef¬ 
ficiencies  are  substantial  as  is  evident  In 
Fig.  7.3.3. 


to  the  "old"  turboprop  engines  (approx.  100/1  ). 
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Figure  7.3.3  Turbofan  Performance 

Similar  results  for  higher  Mach  number  flight 
are  easily  attainable,  though  of  course,  the  optimal 
by-pass  ratios  are  lower  and  appropriate  fan  pres¬ 
sure  ratios  higher. 

The  selection  of  appropriate  compressor  pres¬ 
sure  ratios  and  fan  pressure  ratios  Is  aided  by  a 
figure  of  the  form  of  Fig.  7.3.4.  Clearly,  If 
specific  fuel  consumption  was  the  dominant  concern, 
the  appropriate  values  would  be  IT  =40  (or  greater) 

and  Ti  ,  =  1.3  (or  less).  However, *^we  note  that  at 
c 

TT  “  40,  the  specific  thrust  is  68,  86,  and  102 
c 

(.Ns/kg)  for  TT  ,  =  1.3,  1.4,  and  1.5  respectively, 
c 

The  very  low  specific  thrust  identified  with  the 
low  fan  pressure  ratio  could  dictate  a  choice  of 
higher  tt^,  . 

S(IO^) 

kg/Ns 


Figure  7.3.4  Variation  of  Specific  Fuel  Consumption 
with  By-Pass  Pressure  Ratio  and  Com¬ 
pressor  Pressure  Ratio 


7.4  THE  TURBO-PROP  OR  PROP  FAN 

In  recent  years  renewed  Interest  in  highly 
efficient  flight  transportation  has  spurred  investi¬ 
gation  into  "very  high  by-pass  ratio  fans."  Cycle 
analysis  indicates  that  such  by-pass  ratios  (for 
subsonic  flight)  could  approach  those  corresponding 


There  are  several  reasons  why  the  turbofan 
engines  became  much  more  popular  than  the  turboprop 
engines,  and  it  is  wise  to  review  such  reasons  so 
that  we  can  comprehend  why  similar  concepts  are 
again  gaining  in  popularity.  A  major  reason  for 
the  success  of  the  turbofan  was  its  high  (subsonic) 
Mach  number  capability.  In  a  turboprop,  the  pro¬ 
peller  tip  Mach  numbers  become  very  large  whe.  the 
flight  Mach  number  approaches  about  0.7,  and  the 
resultant  loss  in  propeller  efficiency  limits  the 
turboprop  use  to  M^  <  0.7  .  With  a  turbofan,  the 

onset  of  high  Mach  number  effects  is  reduced  by 
the  diffusion  within  the  inlet  duct.  In  addition, 
the  individual  blade  loading  can  be  much  reduced 
by  utilizing  many  blades,  and  the  cowl  much  reduces 
blade  tip  losses. 

A  further  important  benefit  of  conventional 
turbofans  is  that  they  require  no  gearbox  to  reduce 
the  tip  speeds  of  their  relatively  short  blades. 
(Note,  of  course,  that  usually  a  turbofan  engine 
has  multiple  spools.)  Turboprop  gearboxes  have 
to  date  been  heavy  and  subject  to  reliability 
problems. 


Finally,  the  high  tip  speed  of  the  turboprops 
led  to  high  noise  levels,  both  in  the  airport  vicin¬ 
ity  and  within  the  aircraft  at  flight  speeds. 

Recent  studies  of  the  very  high  by-pass  ratio 
engines  have,  however,  suggested  some  compromise 
designs  that  show  high  promise.  Thus,  if  a  by-pass 
ratio  of  (say)  25  is  selected,  the  corresponding 
cowl  could  have  identified  with  it  weight  penalties 
and  drag  penalties  that  do  not  compensate  for  the 
benefits  of  the  inlet  diffusion  and  of  the  reduction 
in  tip  losses.  By  considering  this  "in  between" 
by-pass  ratio,  (sometimes  termed  a  "prop-fan"),  the 
required  shaft  speed  reduction  will  be  reduced  with 
the  result  Chat  a  lighter  and  simpler  gear  box  may 
be  utilized.  Finally,  the  effects  of  tip  losses 
and  noise  production  may  be  somewhat  curtailed  by 
utilizing  many  (about  eight)  of  the  smaller  diameter 
blades,  and  by  sweeping  the  blades  to  reduce  the 
relative  Mach  numbers.  An  additional  benefit  is 
available  in  that  the  blades  may  be  made  variable 
pitch  which  will  allow  high  propeller  efficiencies 
to  be  maintained  over  a  wide  operating  range. 

It  will  be  recalled  (Sec.  5.4)  that  the  pro¬ 
pulsive  efficiency  of  a  thruster  was 


„ 

p  u  +u^ 

9  0 

where  u  =  flight  speed  and  u  =  "jet  speed". 

0  9 

This  expression  is  appropriate  for  a  propeller, 
also,  and  serves  to  emphasize  that  we  want  a  large 
propeller  (to  reduce  u  for  3  given  thrust  F  * 

.  9 

ro(u^"i^))  if  the  propulsive  efficiency  is  to  be 

high.  The  propulsive  efficiency,  n  ,  represents 

P 

the  ideal  limit  of  the  propeller  efficiency  defined 
by 


power  to  vehicle 
PROP  power  to  propeller 


Thus  • 
^PROP 
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(7.4.1) 


(7.4.2) 
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Is  the  propeller  power  input 


■«  in(u  ^"u 
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CORE  ENGINE 

Y 

We  have  t 

Y  -1  Y  -1 

p  -p  (1  +  — ^  M  ^)  =  W  IT  (7.4.5) 

t9  9  2  9  c  r  d  c  b  t  n 


represents  the  power  output  of  the  propeller 

to  the  fluid  stream  (in  the  "axial"  direction) 
divided  by  the  power  input  to  the  propeller. 

Thus  we  expect  the  propeller  efficiency  to 
increase  with  propeller  size  simply  because  the 
ideal  propeller  efficiency  (that  is,  the  propulsive 
efficiency)  Increases  as  more  mass  is  handled.  This, 
of  course,  relates  the  propeller  efficiency  and  the 
"by-pass  ratio".  It  should  be  noted  that  if  the 
propeller  size  is  increased  to  the  extreme,  will 

begin  to  decrease  because  of  high  Mach  number  losses 
in  the  outer  portion  of  the  blades. 

7.4.1  CYCLE  ANALYSIS  OF  THE  TURBOPROP 

It  is  appropriate  in  analyzing  the  turboprop 
class  of  engine  to  consider  the  work  interaction 
with  the  vehicle,  rather  than  the  thrust.  To 
facilitate  this  we  introduce  the  "work  interaction 
coefficient,"  C,  defined  by 

total  work  Interaction  with  the  vehicle/ 

^  _ _  mass  of  air  through  core  engine 


Y.-l 

T  =T  (1  +  M  -  T  T.T^  (7.4.6) 

t9  9  Z  9  0  A  t 

Then  with  p  -  p  and  again  defining 

Vi 

n  =  (IT  TT.TI  TT  IT  )  (/.4.7) 

r  d  c  b  n 


it  follows  directly  (just  as  for  Eq.  7.3.34)  that 


(7.4.3) 

It  is  usual  with  turboprop  engines  to  have  the 
core  streain  exit  nozzle  unchoked,  so  the  pressure 
imbalance  term  will  not  be  Included  in  the  expres¬ 
sion  for  the  thrust.  We  consider  the  numbering 
stations  indicated  in  Fig.  7.4.1,  and  proceed  with 
the  analysis  in  much  the  same  way  as  with  the  pre¬ 
viously  considered  engine  types. 
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The  work  interaction  coefficient  for  the 
core,  ,  is  then  given  by 
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(7.4.10) 
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It  may  be  noted  here,  also,  that  f  is  still 
given  by  Eq.  (7.2.13). 

PROPELLER  OUTPUT 

The  net  work  interaction  of  the  turbine  with 
the  gearbox  input  shaft  per  mass  of  core  engine  air, 
may  be  written 


(l+f)Ti  Cn  (T  -T  )  -  C  (T  -T  ) 
m  Pt  t4  t5  Pc  t3  t2 


Hence  the  work  interaction  with  the  propeller 
per  mass  of  core  engine  air  is 


efriciency  of  the  gearbox 


Figure  7.4.1  Turboprop  Reference  Stations 

We  will  want  to  select  the  turbine  expansion 
ratio  to  give  optimal  performance,  so  again  utilize 
the  concept  of  polytropic  efficiency.  Thus  we  have 


The  work  interaction  coefficient  for  the 
propeller,  ,  is  then  given  by 


(7.4.12) 

The  total  work  interaction  coefficient,  C  is 
(7.4,4)  simply  the  sum  of  the  core  and  propeller  work 
Interaction  coefficients,  hence 


The  work  interaction  coefficient  can  then  be 
determined  when  the  "work  split"  between  core  engine 
and  propeller  is  decided  upon.  (This  will  determine 
T  )  Analogously  to  the  case  with  the  turbofan 
engine,  we  may  determine  an  optimum  value  of 

that  corresponds  to  minimum  specific  fuel  consump¬ 
tion,  but  before  doing  so.  It  will  be  useful  to 
relate  the  work  interaction  coefficient  to  more 
familiar  quantities.  Thus  we  note  that  the  work 
Interaction  per  second  with  the  flight  vehicle  Is 
given  by  the  two  expressions  Fu  and  C,,  T„m  C  . 

0  0  j 

Hence  equating  these  expressions. 

Specific  thrust  =  -r-  =  C  T  —  (7.4.14) 

m  p  0  u 
1  C  0 

similarly,  the  specific  fuel  consumption 
follows  from 


the  form 


The  equation  for  T 


^  may  then  be  written  In 
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Ac  equation  for  follows  by  combining 

Eqs.  (7.4.8)  and  (7.4.21)  to  give  after  some 
manipulation 
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In  British  units  these  expressions  become 


=  778  Cp  T  — 
80“,  °  “0 


This  equation  is  very  similar  In  form  to  the 
equivalent  equation  for  the  turbofan,  Eq.  (7.3.44), 
and  Is  also  easily  solved  using  functional  iteration. 
A  suitable  starting  guess  Is  obtained  by  taking 
*  1  ,  to  give 
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etc. ) 


3600  Ibm  fuel/hr 

778  Cp^TpC  Ibf  thrust 


It  might  be  noted  here  that  the  by-pass  ratio 
.  does  not  appear  in  these  calculations.  This  is 

i/.  .It)  because  the  propeller  size  (and  hence  by-pass  ratio) 

will  be  determined  once  T  ^  and  hence  the  work 

t* 

Interaction  coefficient,  C  ,  is  obtained.  The 
A  17^  A 

'  ■  ■  '  propeller  will  be  sized  to  give  the  desired  pro¬ 

peller  efficiency. 


A  further  parameter  often  used  In  describing 
the  performance  of  propeller  engines  Is  the  power 
specific  fuel  consumption,  S  ,  where 


c  -  kg  fuel/sec  ^  f 

p  watts  to  vehicle  ’  C  T  C 
Pc  0 


(7.4.18) 


In  the  British  system 


S  Is  defined  by 
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7.4.2  SUMMARY  OF  THE  EQUATIONS,  TURBOPROP  WITH 
OPTIMAL  WORK  DISTRIBUTION 
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SELECTION  OF  THE  OPTIMAL  TURBINE  TEMPERATURE  RATIO 

Turbopropeller  or  prop-fan  engines  will  be 
designed  primarily  to  be  low  specific  fuel  consump¬ 
tion  engines.  Thus,  we  select  to  make  S  a 

minimum,  or  equivalently  we  locate  the  maximum  of 
C.  Thus,  from  Eqs.  (7.4.10),  (7.4.12),  and  (7.4.13) 
we  obtain 
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This  equation  requires  Iteration  to  determine 

T  (utilizing  .  as  the  first  guess),  then: 
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-  238.9  K  [430*R] 

Y^  -  1.4 

Yj  -  1.35 
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o 

Table  7.4.1  Parameters  Assumed  for  Turboprop 
Example 
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With  the  values  assumed  In  the  table,  a  range 
of  compressor  pressur  ratios  was  considered,  and 
the  thrust  and  specific  fuel  consumption  correspond¬ 
ing  to  the  minimum  fuel  consumption  at  each  value 
of  the  pressure  ratio  obtained.  Figure  7.4.2 
indicates  the  results.  It  is  interesting  to  note, 
also,  that  at  the  minimum  specific  fuel  consumption 
(tt^  “  24.5),  the  ratio  of  propeller  thrust  to  core 

thrust  was  8.04. 
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7.4.3  EXAMPLE  RESULTS  -  TURBOPROP 


(7.4.37) 


(7.4.38) 


(7.4.39) 


An  engine  suitable  for  use  In  an  eight  to  ten 
passenger  business  aircraft  was  considered.  The 
parameters  assumed  were  those  listed  in  Table  7.4.1, 
and  the  values  reflect  the  somewhat  modest  values 
It  is  reasonable  to  assume  for  such  small,  high 
reliability  engines.  The  relatively  high  propeller 
efficiency  has  been  taken  from  estimated  propeller 
performance  when  modern  transonic  techniques  are 
used  In  the  blade  design. 


F/i  S(10‘) 

Ns /kg  kg/Ns 


Figure  7.4.2  Specific  Thrust  and  Specific  Fuel 
Consumption  Versus  Compressor 
Pressure  Ratio  for  Turboprop  with 
Optiaua  Zurbloe  Temperature  Ratio. 
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It  Is  of  interest  to  note  that  when  the  turbo¬ 
prop  of  the  above  example  is  compared  to  a  turbofan 
also  optimized  to  minimum  specific  fuel  consumption 
(with  =  1.4),  and  with  the  same  parameters 

where  appropriate,  the  turboprop  shows  an  approxi¬ 
mately  13%  Improvement  in  specific  fuel  consumption. 


7.5  SUMMARY  AND  CONCLUSIONS  FOR  CYCLE  ANALYSIS 

In  the  preceding  sections,  equations  capable 
of  describing  the  expected  on  design  behavior  of 
several  different  engine  types  were  developed.  The 
Intent  was  twofold  in  the  sense  that  it  is  hoped 
the  reader  will  have  gained  an  understanding  of 
the  methodology  of  cycle  analysis,  as  well  as  an 
appreciation  for  the  actual  behavior  of  the  several 
engine  types  considered.  The  very  simple  examples 
of  Che  analyses  considered  In  this  chapter  are 
quite  suitable  for  preliminary  design  purposes, 
but  it  should  be  realized  that  more  exacting 
analyses  should  be  utilized  If  further  accuracy 
Is  desired.  The  principal  limitations  of  the 
analyses  considered  here  arise  because  of  Che 
restriction  to  calorlcally  perfect  gases,  because 
of  the  lack  of  Inclusion  of  the  penalty  paid  for 
utilizing  cooling  air  (see  Chapt.  19),  and 
because  of  the  lack  of  Inclusion  of  the  effects 
of  power  and  air  take-offs  to  operate  auxiliary 
systems.  All  these  effects  can  be  Included  In  a 
straightforward  manner  utilizing  the  same  con¬ 
ceptual  approaches  as  already  utilized  In  this 
chapter,  but  at  the  cost  of  considerably  more 
algebraic  complexity. 

The  very  large  number  of  possible  input 
variables  In  Che  several  example  summaries  make 
It  difficult  indeed  to  even  attempt  a  comprehensive 
presentation  of  the  effects  of  parameter  variations. 
It  Is  of  Interest,  however,  to  note  some  of  the 
design  trends  observable  today,  the  reasons  for 
which  are  easily  shown  by  utilizing  the  preceding 
analyses.  It  Is  evident  that  the  Industry  is  spend¬ 
ing  considerable  effort  attempting  to  Increase  the 
turbine  Inlet  temperature.  The  prime  benefit  for 
a  turbojet  that  arises  from  such  an  Increase  Is  In 
the  Increased  specific  thrust.  .  The  curbofan 
engine  also  benefits  from  an  Increase  In  turbine 
Inlet  temperature  because  the  Increased  work 
capability  of  the  turbine  causes  the  optimal  by¬ 
pass  ratio  (for  minimum  S)  to  increase  (giving 
better  propulsive  efficiency). 

Important  related  changes  In  the  design  of 
other  components  also  occur  when  an  Increase  In 
turbine  Inlet  temperature  Is  attained.  Thus, 
generally  a  higher  compressor  pressure  ratio  will 
be  utilized,  to  give  higher  thermal  efficiencies. 

The  burner  will  usually  have  to  be  Increased  In 
cross-section  because  the  Increased  burner  outlet 
temperature  will  cause  Increased  losses  In  stagna¬ 
tion  pressure  unless  the  burner  Inlet  Mach  number 
Is  reduced.  As  a  result  of  these  combined  effects, 
we  find  the  later  stages  of  even  large  compressors 
becoming  excessively  small,  and  the  burners  them¬ 
selves  becoming  excessively  large.  Because  of 
this  discrepancy,  some  modern  designs  Incorporate 
a  single  stage  centrifugal  compressor  following 
an  axial  compressor.  The  centrifugal  compressor 
has  the  advantage  of  being  rugged  and  not  so  subject 
to  such  things  as  tip  losses  as  the  several  stages 
of  axial  compressor  It  replaces.  The  traditional 
disadvantage  of  a  centrifugal  compressor  (  large 
cross-sectional  area  compared  to  Inlet  capture 
are)  Is  now  not  significant  because  the  compressor 


Is  handling  high  density  air  (and  hence  Is  relatively 
small),  and  Is  located  In  front  of  the  necessarily 
large  combustion  chambers. 

The  design  of  other  components  Is  also  affected. 
Thus,  If  the  Inlet  efficiency  Is  high  as  well  as  Che 
turbine  Inlet  temperature,  preliminary  cycle 
analysis  indicates  that  the  "optimal"  by-pass  ratio 
will  be  very  large.  (With  a  low  by-pass  pressure 
ratio)  Though  such  large  by-pass  ratio  engines 
look  attractive  from  the  point  of  view  of  low 
noise  and  high  propulsive  efficiency,  the  aircraft 
can  be  penalized  by  Che  requirement  of  enormous 
landing  gear  to  accommodate  the  very  large  diameter 
engines. 

These  and  similar  design  Interactions  must  all 
be  considered  In  a  successful  aircraft  design 
(Chapter  9),  and  If  the  design  is  to  be  successful, 
accurate  estimates  of  the  component  efficiencies 
and  an  accurate  description  of  the  aircraft  flight 
requirements  must  be  available  early  In  the  design 
process. 
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CHAPTER  8 
LIST  OF  symbols 


The  symbols  are  listed  In  alphabetical  order, 
first  in  the  English  alphabet,  then  In  the  Greek 
alphabet.  Subscripts  and  superscripts  are  then 
given.  The  equation,  figure  or  section  in  which 
the  symbols  are  first  introduced  is  indicated  in 
parentheses.  Often  the  symbol  will  be  defined  in 
the  text  just  preceding  or  just  following  the 
equation  or  figure. 

Where  appropriate,  the  location  of  the  intro¬ 
duction  of  the  symbol  is  referred  to  in  previous 
chapters. 

A  -  Cross-sectional  area  (Eq.  8.1.1) 
a  -  Speed  of  sound  (Eq.  8,1.10) 

C  -  Specific  heat  (Sect.  2.6) 

F  -  Thrust  (Eq.  8.1.10) 

FAT  -  Fixed  area  turbojet  (Sect.  8.1.2) 
f  -  Fuel  to  air  ratio  (Eq.  8.1.12) 

h  -  Heating  value  (Eq.  8.1.12) 

M  -  Mach  number  (Eq.  8.1.10) 

m  -  Mass  flow  rate  (Eq.  8.1.1) 

N  -  Rotational  speed  (Eq.  8.4,1) 

p  -  Pressure  (Eq.  8.1.1) 

R  -  Gas  constant  (Sect.  2.12) 

S  -  Specific  fuel  consumption  (Eq.  8.1.13) 

T  -  Temperature  (Eq.  8.1.1) 

u  -  Velocity  (Eq.  8.1.9) 

VAT  -  Variable  area  turbojet  (Sect.  8.1.3) 

a  -  By-pass  ratio  (Eq.  8.2.3) 

r  -  Group  defined  in  Eq,  8.1,1 

Y  -  Ratio  of  specific  heats  (Sect.  2.6) 

5  -  Ratio  of  pressures  (Eq.  8,1,6) 

n  -  Efficiency  (Eq.  8.1.12) 

6  '  Ratio  of  temperatures  (Eq,  8.1.6) 

It  -  Ratio  of  pressures  (Sect.  5.1) 

T  -  Ratio  of  temperatures  or  enthalpies  (Sect.  5.1) 


Subscripts 

c  -  Corrected  (Eq.  8.1.5) 

-  Core  (Eq.  7.4,10) 
m  -  Mechanical  (Eq.  8.1.3) 
p  -  Constant  pressure  (Sect.  2.6) 

R  -  Reference  (Eq.  8,1.7) 
t  -  Stagnation  quantity  (Sect.  2.16) 

PROP  -  Propeller  (Eq.  7.4.12) 

STP  -  Standard  temperature  and  pressure  (Eq.  8.1.6) 

1  -  Core  stream  (Eq.  8.2.1) 

2  -  Fan  stream  (Eq.  8.2.2) 

Subscripts  previously  defined  in  Sect.  5.1 

AB,  b,  c,  d,  n,  r,  t,  X 

0-9  Station  numbers  (Figs.  5.1.1,  8.1.1) 


CHAPTER  EIGHT 

ENGINE  OFF-DESIGN  PERFORMANCE 


8.0  INTRODUCTION 

In  the  previous  chapter,  cycle  analysis  was 
applied  to  several  example  engine  types  In  order 
to  predict  the  expected  performance  of  such  engines 
as  a  function  of  design  choices,  design  limitations 
or  environmental  conditions.  The  various  results 
obtained  are  hence  to  be  Interpreted  as  the  expected 
behavior  of  a  family  of  engines  as  It  would  behave 
under  the  various  Imposed  conditions.  In  this 
chapter,  we  consider  the  related  problem  of  how  a 
given  engine  (designed  for  certain  prescribed  con¬ 
ditions)  will  behave  at  conditions  other  than  that 
for  which  It  was  designed. 

Off-design  performance  analysis  can  be  consi¬ 
dered  to  be  of  two  classes,  the  first  being  that 
where  no  component  performances  are  available  so 
that  the  component  efficiencies  as  functions  of 
operating  conditions  must  be  estimated,  and  the 
second  class  being  that  where  the  components  have 
been  developed  and  tested  so  that  the  component 
characteristics  are  available.  The  former  class 
of  analysis  Is  used  in  preliminary  estimates  of 
engine  off-deslgn  performance,  whereas  the  second 
class  Is  used  for  more  exact  estimates  of  the 
expected  performance  of  an  engine  that  Is  approach¬ 
ing  completion  of  construction.  Both  classes  of 
analysis  will  be  considered  In  the  following. 

8.1  OFF-DESIGN  ANALYSIS  OF  THE  TURBOJET 

We  now  consider  the  simple  case  where  both 
the  turbine  entrance  nozzle  and  primary  nozzle 
are  choked.  This  puts  algebraically  simple  restric¬ 
tions  on  the  various  relationships,  and  is  in  fact 
true  over  a  wide  operating  range  for  modern  turbo¬ 
jets.  Further  simplifying  assumptions  consistent 
with  those  of  Chapter  7  will  be  made.  Thus,  the 
gases  will  be  assumed  to  be  calorlcally  perfect 
both  upstream  and  downstream  of  the  burner, 
turbine  cooling  will  be  Ignored  and  no  power 
take-off  or  air  take-off  will  be  considered.  In 
addition,  we  will  here  ignore  the  fuel  to  air  ratio, 
f,  compared  to  unity,  and  will  Ignore  the  variation 
of  and  Cp^  with  power  setting.  These  additional 

assumptions  Introduce  little  Inaccuracy  because  we 
will  In  fact  be  looking  for  the  ratios  of  desired 
quantities  to  their  design  values,  rather  than  for 
their  absolute  values. 


The  station  numbering  Is  Indicated  In  Fig. 
8.1.1,  and  we  again  utilize  the  notation  intro¬ 
duced  in  Sec.  5.1  and  utilized  throughout  Chapters 
5-7.  Equation  (2.18.1),  together  with  the  assump¬ 
tion  of  choked  flow  at  stations  4  and  8  allows  us 
to  write 


r  A  p 

•  and 

“  ^  /T- 

tl* 


here 


2  2(Y-1) 

h4(;^) 


(8.1.1) 


By  equating  m  and  m 


there  is  then  obtained 


A  TI 
_ ^  AB 


(8.1.2) 


We  may  note  at  this  point  that  the  area  ratio 
A  /A  will  be  prescribed  (by  the  control  system) , 

8  4 

and  will  be  prescribed  by  the  afterburner 

setting.  will  change  relatively  little,  so 

the  area  ratio  setting  and  afterburner  setting 

1/2 

determine  the  ratio  /ir^  .  We  note  from  Eq. 

(6.5,1),  Is  a  unique  function  of  T^.  and  the 

turbine  efficiency,  so  if  the  turbine  efficiency 
does  not  change  much  over  the  operating  range, 

Eq.  (8.1.2)  becomes  a  single  equation  for 

and  hence  .  As  an  example  we  note  that  for 

a  conventional  turbojet  without  afterburning, 

A  and  A  remain  fixed.  (When  afterburning  Is 

“  *  ’^AB 

present  A  Is  varied  so  that  A  —  remains 
“  ' 

AB 

constant.)  For  the  conventional  turbojet, then, 
the  turbine  expansion  ratio  remains  very  nearly 
constant  over  the  entire  operating  range!  (The 
only  change  In  'T  arises  because  of  changes  In 

\  •> 

With  T  determined  from  Eq.  (8  1.2),  T 
t  c 

may  be  obtained  from  the  expression  for  the  power 
balance,  Eq.  (7.2.11) 


Figure  8.1.1  The  Turbojet 


-  1  +  (1-T  )  (8.1.3) 

c  ml  t 

r 


We  note  here  that  Is  not  now  the  design 

limit  turbine  Inlet  enthalpy  divided  by  the  ambient 
enthalpy,  but  rather  is  the  selected  turbine  Inlet 
enthalpy  divided  by  the  ambient  enthalpy.  Thus 

T  (and  hence  ti  )  Is  determined  by  the  throttle 
c  c 

setting  (T^  ),  environment  (T  ),  and  flight 
t4  0 

condition  (t  )  . 
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THE  MASS  FLOW 


It  will  be  necessary  to  determine  the  varia¬ 
tion  In  mass  flow  rate  In  order  to  determine  the 
variation  In  thrust.  We  thus  write  (with  the 
assumption  f  «  1) 


r.  A  p 

t  4  t4 


tPt,  ^ 

^  Cpc  dbrc^ 


^  /T 

0  X 


(8.1.4) 


THE  CORRECTED  MASS  FLOW 


The  corrected  mass  flow,  m  ,  Is  defined  as 


the  group 


(8.1.5) 


here  STP  refers  to  Standard  Temperature  and 
pressure  so  that 


Tg^p  =  288.33  K  [519‘’R], 


Pgpp  >  1.013(10*)  N/mMl4.69  Ibf/ln^] 


It  can  be  noted  from  Eq.  (2.18.1),  that  a 
given  value  of  corrected  mass  flow  corresponds 
to  a  particular  value  of  the  Mach  number  at  a 
given  reference  area.  Thus  a  particular  corrected 
mass  flow  corresponds  to  a  particular  engine  face 
Mach  number  for  a  given  engine. 

With  Eq.  (8.1.4)  we  obtain 


b  C  . 


'PsTP^tiRCpJg^p. 


(8.1.6) 


It  Is  to  be  noted,  that  when  the  "schedule" 
of  A  /A  Is  known,  Is  fixed  by  Eq.  (8.1.2) 

3  4  t 

(assuming  no  afterburning  Is  present).  The  chosen 

area  ratio  A  /A  and  x  (hence  ir  )  thus  fully 
8  4  c  c 

determine  ®s  Is  apparent  from  Eq.  (8.1.3). 

It  is  then  apparent  from  Eq.  (8.1.6)  that  the 
corrected  mass  flow  Is  a  unique  function  of  the 
compressor  pressure  ratio  and  the  chosen  area 
scheduling.  If  the  area  scheduling  Is  related 
directly  to  the  compressor  pressure  ra^lo  then 
a  unique  relationship  exists  between  m  and  tt 


(The  most  obvious  example  Is  that  occurring  xn  a 

conventional  engine  where  A  and  A  are  fixed.) 

"  > 

When  the  locus  of  the  points  of  such  an  m  vs  tt 

c  c 

relationship  is  plotted  on  a  graph,  the  resulting 
line  Is  termed  the  compressor  operating  line. 

Fig.  8.1.2. 


where  m  -  actual  mass  flow  at  the  plane  of  Interest 


Figure  8.1.2  Compressor  Operating  Line 

It  is  usually  most  convenient  to  obtain  the 
off-deslgn  behaviors  In  terms  of  the  ratio  of 
the  desired  parameter  to  the  value  of  the  parameter 
at  on  design.  Denoting  the  reference,  or  on  design, 
quantities  by  a  subscript  R  ,  we  obtain  from 
Eq.  (8.1.6) 


IT  TI  A  T, 
b  c  _ .  XR _ r_, 

%r’'cR  *4R  ^X  ""^rR 


(8.1.7) 


PERFORMANCE  PARAMETERS 

We  now  consider  the  behavior  of  the  performance 
parameters  when  the  engine  Is  operated  off-deslgn 
In  order  to  simplify  the  equations  algebraically 
we  will  assume  that  the  nozzle  exit  area  Is  varied 
so  as  to  keep  p  *  p_  ,  and  In  addition  we 

9  0 

continue  to  assume  f  «  1  .  We  also  restrict  our 
attention  to  non-afterburning  turbojets  so  that 
with  we  obtain  from  Eqs.  (7.2.24) 

and  (7.2.27) 


W  TI.TI  W.  TT  TT 
r  d  c  b  n  t 

-(^) 

9  Px-  t 


The  equation  for  the  thrust  becomes 


F  *  m(u  -  u  )  ■  ma  -  M  ) 

9  0  O  OU  0 


from  which,  with  Eq.  (8.1.4) 


(8.1.8) 


(8.1.9) 


(8.1.10) 


^  ”  -P.  ^ _ 2. _ ^  ^  ° )  _ 2 _ 

R  '  d  b  r  c  R  PqR  4R  X  _3.  .  „  j 

'  0  u  0  ^  R 
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(8.1.11) 
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With  the  assuaptlon  that  f  «  1  ,  or  equlva- 
hrt 

lently  that  - =-  »  T,  ,  we  have  from  Eq.  (7.2.21) 

'^Pco  * 


^Pc^o  , 


(8.1.12) 


\  -  11-7^ 


Y  -1 

T  .  1  +  M/ 

r  2  0 


Y,/(Y  -1) 


(8.1.17) 


(8.1.18) 


Then  we  obtain  from  S  •  -ryv  ,  and  Eqa.  (8.1.10) 
and  (8.1.12) 


(8.1.13) 


1/2  (M^  ^  -  M^)jj  (.f  T  ) 
S  .  o  ■  _ g _ ^  A  re' 

0  u  o 
o 

EXIT  AREA  VARIATION 


It  has  been  assumed  that  the  nozzle  exit  area 

will  be  varied  In  a  manner  to  keep  p  -  p  .  As 

9  O 

discussed  In  Sec.  (6.1),  It  Is  important  to  know 
the  exit  area  variation  so  that  Installation 
penalties  (boat-tall  drag)  can  be  estimated.  We 
may  thus  write,  utilizing  Eq.  (2.18.S) 
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The  schedule  of  A  variation  Is  separately 
8 

prescribed^  so  that  the  exit  area  variation  may  be 
obtained  from 


1/2  (M^  ^  ( 
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These  equations  and  appropriate  subsidiary 
equations  are  summarized  In  a  manner  suitable  for 
sequential  solution  In  Sec,  (8.1.1).  Following 
Sec.  (8.1.1)  several  example  cases  are  considered. 

8.1.1  SUMMARY  OF  THE  EQUATIONS,  OFF-DESIGN 
TURBOJET  (Non-Afterburning) 

A  p^  Tg 

Inputs:  y  ,  y  ,  T^,  - — ,  =-2-,  X  and  both 

*®R  PqR  ’^oR 

the  reference  values  and  off*deslgn 


values  of  M  ,  tr  ,  tt  ,  tt  ,  tt  , 

A  0  d  b  AB  n 


%’  'It 

F  S  ^9  “c  "c  "t 
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\  ®R  *9R  cR  "cR  "tR 


Equations:  (where  appropriate,  valid  for  both 
design  and  off-deslgn  cases) 
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8.1,2  THE  FIXED  AREA  TURBOJET  (FAT) 

To  date,  no  main  propulsion  turbines  have  been 
used  that  Incorporate  a  variable  turbine  Inlet 

area  (A  ) .  Such  "conventional"  turbines  are  also 
4 

usually  coupled  with  a  nozzle  of  fixed  area,  A 

g 

except  when  an  afterburner  Is  utilized.  However, 

It  Is  customary  to  design  a  primary  nozzle  variable 
throat  so  that  when  the  afterburner  Is  In  operation 
A  Is  varied  Just  such  as  to  keep  the  engine 

operating  at  its  original  setting.  It  can  be 
seen  from  Eq.  (8,1,2)  that  this  would  require 


to  remain  constant.  We  now  utilize  the 


results  of  Secs.  (8.1.4)  and  (8.1.1)  to  estimate 
the  off-deslgn  behavior  of  a  fixed  area  turbojet 
(FAT)  operating  without  afterburner. 

The  equations  of  the  preceding  sections  can 
be  simplified  considerably  In  this  special  case, 
for  we  see  from  Eq.  (8.1.2)  Chat 
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We  now  make  Che  further  assumption  Chat  (many 
of)  the  component  efficiencies  remain  constant  In 
the  regime  of  parameter  variation  we  are  to  consider. 
This  Is  a  very  convenient  numerical  approximation 
for  Illustrative  purposes,  and  Che  results  obtained 
utilizing  this  simplification  still  reveal  the  prin¬ 
cipal  effects  of  the  off-deslgn  behavior  which  result 
primarily  from  the  changes  In  propulsive  efficiency 
and  thermal  efficiency,  rather  than  from  changes  In 
component  efficiencies.  If  greater  accuracy  Is 
desired,  the  more  complete  equations  of  £ecs.  (8.1.1) 
may  be  utilized. 

With  the  assumption  of  constant  turbine  effi¬ 
ciency,  we  find  that  the  turbine  expansion  ratio 
remains  fixed.  We  may  write  from  Eq.  (8.1.3)  then, 
that 
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(Note  the  formula  for  (M^  ^)  Is  Identical,  but 
R  quantities  to  be  used)  °  ^ 
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Utilizing  this  relationship,  and  further 

assuming  that  Tl,ri,ri^,Tr,TT._>  and  tt,  remain 
ID  C  C  II  Ao  Q 

constant,  the  equations  of  Sec.  (8.1.1)  may  be 
simplified  and  re-ordered  to  give  Che  following 
summary. 

SUMMARY  OF  THE  EQUATIONS,  OFF-DESIGN  FAT 
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(8.1.43) 


Outputs:  -,  -,  - 


R  R  sR  cR  cR 


Equations: 


Y  -1  Y^/(Y  -1) 

—  «0R>\r-^R  (8- 1-31) 


As  an  example  calculation,  we  consider  an 
engine  held  at  fixed  altitude  and  Mach  number. 

Parameters  assumed  are  y  »  1.4,  y  “  1.3,  n  “  1» 
c  t  m 

n  -  0.88,  T]  *  0.9,  »  0.^^8,  TT  «  0.99,  tt^  •  0.97, 

c  t  b  n  d 

71  _  *  20,  T,_  ■  7,  M  *  O.ft  .  Figure  8.1.3  shows 
cK  AK  0 

the  resulting  variation  in  specific  fuel  consumption 
versus  thrust. 
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(8.1.34)  piggre  8.1.3  ^  versus  ^  for  a  fixed  area  turbojet. 
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It  Is  evident  that  the  specific  fuel  consumption 
at  first  decreases  vith  decrease  in  thrust,  but  later 
Increases  at  very  reduced  thrust  levels.  This 
behavior  is  of  enormous  Importance  in  determining 
the  proper  sizing  of  an  engine  for  use  in  such 
things  as  a  high  performance  fighter.  It  is  often 
desirable  to  have  such  a  fighter  have  a  subsonic 
"ferry"  capability,  and  in  such  a  case  the  engine 
could  be  required  to  operate  at  very  low  thrust 
levels.  If  the  engine  is  very  large,  such  low 
thrust  levels  could  be  well  on  the  "back  side  of 
the  SFC  bucket”. 

It  should  be  noted  that  it  is  the  Increase  in 
propulsive  efficiency  that  causes  the  original 
reduction  in  specific  fuel  consumption.  At  lower 
thrust  levels,  however,  the  decreasing  thermal 
efficiency  (caused  by  decreasing  •  coupled  with 

the  small  output  compared  to  the  component  lasses, 
causes  the  specific  fuel  consumption  to  rise. 

Figure  8.1.4  shows  the  related  compressor  char¬ 
acteristic  as  the  thrust  is  decreased. 


Figure  8.1.4  Compressor  Characteristic,  Fixed 
Area  Turbojet 

Finally,  the  substantial  contraction  required 
of  the  exit  nozzle  to  keep  the  exit  pressure  balanced 
is  shown  in  Fig.  8.1.5. 


F/F^ 

Figure  8.1.5  Exit  Area  Variation,  Fixed  Area 
Turbojet 

A  second  example  of  some  interest  is  that 
wherein  an  aircraft  flys  at  the  same  Mach  number 
but  at  two  different  altitudes.  Me  consider  the 
case  where  the  turbine  Inlet  temperature  is  held 
the  same  so  that 


We  consider  the  case  where  T  /T  „  «  0.759 

0  oR 

and  p  /p  „  °  0.162  and  take  all  other  values  as 
O  oR 

given  in  the  preceding  example.  (Note  these  ratios 
of  ’Tq/Tqjj  and  Pq/Pqjj  correspond  approximately 

to  the  changes  experienced  in  going  from  sea  level 
to  40,000  ft.  altitude)  Straightforward  calculation 
yields  F/Fj^  =  .345,  S/S^^  =  .900,  m^/Ac^  -  1.57, 

TT  /tt  =  1.80,  A  /A  -  1.42  . 
c  CR  4  sR 

It  is  at  first  surprising  that  the  thrust 
decreases  as  little  as  indicated,  particularly  when 
the  large  reduction  in  pressure  is  considered.  The 
prime  reason  for  the  relatively  small  decrease  in 
thrust  is  that  the  reduced  compressor  inlet  tempera¬ 
ture  reduces  the  compressor  power  requirement  to 
sustain  a  given  pressure  ratio.  Thus,  because 
the  turbine  inlet  temperature  is  fixed,  the  turbine 
has  the  power  capability  of  providing  much  higher 
compression,  with  consequent  Increase  in  corrected 
mass  flow  and  hence  thrust.  There  is  some  question 
whether,  in  fact,  the  compressor  could  be  operated 
at  1.8  times  the  sea  level  value  of  compressor 
ratio,  and  it  is  possible  that  the  engine  would 
have  to  be  throttled  back  at  altitude.  It  is, 
of  course,  the  high  compression  ratio  that  is 
primarily  responsible  for  reducing  the  specific 
fuel  consumption,  even  though  the  propulsive 
efficiency  has  decreased. 

As  a  final  example  of  off-design  performance 
of  a  fixed  area  turbojet,  consider  the  problem  of 
designing  an  engine  for  an  aircraft  capable  of 
flying  at  Mach  number  three  that  is  to  be  able 
to  take-off  under  its  own  power.  Thus  we  consider 
an  engine  with  =  9,  at  »  0,  and  with 

Tq/T^r  '  0.759,  Pq/Pqj  ”  0.162  and  -  3  .  Other 

conditions  are  as  in  the  preceding  examples. 
Straightforward  calculation  then  gives  •  3.34, 

“c''“cR  ■  ®''®R  ■  ^'15  ,  and 

A  /A  -  5.04  C) 
s  sR 

It  can  be  seen  that  when  an  engine  is  to  be 
used  in  an  aircraft  with  such  an  extreme  operating 
range,  the  restriction  to  fixed  A  and  A  presents 
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a  very  serious  design  problem.  Thus  it  is  hard 
to  imagine  how  such  a  huge  exit  area  variation 
could  be  accomplished,  and  it  is  probable  that  the 
engine  would  have  to  be  operated  with  substantial 
overexpansion  in  the  nozzle  at  take-off  and  sub¬ 
stantial  underexpansion  at  cruise.  The  large 
reduction  in  compressor  pressure  ratio,  with 
corresponding  reduction  in  corrected  mass  flow, 
would  be  difficult  to  achieve,  and  would  probably 
imply  the  use  of  compressor  bleed  at  the  cruise 
condition.  (Sec.  8.4.2) 

These  simple  calculations  serve  to  emphasize 
that  the  difficult  task  of  designing  an  engine  is 
further  complicated  when  the  engine  must  operate 
at  more  than  one  "design  point"  for  a  substantial 
time.  Some  of  the  restrictions  are  so  severe, 
that  competing  concepts  to  conventional  engines 
have  gained  interest  as  the  demand  for  multiple 
mission  aircraft  has  grown.  An  example  of  such 
a  concept  is  considered  in  the  next  section. 

8.1.3  THE  VARIABLE  AREA  TURBOJET  (VAT) 

A  concept  of  considerable  interest  to  the 
industry  today  is  that  of  the  variable  area  turbo¬ 
jet,  or  VAT.  It  Is  planned  with  such  a  machine 
to  make  both  the  turbine  inlet  area  variable  (by 
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having  movable  turbine  nozzles  for  example  Fig. 
8.1.6),  and  the  primary  nozzle  variable. 


Figure  8.1.6  Variable  Area  Turbine  Nozzles 

In  spite  of  the  enormous  complexity  and 
difficulty  of  developing  such  a  concept,  the 
possible  performance  benefits  are  sufficiently 
substantial  that  considerable  research  and  develop¬ 
ment  effort  Is  presently  being  devoted  to  such 
concepts.  To  Investigate  the  possible  performance 
benefits,  let  us  again  consider  Che  first  example 
of  Sec.  (8.1.2).  In  Sec.  (8.1.2)  the  behavior 
of  an  engine  at  fixed  Mach  number  and  altitude 
was  considered.  It  was  found  Chat  Che  specific 
fuel  consumption  rose  at  low  thrust  levels,  pri¬ 
marily  because  the  compressor  pressure  ratio 
decreased  with  thrust. 

We  now  consider  a  competitive  engine  In 
which  the  turbine  and  primary  nozzle  areas  are 
varied  In  a  manner  to  keep  the  compressor  pressure 
ratio  and  corrected  mass  flow  constant.  We  note 
that  by  so  doing,  not  only  will  the  thermodynamic 
efficiency  of  Che  engine  be  maintained,  biiC  the 
Inlet  airflow  will  also  be  maintained,  thereby 
preventing  excessive  Inlet  spillage  drag.  The 
required  relationship  for  the  area  variation 
follows  directly  from  Eq.  (8.1.7)  to  give 


SimMARY  OF  THE  EQUATIONS,  OFF-DESIGN  VAT  (Fixed 
Tt^,  T^,  p^  and  component  efficiencies) 


Inputs:  Y  ,  Y*,  n  ,  0  ,  n  .  i:.  ,  V.,  TT  ,  TT  , 
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(Note  the  formula  for  (M.  “*)„  is  identical  but  R 
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quantities  to  be  used.) 
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(8.1.44) 

uR  aR 

Equation  (8.1.3)  also  gives  directly 


We  thus  find  that  this  VAT  is  quite  the  opposite 
to  the  FAT,  in  that  the  VAT  has  a  variable  turbine 
expansion  ratio  but  fixed  compressor  pressure  ratio, 
whereas  the  FAT  has  a  variable  compressor  pressure 
ratio  but  fixed  turbine  expansion  ratio. 

The  required  primary  nozzle  area  variation 
follows  from  Eq.  (8.1.2)  to  give 
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The  remaining  equations  follow  directly  from 
Eqs.  (8. 1. 16)- (8. 1. 28) .  In  the  special  case  of 
flight  at  fixed  Mach  number  and  fixed  altitude 
(l.e.,  fixed  M^,  T  ,  p^),  for  example,  the  neces¬ 
sary  equations  may  be  summarized  as  follows. 
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As  an  example  calculation,  we  consider  an 
engine  with  the  same  on-design  characteristics 
as  the  engine  considered  in  the  first  example  of 

Sec»  (8.1.2).  Thus  we  take  y  =  1,4,  Y  =  1*3, 

c  t 

n  *1,  n  =  0.88,  *  0.9,  u,  =  0.98,  tt  *  0.99, 

me  to  n 


7,  and  M  *  0,8  .  Figure 


8.1.7  shows  the  resulting  variation  in  specific 
fuel  consumption  versus  thrust.  Included  for  com¬ 
parison  is  the  FAT  result  (Fig.  8.1.3)  and  also 
the  related  turbine  enthalpy  ratio  . 
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Figure  8.1.8  A  /A  A  /A  _  and  A  /A  _  versus 
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¥/?^  ,  VAT 


It  is  evident  that  substantial  variations  in 

A  and  A  are  required,  and  there  is  some  question 
4  8 

as  to  whether  the  more  extreme  variations  could  be 
attained  in  a  working  design.  Me  note,  however, 
the  very  much  reduced  area  variation  required  of 
the  exit  nozzle.  (Note  this  particular  VAT  requires 
an  area  increase,  in  contrast  to  the  severe  decrease 
required  for  the  FAT.)  As  discussed  in  Sec.  (8-1.4) 
this  reduced  exit  area  variation  could  lead  to  sub¬ 
stantial  benefits  in  reduced  installation  losses. 


The  required  variation  in  turbine  expansion 
ratio  is  indicated  in  Fig.  8.1.9. 
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Figure  8.1.7  S/S-  versus  F/F„  for  a  VAT  and  for 
K  K 


The  potential  operating  advantage  for  a  VAT  is 
evident  here  in  that  the  superior  thermal  efficiency 
and  propulsive  efficiency  of  the  VAT  at  part  thrust 
operation  leads  to  substantial  benefits  In  reduced 
specific  fuel  consumption.  A  further  benefit  is 
Implied  by  the  behavior  of  the  turbine  inlet  en^ 
thalpy.  Thus  the  more  rapid  fall-off  with  thrust 
of  the  turbine  inlet  temperature  for  the  VAT  indi¬ 
cates  the  possibility  that  less  cooling  air  will 
be  required  from  a  VAT  during  part  throttle  operation 
than  will  be  required  for  a  FAT. 

The  required  area  variations  for  the  VAT  are 
shown  in  Fig.  8.1.8. 
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Figure  8.1.9  Variation  in  Turbine  Expansion  Ratio 

It  is  clear  that  at  very  low  thrust  levels 
the  turbine  expansion  ratio  compared  to  that 
required  at  the  on  design  point  is  very  large. 

This  required  variation  of  expansion  ratio  would 
seem  to  imply  the  need  for  substantial  research 
and  development  to  extend  the  capabilities  of 
present  day  turbines.  It  would  also  seem  to  imply 
the  use  of  a  turbine  with  several  more  stages  than 
would  be  required  for  operation  at  high  thrust 
levels,  so  that  the  turbine  would  be  capable  of 
supporting  the  required  large  expansion  ratios  at 
low  thrust  levels. 

Further  potential  operating  benefits  of  a  VAT 
become  apparent  when  flight  at  various  altitudes, 
various  Mach  numbers  etc.  are  considered.  It  is 
these  possible  benefits  that  have  stimulated 
industry  Interest  In  the  VAT  as  well  as  other 
variable  geometry  engines,  such  as  the  variable 
by-pass  ratio  turbofan. 


Though  the  analysis  of  other  variable  geometry 
engines  will  not  be  included  here,  a  brief  descrip¬ 
tion  of  some  possible  engine  types  will  be  given  to 
illustrate  the  extent  of  creative  thought  that  has 
been  directed  to  the  problem  of  developing  engines 
with  efficient  multi-mission  capability.  In  Ref. 
(8.1)  the  annulus  inverting  valve  (AIV)  is  described, 
and  many  possible  cycles  utilizing  the  value  are 
considered.  The  valve  has  the  capability  of  switch¬ 
ing  half  the  flow  it  encounters  from  the  inside  of 
an  annulus  to  the  outside,  and  vice-versa.  Alterna¬ 
tively  it  can  be  operated  so  that  the  flow  passes 
straight  through  the  valve.  This  capability  offers 
the  opportunity  of  varying  the  cycle  by-pass  ratio 
anu  by-pass  pressure  rati ^  to  better  suit  the 
required  operating  point.  The  valve  in  its  most 
simple  utilization  is  illustrated  in  Fig.  8.1.10. 


Figure  8.1.10  Annulus  Inverting  Valve 

It  is  evident  from  Fig.  3.1.10  that  the 
AIV  allows  operation  of  the  engine  as  a  turbo¬ 
fan  engine  with  low  compressor  pressure  ratio, 
or  as  a  turbojet  engine  with  high  compressor 
pressure  ratio.  (In  the  latter  mode,  half  the 
inlet  air  is  by-passed.)  The  design  calcula¬ 
tions  of  Chapter  7  Indicated  that  flight  at 
low  Mach  numbers  is  best  served  by  a  turbofan, 
whereas  flight  at  high  Mach  numbers  is  best 
served  by  a  turbojet.  Thus,  the  AIV  offers 
the  opportunity  of  substantially  extending  an 
engine's  efficient  flight  envelope. 

Many  other  variable  geometry  concepts  are 
possible,  as  for  example  the  variable  by-pass 
ratio  engine  illustrated  in  Fig.  8.1.11. 

In  an  engine  such  as  that  shown  in  Fig.  8.1.11, 
a  relatively  simple  diverting  valve  would  be  utilized 
to  vary  the  amount  of  air  by-passed.  The  required 
adjustments  for  power  split  between  fan  and  compres¬ 
sor  would  be  supplied  through  the  use  of  a  variable 
area  turbine  nozzle  at  entrance  to  the  low  pressure 
turbine.  This  latter  configuration  would  have  the 
added  advantage  that  the  variable  area  nozzles 
would  be  operating  in  a  temperature  regime  such 
that  cooling  would  not  be  required,  and  hence  the 
required  mechanical  complexity  of  the  movable 
nozzles  would  be  greatly  reduced. 


Bv-Pass  Valve 


Figure  8.1.11  Variable  By-Pass  Ratio  Engine 

The  examples  of  variable  geometry  engines 
cited  in  this  section  represent  only  a  few  of  the 
very  large  possible  number  of  engine  concepts 
that  deserve  consideration,  and  the  future  should 
see  extensive  study  of  such  advanced  concepts. 

The  eventual  development  and  production  of  such 
engines  will  depend  upon  the  many  technical  trade¬ 
offs  obviously  present,  as  well  as  the  enormous 
economic  trade-offs  required. 

8.1.4  INSTALLATION  EFFECTS 

The  example  calculations  of  the  preceding 
two  sections  illustrated  the  variation  of  param¬ 
eters  with  the  "uninstalled”  thrust,  and  the 
specific  fuel  consumption  based  upon  this  value 
of  thrust.  Many  of  the  major  benefits  of  variable 
geometry  engines  are  identified  with  the  reduction 
of  installation  effects,  however. 

When  a  high  Mach  number  aircraft  is  flown  at 
low  Mach  number,  the  mass  of  air  per  second 
swallowed  by  the  projection  of  the  inlet  area 
decreases,  but  not  in  fact  as  rapidly  as  the 
engine  demand  for  air  decreases.  Thus,  at  low 
flight  Mach  numi  ers  the  inlet  must  spill  air, 
and  in  the  case  of  a  sharp  edged  supersonic  inlet, 
substantial  spillage  losses  occur.  It  can  be 
seen  then  that  the  VAT,  by  maintaining  a  high 
airflow  demand,  will  much  reduce  such  spillage 
losses  at  low  thrust  levels. 

A  further  installation  benefit  arises  for 
the  VAT,  because  of  the  small  required  exit  area 
variation  as  thrust  is  reduced.  Usually,  the 
exit  area  when  no  afterburning  is  present,  even 
with  full  thrust,  is  substantially  less  than  the 
main  engine  cross  sectional  area.  This  projected 
area  can  lead  to  serious  drag  penalties  and  it  is 
important  to  design  the  engine  aft  end  so  that 
substantial  separarion  does  not  occur.  When  a 
conventional  engine  (FAT)  is  operated  at  very  low 
thrust  levels,  the  required  exit  area  closure  is 
so  substantial  that  the  prevention  of  separation 
is  usually  impossible,  and  as  a  result  large 
boat-tail  drag  penalties  are  Incurred.  The  VAT, 
because  of  its  continued  handling  of  a  large 
mass  flow  rate  which  is  delivered  at  ever  decreas¬ 
ing  exit  velocity,  leads  to  a  requirement  of  very 
little  area  change.  As  a  result  the  VAT  shows 
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promise  of  leading  to  much  reduced  aft  end  Installs* 
tlon  losses  as  well  as  reduced  inlet  losses. 

In  conclusion,  it  should  be  pointed  out  that 
the  effects  upon  Installation  losses  for  a  VAT  are 
comparable  to  the  effects  upon  uninstalled  perform¬ 
ance.  Thus,  the  VAT  like  all  competing  concepts 
should  be  evaluated  in  terms  of  the  installed 
behavior.  This,  of  course,  requires  knowledge 
of  the  inlet  and  aft  end  losses  which  must  gener¬ 
ally  be  obtained  from  experiment.  (Chaps.  9  and  26) 

8.2  THE  TURBOFAN  OFF-DESIGN 

When  the  off-design  performance  of  a  turbofan 
is  considered,  a  slight  additional  complication 
arises  in  that  the  variation  in  performance  of  each 
separate  stream  must  be  determined.  In  order  to 
determine  these  separate  variations  in  performance, 
additional  information  must  be  provided  to  describe 
the  "work  split"  between  the  two  streams,  of  the 
turbine  output.  To  Illustrate  such  a  procedure  we 
consider  a  turbofan  in  which  the  fan  is  driven  by 
its  own  low  pressure  turbine,  and  the  high  pressure 
compressor  is  driven  by  the  high  pressure  turbine. 

We  Introduce  the  Intermediate  location  between  the 
two  turbines  as  station  4a,  and  introduce  the 
obvious  definitions 

'^t3  ■'"c  Pt3  ^t4a 


These  three  equations  (and  appropriate  Inter¬ 
mediate  equations  for  the  temperature  and  pressure 
ratio  in  terms  of  efficiencies)  can  be  Iterated 
rapidly  to  determine  the  desired  values.  Thus,  for 
example,  the  Iteration  may  be  started  by  assuming 

T  '  =  T  <_  in  eq.  8.2.2  to  give  a  first  estimate  of 
c  c  R 

T  .  .  This  value  is  used  in  eq.  8.2.4  to  estimate 
ch 

a,  and  an  updated  value  of  Tj.'  is  then  obtained 
from  eq.  8.2.3.  This  process  is  repeated  until 
appropriate  accuracy  is  attained.  Following  solu¬ 
tion  for  these  three  variables,  the  remaining  per¬ 
formance  variables  follow  in  a  straightforward 
manner . 

As  an  example  we  consider  an  engine  with  de¬ 
sign  conditions  Mo=2,  ii(.'=1.5,  ^(.=15,  a=l,  tx=7.2. 
Calculation  then  gives 


1.0 

1.4 

1.8 

2.2 

2.6 

3.0 

2.02 

1.78 

1.58 

1.43 

1.32 

1.24 

34.7 

25.6 

17.9 

12.6 

9.20 

6.94 

.661 

.772 

.916 

1.09 

1.28 

1.48 

These  results  indicate  that  variable  geometry 
should  also  be  considered  for  use  with  turbofans. 
Thus,  it  is  evident  that,  for  example,  the  by-pass 
ratio  Increases  with  Increase  in  flight  Mach  num¬ 
ber.  This  tendency  is  opposite  to  the  tendency 
indicated  for  on  design  behavior.  The  variable 
geometry  engine  already  exhibited  in  Fig.  8.1.11 
shows  promise  to  alleviate  many  of  these  problems. 


(8.2.1) 


8.3  OFF-DESIGN  ANALYSIS  OF  THE  TURBOPROP 


3  4  4a  5 


The  off-design  analysis  of  the  turbofan  is 
much  simplified  algebraically  if,  analagously  to 
the  assumptions  already  utilized  for  description  of 
the  off-design  performance  of  the  turbojet,  we  may 
assume  the  two  exit  nozzles  to  be  choked,  and  both 
turbine  entrances  to  be  choked.  These  assumptions 
are  valid  over  a  fairly  wide  operating  range  for 
flight  at  high  Mach  number,  but  the  exit  nozzles 
will  tend  to  unchoke  at  only  slightly  reduced  power 
settings  at  low  Mach  numbers.  .In  algebraic  method 
of  handling  the  unchoked  nozzle  problem  is  illustra¬ 
ted  in  Sect.  8.3. 

For  simplicity  of  presentation  we  consider  the 
example  of  fixed  turbine  inlet  and  fixed  nozzle 
exit  areas.  Analagously  to  the  result  of  Sect. 

8.1.2  it  then  follows  that  ,  r  ,  t  ,,  ^  ,  are 

th  th  tL  tL 

all  constant.  A  power  balance  between  high  pres¬ 
sure  compressor  and  high  pressure  turbine  then 
leads  to 

■  ^c'R(^ch-l)R(T^)j^ 


Similarly  a  power  balance  between  fan  and  low 
pressure  turbine  gives 

(T^'-l)(o-H)  -  ^c'“^^R^“'^^)r(T^)  (S.2.3) 


Tnc 


Figure  8.3.1  Turboprop  Station  Numbering 

We  begin  the  analysis  of  the  off-design  per¬ 
formance  of  the  turboprop  by  again  assuming  that 
the  entrance  areas  to  both  turbines  are  choked, 
and  that  the  turbine  entrance  areas  and  the  nozzle 
exit  area  are  fixed.  The  power  balance  between 
compressor  and  high  pressure  turbine  then  gives 
immediately 


(8.3.1) 


In  virtually  all  operating  conditions  of  a 
turboprop  the  exit  nozzle  will  not  be  choked,  and 
we  thus  write  from  Eq.  (2.18.1) 


^  J 
j-  n  \ 


0 


(8.3.2) 


Finally,  utilizing  the  mass  flow  equation  in 
both  streams  (as  In  Eq.  8.1.4)  leads  to 


"chR  rc'R  ^^"r 


“r  "ch 


(8.2.4) 


—  1  .  -(.  -1) 
^  M-»  (1-t  -4—  M-,) 
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Equating  these  two  expressions  and  rearranging 
slightly  there  follows 


\  1  2  ^t-1.2  Of  +1)/2CY  -1) 

^  n  t  t  (8.3.4) 


We  have  also 


[1+ 


9  Po 

n  ■“  *  -  TT  TT  n  7T.  F  TT 

P9  P9  rdcbtn 


(8.3.5) 

Po 

Thus  noting  that  n~  ®  i  because  the  exit  Is  un- 
choked,  we  have. 


t  - . . 


Y,-l 


(8.3.6) 


r  d  c  b  n 


Equations  8.3.4  and  8.3.6,  together  with  the 
intermediate  equation  relating  an^  (Eq. 

6.5.1)  may  be  easily  solved  by  functional  itera¬ 
tion.  With  the  thus  determined  values  of  M9, 
and  T^,  the  performance  variables  follow  direct¬ 
ly.  Utilizing  the  results  of  the  summary  of  Sec. 
(7.4.2),  with  Eqs.  (7.3.22)  and  (8.1.4)  the  results 
of  the  following  summary  are  obtained. 

SUMMARY  OF  THE  EQUATIONS,  OFF-DESIGN  TURBOPROP 


Eqs.  8.3.10  -  8.3.12  may  be  solved  by  func¬ 
tional  iteration.  Thus,  assume  Mg,  calculate 

and  then  a  new  value  of  Mg  from  Eq.  8.3.12. 
Continue  till  the  desired  accuracy  is  obtained. 


Alternatively,  Eqs.  8.3.10  and  8.3.11  may  be 
substituted  directly  into  Eq.  8.3.12  to  give  a 
quadratic  expression  for  Mg.  The  resulting  equa¬ 
tion  is  very  messy,  however,  and  in  view  of  the 
fact  that  the  given  three  equations  converge  very 
rapidly  to  appropriate  accuracy  (usually  within 
two  iterations) ,  it  would  seem  simpler  to  use  the 
above  forms. 


(t,-t  t  ) 


(8.3.13) 

(8.3.14) 


SrOP  =  '’pROP''g'Vx(^-\)-^(^c'^^’  (8.3.15) 


c 

c 


-  "o’ 


(8.3.16) 


^  =  SrOP  +  '"c 


(8.3.17) 


Inputs:  Y^.  Y^.  Tiptop.  Hg,  n^,  n^,  n^,  -ij,. 
"b’  "cR*  "XR’  ”oR’  ”0 


F 

m 


Cp  T 
Pc  o 

a  M 
o  o 


(8.3.18) 


F_  S_  ^ 

Outputs:  Fp’  Sg-  mjj’  "c 


a  M  , 
o  o  ^ 

C.  T  C 
Pc  o 


(8.3.19) 


Equations:  y  -1 

>R  '  1  "  f  (’cR~ 


d  b  r  c 


(8.3.7)  i  "  (Vb^/c^R  (Po/^R 


XR 

YX 


3  *5 


(8.3.20) 


(8.3.8)  = 


■cR  ^"b'c^R 


(^x'''r)R 


(8.3.21) 


[1  +  n  (t  -1) ] 
c  c 


Y^/(Y^-1) 
c  c 


(8.3.9) 


t  -T  tt  -  n  F 

r  d  c  b  n 


t-l  2]  Y,/(Y,-1) 


1  +  -J—  Mq 


(8.3.10) 


^  =  1-nJl  -  ./-t-^)^''t] 


(8.3.11) 


Mq  =  «.R  [^-]  ' 
^  tR*' 


tR 

L 


~2 


:> 

L1+ 


IF  _  F/m  m 
pR  (P/iii)p  liR 


(8.3.22) 


As  an  example  calculation  we  consider  the 
off-design  performance  of  the  engine  considered 
in  Sec.  (7.4.3).  The  engine  on-design  parameters 
are  listed  in  Table  7.4.1.  We  assume  the  engine 
is  operated  at  fixed  altitude  with  fixed  turbine 
inlet  temperature  and  wish  to  obtain  the  vari¬ 
ation  of  thrust  and  specific  fuel  consumption 
with  flight  Mach  number.  As  a  simple  approxi¬ 
mation  to  real  propeller  efficiency  variation 
with  Mach  number,  *100^0  assumed  to  vary  as  in 
Fig.  8.3.2. 


(8.3.12) 
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Figure  8.3.2  Assumed  Propeller  Efficiency 


S  F 

Figure  8.3.3  and  “  versus  M  for  a  Turboprop 

The  results  indicate  that  the  prop-fan  (or 
turboprop)  represents  a  very  desirable  engine  for 
use  in  low  Mach  number  aircraft,  (M^  <  0.8)  pro¬ 
vided  that  the  high  propeller  efficiencies  indi¬ 
cated  in  Fig.  8.3.2  (particularly  at  the  higher 
Mach  numbers)  can  be  attained.  Thus,  as  was  shown 
in  Sec.  (7.4.3),  the  prop-fan  gave  substantially 
improved  behavior  at  the  design  condition,  com¬ 
pared  to  a  turbofan  engine,  and  it  can  be  seen 
from  Fig.  8.3.3  that  the  high  propulsive  effi¬ 
ciency  of  a  prop-fan  engine  leads  to  very  high 
thrusts  and  low  fuel  consumptions  when  operated 
at  low  Mach  numbers.  These  results  further 
explain  the  renewed  interest  in  the  development 
of  advanced  turboprop  engines. 


8.4  THE  USE  OF  COMPONENT  CHARACTERISTICS 


When  the  performance  characteristics  of  the 
various  components  are  available,  the  combined 
performance  of  the  compressor,  burner  and  turbine 
can  be  predicted.  These  combined  characteristics, 
termed  the  pumping  characteristics,  can  then  be 
utilized  to  predict  the  overall  engine  performance. 
Once  a  schedule  of  turbine  area  variation  and  pri¬ 
mary  nozzle  area  variation  is  selected,  a  unique 
operating  characteristic  may  be  determined. 


In  what  follows,  the  individual  component 
characteristics  will  be  described,  and  the  method  of 
combining  these  characteristics  to  obtain  the  pump¬ 
ing  characteristics  and  then  operating  characteris¬ 
tic  will  be  developed. 

8.4.1  THE  COMPRESSOR  CHARACTERISTICS 

When  a  new  compressor  has  been  developed,  it 
will  be  subjected  to  a  compressor  rig  test  to 
determine  its  performance  capability.  It  is  most 
efficient  to  present  the  results  of  such  a  test 
in  terms  of  dimensionless  or  pseudo-dimensionless 
variables.  Routine  dimensional  analysis  reveals 
that  we  could  expect  the  compressor  pressure  ratio 

P..  /p..  »  to  be  a  function  of  four  dimensionless 

1 3  t2 

parameters  which  could  be  taken  to  be  the  ratio  of 

specific  heats,  Y  ,  the  Reynolds  number  R  , 
c  e 

the  Mach  number  at  the  engine  face  and  the  ratio 
of  blade  (tip)  speed  to  speed  of  sound. 

Experience  has  shown  that  variations  in  both 

Y  and  R  have  relatively  little  effect  over  much 
c  e 

of  the  operating  range  of  the  typical  compressor, 
so  it  is  usual  to  present  the  performance  in 
terms  of  the  other  dimensionless  variables  and  to 
provide  Y^  and  R^  corrections  when  necessary. 

(Sec.  8.5)  It  is  usual  also,  to  utilize  variables 
related  to  the  engine  face  Mach  number  and  "blade" 
Mach  number,  rather  than  to  use  those  variables 
directly.  Thus,  as  was  shown  in  Sec.  (8.1),  a 
unique  value  of  engine  face  Mach  number  corresponds 
directly  to  a  unique  value  of  corrected  mass  flow, 
m^,  and  it  is  usual  to  utilize  m^  as  a  "pseudo¬ 
dimensionless"  variable. 

When  a  specific  compressor  (i.e,,  given  geo¬ 
metry)  Is  to  be  tested,  It  is  apparent  also  that  a 
given  blade  speed  occurs  for  a  specific  value  of 
rotational  frequency,  and  that  the  reference  speed 
of  sound  can  be  taken  to  be  proportional  to  the 
square  root  of  the  incoming  stagnation  temperature, 

T^  .  Thus,  it  is  customary  to  utilize  the  cor- 
t2 

rerted  speed,  N^,  as  the  second  pseudo-dimensionless 
variable,  where  is  defined  by 

N  =  —  (8.4.1) 

here  N  is  the  actual  rotational  speed  (in 
radians/sec  for  the  SI  system  of  units,  in  RPM 
for  the  British  system).  6  is  the  dimensionless 
temperature  as  already  defined  in  Eq,  (8.1.5). 

The  method  of  obtaining  a  "map"  of  the  com¬ 
pressor  characteristics  is  thus  to  set  a  given 
corrected  speed  for  the  compressor  (on  a  separately 
driven  motor),  and  to  vary  the  corrected  mass  flow 
over  the  desired  range  by  varying  the  exit  valve 
opening.  By  operating  at  an  appropriate  number  of 
corrected  speed  settings,  and  over  an  appropriate 
range  of  corrected  mass  flows,  the  operating 
behavior  of  the  compressor  over  its  entire  range 
may  be  determined. 

A  schematic  diagram  of  a  typical  compressor 
test  facility  is  shown  in  Fig.  8.4.1,  and 
typical  results  are  indicated  in  Fig.  8.4.2. 
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Figure  8.4.1  Compressor  Test  Facility 


Figure  8.4.2  Compressor  Characteristics 

The  dotted  line  indicated  in  Fig.  8,4.2 
represents  the  limit  of  pressure  ratio  that  can 
be  obtained  for  the  given  corrected  speed.  This 
limit  occurs  when  the  pressure  rise  across  the 
compressor  is  so  extreme  that  the  blade  loadings 
reach  levels  that  cause  boundary  layer  separation 
over  substantial  portions  of  the  blades.  In  this 
condition  several  forms  of  flow  instability  can 
occur,  principal  among  which  are  rotating  stall 
and  compressor  surge.  These  instabilities,  which 
are  thoroughly  described  in  Chapter  23,  effectively 
limit  the  attainable  pressure  ratio. 

The  mechanism  of  rotating  stall  is  compli¬ 
cated  indeed,  but  some  understanding  of  the  phenom¬ 
enon  can  be  attained  from  a  relatively  simple 
model,  as  depicted  in  Fig.  8.4.3. 


Figure  8.4.3  Rotating  Stall  Packet 

Figure  8.4.3  depicts  a  packet  of  fluid  which, 
because  of  the  large  Imposed  pressure  gradient, 
has  undergone  a  severe  flow  reversal.  To  the 
surrounding  fluid  such  a  reversal  region  appears 
to  be  a  blockage  area,  and  the  fluid  divides  to 
by-pass  the  area.  It  can  be  seen  in  the  figure 
that  the  blades  on  the  lower  side  of  the  stall 
packet  are  thus  confronted  with  a  flow  of  reduced 
angle  of  attack  whereas  the  blades  on  the  upper 
side  of  the  stall  packet  are  confronted  with  a 
flow  at  Increased  angle  of  attack.  The  result  then 
is  that  the  lower  blades  tend  to  unstall  and  the 
upper  blades  tend  to  go  into  stall,  leading  to 
a  net  movement  (or  rotation)  of  the  stall  packet. 

Rotating  stall,  and  its  inception,  are  of 
enormous  Importance  to  the  industry,  because  not 
only  does  rotating  stall  cause  the  onset  of  limit¬ 
ing  attainable  pressure  ratio  in  some  portions  of 
the  compressor  characteristics,  but  the  vibratory 
stresses  set  up  in  the  blades  can  lead  to  very 
rapid  and  catastrophic  failure  of  the  compressor. 

Surge  is  that  phenomenon  where  a  substantial 
fraction  of  the  compressor  blades  simultaneously 
reach  their  limit  of  load  carrying  ability.  As 
a  result,  flow  breakdown  occurs  and  the  entire 
compressor  looses  its  capability  of  supporting 
the  overall  pressure  rise  and  massive  flow 
reversal  occurs.  The  frequency  of  such  reversals 
is  quite  obviously  related  to  the  storage  volume 
following  the  compressor  as  well  as  to  the  com¬ 
pressor  behavior  Itself.  Compressor  surge  repre¬ 
sents  a  very  serious  design  limit,  because  when 
it  occurs  in  an  operating  engine,  very  often 
engine  flame  out  occurs. 

The  distance  between  the  operating  line  and 
surge  line,  shown  in  Fig.  8.4.2,  is  referred  to 
as  the  surge  margin.  It  usually  happens  that 
the  best  engine  performance  occurs  when  the  com¬ 
pressor  operates  near  the  surge  line.  This  intro¬ 
duces  a  difficult  design  problem  in  that  "appro¬ 
priate"  precautions  must  be  taken  to  prevent 
engine  surge  due  to  such  things  as  severe  inlet 
flow  distortions  occurring  (due,  for  example,  to 
operation  at  extreme  angle  of  attack),  to  ingestion 
of  combustibles  from  gun  rocket  firing  (leading 
to  added  combustion  in  the  burner  with  consequent 
pressure  rise),  to  burner  over  pressuring  from 
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fuel  surges  during  acceleration,  etc.  A  careful 
balance  must  be  chosen  between  selecting  an  overly 
large  surge  margin  with  poor  steady  state  perform¬ 
ance,  and  selecting  too  small  a  surge  margin  with 
Inherent  low  engine  safety. 

8.4.2  COMPRESSOR  BEHAVIOR  DURING  STARTING 


Figure  8.4.4  Compressor  Section 

Figure  8.4.4  depicts  a  typical  compressor 
section.  It  Is  apparent  that  the  overall  contrac¬ 
tion  In  annulus  area  will  be  selected  so  that  when 
the  compressor  Is  on  Its  design  point  the  axial 
velocity  throughout  will  be  appropriate  to  match 
the  design  angles  of  the  many  blades.  When  the 
compressor  Is  operated  at  a  pressure  ratio  other 
than  the  design  pressure  ratio,  then,  the  ratio  of 
exit  axial  velocity  to  entrance  axial  velocity  will 
not  be  the  same  as  when  the  compressor  Is  on  design 
because  the  density  ratio  will  be  dependent  on 
the  pressure  ratio. 

When  the  compressor  Is  running  at  very  low 
rotational  speed,  as  during  starting,  the  first 
stage  will  tend  to  Induce  a  flow  at  an  appropriate 
angle  of  attack  to  the  first  stage  blades.  As 
the  flow  proceeds  through  the  compressor  It  will 
then  tend  to  accelerate  because  the  low  stage  com¬ 
pression  ratios  Identified  with  the  low  rotational 
speed  will  not  Introduce  a  sufficient  Increase  In 
density  to  compensate  for  the  annulus  area  contrac¬ 
tion.  As  a  result,  the  axial  velocity  can  become 
very  large  near  the  back  of  a  high  compression 
ratio  compressor  leading  to  "wlndmllllng"  of  the 
rear  stages,  and  In  severe  cases  leading  to  choking 
of  the  flow.  The  net  result  Is  that  during  start¬ 
ing  the  early  blade  rows  operate  at  high  angle  of 
attack  (hence  tending  to  stall),  the  mid-blade 
rows  operate  approximately  on  design,  and  the  rear¬ 
most  blade  rows  operate  at  low  angle  of  attack 
(hence  tending  to  windmill). 


A  second  technique  to  reduce  the  starting 
problem  Is  to  utilize  variable  angle  stators. 

By  varying  the  angle  of  the  stators  the  angle  of 
attack  to  the  rotor  can  be  changed  to  more  closely 
approach  the  design  angle,  and  because  of  this  the 
compression  per  stage  can  be  Improved.  The  effect 
of  variable  stators  Is  hence  to  both  reduce  the 
tendency  of  the  front  blades  to  stall  and  to  reduce 
the  tendency  of  the  rear  blades  to  windmill. 

The  third  technique  to  reduce  the  starting 
problem  Is  to  drive  the  compressor  with  multiple 
spools.  Thus,  the  low  pressure  portion  of  the  com¬ 
pressor  will  be  connected  directly  to  the  low  pres¬ 
sure  portion  of  the  turbine  and  the  high  pressure 
portion  of  compressor  and  turbine  will  be  directly 
connected  on  another  "spool". 


Figure  8.4.5  Multiple  Spool  Compressor 

It  can  be  noted  that  the  same  argument  used  to 
explain  the  stalling  and  wlndmllllng  behavior  of 
the  Compressor  can  be  used  to  explain  the  turbine 
starting  problem.  Thus,  by  providing  separate 
spools,  the  (for  example)  high  pressure  portion 
of  the  compressor  will  be  allowed  to  match  with 
the  high  pressure  portion  of  the  turbine,  both 
components  In  fact  operating  closer  to  their 
design  point  if  allowed  to  speed  up. 

It  Is  obvious  that  the  requirement  for  these 
additional  complexities  Increases  as  the  design 
pressure  ratio  of  the  compressor  Increases  which 
tends  to  explain  why  modern  engines  usually  uti¬ 
lize  all  three  techniques  described  above.  Air¬ 
craft  designed  for  operation  over  a  wide  Mach 
number  range  (as  considered  In  the  example  of 
Sec.  8.1.2)  are  also  required  to  fly  with  widely 
different  compressor  pressure  ratios  at  their 
various  flight  conditions,  and  as  a  result  may 
even  be  forced  to  fly  with  compressor  bleed  when 
cruising  at  a "design"  flight  Mach  number.  These 
complexities,  and  the  demands  that  cause  them, 
again  serve  to  emphasize  the  need  for  design 
Ingenuity  In  the  development  of  modern  engines. 


There  are  several  design  techniques  available  8.4,3  THE  TURBINE  CHARACTERISTICS 
to  relieve  these  starting  problems,  some  or  all  of 

them  being  utilized  In  all  modern  high  compression  The  same  reasoning  that  lead  to  the  use  of  the 

ratio  compressors.  The  first  technique  Is  to  uti-  parameters  corrected  mass  flow  and  corrected  speed 
llze  bleed  valves.  Bleed  valves  operate  by  releas-  for  the  compressor,  suggests  that  we  plot  the  tur- 
Ing  air  from  an  appropriate  stage  in  order  to  reduce  bine  performance  characteristics  the  same  way  with 
the  axial  velocity  and  thereby  reduce  the  tendency  the  simple  exception  that  the  reference  Inlet  and 
to  windmill  the  rear  stages.  exit  quantities  are  now  chose  at  stations  4  and  5. 

Utilizing  this  procedure,  the  results  of  a  turbine 
rig  test  would  appear,  typically,  as  those  shown  In 
Fig,  8.4.6, 
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6. 

Figure  8.4.6  Turbine  Characteristics 

It  is  evident  from  Fig.  8.4.6,  that  in  the  case 
of  the  turbine,  an  alternative  presentation  format 
is  desirable  because  so  much  of  the  desired  Informa** 
tion  collapses  on  the  choke  limit  line,  where  in 
fact  the  turbines  most  usually  operate.  A  simple 
method  for  displaying  the  desired  information  is  to 
multiply  the  corrected  mass  flow  by  the  corrected 
speed.  This  has  the  effect  of  moving  apart  the 
separate  corrected  speed  lines  so  that  the  effi¬ 
ciency  contours,  etc.  may  be  discerned.  (Fig.  8.4.7) 


Figure  8.4.7  Alternate  Form  Turbine  Characteristics 
8.4.4  THE  PUMPING  CHARACTERISTICS 

The  group  of  the  three  components,  the  compressor, 
burner  and  turbine  is  termed  the  gas  generator,  and 
the  performance  of  the  gas  generator  is  represented 
by  the  "pumping  characteristics".  The  pumping  char¬ 
acteristics  simply  give  the  output  variables  (station 
5)  in  terms  of  the  input  variables  (station  2), 
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In  the  case  where  the  turbine  Is  choked,  the 

corrected  mass  flow  m  will  be  a  constant  (or 
C4 


proportional  to  A4  for  a  variable  area  turbine), 
and  for  simplicity  we  now  assume  that  this  Is  the 
case.  (Note  that  if  this  is  not  true  It  is  simply 
required  to  Iterate  to  determine  the  value  of  m^ 


.) 


The  burner  characteristics  will  give  tt,  as  a  func- 

b 


tion  of  m  and  the  fuel  to  air  ratio  f  .  Thus, 
C2 

if  T  /T  is  specified,  m  is  specified  as  a 

t4  t2  C2 

function  of  tt  ,  (Note  that  the  effect  of  f  is 
c 

small,  but  to  be  exact  we  would  Iterate  upon  its 
value  when  we  later  determine  more  exactly  what 
value  f  actually  has.)  The  relationship  between 
T  /T  ,  TT  and  m  may  be  Indicated  on  the 

t4  t2*  C  C2 

compressor  performance  map  as  in  Fig.  8.4.8. 


Figure  8,4,8  Compressor  Performance  Map 


Once  the  compressor  performance  map  has  been 
obtained  in  the  manner  indicated  in  Fig.  8.4.8, 

the  graph  may  be  utilized  to  obtain  tt  and  m 

C  C2 

when  and  T  /T  are  prescribed.  We 

t4  t2 

note  also  that  T  may  be  obtained  for  a  given 
c 

location  on  the  map  because  both  tt  and  n 
^  c  c 

are  provided. 

The  equation  for  the  power  balance,  Eq.  (8.4.5) 
may  be  rearranged  to  give 


To  obtain  the  pumping  characteristics  from  the 
individual  component  characteristics,  we  utilize  the 
matching  of  mass  flow,  shaft  speeds,  stagnation 
pressures  and  power  requirements.  For  simplicity 
we  will  consider  the  simple  example  of  a  non-after- 
burning,  single  spool  turbojet.  We  then  have: 
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From  Eq .  (8.4.3)  we  obtain  (with 
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When  T  /T  and  N/»/§7  are  prescribed  we 
t4  tr 

may  obtain  tt  ,  m  ,  n  and  hence  T  from 
c  c  2  c  c 

Fig.  8,4.8.  We  then  obtain  T  from  Eq.  (8.4.7) 

and  N//5r  from  N//57  -  N//^  (--^)  .  This 

t2 

allows  us  to  locate  our  position  on  the  turbine 
performance  map  (Fig.  8.4.9),  which  in  turn  pro¬ 
vides  us  with  the  corresponding  value  of  tt 
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Figure  8.4.9  Turbine  Performance  Map 


Figure  8.4.11  The  Fuel  Air  Ratio 


The  pumping  characteristics  then  follow  by 
noting 


Ptt 


TT  TT^tT 
the 


Figure  8.4.10  The  Pumping  Characteristics 

Finally,  the  fuel  to  air  ratio  is  determined 
from  an  enthalpy  balance  across  the  combustor  to 
give: 


8.4.5  GAS  GENERATOR  -  NOZZLE  MATCHING 


The  pumping  characteristics  allow  determination 
of  conditions  at  station  5  In  terms  of  those  at 
station  2  when  the  corrected  speed  and  the  ratio 

T.  /T  are  prescribed.  When  the  gas  generator  is 
ti*  t2 

coupled  with  a  nozzle  of  prescribed  throat  variation 

however,  and  T  /T  are  not  separately 

ti*  t2 

prescribable.  (Recall  the  results  of  Sec.  8.1 
where  It  was  shown  that  by  prescribing  the  ratio 
A4/A8  •  a  unique  compressor  operating  line  will  be 
determined.)  For  simplicity  we  again  consider  the 
case  where  the  primary  nozzle  is  choked,  so  that 
the  group  Is  a  constant.  Mass  flow 

continuity  then  gives 
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Noting  that  for  the  non-afterburning  case, 

T.  “  T^  and  also  that  p^  /p^  -  p^  /p^  n  , 

ta  ts  '^Cb  *^t2  '^ts  t2  n 

this  expression  may  be  written 
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TT  will  be  known  as  a  function  of  the  cor- 
n 

rected  mass  flow  rate  through  the  tail  pipe  and 

nozzle,  so  that  if  we  prescribe  T  /T  and 
•  _  ^  ^2 

then  ,  ra2v^/62  ,  p  /p^  >  T  /T  and  f  will 
ts  t2  ts  t2 

all  be  determined  from  the  pumping  characteristics. 
Thus  A9/A2  will  also  be  prescribed. and  a  graph 
of  the  form  of  Fig.  8.4.12  obtained. 
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Thus  a  relationship  of  the  form  of  Fig.  8.4.11 
may  be  obtained. 


Note  that  unlike  the  results  of  Fig.  8.4.10, 
the  results  of  Fig.  8.4.11  are  valid  for  only  a 
single  specified  value  of  T 

t2 


Fixed 

Nozzle 


Figure  8.4.12  Area  Variation 


When  the  desired  schedule  for  the  nozzle  area, 
Aj  ,  is  prescribed  a  unique  T  /T  versus  N//^2 

C  4  4  2 

curve  Is  established.  This  allows  determination  of 
a  unique  set  of  gas-generator,  nozzle,  pumping 
characteristics  as  Indicated  In  Fig.  8.4.13. 


Figure  8.4.13  Gas  Generator-Nozzle,  Pumping 
Characteristics 


8.5  LIMITATIONS  ON  THE  ACCURACY  OF  COMPONENT 
CHARACTERISTICS 

It  Is  Important  when  utilizing  component  char¬ 
acteristics  to  generate  pumping  characteristics,  to 
be  aware  of  any  accuracy  limitations.  The  most 
obvious  accuracy  limitations  will  occur  because  of 
the  Inevitable  Instrumentation  and  recording 
Inaccuracies  present  In  any  test  procedure  and,  of 
course,  every  effort  must  be  made  to  minimize  such 
sources  of  error.  Other  sources  of  error,  however, 
arise  when  the  effects  of  Ignoring  changes  In 
Reynolds  number  and  the  ratio  of  specific  heats 
are  not  Included. 

In  many  large  engines,  the  effect  of  Reynolds 
number  variations  are.  In  fact,  very  small  over 
virtually  the  entire  operating  range  of  the  engine. 
It  can  happen,  however,  particularly  In  small 
business-jet  engines,  that  Reynolds  number  effects 
can  become  substantial  for  flight  at  extreme  alti¬ 
tudes.  In  the  compressor,  for  example.  It  Is 
entirely  possible  that  the  flow  over  the  first 
blade  row  will  become  largely  laminar  with  conse¬ 
quent  onset  of  early  (laminar)  separation.  Aside 
from  reducing  the  performance  of  the  first  blade 
row,  such  separation  causes  velocity  miss-matches 
at  all  succeeding  rows  with  consequent  substantial 
change  In  compressor  performance. 


8.  ,.6  PERFORMANCE  PREDICTION  WITH  PUMPING 
CHARACTERISTICS 

Once  the  gas  generator-nozzle,  pumping  char¬ 
acteristics  are  available,  the  performance  param¬ 
eters  follow  very  directly  from  the  equations  for 
the  performance  variables.  Thus,  with  reference 
to  the  summary  of  Sec.  7.2.2,  the  performance 
variables  may  be  obtained  from  the  pumping  char¬ 
acteristic  variables  from  the  following  equations 

(Note  that  T  /T^  would  be  assumed  and  the 
ta  t2 

flight  conditions  etc.  would  be  known.) 
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In  a  similar  way,  operation  at  extreme  alti¬ 
tudes  can  lead  to  very  low  Reynolds  numbers  at 
the  later  turbine  stages  with  consequent  deteriora¬ 
tion  in  performance.  (Unless  the  blades  had  been 
designed  "oversize"  originally  to  prevent  such 
deterioration.)  The  point,  then,  is  that  if  opera¬ 
tion  over  extreme  Reynolds  number  ranges  is  to 
be  expected,  appropriate  investigations  of  the 
effects  of  the  Reynolds  number  variations  should 
be  included  in  the  engine  test  program. 

An  entirely  different  phenomenon  arises  when 
operation  at  very  high  humidity  is  carried  out. 
Several  effects  arise  when  large  amounts  of  water 
vapor  are  present  in  the  flow,  including  changing 
the  ratio  of  specific  heats  (so  that  the  value  of 
corrected  mass  flow  at  a  choke  condition  changes, 
as  does  the  reference  speed  of  sound  in  the  cor¬ 
rected  speed).  When  condensation  (and  later  evap¬ 
oration)  occurs,  substantial  effects  arise  because 
of  the  release  or  absorption  of  the  latent  enthalpy 
of  evaporation. 

As  an  example,  if  an  inlet  is  considered,  the 
presence  of  water  vapor  causes  three  major  effects 
to  occur: 

1.  Mass  Continuity  -  The  specific  density  of  water 
is  so  high  that  any  droplets  that  form  (due  to  the 
lowered  static  temperature  as  the  air  accelerates 
into  the  inlet)  occupy  effectively  zero  volume. 

The  result  is  that  this  aspect  of  condensation 
allows  the  inlet  to  pass  a  larger  mass  flow  than 
it  can  without  condensation. 

2.  Stagnation  Enthalpy  Increase  -  When  droplets 
form,  their  latent  enthalpy  of  vaporization  is 
released  to  the  surrounding  gas  thereby  increasing 
the  stagnation  temperature  of  the  gas.  This  tends 
to  reduce  the  mass  flow  handling  capability  of  the 
Inlet.  (Recall  mal//f^  ) 

3.  Stagnation  Pressure  Decrease  -  The  latent 
enthalpy  of  vaporization,  released  upon  formation 
of  droplets,  reduces  the  stagnation  pressure,  as 
was  pointed  out  in  the  analysis  of  Sec.  2.17.2. 
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This  reduction  In  stagnation  pressure  tends  to 
reduce  the  mass  flow  handling  capability  of  the 
inlet.  (Recall  map^  ) 

The  net  effect  of  1,  2  and  3  Is  that  when 
condensation  occurs,  less  mass  flow  can  be  handled 
by  the  Inlet  than  could  be  when  no  condensation 
occurs.  Thus  inlet  testing  (and  engine  testing) 
at  ground  level  on  hot  humid  days  can  lead  to 
substantial  variations  in  performance  (greater 
than  1%  mass  flow  rate  changes)  and  great  care 
should  be  exercised  in  applying  data  correction 
procedures. 
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9.0.2  NOMENCLATURE 

Throughout  Chapter  9  the  symbols  are  defined 
In  the  text  where  they  are  used.  Commonly  accepted 
symbols  are  used  whenever  possible. 


9.0.3  INTRODUCTION 

The  preceding  chapters  have  emphasized  the 
development  of  analytical  methods  to  describe 
engine  performance  both  on  and  off  design.  It  has 
been  pointed  out  that  the  "installation  effects" 
could  be  of  paramount  importance,  and  that  any 
engine  design  must  include  consideration  of  the 
interactions  between  engine  and  airframe.  When 
engine  cycles  and  airframe  concepts  are  analytically 
Integrated  to  define  an  airplane  system,  the  engine 
and  airframe  subsystems  interact  with  one  another. 
Engine  physical  characteristics  affect  the  size, 
shape,  weight  and  balance  of  the  airframe.  Air¬ 
frame  characteristics  affect  the  installed  perform¬ 
ance  of  the  propulsion  system.  The  "best"  engines 
for  a  given  airplane  can  NOT  be  identified  until 
the  required  installed  thrust  has  been  established 
for  the  desired  mission.  Analytical  and  empirical 
tools  can  be  used  to  estimate  the  required  engine 
size  and  airplane  size  to  perform  any  desired 
mission.  Further,  the  calculation  can  be  used  to 
optimize  the  engine  cycles  and  the  aircraft  geometry 
for  a  mission  and  thus  provide  a  quantitative 
measure  of  the  sensitivity  of  the  system’s  perform¬ 
ance  to  any  changes  in  engine,  airplane,  or  mission 
description. 

System  matching  requires  that  the  Installed 
englne/alrframe  performance  be  evaluated  over  the 
entire  operating  range  of  Mach  numbers  and  alti¬ 
tudes.  The  specified  flight  path  elements  and  the 
corresponding  performance  requirements  for  the 
aircraft  are  referred  to  as  the  design  mission. 
Mission  analysis  Is  introduced  to  evaluate  engine/ 
airframe  performance  by  summing  the  increments  in 
fuel  consumed  and/or  distance  covered  for  the 
specified  mission  segments  or  legs.  The  perform¬ 
ance  Is  also  computed  at  constraint  points  where, 
for  example,  a  particular  acceleration,  maneuvera¬ 
bility  or  noise  level  is  required.  If  the  design 
objectives  are  not  met,  the  candidate  engine  cycle 
and  airframe  are  resized  and  the  process  is  repeated. 
Several  iterations  are  usually  necessary  to  size  a 
candidate  engine  and  airplane  to  meet  the  mission. 

The  objective  of  the  design  process,  referred  to  as 
optimization,  is  to  compare  satisfactory  candidate 
configurations  and  identify  the  one  which  best 
satisfies  the  mission  requirements.  The  digital 
computer  provides  the  means  of  quickly  and  effi¬ 
ciently  assessing  large  numbers  of  configurations. 
While  the  computer  is  a  powerful  tool,  the  quality 
of  the  final  airplane  is  dependent  on  the  engineer¬ 
ing  judgment  applied  in  choosing  candidates  and  by 
the  accuracy  of  the  analytical  methods  and  the 
empirical  expressions  used  to  describe  the  engine 
and  airframe. 

Over  a  period  of  years,  airframe  and  engine 
manufacturers  have  compiled  a  large  Inventory  of 
experience  which  has  been  used  to  carry  out  these 
simulations.  Routines  vary  within  industry,  and 
on-going  efforts  keep  changing  the  program  formats 
and  complexity  in  a  continual  quest  for  more  accu¬ 
rate  and  less  costly  computation  techniques.  It  is 
not  the  purpose  of  this  text  to  describe  specific 
current  programs.  Rather,  this  chapter  presents 
some  examples  of  the  basic  procedures  that  are 
fundamental  to  computer  simulations  of  mission 
analysis,  design  optimization  and  sensitivity,  and 
gas  generator  performance  calculation. 

9.1  MISSION  ANALYSIS 

9.1.1  Philosophy  and  Logic 

The  mission  which  an  aircraft  is  designed  to 
perform  consists  of  a  t light  path  with  several 


M 


distinct  segments  where  specific  performance  require¬ 
ments  must  be  met.  Each  of  the  mission  segments 
can  be  analyzed  using  Newton's  laws  of  motion.  The 
final  condition  resulting  from  calculation  of  one 
segment  becomes  the  initial  condition  for  the  next 
segment.  By  combining  the  various  segments  into  an 
appropriate  sequence,  any  mission  can  be  described. 
Relationships  must  be  provided  to  describe  the 
following  for  each  segment: 

1)  Lift  and  drag  for  the  airframe 

2)  Engine  cycle  characteristics 

3)  Weight  build-up  and  scaling  rules 

4)  Inlet  and  nozzle  performance 

5)  Interaction  or  installation  effects 

To  begin  the  analysis,  an  initial  airplane 
configuration  must  be  specified.  Customarily,  the 
various  disciplines  contributing  components  to  the 
airplane  supply  initial  weight  and  volume  require¬ 
ments.  A  configuration  is  produced  which  incorpo¬ 
rates  the  various  constraints  into  an  aerodynamic 
shape.  This  stage  relies  very  heavily  on  past 
experience  and  perceived  benefits.  The  result 
constitutes  the  "candidate  airplane."  The  wetted 
area,  volume  distribution,  weight,  and  drag  are 
then  estimated.  The  design  point  for  the  engine 
cycle  usually  corresponds  to  the  most  demanding 
performance  point  or  segment  in  a  mission.  The 
engine  operation  is  simulated  for  appropriate 
altitude  and  Mach  number  conditions  characteristic 
of  the  mission  with  engine  size  (i.e.,  airflow 
rate)  determined  from  the  required  thrust.  The 
engine  can  then  be  resized  if  necessary  by  comparing 
the  tiirust  obtained  to  thrust  required  at  other 
operating  conditions.  Thus,  the  mission  analysis 
also  requires  scaling  rules  for  changes  in  engine 
dimensions  and  weiglit  as  a  function  of  airflow. 

Mission  analysis  is  used  to  iterate  on  engine 
and  airplane  size  to  satisfy  mission  requirements 
for  a  fixed  payload  or  to  iterate  on  range  with 
trades  in  fuel  and  payload  for  a  fixed  airplane 
size.  Normally,  the  most  demanding  mission  or  the 
mission  which  results  in  the  largest  takeoff  gross 
weight  (TOew)  is  referred  to  as  the  design  mission. 
Once  an  engine  and  airplane  are  matched  for  the 
design  mission,  off  design  missions  can  be  run 
using  the  fixed  airplane  to  establish  performance 
or  payload  on  other  missions  of  interest.  The 
designer  will  usually  choose  an  efficient  cumputer 
progrxim  wliich  uses  a  minimum  number  of  inputs  to 
simulate  the  aircraft  .system  to  the  desired  accuracy. 
The  required  accuracy  and  complication  in  system 
description  increase.s  as  an  airplane  concept  pro¬ 
ceeds  from  initial  concept  evaluation  through  final 
design . 

The  f ufidamentals  of  the  process  of  combining 
subsystems  and  assessment  of  the  resulting  systems 
are  the  subject  of  the  remainder  of  this  section. 
Increases  in  accuracy  do  not  change  the  basic 
approach,  but  only  increase  the  complexity  of  the 
component  and  interaction  descriptions. 

a)  Fixed  Mission.s,  Variable  Airplane  Size 

Missions  may  be  specified  partially  or  com¬ 
pletely;  i.e.,  while  the  sequence  of  mission 
segments  is  always  specified,  either  the  distance 
traveled  or  the  elapsed  time  may  be  taken  as  a 
variable  determined  by  the  amount  of  fuel  available. 
For  a  given  set  of  performance  requirements,  an 
aircraft  can  be  sized  to  fly  any  desired  distance, 
up  to  the  point  of  design  divergence  (zero  payload) 
if  all  major  components  (Including  the  engine)  are 
appropriately  scaled.  A  mission  is  said  to  be 
fixed  when  distance  and  altitude/Mach  number  require¬ 
ments  together  with  either  distance  or  time  are 
spot  if  led  for  all  segments. 


Figure  9. 1. 1- 1.  Multitechnology  Computer  Program  Design 
Representation 


The  weight  of  the  airplane  is  the  sum  of  all 
the  component  weights,  including  payload  and  fuel, 
as  represented  by  Figure  9. 1.1-1.  The  takeoff 
gross  weight  is  initially  estimated  for  the  airplane 
The  engine  is  initially  sized  to  produce  the 
required  thrust  to  weight  ratio  at  each  of  several 
points  where  a  specific  level  of  performance  is 
required.  Typical  engine  sizing  points  include: 
maximum  Mach  number  at  specified  (or  best)  altitude, 
maximum  speed  at  sea  level,  takeoff  field  length, 
landing  distance,  excess  power,  and  acceleration. 

The  airframe  size  and  weight  must  be  chosen  to 
provide  necessary  lift,  maneuverability  and  fuel. 
Starting  with  this  initial  engine  and  airplane 
weight  estimate  the  fixed  mission  is  "flown"  to  see 
if  the  performance  requirements  are  met  and  to 
compute  the  amount  of  fuel  consumed.  An  iterative 
process  is  then  used  until  the  airplane  gross 
takeoff  weight  is  appropriate  for  the  entire  mission 
consuming  all  the  fuel  except  for  specified  reserves 

b)  Fixed  Airplane  Size,  Variable  Mission 

In  this  mode  of  operation,  the  airplane  size 
and  weight  are  held  constant  while  trading  fuel  and 
payload  weight.  Usually,  the  capability  of  the 
airplane  is  evaluated  on  several  different  missions 
with  different  payloads  to  develop  a  payload-range 
curve.  This  approach  is  used  to  evaluate  candidate 
engines  using  the  criteria  of  best  range  or  largest 
payload.  Occasionally,  this  form  of  mission  analy¬ 
sis  is  also  used  to  evaluate  new  or  modified  air¬ 
frames  using  existing  engines. 

9.1.2  Overview  of  <\erodynamf c  Force 
Determination 

Engines  must  produce  enough  tiirvist  to  overcome 
drag  and  the  additional  thr\jst  to  provide  the 
desired  acceleration  at  each  point  in  a  mission. 
Traditionally,  the  aircraft  industry  employs 
separate  staffs  to  evaluate  the  propulsion  system 
and  the  aerodynamics  of  the  airplane.  Though  it  is 
seldom  necessary  for  llie  propulsion  engineer  to 
become  involved  in  tlie  detailed  analysis  of  the 
airplane  aerodynamics,  it  is  important  that  he 
understand  the  principal  drag  sources.  This  is 
becoming  Increasingly  important  witli  the  advent  of 
multi-mission  aircraft,  fighters,  and  supersonic 


transports  because  of  the  substantial  Interactions 
between  the  propulsion  system  and  airframe. 

This  section  presents  a  brief  overview  of 
airplane  lift  and  drag  and  shows  how  to  build-up  the 
drag  polar  which  will  be  used  to  relate  the  airplane 
weight  and  thrust  requirements. 

a)  Lift  and  Drag 

Dimensional  analysis  can  be  conveniently 
exploited  to  show  that  the  dimensionless  force,  Cp, 
acting  on  a  body  immersed  in  a  fluid  can  be  expressed 
as  a  function  of  three  dimensionless  parameters, 
the  Reynolds  number,  R^,  the  Mach  number,  M,  and  the 
ratio  of  specific  heats  of  the  fluid,  y*  We  consider 
here  only  bodies  interacting  with  air,  so  y  remains 
approximately  constant.  Thus,  if  geometrically 
similar  bodies  are  considered,  the  force  relationship 
may  be  written  in  the  form 


ANGLE  OE  ATTACK 

Figure  9. 1.2-2.  Variation  of  Lift  Coefficient  With  Angle  of 
Attack  for  a  Typical  Array 


Cp  =  f(R^.  M) 


9.1. 1 


where 
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F 

=  — r  -  force  coefficient 
F  qA 

F  =  force  (component) 

q  =  dynamic  pressure  = 

A  =  representative  area,  usually  the 
wing  area 

■)  Vi 

=  Reynolds  number 


'  *  representative  length,  often  the 
mean  wing  chord 

.  The  most  commonly  used  forms  of  eq,  9.1.1  are 

I  those  in  whic\t  the  forces  considered  are  lift  and 

drag.  In  these  cases  the  coefficients  are  denoted 
and  Cq,  respectively.  Experiments  demonstrate 
that  Mach  number  has  much  more  influence  on  Cp  than 
does  the  Reynolds  number  in  the  cruise  flight 
regime  of  both  subsonic  and  supersonic  aircraft. 

The  vector  integral  of  the  static  pressure 
distribution  over  a  surface  is  the  net  pressure 
I  force.  It  is  convenient  to  express  this  force  as 

acting  at  a  point  about  which  moments  generated  by 
the  force  are  zero  (referred  to  as  the  center  of 
pressure).  Figure  9. 1.2-1  shows  the  pressure 
distribution  and  net  pressure  force  for  a  typical 
airfoil  section.  The  force  is  resolved  into  lift 
and  drag  components  which  are  perpendicular  and 
parallel  to  the  flight  velocity  vector. 

I  Airfoils  usually  show  a  linear  variation  of 

lift  coefficient  within  a  range  of  angle  of  attack. 


DRAG 

COVPONEf.T 


a.  At  large  j,  airflow  separation  is  experienced 
and  the  lift  curve  becomes  nonlinear  (see  Figure 

9. 1.2- 2)  until  a  maximum  lift  coefficient  value  is 

reached  *  at  .  Beyond  this  point  decreases, 

either  abruptly  or  gradually,  depending  on  the 
particular  airfoil.  This  phenomenon  is  called 
’’stalling,”  and  the  angle  corresponding  to  C, 
is  called  the  stall  angle.  The  angle  of  att^S^ 
re.sulting  in  zero  lift  is  zero  for  airfoils  with 
symmetrical  cross-sections  and  negative  for  typical 
wing  cross-sections  which  have  camber. 

For  most  airfoils,  the  relationship  between 
Che  drag  coefficient  and  lift  coefficient  is  approxi¬ 
mately  parabolic  in  shape,  up  to  ^  ,and  the 
plot  of  Cj  vs.  is  called  a  drag  po]far  (Figure 

9. 1.2- 3).  '  The  angle  of  attack  associated  with  such 

a  curve  increases  as  Cj  increases  below  stall;  and 
for  wings  with  camber,  the  minimum  value  does 

not  occur  at  zero  C, .  The  drag  polar  for  a  complete 
airplane  has  a  similar  shape  to  that  of  the  wing 
alone. 


From  the  definitions  of  and 
D  =  C^qS  -  Cp 


9.1.2 


A  tangent  line  through  the  origin  on  Figure 
9. 1.2-3  defines  the  and  values  for  the  maximum 
lift  to  drag  ratio.  The  tangent  point  locates  the 
angle  of  attack  which  produces  the  most  lift  for 
the  least  drag. 


figure  9. 1.2-3.  Typical  Wing  Drag  Polar  Showing  Points  of 
Minitnum  Drag  and  Maximum  L  /D 


Figure  9. 1.2- 1.  Airfoil  Section  Pressure  Distribution  and 
Nomenclature  Definition 


By  extending  the  idea  of  a  drag  polar  to 
represent  the  entire  airplane,  the  relationship 
between  lift  and  drag  combined  with  the  equation  of 
motion  for  each  flight  segment  is  sufficient  for 
computing  the  thrust  requirement  for  each  Increment 
of  a  mission. 

b)  Drag  Polar  Buildup 

The  thrust  which  the  engines  must  produce  for 
each  increment  of  a  given  mission  is  dependent  on 
the  following  factors: 

Atmospheric  conditions:  Altitude  and  temperature. 
Flight  Mach  number  (M) , 

Average  gross  weight  during  the  increment  (GW) , 

Type  of  segment. 

These  conditions,  together  with  the  aircraft 
drag  polar  are  sufficient  for  mission  analysis. 

A  drag  polar  for  the  entire  airplane  can  be 
developed  using  the  lift/drag  relationships  for 
each  of  the  components  including  the  components* 
interactions.  In  an  effort  to  understand  drag  and 
produce  equations  suitable  for  determining  drag 
polars,  a  methodology  has  been  developed  which 
combines  theoretical  and  empirical  drag  contri¬ 
butions  into  a  drag  "build-up."  Traditionally, 
subsonic  drag  is  represented  as  the  sum  of  parasite 
(friction),  induced  (drag  due  to  lift),  and  compres¬ 
sibility  drag  terms. 

The  parasite  drag  term  includes  the  skin 
friction  drag  on  the  entire  wetted  area  of  the 
airplane  and  the  profile  or  form  drag  due  to  the 
net  force  in  the  drag  direction  arising  from  the 
zero  lift  pressure  distribution  on  the  wing,  body 
and  appendages.  Another  factor  traditionally 
grouped  with  the  parasite  drag,  is  interference 
drag  due  to  the  changes  in  flow  pattern  that  accom¬ 
panies  placing  two  bodies  in  close  proximity.  (The 
total  drag  on  the  two  bodies  generally  differs  from 
the  sum  of  the  isolated  drags  on  each  body.  Depend¬ 
ing  on  the  configuration  the  inferred  interference 
force  can  act  In  the  thrust  or  drag  direction.  The 
parasite  drag,  is,  by  convention,  defined  as 
the  minimum  drag  experienced  by  an  airplane.)  Some 
changes  In  drag  also  occur  as  a  result  of  the 
change  of  the  aircraft's  geometrical  orientation  in 
the  flow  field  due  to  changes  in  angle  of  attack. 

Such  (small)  changes  as  are  not  attributable  to  the 
changes  Induced  in  the  flow  field  due  to  lift  are 
traditionally  accounted  for  as  an  attitude  dependent 
term  ACp  and  are  usually  obtained  from  wind  tunnel 
tests.  As  defined  for  any  given  configuration  Cpp 
is  a  constant  which  does  not  depend  on  lift  or  Mach 
number.  C^p  changes  only  with  Reynolds  number  and 
alterations  to  the  configuration  such  as  landing 
gear,  flaps,  and  changes  in  external  stores. 

The  portion  of  drag  resulting  from  lift  is 
referred  to  as  induced  drag.  In  practice,  induced 
drag  from  components  other  than  the  wing  is  usually 
small  and  is  lumped  into  the  ACp^.  A  physical  feeling 
for  induced  drag  may  be  obtained  by  considering  the 
flow  over  a  wing  with  positive  lift  in  subsonic 
flow.  For  this  condition,  the  air  pressure  on  the 
upper  surface  Is  less  than  the  air  pressure  on  the 
lower  surface.  This  pressure  differential  causes 
air  to  flow  toward  the  area  above  the  wing  and  thus 
form  vortices  which  concentrate  near  the  wing  tips. 
The  net  effect  of  this  vortex  system  is  to  create  a 
downward  inclination  to  the  air  behind  the  wing. 

The  influence  of  the  transverse  flow  on  the  wing 
depends  primarily  on  Its  aspect  ratio  (AR«wlng 
span^/wing  planform  area).  In  the  limit  of  infinite 
aspect  ratio  the  transverse  flow  would  be  absent. 

For  a  finite  aspect  ratio,  the  average  downwash 


angle  is  finite.  It  can  be  shown  that  the  effective 
angle  of  attack  is  reduced  by  half  the  average 
downwash  angle  (see  ref.  9. 1.2-1).  This  angle  of 
the  incoming  flow  results  in  an  additional  component 
in  the  drag  direction  referred  to  as  induced  drag. 
The  planform  ot  the  wing  also  influences  the  induced 
drag  because  of  its  effect  on  the  average  downwash 
angle.  An  elliptical  lift  distribution  results  in 
the  theoretical  minimum  of  induced  drag  (ref. 

9. 1.2-2).  This  distribution  can  be  obtained  by  1) 
varying  airfoil  sections  along  the  span,  2)  using 
the  same  airfoil  section  and  an  elliptical  planform, 
3)  twisting  the  wing  to  vary  the  geometric  angle  of 
attack  along  the  span,  or  4)  using  a  combination  of 
these  on  a  tapered  planform.  The  effect  of  the 
non-elliptical  loading  is  accounted  for  with  a  span 
efficiency  factor,  e  (^1.0)  which  should  be  maxi¬ 
mized  within  structural  and  design  constraints. 

The  relationship  between  lift  and  induced  drag 
is 


D.  ,  ,  D,  TfAR-e 

induced  L 
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where  Ct  .  is  the  value  of  the  lift  coefficient 
Hum 

when  the  Induced  drag  equals  zero.  The  induced 
drag  is  assumed  to  be  independent  of  Reynolds 
number . 

The  sum  of  the  parasite  and  induced  drag 
completely  accounts  for  the  drag  in  low  speed 
flight.  A  typical  low  speed  polar  is  shown  in 
Figure  9. 1.2-4.  Notice  that  the  parabolic  form  of 
the  drag  polar  is  primarily  due  to  the  induced  drag 
term.  Transport  airplanes  are  usually  designed  so 
that  the  minimum  value  of  Cp  corresponds  to  the 
required  for  a  cruise  condition. 

As  flight  speed  increases,  compressibility 
effects  become  significant  when  local  sonic  speeds 
are  reached  by  the  air.  The  sudden  rise  in  pressure 
through  the  resulting  shock  waves  necessary  for 
recompressing  the  high  speed  flow  cause  boundary 
layer  thickening  and  possibly  separation  resulting 
in  a  general  degradation  of  lift  and  an  Increase  in 
drag.  A  typical  vs.  Mach  number  curve  is  shown 
in  Figure  9. 1.2-5.  An  associated  compressibility 
drag  curve,  Figure  9. 1.2-6,  shows  the  onset  of 
"drag  rise"  associated  with  shock  Induced  separation. 

The  compressibility  drag  onset  may  be 

delayed  by  sweeping  the  wing.  If  the  critical  or 
initial  drag  rise  Mach  number,  is  defined  as 

the  Mach  number  at  which  the  Cd  increases  by  .002 
above  the  low  speed  value,  the  effect  of  sweep 
angle,  A  on  drag  rise  Mach  number  for  a  typical 
family  of  wings  can  be  seen  from  Table  9. 1.2-1. 


Figure  9. 1.2-4.  Low  Speed  Drag  Polar  Components 
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Figure  9. 1.2-5.  Lift  Coefficient  Variation  With  Mach  Number 
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Figure  9. 1.2-6.  Compressibility  Drag  Associated  With  Increasing 
Mach  Number  for  a  Constant  Lift  Coefficient 
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A  typical  subsonic  drag  polar  is  shown  in  Figure 
9-1. 2-7. 

The  drag  rise  in  high  subsonic  flow  continues 
through  transonic  flow.  Depending  on  the  configura¬ 
tion,  a  maximum  drag  coefficient  is  observed  in  the 
transonic  or  low  supersonic  Mach  number  region. 

An  additional  term,  wave  drag,  is  required  in 
supersonic  flow.  Wave  drag  replaces  the  subsonic 
terms  of  profile  and  compressibility  drag.  Approxi¬ 
mate  equations  describing  the  wave  drag  on  bodies 
and  planar  surfaces  are  shown  below 


1)  Bodies: 

=  .7 


/ _ Length _ 

Vmaximum  equivalent  diameter, 
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2)  Plannar  Surfaces: 


o  ~  ^  /'thlckness^  3/2,.  ...  .  . 

Cp  -  3.05  -  7hord  )  leading  edge) 


Notice  that  these  approximations  are  not  Mach 
number  dependent.  The  drag  coefficient  vs.  Mach 
number  for  a  typical  supersonic  aircraft  in  level 
flight  is  as  shown  in  Figure  9. 1.2-8. 

I  / 

I  .  V  X 
U-  V  / 


Table  9. 1.2- 1.  Drag  Rise  Mach  Number  Vs.  Sweep  Angle 

Sweep  angle  measured 
distance  between  leading 
and  trailing  edge 

(quarter  chord)  Drag  Rise  Mach  No. 

.  M^„ 


A 

DR 

0  • 

•  25° 

.55 

2  5°  • 

30° 

.60 

30° 

•  35° 

.65 

35°- 

40°  ■  ,» 

■  40° 

.70 

.75  (max) 

Cl  ir 


Figure  9. 1.2-7.  Drag  Polar  of  a  Subsonic  Airplane  Showing 
Contribution  Due  to  Compressibility  Effects 


The  compressibility  drag  is  affected  to  a  small 
extent  by  the  airfoil's  thickness  to  chord  ratio 
and  Cl  value.  An  empirical  equation  which  gives 
approximate  compressibility  drag  for  subsonic 
airplanes  has  the  form 

C  =  K^(M-M^r)«  .  K2(M-Mj,r)'(C,-C  9.1.3 

M  Min 

where  Kj  and  K2  are  constants  which  depend  on  the 
configuration  (thickness  to  chord,  sweep  angle, 
etc . ) . 

Combining  the  various  drag  term.s  gives  an 
equation  from  which  subsonic  drag  polar  can  be 
plotted. 


Figure  9. 1.2-8.  Representative  Drag  Coefficient  Variation  for  a 
Supersonic  Airplane  in  Level  Flight 


More  detailed  analyses  of  high  speed  flight 
indicate  that  Cj^  at  M  =  3  can  be  below  the  maximum 
value  by  as  much  as  25%  depending  on  the 
conf igurat ion . 

The  aerodynamicist  depends  largely  on  three 
sources  for  information  pertaining  to  the  drag 
polar:  similar  existing  airplanes,  aerodynamic 
component  test,  and  scale  wind  tunnel  tests.  Wind 
tunnel  models  are  used  to  verify  analytic  estimates 
and  to  investigate  certain  design  features  for 
which  no  data  is  available.  The  basic  drag  polar 
is  usually  obtained  for  the  complete  airplane  from 
wind  tunnel  tests,  although  the  drag  so  obtained  is 
not  used  directly  because  of  the  differences  in 
scale.  While  the  shape  and  spacing  of  the  curves 
relative  to  each  other  are  used  directly,  the 
intersection  of  the  low  Mach  number  polar  with  the 
Cf)  axis  is  obtained  by  other  means.  Experience  has 
shown  that  wind  tunnel  data  will  accurately  predict 
the  polar  shape  and  drag  rise  characteristics  but 
will  not  predict  the  basic  drag  level.  Two  major 
reasons  for  this  are  Reynolds  number  effects  and 
the  difficulty  in  accurately  separating  out  the 
drag  and  interference  effects  of  the  model  suspen¬ 
sion  system. 

The  equations  shown  above,  with  appropriate 
coefficients,  are  sufficiently  accurate  for  most 
preliminary  design  work  and  initial  engine  cycle 
selection  studies.  As  more  detail  is  desired  the 
descriptive  equations  are  improved  through  the  use 
of  additional  terms  and  modified  coefficients. 
Provision  for  the  more  accurate  equations  is  usually 
the  responsibility  of  the  aerodynamicist  and  the 
propulsion  designer  need  only  assure  himself  that 
accuracy  of  the  polar  is  compatible  with  that 
required  for  his  study. 

Because  the  interactions  between  the  engine 
and  airframe  are  very  strong,  particularly  in 
fighter  aircraft,  detailed  thrust/drag  bookkeeping 
is  a  substantial  problem.  Chapter  26  considers 
thrust/drag  bookkeeping  in  detail.  The  present 
section  avoids  bookkeeping  details  in  order  to 
provide  Insight  into  the  method  of  mission  analysis. 


3)  The  calculated  Cjj,  the  flight  condition,  and 
reference  area,  permit  the  airplane  drag  to  be 
computed . 

4)  The  net  thrust  is  calculated  to  be  the  drag 
plus  additional  thrust  to  provide  linear 
acceleration  requirements  for  the  flight 
segment . 

5)  The  weight  of  fuel  consumed  by  the  engine  to 
produce  the  net  thrust  during  the  increment  is 
ccxnputed  and  the  weight  of  the  aircraft  dimin¬ 
ished  by  that  amount.  (This  is  done  for  each 
increment  that  the  segment  has  been  divided 
into. ) 

6)  The  procedure  is  repeated  by  returning  to  step 
1,  with  the  newly  computed  weight  and  flight 
conditions  for  the  next  mission  segment. 

7)  This  incremental  process  is  continued  until 
all  fuel  is  used  or  the  mission  is  completed. 

If  the  fuel  aboard  does  not  match  the  fuel 
required  for  the  mission  (including  reserves) 
the  airplane  is  resized  and  the  computation 
repeated . 

8)  If  the  engine  size  (usually  estimated  initially 
from  a  thrust  to  takeoff  gross  weight  ratio) 
does  not  exactly  provide  the  required  thrust 

at  the  most  demanding  point  of  the  segment, 
the  engine  size  is  altered  and  the  entire 
computation  is  repeated. 

The  unknowns  remaining  in  the  above  procedure 
are  the  characteristics  of  the  mission  segments  and 
thrust  required  for  each.  These  will  be  discussed 
for  the  eight  segments  which  commonly  provide  the 
building  blocks  for  a  mission. 

9.1.3  Mission  Segments  and  Thrust  Requirements 

a)  Introduction 


c)  Use  of  the  Drag  Polar  for  Mission  Analysis 


In  order  to  clarify  the  use  of  the  drag  polar 
for  mission  analysis,  a  routine  airlift  mission 
will  be  considered.  It  is  common  in  this  rase  to 
consider  altitude  changes  within  cruise  mission 
segments  to  be  negligible,  to  assume  that  the 
engine  propulsive  force  and  the  drag  act  along  the 
same  line,  and  to  note  that  the  lift  acts  at  right 
angle  to  the  drag  and  to  the  aircraft’s  instantane¬ 
ous  velocity.  As  a  result,  in  non-accelerating 
level  flight  the  lift  is  equal  to  the  weight.  When 
the  airplane  is  accelerating  in  the  lift  direction 
(as  would  occur  when  pulling  out  of  a  dive,  for 
example)  the  lift  must,  of  course,  be  greater  than 
the  aircraft  weight.  If  the  total  lift  i.s  expressed 
as  a  fraction  of  standard  gravity,  N  then  the 
equation  for  the  lift  coefficient  can  be  generalized. 


C  =  -L.  =  K'N 

L  qS  qS 
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Mission  analysis  is  an  Incremental  progression  through 
tlie  following  steps  for  the  number  of  segments  into 
which  the  mission  lias  been  divided: 

1)  The  weight,  reference  area,  and  flight  condi¬ 
tions,  are  used  to  compute  the  required  for 
tlie  first  mission  segment. 


Mission  segments  can  be  combined  to  define  any 
desired  flight  profile.  A  typical  combat  mission 
profile  is  shown  in  Figure  9. 1.3-1.  The  following 
subsections  provide  a  brief  description  of  each 
segment,  standard  assumption,  and  the  appropriate 
equations  for  use  in  mission  analysis.  For  further 
details  see  References  9. 1.2-1  and  9. 1.3-1. 

Computer  programs  for  mission  analysis  break 
each  major  segment  of  the  mission  into  increments. 
At  each  step  the  program  calculates  the  airplane 
weight  change  due  to  fuel  consumption,  refueling, 
and  payload  expenditure. 

All  of  the  methods  of  mission  performance 
analysis  are  based  on  the  same  fundamental  laws  of 
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2)  The  drag  polar  and  Mach  number  are  then  used 
to  determine  the  drag  coefficient,  Cp. 


Figure  9. 1.3- 1.  Example  Mission  Profile 


iDOtlon  and  flight  mechanics;  however,  one  technique 
(Reference  9. 1.3-2)  is  particularly  well  suited  for 
the  purpose  of  engine/airplane  matching.  This 
method  will  be  emphasized  in  the  following  sections. 

During  mission  analysis  the  range  is  not  known 
a  priori  when  calculating  climb  and  descent  segments. 
During  cruise  required  range  may  be  specified,  or 
maximized  by  assuming  exhaustion  of  fuel  allotted 
for  the  segment.  During  loiter  conditions,  no 
range  is  credited,  and  fuel  consumption  is  computed 
from  maximum  endurance  considerations  (safe  flight 
speed,  minimum  fuel  consumption.)  The  range  for 
any  other  kind  of  segment  cannot  be  specified  (or 
Independently  varied)  because  range  for  other 
segments  depend  upon  the  flight  path  conditions 
specified. 

This  flexibility  allows  the  representation  of 
virtually  any  mission  profile.  In  addition,  at  any 
point  in  the  mission  and  for  any  segment,  per- 
fomance  requirements  and  constraints  can  be  speci¬ 
fied.  Typical  examples  of  these  requirements 
include:  payload  may  be  added  or  subtracted, 

external  stores  or  tanks  or  weapons  may  be  released, 
the  "g"  loading  experienced  by  the  airplane  can  be 
changed  to  any  desired  level  (to  simulate  combat 
conditions),  the  thrust  of  any  number  of  engines 
can  be  omitted  to  simulate  engine-out,  the  wing 
sweep  may  be  varied,  the  specific  excess  power 
required  for  acceleration  and  climb  can  be  specified 
and  maximum  noise  levels  can  be  prescribed. 

Although  several  engine  sizing  criteria  must 
be  specified  in  one  mission,  the  most  demanding 
condition  must  be  identified  and  used.  Once  the 
size  of  the  engine  has  been  established,  most 
portions  of  the  mission  will  require  only  part 
power.  The  fuel  consumption  is  then  deduced  as  a 
function  of  thrust  for  each  altitude  and  Mach 
number  specified  in  the  mission  analysis  program  as 
is  discussed  In  Section  9.1.4, 

b)  Warm-up  and  Takeoff 

Ground  taxiing  and  holding  before  takeoff 
consumes  fuel  in  an  amount  which  can  be  calculated 
from  the  power  settings  and  time  requirements 
specified.  Since  the  fuel  consumed  and  resulting 
weight  changes  do  not  contribute  to  the  flight 
portion  of  the  mission,  the  required  fuel  weight  is 
added  to  the  takeoff  gross  weight  of  the  airplane. 
The  additional  fuel  tank  volume  must  be  allowed  for 
in  the  aircraft  size  and  shape. 

The  takeoff  segment  of  the  mission  includes 
the  ground  run,  rotation,  and  a  climb  to  a  standard 
height  of  35  feet.  The  analysis  of  the  takeoff 
segment  yields  an  estimate  of  the  fuel  used  during 
takeoff,  and  the  size  of  the  engine  to  provide 
takeoff  within  the  desired  takeoff  distance. 

For  the  ground  roll  the  relationship  between 
acceleration,  a,  velocity,  V,  distance,  s,  and 
time,  t,  is  of  course  ds  *  Vdt  and  a  =  dV/dt.  Thus 


If  a  steady  headwind  veloc  ity  of  V„  e  xists, 
the  ground  roll  distance,  Sq ,  may  be  obtained  as  an 
integral  over  the  velocity  relative  to  the  airplane, 
V^.,  by  noting  =  V  +  Tlien 
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The  acceleration  can  be  evaluated  using  Newton’s 
law  of  motion  (1^  F  =  Ma  =  W  3)  and  Figure  9.1, 3-2. 

g 


Solving  for  a  and  substituting  into  equation 
9.1.10  yields  an  expression  for  the  takeoff  distance 
with  the  symbols  defined  as  in  the  figure: 
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g  [(T-pW)-(Cp-uCj^)qS-Wt] 
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In  order  to  carry  out  the  integration  the 
variation  of  thrust,  weight,  drag  and  lift  with 
velocity  must  be  determined.  In  general,  thrust  is 
a  function  of  velocity,  air  temperature  and  pres¬ 
sure;  weight  is  nearly  constant  for  the  ground  run; 
drag  and  lift  are  functions  of  velocity  and  air 
density,  as  discussed  in  section  9. 1.2. 2. 

With  a  tricycle  landing  gear,  the  airplane 
attitude  (i.e.  a)  will  remain  constant  during  the 
ground  operation,  and  and  Cp  will  also  remain 
constant.  Figure  9. 1.3-3  shows  the  approximate 
order  of  magnitude  of  the  forces  acting  during  a 
takeoff  run. 

The  time  required  for  the  ground  run  is 
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Equations  9.1,11  and  9.1.12  can  be  solved  by  step¬ 
wise  integration. 

In  preliminary  design  the  above  degree  of 
accuracy  Is  not  usually  necessary  and  approximate 
values  are  often  used.  Wind  speed  is  ignored  and 
equation  9.1.10  is  integrated  to  give 


Figure  9. 1.3-3.  Relative  Magnitude  of  Forces  During  Ground 
Roll 


where  V..^  Is  the  required  relative  velocity  for 
lift  off. 


2 


where  a  is  a  representative  constant  acceleration. 
With  the  assumption  of  a  horizontal  runway  and 
negligible  aerodynamic  drag  during  ground  roll,  an 
appropriate  value  for  a  is 
-FN  -  0.02  W  . 

-  .  ( _ o)  .  „  0,1/. 


where  is  the  initial  brake  release  weight  (and 
usually  equals  takeoff  gross  weight,  in  mission 
analysis)  of  the  airplane  and  FN  is  the  net  thrust 
of  the  propulsion  system  at  .707  Vtq.  The  time 
required  is  approximately  V^^q/s.  (Note:  The 
thrust,  T,  is  the  net  thrust  of  the  propulsion  system 
and  is  interchangeable  with  FN.  T  is  commonly  used 
by  aerodynamic ist  to  mean  the  net  thrust  required  for 
the  airplane,  while  FN  Is  used  by  the  propulsion  spec¬ 
ialist  to  mean  either  the  net  thrust  per  engine  or 
total  net  thrust.) 

Several  rules  governing  speed  requirements  for 
airplane  control  and  engine  out  operation  govern 
the  lift  off  velocity  in  actual  practice.  For 
preliminary  design,  a  lift-off  speed  of  1.2  times 
the  stall  speed  is  a  reasonable  approximation. 

When  conducting  precise  mission  analysis  the  appro¬ 
priate  military  or  FAA  rules  should  be  used. 

Various  field  length  definitions  are  in  common 
usage.  V^en  field  length  is  a  critical  segment  in 
the  airplane  analysis,  a  consistent  definition  of 
that  length  must  be  used.  For  example,  one  crite¬ 
rion  for  evaluating  a  multiple  engine  commercial 
aircraft  is  the  balanced  field  length:  a  takeoff 
calculated  according  to  Civil  Air  Regulations, 

SR-A22,  provides  for  a  field  length  that  satisfies 
both  the  takeoff  and  accelerate-stop  requirements. 

If  it  is  assumed  that  an  engine  failure  occurs  at 


a  speed  such  that  the  distance  to  continue  takeoff 
and  climb  to  a  stipulated  height  is  equal  to  the 
distance  required  to  stop,  the  total  field  length 
is  termed  "balanced".  SR-422B  and  FAR  part  25 
stipulate  using  a  field  length  which  is  the  greatest 
of  either  the  accelerate  and  go  distance,  the 
accelerate-and-stop  distance,  or  115%  times  the 
all-engine-operating  distance  to  a  35-ft.  height. 

Detailed  takeoff  calculations  are  generally 
performed  in  discrete  segments  which  define  the 
distinct  parts  of  the  takeoff  as  shown  in  Figure 
9.1. 3-4. 

The  drag  polar  used  to  compute  the  increment 
In  time  and  distance  required  to  clear  the  35  foot 
obstacle  is  often  different  from  that  used  for  the 
majority  of  the  mission.  The  appropriate  polar 
must  include  the  drag  penalty  and  lift  benefits  due 
to  flaps  or  other  lift  augmentation  devices,  as 
well  as  landing  gear  drag.  Detailed  calculations 
require  estimating  the  effects  of  wind,  flap  setting, 
altitude,  temperature,  desired  climbout  rate,  and 
lift-off  gross  weight.  Preliminary  mission  studies 
use  a  nominal  drag  polar  penalty  and  account  for 
the  temperature  and  altitude  effects  on  engine 
performance,  computed  as  changes  from  standard  day 
(unless  the  engine  is  "flat  rated"  to  the  desired 
temperature  in  which  case  the  throttle  is  advanced 
until  standard  day  thrust  is  produced). 

The  weight  of  fuel  consumed  during  takeoff  is 
computed,  knowing  the  takeoff  power  setting,  TSKC, 
and  the  time  duration. 


c)  Thrust  Available  and  Required 


For  an  airplane  in  level  unaccelerated  flight, 
the  net  thrust  (F^)  must  equal  drag  (U)  and  the 
lift  must  equal  weight  (W) .  The  lift  and  drag 
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coefficient  equations  can  be  rewritten  for  this 
flight  condition  as 
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where  6  is  here  defined  as  the  local  freestream 
static  pressure  divided  by  the  standard  reference 
pressure  (Pg-j-j)  =  1.013X(10"0  N/nr^  or  2116  Ibf/ft'). 

The  equations  describing  the  off  design  per¬ 
formance  of  various  engines  were  developed  in 
Chapter  8.  It  was  shown  (see  summary  of  equations 
in  Section  8.1.1,  for  example)  that  F/6  is  independ¬ 
ent  of  altitude  if  the  ambient  temperature,  flight 
speed,  and  the  engine  setting  (turbine  inlet  tempera¬ 
ture)  remain  constant.  F/a  is  hence  a  convenient 
thrust  parameter,  and  the  ratio  W/5  is  used  for 
consistency. 

The  above  equations  are  applied  to  performance 
computations  as  follows.  The  value  of  at  a 
given  W/ 6  and  Mach  number  is  computed  from  equation 
9.1.16,  The  and  Mach  number  are  used  to  find  the 

appropriate  from  the  drag  polar  which  is  then 

substituted  into  equation  9.1.17  to  establish  the 
required  net  thrust. 

Selecting  a  range  of  Mach  numbers  for  a  given 
W/f*.  results  in  a  series  of  points  defining  a  curve 
which  may  be  plotted  on  axes  of  FN/'f'  and  Mach 
number.  By  selecting  several  values  of  W/-'',  a 
family  of  curves  may  be  obtained  as  in  Figure 
9. 1.3-5.  These  curves  define  the  T/^  which  must  be 
provided  by  the  engines  to  sustain  level  unacccler- 
ated  flight.  Typical  net  thrust/6  available  curves 
from  jet  engines  are  superimposed  on  Figure  9, 1.3-5. 
rhe  intersections  show  the  maximum  Mach  number  that 
can  he  maintained  in  level  flight  for  each  weight  and 
a  1 1  i  t  tide  . 

For  well  designed  high  speed  aircraft,  the 
deiTease  in  dvnamic  pressure  with  altitude  increases 
more  t  lian  compi'nsates  for  the  increase  in  drag  coef¬ 
ficient  with  Mach  number;  restjlling  in  less  drag  at 
altitude  transonic  and  supersonic  speeds  than  for 

high  subsonic  speeds  flown  at  sea  level. 

At  Mach  numbers  below  the  intersections  on 
Figure  9. 1.3-5  the  available  net  thrust  exceeds 
that  required  for  level  unaceeleratcd  flight  and 
either  the  throttle  setting  must  be  reduced  or  the 


Figure  9. 1.3-5.  Thrust  Required  and  Available  for  Level 
Unaccelerated  Flight 


Figure  9. 1.3-6.  Freebody  Diagram  of  Airplane  With  Acceleration 
and  Climb 


excess  thrust  will  result  in  acceleration  and/or 
c 1 imb . 

d)  Climb,  Acceleration  and  Descent 

If  excess  thrust  is  available,  it  can  be  used 
for  climb  and/or  acceleration.  Newton's  laws  of 
motion  can  be  applied  to  this  situation  with  the 
aid  of  Figure  9. 1.3-6. 

The  gravitational  force  is  resolved  into 
components  perpendicular  and  parallel  to  the  flight 
path-  The  inclination  of  the  flight  path  to  the 
horizontal  is  t  and  the  thrust  vector  is  at  an 
angle  to  the  flight  path.  The  following  analysis 
presumes  that  'j  is  small  enough  (  15®)  to  assume 
that  T'sini™  ==  0  and  T*cosa.j.  =  T.  The  small  angle 
assumption  Is  adequate  for  the  majority  of  missions. 
(In  configurations  using  vectored  thrust  or  at  high 
angle  of  attack  these  contributions  must  be 
included. ) 

Resolving  the  forces  along  the  flight  path 
yields 
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Perpendicular  to  the  flight  path,  the  sum  of 
the  forces  is  equal  to  the  centripetal  force  neces¬ 
sary  to  change  the  flight  path  angle  at  a  rate 
d<f/dt 

L-W  cos.^  =  -  ii-  9.1.19 

R  dt 

In  a  climb  d^/dl  is  essentially  zero  .ind  thus 

L  =  W  COS'*  9.1.20 

This  equation  shows  that  in  a  climb,  tlie  lift 
will  be  less  than  the  weight  (and  thus  the  level 
flight  lift)  by  the  factor  cosf;  the  balance  of  the 
weight  is  supported  by  a  thrust  vector  component. 
This  means  that  at  a  particular  speed,  the  induced 
drag  will  be  Ics.s  than  at  the  same  .speed  in  level 
flight.  The  reduction  in  lift  (and  tliereforc  drag) 
will  be  greater  for  larger  climb  .ingles.  For 
transport  .lirplanes,  under  most  conditions,  tlic 
climb  angles  are  small  so  lliat  cosi  is  very  close 
to  unity.  Thus,  t  lie  litl  .ind  drag  during  climb  arc 
practicallv  identical  t<i  tliose  existing  under  level 
flight  conditions,  and  the  levi*l  flight  drag  polar 
data  for  the  airplane  i  an  be  used.  It  is  consistent 
for  this  approximation  to  use 


For  fighter  type  .lircr.ifl  missions  with  segments 
calling  for  climb  angles  greater  tlnin  15",  the 
effect  of  climb  angle  on  weight  and  hence  drag  must 


be  considered.  Occasionally,  fighter  and  aerobatic 
type  aircraft  missions  will  include  segments  where 
d$ydt  is  large  and  equation  9.1.19  must  be  used 
without  simplification. 

Equation  9.1.18  can  be  rewritten  as 

sin-f  =  1  I  -  -  9.1.21 

W  g  dt  W  8  dt 


climb  gradient  »  tan'P  =  sin-j  =  —  ^.1.27 


Substituting  equation  9.1.2S  into  equation 
9.1.27,  and  noting  that 


D 


The  rate  of  climb,  dh/dt,  is  equal  to  the 
vertical  component  of  the  flight  velocity. 


dh  ,,  .  . 

dT  " 


results  in  the  climb  gradient  for  unaccelerated 
rl  imb. 


f 

T  D 


'V=CONST  W  C. 


^  ^  (T-D)V  _  V  ^ 
dt  W  g  dt 


.Substituting  equation  9.1. 24  into  equation 
9.1.27  results  in  the  climb  gradient  for  accel¬ 
erated  climb. 


and  noting  that 


dV  dh  r  , , 

-rr  -T—i  It  follows 
dh  dt 


The  right  side  of  the  equation  is  the  excess 
thrust  times  velocity  (excess  power)  divided  by  the 
weight  and  is  defined  as  the  specific  excess  power. 


The  dimensionless  term 


‘  specif 

V  av 

T  -rr*  • 


s  an  acceleration 


factor.  When  a  climb  is  executed  at  a  constant 
true  airspeed  the  acceleration  factor  is  zero  and 
equation  9.1.24  becomes: 

(T-D)V 

Rate  of  unaccelerated  climb  - r; — 

W 


f;  dh 

Climb  gradients  are  often  expressed  in  percent. 
For  level  accelerated  flight  the  equation  of 
motion  becomes 


T-D  =  -  a 
g 


The  specific  excess  power  is  one  of  Che  cri¬ 
teria  by  which  fighter  aircraft  are  evaluated  and 
mi.ssion  constraints  usually  specify  a  minimum 
level.  Commercial  transport  analysis  on  the  other 
hand,  follow.s  a  rule  of  thumb  that  if  the  candidate 
airplane  can  climb  at  greater  than  1500  feet/mlnuCe 
(average),  the  engines  are  oversized  and  the  config¬ 
uration  is  likely  to  have  excessively  high  direct 
operating  costs- 

For  slow  acceleration  rates  the  rate  of  climb 
can  be  obtained  in  terms  of  Mach  number  by  rewriting 
equation  9.1.24  as 


where  is  the  speed  of  sound  at  standard  condition, 
and  0  =  T/To,  the  ratio  of  temperature  to  standard 
temperature. 

Maximum  rate  of  climb  for  a  given  weight  and 
altitude  will  occur  at  the  speed  where  multi¬ 
plied  by  the  Mach  number  is  greatest.  This  will  be 
at  a  speed  slightly  higher  than  that  for  (X.lP)  T 

A  max 

true  airspeed  at  the  maxlmum-rate-of-c 1 imb  increases 
with  nltittide;  therefore,  the  airplane  must  acceler¬ 
ate  along  the  flight  path  to  maintain  the  maximum 
rate  of  climb.  If  the  thrust  rating  cannot  be 
increased,  the  rate  of  climb  will  be  reduced  to 
account  for  this  lack  of  acceleration,  ns  seen  from 
equat ion  9.1.26. 

Figure  9. 1.3-6  shows  that  (he  sine  of  the 
climb  angle  is  equal  to  rate  of  climb  divided  by 
the  climb  velocity,  V.  The  climb  gradient  is 
defined  as  the  tangent  of  the  climb  angle.  For 
small  angles,  the  sine  of  an  angle  is  approximately 
equal  to  the  tangent  of  the  angle;  therefore. 


where  —  is  the  acceleration  gradient  for  level 
flight. 

Equations  9.1.28,  9.1.29  and  9.1.31  show  that 
the  quantity 


T  _D 
w- 

can  be  used  to  measure  climb  or  acceleration 
performance. 

In  practice  the  climb  gradients  for  commercial 
transports  are  specified  by  rules  (ex.  SR-422  and 
FAR  part  25)  which  state  percentages  of  1 1  imb 
gradients  required  for  2,  3  or  4  engine  transports 
during  climb,  approach  (descent)  and  landing. 

If  the  horizontal  velocity,  V^,  is  plotted 
against  the  vertical  velocity,  Vy,  a  hodograph  plot 


Figure  9. 1.3-7.  Oimb  Hodograph  Showing  Locations  of  Maximum 
Climb  Angle  and  Rate 


results.  The  radius  vector  from  the  origin  to  any 
point  on  the  curve  is  proportional  to  the  flight 
patu  speed  and  the  angle  from  the  horizontal  is 
equal  to  the  climb  angle,  4).  Figure  9. 1.3-7 
shows  a  hodograph  typical  of  full  power  performance 
where  the  distinction  between  maximum  climb  angle 
maximum  rate  of  climb  are  delineated. 
Figure  9. 1.3-8  (which  is  not  a  hodcgraph)  displays 
the  speed  for  best  climb  angle  and  speed  for  best 
rate  of  climb. 

Altitude  affects  both  the  velocity  and  the 
maximum  rate  of  climb  as  illustrated  on  Figure 
9. 1.3-9.  (The  assumption  of  constant  weight  is 
appropriate  for  long  range  subsonic  transports 


Figure  9. 1.3-8.  Speed  for  Maximum  Rate  of  Climb  ar)d  Speed 
for  Maximum  Climb  Angle 


Figure  9. 1.3-9.  Altitude  Effects  on  Climb 


INITIAL  CRUISE  MACH 
NUMBER  ANO  ALTITUDE 


Figure  9. 1.3- 10.  True  Airspeed  Versus  Altitude  for  Climb 


which  bum  only  about  3%  of  their  total  fuel  during 
climb.)  Figure  9.1.3-10  depicts  the  true  airspeed 
variation  with  altitude  necessary  to  fly  at  either 
constant  Indicated  airspeed  or  at  the  speed  for 
maximum  rate  of  climb.  Above  36089  feet  jet  air¬ 
craft  obtain  the  maximum  rate  of  climb  at  a  constant 
true  airspeed  and  hence  constant  Mach  number. 

The  T/A  available  for  climb  decreases  with 
increasing  temperature.  On  a  hot  day  Che  rate  of 
climb  decreases  and  the  time  to  climb,  range  and 
fuel  flow  increase. 

Excess  power  decreases  as  altitude  increases. 
The  altitudes  at  which  the  unaccelerated  rates  of 
climb  are  100  ft/min  and  zero  are  referred  to  as 
the  service  ceiling  and  absolute  ceiling, 
respect i vely . 

The  time  required  to  climb  to  desired  altitude, 
hj ,  is 

f’ 

"  3  ^dT  9.1.33 

o 


where  dh/dt  is  a  function  of  h  as  shown  in  Figure 
9. 1.3-9-  Computer  programs  conveniently  obtain  the 
time  as  a  summation  of  small  increments  using  the 
average  rate  of  climb  within  the  increment. 


^2  '  1  (dh/dc) 


average 


9.1.34 


For  precise  computations  care  must  be  taken  to 
distinguish  between  pressure  altitude  and  actual 
altitude  on  non-standard  days. 

The  range  during  climb  is  the  summation  of  the 
incremental  values  of  Vcos(J>  multiplied  by  time. 

During  the  climb  segment  of  a  mission  the 
engine  is  sized  to  produce  or  exceed  the  desired 
rate  of  climb  at  the  engine  power  setting  provided 
for  climb. 

An  example  mission  analysis  computer  approxi¬ 
mation  for  climb  is  shown  in  Figure  9.1.3-11. 

Thrust,  fuel  flow,  and  drag  are  determined  at  the 
midpoint  of  each  increment  (i)  and  applied  over  the 
increment  to  approximate  time,  fuel  weight  (WF)  and 
range  (R).  Five  to  ten  increments  usually  provide 
sufficient  accuracy. 

Dercent  calculation  is  identical  to  climb 
except  the  power  required  is  less  than  the  power 
required  for  level  unaccelerated  flight.  To  avoid 
acceleration  during  descent  low  power  settings  are 
used  and  the  drag  polar  is  often  changed  to  repre¬ 
sent  the  increase  in  drag  and  decrease  in  lift  made 
possible  from  spoilers  or  dive  brakes.  If  the 
descent  angle  is  less  than  15®,  the  rate  of  sink  is 
approximated  as 

rate  of  sink  ® 

V 

--  (T  -  —  -  ■  •  ■  )  9  13^ 

W  ^  average  2cosa^ 

For  commercial  aircraft  the  descent  rate  is 
specified  for  air  traffic  control  convenience.  In 
general,  descent  analysis  can  be  computed  using  the 
technique  of  Figure  9.1.3-11,  but  with  the  altitude 
and  Mach  number  path  calculated  in  descending 
order.  Because  the  power  setting  roust  be  very  low, 
in  cases  where  descent  is  either  a  small  portion  of 
the  total  range  or  the  descent  is  flown  in  a  spiral, 
preliminary  mission  analysis  often  credits  zero 
range  and  zero  fuel  expenditure  to  the  descent 
segment . 
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•  Oescer^t  is  calculated  «Mth  the  same  procedure  escept  that  the  altitudr  and  math 
number  variation  are  decreasing. 


Figure  9. 1.3- 1 1.  Method  of  Climb  (and  Descent)  Fuel.  Range,  and  Time  Calculation 


Deceleration  at  constant  altitude  can  be 
represented  with  a  descent  segment.  This  can  be 
done  by  specifying  a  minimal  descent  of  say  one 
foot  per  increment.  IVhen  using  an  incremental 
technique  for  any  segment  it  is  safest  to  require 
monotonic  increases  or  decreases  in  alt iCude/Mach 
number  to  prevent  division  by  zero. 

Figure  9.1.3-12  illustrates  the  use  of  incre¬ 
ments  to  calculate  the  time,  range,  and  fuel  con¬ 
sumed  during  acceleration  in  level  flight.  To 
accurately  estimate  acceleration  small  increments 
of  Mach  number  (0.05  to  0.10)  should  be  used.  In 
the  transonic  region  where  the  aircraft  drag  changes 
rapidly  very  small  increments  should  be  used. 

An  acceleration  segment  can  be  used  at  any 
point  in  the  mission  to  meet  constraints  which  may 
size  the  engine  or  airframe  but  are  not  necessarily 
a  part  of  the  design  mission.  If  the  aircraft,  as 
defined  when  it  enters  the  acceleration  constraint 
segment,  is  incapable  of  fulfilling  the  constraint, 
the  program  will  automatically  resize  the  engine 
and  initiate  computation  from  the  original  mission 
start  condition,  ii/hen  the  constraint  is  satisfied 
the  analysis  proceeds  with  the  aircraft  in  a  new 
configuration.  Because  the  design  mission  does  not 
include  the  requirement  that  the  aircraft  actually 
fly  this  segment,  but  rather  only  be  capable  of 
flying  it  if  the  need  arises,  the  total  mission  is 
credited  with  zero  distance  and  zero  time  for  the 
constraint  mission.  (U  is  assumed  that  .sliould  the 
constraint  segment  actually  be  flown  by  the  aircraft 


the  aircraft  will  not  proceed  .along  the  design 
mission  because  of  fuel  constraint.)  For  example, 
an  airplane  may  be  required  to  accelerate  to  a  higli 
Mach  number  if  an  intercept  is  necessary.  If  the 
design  mis.sion  for  the  aircraft  is  to  penetrate 
enemy  territory  without  making  an  intercept,  the 
intercept  capability  may  be  the  most  stringent 
engine  sizing  criteria.  To  insure  that  the  inter¬ 
cept  could  be  made,  if  necessary,  an  acceleration 
to  the  high  Mach  number,  intercept  and  return  to 
base  must  be  verified,  but  will  not  contribute  to 
flying  the  full  mission  requirement. 


e)  Cruise 

The  fuel  consumption  is  usually  stipulated  in 
terms  of  fuel  flow  per  unit  thrust,  commonly  called 
specific  fuel  consumption,  SFC.  The  SFC  of  an 
engine  at  constant  flight  Mach  number  decrease.s 
with  altitude  up  to  a  particular  altitude  (usually 
between  30,000  and  40,000  feet  depending  on  design) 
and  then  begins  to  increase  with  altitude.  The 
best  cruise  condition  produces  the  most  range  for 
the  least  fuel  consumption.  Over  a  small  increment 
of  range,  AR,  an  airplane  consumes  /^W  pounds  of 
fuel.  The  mileage  per  pound  of  fuel,  S,  is 


(Note  AW  is  negative.)  In  the  limit  as  the  incre¬ 
ment  becomes  small 
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Figure  9. 1.3- 12,  Method  of  Accleration  Fuel,  Range  and  Time  Calculation 
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where  the  quantity  W  •  S  is  referred  to  as  the 
range  factor. 

If  the  range  factor  for  any  increment  of  a 
cruise  segment  can  be  considered  constant,  equation 
9.1.37  can  be  integrated  and  evaluated  between  the 
initial  weight,  Wj ,  and  the  final  weight,  VI2  ♦ 
yielding 


R  =  W  •  S  •  In  rr 
“2 


By  noting  that 


miles  _  miles  ^  hours 
lb.  hour  lb. 


the  range  factor  can  be  revrritten  in  the  more 
useful,  form 

w  •  s  =  W  •  V  •  9.1. 


For  level  unaccelerated  flight:  the  net 
thrust  is  equal  to  the  total  airplane  drag  and  the 
thrust  term,  T,  in  equation  (9.1.39)  may  be  replaced 
by  the  drag,  D;  the  numerator  may  be  multiplied  by 
L,  the  airplane  lift,  and  the  denominator  by  W,  the 
airplane  weight,  since  the  lift  and  weight  are 
equal  in  this  flight  condition.  Thus,  an  alternate 
form  for  the  range  factor  is  obtained: 

„.S  .  w  .  ^  .  t  .  1  .  JL  .  L  ^  JL  . 

^  SFC  D  W  SFC  D  SFC 


Substituting  9.1.40  into  9.1.38  produces  the 
Breguet  range  equation 


If  the  SFC  is  nearly  constant,  then  the  air¬ 
plane  will  achieve  the  greatest  level  unaccelerated 
range  if  V«L/D  (or  M*L/D)  is  maximized. 

Figure  9.1.3-13  shows  a  versus  polar  on 
which  lines  have  been  drawn  from  the  origin  tangent 
to  the  polars  at  various  Mach  numbers.  The  points 
of  tangency  define  the  maximum  L/D  for  that  Mach 
number.  By  plotting  the  identified  M«(L/D)  vs. 


Mach  number  (Figure  9.1.3-13),  the  Mach  number 
producing  the  maximum  M‘(L/D)  can  be  found.  The 
maximum  M*(L/D)  will  oeeur  at  a  slightly  higfier 
Mach  number  than  that  associated  witii  the  yiigJu^sl 
possible  L/D.  For  subsonic  cruise,  it  is  found 
that  maximum  range  occurs  at  conditions  where 
compressibility  phenomena  arc  important;  that  is, 
where  the  airplane  experiences  transonic  drag  rise. 

The  airspeed  for  optimum  range  occurs  at  the 
airspeed  corresponding  to  maximum  Because 

maximum  T/6  is  indepedent  of  altitude  (at  higli 
altitude  and  fixed  engine  setting),  the  range 
factor  will  remain  constant  if  flight  Mac[i  number 
and  W/6  are  held  constant.  As  the  weight  is  reduced 
by  fuel  bumoff  the  altitude  must  increase  to  keep 
W/6  constant.  Thus  to  maximize  range,  as  tlie 
weight  decreases  due  to  fuel  consumption  the  alti¬ 
tude  must  increase  to  maintain  a  constant  value  of 
VJ/5.  Air  traffic  control  requirements  prevent 
gradual  change  of  altitude  (except  on  some  very  low 
density  routes),  so  in  practice  the  desired  gradual 
altitude  increase  is  approximated  by  changing 
altitude  in  discrete  climbing  steps.  This  non- 
optimal  procedure  can  cause  a  fuel  consumption 
penalty  on  the  order  of  VA  in  total  fuel  consumption 
for  a  long-range  subsonic  jet  transport. 

Examination  of  equation  9.1.41  shows  that 
supersonic  cruise  airplanes  can  be  designed  for 
long-range  operation  because  the  high  velocity  can 
offset  high  SFC  and  drag. 

Figure  9.1.3-14  illustrates  methods  of  repre¬ 
senting  Che  cruise  segment  for  computer  mission 
analysis. 

If  the  range  is  specified  the  calculations 
give  time  and  fuel  consumption.  Alternatively,  if 
fuel  burned  is  specified,  the  corresponding  cruise 
distance  and  time  can  be  computed. 

f)  Endurance  or  Loiter 

Maximum  endurance  implies  staving  in  tlie  air 
for  the  maximum  amount  of  time  using  the  specified 
amount  of  fuel.  Maximum  endurance  ocetirs  at  the 
flight  conditions  corresponding  to  the  best  Cj 
(i.e.,  the  tangent  to  the  drag  polar  which  passes 
through  the  origin).  Maximum  endurance  is  \ised  for 
hold  or  loiter  (for  example,  surveillance).  The 
endurance  portion  of  a  mission  is  not  considered  to 
contribute  to  the  total  mission  range. 

g)  Combat 

A  combat  segment  is  often  pictured  as  consist¬ 
ing  of  a  series  of  turning  maneuvers.  The  assumed 
battle  scenario  leads  to  a  specification  of  combat 
Mach  number,  altitude,  power  setting,  and  time 


Figure  9. 1. 3- 13.  Determination  of  Maximum  Mi L  /D) 
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>  Mach  givao.  optimise  alt  for  max  RF  at  midp<Mnt  cor>ditions  and 
apply  over  R,  using  breguet  range  eq  of  med^od  (1) 


Ait  and  mach  given  arid  OKtstant  for  start  of  each  increment  and  applied 
over  that  increment.  A  breguet  climbing  cruise  calc  O )  i$  used  for  each 
increment.  This  closely  af^oximates  a  corwtant  alt  cruise  if  N  ^15. 


Figure  9. 1.3~  14.  Cruise  Methods 


duration.  No  range  credit  is  taken.  The  mission 
analysis  computes  the  fuel  consumed  over  the  time 
duration  taking  into  account  changes  in  weight. 
Since  the  power  setting  is  specified,  the  fuel 
consumption  can  be  calculated  directly  for  the  time 
of  combat.  The  engine  may  be  sized  by  the  combat 
condition  if  a  specific  excess  power,  Pg,  is 
specified. 

h)  Refuel  or  Munitions  Drop 

Refueling,  weapon  expenditures  and  fuel  tank 
release  are  treated  as  weight  changes  which  some¬ 
times  affect  the  airplane  drag  polar. 

1)  Landing 

The  problem  of  determining  landing  performance 
Is  in  most  respects  similar  to  the  takeoff  calcula¬ 
tion,  varying  only  in  the  treatment  of  the  approach 
and  flare  and  in  the  consideration  of  auxiliary 
stopping  devices  such  as  the  speed  brakes  or  in¬ 
flight  thrust  reversers.  Detailed  analysis  and 


derivation  of  equations  are  omitted  because  of  the 
similarity  of  the  calculation  procedure  for  the 
landing  segment  to  the  procedure  for  the  takeoff 
segment  already  discussed. 

j)  Reserves 

Reserves  are  simply  treated  as  an  additional 
increment  of  takeoff  gross  weight  or  as  a  fraction 
of  the  full  fuel  load  which  is  not  expendable  in 
the  normal  mission  analysis. 

9.1.4  Engine  Performanie  Representation 

Engine  performance  Is  usually  specified  in 
terms  of  thrust,  fuel  consumption  and  airflow  rate. 
Each  of  these  variables  may  be  used  in  a  variety  of 
corrected  forms  (Table  9. 1.4-1).  (>2  ^2 

compressor  fare  total  pressure  and  temperature 
divided  by  reference  values  (2116  Ibs/ft^  and  519. 7°R, 
re.spect  Ive  ly) ;  while  ^amb  ^nd  9amb  ^re  ambient 
st.'ir  Ic  pressure  and  temperature  at  altitude,  divided 
by  the  reference  sea  level  standard  values. 


Table  9. 1.4- 1.  Variables  Used  for  Engine  Performance 
Representation 

THRUST  ''n  pN^2|'  '"n  ^amb  ’'"n  ^ 

FUELfLOWRATE  '^F  ,  Wp  K,'^ 

AIR  FLOW  RATE  "o  '  '^0\  '^amb  ^amb 


Of  these  choices  the  quantities  boxed  in  the  table 
give  the  most  nearly  linear  relationship  with  Mach 
number  and  altitude.  Thus  their  use  is  desirable 
because  it  allows  more  accurate  interpolation  or 
extrapolation  between  specified  conditions. 

The  calculation  of  engine  performance  at 
representative  flight  conditions  independent  of  the 
mission,  is  shown  schematically  in  Figure  9. 1.4-1. 
At  each  of  the  selected  flight  conditions,  a  com¬ 
plete  power  line  is  obtained  for  an  engine  with  a 
reference  design  airflow  size.  For  this  engine  the 
corrected  fuel  and  airflow  can  then  be  computed  for 
any  desired  corrected  thrust.  Using 
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tlie  required  engine  airflow  size  can  be  scaled  from 
the  reference  airflow  value  so  that  the  required 
thrust  at  the  most  demanding  flight  condition 
equals  the  maximum  thrust  available.  At  this  new 
airflow  size,  the  power  lines  of  all  other  flight 
conditions  can  be  scaled  by  the  same  amount,  and 
the  part  power  fuel  flow  rate  necessary  to  produce 
the  required  thrust  at  any  flight  condition  can  be 
calculated. 

Linear  interpolation  is  used  whenever  the 
flight  condition  being  evaluated  falls  between  two 
or  four  given  points.  For  example,  assume  the 
increment  of  a  mission  segment  being  considered  Is 
at  conditions  represented  by  the  point  "g’*  on  the 
Mach  number  and  altitude  map  shown  in  Figure  9.1.4- 
1  .  The  type  of  mission  segment  being  flown  com¬ 
bined  with  the  airplane  drag  polar  determine  the 
required  net  thrust  for  the  flight  condition.  The 
fuel  flow  at  '*g'*  is  found  from  interpolating  the 
fuel  flow  required  to  produce  the  same  thrust  at 
points  "e"  and  "f"  where  the  altitude  is  different 
from  "g”  and  the  Mach  number  is  the  same.  Similarly 
performance  at  points  "e”  and  *‘f*'  are  obtained  from 


fuel  flow  rate  at  the  required  thrust  interpolated 
between  given  power  lines  at  flight  conditions  "a" 
and  "b",  and  *'c"  and  ”d",  respectively. 

9.1.^  Propulsion  System  Installation 

Engine/airplane  matching  requires  an  accurate 
evaluation  of  the  interactions  between  the  propul¬ 
sion  system  and  the  airframe.  The  evaluation  is 
traditionally  broken  into  inlet  effects  (Chapters 
13  &  26)  and  nozzle/aftbodv  effects  (Chapters  14 
&  26). 

Depending  upon  the  accuracy  desired  from  the 
mission  analysis,  different  techniques  are  used  to 
evaluate  the  installation  effects.  For  conceptual 
and  preliminary  design  evaluations,  estimates  are 
usually  based  on  past  experience  and  limited 
computat ions . 

As  the  complexity  of  the  analysis  and  the  need 
for  accuracy  increase,  wind  tunnel  tests  may  be 
required.  Typically,  a  complete  airplane  model  is 
tested  and  the  drag  information  is  used  as  a  baseline 
or  reference  value.  The  inlet  (and  forward  portion 
of  the  aircraft,  if  necessary)  is  then  tested  in 
detail  and  changes  in  drag  which  result  from  changes 
in  configuration  or  engine  power  setting  are  tabu¬ 
lated  as  drag  increments  relative  to  the  reference 
configuration.  Similarly,  detailed  models  of  the 
aftbody  (usually  from  the  maximum  diameter  aft)  are 
used  to  evaluate  incremental  changes  in  thrust 
minus  drag  due  to  change  in  configuration  or  power 
setting. 

Although  much  of  this  chapter  discusses  com¬ 
puter  simulations,  the  importance  of  experimental 
evaluation  of  the  interaction  effects  on  engine/ 
airplane  matching  process  cannot  be  overemphasized. 
Wind  tunnel  and/or  scale  model  remotely  piloted 
free  flight  testing  is  a  very  expensive  portion  of 
Che  aircraft  system  development  process.  Useful 
results  depend  on  comprehensive  planning  and  careful 
and  accurate  execution  of  tests.  As  the  engine/ 
airplane  matching  process  continues  toward  the 
identification  of  optimum  aircraft,  the  validity  of 
the  estimation  of  the  interaction  effects  must  be 
constantly  reevaluated  and  updated. 

9.1.6  Results  of  Mission  Analysis 

The  mission  analysis  requirements,  discussed 
in  the  preceding  sections,  form  the  starting  point 
for  a  computer  program  with  the  logic  shown  in 
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Figure  9. 1,4- 1.  Engine  Performance  Representation 
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Figure  9. 1. 6-  f.  Mission  Analysis  Process 


Figure  9. 1.6-1.  As  indicated,  the  Iterative  process 
uses  the  specified  drag  polar,  engine  cycle,  and 
scaling  rules  to  define  an  engine/airplane  natch 
which  satisfies  the  mission.  This  integrated 
engine/airplane  system  represents  the  combination 
which  simultaneously  meets  the  conditions  of  appro¬ 
priate  engine  airflow  slae  and  airplane  gross 
takeoff  weight  or  maxiroum  range  (or  endurance). 

The  engine  is  sized  by  the  airflow  required  to 
produce  the  net  thrust  for  the  most  demanding  point 
of  the  mission  in  the  following  way.  The  engine 
performance  relates  the  thrust  per  unit  (or  refer¬ 
ence)  airflow  size  for  each  Mach,  altitude,  and 
temperature  used  in  the  mission.  The  inlet  and 
nozzle  losses  and  the  installation-interaction 
effects  account  for  the  difference  between  Installed 
and  uninstalled  thrust.  The  maximum  thrust  avail¬ 
able  from  an  engine  varies  with  the  flight  segment. 
The  highest  power  setting  is  usually  takeoff  power, 
which  can  be  used  for  2  to  5  minutes.  Slightly 
lower  power  settings  are  allowed  for  continuous 
operation  and  a  continuum  of  part  power  settings 
exist  down  to  an  Idle  setting  usually  determined  by 
minimum  air  flow,  fuel  flow,  or  engine  PRM  acceler¬ 
ation  requirements.  Thus,  when  combined  with  the 
scaling  rules,  the  net  thrust  required  at  the  most 
demanding  condition  in  the  mi.ssion  defines  the 
required  airflow  size  which,  in  turn,  fixes  the 
engine  weight,  dimensions,  and  full  power  fuel 
consuiRpt Ion .  With  the  engine  size  fixed  to  meet 


this  condition,  all  other  point.s  in  the  mission  are 
calculated  with  the  engine  operating  at  part  power. 
The  fuel  consumption  is  determined  from  the  specific 
fuel  consumption  at  the  appropriate  part  power 
setting.  When  afterburning  or  variable  cycle 
engines  are  used  the  iterative  process  must  account 
for  the  complexity  of  additional  parameters  in  the 
thrust-fuel-flow  relationship. 

The  computation  of  airplane  takeoff  gross 
weight  results  from  a  fixed  range  mission  analysis. 
Simulation  of  a  specified  mission  with  a  given 
engine  cycle  and  size  requires  a  specific  fuel 
quantity  for  a  given  airplane  size.  Since  the 
weight  of  the  airplane  is  the  sum  of  all  the  compo¬ 
nent  weights,  payload,  and  fuel,  there  exists  a 
unique  size  of  scaled  candidate  airframe  which  will 
carry  enough  fuel  to  be  able  to  fly  the  required 
mission  range. 

As  the  airplane  size  changes  so  doos  the  lift 
and  drag,  which  implies  a  changing  reference  area 
(if  polars  are  similar).  The  change  in  drag 
results  in  a  cljange  in  thrust  that  must  be  supplied 
and  hence  a  different  engine  size  and  fuel  consump¬ 
tion.  The  change  in  fuel  consumption  requires  a 
change  in  airframe  size  and  the  iterative  loop 
required  to  find  the  unique  size  of  the  candidate 
engine  and  airplane  continues  until  a  match  is 
found  to  the  desired  degree  of  accuracy. 
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If  the  final  airplane  is  substantially  differ¬ 
ent  in  size  from  the  first  guess  the  scaling  laws 
sViould  be  reexamined.  The  installation  of  the 
engine  should  be  reexamined  to  see  that  the  engine 
size  has  not  so  altered  the  airframe  as  to  ciiange 
the  drag  polar.  Finally,  the  interaction  effects 
must  be  i*c*examined  . 

(>ncc  the  appropriate  airplane  weight  and 
t-ngine  size  have  been  established  the  characteris¬ 
tics  of  the  fixed  configuration  can  be  evaluated  on 
alternative  (off-design)  missions.  These  missions 
typically  leave  the  distance  or  time  of  one  leg 
unspecifit'd  and  the  range  or  endurance  of  the  fixed 
aircraft  is  computed  for  the  alternate  operating 
conditions.  Off-design  missions  can  also  be  used 
to  evaluate  configuration  changes,  such  as  external 
munitions,  in  which  case  the  drag  polar  should  be 
a  1  tered . 

The  end  result  of  a  design  mission  analysis  is 
the  airplane  weight  and  engine  size.  Off-design 
computation  provides  additional  information  about 
range,  endurance,  dash  capability,  etc.  These 
results  can  be  used  to  reevaluate  the  inputs  but 
tlie  final  result  is  one  engine  and  airplane  combina¬ 
tion  which  can  fly  tlic  specified  mission.  The 
analysis  indicates  nothing  of  the  quality  of  the 
choice  of  engine  cycle  and  airframe  geometry. 
Optimizing  the  choice  of  cycle  and  airplane 
parameters  is  the  principal  task  of  the  preliminary 
design  process  which  is  discussed  in  the  next 
section.  In  preliminary  design,  mission  analysis 
is  used  repeatedly  in  order  to  identify  the  region 
of  optimum  cycle  and  geometry  characteristics. 
Following  the  identification  of  tliese  characteris¬ 
tics,  mission  analysis  is  again  used  during  system 
development.  In  the  latter  application,  the  output 
is  used  to  refine  thee  airplane  and  engine  character¬ 
istics  to  the  next  level  of  development  which 
carries  requirements  for  increased  accuracy. 


9.2  OPTIMIZATION  OF  ENGINE/AIRPLANE  MATCH 

9.2.1  I n t  roduc t ion 

Having  discussed  tl]e  process  o(  sizing  a 
c.iiuliclatc  engine  cvclt;  ami  "weighing'’  a  given 
airi'Iane  geometry  to  m(*or  the  requirements  of  .a 
spei  ifieci  mission,  we  arf'  now  in  a  position  t  ask 
it  this  was  a  g,ood  choice  or  if  a  ditferent  engine 
i  vc  le  and  airpi-itie  geometry  could  do  tl>e  mission 


better.  This  section  describes  a  process  for 
obtaining  the  best  engine/airplane  match  for  a 
specified  mission.  Before  the  optimum  can  be 
chosen  it  is  nece.ssary  to  decide  by  what  criteria 
"best"  can  be  defined. 


9.2.2  Figures  of  Merit 

Wl^ile  it  is  obvious  that  the  best  airplane  can 
only  be  chosen  once  a  criteria  for  its  goodness  has 
been  established,  the  commonly  used  selection 
criteria,  or  figures  of  merit,  are  not  all  that 
obvious  and  are  often  difficult  to  define  quantita¬ 
tively  during  a  preliminary  design  study. 

Airplane  selection  procedures  seldom  seek  the 
aircraft  which  flies  the  mission  best  without  anv 
regard  for  cost.  The  desired  mission  performance 
and  constraints  must  be  weighed  against  the  cost  of 
ownership.  The  total  cost  of  purchasing,  operating, 
and  maintaining  the  aircraft  during  the  entire 
period  of  ownership,  less  the  final  resale  value  is 
referred  to  as  the  life  cvcle  cost  (LCC) .  Fquallv 
obvious,  a  low  cost  system  may  lack  mission  effec¬ 
tiveness — that  is,  it  might  take  too  long  to  flv  a 
mission  (low  productivity),  or  it  may  lack  flexibil¬ 
ity  to  fly  off-design  missions.  This  has  caused 
the  Department  of  Defense  to  choose  an  optimization 
criterion  called  cost  effectiveness,  a  blend  of 
cost  and  mission  effectiveness  which  must  be  formu¬ 
lated  for  each  system,  often  using  judgemental 
factor.s.  Defense  budget  constraints  have  forced 
the  military  to  balance  the  aircraft  system  effec¬ 
tiveness  against  estimated  life  cvcle  costs.  Due 
to  the  requirement  for  "crystal  ball"  estimates 
needed  for  accurate  life  cvcle  costing,  it  is  more 
appropriate  to  say  that  life  cycle  cost  as  a  figure 
of  merit  is  a  goal  toward  which  evaluation  tech¬ 
niques  are  evolving. 

Aircraft  utilization  has  a  significant  imn.art 
on  the  cost  of  o^-mership.  A  typical  commercial 
aircraft  will  have  an  annual  utilization  of  1500 
hours  while  a  militarv  fighter  will  flv  less  than 
350  hours  per  vear.  The  research,  dovelc»pment  and 
acquisition  costs  of  a  military  aircraft  are  analo¬ 
gous  to  the  depreciation  costs  of  a  commercial 
transport.  The  high  utilization  of  the  commerriul 
airplane  d'^-emphas  i  zes  this  cost  relative  to  t'u* 
direct  operating  costs  (DOC).  Fur  this  riasoo  DOC 
is  usually  used  as  a  figure  ot  merit  in  commercial 
aircraft  and  fuel  costs  are  a  ch'minant  contributor. 
The  best  commercial  aircraft  is  therefore  the  one 
that  flies  the  desired  mission  using  the  least  fuel 
or  providing  the  most  range  (per  pa?.senger  seat 
mile)  while  simultaneously  meeting  the  noise  and 
emission  constraints  and  having  acceptable  reliabil¬ 
ity  and  maintainability. 

Even  though  or  DO('  are  inp<'rtanl  figures- 
of-merlt,  thev  do  not  easily  lend  themselves  to 
engineering  analysis.  Therefore,  engine/airplane 
systems  are  usvially  optimized  to  some  performance 
figure  of  merit  and  the  cost  optimization  is  infer¬ 
red  indirectlv.  For  example,  takeoff  gross  weight 
is  used  as  a  performance  figure  of  mftit  because  a 
smaller  airplane  sltould  cost  less  to  build  and 
operate.  This  perceived,  or  inlorrej,  minimum  cost 
is  only  valid  if  the  optimization  procedure  uses 
cons  i stent  t  echnol  ogy  1  evi'  1  s  ihrougliout  .  I' rad  i  t  ion- 
ally,  minimum  engine  takeoff  thrust-tu-ve ight  ratio 
was  assumed  to  be  measure'  ot  gcu'dness.  Keceiit 
.inalvses  have  sluiwn,  how’ever,  ih.at  in  simte  cases 
overall  system  performance  and  i ost  need  not  meet 
this  requ  i  rcTiient ,  The  high  tlirottle  ratio  engine 
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concept,  tor  example,  sacrifices  takeoff  thrust  in 
favor  of  optimizing  cycle  characteristics  in  super¬ 
sonic  cruise  as  will  be  demonstrated  by  the  example 
in  Section  9.2.8. 

The  propulsion  system  has  both  direct  and 
irdirect  impact  on  system  costs.  The  direct  cost 
is  due  to  engine  development,  procurement  and 
support  costs.  Indirect  costs  include  the  perform¬ 
ance  and  installation  characteristics  which  affect 
the  airplane  size,  takeoff  gross  vrcight  and  mission 
fuel .  The  operating  cost  benefit  of  a  better 
matched,  neper  technology  engine  must  be  weighed 
against  the  cost  of  development  for  a  new  engine. 
The  decision  to  develop  a  new  engine  or  use  an 
existing  one  for  a  new  airplane  requires  that  the 
direct  and  indirect  operating  costs  be  considered 
along  with  the  system  ef feet iveness . 

The  date  of  initial  operational  capability 
(IOC)  and  mission  requirements  define  the  level  of 
technology  and  thus  the  component  effW'iencies  and 
v/eights  available  to  r<^duce  the  cost  of  ownership 
and  improve  system  effectiveness.  Occasionallv 
engine/al rpl anc  matching  has  been  used  to  identify 
and  prioritize  advanced  technology  efforts. 

Other  figure-  of  merit  used  in  tl^*-  miti^arv 
arena  are  survivabil itv/vulnerabil  itv ,  and  opera¬ 
tionally  ready  rates.  Airplane  systems  evaluations 
often  optimize  to  a  combination  of  factors  over  the 
most  probable  mission  mix. 


any  solution  surface  by  standard  methods,  although 
the  solution  of  a  non-linear  equation  may  be 
required . 

For  any  two  independent  variables,  for  example 
compressor  pressure  ratio  (CPR)  and  bypass  ratio 
(BP"1) ,  the  performance  of  a  dependent  variable,  say 
takeoff  gross  weight  (TOGW)  can  be  determined.  Bv 
computing  TOCW  for  many  combinations  of  CPR  and  BPR 
an  equation  could  be  fitted  to  the  points  to  repre¬ 
sent  TOGW  as  a  continuous  function  of  BPR  and  CPR; 
the  equation  so  obtained  can  be  represented  as  a 
surface  (Figure  9.2. 3-1),  The  form  of  the  equation 
is  found  by  regression  techniques  using  the  computed 
points  to  obtain  coefficients  for  polynominal 
equations  representing  the  surface.  A  second  order 
equation  for  this  example  would  have  the  form 


TO(;W  =  C  +  C,  (BPR)  +  C^(CPR)  +  C.,{BPR)^  + 
o  I  2  3 


where  . C-  are  constants  to  be  determined. 


A  regression  analysis  could  be  used  to  compute 
the  coefficients  using  a  least  squares  fit  to 
the  data  points;  goodness-of-f it  statistics  are 
also  calculated  by  which  suitability  of  the  form  of 
the  regression  equation  can  be  judged . 


The  following  section  shows  a  procedure  for 
optimizing  the  engine/airplane  match  based  on 
performance  figures  of  merit  which  can  be  evaluated 
by  compute*’.  These  figures  of  merit  become  depen¬ 
dent  variables  in  the  computer  solution.  The  more 
subjective  figures  of  meric  are  not  treated  further 


9.2.3  Methods  of  Optimization 

Historically  the  selection  of  an  optimum 
engine  and  airplane  combination  was  made  on  the 
basis  ('t  experience.  Mission  analysis  was  conducted 
on  selected  engine  cycles  and  aircraft  geometries 
and  the  best  airplane  selected  as  the  combination 
that  best  satisfies  the  flgtire  of  merit.  For 
missions  that  are  similar  to  ones  already  being 
flown  it  is  possible  for  experienced  designers  to 
consider  good  candidate  conf igurat ions .  Histori¬ 
cally,  airplanes  have  been  designed  in  this  manner. 
Two  v'eaknesses  of  this  approach  are  1)  the  reliance 
on  th.e  insight  required  bv  the  designers  and  2)  tlie 
tendency  to  perpetuate  design  pli  i  I  osophies  without 
due  cons idera t ion  for  alternatives  that  new  technol- 
may  iiave  made  available. 

The  advent  of  computer  assistance  to  the 
designer  made  it  p(’ssible  to  consider  mnnv  more 
design  a  1 1  ernat  i  ves ,  and  has  cre.ited  a  new  prelimi¬ 
nary  design  approaci)  throughotit  the  aerospace 
industry.  To  provide  insight  into  the  nature  ot 
computer  optimization  the  philosophy  is  presented 
for  one  method,  currently  used  in  industry  as  an 
oper.itiona!  preliminary  design  tool. 

The  prf'redijr«'  applies  statistics  to  Independent 
('vcle  and  airfr.ane  variables  to  determine  a  minirnum 
number  of  mission  analysis  cases  that  must  he  run 
to  create  parametric  equations  for  the  solutions 
for  all  variables  and  (ams t ra f nl s  under  considera¬ 
tion.  These  equations  'an  he  considered  to  form 
multivarlnnt  surfaces  as  a  Itmction  i)t  the  indepen¬ 
dent  variables.  An  <'*pt  imum  can  then  he  obtained  on 


Once  the  stirface  is  established,  the  surface 
fit  polynomials  are  interrogated  by  non-linear 
optimization  methods  which  use  gradient  vector.s  to 
search  for  maximum  or  minimum  dependent  variable 
(TOGW)  values  within  the  specified  boundaries  of 
each  independent  variable.  Conceptual Iv  this 
amounts  to  plotting  contoiir  lines  on  the  surface  of 
Figure  9. 2. 3-1  as  shown  in  Figure  9.2. 3-2,  and 
identifying  the  extreme  vilues.  In  this  case,  the 
resulting  minimum  TOGi-/  is  referred  to  as  an  uncon- 
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Figure  9.2.3- 1.  Surface  Fit  Using  Least  Squares 


Figure  9.2  3-2.  Lines  of  Constant  Dependent  Variable 


Table  9. 2. 4- 1.  Typical  Independent  Variables 
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Figure  9.2.3-3.  Constrained  Optimum 


strained  optimum,  or  the  optimum  combination  of  RPR 
and  CPR  for  the  desired  mission.  Constraints  such 
as  minimum  specific  excess  power  (P^)  or  thrust 
margin  (TM)  can  be  superimposed  on  the  contour  maps 
after  the  unconstrained  optimum  is  obtained. 

Figure  9. 2. 3-3  shows  the  choice  of  CPR  and  BPR 
which  provide  optimum  TOGW  when  design  constraints 
Include  P<^  73  and  TM-2.8.  An  advantage  of  this 
lechnlqtie  is  that  since  the  constraints  arc  placed 
on  the  system  after  the  regression  analysis  is 
completed,  the  constraints  can  be  changed  without 
recomputat ing  the  optimization.  This  simple  example, 
drawn  from  Ref.  9. 2. 3-1,  shows  the  optimization 
process  for  two  Independent  variables.  The  actual 
optimization  program  uses  the  same  procedure,  solving 
for  the  optimum  as  a  function  of  a  larger  number 
(10-20)  of  independent  variables.  Conceptually, 
this  amounts  to  a  process  of  determining  a  quadratic 
surface  fit  and  contour  mapping  in  multi¬ 
dimensional  space.  The  solution  is  not  difficult 
on  a  large  modern  computer,  provided  the  number  of 
input  values  for  each  of  the  independent  variable 
can  be  restrieved. 


9.2.4  Dependent  and  Independent  Variables 

Independent  variables  of  most  significance  for 
engines/airplane  matching  are  shown  in  Table  9.2.4- 
1.  The  engine  variables  identified  as  secondary  in 
the  table  are  not  commonly  used  except  in  exercises 
concentrating  on  engine  size  and  weight.  Table 
9. 2. 4-2  displays  dependent  variables  commonly  used 
as  the  performance  figures  of  merit  to  be  optimized 
Tn  a  given  study,  a  surface  fit  and  contour  mapping 
is  computed  for  each  dependent  variable.  The 
contour  line  values  of  one  variable  can  be  con¬ 
strained  to  a  specific  value  and  cross  plotted. 

For  example,  the  line  of  on  Figure  9. 2. 3-3 

was  obtained  from  a  contour  map  of  P<^  as  a  function 
of  CPR  and  BPR  (Figure  9. 2. 4-1).  Bv  selecting  the 
appropriate  contour  line  on  the  P^  map  any  value  of 
Pc;  can  be  used  as  a  constraint  on*  TOGW. 


9.2,5  Minimizing  Required  Combinations  of 
Independent  Variable  Values 

The  number  of  mission  analyses  necessary  to 
define  an  equation  grows  very  rapidly  with  the 
number  of  independent  variables.  If  each  of  ten 
independent  variables  is  allowed  to  take  on  four 
values  tn  define  the  surface  shape,  a  total  of 
1,048,580  missions  would  have  to  be  calculated! 
Fortunately,  statistical  methods  can  be  used  to 
reduce  this  number  of  comb  ln«it  ions  without 
jeopardizing  the  validity  of  the  results. 
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Engine 

Fan  pressure  ratio 
Bypass  ratio 
Overall  pressure  ratio 
T4 

Turbine  nozzle  area  variation 
Throttle  ratio 
Exhaust  nozzle  area  ratio 
Number  of  spools 
Secondary  I  Number  of  stages 

variables  <  Afterburning 

Stage  loading 
Hub/tip  ratio 
Airframe 

Takeoff  gross  weight 
Thrust/weight 
Wing  loading 
Aspect  ratio 
Sweep  angle 
Wing  Thickness  ratio 
Wing  taper  ratio 
Operating  weight  increment 
Mission  radius 


CPR 


Figure  9.2.4-1.  Bounded  (Box  Limited)  Optimum 


Table  9.2.4’2.  Typical  Dependent  Variables 


Typical  dependent  variables 


Takeoff  gross  weight 

Cruise  range  factor 

Loiter  factor 

Fuel  weight 

Dash  time  required 

Rate  of  climb  or  climb  gradient 

Cruise  mach/altitude  engine  out 

performance 

Specific  excess  power 

Thrust  margin 

Takeoff  roll  distance 

Service  ceiling 

Spotting  factor  (airplane  size  for 
carrier  handlirtg) 


I 


One  such  technique  is  knovm  as  Orthagonal 
Latin  Squares  (OLS) .  OLS  is  used  to  select  the 
values  of  each  independent  variable  to  provide  a 
sparse  but  uniformly  distributed  set  of  data  points 
to  which  the  curve  fitting  routines  can  be  applied. 
Reference  9. 2. 3-1  discusses  the  theory  of  OLS  In 
some  detail.  Here,  it  is  sufficient  to  note  that 
by  applying  OLS,  the  number  of  missions  that  must 
be  analyzed  is  reduced  to  ,  inhere  N  is  the  smallest 
prime  number  (or  power  of  a  prime  number)  larger 
than  the  number  of  independent  variables  being 
considered.  For  example  when  ten  independent 
variables  are  being  analyzed,  121  (11*=^)  missions 
must  be  calculated.  Regression  methods  produce 
quadratic  equations  for  each  dependent  variable  as 
a  function  of  the  independent  variables.  For  ten 
Independent  variables  each  equation  requires  66 
coefficients.  Experience  has  shown  that  some 
dependent  variables  are  not  a  strong  function  of 
all  independent  variables  and  the  corresponding 
coefficients  may  be  Insignificant.  A  least  square 
fit  of  the  data  to  ten  independent  variables  can 
usually  be  done  adequately  with  less  than  twenty- 
five  coefficients  and  still  define  the  proper 
optimum  englne/alrplane  combination.  The  logic 
flow  for  finding  the  optimum  is  reviewed  in 
Figure  9. 2. 5-1. 


9.2.6  Boundary  Values  for  Independent  Variables 

The  comouter  optimization  technique  selects 
the  combination  of  values  for  the  Independent 
variables  which  represent  the  best  englne/alrplane 
system  combination  measured  in  terms  of  a  specified 
figure  of  merit  for  the  mission.  If  the  optimum  of 
any  independent  variable  equals  its  boundary  value, 
this  value  can  be  changed  and  the  optimization 
rerun  to  see  the  relevance  of  this  possibly  arbi¬ 


trary  constraint.  Suppose,  for  example,  fan  pres¬ 
sure  ratio  (FPR)  is  an  independent  variable  and  the 
range  of  values  selected  was  FPR  =  2. 5-^. 5.  If  the 
optimization  program  selected  a  best  configuration 
with  FPR  =  2,5,  it  is  not  possible  to  ascertain  if 
this  FPR  is  really  optimum  or  If  FPR  was  constrained 
by  the  boundary  value  initially  specified.  New 
limits  for  FPR  of  say  1.5  -  3.0  can  be  specified 
and  after  the  optimization  program  is  rerun,  the 
true  optimum  FPR  may  turn  out  to  be  2.15.  This 
feature  of  the  technique  leads  the  engineer  to  an 
optimum  even  If  he  is  not  experienced  enough  to 
guess  the  limits  for  each  variable  appropriately. 
Whenever  the  limits  are  changed,  the  mission  analy¬ 
ses  program  should  be  reexamined  to  insure  that  the 
geometry,  scaling,  and  interaction  relationships 
remain  valid. 

Thus  the  boundary  conditions  on  each  Independ¬ 
ent  variable  are  self  correcting,  but  the  designer 
does  not  know  If  he  has  selected  the  most  important 
Independent  varlab les I 


9.2.7  Reexamination  and  Validation 

The  validity  of  the  airplane  configuration 
identified  by  the  computer  optimization  must  be 
established  since  the  real  optimum  configuration 
rarely  corresponds  to  one  of  the  121  configurations 
computed  through  actual  mission  analysis,  “therefore 
the  values  of  each  of  the  independent  variables 
specified  by  the  optimum  are  used  as  input  values 
to  a  mission  analysis.  If  the  value  of  the  figure 
of  merit  for  single  mission  analyses  agrees  with 
that  obtained  from  optimization,  then  some  confi¬ 
dence  In  the  optimum  is  justified.  Because  the 
surface  (equation)  is  a  lease  squares  quadradic 
fit,  the  values  of  the  single  mission  analysis  may 
rot  be  on  the  surface,  particularly  if  the  true 


Figure  9. 2. 5- 1.  Optimuation  Logic 
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surface  is  a  higher  order  polynomial  or  is  discon¬ 
tinuous.  Fortunately*  most  configurations  analyzed 
natch  reasonably  well  near  the  optimum. 

Computer  optimization  is  a  preliminary  design 
tool  whose  main  value  is  to  quickly  obtain  an 
unbiased  estimate  of  the  "neighborhood"  in  which 
the  real  optimum  configuration  can  be  expected. 

The  solution  is  unbiased  only  to  the  extent  that 
the  engine/airplane  combinations  in  the  mission 
analysis  are  realistic.  Thus  the  mission  analysis 
should  be  reexecuted  to  assure  that  scaling, 
interactions,  and  geometries  were  appropriate,  and 
that  the  optimum  is  not  artificially  constrained  by 
the  range  of  one  or  more  independent  variable. 
Finally,  it  should  be  emphasized  that  the  optimum 
can  only  be  defined  for  one  Independent  performance 
figure  of  merit.  That  Is,  the  optimum  engine/ 
airplane  combination  can  be  found  using  either 
takeoff  gross  weight  or  specific  excess  power  as 
the  unconstrained  figure  of  merit.  Alternately,  a 
constrained  optimum  can  be  obtained  for  either 
figure  of  merit  with  the  other  constrained,  but  it 
is  not  possible  to  use  this  technique  to  find  the 
configuration  which  simultaneously  optimizes  both 
figures  of  merit. 

9.2.8  Example  Mission 

To  Illustrate  the  results  of  mission  analysis, 
engine/airplane  optimization,  and  the  Impact  of 
mission  constraints,  an  example  is  presented  for  a 
military  airplane  designed  to  perform  a  medium 
range  ground  attack  mission*.  The  design  mission 
is  shown  In  Flgtire  9. 2. 8-1  and  consists  of  1) 
takeoff  from  a  fixed  maximum  field  length,  2)  climb 
to  altitude  for  maximum  subsonic  cruise  range 
(during  the  fixed  range  siibsonic  cruise  leg  the 
aircraft  is  required  to  perform  evasive  maneuvers 
of  substantial  "g"  force),  3)  using  afterburning 
(A/B)  accelerate  and  climb  to  supersonic  cruise 
altitude  in  minimum  time,  4)  level  off  at  the 
supersonic  cruise  design  Mach  number,  cruise  Into 
hostile  territory  (with  or  without  A/B)  and  perform 
the  radius  mission,  5)  returning  from  hostile 
territory  decelerate  to  subsonic  cruise,  6)  loiter 
for  a  fixed  period  of  time  and  7)  land. 

Five  distinct  engine  cycle  concepts  were 
analyzed  to  show  how  they  affect  the  geometry  of  a 
fixed  weight  airplane  and  how  the  optimum  aircraft 
.Mmp«-irrd  (with  and  without  various  mission  con¬ 
straints).  The  mission  includes  a  relatively  long 
subsonic  leg  of  fixed  distance  but  does  not  fix 
fhfc  length  of  the  supersonic  range  (twice  the 
supersonic  radius).  Supersonic  range  was  the 


Figure  9  2.8-1.  Medium  Range  Ground  Attack  Mission 


figure  of  merit  to  be  optimized  for  a  fixed  gross 
weight  airplane.  For  each  engine  type  an  optimiza¬ 
tion  was  conducted  using  airplane  polars  and  config¬ 
urations  which  properly  accounted  for  scale  and 
installation  effects.  (If  flight  to  a  specific 
target  at  known  range  had  been  desired,  takeoff 
gross  weight  would  have  been  the  optimization 
variable . ) 

For  the  five  engine  types  under  investigation, 
the  design  bypass  ratio,  pressure  ratio,  and  cruise 
throttle  ratios  are  presented  In  Figure  9. 2.8-2;  a 
complete  study  would  include  these  as  independent 
variables.  The  technology  level,  combustor  exit 
temperature,  and  cooling  air  requirements,  for  all 
engines  were  held  constant.  The  fixed  values  shown 
In  the  figure  were  chosen  as  representative  for 
each  engine  type.  The  lapse  in  thrust  as  a  function 
of  Mach  number  for  the  chosen  engines  is  shown  in 
Figure  9. 2. 8-3.  Figure  9, 2. 8-4  shows  the  relative 
dimensions  of  the  engines  which  produce  the  same 
takeoff  thrust. 

These  five  fixed  cycles  affect  the  optimum 
geometry  of  the  airplane  designed  for  maximum 
supersonic  cruise.  For  each  independent  engine 
cycle  study,  five  airplane  variables  were  analyzed 


*Specific  numbers  are  not  shown  in  the  example, 
the  results  are  from  an  actual  mission  analysis 
and  all  characteristics  and  constraints  are 
respresentative  of  current  state-of-the-art  in 
military  airplane  design.  (Reference  9.28-1). 
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Figure  9.2. 8-2.  Selected  Engine  Cycle  Definition 
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Figure  9.2. 8~5.  Airframe  Variables 
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Figure  9. 2. 8. 6  Airplane  Optimization  Results 
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Figure  9.2.8-4.  Engine  Dimension  ar^d  Weight  Comparison  at  Figure  9  2.8-7.  Maximum  Supersonic  Radius 

Equal  Sea  Level  Static  Maximum  Thrust  (A/BI 


to  give  the  optinium  supersonic  range.  The  Indepen¬ 
dent  variables  and  their  boundary  values  are  shovm 
on  Figure  9. 2. 8-5.  As  described  in  Section  9.2,  49 
mission  analyses  (the  square  of  the  prime  number 
greater  than  the  number  of  independent  variables) 
were  run  for  each  engine.  Each  of  the  49  had  a 
different  combination  of  values  for  the  independent 
variables  as  prescribed  by  the  Latin  Square  tech¬ 
nique.  A  surface  fit  (regression  analysis)  t  lien 
provides  the  unconstrained  optimum  range  and  "con¬ 
tour  lines"  of  conf i gurat ions  producing  constant 
values  of  range.  These  results  can  he  used  to 
evaluate  the  effects  of  changing  mission  i-onstraints 
without  rerunning  the  mission  analvsis. 

Figure  9.2.H-h  shows  the  resulting  optimum 
airplane  for  each  engine  tvpe-  The  optimum  Is 
constrained  only  by  a  constant  thrust  to  weight 
ratio.  The  optima  were  not  constrained  bv  field 
length  nor  acceleration  requirements.  Notice  th.if 
each  engine  cycle  requires  a  substant ial 1 v  different 
optimum  airframe  geometry.  The  wing  loa<ling  varies 
from  115  to  135  Ibs/fl^  and  the  wing  sweep  varies 
from  34°  to  52°.  Thus  it  is  evident  that  it  is 


appropr  i  .'It  e  to  evaluate  the  niTits  ot  v.n  it'us 
engine  concepts  inslall*'<i  in  .in  .lirpl.uu'  cl  M  xi  d 
geomet  ry . 

Figure  9 . 2  .  H- 7  shows  the  relative  siiprc i . 
rangt*  as  a  funelion  of  airplane  lakei'M  llirust  t.> 
weight  ratio.  >\\  tvK'li  !'/'•'  tin-  airpl.ine  variahUs 
are  optimized  to  prodiue  curves  which  represent  the 
loi’i  ot  constrained  optima  (constrained  bv  '/I’l. 

For  t*ai-i>  curvt',  a  minimum  T/\%’  is  obtained  whei*  tie 
constrained  t>ptimum  engi  ne/a  i  r  t  rime  matc)i  ran  ne 
longer  meet  tiu*  s<*le<-tt'd  "j;"  maneuver  or  i.  .  «  )«•}- 

allon  tim<*  as  incl  ic.il  eel  bv  tlie  si' I  id  d.oTe  imt 
Figure  9. 2. 8-7.  Figure  9.2.H-K  i>;  a  i  eripai  i  sen  ■! 
const  r.a  5  ne*<I  optima  (dots). 

From  Figure  9,2.H-8  llu'  opt  inum  ait  .-iaii 
apptsars  to  be*  a  high  throttle  ratio  (HTK)  intlc'iet 
whie'h  Yields  the  lowe’st  T/W  and  !oni’a"^l  t  nvu  -s'li  j  1 1 
meeting  the  acre!  erat  i(*n  and  manen\'er  requ  i  recent . 

In  this  case  the  field  lengtli  is  n.ij  ri  f  j  i  >  r  ,  .i . 

If  short  field  lengths  an*  important,  'iic*ie! 
takeoft  r/l.’  ratios  are  necessarv.  Airpl.anev  \,itl 
T/W  =  .9  produce  lakt‘olf  (ii-ld  iL-ngfh*-  repie^.iu  i- 
l  1  ve  of  medium  range  attack  air<-r.ilt  .  slu'von  in 
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Figure  9.2.8~8.  Optimum  System  Performar)ce  at  Constant  Acceleration  and  Maneuver  Requirement 


Figure  9. 2. 8-9,  the  required  T/W  ratios,  necessary 
to  produce  reasonable  takeoff  distance,  result  in 
a  different  engine  providing  the  best  supersonic 
radius.  The  HTR  concept  has  moved  from  the  beat 
choice  to  worst  choice,  because  of  the  field 
length  restriction.  This  result  la  to  be  expected 
because  the  concept  of  HTR  engines  Is  to  design  the 
engine  for  supersonic  cruise  using  a  constant 
corrected  engine  weight  flow.  The  resulting  engine 
produces  the  requited  cruise  thrust  from  an  engine 
that  is  smaller  In  length,  diameter,  and  air  flow 
rate  at  low  Mach  number.  As  a  result  the  takeoff 
thrust  Is  relatively  low.  This  deficiency  can  be 
somewhat  offset  by  incorporating  variable  turbine 
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Figure  9. 2. 8-9.  Performance  Comparison  at  T/W  -0,90 
(Constraint:  Fixed  Airplane  Design  and 
Bqual,  Reasonable,  Field  Length} 
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geometry,  or  variable  burner  by-pass  which  was  not 
included  in  this  study. 

If  a  fixed  airplane  geometry  is  chosen  and  the 
engines  are  sized  to  meet  given  maneuver  and  accel¬ 
eration  time  requirements,  the  relative  engine 
performance  shifts  and  the  duct  burning  turbofan 
which  was  best  for  supersonic  range  becomes  the 
worst  (Figure  9.2.8-10). 

In  the  considerations  thus  far,  the  amount  of 
afterburning  has  been  allowed  to  vary.  Plying 
supersonic  missions  with  turbofan  cycles  requires 
more  A/B  than  with  turbojets.  If  the  infrared  (IR) 
signature  of  the  aircraft  over  hostile  territory  is 
considered  the  engines  may  be  constrained  to  dry 
(non  A/B)  operations.  Such  a  requirement  applied 
to  the  aircraft  discussed  in  Figure  9.2.8-10  results 
in  the  characteristics  shown  in  Figure  9.2.8-11. 

The  fan  engines  cannot  even  perform  the  desired 
mission  under  this  constraint. 

This  example  has  illustrated  that  the  engine 
designer  cannot  work  alone.  Optimum  engine/airplane 
matching  cannot  be  accomplished  unless  an  array  of 
both  engine  and  airframe  variables  are  considered 
together  with  mission  rules  and  constraints.  The 
next  section  will  consider  ways  to  evaluate  the 
sensitivity  of  the  mission  and  aircraft  to  changes 
in  the  variables  and  constraints. 
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Figure  9. 2.8-10.  Supersonic  Radius  With  Required  Maneuver  and 
Acceleration  Capability  (Fixed  Airplane  Design} 
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Figure  9.2.8-1 1.  Optimum  Systems  for  Dry  Supersonic  Cruise 


9.3  SENSITIVITY  AND  INFLUENCE  COEFFICIENTS 

9-3.1  General 

Sensitivity  studies  use  Influence  coefficients 
to  measure  the  change  of  a  dependent  variable  (y) 
due  to  the  change  of  a  single  variable  (x)  of 
several  Independent  variables-  Influence  coeffl* 
dents  therefore  Involve  the  use  of  partial  deriva¬ 
tives  : 


I  =  i  iJr  -  iisz  or  I  = 
y,x  y  ax  a2.nx  y,x  ax 

Dependent  variables  may  be  performance  or  cost 
figures  of  merit,  while  independent  variables  are 
usually  the  design  parameters.  Examples  of  sensi¬ 
tivity  studies  commonly  conducted  during  engine/ 
airplane  matching  Include: 

a)  The  sensitivity  of  a  configuration  to  the 
proximity  of  the  optimum. 

b)  The  sensitivity  to  relaxation  of  a  mission 
constraint. 

c)  The  influence  of  changing  the  level  of 
technology . 

Item  "a"  is  a  logical  extension  of  the  optimiza¬ 
tion  program.  Using  the  optimum  value  of  each  of 
the  Independent  variables  as  a  central  configura¬ 
tion,  a  careful  analysis  is  usually  conducted  on 
designs  lying  in  a  neighborhood  near  the  optimum. 
Mission  analyses  are  conducted  on  each  combination 
of  independent  variables  in  order  to  more  closely 
approximate  the  surface  fit  polynomials  near  the 
optimum.  Once  the  polynomials  fit  the  mission 
analysis  results  with  the  desired  certainty,  a 
comprehensive  sensitivity  study  can  be  done  by 
partial  differentiation  of  the  polynomial.  Using 
the  simple  example  introduced  in  Section  9.2,  the 
Influence  on  takeoff  gross  weight  due  to  changing 
bypass  ratio  or  compressor  pressure  ratio  can  be 
evaluated ,  1 .e . , 

d(TOGW)|  3 (TOGW) 

a(BPR)  I  3(CPR) 

CPR  =  CONSTANT  BPR  -  CONSTANT 

The  resulting  values  may  be  nondimenslonalized  and 
ranked  according  to  their  importance  (influence)  on 
performance  or  cost.  As  a  result  of  ranking  the 
independent  variables  and  establishing  the  cost  of 
changing  any  of  them  the  engine  and  airframe  compa¬ 
nies  identify  the  areas  where  improvements  will  be 
most  beneficial.  The  customer  or  systems  integrator 
can  also  weigh  the  cost  versus  performance  to  see 


if  moving  away  from  the  specified  optimum  will 
decrease  cost  sufficiently  to  Justify  reduced 
performance. 

If  the  optimum  engine/airframe  combination  is 
constrained  by  a  customer,  the  penalties  associated 
with  the  constraint  may  be  identified.  In  prelimi¬ 
nary  design  the  sensitivity  of  the  aircraft  system 
to  mission  constraints  is  of  paramount  importance 
in  the  interaction  between  the  engine  and  airframe 
designers  and  the  customer.  For  military  applica¬ 
tions  the  results  of  sensitivity  studies  provide  a 
quantitative  guide  allowing  the  customer  to  estab¬ 
lish  the  trade  between  the  mission  requirements  he 
foresees  as  important  and  the  benefits  of  relaxing 
one  or  more  constraints. 

The  ocher  Important  use  of  sensitivity  is  to 
establish  tliC  priorities  in  technology  development. 

It  can  be  a  very  costly  decision  to  increase  the 
performance  of  an  engine  component.  Similar 
commitments  are  necessary  from  structures,  aerody¬ 
namics,  and  production  groups  in  Che  airframe 
companies.  Budget  constraints  necessitate  that 
the  performance  of  only  some  of  the  components  may 
be  advanced  at  the  same  rate.  Priorities  are 
established  within  industry  and  government  in  an 
effort  to  find  chose  components  whose  development 
will  produce  the  largest  benefit  to  the  system  in 
the  given  time  period  with  the  available  funding. 

Such  decisions  are  best  made  when  a  priority  of  the 
independent  variables  is  established  and  the  per¬ 
formance  level  available  for  a  given  expenditure 
has  been  estimated. 

9.3.2  Importance  of  the  Choice 
of  Independent  Variables 

Section  9.2  demonstrated  that  the  optimum 
engine/airplane  combination  could  be  selected  for  a 
given  set  of  independent  variables  and  that  the 
boundary  values  selected  for  the  variables  were 
self  correcting.  Section  9.3.1  indicated  that 
required  levels  of  component  technology  and  trades 
between  performance  and  cost  could  be  established 
by  analysis  of  the  surface  fit  polynomial  which  is 
obtained  as  a  function  of  the  chosen  independent 
variables.  As  a  result,  independent  variables 
could  be  ranked  so  that  those  having  the  most 
influence  could  be  emphasized.  The  choice  of 
Independent  variables,  based  on  Intuition,  new 
evidence,  or  past  experience,  must  be  made  prior  to 
optimization  and  sensitivity  .studies.  Unfortunately, 
there  Is  no  method  of  guaranteeing  that  an  important 
Independent  variable  has  not  been  overlooked.  The 
most  important  variables,  identified  through  experi¬ 
ence,  were  shown  on  Table  9. 2. 4-1.  The  occasional 
importance  of  other  variables  is  usually  realized 
during  component  design  or  mission  analysis.  If  a 
very  strong  variable  has  been  ignored  its  influence 
will  be  obvious  if  that  variable  is  changed  for  the 
"optimum**  aircraft  design.  Sometimes  variables  can 
significantly  influence  the  true  optimum  aircraft 
design  even  though  they  do  not  show  up  as  important 
when  the  optimum  (chosen  using  fixed  values  for 
these  elements)  is  perturbed.  Consider  the  follow¬ 
ing  example. 

For  a  specified  mission  the  optimum  configura¬ 
tion  of  a  variable  sweep  wing  strategic  bomber  was 
desired.  The  mission  included  both  subsonic  and 
supersonic  segments.  During  the  subsonic  flight 
the  aircraft  used  a  low  altitude,  terrain  following 
path  which  imposed  a  q  loading  constraint;  a  2400 
mile  supersonic  range  and  a  fixed  payload  were 
specified.  Three  engine  variables  (fan  pressure 
ratio,  overall  pressure  ratio,  and  turbine  inlet 
temperature)  and  five  airframe  variables  (takeoff 
gross  weight,  takeoff  thrust/takeoff  gross  weight. 


Figure  9.3.2- 1.  Optima fD  Bomber  Configuration  Using  Eight 

Independent  Variables 


wing  loading,  wing  thickness  to  chord  ratio,  and 
aspt'ot  ratio)  were  chosen.  The  selected  f Igure-of- 
merit  was  the  takeoff  gross  weight  which  the  analy¬ 
sis  showed  to  be  miniTnum  at  275,000  pounds  TOGW. 

The  table  in  Figure  9. 3. 2-1  shows  the  values  of  the 
independent  variables  at  that  weight. 

Suppose  one  would  like  to  know  the  sensitivity 
of  supersonic  range  to  changes  in  design  or  fan 
pressure  ratio.  Recall  from  the  mission  analysis 
that  either  the  TOGW  is  evaluated  for  a  given  range 
or  the  range  is  evaluated  for  a  fixed  TOGW.  There¬ 
fore  for  the  sensitivity  study  TOGW  was  fixed  to 
the  optimum  value,  and  design  FPR  was  calculated 
away  from  Che  optimum  while  the  ocher  six  independ¬ 
ent  variables  were  allowed  to  reoptimize.  The 
resulting  variation  of  range  for  the  constrained 
optimum  airplane  is  plotted  as  a  function  of  design 
fan  pressure  ratio  in  Figure  9. 3. 2-1.  For  each 
value  of  FPR,  the  range  shown  is  the  best  that  can 
be  obtained  from  a  275,000  lb.  airplane  and  the 
values  of  each  of  the  ocher  six  independent  vari¬ 


ables  may  vary  accordingly.  Therefore  a  different 
aircraft  configuration  is  Implied  by  each  point  on 
the  curve.  Each  point  is  just  the  constrained 
optimum  range  value  (found  by  the  optimization 
process  of  Section  9.2)  for  constraints  of  TOGW  and 
FPR.  Looking  at  the  curve  of  Figure  9. 3, 2-1  one 
would  conclude  that  range  is  sensitive  to  fan 
pressure  ratio  and  chat  the  influence  becomes 
strongest  as  FPR  moves  away  from  optimum  toward 
lower  fan  pressure  ratio. 

Now  consider  the  importance  of  the  nozzle 
throat  area  schedule  or  the  throttle  ratio.  Since 
neither  of  these  were  considered  as  independent 
variables,  the  sensitivity  of  range  to  either  of 
these  must  be  evaluated  externally  to  the  optimiza¬ 
tion  process.  This  is  done  by  fixing  the  optimum 
aircraft  (from  Table  in  Figure  9. 3. 2-1)  as  a  refer¬ 
ence  configuration;  then,  using  mission  analysis  on 
the  fixed  aircraft,  establish  the  effect  of  varia¬ 
tions  in  nozzle  area  schedule  and  throttle  ratio  on 
range.  Figure  9. 3. 2-2  shows  the  results.  The 
throttle  ratio  extremes  were  chosen  to  represent 
the  available  range  consistent  with  expected  engine 
technology  levels.  The  nozzle  schedule  represents 
the  maximum  dry  nozzle  throat  area  increase  beyond 
that  used  in  the  original  optimum  (nondimensionalized 
to  fall  between  -1  and  +1).  The  values  of  nozzle 
schedule  are  not  Important,  per  se,  but  the  results 
show  that  changing  the  nozzle  throat  area  can 
produce  slightly  more  range  (0.5  -  0.8%)  and  that 
throttle  ratio  has  less  effect  than  the  area 
schedule . 

Three  questions  arise  at  this  point; 

a)  Is  the  airplane  specified  by  the  Table  in 
Figure  9, 3. 2-1  but  with  area  schedule  =  ,22 
and  throttle  ratio  **  1.15  (point  "A"  in  Figure 
9. 3. 2-2)  the  true  optimum  airplane? 

b)  Is  the  sensitivity  of  range  to  throttle  ratio 
and  nozzle  area  schedule  sufficient  to  imply 
that  the  two  variables  have  a  strong  enough 
influence  that  they  should  have  been  Included 
as  independent  variables? 


c)  If  they  had  been  Included  as  independent 

variables  what  would  have  been  the  contigura- 
tlon  of  the  optimum  aircraft? 

When  the  bnst  airplane  is  selected  by  the 
optimization  technique  all  independent  variables 
must  be  optimized  at  the  same  time.  The  airplane 
described  in  question  1  is  therefore  nor  necessarily 
the  best  because  eight  of  the  variables  were  fixed 
before  the  other  two  were  Introduced.  Only  a  new 
optimization  using  ten  variables  will  establish  how 
the  other  variables  change. 

Based  on  the  results  shown  in  Figure  9.i,2-2 
the  0.8%  increase  in  range  is  not  usually  sufficient 
to  justify  the  time  and  expense  of  running  .1  new 
optimization  with  ten  variables.  However,  If  the 
ten  variable  optimization  is  run  the  following 
results  are  obtained.  As  can  be  seen  on  Figure 
9. 3. 2-2  the  throttle  ratio  =  1.05  (original  optimum) 
aircraft  was  very  near  the  limit  Imposed  by  subsonic 
"g"  loading  for  terrain  following,  while  the  throttle 
ratio  =  1.15  is  not  affected  by  this  limit.  The 
results  of  the  ten  variable  analysis  are  shown  on 
Figure  9. 3. 2-3  with  the  results  of  the  original 
eight  variable  optimization  repeated  for  comparison. 
Tf  the  FPR  and  TOGW  are  constrained  to  the  same 
values  as  for  Figure  9. 3. 2-1,  a  new  set  of  con¬ 
strained  optimum  airplanes  Is  produced  which  have 
more  range  than  those  with  fixed  throttle  ratio  and 
nozzle  area  schedules  over  the  entire  range  of  fan 
pressure  ratios.  The  new  optimum  airplane  has  47. 
more  range,  but  more  significantly,  the  engine  and 
airframe  changed  substantially.  Note  the  change 
in  the  fan  pressure  ratio  and  wing  aspect  ratio. 

The  advantage  of  using  an  optimization  process 
over  merely  comparing  mission  analysis  results  can 
be  appreciated  when  one  considers  the  experience 
necessary  to  realize  that  "g"  loading  and  nozzle 
area  schedule  profoundly  affect  the  optimum  values 
for  wing  aspect  ratio  and  fan  pressure  ratio.  For 
these  reasons  It  is  recommended  that  the  maximum 
numbers  of  independent  variables  allowed  by  time, 
cost,  and  simulation  technique  bo  used  whenever  a 
preliminary  design  study  for  a  new  mission  is  being 
conducted. 


A  final  point  this  example  illustrates  is  the 
Impact  o!  technology  level.  The  turbine  Inlet 
temperatiire  tor  both  optimizations  was  2400“F  which 
was  the  maximum  v.tlue  felt  to  be  reasonable.  One 
might  conclude  from  a  sensitivity  study  on  turbine 
temperature  that  increasing  T^  is  very  worthwhile. 

If  the  metal  temperature  in  the  turbine  is  as  high 
as  possible  for  i))e  method  of  t'ooling  cho.sen,  then 
the  only  way  to  increase  turbine  temperature  is  to 
Increase  the  amount  of  compressor  bleed  air  used 
for  cooling.  The  requirements  for  additional  bleed 
air  which  affect  engine  size,  weight  and  performance 
may  well  mean  that  increasing  is  not  beneficial. 
This  trade  between  turbine  temperature  and  bleed 
air  requirement  to  maintain  metal  temperature 
limits  is  critical  for  missions  requiring  long 
endurance  at  part  power.  These  missions  frequently 
optimize  at  relatively  low  turbine  temperature  for 
these  reasons.  (This  problem  could  be  alleviated 
bv  using  a  cooling  system  with  throttling 
capability.) 


9.4  COMPUTER  SIMULATION  OF  GAS  TURBINE  ENGINES 

9.4.1  Int  roduct ion 

F.ngine/airplane  matching  has  been  shown  to 
require  inputs  from  many  disciplines  as  shown 
schematically  In  Figtire  9. 4. 1-1.  Figure  9. 4. 1-2 
displays  a  breakdown  for  the  performance  and  weight 
contributions  to  the  matching  process.  The  figure 
indicates  that  mission  analysis  and  optimization 
programs  require  inputs  from  aerodynamics  and 
structures,  as  well  as  pr'^pulsion.  The  propulsion 
contribution  includes  performance  and  weight 
analysis  tor  the  gas  generator,  inlet,  exhaust,  and 
their  interact  ions.  The  previous  chapters  have 
discussed  the  aerothermodynamics  of  engines  in 
general.  The  chapters  that  follow  will  develop  the 
details  of  individual  components.  This  sectioti 
demonstrates  the  usefulness  of  the  computer  in 
combining  the  restilts  of  detailed  component  design 
with  basic  cycle  analysis  to  accurately  simulate 
the  performance  of  gas  Itjrhine  engines. 

The  computer  simulation  to  be  described  assumes 
a  q\i-is  i-st  eadv  state  situation  where  the  rates  of 
change  of  Mach  numbers,  altitude,  engine  KPM,  and 
pot-/er  setting  are  assumed  small.  Uiile  this  assump¬ 
tion  is  sufficient  for  mission  analysis,  where  the 
flight  profile  is  broken  into  a  series  of  quasi¬ 
steady  conditions,  it  m\!sl  be  acknowl edgi-d  that  the 


Figure  9.4. 1-2.  Engine/Airplane  Matching  (Summary  of  Considerations 
for  Engine  Performance  and  Weight) 


performance  of  the  final  aircraft  will  also  depend 
on  the  engine  dynamics  and  controls,  which  are 
beyond  the  scope  of  the  present  text. 

9.4.2  Method  of  Performance  Simulation 

The  computer  simulates  gas  turbine  engine 
performance  by  an  appropriate  matching  of  components. 
Two  philosophies  are  common  in  engine  simulation 
programs.  One  incorporates  a  "generalized"  engine, 
say  a  three  spool  duct  burning  afterburning  turbofan 
engine,  and  provides  a  technique  for  elimination  of 
unneeded  components.  The  other  philosophy  used  by 
industry  and  government  for  more  than  a  decade, 
allows  the  interconnection  of  components  in  a 
building  block  manner  to  simulate  any  conceivable 
combination  of  engine  components.  The  latter 
technique  is  considered  in  detail.  The  generalized 
engine  will  be  shown  to  be  a  particular  preprogrammed 
version  of  the  building  block  technique  which 
simplifies  the  work  required  by  the  user  in  order 
to  simulate  most  engines  (Sec.  9.4.6). 

For  any  arbitrary  choice  of  engine  components, 
power  and  airflow  paths  through  the  engine  can  be 
drawn  connecting  the  output  of  one  component  to  the 
input  of  the  next  component.  The  output/input 
connection  points  are  referred  to  as  nodes.  The 
nodes  do  not  have  to  connect  physically  ad.lolnlng 
elements.  For  example  the  airflow  path  of  a  simple 
turbojet  has  a  node  connecting  the  compressor  and 
burner  and  another  connecting  the  burner  and  turbine 
while  the  power  path  of  the  same  engine  has  a 
single  node  connecting  the  compressor  and  turbine. 
Either  design  or  off-deslgn  engine  performance 
calculations  are  performed  on  each  component  based 
on  flight  conditions  input  to  the  node  in  front  of 
the  engine  and  Information  given  the  input  node  to 
each  component.  As  each  component  calculation  is 


completed,  all  output  flow  properties  and  other 
characteristics  of  that  component  are  transmitted 
to  the  next  node.  Connecting  components  are  there¬ 
fore  related  to  one  another  as  functions  of  the 
program  inputs,  system  variables,  and  specified 
component  characteristics  (equations  and  component 
maps).  The  component  calculations  produce  a  system 
of  coupled  algebraic  transcendental  and  partial 
differential  equations  to  be  solved. 

One  method  is  Illustrated  by  calculating 
design  and  off-deslgn  performance  of  a  single  spool 
turbojet  engine. 

9.4.3  Design  Point  Simulation 

The  simulation  of  engine  design  point  perfor¬ 
mance  is  a  direct  computation  requiring  that  the 
efficiency  of  each  component  be  known.  The  design 
flight  conditions  (Mach  number,  altitude,  and 
temperature)  and  inlet  mass  flow  are  specified  at  a 
node  in  front  of  the  engine.  The  schematic  for  a 
single  spool  turbojet  is  shown  in  Figure  9. 4. 3-1. 
The  primary  airflow  path  Is  through  nodes  1-2-3- 
4-5  and  6.  The  power  demand  path  connects  the 
compressor  to  the  turbine  through  nodes  7  and  8. 

The  transmission  represents  either  gears  or  a 
shaft.  Compressor  bleed  is  supplied  to  the  turbine 
through  node  9  if  the  air  becomes  working  fluid  in 
the  turbine  and  through  node  10  if  bleed  re-enters 
the  alrstream  from  the  trailing  edge  of  the  last 
turbine  stage.  More  complex  cooling  bleed  paths 
can  be  specified  if  a  detailed  stage  by  stage  study 
is  being  performed.  Bleed  air  can  be  taken  from 
intermediate  compressor  stages  and  reintroduced 
through  the  leading  and  trailing  edges  of  turbine 
vanes  and  rotors,  as  desired.  Node  11  can  be  used 
to  account  for  leakage  through  seals  (similar  nodes 
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could  be  established  to  account  for  leakage  from 
any  other  component).  In  the  example,  the  leakage 
Is  assumed  to  be  lost  overboard  without  producing  a 
thrust  or  drag  Increment. 

Bleed  for  air  conditioning,  anti-icing,  avionics 
cooling,  etc.,  is  removed  from  the  engine  through 
node  12  as  a  percent  of  the  inlet  weight  flow. 

Power  extraction  from  the  engine  to  operate  pumps 
and  generators  can  be  treated  as  a  horsepower 
addition  to  the  work  demanded  by  the  compressor 
from  the  turbine.  At  times  it  is  convenient  to 
specify  the  external  work  requirement  as  a  constant 
percent  of  the  turbine  work  available  by  subtracting 
it  from  the  transmission  efficiency. 

The  input  node  values  and  inlet  total  pressure 
recovery  are  sufficient  to  establish  total  pressure, 
Px,  total  temperature,  T-,  total  enthalpy,  hj,  and 
weight  flow,  W,  at  node  2.  These  properties  at 
node  2,  plus  the  compressor  pressure  ratio  (PR), 
adiabatic  efficiency,  and  the  bleed  fraction 
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are  sufficient  to  determine  the  compressor  outlet 
properties  (P.j..Tx,hx,  and  remaining^  3. 

Burner  outlet  properties  at  node  h  are  deter¬ 
mined  from  specified  values  of  combustor  exit 
temperature  (T^),  fuel  to  air  ratio  (f/a),  fuel 
lower  heating  value  (LHV),  and  the  total  pressure 
drop  (APj) .  Alternatively  the  rotor  inlet  tempera¬ 
ture  (RIT)  may  be  specified  and  a  short  iteration 
loop  set  up  to  establish  the  which  together  with 
turbine  nozzle  cooling  air  will  produce  the  desired 
RIT. 

The  turbine  exit  properties  at  node  5  are 
calculated  using  the  properties  of  node  4,  the 
cooling  air  from  nodes  9  and  10»  the  work  to 
supply  the  compressor  and  extraneous  work  require¬ 
ments,  and  the  turbine  adiabatic  efficiency.  The 
conditions  at  node  5  plu.s  the  nozzle  discharge 
coefficient  (Cp)  and  nozzle  pressure  ratio  (Pj5/P(b) 
are  used  to  size  the  nozzle  throat  area.  Following 
the  calculation  of  the  nozzle  throat  conditions. 


the  gross  thrust,  ideal  exit  velocity,  and  nozzle 
exit  area  are  computed.  The  design  point  solution 
for  the  engine  cycle  performance  is  thus  complete 
and  requires  no  iteration.  The  design  point  estab¬ 
lishes  the  thermodynamic  cyle  and  sizes  the  flow 
passages  through  the  engine. 

9-4,4  Off-Design* 

For  off-design  cycle  calculations  the  nozzle 
throat  area  computed  from  the  design  case  is 
assumed  unless  a  new  value  (simulating  variable 
nozzle  area)  is  specified.  The  turbine  temperature, 
T^,  must  be  supplied  along  with  flight  conditions. 
Off-design  cycle  calculations  are  iterative  proces¬ 
ses  requiring  several  guesses  before  all  component 
properties  can  be  established. 

Using  the  example  turbojet,  Figure  9. 4. 3-1, 
the  flight  conditions,  inlet  recovery,  and  an 
initial  guess  of  inlet  mass  flow  are  neces¬ 

sary  to  establish  the  properties  at  node  2.  Com¬ 
pressor  data  (Wi'^T/P,  PR,  and  n)  can  be  determined 
from  the  compressor  map  (Illustrated  in  Figure 
9. 4, 4-1)  using  values  from  node  2,  and  a  guess  at 
speed  (N)  and  compressor  grid  line  (R) .  The  cor¬ 
rected  mass  flow  (W/T/P)  is  obtained  at  the  inter¬ 
section  of  the  "R"  grid  line  and  the  guessed  value 
of  corrected  speed  line  (N/»^).  The  mass  flow 
(Wjjjgp)  is  calculated  using  the  corrected  mass  flow 
from  the  map  and  T^.  and  at  the  compressor  inlet 
(node  2),  Discrepancies  in  mass  flow  rate  are 
merely  noted  at  this  point  for  later  iterative 
correction.  Map  properties  n  and  PR  are  used  to 
calculate  the  compressor  outlet  properties  at  node  3. 

The  inputs  to  the  burner  (LHV,  APj,  f/a),  the 
T^  estimate  and  the  properties  from  node  3  are 
sufficient  to  define  the  fuel  flow  required  and  all 
other  burner  outlet  properties  at  node  4. 

The  turbine  speed  is  known  (from  the  guess  of 
N)  and  the  turbine  work  requirement  (.'.H)  is  obtained 
from  a  power  balance  between  turbine  and  compressor 

*Adapted  from  the  unpublished  work  of  A.  T.  Yamagiwa, 
and  S.  C,  Rayl ,  Boeing  Document  Dh-4 191 5-1 , Oct ,  1969. 
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Figure  9.4.4- 1.  Typical  Compressor  Map 


and  external  power  requirements.  !'he  turbine 
pressure  ratio  (I^K)  is  found  hv  an  iterative 
method.  A  first  guess  is  made  for  the  turbine 
isontropie  discharge  temperature  ('('{_  i)  to  <lelenrjne 
the  corresponding  pressure  ratio  (FH)  from  T{j^l  to 
The  i*k  I  rom  this  <ui  I  at  ion  Is  iised  vu' I  h  t  lie 
turbine  map  (lower  part  of  Figure  9. 4. 4-2)  to  lind 
the  turbine  effii’iencv  (').  A  calculated  value  lor 
h^.*  (exit)  is  found  hv  tlie  eqtiat  ion:  h,  j  =  (h 
'H/').  This  calculated  .  is  converted  to  • 
(tunetion  of  the  f/a  and  h^.^)  compared  with  the 
guess  for  T^j^.  Wlien  t  lie  guess  and  (’.il  cul  at  ed  . 

values  agrt*e,  the  !’H  value  from  the  last  iteration 
is  used  with  Figure  9. 4. 4-2  (upper  plot)  to  obtain 
the  corrected  mass  flow  (WiT/F)  at  the  turbine 
inlet  (at  the  int ersect ion  of  FK  and  N/*  ).  The 
turbine  inlet  mass  flow  is  determined  from 

the  corrected  mass  flow  from  the  map  and  Fj  and 
af  the  turbine  inlet  (node  4).  The  mass  flow 

residual  at  the  turbine  inlet  is:  .'.Wt  *  (W 

'  truip 

^'node  4^’  flow  prc’pert  ies  at  node  4,  the 

turbine  work  requirement  (.'.H),  and  the  turbine 
pressure  drop  define  the  turbine  outlet  properties 
at  node  S. 

The  throat  area  and  discharge  cneificient  are 
specified  for  the  nozzle.  The  pressure  ratio 

across  the  nozzle  is  determined  from  .’W  =  fW 

noz  ’  cal 

•■•'node  5 !  •  where  is  determined  at  the  throat. 

The  first  pass  througli  the  engine  is  thus  complete. 
The  quality  of  off-design  cycle  simulation  computer 
programs  is  often  determined  hv  the  efficienev  with 
which  thev  <-onverge  to  a  solution.  The  Newtcin- 
Raphson  techniqui'  described  in  the  following  sec- 
t  I  on  is  an  example  of  a  convergenc c  method.  In 
practice.  InghJv  sophisticated  iteration  tei-hniques 
have  been  develtiped,  and  are  desi-ribed  in  the 
literature  on  numerical  analysis. 

9.4.')  Newt  on-Kapiis<ni  Iteration 

i'tie  otf-dcsign  simulation  (if  grjs  turhiiH* 
enj'ine  pi-r  formance  required  an  inili.il  guess  for 
the  inlet  wejglit  tlow  ,  KFM,  (if  a  geared 

transmission  is  used  the  gear  ratio  must  he  speci¬ 
fied  a  priori),  and  compressor  grid  line.  K.  These 


guesses  must  next  he  improved  through  iteration  to 
i-onvergf'  to  their  correct  valiie.s.  The  method  of 
iterative  solution  illustrated  is  the  matrix  resid¬ 
uals  techni(pie  of  hVwt  oi.-Raphson  .  The  guessed 
variables  N*.  and  R  and  the  mass  flow  residuals 

tor  the  ('ompressor.  ‘ W.j.  tor  the  turbine,  and 
•'^'noz  nozzle  are  used  to  form  a  set  of 

equations  of  the  following  form.  [The  mass  residual 
is  the  diflerence  between  the  lalculated  outlet 
mass  tlow  (irom  maps  and  equations)  and  the  inlet 
mass  flow  (arriving  t  nim  an  upstream  component)]. 
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Figure  9.4  4-2.  Turbine  Map  Format 


The  matrix  partial  derivatives 
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and 
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Returning  to  the  original  off-design  problem, 
the  off-design  thrust  can  be  calculated,  compared 
to  the  required  value,  and  an  iteration  on 
commenced , 


represent  the  first  term  approximation  of  a  Taylor's 
series  expansion,  and  are  determined  numerically  in 
successive  passes  through  the  engine  cycle  off- 
design  equations.  The  first  pass  through  the  cycle 
is  used  as  a  base  case  (the  off-design  case  just 
discussed).  These  initial  guesses  can  literally  be 
guesses,  or  the  values  from  the  design  case  can  be 
used  as  a  first  guess.  Succeeding  passes  (three 
are  needed  for  this  matrix)  are  used  to  determine 
the  mass  flow  residual  changes  associated  with 
small  changes  in  each  of  the  guessed  variables. 

For  example,  the  quantities 

i(AW^)  :^(AW^) 

— 'rr; —  » — rr. — 


(in  the  second  column  of  the  matrix)  are  obtained 
by  perturbing  N  by  a  small  amount,  tN,  to  give 


,AWc  _ 

(AW^)^  -  (AW^)i 

-♦AW. 

AN 

AN 

and 

r.AW^  - 

:-iN  AN 

calculated  at  the  compressor,  turbine  and  nozzle, 
respectively.  Other  partial  derivatives  are  simi¬ 
larly  developed  with  respect  to  the  variables 
and  compressor  grid  line  R.  The  values  A(AW^), 
'(AW.J.),  and  ^(AW^)  are  obtained  from  the  base  case. 
The  matrix  is  then  solved  for  AN,  and  AR, 

and  the  Initial  guesses  for 

revised.  These  revised  values  are  used  in  the  next 
iteration  until  the  residuals  (AW^^,  AW.J-,  AW^) 
satisfy  the  convergence  criteria. 


As  demonstrated,  the  number  of  guessed  vari¬ 
ables  must  equal  the  number  of  residuals  in  an  off- 
design  calculation. 

In  general,  the  variables  in  the  calculation 
are  those  which  must  be  estimated  (guessed)  to 
initiate  calculation.  Common  examplea  are  inlet 
mass  flow,  rotational  speed,  bypass  ratio,  burner 
outlet  temperature,  work  split  relationships,  etc. 
Once  input  variable  values  are  guessed,  residuals 
are  calculated  at  those  components  which  must 
satisfy  a  mass  balance  (compressors,  turbines  and 
nozzles)  or  speed  balance  (transmission). 


9.4.6  The  Generalized  Engine  and  'lechanical 
Design  Simulation 

Any  conceivable  combination  of  components  can 
be  simulated  in  a  building  block  fashion  using 
nodes  to  connect  airflow  and  power  transmission 
paths.  Given  the  equations  governing  their  behav¬ 
ior,  uncommon  components  (regenerators,  air  inverter 
valves,  etc.),  can  be  placed  at  any  location  within 
the  engine.  While  this  total  flexibility  is  desir¬ 
able  in  some  situations,  a  great  deal  of  time  is 
consumed  if  the  geometry  has  to  be  generated  anew 
each  time  an  engine  simulation  is  desired.  The 
vast  majority  of  aircraft  engines  are  relatively 
similar  and  a  single  geometry  can  represent  them. 

Consider  the  "generalized"  engine  shown  in 
Figure  9. 4. 6-1.  The  figure  represents  a  three- 
spool,  duct  burning,  afterburning  turhofan,  which 
incorporates  features  common  to  a  wide  variety  of 
engines.  By  creating  a  computer  program  capable  of 
describing  such  a  "general  engine,"  but  including 
the  capability  of  excluding  undesired  components, 
considerable  savings  in  set-up  time  can  be  real¬ 
ized-  The  effective  removal  of  unwanted  compressor 
or  turbine  components  can  be  accomplished  simply  by 
setting  their  pressure  ratio  and  efficiency  equal 
to  1.  The  entire  fan  stream  can  be  ignored  by 
specifying  a  bypass  ratio  of  zero.  Ducts  have  no 
effect  if  they  have  zero  length  and  zero  pressure 
loss.  Augmencor.s  and  duct  burners  can  be  elimi¬ 
nated  by  specifying  no  fuel  flow  and  zero  pressure 
drop.  Often  a  program  uses  default  values  so  that 
the  output  temperature  is  set  equal  to  the  input 
temperature  for  burners  and  augmentors  when  the 
temperature  of  the  downstream  node  is  specified  as 
a  lower  number  than  the  incoming  temperature. 

Thus  the  simple  turbojet  of  Figure  9. 4. 3-1 
can  be  simulated  bv  the  generalized  engine  by 
setting  the  following  conditions:  Bvpass  ratio  * 

0;  pressure  ratio  and  efficiency  =1  for  l.PC,  TPG, 

IPT  and  l.PT:  dummy  nozzle  length  eqiials  zero  and 

area  ratio  =1;  and  augmentor  exit  temperature  T, . 

—  4 

The  concept  of  generalized  engines  can  provide 
further  savings  in  the  time  required  to  set  up  an 
engine  simulation.  For  preliminary  design  studies, 
non-dimens iona 1 i zed  maps  can  be  prespecified  for 
each  component  to  represent  a  given  technology 
level.  For  the  representative  state  of  the  art, 
default  values  can  also  he  preprogrammed  for  compo¬ 
nent  efficiencies  and  cooling  bleed  requirements. 

As  the  desired  precision  increases  from  preliminary 
design  to  the  simulation  ot  actual  hardware,  the 
default  component  maps,  design  efficiencies,  bleed 
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Figure  9.4.6- 1.  Generalized  Thermodynamic  Engine 


requirements  and  leakages  can  be  replaced  with 
values  from  test  results  without  having  to  alter 
the  simulation  program. 

In  addition  to  the  thermodynamic  analysis, 
engine  evaluation  requires  consideration  of  the 
dimensions  and  weight.  In  one  approach,  a  configu¬ 
rator  will  draw  out  the  entire  engine.  This  "paper" 
engine  can  be  measured  and  the  weight  can  be  obtained 
as  the  sum  of  the  historical  weights  of  components 
similar  to  those  used  tor  the  design.  Alternatively, 
a  computer  program  can  be  used  to  "weigh"  and 
"measure"  an  engine  using  the  thermodynamic  cycle 
results  and  a  mix  of  empirical  values,  stress 
analysis  and  material  characteristics.  Figure 
9-^. 6-2  shows  a  schematic  of  a  weight  prediction 
procedure  for  a  compressor.  Though  the  details  of 
mechanical  design  programs  are  beyond  the  scope  of 
this  text,  some  general  comments  are  in  order. 

The  gas  generator  maximum  diameter  can  be 
established  if  the  maximum  airflow,  compressor  (or 
fan)  hub-to-tip  ratio,  and  compressor  face  Mach 
number  are  known.  Precise  values  of  these  vary  from 
configuration  to  configuration.  Approximate  pre¬ 
liminary  design  values  can  be  defaulted  because 
each  engine  company  tends  to  use  hub/tip  ratios  and 
flow  per  unit  area  values  that  are  consistent 
within  the  desired  technology  level  and  major  types 
of  application.  Compressor  face  Mach  numbers  are 
typically  near  M  =  0.6.  With  the  addition  of  an 
historically  derived  case  and  flange  thickness,  the 
maximum  diameter  can  be  estimated. 

The  length  of  the  engine  depends  on  the  engine 
type,  technology  level,  the  number  of  stages  in 
each  component,  the  ducts  required  to  connect  the 
flow  paths  between  components,  and  the  burner 
length.  The  number  of  stages  is  determined  by 
specifvlng  the  work  per  stage  that  can  be  done  by 
the  component  within  the  specified  state  of  the 
art.  The  work  per  stage,  which  can  use  a  default 
value  for  preliminary  studies,  is  divided  into  the 
total  woik  for  the  component  (as  computed  by  the 
thermodynamic  cycle  program)  to  arrive  at  the 
number  of  stages.  The  length  of  each  stage  is 
found  from  empirical  correlations  baaed  on  diameter, 
loading,  temperature,  and  stresses. 

Duct  lengths  are  computed  from  empirical 
values  for  acceptable  turning  and  diffusion  rates 
and  the  radius  changes  necessary  to  connect  the 
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Figure  9.4. 6-3.  Shape  Variation  of  Some  Study  Engines 

components.  Burner  length  is  again  empirical  but 
is  governed  primarily  by  burner  type  and  the  length 
necessary  to  provide  the  needed  residence  time  for 
flame  front  propagation. 

Complete  mechanical  design  requires  many 
Inputs  including:  thermodynamic  inputs,  work/stage, 
hub/tip  dimensions,  blade  pull  stress,  disc  burst 
stress,  blade  aspect  ratio,  temperature  gradients, 
load  paths,  etc.  As  a  program  incorporates  more 
actual  design  and  stress  methods  instead  of  empiri¬ 
cal  correlations,  the  program  complexity  and, 
hopefully,  the  simulation  accuracy  increase.  While 
industry  and  Government  are  continually  working  to 
increase  the  accuracy  of  the  predictions,  the 
combination  of  a  large  empirical  data  base  and  well 
chosen  correlation  parameters  provide  useful  data 
for  preliminary  design  work.  The  generalized 
engine  concept.  Figure  9. 4. 6-1,  applies  very  well 
to  mechanical  design.  For  a  desired  technology 
level,  default  values  for  correlation  functions  for 
each  component  can  be  preprogrammed.  The  mechanical 
design  subroutines  can  thus  be  connected  directly 
to  the  thermodynamic  cycle  analysis.  One  such 
program,  used  in  industry,  predicts  the  weight  of  a 
wide  variety  of  engines  to  within  +10%  (Reference: 

9. 4. 6-2) 

The  computer  simulation  of  engine  aerothermo- 
dynamic  performance  discussed  in  Section  9.4.5 
specify  nothing  about  the  gas  generator  dimensions 
or  weight.  The  engine/airplane  matching  process 
depends  on  the  physical  properties  of  the  engine  as 
well  as  the  performance,  as  shown  in  Figure  9. 4. 1-2. 
Airplane  weight  and  drag  are  influenced  by  the 
engine  dimensions,  external  shape,  weight,  and 
center  of  gravity  location.  Consider,  as  a  final 
example,  a  Mach  2.7  fighter-type  aircraft  flying  a 
penetration  mission  (Reference  9. 1.3-1).  The  shape 
differences  between  candidate  engines  producing  the 
required  thrust  are  shown  in  Figure  9. 4. 6-3.  The 
effect  of  engine  weight  and  dimensions  on  the  take¬ 
off  gross  weight  required  to  fly  a  mission  of 
specified  range  is  summarized  in  Table  9. 4. 6-1. 


Table  9.4.6- 1  Change  in  Required  TOGW  Due  to  Changes  in 
Engine  Physical  Characteristics 


Physical 
Characteristics 
( Independent 
Variable) 


Engine  Diameter 
(ftix) 

Engine  I.ength 


Change  In 
Engine 

Characteristics 

10% 


10% 


Resulting  Change 
In  Airplane  togW 
Required  to 
Fly  ^lission 

5% 


0.02% 


»-32 


Figure  9.4. 6-2.  Schematic  of  Compressor  Weight  Prediction 


Engine  Weight 


105; 


67 
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CHAPTER  10 
LIST  OF  SYMBOLS 


The  symbols  are  listed  In  alphabetical  order, 
first  In  the  English  alphabet,  then  In  the  Greek 
alphabet.  Subscripts  and  superscripts  are  then 
given.  The  equation,  figure  or  section  In  which 
the  symbols  are  first  Introduced  Is  Indicated  In 
parentheses.  Often  the  symbol  will  be  defined  In 
the  text  just  preceding  or  just  following  the 
equation  or  figure. 

Where  appropriate,  the  location  of  the  Intro¬ 
duction  of  the  symbol  Is  referred  to  In  previous 
chapters. 

A  -  Constant  defined  In  Eq.  10.3.16 

-  Cross-sectional  area  (Eq.  10.4,5) 

a  -  Speed  of  sound  (Eq.  10.4.9) 

C  -  Specific  heat  (Sect.  2.6) 

c  -  Chord  (Fig.  10.1.7) 

D  -  Diffusion  factor  (Eq.  10.1.23) 

H  -  Dimensionless  stagnation  enthalpy 

(Eq.  10.3.11) 

h  -  Enthalpy  (Eq.  10.1.1) 

I. G.V.  -  Inlet  guide  vane  (Fig.  10.1.2) 

J.  -  Bessel  function  of  first  kind,  order  1 

(Eq.  10.3.20) 

M  -  Mach  number  (Eq.  10.1.8) 

m  -  Mass  flow  rate  (Fig.  10.1.1) 
p  -  Pressure  (Eq.  10.1.6) 

R  -  Tip  to  hub  ratio  (Eq.  10.3.11) 

-  Gas  constant  (Sect.  2.12) 

°R  -  Degree  of  reaction  (Eq.  10.1.17) 

r  -  Radial  co-ordinate  (Fig.  10.0.1) 

s  -  Distance  along  meridional  surface 

(Fig.  10.0.4) 

-  Spacing  (Fig.  10.1.7) 

T  -  Torque  (Eq.  10.1.2) 

-  Temperature  (Eq.  10.1.6) 

U,  -  Group  of  Bessel  function  defined  In 
Eq.  10.3.23 

u  -  Radial  velocity  component  (Fig.  10.0.1) 

u  -  Vector  velocity  (Eq.  10.3.1) 

V  -  Velocity  (Fig.  10.1.3) 

-  Dimensionless  tangential  velocity 
(Eq.  10.3.11) 

V  -  Tangential  velocity  component  (Fig.  10.0.1) 


W  -  Dimensionless  axial  velocity  (Eq,  10.3.11) 

W,  -  Group  of  Bessel  functions  defined  In  Eq. 
10.3.24 

w  -  Axial  velocity  component  (Fig.  10.0.1) 

-  Work  Interaction  (Eq,  10.1.1) 

Y,  -  Bessel  function  of  second  kind,  order  1 
(Eq.  10.3.20) 

y  -  Dimensionless  radial  co-ordinate  (Eq.  10.3.11) 
2  -  Axial  co-ordinate  (Fig.  10.0.1) 

a  -  Constant  defined  In  Eq  10.3.17 

-  Angle  of  swirl  (Fig.  10.4,1) 

6  -  Relative  flow  angle  (Fig.  10.1,4) 

-  Constant  defined  In  Eq.  10.3,17 

Y  -  Ratio  of  specific  heats  (Sect.  2.6) 

4  -  Constant  defined  In  Eq.  10.3.17 

n  -  Efficiency  (Eq.  10,4,1) 

0  -  Cylindrical  co-ordinate  (Fig.  10.0.1) 

-  Flow  angle  (Fig.  10.1.4) 

p  -  Density  (Eq.  10.1,11) 
a  -  Solidity  (Eq.  10.1.23) 

¥  -  Dimensionless  stream  function  (Eq.  10.3.11) 

1(1  -  Stream  function  (Eq.  10,3.3) 

fi  -  Dimensionless  angular  velocity  (Eq.  10.3.27) 

0)  -  Angular  velocity  (Fig.  10,1.1) 

Subscripts 

e  -  Exit  (Eq.  10,1.23) 
h  -  Hub  (Fig,  10.0.2) 

1  -  Inlet  (Eq.  10,1,23) 

m  -  Mean  (Eq.  10.2.26) 

p  -  Constant  pressure  (Sect.  2.6) 
t  -  Tip  (Fig.  10.0.2) 

-  Stagnation  quantity  (Sect.  2.16) 

0  Reference  quantity  (Eqs.  10.1.8,  10.3.16), 
also  station  (Fig.  10.1.2) 

.  -  Upstream  (Fig.  10.1.1),  also  station  (Fig. 

10.1.2) ,  also  stream  surface  (Fig.  10.3.2) 

2  -  Downstream  (Fig.  10.1.1),  also  station 

(Fig.  10.1.2),  also  stream  surface  (Fig. 

10.3.2) 

rel- Relative  (Fig.  10.1.4) 
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CHAPTER  10 

ELEMENTARY  THEORY  OF  BLADE  AERODYNAMICS 


10.0  INTRODUCTION 

In  this  chapter  the  relationships  ol  the 
desired  performance  parameters  to  the  related 
compressor  or  turbine  blade  loadings  (and  result¬ 
ant  fluid  flow  angles)  will  be  Investigated.  It 
is  apparent  that  the  flow  field  within  an  actual 
turbine  or  compressor  Is  enormously  complex,  and 
It  Is  desirable  to  create  simplified  models  of  the 
flowflelds  If  any  understanding  of  the  physics  of 
the  flow  processes  Is  to  be  attained,  or  if  any 
analytical  prediction  techniques  are  to  be 
formulated. 

Though  several  extensive  efforts  to  model 
the  flow  through  an  entire  compressor  or  turbine, 
in  its  entirety,  (including  transonic  effects, 
boundary  layers,  wakes,  etc.)  have  been  attempted, 
and  have  met  with  some  partial  preliminary  success. 
It  Is  more  common  to  model  the  flow  field  as  a 
"sum"  of  less  complicated  parts.  We  will  briefly 
describe  relatively  simple  flow  fields,  and  will 
then  consider  the  various  separate  pieces. 

In  order  to  analyze  what  appears  at  first 
to  be  an  almost  Incomprehensibly  complicated  flow 
field,  it  Is  customary  to  model  the  full  three 
dimensional  flow  field  as  a  compilation  of  three 
two-dimensional  fields.  These  fields  may  be 
termed  the  "throughflow  field",  the  "cascade  field" 
(or  blade  to  blade  field),  and  the  "secondary  flow 
field".  Each  of  these  fields  Is  described  in  the 
following  paragraphs. 

THE  throughflow  FIELD 

This  flow  field  is  considered  to  arise  because 
of  Che  Influence  of  all  Che  blades  In  a  row  (or 
rows).  The  effects  of  Individual  blades  are  not 
considered,  and  hence  the  combined  effects  of  all 
the  blades  In  the  row  are  obtained  by  assuming 
the  blade  forces  to  be  "smeared  out"  In  the  azi¬ 
muthal  direction.  Mathematically,  this  process 
Is  accomplished  by  replacing  the  blade  surface 
pressures  by  volumetric  (and  continuous)  body 
forces.  As  a  result  of  the  simplifications  con¬ 
tained  In  this  model,  no  6  variations  occur, 
and  the  throughflow  flow  field  Is  hence  two- 
dimensional  with  variations  occurring  In  the 
radial  (r),  and  axial  (z)  directions. 


Figure  10.0.1  shows  the  coordinate  system  and 
the  throughflow  representation  of  Che  flow  field. 

It  can  be  noted  that  the  flow  field  Identified  with 
this  approximation  would  be  Chat  approached  If  the 
blade  row  had  a  very  large  number  of  very  thin 
blades. 

The  solution  to  such  a  flow  field  would  give 
the  axial  and  tangential  velocities  throughout. 
Figure  10.0.2  shows  typical  axial  velocity  profiles 
that  could  occur  at  stations  1  and  2  of  Fig.  10.0.1. 


Figure  10.0.2  Typical  Axial  Velocity  Profiles 

When  axial  velocity  profiles  of  the  form 
Indicated  in  Fig.  10.0.2  at  station  2  develop,  It 
Is  apparent  from  continuity  that  a  downward  flow 
of  fluid  must  occur.  Thus  a  typical  "stream- 
surface"  (to  be  more  carefully  defined  in  Sec. 
10.3.1)  could  appear  as  depicted  In  Fig.  10.0.3. 


1 

^ _ Stream  Surface 

Blade  Row  — 

1 

Figure  10,0.3  Typical  Streamsurf ace 

The  throughflow  field  can  be  considered  the 
parent  flow  field  of  the  cascade  and  secondary 
flow  fields,  and  because  of  this  should  be  calcu¬ 
lated  with  considerable  accuracy.  For  this  rea¬ 
son,  a  somewhat  extensive  description  of  through- 
flow  calculation  techniques  Is  given  in  Chapter  11 


Figure  10.0.1  Coordinate  System  and  Throughflow 
Representation 


THE  CASCADE  FIELD 

In  order  to  estimate  the  flow  behavior  In  the 
neighborhood  of  Individual  blades,  a  meridional 
surface  such  as  that  Indicated  In  Fig.  10.0.3 
would  be  expanded  ("unwrapped")  and  the  Individual 
blade  profiles  considered.  (Fig.  10.0.4) 


Profiles 


When  the  meridional  surface  of  Fig.  10.0.3 
Is  unwrapped  In  this  way,  a  two-dimensional  flow- 
field  In  the  0  and  meridional  (almost  z)  coor¬ 
dinates  la  obtained.  If  the  curvature  of  the 
streamsurfaces  in  the  throughflow  field  (Fig. 
10.0.3)  Is  not  too  great,  the  pressure  gradients 
across  such  streamsurfaces  need  not  be  considered, 
and  hence  the  Individual  "strips"  may  be  consi¬ 
dered  separately.  (Hence  the  term  "strip  theory"). 
By  considering  a  number  of  such  strips,  suitable 
blade  profiles  can  be  determined  for  a  selected 
number  of  radial  stations  on  the  blade,  and  the 
complete  blade  shape  necessary  to  describe  the 
full  three  dimensional  blade  can  be  obtained  by 
fairing  In  the  desired  profile  shape. 

Numerical  methods  may  be  utilized  to  calculate 
the  flow  field  In  this  plane  (Including  the  boun¬ 
dary  layers),  but  classically  the  most  widely  used 
method  Is  to  run  cascade  tests  to  obtain  the  blade 
performance  data.  It  Is  to  be  noted  that  In 
general  the  flow  between  an  example  pair  of  stream- 
surfaces  In  the  throughflow  field  encounters  a 
change  in  cross-sectional  area,  As  a  result  great 
care  must  be  taken  when  the  corresponding  cascade 
test  Is  conducted,  to  Include  the  effects  of  the 
axial  variation  in  flow  cross-section  and  Its 
related  effect  upon  the  streamwlse  pressure  varia¬ 
tion.  It  Is  to  be  further  noted  that  the  effect 
of  the  cascade  sidewall  boundary  layer  build  up 
must  also  be  accounted  for  in  order  to  properly 
simulate  the  streamwlse  pressure  variations.  The 
cascade  flowfleld  Is  more  fully  described  In 
Chapter  12. 

THE  SECONDARY  FLOW  FIELD 

The  third  of  the  three  two-dimensional  flow 
fields  considered  to  comprise  the  full  three- 
dimensional  flow  field  of  an  axial  turbomachine 
is  the  secondary  flow  field.  This  field  exists 
because  the  fluid  near  the  solid  surfaces  will 


have  a  lower  velocity  with  respect  to  those  sur¬ 
faces  chan  does  the  fluid  In  the  "free  stream" 
(external  to  the  boundary  layer) .  As  a  result 
the  imposed  pressure  gradients  (created  because  of 
the  curvature  of  the  free  stream)  will  deflect  the 
fluid  within  the  boundary  layers  from  regions  of 
high  pressure  to  regions  of  low  pressure.  Figure 
10.0.5  indicates  the  possible  secondary  flows  exist¬ 
ing  within  a  stator  row.  (Note  that  the  blade  boun¬ 
dary  layers  on  a  rotor  would  tend  to  be  centri¬ 
fuged  outward,  whereas  the  excess  pressure  existing 
at  the  outer  annulus  tends  to  deflect  the  stator 
blade  boundary  layer  Inward.) 


Figure  10.0.5  Secondary  Flows  Within  a  Stator  Row 

Secondary  flows  are  notoriously  difficult  to 
analyze,  but  in  spite  of  this,  considerable  pro¬ 
gress  has  been  made  in  the  analysis  of  secondary 
flows  In  both  compressors  and  turbines.  The 
techniques  of  analysis  for  compressors  are  sub¬ 
stantially  different  chan  Chose  for  turbines. 

This  is  because  in  compressors,  the  adverse  pres¬ 
sure  gradient  leads  to  low  wall  shears,  so  the 
flows  can  be  analyzed  fairly  accurately  Ignoring 
the  viscous  shearing  terms.  (The  presence  of  the 
viscous  shearing  terms  is  Included  Implicitly  in 
the  assumed  entrance  velocity  profile.)  The  litera¬ 
ture  of  this  class  of  secondary  flows  Is  quite 
extensive,  and  the  Interested  reader  Is  encouraged 
to  obtain  several  excellent  recent  studies  (Refs. 
10.1,  10.2,  10.3). 

When  secondary  flows  in  turbines  are  to  be 
considered,  the  large  favorable  pressure  gradients 
existing  over  much  of  Che  blade  surface  and  annulus 
walls  leads  to  thin  boundary  layers  with  high 
shearing  rates  and  consequently  high  shear  stresses. 
As  a  result  (three  dimensional)  boundary  layer 
calculation  techniques  must  be  employed.  These 
technique  are  further  discussed  in  Chapter  18. 

10.1  TWO-DIMENSIONAL  INCOMPRESSIBLE  FLOW  THROUGH 
BLADE  ROWS 

In  this  section  we  will  relate  the  changes  In 
fluid  velocity.  Induced  by  blade  rows,  to  the 
changes  In  fluid  thermodynamic  properties.  The 
discussion  pertains  to  the  cascade  field,  but  for 
Che  present,  only  the  far  upstream  and  far  down¬ 
stream  conditions  will  be  considered.  In  this  way, 
description  of  the  details  of  the  flow  In  the 
vicinity  of  the  blades  will  not  be  necessary,  but 
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i»>[(rv)2-(rv)i] 


(10.1.5) 


rather  only  the  changes  in  fluid  properties  will  be 
required.  The  more  difficult  problem  of  obtaining 
the  necessary  blade  geometries  to  efficiently  induce 
the  assumed  velocity  fields  will  be  addressed  in 
later  sections. 

10.1.1  THE  EULER  EQUATION 

We  now  consider  the  behavior  of  a  single 
streamtube  as  it  passes  through  a  rotor  row.  The 
geometry  and  nomenclature  of  the  interaction  are 
indicated  in  Fig.  10.1.1.  For  the  purposes  of 
this  section,  it  is  not  necessary  to  know  the 
details  of  the  interaction  within  the  volume 
indicated  by  the  dotted  lines  in  the  figure. 

Rather  we  require  only  stations  1  and  2  be  suf- 
flcently  far  removed  from  the  region  of  rotor 
Interaction  that  the  flow  may  be  considered  time 
Independent  and  in  addition  it  is  assumed  that 
the  entire  process  is  adiabatic. 


It  is  to  be  noted  that  no  restriction  to  ideal 
flow  was  implied  in  the  development  of  this  equation, 
the  only  restriction  being  that  the  flow  be  adiabatic. 
It  would,  of  course,  be  hoped  that  in  a  compressor 
the  work  Interaction  would  occur  in  a  primarily  non- 
viscous  manner  so  that  after  diffusion  (in  a  stator 
row)  the  effects  of  the  work  interaction  would  appear 
primarily  as  a  pressure  Increase  rather  than  as  a 
(static)  temperature  Increase.  Equation  10.1.5, 
however,  is  applicable  no  matter  what  the  coiq>reaaor 
efficiency. 

THE  PERFECT  FLUID  APPROXIMATION 

When  the  flow  of  a  perfect  fluid  is  considered, 
we  may  relate  the  stagnation  pressure  ratio  to  the 
stagnation  enthalpy  ratio  because  the  entropy  remains 
constant.  Thus,  utilizing  Eq.  2.16.6  we  find 


Figure  10.1.1  Streamtube  Geometry  and  Nomenclature 

We  define  Aw  as  the  work  interaction  per 
unit  mass  chat  the  streamtube  undergoes  as  it 
passes  through  the  rotor,  and  for  convenience 
define  Aw  to  be  positive  for  a  work  "input". 

The  first  law  of  thermodynamics  then  gives  (for 
this  adiabatic  flow) 

Aw  -  h  -h.  (10.1.1) 

t2  tl 

The  work  Interaction  from  the  rotor  is  trans¬ 
mitted  to  the  streamtube  from  the  input  shaft  by 
the  torque  of  Che  blades.  Denoting  that  portion 
of  the  torque  identified  with  the  streamtube  as 
6T  ,  and  Che  angular  velocity  of  Che  shaft  as  u  , 
we  have  the  power  input  to  the  streamtube  given  by 

power  input  ■  (»)6T  (10.1.2) 

The  torque  on  the  streamtube.  Itself,  is 
equal  CO  Che  rate  of  production  of  angular  momentum, 
so  that  with  Che  mass  flow  rate  through  the  stream- 
tube  denoted  6m  ,  we  may  write 

6T  ■  [ (rv)2- (rv) 1 ]6m  (10.1.3) 


(10.1.6) 


These  forms  follow  because  we  are  considering 
a  calorically  perfect  gas.  Thus,  with  Eqs.  10.1.5 
and  10.1.6  there  follows 


[1  +  {(rv)2-(rv)i}]^*^  perfect 

Pti  "tl  fluid 

(10.1.7) 

We  now  Introduce  reference  quantities  denoted 
by  a  subscript,  0,  where  such  quantities  are  assumed 
to  be  the  uniform  values  of  the  given  quantities 
found  in  the  approaching  flow  far  upstream.  The 
stagnation  enthalpy  does  not  change  prior  to  the 
blade  row  so  we  may  write 


tl 


to 


yRT 


0 


o 


^  ■  Vm7  V 


Equations  10.1.7  and  10.1.8  then  give 


’’tl  1  "o 


{ (rv)2-(rv)i  ^ 


(10.1.8) 


perfect 

fluid 

(10.1.9) 


If  we  now  restrict  our  attention  to  cases  where 
the  amount  of  turning  is  small,  this  expression  may 
be  approximated  by  retaining  only  the  first  term  in 
the  binomial  expansion  of  the  right  hand  side.  Thus 


The  work  interaction  per  unit  mass  is  Just  Che 
power  input  divided  by  the  mass  flow  rate,  so  from 
Eqs.  10.1.2  and  10.1.3 


Aw 


il 

5m 


u[ (rv)2-(rv)i ] 


(10.1.4) 
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y 


1  + 


2 


{(rv)2-(rv)i } 


perfect 

fluid 

(10. 1.10 


Combination  of  Eqs.  10.1.1  and  10.1.4  then 
gives  the  famous  Euler  momentum  equation. 


It  is  to  be  noted  that  Eq.  10.1.10  would  also 
be  valid  in  the  case  of  small  Mach  numbers.  In  such 
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a  case,  p.  becomes  an  Inconvenient  reference 
quantity,  and  It  Is  more  appropriate  to  reference 


the  "dynamic  head",  Pq“q 


Thus  noting 


YM, 


p  V 

2  ^0  0 


WftO 

Pt.  Pp 


^  (1  +  ^ 

Pt.  2  ° 


It  follows  that 


Pt2”Pti  .  Y-1  ..  j.Y-l  U)  ,,  ,  ,  .  , 

O  w  2  =  (1  +  —  Mq  )  ^  {(rv)2-(rv),} 

0  0  0 

(10.1.11) 

perfect  fluid,  small  turning 

In  the  limit  as  approaches  zero  we  obtain 

the  relationship  for  Incompressible  perfect  flow 
which  may  be  written 


[  (rv)2-(rv)i  ] 


p  w 
^0  0 


(10.1.12) 

perfect.  Incompressible  fluid 


The  expressions  represented  by  Eqs.  (lO.l.S  - 
10.1.12)  allow  us  to  calculate  the  changes  In 
stagnation  enthalpy  or  In  stagnation  pressure.  In 
terms  of  the  Imposed  changes  In  swirl  velocities. 
Each  form  of  the  equations  should  be  used  only  In 
the  regime  for  which  It  Is  valid,  as  Indicated 
beside  each  expression.  It  Is  to  be  noted  from 
Eq.  (10.1.5)  that  no  change  In  stagnation  enthalpy 
can  occur  unless  the  blade  row  Is  moving.  This 
situation  Is  quite  obvious  when  It  Is  realized 
that  without  a  moving  surface,  no  work  Inter¬ 
action  with  the  fluid  would  occur.  (Eq.  10.1. A) 


A  similar  result  to  that  for  the  stagnation 
enthalpy  occurs  In  the  case  of  the  stagnation  pres¬ 
sure  of  a  perfect  fluid.  When  losses  are  present, 
however,  the  accompanying  entropy  gains  will  super¬ 
impose  a  stagnation  pressure  decrease  upon  the  flow 
processes  In  rotor  and  stator.  (Eq.  2.16.6)  Thus, 
the  stagnation  pressure  rise  through  the  rotor  will 
not  be  as  large  as  It  would  be  If  the  fluid  was 
perfect,  and  there  will  be  a  decrease  In  stagnation 
pressure  as  the  fluid  passes  through  the  stator. 

10.1.2  VELOCITY  TRIANGLES 


It  was  seen  In  the  previous  section  that 
desired  property  changes  are  brought  about  by 
Inducing  swirl  velocities  with  the  rotors  and 
stators.  In  this  section  we  consider  the  result¬ 
ing  vector  triangles  of  the  fluid  velocities  In 
order  to  gain  an  appreciation  for  the  fluid  field 
the  blades  and  vanes  must  create.  The  blade  and 
vane  angles  will,  of  course,  be  closely  related  to 
the  fluid  flow  angles.  The  flow  Is  considered  to 
be  two-dimensional  only,  and  Is  considered  to  be 
approaching  the  first  row  from  afar  with  conditions 
denoted  by  the  subscript,  o  .  We  consider  the  flow 
past  three  rows,  an  Inlet  guide  vane  row,  rotor  and 
stator.  The  rows  and  station  numbering  are 
Indicated  In  Fig.  10.1.2. 


Figure  10,1,2  Blade  Rows  and  Station  Numbering 
INLET  GUIDE  VANE  (I.G.V.) 

The  flow  approaching  and  following  the  I.G.V. 
row  Is  Illustrated  In  Fig.  10.1.3.  The  notation  for 
the  angle  of  turning,  velocity  components  and  magni¬ 
tude  of  the  velocity  is  indicated  In  the  figure. 


w 

0 


V] 


Figure  10.1.3  Flow  Past  an  Inlet  Guide  Vane  Row 

An  Inlet  guide  vane  row  tends  to  be  unique 
amongst  all  the  rows  In  a  compressor,  because  In  all 
compressors  with  I.G.V.  rows  built  to  date,  the 
static  pressure  decreases  across  the  row.  The 
reason  for  this  can  be  inferred  from  Fig.  10.1.3, 
where  It  Is  evident  that  the  magnitude  of  the  velo¬ 
city  has  Increased  upon  passage  through  the  row. 

The  I.G.V.  row  is  not  moving,  and  hence  no  increase 
in  stagnation  enthalpy  o,.  iirs,  and  for  an  Ideal 
fluid,  no  change  In  stagnation  pressure  will  occur. 
As  a  result,  the  increased  magnitude  of  the  velocity 
will  have  attendant  with  it,  a  decrease  in  static 
pressure.  It  Is  conceivable  that  a  severe  expansion 
In  the  annulus  side  walls  could  be  Incorporated, 
so  that  the  axial  velocity  could  be  reduced  to  a 
sufficient  extent  to  cause  the  overall  velocity 
magnitude  to  reduce,  but  this  has  not  been  incor¬ 
porated  in  any  design  to  date.  (There  would  seem  to 
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be  no  reason  to  do  so.)  Because  of  the  overall 
favorable  pressure  gradient  imposed  across  an 
I.G.V.  row,  Che  tendency  of  the  vane  boundary 
layers  to  separate  Is  much  reduced,  and  as  a 
result  very  high  turning  can  be  Introduced  by  a 
single  I.G.V.  stage. 


FDTOR 


When  the  air  departs  the  I.G.V.  It  has  a 
velocity  Vj  .  /vi ^+wi ^  ,  which  is  directed  at  an 


angle  0i  from  the  axial  direction.  The  rotor 


Itself,  has  a  velocity  ursg  ,  and  hence  sees  a 


relative  velocity  at  Inlet  given  by 


- 


ure„ 


(10.1.13) 


reli  '  9 

The  air  Is  then  turned  within  the  rotor  to 


the  relative  velocity  V  ,  so  that  the  velocity 
relj 


In  the  absolute  frame  (the  laboratory  system  of 
coordinates),  Vj  ,  Is  given  by 


Figure  10.1.5  Rotor  Row  Composite  Diagram 
STATOR 


V  ,  +  (ure. 

relj  0 


(lO.l.U) 


These  velocity  relationships  are  Indicated 
in  Fig.  10.1.4. 


The  stator  accepts  the  flow  departing  from  the 
rotor  and  turns  it  to  a  more  axial  direction.  By 
reducing  the  swirl  velocity  in  this  way  the  magnitude 
of  the  total  velocity  is  also  reduced,  and  the  static 
pressure  increases  across  the  vane  row.  In  those 
designs  where  the  stator  eturns  the  velocity  vector 
to  that  found  at  entrance  to  the  rotor,  the  stage 
is  said  to  be  a  repeating  stage.  The  stator  velocity 
relationships  are  indicated  in  Fig.  10.1.6. 


Figure  10.1.4  Flow  Past  a  Rotor  Row 


The  information  displayed  in  Fig.  10.1.4  can 
be  more  compactly  displayed  by  utilizing  a  compos¬ 
ite  diagram  wherein  both  entering  and  leaving  velo¬ 
city  diagrams  are  shown  superimposed.  Such  a  dia¬ 
gram  Is  indicated  In  Fig.  10.1.5 


Figure  10.1.6 
10.1.3 


Flow  Past  a  Stator  Row 


PRESSURE  RELATIONSHIPS  ACROSS  BLADE  ROWS 
THE  DEGREE  OF  REACTION  AND  THE  DIFFUSION 
FACTOR 


The  change  in  stagnation  properties  across 
blade  rows  was  Investigated  for  various  limiting 
conditions  in  Sec.  (10.1.1).  It  Is  the  purpose 
of  a  compressor  stage  to  raise  the  stagnation 
pressure  as  much  as  possible  and  as  efficiently 
as  pos.slble.  In  addition  it  would  be  desirable  to 
have  the  mass  flow  rate  per  cross  sectional  area 
be  as  large  as  possible  so  as  to  reduce  the  required 
compressor  cross  sectional  area  to  the  minimum 


possible.  These  desired  design  goals  create  It  can  be  seen  that  In  an  axial  compressor, 

several  conflicting  requirements  and  limitations.  where  rj  si  r2  ,  the  relative  stagnation  pressure 


It  Is  evident  from  Sec.  (10.1.1)  that  a 
large  stagnation  pressure  rise  would  require  a 
large  amount  of  turning  In  the  rotor,  and  hence 
also  In  the  stator  to  return  the  velocity  vector 
to  (approximately)  that  entering  the  rotor.  This 
large  turning  Introduces  two  related  deleterious 
effects.  Firstly,  the  large  stagnation  pressure 
change  introduces  a  related  large  adverse  static 
pressure  gradient.  This  Imposed  static  pressure 
gradient  enchances  the  probability  of  boundary 
layer  separation  on  the  blade.  Secondly,  the 
large  required  blade  curvature  leads  to  high 
blade  aerodynamic  loading  with  related  very  low 
values  of  minimum  static  pressure  on  the  blade 
suction  side.  As  a  result  the  suction  side  bound¬ 
ary  layer  must  surmount  a  local  severe  adverse 
pressure  gradient  which  has  already  been  made 
worse  by  the  superimposed  static  pressure  gradient 
due  to  all  other  blades  In  the  row,  as  Just  des¬ 
cribed  above. 

It  is  apparent  (Eq.  10.1.9)  that  the  attain¬ 
ment  of  high  pressure  ratios  will  be  aided  by  the 
use  of  high  blade  speeds  and  high  axial  Mach  numbers, 
but  each  of  these  techniques  has  Its  own  limitations. 
It  Is  obvious  that  the  blade  speed  will  be  limited 
by  mechanical  stressing  considerations,  though  It 
Is  notable  that  great  strides  In  this  direction  have 
been  made  In  the  last  two  decades.  (Blade  speeds 
have  Increased  from  approximately  300  m/s  to 
approximately  500  m/s.)  Both  Increasing  the  blade 
speed  and  Increasing  the  axial  Mach  number  lead 
to  large  relative  Mach  numbers  on  the  blades,  and 
If  carried  to  excess  can  lead  to  large  shock  losses 
In  the  stage. 

It  Is  the  function  of  a  designer  to  make  as 
optimal  a  choice  as  possible  of  the  various  con¬ 
flicting  requirements,  and  some  simplified  design 
aids  have  been  developed  to  help  In  the  various 
choices.  Two  coefficients  often  utilized  in  the 
design  of  axial  compressors  or  turbines,  the  degree 
of  reaction  and  the  diffusion  factor,  are  defined 
In  the  following.  Each  coefficient  Is  related  to 
the  behavior  of  the  static  pressure  change  across 
the  blade  rows,  so  prior  to  defining  the  coef¬ 
ficients,  we  first  Investigate  the  behavior  of 
the  static  pressure.  For  simplicity  we  consider 
the  incompressible  perfect  fluid  case. 

We  have  from  Eq.  (10.1.12),  for  the  two- 
dimensional  case,  (with  r  p) 


across  the  (Ideal)  rotor  does  not  change.  This,  of 
course.  Is  simply  Bernoulli's  equation  for  the 
relative  coordinate  system.  The  terms  Involving 
the  square  of  the  blade  speed  are  related  to  the 
accounting  of  "energy"  stored  against  the  centri¬ 
fugal  forces,  and  can  be  of  dominant  Importance  In 
centrifugal  compressors  with  their  large  change  In 
radius  from  Inlet  to  outlet.  Equation  10.1.16  Is 
equally  valid  for  stators  as  well  as  rotors,  where 
of  course.  In  Che  case  of  a  stator  the  equation 
simply  degenerates  to  Che  statement  that  the  stag¬ 
nation  pressure  does  not  change  across  an  ideal 
stator  row. 


Equation  10.1.16  Is  in  a  useful  form  for 
design  purposes,  because  It  makes  evident  that  we 
may  estimate  the  change  in  static  pressure  across 
an  axial  compressor  rotor  row,  simply  by  observing 
the  fluid  behavior  in  the  relative  coordinate 
system.  (Fig.  10.1.15)  As  was  evident  In  the  dis¬ 
cussion  Introducing  this  section,  the  effect  of 
static  pressure  Increase  Is  of  paramount  Importance 
upon  the  operating  limit  of  a  blade  row,  and  It  Is 
evident  that  it  would  be  desirable  to  have  such  a 
static  pressure  Increase  across  a  stage  nearly 
evenly  divided  between  the  rotor  and  the  stator. 

A  measure  of  this  static  pressure  split  is  the 
degree  of  reaction,  “R  ,  defined  in  the  following. 


DEGREE  OF  REACTION  "R 


The  degree  of  reaction,  °R  ,  is  defined  as 
the  static  pressure  rise  across  the  rotor  divided 
by  Che  static  pressure  rise  across  Che  stage.  Thus, 


ip  . 
rotor 

ip 

"stage 


1 


ip 

"stator 

ip  ^ 
"stage 


(10.1.17) 


In  the  case  of  incompressible  perfect  fluid 
flow  and  nearly  axial  flow,  we  may  write  (utilizing 
the  station  numbering  of  Fig.  10.1.2) 


or 


and 


—  ip  ' 

p  stage 

1  . 

—  Ap  I 

p  "stage 

—  ip 

p  "stator 


i  ip  -  4  iV^ 

p  "t  stage  2  stage 

ai{(rv)2-(rv)i) --j  (Vs^-Vi*) 

(10.1.18) 

■  f  (Vj^-Vj^)  (10.1.19) 


P2  +  J  P(v2^+W2^)-P(»)(rv)2  ”  Pi  +  Y  p(vi  ^-ewi  ^)-p<»)(rv)i 

(10.1.15) 

Straightforward  manipulation  of  this  equation 
leads  CO  Che  alternate  form 

p  -  ^  -  4  p(uri)*  (10.1.16) 

'2rel  ^  '^‘rel  ^ 


It  follows  that 


'R 


Vi  *-V  3^+2ui{rv)  2-  (rv)  1 ) 


Incompressible, 
perfect  flow, 
small  radius 
changes 


(10.1.20) 


Here  we  have  Introduced  Che  relative  stagnation 
pressure  as  seen  by  Che  rotor,  p^  .  ,  which  Is 
defined  by 


p  =  P  +  4  p{w’  +  (v-ur)*} 
^rel  ^ 


A  repeating  stage  Is  one  for  which,  by 
definition,  Vi  •  V)  ,  so  that  noting  wi  •  wj  , 


*R  •  1 


Vj’-Vi 


2 


2iD{(rv)i.-(rv)i) 


incomprestlble,  perfect 
flow,  small  radius  changes, 
repeating  stages,  wi  ■  W2 


(10.1.21) 
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An  even  simpler  form  results  if  the  rsdlus 
change  is  so  small  that  It  does  not  effect  the 
angular  momentum  difference.  In  this  case,  we  have 
%»lth  ri  •  r2  “  r  , 

V2+V1 

°R  ■  1 - 2u)r~  incompressible,  perfect  flow, 

no  radius  change,  repeating 
stages 

(10.1.22) 

DIFFUSION  FACTOR,  D 

This  factor  was  developed  in  an  attempt  to 
describe  both  the  effects  of  Imposed  axial  pres¬ 
sure  gradient  and  of  blade  turning  angle.  (It  Is 
more  fully  developed  In  Ref.  10.4  and  In  Sec. 
17.5.3.1.)  It  Is  Intended  to  be  a  measure  of  how 
highly  loaded  a  single  blade  row  may  be  considered 
to  be.  It  Is  defined  by 


here  V  ”  magnitude  of  the  relative  velocity  at 
exit  to  the  blade  row 

“  magnitude  of  the  relative  velocity  at 
Inlet  to  the  blade  row 


Av  -  magnitude  of  the  change  In  tangential 
component  of  velocity  across  the  blade 
row 


a 


solidity  = 


chord 

spacing 


c 

3 


These  relationships  are  shown  In  Fig.  10.1.7. 


Figure  10.1.7  Geometry  and  Velocity  Changes 
Across  Blade  Row 

A  typical  maximum  value  of  D  obtainable  for 
a  given  family  of  blade  profiles  la  about  0.6.  This 
value  should  not  be  exceeded  substantially  or  It  can 
be  expected  that  flow  separation  will  occur.  Such 
limiting  valuas  of  the  diffusion  factor  are  usually 
obtained  from  cascade  testa  (Chapt.  12).  Such 
limiting  values  can  vary  substantially  In  soma  cases 


(for  blades  with  extremely  long  chords  for  example) , 
but  the  factor  Is  very  convenient  to  utilize  so  that 
possible  problem  areas  can  be  pinpointed. 

10.1.4  RELATIONSHIPS  IN  TERMS  OF  FLOW  ANGLES 


The  geometry  of  the  flow  through  the  blade  rows 
was  discussed  In  Sec.  10.1.2.  It  Is  often  of  use  to 
obtain  expressions  for  the  pressure  change,  degree 
of  reaction  and  diffusion  factor  In  terms  of  the 
fluid  flow  angles,  because  the  flow  angles  themselves 
can  be  fairly  directly  related  to  the  blade  angles. 

In  particular,  the  relative  velocity  departing  each 
row  will  have  a  relative  angle  not  far  from  the  blade 
geometric  angle.  In  fact  relatively  simple  empirical 
rules  are  available  to  estimate  the  difference  of  the 
relative  flow  angle  and  blade  angle  at  exit  to  the 
blade  row  (Chapt.  12),  so  in  the  following  we  obtain 
the  desired  relationships  in  terms  of  angles  6] , 

62  and  03  . 


For  simplicity  of  presentation  we  consider  the 
Incompressible  perfect  fluid  case.  Thus  Eq.  CLO.1.12) 
may  be  utilized  to  give  with  the  relationships  appar¬ 
ent  from  Fig.  10.1.5,  namely 


Vl 

=  W)  tan  61 

(10.1.24) 

V2 

=  U)r2-W2  tan  82 

(10.1.25) 

and  hence 


Ap  ior2  ^  (jJtj  Wj  ur,  w, 

•=  ( - )  -  [ - tan  62  + - 

pw^  W  WW  ww 

0  0  0  0  0  0  0 

incompressible. 


tan  61  ] 

perfect  fluid 
(10.1.26) 


In  the  special  case  where  no  change  in  axial 
velocity  or  radius  occurs,  this  form  reduces  to 


(10.1.27) 

^o"b  0 

Incompressible,  perfect  fluid,  ri"r2”r,  W)«W2“w^ 


In  Sec.  8.4.2,  It  was  pointed  out  that  when  a 
compressor  Is  operated  at  low  rotational  speeds 
(during  starting,  for  example)  the  front  blades  tend 
to  operate  with  a  low  axial  velocity  to  blade  speed 
ratio,  as  compared  to  the  design  speed  ratio.  It 
can  be  seen  from  Eq.  (10.1.27)  then,  that  a  further 
complication  will  arise.  In  that  the  stagnation 
pressure  rise  near  the  tip  of  a  finite  length  blade 
will  tend  to  be  larger  than  that  near  the  hub.  This 
is  because  the  flow  angles  82  and  61  tend  to  be 
relatively  Insensitive  to  flow  velocity,  and  because 
82  and  61  ,  at  all  radii,  would  be  chosen  to  be 
appropriate  for  the  design  condition,  at  off-deslgn 

when  w  /ur  decreases,  so  does  the  effect  of  the 
o 

second  term  in  the  brackets  of  Eq.  (10.1.27).  As 
a  result  of  the  larger  work  Interaction  at  the  tip 
of  the  blades,  the  static  pressures  can  become  so 
excessive  that  a  region  of  reverse  flow  can  possibly 
exist.  (Fig.  lO.l.B)  The  fluid  contained  within 
such  a  region  of  reverse  flow  can  rapidly  have  Its 
temperature  raised  (by  the  work  Interaction  with 
the  blades)  to  such  an  extent  that  blade  melting 
can  occur)  This  la  yet  another  reason  why  the 
techniques  mentioned  In  Sec.  8.4.2  for  preventing 
excessively  low  axial  velocities  must  be  employed. 
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^rotor  “  ^  “ 


sec  ^2  +  tan  9i )  ] 


{l+[^-tan 

0  (10.1.36) 

incompressible  perfect  flow,  small  radius  changes 


ri 


wi 


W2 


Finally,  we  obtain  an  expression  for  the  stator 
diffusion  factor  by  first  noting 


Figure  10.1.8  Recirculating  Flow  Region 

We  may  obtain  from  Fig.  10.1.5  the  relation¬ 
ships 


(V  )  "Wo  sec 

e  stator  ^  ^ 


(V,), 


iijr2 


W2{1  +  ( -  -  tan  82]^} 


^''stator  '  ‘^’^2-W2  tan  S2-W3  tan  63 


(10.1.37) 

(10.1.38) 

(10.1.39) 


V,^  -  wi^  sec*0i 

V2^  =  W2^  +  (ur2-W2  tan  82)^ 


(10.1.28) 

(10.1.29) 


These  equations  may  then  be  substituted  Into  Eq. 
(10.1.23)  to  given  an  expression  for  the  stator 
diffusion  factor.  In  the  special  case  where  no 
change  In  axial  velocity  or  radius  occurs,  there  Is 
obtained 


V3  *  W3  sec  6  3 


(10.1.30) 


Equations  (10.1.20),  (10.1.24),  (10.1.25)  and 
(10.1.28-  10.1.30)  may  then  be  combined  to  give 


°R  =  l-{wj^[l+(-^  -  tan  63)  ^  ]-Wj^sec^9  4 


sec  6  5 


stator 


1  - 


-  (tan  82  +  tan  0  3)  ] 

0 


{l  +  [~-tan  82]  }  (10.1.40) 

(incompressible,  perfect  flow,  small  radius  changes 


rj  «  V2 


wi 


W2  *  W^) 


{w  ^  sec^  9,  -  w  ^  sec^  6  + 

1  1  3  3 

wr  ^  (jjr  ojr  w 

^"2^'^^^^  ■  tan  0,]  ]} 


(10.1.31) 


In  the  special  case  where  no  change  in  axial 
velocity  or  radius  occurs,  and  the  stage  is  repeat¬ 
ing,  this  form  reduces  to 

~  -  tan  62  +  tan  9i 
w 

°R  =  1  -  — - - -  (10.1.32) 


(incompressible,  perfect  flow,  small  radius  changes, 
ri  =  r2  -  r,  wi  =  W2  =  w^,  V,  =  V ,  ) 

Again  utilizing  Fig.  10.1.5  we  obtain  for 
the  rotor 

(V^)^„_^  ’  82  (10.1.33) 

e  rotor 

wr  5  / p 

(Vi)rotor  “  "itl+I-T'"  (10.1.34) 

0 

AVro^or  ”  wr2-W2  tan  62  -  Wj  tan  Oj  (10.1.35) 

Equations  (10.1.33  -  10.1.35)  may  then  be  sub¬ 
stituted  into  Eq.  (10.1.20)  to  give  an  expression 
for  the  rotor  diffusion  factor.  In  the  special 
case  where  no  change  In  axial  velocity  or  radius 
occurs,  there  is  obtained 


Several  tendencies  for  the  degree  of  reaction 
and  diffusion  factor  become  evident  in  these  expres¬ 
sions.  We  note  from  Eq.  (10.1.32),  for  example, 
that  in  the  case  of  a  repeating  stage  with  "symmetric 
blading"  (62  ®  ©i)*  the  degree  of  reaction  is  one 
half,  no  matter  what  the  ratio  of  blade  speed  to 
axial  velocity.  This  means,  for  such  a  stage,  that 
the  static  pressure  rise  would  remain  equally  split 
between  rotor  and  stator  as  the  compressor  was 
"throttled".  When  the  compressor  is  throttled 
(outlet  flow  decreased  leading  to  an  outlet  pressure 
increase),  an  Increased  pressure  rise  must  occur 
across  the  stage.  The  effect  of  such  an  increase  in 

pressure  rise  is  seen  in  D  and  D  which 

rotor  stator 

both  increase  as  tor/w  increases.  This,  of  course, 

0 

means  that  the  compressor  Is  moving  towards  its 
design  limit. 

10.2  FREE  VORTEX  FLOW 

We  now  consider  the  effects  of  finite  blade 
height  upon  the  required  fluid  flow  angles.  It 
Is  apparent  from  the  preceding  sections  that  the 
variation  in  fluid  properties  across  blade  rows  is 
a  function  of  the  blade  velocity.  Thus,  when  we 
consider  a  blade  of  finite  length,  the  blade  velocity 
will  change  substantially  with  radius,  and  the  cor¬ 
responding  effects  upon  the  flow  field  should  be 
determined.  In  most  compressor  designs  it  is 
desirable  to  obtain  the  same  stagnation  pressure 
rise  across  a  stage,  at  all  radii.  (Note  if  this 
was  consistently  violated  in  a  multistage  machine, 
very  large  static  pressure  mismatches  could  occur 
with  consequent  recirculation  regimes.) 
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We  shall  consider  the  case  where  the  change 
in  stagnation  enthalpy  across  the  rotor  is  a  con¬ 
stant  with  radius,  so  that  from  Eq.  (10.1.5)  we 
have 


5  "t'"h  5  °r„ 


h^  -h 

t2  tj 


u)[  (rv)2-(rv)i  ]  -  const.  (10.2.1) 


Thus,  a  "constant  work  stage",  that  is  one  for 
which  the  work  interaction  per  mass  is  independent 
of  radius,  requires  that  the  change  in  angular 
momentum  be  the  same  for  all  streamtubes.  There  are 
many  types  of  flows  that  could  satisfy  this  require¬ 
ment,  but  the  simplest  such  flow  would  seem  to  be 
chat  for  which  (for  perfect,  incompressible  flow) 
the  axial  velocity  remains  a  constant  with  radius. 
(We  assume  a  parallel  walled  annulus.)  It  is 
apparent  from  the  requirement  of  mass  continuity 
that  if  no  change  in  axial  velocity  occurs,  no 
radial  flows  will  be  Induced.  The  radial  momentum 
equation  Chen  reduces  to  the  statement  that  the 
radial  pressure  gradient  la  balanced  by  Che  centri¬ 
fugal  forces.  That  is 


9r  r 


(10.2.2) 


2 

o  o 


4  “R_ 


(10.2.5) 


Here  “Rr  and  Or  refer  to  the  degree  of 
D  n 

reaction  and  solidity  at  the  "mass  average  radius", 
r  .  The  mass  average  radius  is  that  radius  that 

ID 

has  half  the  mass  flowing  within  it  and  the  hub, 
and  half  flowing  within  it  and  the  tip.  In  this 
case  of  uniform  axial  velocity,  we  have 


(10.2.6) 


DEGREE  OF  REACTION 


Equation  (10.1.22)  is  valid  for  this  case,  so 
Chat  with  Eq.  (10.2.4)  we  have 

»R  -  1  - 


The  requirement  that  the  stagnation  pressure 
be  constant  with  radius  gives 


p  +  I  (w^+v^) 


p^  =  const. 


So  that 


(10.2.3) 


Equations  (10.2.2)  and  (12.2.3)  may  be  com¬ 
bined  to  given  an  equation  for  v  in  terms  of  r  . 
Thus  noting  that  no  changes  in  properties  occur  in 
Che  axial  direction  (except  within  blade  rows),  we 
may  write 


f(r  /r  )^+ll 
Const.  -r^^d-^R-  )  -r.  ^  -  ■  -r -  d-'Rr^ 


•r  -  1- 


(r/rh)^ 


(rc/rh)^+l 


(10.2.7) 


Denoting  the  value  of  °R  at  the  hub  by  "R^  , 
we  note  also 

(Vj+Vj). 


dv  ^  dr 


(10.2.4) 


It  can  hence  be  seen  that  a  constant  work 
machine  that  has  a  constant  axial  velocity  through¬ 
out,  not  only  has  the  jump  in  angular  momentum 
across  blade  rows,  Arv  ,  equal  to  a  constant,  but 
also  must  have  rv  Itself  a  constant  in  all 
regimes.  Note,  of  course,  that  the  "constant" 

Chat  rv  is  equal  to,  changes  with  passage  through 
each  blade  row.  A  machine  utilizing  blade  rows 
that  Induce  this  type  of  flow  field  is  termed  a 
"free  vortex"  machine,  and  is  said  to  be  in  radial 
equilibrium  throughout.  We  will  consider  an 
example  free  vortex  calculation  in  the  next  section, 
and  will  consider  flows  of  a  more  general  form  in 
Sec.  10.3  and  Chapt.  11. 

10.2.1  EXAMPLE  FREE  VORTEX  CALCULATION 


hence  —  +  — -  2  —  (1  -  X) 

"o  "o  ''o  ^ 

TANGENTIAL  VELOCITIES 


(10.2.8) 


An  expression  for  the  difference  in  angular 
velocities  follows  from  Eq.  (10.1.12)  to  give 


ii)r,  p  w  ‘ 
_ h  '^0  o 


(10.2.9) 


and  from  Eqs.  (10.2.8)  and  (10.2.9)  there  follows 


''2h  1  1 


(10.2.10) 


We  now  consider  that  several  design  variables 
will  be  prescribed,  and  we  wish  to  obtain  expres¬ 
sions  for  hub  and  tip  values  of  the  design  limit 

parameters  D  and  D  ,  as  well  as  for 

rotor  stator 

°R  .  In  generating  these  expressions,  all  the 
velocity  components  and  relative  velocity  compo¬ 
nents  necessary  to  determine  the  flow  vector  dia¬ 
grams  will  be  obtained  so  that  the  velocity  tri¬ 
angles  could  be  constructed  if  desired. 

We  consider  a  repeating  stage,  and  assume  we 
have  the  following  variables  prescribed; 


''Ik  1  1 

o  0  h  0  0 


Equation  (10.2.4)  then  gives 


li  .  lih  Ill 


(10.2.11) 


(10.2.12) 
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DIFFUSION  FACTORS 


In  order  to  obtain  values  for  the  diffusion 
factors,  some  assumption  must  be  made  with  regard 
to  the  behavior  of  the  solidity.  It  Is  clear  that 
the  spacing  s  will  be  proportional  to  the  radius. 
The  chord  length  can  be  tapered  In  a  variety  of 
ways,  but  for  Illustrative  purposes  It  is  suffi¬ 
cient  to  consider  the  chord  length  constant.  In 
such  a  case  we  obtain 


D 

D 

D 

D 

rotor, 

rotor. 

stator. 

stator 

hub 

tip 

hub 

tip 

5 

-.179 

.558 

.741 

.552 

7 

-.350 

.381 

.590 

.431 

and  with  Eq.  (10.1.23) 


(10.2.13) 

(constant  chord 
length) 


»Rt  -  5/7  ,  »R^ 


-1  ,  both  cases. 


Table  10.2.1  Example  Results,  Free  Vortex 
Design 


D  -  (1  -  +  — - - ^  (constant  chord  (10.2.14) 

i  2o  ~  —  lei'gth) 

r. 

h  o 

The  relative  velocities  for  use  In  this  expres¬ 
sion  follow  by  reference  to  Fig.  10.1.5  and  may  be 
written 


'^1  rotor- 


W  [(— Jl)  +  i]^/2 

0^'w  r  w  T '  * 

oho 


V  ^  =  t((i)r-V2)^+w 

e rotor  o 


W  [(— — - ill  -!l)  + 

0^'w  r  w  r^ 

oho 


V,  -  [w 

1  stator  0 


0 


V  ^  -  [w^^+vs^]-* 

e  stator  o 


"oil  + 

0 


(10.2.15) 


Several  important  trends  are  evident  In  this 
example  calculation.  Thus,  for  example,  It  Is 
apparent  that  the  large  value  for  the  diffusion 
factor  found  at  the  hub  of  the  stator  for  the  low 
blade  speed  case  Indicates  that  such  a  blade  row 
Is  coo  heavily  loaded.  The  designer  of  such  a  row 
would  have  several  options  open  to  him.  Perhaps 
the  most  obvious  change  should  be  to  increase  the 
degree  of  reaction  so  that  the  rotor  tip  will  become 
as  highly  loaded  as  the  stator  hub.  A  rather 
peculiar  result  appears  to  occur  when  Che  degree 
of  reaction  raised  to  0.7  .  As  expected 

the  stator  hub  diffusion  factor  Is  reduced  (to  .670) 
but  the  rotor  tip  diffusion  factor  Is  also  reduced 
(to  .540)1  The  explanation  for  this  unexpected 
behavior  lies  In  the  fact  that  the  Introduction 
of  a  degree  of  reaction  'Rf^  (for  this  geometry) 

In  excess  of  0.55  leads  to  values  of  vi  that 
are  negative.  As  a  result  large  relative  velocities 
with  the  rotor  occur,  so  that  In  spite  of  the 
increased  static  pressure  rise,  Che  diffusion 
factor  reduces.  This  result  Is  not  without  physical 
credence,  because  the  larger  relative  dynamic  pres¬ 
sure  would  help  to  transfer  momentum  to  the  fluid 
In  the  boundary  layers  and  hence  reduce  the  ten¬ 
dency  to  separate.  The  use  of  such  negative  swirl 
in  actual  aircraft  engines  would,  however,  introduce 
possible  shock  losses  because  of  the  large  relative 
Mach  numbers.  It  might  be  noted  parenthetically, 
however,  chat  the  use  of  such  negative  swirl  could 
hold  promise  In  helium  compressors  (for  use  In  gas 
cooled  nuclear  reactors)  whdre  the  Mach  numbers  are 
extremely  low. 


Equations  (10.2.6)  through  (10.2.15)  give  the 
desired  design  limit  parameters  In  terms  of  the 
design  Input  variables  listed  In  Eq.  (10.2.5).  As 
an  example  we  consider  the  values 

Ap  r 

— -  0.9,  —  -  /7,  X  ■  0-5  and  o,  -  1  . 
Po"o  ’'h  " 

We  consider  two  values  of  the  blade  speed,  namely 
wr./w^  •  0.5  and  0,7  .  Direct  calculation  leads 

h  0 

to  the  results  shown  In  Table  10.2.1  . 


It  is  obvious  that  If  the  designer  could 
utilize  materials  that  allowed  a  higher  blade 
speed,  he  could  decrease  the  diffusion  factor, 
as  indicated  by  the  result  for  the  higher  blade 
speed  case.  If  this  option  was  not  available  to 
him  he  might  choose  to  reduce  the  tip  to  hub  ratio, 
thereby  preventing  the  large  negative  degree  of 
reaction  near  the  hub.  This  option  carries  with  It 
the  undesirable  side  effect  of  reducing  the  mass 
flow  per  cross  sectional  area  capability  of  the 
compressor.  Another  option  available  would  be  to 
decrease  the  stagnation  pressure  rise  per  stage, 
but  this  of  course  would  lead  to  the  requirement 
of  more  stages  for  a  given  compressor  pressure  rise. 


It  Is  apparent  that  the  free  vortex  design 
carries  with  It  some  unpleasant  design  restrictions. 
Thus  the  related  rapid  change  with  radius  of  the 
degree  of  reaction  causes  the  blades  to  be  loaded 
so  that  the  stator  hub  requires  very  high  diffusion 
as  does  the  rotor  tip.  Note  that  the  very  large 
turning  required  In  the  rotor  at  the  hub  leads  to 
such  an  acceleration  that  the  static  pressure 
actually  decreases  across  the  rotor  at  the  hub,  for 
this  example.  (Note  °R^  •  -1)  This  means  that  the 
stator  must  undergo  an  extreme  pressure  rise  in  order 
to  return  the  fluid  velocities  to  those  entering  the 
stage  (as  required  for  a  repeating  stage).  A  design 
of  this  sort  that  places  the  design  limit  so  strongly 
at  the  limits  of  the  blades  Is  quite  undesirable 
because.  In  effect,  the  remaining  portions  of  the 
blades  are  relatively  lightly  loaded  even  when  the 
stator  hub  and  rotor  tip  are  loaded  to  their  limit. 


The  virtue  of  considering  conditions  far  from 
the  blade  rows.  Is  that  any  radial  flows  will  have 
ceased,  because  the  flow  will  have  become  parallel 
to  the  containing  annulus.  In  this  way  we  obtain 
ordinary  differential  equations  for  the  flow  pro¬ 
perties.  At  this  stage  we  will  not  be  able  to 
estimate  how  long  It  takes  the  flow  to  approach 
this  condition  of  "radial  equilibrium",  but  good 
estimates  do  follow  from  the  results  of  the  through' 
flow  theory,  Chapt.  11. 

10.3.1  THE  STREAM  FUNCTION 

We  here  introduce  the  stream  function,  ,  and 
include  for  future  convenience,  the  possibility  of 
axial  variations  in  fluid  properties.  We  still 
consider  Incompressible  flow,  only,  so  Chat  the 
continuity  equation  may  be  written 


In  the  following  sections  we  consider  alternate 
flow  swirl  distributions  that  reduce  the  disparity 
in  loading  along  the  blade  length,  but  It  should  be 
noted  that  the  tendency  for  the  rotor  tip  and  stator 
hub  to  be  diffusion  limited  remains  to  some  f‘.<tent 
in  all  designs.  As  a  result,  the  allowable  stage 
loading  is  a  function  of  th^  tip  to  hub  ratio,  with 
the  smaller  tip  to  hub  ratio  allowing  the  attainment 
of  larger  stage  pressure  ratios.  A  designer,  then, 
can  be  faced  with  the  choice  of  providing  a  large 
cross  sectional  area  compressor  of  fewer  stages, 
versus  a  small  cross  sectional  compressor  of  many 
stages.  The  appropriate  choice  often  depends  on  the 
selected  airplane  mission.  (Chapt.  26) 


9*u  -  0  (10.3.1) 

In  cylindrical  coordinates  this  becomes 


1  ^tu  ^ 
r  3r  Sz 


0 


(10.3.2) 


This  latter  equation  is  Identically  satisfied 
if  we  introduce  the  stream  function,  ,  defined  by 


M  .  i  M 

r  3r  r  3z 


(10.3.3) 


10.3  RADIAL  EQUILIBRIUM  FLOWS 

In  the  preceding  section,  it  was  seen  that  the 
very  simple  free  vortex  theory  led  to  large  varia¬ 
tions  with  radius  of  the  degree  of  reaction.  As  a 
result,  the  free  vortex  distribution  led  to  blades 
with  excessive  diffusion  factors  at  the  rotor  tip 
and  at  the  stator  hub.  Other  swirl  distributions 
must  hence  be  Investigated,  and  as  a  result,  the 
effects  of  radial  flows  must  be  considered. 

A  very  simple  limiting  case  of  flows  In  which 
radial  flows  exist.  Is  obtained  by  considering 
conditions  very  far  from  the  blade  rows.  We  again 
assume  perfect  incompressible  flow,  and  consider 
conditions  in  a  parallel  walled  annulus,  as  shown  in 
Fig.  10.3.1  . 


An  equation  for  iJj  follows  by  considering 
the  normal  derivative  of  the  momentum  equation 
.(Chapt.  11  and  Sec.  10.3.2),  but  before  developing 
such  an  equation,  let  us  first  consider  a  physical 
interpretation  of  the  quantity  il>  . 


Figure  10.3.2  Flow  in  an  Annulus 

Figure  10.3.2  shows  an  annulus  bounded  by  two 
"meridional  surfaces".  A  meridional  surface  is 
defined  as  a  surface  through  which  no  fluid  passes 
We  may  calculate  the  mass  flow  rate  convected  bet¬ 
ween  the  two  meridional  surfaces  in  either  of  the 
alternate  ways 


m 


f 

■'ri 


rj 

w{2xrdr) 


f'1'2 

2-ndip  •  -  2np(ilj2-iPi ) 


or  m  •  -p  u(2'’Irdz)  •  -2rp{\l)r-li,  ) 


Figure  10.1.1  Parallel  Walled  Annulus 


(10.3.4) 


(see  Fig.  10.3.3) 


Thus  the  mass  flow  rate  between  the  surfaces 
is  proportional  to  the  difference  in  streamfunc- 
tions  of  the  surfaces.  It  follows  then  that  if 
’V2  *  there  is  no  (net)  flow  through  the  sur¬ 
face,  so  that  a  constant  \j>  denotes  a  "stream- 
surface".  If  the  equations  of  the  streamsurface 
are  known,  the  velocity  components  follow  from 
Eq.  (10.3.3). 

10.3.2  THE  EQUATIONS  FOR  RADUL  EQUILIBRIUM  FLOWS 

It  is  apparent  from  the  Euler  equation  (Eq. 
10.1.5),  that  the  stagnation  enthalpy  does  not 
vary  along  streamlines  that  are  external  to  the 
blade  rows.  Similarly,  it  is  apparent  from  Eq. 
(10.1.3)  that  the  angular  momentum  also  does  not 
vary  along  streamlines  that  are  external  to  blade 
rows.  Because  of  this,  it  is  convenient  (parti¬ 
cularly  in  throughflow  theory,  Chapt.  11)  to  con¬ 
sider  the  stagnation  enthalpy  and  angular  momentum 
to  be  prescribed  functions  of  the  streamfunction, 
ij;  .  The  prescribed  function  will,  of  course,  be 
determined  by  the  history  of  blade  loading  that 
the  streamtube  has  encountered. 

We  note  from  Eq.  (10.3.3),  that  for  the  case 
of  no  axial  variations,  we  may  write 


1  M  iLl  ,  .  -L  ) 

r  dr  *  dij;  wr  dr 


(10.3.5) 


This  transformation  is  of  particular  utility 
when  we  consider  variations  in  the  stagnation 
enthalpy  and  angular  momentum,  because  as  pre¬ 
viously  described,  these  quantities  will  be  given 
as  functions  of  the  streamfunction. 


For  this  case  of  perfect  flow,  there  is  no 
change  in  entropy  throughout,  so  the  Gibbs  equa¬ 
tion,  Eq.  (2.8.2),  gives 

dh  =  ^  dp  (10.3.6) 

The  differential  change  in  stagnation  enthalpy 
may  be  written 


so 


dh 

1 

P 


=  dh  +  wdw  +  vdv 
t 

dp  =  dh^  -  wdw  -  vdv 


(10.3.7) 

(10.3.8) 


Because  the  flow  is  in  radial  equilibrium, the 
radial  momentum  equation  remains  as  in  Eq.  (10.2.2), 
so  that  we  find 


i  ^  ^  _  V  — 

p  dr  r  dr  dr  dr 

1  ^  _ _ L  _  v  drvi 

r  dr  rw  dr  r  ^rw  dr  ^ 


(10.3.9) 


Utilizing  Eq.  (10.3.5)  we  then  obtain 


1  A  ,  ^^t  X  dry 
r  dr  ^r  dr"^  dtj^  r  dti; 


(10.3.10) 


•  This  is  a  second  order  differential  equation 

■  for  the  streamfunction  ,  in  terms  of  the  pres¬ 

cribed  stagnation  enthalpy  and  angular  momentum. 

It  is,  in  general,  non-linear.  There  are  several 
^  linear  solutions  of  the  equations  corresponding  to 

blade  loadings  'of^  design  Interest,  however,  and 
such  special  cases  will  be  considered  in  the  next 
section.  It  Is  most  convenient  to  consider  a  non- 
.  dimensional  form  of  Eq.  (10.3.10),  so  we  Introduce 


W  » 


o‘h 


(10.3.11) 


Figure  10.3.3  Nomenclature  for  Radial  Equilibrium 
Flow 

Routine  substitution  of  the  variables  of 
Eq.  (10.3.11)  into  Eq.  (10.3.10)  leads  to 


i  A  fi  ii\  .  is.  -  ^ 

y  dy  V  dy^  ”  dV  y  di|/ 


(10.3.12) 


The  related  boundary  conditions  are  obtained 
by  first  noting  that  we  may  prescribe  the  stream- 
function  within  a  constant.  Thus,  for  future 
convenience  we  assign  the  streamfunction  on  the 
hub,  , 


y  M  1 

h  -  2  y 

Me  note  also 

W.  -if 

y  dy 

so  obtain  (noting  that  W 


1  (r  -  rj^)  (10.3.13) 


(10.3.14) 
1  far  upstream) 


y 


R  (r 


r^.)  (10.3.15) 


Equations  (10.3.12-10.3.15)  prescribe  the 
mathematical  problem. 

10.3.3  SOLUTION  OF  THE  RADIAL  EQUILIBRIUM 
EQUATIONS 

Equation  (10.3.12)  may  be  Integrated  for  any 
arbitrary  prescription  of  H  and  yV  (as  a  func¬ 
tion  of  y  ),  but  particularly  simple  forms  arise 
if  we  consider  forms  for  which  H  and  (yV)^  are 
quadratic  in  y  .  Thus,  for  such  flows,  Eq. 
(10.3.12)  reduces  to  a  linear  equation  in  y  and 
a  solution  can  be  obtained  in  terms  of  known 
functions.  We  thus  consider  H  and  (yV)^  to  be 
given  by 
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Af  +  H 

o 


(10.3.16) 


(yV)^  -  (-a'l'+6)^-6V  (10.3.17) 

In  these  expressions,  A  ,  ,  a  ,  6  and  6 

are  constants  which  may  be  selected  at  the 
designers  discretion.  We  note 
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dyV 

dT 


i  diyVii 

2y  d'l' 


=  i  [a^'f-(a6 
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-1  (i  ii)  =  -d,  (1  -1  r„  Ai.  =  d^Cf/y)  ^  1  dWy) 
dy  y  dy  dy  ''y  dy  ^  y  dy^  y  dy 

.-i-  (1) 

y2 


With  these  expressions  we  obtain  from  Eq. 
(10.3.12) 


-yAfi  (ae-bf) 
dy2  y  dy  y'  y  y  2 


(10.3.18) 


We  note  that  the  inhomogeneous  portion  of 
this  equation  may  be  Integrated  Immediately  to 
give 


(I)  =  A  y  +  i  (6  + 

^  y  ''a  2a^' 

’  inhom.  ^ 


(10.3.19) 


The  homogeneous  portion  of  Che  solution  can 
be  recognized  as  consisting  of  a  linear  combina¬ 
tion  of  Bessel  functions  of  the  first  and  second 
kinds,  and  of  order  one.  Thus 


(|)  =  CiJ,(ay)  +  C2Yi(ay)  (10.3.20) 

”  hom. 
and  hence 

y  -  CiyJi  (ay)  +  CjyY,  (ay)  +  ^  y^  f 

(10.3.21) 

The  constants  Cj  and  Cz  are  now  determined 
by  applying  the  boundary  conditions,  Eqs.  (10.3.13) 
and  (10.3.15).  After  straightforward  but  tedious 
manipulation  we  find 
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(10.3.22) 


Here  we  have  introduced  the  notation 


U^(ay)  =  Jj(ay)Yi(aR)-J,(aR)Y^(ay)  (10.3.23) 

W^(ay)  :  J] (a)  Y^(oy)-Yi(a)  J^(ay)  (10.3.24) 

here  1  Is  an  Integer 


It  is  convenient  to  note  that 


Ui(oR)  -  0  -  W, (a),  and  Uj (a)  =  W, (aR)  (10.3.25) 


With  these  relationships  It  can  be  easily 
checked  that  Eq.  (10.3.22)  satisfies  the  boundary 
conditions,  ’f  --1/2  on  y  *  1  and  f  “-R^/2 
on  y  =  R  . 


When  the  parameter  a  is  equal  to  zero,  the 
expression  Eq.  (10.3.22)  becomes  Indeterminate. 

For  this  case,  rather  than  caking  the  mathematical 
limit  of  the  expression.  It  Is  simpler  to  return 
to  Eq.  (10.3.12),  which  for  the  case  a  =  0 
becomes 
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dy 
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(10.3.26) 


Successive  integration  gives 
'f  =  Ci^  +  C2+^A  +  |  {2y'2n  y-y"}  (10.3.27) 


The  constant  Ci  and  C2  are  again  determined 
through  application  of  the  boundary  conditions 
Eq.  (10.3.13)  and  (10,3.15).  The  solution  may  be 
written  in  the  form 

f  —  4-1  (y'-l)(R'-y^) 

((R^-l)y^Jln  y-(y^-l)RUn  R]  (a  =  0)  (10.3.28) 


INTERPRETATION  OF  THE  PARAMETERS 

Equations  (10.3.22)  and  (10.3.28)  provide 
the  solution  to  the  equilibrium  flow  for  a  rather 
general  swirl  and  enthalpy  distribution  leading 
to  linear  solutions  of  the  governing  equation. 

It  is  of  interest  to  interpret  each  of  the  param¬ 
eters  a,  6,  6,  and  A,  individually,  however. 

To  do  so  we  consider  the  flows  prescribed  for 
the  cases  where  all  parameters  but  one  are  zero. 

FREE  VORTEX  FLOW  (B) 

When  A,  a  and  6  are  all  zero,  we  see  from 
Eq,  (10.3.17)  that  the  angular  momentum  is  con¬ 
stant  with  y,(yV  *  B) ,  which  is  of  course  a  free 
vortex  distribution.  Equation  (10.3.28)  then 
reduces  to 


1  d'V 

hence  W  1  ,  (free  vortex)  (10.3.29) 

y  ay 

Thus,  for  a  free  vortex  distribution,  the 
axial  velocity  remains  unperturbed,  just  as  pre¬ 
viously  established  in  Sec.  10.2  . 

SOLID-BODY-LIKE  ROTATION  (ct) 

When  A  ,  6  and  6  are  all  zero,  Eq .  (10.3.17) 
reduces  to 


yV  *  -  Oft  {solid  body  like) 


(10. 3.30) 


10-13 


Ic  Is  evident  from  Eq.  (10.3.22)  that  a 
perturbation  in  axial  velocity  will  be  present 
for  this  case.  If  we  Investigate  the  case  where 
very  little  swirl  Is  Introduced  (a  small),  we  may 
say  that  the  variation  of  axial  velocity  with 
radius  will  itself  be  small.  (This  may  be  verified 
by  calculation  from  Eq.  (10.3.22).)  In  such  a 
case  we  have 


ywdy  -  2  “ 


(small 

swirl) 


(10.3.31) 


It  thus  follows  that  If  all  terms  In  the 
expression  for  angular  momentum  are  to  be  Included, 
when  flow  across  a  rotor  Is  considered,  the  desired 
linear  form  for  the  stagnation  enthalpy  cannot  be 
utilized.  If  the  "approximately  constant  swirl" 
term  is  excluded,  however  we  may  write 


Hz-Hi  -  H  -H  +(A2-Ai)Hi 

02  0i 


ft(-a2'f+B2-(-oiiy+Bi)]  (6  =  0) 


(10.3.39) 


We  then  have 


and  hence 


(small  swirl) 


(10.3.32) 


Thus,  for  small  swirl  this  swirl  distribution 
approximates  that  corresponding  to  a  "solid  body" 
swirl.  Such  a  distribution  Is  sometimes  termed 
a  forced  vortex. 

APPROXIMATELY  CONSTANT  SWIRL  (6) 

When  A,  a  and  B  are  zero,  Eq.  (10.3.17) 
reduces  to 


yV  =  (-aS') 


(approximately 
constant  swirl) 


(10.3.33) 


We  may  again  argue  that  for  small  swirl,  the 
perturbation  In  axial  velocity  may  be  expected  to 
be  small  (see  Eq.  (10.3.28)),  so  that  f  will  be 
given  approximately  by  'f  =  -y^/2  .  Hence 


v  =  /| 


(10.3.34) 


Thus  for  small  swirl,  this  swirl  distribution 
approximates  a  constant  swirl  velocity. 

VARUBLE  STAGNATION  ENTHALPY  (A) 

When  a,  B  and  S  are  zero,  there  Is  no  swirl 
in  the  flow,  and  because  the  flow  Is  In  radial 
equilibrium,  no  static  pressure  variation  with 
y  will  be  present.  Thus,  we  note  from  the  Gibbs 
equation  dh  “  Tds  +  1/p  dp  •  0  ,  and  hence 

dH  -  d(-^)  +  WdW  .  WdW  (10.3.35) 

Thus  with  dH  ■  Adf  -  -AyWdy  ,  It  follows  that 


iH.  .Ay 
dy 


(10.3.36) 


This  result  Is  consistent  with  Eq.  (10.3.28), 
which  simply  emphasizes  that  for  this  case,  any 
change  In  stagnation  enthalpy  must  be  supplied 
by  a  variation  In  the  axial  velocity. 

The  stagnation  enthalpy  will  be  changed  only 
across  rotor  rows,  so  we  see  from  the  Euler  momen¬ 
tum  equation,  Eq.  (10.1.5),  together  with  Eq. 

(10.3.11)  and  the  definition  £2  •  uir. /w  , 

n  0 


H2-H1  -  n[(yV)2-(yV)i] 


(10.3.37) 


Thus,  In  terms  of  the  parameters  Introduced 
In  Eqs.  (10.3.16)  and  (10.3.17),  we  find 

Hz-H,  -  nt{-oi2'l'+82)^-52't')^^^ 

-  {(-ai'i'+Bi)*-i5i1'}^'^®]  (10.3.38) 


+  (B2-Bi)£2 


A2  -  At-(a2-ai)fi 


(10.3.40) 


(10.3.41) 


In  a  compressor,  we  generally  desire  little. 
If  any,  variation  of  stagnation  enthalpy  with 
radius,  so  It  Is  usually  appropriate  to  exclude 
variation  of  the  parameter  a  across  a  rotor 
row.  We  note,  however,  that  the  solld-body-like 
component  of  swirl  may  be  introduced  by  the  stator 
(or  Inlet  guide  vane  row) ,  which  hence  gives  us 
another  parameter  to  utilize  for  design  purposes. 
In  the  next  section  a  detailed  example  solution 
Is  considered. 

10.3.4  EXAMPLE  RADIAL  EQUILIBRIUM  CALCULATION 

In  this  section  we  consider  an  example  calcu¬ 
lation  for  a  rotor-stator  pair.  The  pair  will  be 
a  repeating  stage,  with  constant  work  Interaction 
with  radius  (A  ”  0)  and  with  no  "approximately 
constant  swirl"  term  (6*0).  For  this  special 
case,  the  solution  of  Eq.  (10.3.22)  reduces  to 


„  yu, (oy)  o  -  yW  (ay)  „ 


The  derivatives  of  Bessel  functions  may  be 
obtained  from  any  standard  mathematics  book  (ref. 
10.5  for  example).  We  note  here  the  general 
relationship 


[x{CiJi(ax)  +  C2Yi(ax)}] 


ax{CiJ„(ax)  +  C2Y  (ax)} 


Hence  in  our  notation 


(10.3.43) 


^  yUi(ay) 


ayU  (ay)  and 


|yWi(ay)  -  oyW^(ay) 


(10.3.44) 


1  dV  n  ft  nR  W„(ay) 

-737 <8*t>ur^"(|"f>ur(S) 


We  now  consider  AH  ■  Hj-Hi ,  0,  Bi  >  K  and 
to  be  prescribed,  and  arrange  the  equations  In 
order  to  calculate  the  various  velocity  components 
as  well  as  the  diffusion  factor  at  stator  hub  and 
rotor  tip,  and  the  degree  of  reaction  at  hub  and 
tip. 


not  acquire  an  advantage  because  of  Increased 
relative  velocity  at  the  rotor  tip  (where  Mach 
losses  could  be  Important) .  Straightforward 
calculation  gives. 

WhUB  ■  •^■-352(-1) 


SUMMARY 


Inputs:  AH,  SJ,  a,  6i ,  R,  <Jrjj>  V 


Outputs:  Vi(y),  VaCy),  Wi(y),  W2(y),  “siAT. , HUB  ’ 


ROT.,  TIP 


•  A 


Equations : 


B2  -  B.  +  f 

(10.3.46) 

yUi(oiy)  „ 

^^■*■2^  a  Ui  (a)  ^r'*’  2  ^ 

yWi  (ay)  g 

0  Ui (a)  ^  o 

(10.3.47) 

-  Un(Oy)  ft 

^^■*■2^  Uj  (a)  ^R  2  ^ 

W^(ay) 

U,  (a) 

(10.3.48) 

V  -  i  [-aV  +  6] 

(10.3.49) 

(Note  Eqs.  (10.3.47  -  10.3.49)  may  be  used  for  any 
value  of  y  and  stations  1  and  2  (with  S*6i  orBs)- 
It  Is  convenient  also  to  employ  the  relationships 
of  Eq.  (10.3.25)  as  well  as  the  relationships 
(Ref.  10.5)  .) 


•  “o<“>  ■  ^ 

(10.3.50) 

iSTAT,HUB  "  ^^^2*  ''hV  ^ 

(10.3.51) 

r  «  fW  ^  +  V  *  1^^^ 

eSTAT,HUB  ^  hi  hi' 

(10.3.52) 

r  a  [w  ^  +  (OR-V 

1R0T,TIF  ^  tl  '  tl  ' 

(10.3.53) 

r  a  ru  *  +  (!)R-V 

eR0T,TIP  ‘"tj  '  t2'  ' 

(10.3.54) 

(10.3.55) 

1  ^“fh’l 


“rOT.TIP  ■  -606 (-558)  -R^  -  .803  (.714) 

The  coisparatlve  values  for  the  free  vortex 
case  are  shown  In  parentheses.  It  can  be  seen  that 
the  introduction  of  a  rather  small  amount  of  solid- 
body-llke  swirl  has  helped  to  reduce  the  stator 
hub  diffusion  factor  substantially  (even  thoui,h 
the  value  Is  still  rather  large).  Figure  10.3.4 
shows  the  related  equilibrium  velocity  profiles. 


Figure  10.3.4  Radial  Equilibrium  Velocity  Profiles 

These  results  give  a  relatively  quick  estimate 
of  the  flow  profiles  to  be  expected  between  blade 
rows  and  may  be  utilized  for  simple  approximate 
design  calculations.  The  behavior  of  the  through- 
flow  flow  field  (which  Includes  the  axial  variation 
of  the  fluid  properties)  will  be  Investigated  in 
Chapter  11. 

10.4  THE  EFFECTS  OF  COMPRESSIBILITY 


(Note  Eq.  (10.3.55)  may  be  used  for  both  stator 
hub  and  rotor  tip.  The  appropriate  values  for 

V  and  V,  follow  from  Eqs.  (10.3.51-10.3.54). 
e  4. 

Note,  also.  It  has  again  been  assumed  that  the 
solidity  Is  Inversely  proportional  to  the  radius.) 


A  ■  ^  2AH  ^''eSTAT.HUB"''lSTAT,HUB^ 

•R  -  1  + (W  *  +  V  ’  -  W  ‘  -  V  *  ] 
t  2AH  ^  tl  tl  t2  C2 


(10.3.56) 

(10.3.57) 


As  an  example  calculation,  the  caac  AH  •  0.9, 
n  "  0.5,  a  •  0.15,  01  -  -0.4,  R  •  /7,  ^ 

conaldered.  Thla  case  la  closely  comparable  to 
the  flrat  eaaa  conaldered  In  Sec.  (10.2.1).  Thua, 
the  geometry  and  "atage  loading"  conaldered  are 
the  aame,  and  the  tip  awlrl  velocity  at  Inlet  to 
the  rotor  la  very  nearly  the  aame  (.0472)  hare, 
compared  to  .0378).  Thla  configuration  than  doae 


In  modem  axial  flow  turbomachinery ,  the 
pressure  ratios  found  across  typical  stages, 
particularly  across  turbine  stages,  are  so  large 
that  the  effects  of  variation  In  fluid  density 
cannot  be  Ignored.  In  order  to  consider  such 
compressibility  effects,  we  again  consider  the 
pseudo  two-dimensional  flow  of  a  perfect  gas 
across  a  blade  row.  The  Euler  equation,  Eq. 

(10.1.5)  relates  the  change  In  stagnation  enthalpy 
across  a  rotor  row  to  the  blade  angular  velocity 
and  change  In  fluid  angular  momentum.  This  change 
In  stagnation  enthalpy  Is,  of  course,  the  total 
change  In  stagnation  enthalpy  for  the  stags,  so 
we  may  writs  from  Eqs.  (6.3.7),  (6.5.4)  and  (10.1.5) 
with  the  stage  afflclaney  written  ncj  •  the 

compressor  and  htj  for  the  turbine 


P,,  Oc,u  Y  -1 

-  (1  +  -r-*—  {(rv)2-(rv)i)l  (compressor) 

"tl 

(10.4.1) 
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[1 


{(rv)l  -(rv)2}] 


(turbine) 

(10.4.2) 


To  analyze  the  effect  of  this  compressible 
limitation  on  the  maximum  attainable  swirl,  we 
consider  the  flow  of  a  perfect  fluid  through  a 
turbine  nozzle  row.  (Fig.  10.4.1) 


In  these  expressions,  In  each  case  conditions 
at  1  are  those  at  entry  to  the  rotor  and  condi¬ 
tions  at  2  are  those  at  exit  from  the  rotor. 

Eq.  (10.4.1)  Is  different  from  the  previously 
obtained  Eq.  (10.1.7)  only  In  that  the  effect  of 
the  stage  efficiency  has  been  Included.  We  may 
again  Introduce  the  upstream  reference  quantities 
denoted  by  a  subscript  O  ,  and  obtain  In  a  similar 
manner  to  Sec.  (10.1). 


P 


ti 


[1 


+ 


2 


0) 


Y  -1 

{(rv)j-(rv),}]  = 
(compressor)  (10.4.3) 


•^ti  n. 


(vi)V 


.Yt-l 


(turbine) 


't 

{(rv)i-(rv)2}]  ^ 


(10.4.4) 


Simple  approximate  forms  follow  from  these 
equations  for  the  case  of  small  turning  or  small 
Mach  number  by  simply  expanding  the  bracketed 
terms  to  only  the  first  term  In  their  binomial 
expansions. 

10.4.1  TURBINE  AERODYNAMICS 

The  aerodynamic  and  engineering  limitations 
of  turbines  are  of  a  substantially  different  nature 
than  those  of  compressors.  Firstly,  the  extreme 
favorable  pressure  gradients  allow  very  high  blade 
loadings  before  the  local  adverse  pressure  grad¬ 
ients  on  the  blades  approach  values  leading  to 
boundary  layer  separation.  The  expansion  ratio 
can.  In  fact,  be  limited  by  choking  of  the  down¬ 
stream  flow.  The  materials  problem  will  clearly 
be  aggravated  as  the  blades  are  submerged  In  a 
high  temperature  corrosive  environment .  Modem 
blades  are  cooled,  which  In  Itself  adds  greatly 
to  the  complexity,  both  from  the  gas  dynamic  and 
stress  point  of  view.  (Chapter  19) 

In  turbines  It  is  possible  to  be  confronted 
with  a  design  trade-off  between  mass  flow  capabil¬ 
ity  and  power  output  per  stage.  The  mass  flow 
per  cross  sectional  area  Increases  as  the  approach 
axial  Mach  number  approaches  unity,  and  the  work 
Interaction  per  mass  Increases  as  the  nozzle  out¬ 
let  swirl  velocity  Increases.  It  will  be  shown 
shortly  that  the  maximum  work  Interaction  for  a 
single  stage  occurs  when  the  entire  static  pres¬ 
sure  drop  occurs  across  the  stator,  the  function 
of  the  rotor  then  being  to  remove  the  kinetic 
energy  Identified  with  the  swirl  component  of 
velocity  with  no  further  static  pressure  drop. 

There  tends  to  be  two  restrictions  on  obtaining 
high  swirl  velocities.  Thus,  If  the  flow  Mach 
number  becomes  too  large  severe  shock  losses  can 
occur,  and  It  also  happens  that  a  maximum  possible 
swirl  occurs  because  the  flow  will  choke.  This 
latter  restriction  Is  a  function  of  the  approach 
Mach  number,  and  conflicts  with  the  desired  high 
mass  flow  capability. 


Figure  10.4.1  Turbine  Nozzle  Row 


The  approaching  flow  Is  assumed  to  be  uniform  and 
swirl  free,  and  the  cross-sectional  areas  at 
Inlet  and  exit,  respectively,  are  denoted  A^ 
and  Ai  .  We  then  have 


Continuity  “ 

1 

P  T  Y-1 
Isentroplc  ^  '  (^) 

^0  0 


(10.4.5) 

(10.4.6) 


Enthalpy  T^(l  +  ^  M^^)  -  T,  (1  +  ^  Mj^) 

(10.4.7) 


These  equations  may  be  combined  to  give 
Y+l 

n  V  rr  T  2(y-i)  a 

_L  .  —1  /_°  .  (_2.  ^  _0  1 

M^  /  T]  ”  '■Ti  A)  cos  a 

hence 


Y-1  ! 

M  1+ V  M,'  2(y-1)  A^  , 
-L  =  r. _ I _ 1  0  1 

M  i 


M 


A,  cos  a 


(10.4.8) 


We  wish  to  find  the  maximum  value  of  the  swirl 
velocity  for  a  given  approach  Mach  number,  M  . 

Thus  noting  ^ 


VjSln  T 

-  '  "  Ml*  (l-cos'a) 


we  find 


•V.sln  1  M  ^ 

*  2  0 


1+^  M,= 


M. 


1+ 


2  (•_0-l 

"0  'a, 


(10.4.9) 
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The  derivative  of  this  equation  with  respect 
to  Ml ^  may  now  be  taken  and  equated  to  zero. 
After  some  manipulation  it  follows  that 


1  +  Izl  M  J(Y+1)/(Y-1) 


f - - - *— ] 

2  o 


(10.4.10) 


Equations  (10.4.8)  and  (10.4.10)  then  give 
Immediately  that  the  maximum  possible  swirl  occurs 
when 

cos  ct  =  (max.  swirl)  (10.4.11) 

Ml 


It  is  clear  then  that  the  maximum  swirl 
occurs  when  the  downstream  axial  Mach  number  is 
unity,  or  in  other  words, when  the  flow  chokes. 
The  maximum  value  of  the  swirl  velocity  follows 
from  Eqs.  (10.4.9)  and  (10.4.10)  to  give 


Figure  10.4.2  shows  the  dimensionless  kinetic 
energy  of  the  swirl  component  plotted  versus 


Figure  10.4.2  Maximum  Swirl  Kinetic  Energy 

The  related  stage  pressure  ratio  identified 
with  a  nozzle  row  producing  this  maximum  swirl 
may  be  estimated  by  noting  that  the  work  Inter¬ 
action  per  mass  for  the  stage  will  be  equal  to 
the  kinetic  energy  Identified  with  the  swirl. 
(Note  that  the  rotor  simply  removes  this  kinetic 
energy  with  no  further  pressure  drop^  Thus  with 


It  is  apparent  that  the  power  extraction 
from  the  fluid  will  soon  drive  the  axial  Mach 
number  to  unity  unless  an  axial  area  change  Is 
Incorporated,  and  of  course,  turbines  usually 
have  increases  in  cross-sectional  areas  In  the 
axial  direction.  A  measure  of  the  effectiveness 
of  incorporating  an  axial  area  variation  can  be 
obtained  by  noting  the  increase  in  maximum  swirl 
velocity  attainable  and  decrease  in  enthalpy  ratio 
identified  with  an  axial  area  change.  Thus, 
choosing  =  0.5  and  y  *  1.3  ,  the  results  of 

Fig.  10.4.4  are  obtained  from  Eqs.  (10,4.12) 
and  (10.4.14). 


and  hence 


1  1.5  2.0  2.5  3.0 

Ai/Ao 

Figure  10. A. 4  Enthalpy  Ratio  and  Maximum  Swirl 
Velocity  Veraus  Area  Ratio 

10.4.2  THE  IMPULSE  TURBINE 

An  Impulse  turbine  stage  Is  defined  as  a 
turbine  stage  In  which  the  entire  static  pres¬ 
sure  drop  occurs  across  the  stator.  Equivalently, 
of  course,  the  Impulse  turbine  stage  is  a  stage 
with  degree  of  reaction  zero.  Because  no  pressure 
drop  occurs  In  the  rotor,  the  relative  velocity 
In  the  rotor  will  not  change  If  the  fluid  Is 
assumed  perfect.  A  typical  velocity  diagram 
would  hence  be  as  Indicated  In  Fig.  10.4.5 


Figure  10.4.5  Velocity  Diagram  for  an  Impulse 
Turbine  Stage 

The  Euler  momentum  equation  gives 

C  (T  -T  )  •  «r(vi-vj) 

P  ti  tj 

It  Is  apparent  from  Fig.  10.4.5,  that  for 
this  rase  where  the  axial  velocity  has  not 
changed  across  the  rotor,  that  B,  ■  -S,  and  hence 


-T^  )  -2ujr(v  -ur)  (10.4.16) 

P  tl  t2  I 

It  is  clear  that  the  maximum  work  Inter¬ 
action  per  mass  for  the  given  pressure  drop  will 
occur  when  the  rotor  leaves  no  residual  swirl 
(v2“0).  At  this  condition  Vj  •  2u)r  ,  and  we  find 
from  Eq.  (10.4.16) 

T  2 

1  -  “sx  work  Impulse  (10.4.17) 

tl  p  tl  turbine 

THE  RELATIVE  STAGNATION  TEMPERATURE 

The  relative  stagnation  temperature,  or  that 
temperature  that  the  gas  would  achieve  If  brought 
to  rest  adlabatlcally  on  the  rotor.  Is  of  great 
Importance  because  It  determines  what  the  heat 
transfer  loading  to  the  blade  will  be  (Chapt.  19). 
Defining  as  the  relative  stagnation  tempera¬ 

ture  as  seen  by  the  rotor,  we  may  write 

C  T,  -  C  T  +  4  [w  *+(v  -or)*) 

P  p  1  2  1  1 

-  C  T  +  I  (w  *+v  *)+i[(v  -or)*-v  *] 

P  1  2  1  1  2  1  1 


A  . 

hence  -  1  [v  *-(v  -  or)*]  (10.4.18) 

“f,  20  T  1  1 

tl  p  tl 

In  the  max  work  Impulse  turbine  case, 

Vj  ■  2i»)r  ,  so  that 

T^  ■  1  ■  max  work  Impulse  (10.4.19) 

tl  ^  P^ti  turbine 

Thus  It  can  be  seen  that  because  the  blades 
are  retreating  from  the  flow,  the  relative  stag¬ 
nation  temperature  Is  reduced.  This  effect  can 
be  quite  significant,  and  allows  the  rotors  to 
operate  at  higher  stress  levels  than  might  at 
first  be  expected.  For  example,  with  T  ■  1600  K , 

tl 

or  “  400  m/sec  ,  C  “  1250  J/kg  K  It  follows  that 
T  P 

“  0.88  .  Hence,  the  effective  stagnation 
tl 

temperature  Is  reduced  192  K  because  of  the  blade 
movement. 

10.4.3  THE  REACTION  TURBINE 

The  reaction  turbine  stage  Is  defined  simply 
as  a  turbine  stage  in  which  the  degree  of  reaction 
is  other  than  zero.  As  an  Illustrative  example 
we  consider  a  stage  for  which  the  velocity  tri¬ 
angles  are  those  that  would  give  *R  -  0.5  If  the 
flow  was  Incompressible  and  perfect.  It  Is  to  be 
noted  that  when  losses  are  present  and  the  Mach 
numbers  are  finite  the  static  pressure  behavior 
will  not  strictly  correspond  to  °R  -  0.5.  As  a 
further  simplification  we  consider  no  change  In 
axial  velocity,  and  assume  a  symmetric  diagram  as 
illustrated  In  Fig.  10.4.6. 


V  -  ur  •  ur-v 


Figure  10.4.6  Velocity  Diagram  for  a  Reaction 
Turbine  Stage 


It  can  be  seen  from  the  summary  of  Table 
10. A. 1  that  for  a  given  wheel  speed,  the  Impulse 
turbine  has  a  larger  work  Interaction  and  experi¬ 
ences  a  lower  relative  stagnation  temperature  on 
the  rotor  than  does  the  SOZ  reaction  turbine. 

(Note  that  the  lower  relative  stagnation  tempera¬ 
ture  could  allow  operation  at  a  slightly  higher 
wheel  speed.)  These  advantages  for  the  Impulse 
turbine  do  not  come  without  penalty  however,  as 
the  stage  efficiencies  tend  to  be  lower  than  those 
of  the  reaction  turbines.  This  Is  because  the 
Mach  numbers  (and  hence  frictional  and  shock 
losses)  tend  to  be  large  In  Impulse  turbines, 
and  also  the  rotors  operate  without  the  benefit 
of  an  ambient  favorable  pressure  gradient. 

In  practice.  Impulse  turbines  are  often  used 
In  very  high  thrust  to  weight  engines  where  their 
enormous  work  capability  Is  of  direct  benefit  In 
reducing  the  required  number  of  stages  and  hence 
weight.  In  some  cases,  the  first  few  stages  of  a 
turbine  will  have  Impulse  blading  so  that  the 
number  of  stages  requiring  cooling  will  be  reduced 
Transport  aircraft,  which  require  highly  efficient 
engines,  will  usually  have  blading  with  thirty  to 
fifty  percent  reaction. 


Because  of  the  assumed  symmetry  of  the  velocity 
diagram.  It  follows  that  V2  ~  ur  -  v,  ,  so  that  the 
Euler  momentum  equation  becomes 

V 

C„(T  -T  )  -  ajr(v  -V  )  -  (air)^  (2-^-1) 

P  tl  t2  12  ur 

Again  restricting  our  attention  to  the  case 
where  the  maximum  work  Interaction  occurs,  which 
as  before  corresponds  to  no  residual  swirl  remain¬ 
ing  In  the  flow,  we  note  Vi  ”  ur  ,  and  hence 

1  -  max  work  "SOZ"  reaction  (10.4.20) 

*ti  S  turbine 

Equation  (10.4.18)  Is  valid  generally,  and 
hence  here  reduces  to 

T  .  2 

T^  ■  1  ~  2c  T —  "SOZ"  reaction  (10.4.21) 

t  p  tl  turbine 

10.4.4  COMPARISON  OF  THE  IMPULSE  TURBINE  AND 
"SOZ"  REACTION  TURBINE 

It  Is  of  Interest  to  note  the  comparison 
behavior  of  the  Impulse  turbine  and  SOZ  reaction 
turbine.  The  behavior  of  Important  parameters  Is 
compared  In  Table  10.4.1. 
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Parameter 

Item 

Impulse 

50Z 

Reaction 

Impulse 

50Z 

Reaction 

T 

work 

Interaction 

C  T^ 

P  t, 

iarii 

C  T^ 

P  tl 

High 

Low 

I 

-  1 

T 

t2 

Increment  In 

3(u)r)» 

(lar)' 

High 

Low 

rotor  temperature 

2C  T 

P  tl 

2C  T 

P  tl 

efficiency 

Low 

High 

Table  10.4.1  Comparative  Turbine  Behavior 
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CHAPTER  11 
LIST  OF  SYMBOLS 


The  symbols  are  listed  in  alphabetical  order, 
first  in  the  English  alphabet,  then  in  the  Greek 
alphabet.  Subscripts  and  superscripts  are  then 
given.  The  equation,  figure  or  section  in  which 
the  symbols  are  first  introduced  is  indicated  in 
parentheses.  Often  the  symbol  will  be  defined  in 
the  text  just  preceding  or  just  following  the 
equation  or  figure. 

Where  appropriate,  the  location  of  the  intro¬ 
duction  of  the  symbol  is  referred  to  in  previous 
chapters. 


An  -  Constants  defined  by  Eq,  11.4.29 

Bn  -  Constants  defined  by  Eq.  11.4.31 

C  -  Specific  heat  at  constant  pressure 

^  (Sect.  2.6) 

E  -  Group  of  Bessel  functions  (Eq.  11.4.12) 

E  -  Orthonormal  group  of  Bessel  functions 

^  of  order  one  Eq.  (11.4,23) 

E  -  Orthonormal  group  of  Bessel  functions 

of  order  zero  (Eq.  11.4.26) 

e  “  Unit  vectors  in  cylindrical  co-ordinate 

^  ^  directions  (Eq.  11.1.8) 

F  -  Vector  body  force  (Eq.  11.1.2) 

f  -  Component  of  F  (Eq.  11.1,9) 

H  -  Dimensionless  enthalpy  (Eq.  11.4,11) 

h  -  Enthalpy  (Eq.  11.1.3) 

J  -  Bessel  function  of  Che  first  kind,  of 

^  order  p  (Eq.  11.4.11) 

M  -  Group  defined  by  Eq,  11.3,9 

m  -  Mass  flow  rate  (Eq,  11.1.16) 

n,e  ,e  -  Unit  vectors  in  natural  co-ordinate 
system  (Fig,  11.1.2) 

p  -  Pressure  (Eq.  11.1.2) 

R  -  Tip  to  hub  ratio  (Eq.  11,4.1) 

-  Gas  constant  (Sect.  2,12) 

r,6,z  -  Co-ordinates  in  cylindrical  co-ordinate 

system  (Eq.  ll.l.b) 

s  -  Entropy  (Eq.  11.1,3) 

T  -  Temperature  (Eq,  11,1.3) 

T^^^^  -  Function  defined  by  Eq.  11.4.34 

t  -  Time  (Eq.  11. 1. 1) 

u  -  Vector  velocity  (Eq.  11,1.1) 

U,V,W  -  Dimensionless  velocity  components 

(Eq.  11.4.1) 

u,v,w  -  Velocity  components  (Eq.  11.1.5) 


Y  -  Bessel  function  of  the  second  kind,  of 

^  order  p  (Eq.  11.4.11) 

y,x  -  Dimensionless  co-ordinates  (Eq.  11.4.1) 

a  -  Constant  defined  in  Eq.  11.4.5 

B  -  Constant  defined  in  Eq.  11.4.5 

Y  -  Ratio  of  specific  heats  (Sect.  2.6) 

e  -  Small  distance  (Eq.  11,2.4) 

6  -  Constant  defined  in  Eq.  11.4.5 

-  Eigenvalue  (Eq.  11.4.13) 

-  Components  of  the  vorticity  (Eq.  11.1.26) 

p  -  Density  (Eq.  11.1.1) 

T  -  Torque  (Eq.  11.3.1) 

-  Transformed  streamf unction  (Eq.  11.4.27) 

'P  -  Dimensionless  strearafunction  (Eq.  11.4.1) 

ij'  -  Streamfunction  (Eq.  11.1.15) 

-  Dimensionless  angular  velocity  (Eq.  11.4.6) 
u  -  Constant  defined  in  Eq.  11.4.5 

-  Angular  velocity  (Eq.  11.1. 13) 

(A)  -  Vector  vorticity  (Eq.  11.1,26) 


i  -  Region  of  flow  (Fig.  11.4.1) 

j  -  Number  of  actuator  disc  (Fig.  11.4.1) 


I  -  Meridional  direction  (Eq'.  11.1.17) 

N  -  Total  number  of  actuator  dies  (Fig.  11.4.1) 
r.PtZ  -  Component  in  given  direction  (Eq.  11.1.3) 
t  -  Stagnation  quantity  (Sect.  2.16) 

-  Tip  (Eq.  11.3.2) 


o  -  Reference  quantity  (Eq.  11.1.15) 
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CHAPTER  11 
THROUGHFLOW  THEORY 


11.0  INTRODUCTION 

In  an  early  paper  (Ref.  ll.OWu  formulated 
the  basic  concept  of  representing  the  inviscid 
three-dimensional  flow  field  as  the  sum  of  two 
separate  two-dimensional  flowfields.  These  two 
separate  flow  fields  were  composed  of  surfaces 
located  in  the  blade  to  blade  direction  (sj 
surfaces)  and  surfaces  lying  in  the  hub  to  tip 
direction  (s2  surfaces).  The  solution  to  the 
flowfield  composed  of  these  combined  two-dimen¬ 
sional  fields  would  formally  require  an  Iterative 
solution,  since  the  solution  for  either  surface 
requires  the  knowledge  of  the  shape  of  the  other 
surface. 

In  practice  (Refs.  11.2,  11.3,  11. A)  the  pro¬ 
blem  is  simplified  by  taking  appropriate  averages 
for  the  blade  to  blade  direction,  and  then  assum¬ 
ing  the  flow  to  be  axlsymmetrlc.  In  this  way,  the 
S2  planes  become  meridional  surfaces  and  the 
expressions  for  the  derivatives  alon^  and  normal 
to  such  surfaces  are  easily  represented  in  terms 
of  the  derivatives  in  the  radial  and  axial 
directions. 

When  the  complete  throughflow  equations  are 
considered,  the  variations  of  the  fluid  properties 
in  the  axial  direction  are  Included.  It  is  to  be 
expected  then  that  the  radial  equilibrium  solu¬ 
tions  obtained  in  Chapter  10  will  again  appear  as 
the  asymptotic  limits  of  the  far  upstream  and 
far  downstream  flows. 

The  equations  will  be  formulated  in  a  manner 
that  allows  the  inclusion  of  compressibility  and 
entropy  variation  effects.  However,  the  solution 
of  the  resulting  rather  general  equation  must  rely 
upon  the  application  of  advanced  computer  tech¬ 
niques  which  cannot  reasonably  be  reported  in 
detail  in  this  document  because  of  space  limita¬ 
tions.  Sec.  11.6  briefly  describes  some  of  the 
various  calculatlonal  methods  available  and  pro¬ 
vides  references  for  further  reading. 

11.1  THE  THROUGHFLOW  EQUATIONS 
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11.1.2  THE  CONVECTIVE  DERIVATIVE 

The  convective  derivative,  represented  by  the 
operator  (u*V)  ,  may  be  expanded  as 


(u*7) 


u 


^  v  J_  J_ 

ar  r  ae  Sz 


(11.1.5) 


It  is  important  here  to  retain  the  partial 
derivative  with  respect  to  6  ,  because  even  though 
the  fluid  properties  have  no  6  variation  (because 
of  the  assumption  of  axial  symmetry),  the  coordinate 
directions  themselves  change  w:.th  0  .  Thus  we 
note  in  particular 
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Utilizing  equations  11.1.5-11.1.7,  the 
convective  derivative  of  the  velocity  vector  may 
be  expanded  into  the  components; 

-  -  u2  -  1  - 

(u*V)u  =  ((u’V)u - )e  +  {—  (u'V)(rv))e, 

r  r  r  o 

+  { (u'V)wle^  (11.1.8) 


In  the  following  we  develop  equations  appro-- 
priate  for  the  description  of  the  (axlsymmetrlc) 
throughflow.  The  viscous  stresses  in  the  fluid 
will  not  be  included  explicitly,  but  a  general 
"body  force"  ,  F  ,  (see  list  of  symbols,  page  11-li) 
will  be  Included.  It  is  possible  to  utilize  this 
general  body  force  to  artifically  Introduce  the 
effects  of  viscosity  (Ref.  11.2),  but  in  any  case 
we  will  be  primarily  considering  the  flowfield 
external  to  the  blade  rows,  and  it  is  consistent 
with  throughflow  theory  to  consider  the  viscous 
effects  to  be  negligible  in  this  region.  The 
effects  of  viscous  stresses  within  the  blade  row 
will  appear  implicitly  in  the  variation  of  entropy 
in  the  direction  normal  to  the  streamsurfaces, 
and  also  in  the  effective  body  force  of  the 
related  blade  forces.  (Sects.  11.2  and  11.3) 

11.1.1  THE  CONSERVATION  EQUATIONS 

When  vector  notation  is  utilized  the  continu¬ 
ity,  momentum  and  Gibb's  equations  may  be  written 


+  7-  (pu) 


0 


(11.1.1) 


11.1.3  THE  EQUATION  FOR  THE  TANGENTIAL  MOMENTUM 

The  equation  for  the  tangential  momentum 
follows  immediately  by  taking  the  scalar  product 
of  Eq.  (11.1.2)  with  e  ,  and  utilizing  Eq . 
(11.1.8)  to  give 


SiZ  =  -i  i 

Dt  8  0  r  36' 


(II. 1.9) 


It  Is  to  be  noted  that  the  tangential  body 
force  existing  in  this  expression  may  include  a 
viscous  as  well  as  non-viscous  term.  The  equation 
may  be  interpreted  to  explain  the  mechanism  by 
which  angular  momentum  is  introduced  Into  the  flow. 
Thus,  if  we  consider  perfect  flow  through  an  actual 
blade  row,  no  body  forces  exist,  and  the  angular 
momentum  is  imparted  by  the  pressure  forces  of  the 
blade  row.  Clearly,  if  the  contribution  of  such 
pressure  forces  to  a  control  volume  between  repeti¬ 
tive  streamlines  of  a  cascade,  external  to  the 
cascade  is  considered  (Fig.  H.1.1,  Case  A)  the 
streamsurfaces  cannot  support  a  pressure  change, 

»nd  the  (net)  angular  momentum  cannot  change.  Once 
within  the  blade  row,  however,  the  blade  surfaces 
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can  support  the  pressure  change,  and  Che  angular 
monetum  changes.  (Fig.  11.1.1,  Case  B) 


2 


1 


P2  Pi 


When  considering  the  terms  In  the  second  pair  of 
brackets  we  note  that  because  the  body  force  term 
is  identified  with  the  blade  forces,  the  product 
represents  the  effect  of  the  frictional 

forces  alone.  (Note  that  if  there  was  no  fric¬ 
tional  stress,  F  would  be  per£endicular  to  the 

relative  velocity  giving  u  ,•  F  •  0  .) 

_  _  rei 

The  term  u  ,•  F  is  hence  the  sole  source  of 
rel 

entropy  generation,  so  we  note  as  with  Eq.  (2.15.6), 
chat  the  terms  in  the  second  pair  of  brackets  also 
cancel.  There  is  thus  obtained  the  vector  form  of 
the  Euler  turbine  equation: 


Drv 
m  — 
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(11.1.13) 


11.1.5  THE  COMPRESSIBLE  FORM  OF  THE  STREAM 
FUNCTION 

When  the  throughflow  limit  of  the  equations 
is  taken,  the  replacement  of  the  group 


Figure  11.1.1  Pressure  Stresses  on  Streamsurf aces 

It  can  be  noted  here,  that  the  formal  mech¬ 
anism  for  obtaining  the  throughflow  form  of  the 
equations  is  to  replace  the  term 

i  i  lE 
0  r  30 


i  1  i£ 

P  r  30 

by  an  equivalent  body  force  allows  consideration 
of  not  only  the  axlsymmetric  form  of  the  equations, 
but  in  addition,  the  time  dependent  terms  do  not 
contribute.  Thus  the  continuity  equation  may  be 
written 


in  Eq.  (11.1.9)  by  an  equivalent  (artificial) 

body  force  f„  .  In  this  way  the  9  dependence 

y 

of  the  properties  is  removed.  The  relationship 
between  this  artificial  body  force  and  Che  torque 
and  forces  existing  on  Che  blade  is  further  dev¬ 
eloped  in  Sec.  11.3  . 
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This  equation  is  identically  satisfied  if 
we  introduce  the  compressible  form  of  Che  stream- 
function,  ♦  ,  defined  by 


11.1.4  THE  EULER  TURBINE  EQUATION 
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The  vector  form  of  the  Euler  turbine  equation 
(see  also  Sec.  10.1.1)  may  be  obtained  directly  by 
taking  the  scalar  product  of  Eq.  (11.1.2)  with  u 
and  adding  the  result  to  Eq.  (.11.1.4),  to  give 
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(11.1,10) 


In  these  expressions  p  is  a  suitable 
reference  density.  It  follows,  just  as  in  the 
development  of  Sec.  10.3.1  for  the  incompressible 
form  of  the  streamfunctlon,  that  the  mass  flow 
rate  between  two  streamsurf aces ,  m  ,  is  related  to 
the  streamfunctlon  by 


The  velocity  may  be  written  as  the  sum  of  m  »  -2np  (i/)2”’i'i)  (11.1.16) 

the  velocity  relative  to  the  blade, 
the  blade  velocity,  wr e  to  give 

®  11.1.6  THE  NATURAL  COORDINATE  SYSTEM 


u*F*(u  ,+u)re-)*F«u  'F  +  curf.  (11.1.11) 
rel  rel  fl 


Combination  of  Eqs.  (11.1.9),  (11.1.10),  and 
(11.1.11)  then  gives: 
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(11.1.12) 

It  can  be  noted  that  the  expression  within 
the  first  pair  of  brackets  represents  the  pressure 
perturbation  as  viewed  by  an  observer  fixed  to  the 
rotating  blade.  Under  normal  circumstances  where 
the  pressure  perturbations  are  created  by  the 
blades  themselves,  this  group  of  terms  is  zero. 


The  streamtube  surfaces  form  natural  coor¬ 
dinates  for  throughflow  studies,  and  lead  to  the 
introduction  of  a  coordinate  system  with  directions 
n  (normal  to  streamtube  surfaces),  e^  (meridional 
component)  and  Cg  (tangential).  This  coordinate 

system  is  depicted  in  Fig.  11.1.2  . 

The  velocity  vector  in  the  natural  coor¬ 
dinate  system  has  components  given  by 


u  -  (0  ,  V  ,  Vj) 


(11.1.17) 
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Figure  11.1.2  Throughllow  Coordinate  Systems 

The  meridional  velocity,  ,  Is  related  to 
the  cylindrical  velocity  components  by 


v^2  _  +  ^2 


(11.1,18) 


and  the  unit  vectors  are  given  In  terms  of  the 
cylindrical  coordinate  quantities  by 
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The  scalar  magnitude  of  the  differential 
difference  dn  occurring  for  a  differential  dis¬ 
placement  dr  Is  given  by 


dn  ”  n*dr  "  —  dr - dz 

V,  V. 

1  £ 


(11.1.21) 


This  may  be  related  to  the  corresponding 
change  In  the  streamfunctlon  by  utilizing  Eqs. 
(11.1.15)  to  give 


dn - i-  ^  (11  dr  +  dz) - ^  ^  d* 


rVj^  p  3r  3z 


(11.1.22) 


The  unit  derivative  In  the  direction  normal 
to  the  streamsurfaces,  (n«V)  ,  Is  thus  given  In 
terms  of  the  streamfunctlon  as 
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This  same  derivative  In  cylindrical  coor¬ 
dinates  follows  directly  from  £q.  (11.1,20)  and 
the  definition  of  the  operator  V  (in  cylindrical 
coordinates)  to  give 
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11.1.7  EQUATION  FOR  THE  TANGENTIAL  VORTICITY 

The  Euler  momentum  equation  and  the  conser¬ 
vation  of  angular  momentum  equation  describe  the 
behavior  of  the  angular  momentum  and  stagnation 
enthalpy  along  stream  surfaces.  It  can  be  expected 
that  the  essence  of  the  two  dimensional  problem 
lies  In  the  variation  of  properties  across  stream 
surfaces,  so  to  this  end  we  Investigate  the  rate 
of  change  of  properties  normal  to  stream  surfaces. 

The  steady  state  form  of  the  momentum  equation 
(Eq.  11.1.2)  may  be  added  to  Eq.  (11.1.3)  to  give 
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(11.1.25) 


In  obtaining  this  expression  the  vector 
Identity 

-  -  32  _  _ 

(u*7)u  “  9  -^  +  u)  X  u 

has  been  utilized.  This  In  turn  Introduces  the 
vorticlty  u  ,  defined  by 


u  «  Ee  +  ne.  +  C  e  =  7  *  u 
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Utilizing  Eq.  (11.1.20)  It  follows  from 
vector  expansion  that 


n*(u  X  u)  “  —  {(e„«u)(u»u)  -  (e. ‘u)  (u'ui)  } 

''l  ®  ® 

Thus  expanding  the  vorticlty  into  its  compo¬ 
nents  there  is  obtained 


n'EuxH)  «  nVj^-^  (n'7)(rv) 


(11.1.27) 


An  equation  for  the  tangential  vorticlty, 
n  ,  follows  by  taking  the  scalar  product  of 
Eq.  (11.1.25)  with  Ti  ,  and  utilizing  Eq.  (11.1.27). 
Thus 

n  “  (n’F-  (n-9)h  +  T(n'9)s  +  —  (n-9)rv) 

"  (11.1.28) 

This  expression  may  be  written  as  an  equation 
for  the  streamfunctlon  <1/  ,  density  ratio  P/P^ 

and  prescribed  variables  (h  ,  s,  rv,  F)  by 
utilizing  ^ 

3u  3w 
^  ■  3z  ■  3r 

and  Eqs.  (11.1.15)  and  (11.1.23)  to  give 


3  0  1  3'|<i  3  r^o  1  It') 

3z  ^  p  r  3z'^  3r  ^  p  r  3r' 


i  ^  r  t— i.  -  T  ^  ^  -^l 

V  p  ^  3i(i  3:11  r  3tli  ‘ 


(11.1.29) 
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The  density  ratio  follows  from  Eq.  (2.1A.10) 
and  the  perfect  gaa  equation  of  state  to  give 


- 


e 


‘  h^-i  (wW+v^)' 


1 

|y-i 


Utilizing  Eq.  (11.1.15)  this  expression  may 
be  rearranged  to  give 


JL 

0 


A  second  matching  condition  may  be  obtained 
by  considering  Che  radial  momentum  equation.  Thus, 
noting  that  by  the  assumption  of  axlsymmetry  no 
6  derivatives  of  fluid  properties  are  present,  and 
combining  Eqs.  (11.1.2)  and  (11.1.8),  there  Is 
obtained 

(11.2.3) 

This  equation  la  now  Integrated  from  an 
Infinitesimal  distance,  e  ,  upstream  of  the  disc  to 
an  Infinitesimal  distance  downstream  of  the  disc. 

It  Is  to  be  noted  that  no  terms  on  the  left  side 
of  Che  equation  can  become  Infinite  except,  possibly, 
those  Involving  an  axial  derivative.  Thus,  Integra¬ 
tion  over  the  Infinitesimal  distance  (noting  pw 
Is  constant)  gives 


-  [ht  -  ^  (rv)2]  -  0 


(11.1.30) 
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Equations  (11.1.29)  and  (11.1.30)  constitute 
two  coupled,  highly  nonlinear,  equations  for  the 
streamf unction  In  terms  of  the  reference  (o)  condi¬ 
tions  and  the  prescribed  quantities  F,  h^,  s,  rv  . 

11.2  THE  ACTUATOR  DISC 

The  presence  of  the  body  force  term,  F  ,  In 
Eq.  (11.1.29)  complicates  the  solution  for  the 
throughflow  considerably.  A  useful  approximate 
solution  can  be  obtained  by  considering  all  the 
forces  to  be  concentrated  In  an  Infinitesimally 
thin  disc,  the  actuator  disc.  The  forces  are 
chosen  to  have  the  same  Integral  effect  upon  the 
tangential  momentum,  stagnation  enthalpy  and  entropy 
as  would  the  axially  distributed  forces  of  the 
actual  blade  rows.  (Sec.  11.3)  The  result  Is  then 
that  the  body  forces  themselves  do  not  appear  In 
the  resulting  equations,  but  the  effects  of  Che 
blade  forces  appear  as  matching  conditions  across 
Che  (Infinitely  chin)  blade  row.  The  approxima¬ 
tion  can  be  made  as  accurate  as  desired  by  taking 
a  number  of  actuator  discs  to  simulate  a  single 
blade  row. 

The  equation  for  the  streamf unction,  Eq. 
(11.1.29),  thus  reduces  to 

3  r^o  1^  3iij)  f^o  ^  3i^i  ^ 

3z  '•  P  r  3z'  3r  p  r  " 


t  _  _  3s 

3i|>  3it> 


V  3rv. 
r  3iji  ‘ 


(11.2.1) 


Utilizing  Eq.  (11.1. IS)  there  Is  Chen  obtained 


The  Integral  on  the  right  side  represents 
the  effect  of  Che  total  radial  force  of  the  blade 
row  at  the  given  radlua  of  the  actuator  disc.  In 
many  applications  the  radial  force  of  the  almost 
radial  blades  Is  very  small,  and  Eq.  (11. 2. A)  Is 
often  approximated  by 

Equations  (11.1.30),  (11.2.1),  (11.2.2),  and 
(11.2.5)  together  with  the  boundary  conditions 
that  the  stream  function  la  prescribed  on  the  con¬ 
taining  walls  (or  chat  Che  pressure  be  constant 
on  Che  bounding  streamline  In  the  case  of  a  free 
streamline)  constitutes  the  mathematical  statement 
of  the  problem.  In  Sec.  11.4  an  example  solution 
for  Incompressible  flow  will  be  presented,  and 
methods  for  calculating  compressibility  effects 
will  be  described  In  Sec.  11.5  .  Before  proceeding 
to  the  calculations!  examples,  however,  we  first 
consider  the  relationships  of  the  overall  torque 
applied  to  the  blade  row  and  the  overall  axial 
force  on  the  blade  row,  to  the  resulting  changes 
In  fluid  properties. 


THE  MATCHING  CONDITIONS 


11.3  INTEGRAL  RELATIONSHIPS 


Because  In  Che  actuator  disc  approximation 
the  blade  row  Is  taken  to  be  Infinitely  thin, 
the  continuity  of  mass  ensures  chat  the  value  of 
the  streamfunction  on  one  side  of  the  disc  Is 
Identical  to  that  at  the  same  radial  location  on 
the  other  side  of  Che  disc.  This  simple  relation¬ 
ship  may  be  written 


where  the  notation  [  J  refers  to  the  Jump  In  the 
value  of  the  quantity,  and  the  subscript  d  refers 
to  conditions  at  the  disc. 


An  equation  for  the  tangential  momentum  was 
developed  in  Sec.  11.1.3,  and  Che  equivalence  of 
the  body  force  field  utilized  In  the  throughflow 
approximation,  and  the  pressure  field  existing  on 
the  actual  blade  surfaces  was  discussed.  The 
relationship  between  the  equivalent  force  field 
and  the  torque  on  the  blade  (taken  about  the  axis) 
may  be  determined  by  noting  that  the  differential 
contribution  to  the  torque  of  an  annular  volume 
2nr  dr  dz  Is  given  by: 

dx  -  2r  p  f„  r2  dr  dz  (11.3.1) 

C7 
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The  torque  upon  the  entire  blade  row  is  then 
obtained  by  Integrating  from  the  blade  leading 
edge  to  trailing  edge  (zj  to  Z2)  ,  and  from  the 

hub  radius  to  tip  radius  (r.  to  r  )  .  Hence: 

n  t 

tl-2  -  2:i  p  p  r2  fg  dr  dz  (11.3.2) 

4i  4^ 

The  through! low  form  of  the  tangential  momen¬ 
tum  equation,  Eq.  (11.1.9)  gives 
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3rv 

3r 
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3rv 

3z 


(11.3.3) 


By  adding  rv  times  the  continuity  equation 
(Eq.  11.1.14)  to  this  expression,  there  Is  obtained 


prf  .  i  +  lier^Hrvij  ^.3.4) 

6  r  dr  oz 

When  Eq.  (11.3.4)  Is  substituted  into  Eq. 
(11.3.2),  the  resulting  expression  may  be  Integrated 
immediately  to  give  with  Eq.  (11.1.15) 


Figure  11.3.1  Axial  Forces 

Equating  the  rate  of  production  of  momentum 
to  the  force  applied  to  the  fluid,  it  follows  that 
the  upstream  directed  force  on  the  blade  row  and 

annulus  wall,  F.  ,  is  given  by: 

A 


fiKra) 

ri_2  ”  2tp  [(rv)  -(rv)  ]d\(/ 

°  4(ri)  "  *' 

-  2rp  [(rv)  -(rv)  )dt(i 

0  Z2  zi 

h 

In  this  expression  the  first  Integral  vanishes, 
because  the  value  of  the  streamfunctlon  does  not 
change  along  the  hub  or  tip  (l.e.,  di|/  •  0  on 

r.  or  r.  ).  There  Is  hence  obtained  a  relationship 
c  n 

that  Is  Itself  obvious  from  first  principles  when 
the  relationship  between  the  streamfunctlon  and  the 
mass  flow  (Eq.  11.1.16)  Is  recognized.  Thus 

Ti_2--2>'P.  f  [(rv)  -(rv)  ]d»  (11.3.5) 

0  4  *2  zi 

h 

Then  noting  from  Eq.  (11.1.16)  that 

-  2:tp  di)i  -  di  ,  we  have 
0 

/•tip 

■'1-2  *  [(rv)  -(rv)  ]dm  (11.3.6) 

4ub  *2 

When  Che  desired  angular  momentum  distribution 
with  streamfunctlon  Is  prescribed,  the  resulting 
torque  on  the  blade  row  can  be  Immediately  deter¬ 
mined  from  Eq.  (11.3.5).  It  Is  to  be  noted  that 
there  Is  no  need  to  obtain  any  of  the  detailed  flow 
Information  through  the  blade  row.  The  overall 
torque  depends  only  upon  the  overall  change  In 
angular  momentum  through  the  blade  row. 

AXIAL  FORCE  IMPARTED  TO  THE  BLADE  ROW 

The  axial  force  on  the  blade  row  and  contain¬ 
ing  annulus  walls  may  be  obtained  by  considering 
the  control  volume  shown  In  Fig.  11.3.1  . 


(P  +  pw2)2iirdr}2  ”  Pw^)2rrdr}] 

*'  (11.3.7) 


When  the  actuator  disc  limit  Is  considered, 

F,  becomes  the  force  on  the  blade  row  alone.  It 
A 

is  convenient  to  write  this  expression  in  the  form 


where  M  Is  defined  by 


(11.3.8) 


M.r^ 

4u 


(-^  +  w2)rdr 


(11.3.9' 


It  Is  clear  from  the  way  M  has  been  defined 
that  H  will  be  constant  with  axial  position  If 
the  walls  are  parallel  and  no  blades  are  present. 
(Recall  that  the  flow  was  assumed  to  be  nonviscous 
outside  the  blade  rows.)  The  quantity  M  Is  most 
easily  evaluated  by  considering  the  radial  equili¬ 
brium  form  of  the  solutions,  which  we  may  do  because 
M  would  stay  constant  In  a  parallel  walled  annulus 
until  all  radial  flows  vanished.  The  expression 
for  M  can  be  manipulated  In  the  following  manner 
(noting  u  ~  0  In  radial  equilibrium) 


^  2?T 

Noting 

A  i  JL  i  %  + 

dr  ' p  r  dr'  ^  dr  p  r  dr'  p  r 


^  i 
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and  utilizing  the  radial  equilibrium  form  of  Eq. 
(11.2.1),  Eq.  (11.3.10)  may  be  written 


M  -  r*  rrf-B.  +  1  ^  52  ._e.  t  ilXl  frv-*^ 

'Tj^  0  0  0  0 

When  the  stagnation  enthalpy,  entropy  and 
angular  momentum  are  prescribed,  all  terms  In  this 
Integral  may  be  evaluated  (with  solution  of  Eqa. 
(11.1.30)  and  (11.2.1)  )  and  the  Integral  obtained. 

In  the  following  section  simple  explicit  solutions 
are  obtained  for  special  forms  of  the  hlade  load¬ 
ing,  and  for  these  cases  evaluation  of  the  Integral 
Is  very  straightforward.  It  may  be  noted  here  chat 
when  the  flow  considered  Is  perfect  and  Incompres¬ 
sible,  the  group 

-E-  +  i  52 

Is  Identical  to  the  stagnation  enthalpy,  h^  . 

11.4  EXAMPLE  SOLUTIONS 


The  mathematical  statement  of  the  problem  Is 
completed  by  prescribing  the  desired  distribution 
of  stagnation  enthalpy  and  angular  momentum  with 
streamfunctlon,  A  particularly  simple  and  Instruc¬ 
tive  set  of  solutions  Is  obtained  when  forms  of 
H  and  yV  leading  to  linear  forms  of  the  equa¬ 
tions  are  considered.  We  thus  consider  (as  In 
Sec.  10.3.3)  Che  special  forms  given  by 

“  "  V"!*'*'®!  (yV)j  -  -  +  6^  (11.4.5) 

It  follows  from  Che  Euler  momentum  equation 


“1  ■  “i-i'"  “i<“r“i-i) 


(11.4.6) 


(11.4.7) 


Here  Is  the  nondlmenslonal  angular  velo¬ 

city  (ur. /w  )  of  the  rotor  row  located  at  x. 

no  J 

where  j  •  1  . 


As  an  example  set  of  solutions  we  consider  the 
simple  case  of  flow  of  a  perfect,  Incompressible 
fluid  In  a  parallel  walled  annulus.  As  Indicated 
In  Fig.  11.4.1,  there  are  N  actuator  discs 
located  at  x  ■  Xj  (1  <  J  <  N),  and  N  +  1  regions 

of  flow  In  regions  1(0  s  I  5  N)  . 


Equations  (11.4.2-11.4.7)  constitute  the 
mathematical  statement  of  the  problem.  We  begin 
the  solution  by  Incorporating  Eq.  (11.4.5)  Into 
Eq.  (11.4.2)  to  give 


Figure  11.4,1  Actuator  Discs  and  Nomenclature 

It  Is  most  convenient  to  consider  the  non- 
dimensional  form  of  the  equations  so  we  again 
utilize  the  dimensionless  variables  Introduced 
In  Eq.  (10.3.11).  Thus  with  the  addition  of  a 
dimensionless  axial  variable  x  ,  we  define: 

w  V  ^t 

W-  —  t  -  .  h  -  -V 


,  V  -  ,  t 

w  w 

0  0 


«  r.  2  ’ 
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,  R  .-t 

*^h  'h  'h 


(11.4.1) 


With  the  restrictions  listed  above,  and  with 
the  Introduction  of  these  new  variables,  Eq. 
(11.2.1)  reduces  to 


fiili 

y  3x2  3y  V  3y^  ’  St  it 

The  boundary  conditions  are 

1  h2 

•  -  -J  on  y  •  1  and  "  "J” 


The  matching  conditions  are 


(11.4.2) 


(11.4,3) 


(11.4.4) 


11.4.1  SOLUTION  OF  THE  HOMOGENEOUS  EQUATION  - 
THE  NATURAL  EIGENFUNCTIONS 

We  now  consider  solution  of  the  homogeneous 
form  of  Eq.  (11,4.8)  by  separation  of  variables. 
Thus  substitute 

y  -  yE(y)  ♦(x) 

into  Eq.  (11.4.8)  to  obtain  the  two  ordinary 
differential  equations 

IjI  -  (1^0  .  0  (11.4.9) 

0"^  y  S'*"  °  (11.4.10) 

here,  Is  the  separation  constant. 


The  solutio'  of  Eq,  (11.4.10)  Is  obtained  In 
terms  of  Bessell  functions  of  the  first  order,  and 
may  be  written 


E  -  CiJi(Xy)  +  CjYilXy) 


(11.4.11) 


In  order  to  satisfy  the  boundary  conditions 
that  be  zero  on  the  hub,  one  of  the  con¬ 

stants  may  be  chosen  such  that 

E-CjUjlXy)  Y,(X)-Ji(X)  Yi(Xy)]  (11.4.12) 

In  order  to  satisfy  the  remaining  boundary 
condition  that  3V/ix  be  zero  on  the  tip,  only 
selected  values  -  the  eigenvalues  -  of  the  separa¬ 
tion  constant  X  can  be  allowed.  We  thus  obtain  a 
family  of  solutions,  each  solution  having  a  corres¬ 
ponding  eigenvalue,  X  These  eigenvalues  follow 
n 

from  solution  of  the  equation 

Jl(X^R)  Y,(X^)  -  J,(X^)  Y,(X^R)  -  0  (11.4.13) 


A  series  approximation  to  the  value  of  X 
is  given  on  page  261  of  reference  11.5,  and  " 
may  be  written 


(11.4.21) 
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(11.4.14)  to  obtain: 


This  series  Is  quite  accurate,  the  third  term 
reaching  a  value  of  only  O.OIS  for  the  case  R  3, 
n  •  1  .  This  set  of  values  corresponds  to  about 
the  largest  correction  expected  In  practice.  If  a 
higher  accuracy  be  desired  for  exceptional  cases, 

Eq.  (11.4.3)  Is  easily  solved  by  Iteration. 

The  constant  C  remains  arbitrary  because  the 
ftxictlons  E  have  yet  to  be  multiplied  by  the  still 
to  be  determined  functions  t  .  Because  there  Is 
an  Infinite  set  of  the  fmctlons  4  and  E  we  now 
write  the  solution  fox  V  In  the  form 


f  -  E  ♦  (*)y  E,„(y) 


n“l 


m 


(11.4.15) 


here  the  subscript  n  denotes  the  eigenfunction 
corresponding  to  the  eigenvalue  A  ,  and  we  have 

f 

Introduced  the  added  subscript  1  In  the  function 

E  to  Indicate  that  the  Bessel  functions  with 
in 

argument  x  y  contained  In  E,  are  of  first 
,  n  in 

order . 


fR  20,2  Ji(X„)  2 

n  n 

This  suggests  the  convenient  choice  for  the 
constant  C  3  as  that  value  which  will  render  the 
functions  orthonormal.  We  thus  define  the  orthonor¬ 
mal  set  of  functions  E  (X  y)  by: 

in  n 

Jj(X  y)Y  (X  )-J  (X  )y  (X  y) 

E  (y)  -  X  -i— S - ?— S - ^ 

1“  n  ^ 


r  Jl(^J  ^  -1  / 
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(11.4.23) 


These  functions  have  the  property  that 

f  (y)dy  -  0  n  ^  m 

Jl  In  im 

•  1  n  “  m  (11.4.24) 

In  addition  we  may  note  from  Bq.  (11.4.10) 


It  Is  a  very  useful  result  that  the  functions 
Ej^(y)  are  orthogonal,  which  can  be  shown  directly 

from  the  two  Integral  formulae  (Ref.  11.6,  page  146) 
|yZp(oy)Zp(By)dy  -  t6yZp(ay)Zp_j  (0y) 

-oyZ^  ,(ay)Z„(fiy)]  (11.4.16) 

p-1  p 

|y(Zp(oy)l2dy  -  ^  [Zp2(ay)  Zp_j(ay)Zp(ay) 

+Z3  (oy)]  (11.4.17) 

p-1 

In  these  expressions  Z  (ay)  and  Z_(By)  refer 
P  P 

to  any  groups  of  the  form  CiJp(ay)  +  02^^ (ay)  or 
C3J  (By)  -t  C4Y  (By)  .  It  then  follows  directly, 
with  Eqs.  (11.3.22)  and  (11.3.23),  that 


Also,  It  may  be  noted  that 

■  Von<>'> 


11.4.2  SOLUTION  OF  THE  XNHOMOGE»EOUS  FORM 
OF  THE  EQUATION 

The  emergence  of  the  orthonormal  functions 

E  (y)  from  solution  of  the  homogeneous  equation 
in 

suggests  we  now  consider  the  4  (x)  to  be  a 
transformed  variable  defined  by” 

»^(x)  •  f (y,x)Ej^(y)dy  (11.4.27) 

Obviously  the  Inverse  of  the  transformation  Is 
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°  m  ii  n  (11.4.18) 
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(11.4.19) 


The  transformation  of  Eq.  (11.4,8)  Is  now 
taken  by  multiplying  the  equation  by  nnd 

integrating  between  y  •  1  and  y  -  R  .  The 
several  terms  appearing  are  evaluated  as  follows. 

fB  , 

we  define  A  •  I  y'E  (y)dy  ■ 
n  Jl'  w  '  ' 


Equation  (11.4.19)  may  be  greatly  simplified 
by  noting  from  Eq.  (11.4.13) 


Yl (X^R) 


J,(X^R) 


(11.4.20) 


and  the  relationship  (Ref.  11.6,  page  144) 
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(11.4.29) 


lJ-7 


with  the  definition  of  E  (y)  ,  and  with 
on 

Eqs.  (11.4.20)  and  (11.4.21),  this  expression  may 
be  rearranged  to  give 


^  IUi(X„)-Jl(A„R) 
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(11.4.30) 


Now  define 
fB 
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B  -  E,  (y)dy  -  [E_(1)-E^^(R)] 
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With  Eqs.  (11.4.20)  and  (11.4.21)  this  becomes 
n  ■  A  {Ji2(A  )-Ji2(A  R)  ) 
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Thus,  with  Eq.  (11.4.29)  this  may  be  written 

r  y  i  (7  f  ■  -V*n  -  k-  \ 


The  last  term  In  Eq.  (11. 4. 8),  transforms 

directly  to  ,  so  that  combining  Eqs.  (11.4.8) 

1  n 

and  (11.4.30  -  11.4.33)  an  equation  for  f  Is 
obtained.  ^ 

d^*  ... 

~  (11.4.34) 

dx  n  1  n  n  1  n 

where 

n  1 

The  solution  to  Eq.  (11.4.34)  consists  of 
exponentials,  and  Is  conveniently  grouped  in  the 
forms 


(o) 

2 _ 

(o) 


exptn  (x-Xi)]+  T  X  <  Xj 


here  there  has  been  introduced 


n  defined  by 

n 


n  “  A  2-a  2 
n  n  i 

We  note  that  the  boundary  conditions 
34 

—  -*-0  as  X  -►  ±»  are  satisfied.  The  coeffi 


cients  C  and  D 
n  n 


are  to  be  determined  from 


the  matching  conditions  at  the  discs,  Eq.  (11.4.4). 

r341 

The  condition  ~  0  gives  immediately  that 

(i-1)  (i)  ^ 

D  •  C  ,  and  continuity  of  4  at  each 

n  n 

disc  then  gives  the  set  of  equations 

^  (1) 


(o) 
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(J-1) 


+  T 


(j-1) 
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(N) 


(N) 


+  T 


(11.4.36) 


Though  unwieldy  in  appearance,  this  coeffi¬ 
cient  matrix  is  diagonally  dominant  and  tridiagonal, 
and  is  solved  extremely  rapidly  on  a  computer. 

Once  the  coefficients  have  been  determined,  the 
values  of  4^  follow  from  Eq.  (11.4.3S),  and 

the  values  of  'l'(x,y)  from  Eq.  (11.4.28).  The 
tangential  velocity  then  follows  directly  from 

V  -  ^  ®l^  (11.4.37) 

and  the  axial  velocity  from 


n*l 

11.4.3  THE  RADIAL  EQUILIBRIUM  LIMIT  OF  THE 
SOLUTIONS 


^cosh[n^^  ^  (x-Xj^)  ]-C^^  ^co8h[n^^  ^(x^^^^-x))  Very  useful  summations  are  obtained  by  noting 


(1), 


(1). 
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nn<^)sinh[n„^^\xi^l-Xi) 


that  because  the  T 


(J) 


are  independent  of  x  , 


+  T 


(i) 


the  portions  of  the  eigenfunction  expansions  with 


Xi  <  X  <  x^_^^ 


coefficients  T 


(J) 


correspond  to  the  radial 


(N) 

3 _ 

(N) 


e*p[rn^”^  (V*)!  +  ’Si  ^  ^ 


equilibrium  solutions  already  obtained  in  Sec. 
(10.3.3).  Thus  with  A  of  Eq.  (10.3.22)  replaced 
by  (see  Eq.  11.4.6)  it  follows  that 


(11.4.35) 
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In  the  case  where  “  0  , 
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(11.4.39) 
Eq.  (10.3.28) 

(R2+1)-1]  ^ 

(11.4.40) 


The  sunnatlons  relate  principal  contributions 
of  the  summations  to  the  determination  of  Che 
sCreamfunctlon.  Similar  summations  are  obtained 
for  the  axial  velocity  from  the  relationship 

1  df 

W  =  -  —  .  Thus,  It  follows  directly  from 

y  dy 

Eqs.  (11.4.39)  and  (11.4.40)  that 
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and  when  o^  *  0 
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y  dy 


n  In  n  n  on 
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(a^  -  0)  (11, A. 42) 

11.4.4  EXPRESSIONS  FOR  THE  AXIAL  FORCE  AND  TORQUE 

When  the  special  forms  of  blade  loading  des¬ 
cribed  by  Eq.  (11.4.5)  are  considered,  particularly 
simple  forms  of  the  Integrals  of  Eqs.  (11.3.5)  and 
(11.3.11)  result.  Thus,  the  dimensionless  torque 
may  be  written  from  Eq.  (11.3.5)  as 


^1-2 


p  w 


pR2/2 

-2ir  {(yv)2-(yv)i)dy 

il/2 


hence,  with  Eq.  (11. 4. S),  Integration  leads  to 


■'1-2 


3  -  ti(r2-1)  (32-0])  -f  (82-61)) 


(11.4.43) 


The  dimensionless,  incompressible  and  perfect 
form  of  Eq.  (11.3.11)  may  be  written 
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(11.4.44) 


Utilizing  the  dimensionless  radial  equilibrium 
form  of  Eq.  (11.2.1)  together  with  Eqs.  (11.4.5) 
this  expression  may  be  manipulated  to  give 
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Integration  then  gives 
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(11.4.45) 
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The  integral  in  this  expression  is  easily 
obtained  in  terms  of  elementary  functions  when 

Eq,  (11.4.38)  (for  *?)  Is  used.  The  terms  W  « 

eK 

and  refer  to  the  equilibrium  axial  velocity 

at  tip  and  hub  respectively,  and  follow  directly 
from  £q*  (11,4.41).  The  dimensionless  axial  force 
across  the  blade  row  then  follows  from 


p  r.  2w  2 
oho 


2ir 


(11.4.46) 


11.4.5  SOLUTION  FOR  A  SINGLE  ROW 


The  equation  set  (11.4.36)  allows  rapid  com¬ 
puter  evaluation  of  the  fluid  velocities  when  a 
large  number  of  actuator  discs  exist  in  the  annulus. 
For  small  numbers  of  actuator  discs,  however,  there 
Is  some  advantage  to  analytically  inverting  the 
matrix  to  obtain  explicit  forms  for  desired  quan¬ 
tities.  The  simplest  imaginable  case  is  that  for 
which  only  one  disc  is  present,  and  for  this  case 
the  solution  of  Eq,  (11,4.35)  reduces  to 
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C 

exp(n^^°^x-xi))  -t-  T^^°^  x<xi 


C 

exp(n^^*^(xi-x)]  -t-  xi<  x  (11.4.47) 


The  matching  condition  Eq.  (11.4.35)  becomes 

simply 


C  C 

7(^^^n  ‘--(O^^n  (n.«.48) 


It  is  thus  evident  chat  the  flow  adjusts  in 
an  exponential  fashion  from  its  far  upstream 
equilibrium  condition  as  it  approaches  the  actuator 
disc,  and  then  exponentially  relaxes  coward  its 
far  downstream  value  as  it  departs  the  disc.  It  Is 

apparent  from  Eq.  (11.4.14)  chat  X  is  given 

n 


11-9 


aU  (ay)  aRW  (ay) 


approximately  by  A  '  .  Closer  Investigation  -J  X  T  (y)  *  v 

'  n  R-1  n  n  on  2Ui(a)  2Ui(a) 


of  the  terms  (Ref.  11.7)  Indicates  also  that 

must  be  quite  small  compared  to  \\  if  reverse 
flow  is  not  to  occur.  Thus  is  can  be  seen  that 
the  slowest  decaying  harmonic  of  the  series  decays 
-¥|X-Xl I 

approximately  as  exp( — - J  ,  away  from  the 

row.  This  can  be  a  useful  approximation  when 
attemplng  to  estimate  upstream  effects. 

The  final  forms  of  the  solutions  will  be 
simmarlzed  below,  but  before  doing  so  It  will  be 
of  value  to  note  that  when  conditions  at  the  blade 
row  are  considered,  the  terms  may  be  regrouped 
somewhat  to  ensure  more  rapid  convergence  of  the 
summational  terms.  This  Is  particularly  useful 
because  the  disappearance  of  the  exponential  decay 
terms  In  the  summations  causes  a  much  slower  con¬ 
vergence  of  the  summational  terms.  A  familiar 
result  from  linearized  theories  Is  that  Che  stream- 
function  at  the  disc  would  be  one-half  of  the  far 
upstream  and  far  downstream  value.  We  thus  uti¬ 
lize  this  result  to  write 
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then  with  Eq.  (11.4.34) 
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The  tangential  velocity  follows  from  Eq. 
(11.4.37)  to  give 


with  Eq.  (11.4.48),  this  may  be  manipulated  to 
give 


(♦  ) 
n  x*xi 


j  (o)  ^ j  (l) 
n _ ‘'n 


(11.4.49) 

The  second  group  In  this  expression  will 
always  be  found  to  be  very  small,  and  further 
will  be  found  to  decrease  with  Increasing  n 

C 

much  faster  than  the  terms  — 7-7  . 
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The  axial  velocities  follow  from  Eqs.  (11.4.38), 
(11.4. 41)  and  (11.4.42)  to  give 

w  =  1+T  I,  irtrV)  ®*p(^n X  <  X, 

n»l  n  n  n 

W  =  I,  a  +n  ■)  exp(n^(xi-x))  x  >  x, 
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As  a  particular  example  we  consider  a  uni* 
form  flow  approaching  a  stator  which  Introduces 
a  "solid  body-like"  rotation.  In  terms  of  the 
above  parameters  we  then  have 


Example  values  for  the  dimensionless  velocities 
have  been  calculated  for  the  case  where  R  *  3  , 
a  »  0.84  .  The  results  are  shown  in  Figs.  11.4.2 
and  11.4.3  . 
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The  results  Indicate  that  for  this  rather  large 
swirl  introduced  by  the  stator,  subste'^ntial  pertur¬ 
bations  to  the  axial  velocity  profile  are  introduced. 
The  resulting  streamsurface  shapes  and  ambient  dif¬ 
fusion  or  acceleration  can  now  be  obtained  to  deter¬ 
mine  the  overall  flow  field  in  which  the  blade  row 
Is  Imbedded.  These  results  in  turn  will  allow  the 
establishment  of  the  correct  cascade  geometry  to 
determine  the  cascade  flow  field. 

Examples  with  more  blade  rows  are  relatively 
easily  obtained,  though  if  more  than  two  blade  rows 
are  considered,  the  analytic  inversion  of  the  coef¬ 
ficient  matrix.  Eq.  (11.4.36)  becomes  very  messy 
algebraically.  It  is  much  easier  to  simply  program 
the  matrix  and  numerically  Invert  it.  More  compli¬ 
cated  example  solutions  are  provided  in  Refs.  11.7 
and  11.8  . 
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the  obtained  values  for  ^  In  Eq.  (11.1.30).  Eq. 
(11.1.30)  Is  then  solved  (Iteratively)  to  determine 
a  new  set  of  values  for  the  density,  and  the  cou¬ 
pled  Iteration  process  continued  till  convergence 
Is  obtained.  Simple  Newtonian  Iteration  is  usu¬ 
ally  used  to  solve  Eq.  (11.1.30)  for  the  density 
ratio.  Thus,  from  Eq.  (11.1.30)  we  may  write 


Then  we  may  write 

-  (^1  -  ^  (11.5.2) 

whete 


Figure  11.4.2  Axial  Velocity  Profiles 


P'  -  2(2h  -v2)  f--  2(Y+l)h^  exp[^  (s-s  ))W 
‘  Pq  °  P  °  •’o 

(11.5.3) 

We  note  that 

(2h  -v^)  -  [2h  +  u2+w^]  -  2h[l  +  ^  M  2)  (11.5.4) 

t  4  n 

here  M  is  the  meridional  Mach  number. 

IQ 

Equation  (11.5.4)  may  be  combined  with  Eq. 
(11.5.3)  to  give 

p.  =  4h  ^  II  +  ^  ^  ^  (.£.)"  '  X 

0  0 

exp  (8-8  ))) 
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It  is  evident  from  Integration  of  the  Gibbs 
equation  (Sec.  2.8),  however,  that 


Figure  11.4.3  Tangential  Velocity  Profiles 
11.5  ADVANCED  PROBLEMS  IN  THROUGHFLOW  THEORY 
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The  example  solutions  illustrated  In  Sec.  11.4 
allow  rapid  calculation  of  the  flovflelds  existing 
In  an  annulus  with  many  blade  rows,  but  the  solu¬ 
tions  though  quite  Instructive  have  incorporated 
into  them  many  limitations.  Thus,  It  was  necessary 
to  assume  that  the  fluid  was  perfect  and  Incompres¬ 
sible,  that  the  blade  loading  (In  terms  of  H  and  yV) 
was  such  as  to  lead  to  linear  equations,  and  that 
the  annulus  had  parallel  walls.  More  advanced 
investigations  allow  some  or  all  of  these  restric¬ 
tions  to  be  relaxed,  so  In  the  following  sections 
a  brief  description  of  some  of  the  methods  avail¬ 
able  for  solution  of  the  more  general  forms  of  the 
throughflow  equation  will  be  outlined. 

11.5.1  EFFECTS  OF  COMPRESSIBILITY 

When  the  flow  has  substantial  compressibility 
effects,  the  full  coupled  equations,  Eqs.  (11.1.30) 
and  (11.2.1)  together  with  the  boundary  conditions 
and  matching  conditions  must  be  utilized.  In  vir¬ 
tually  all  calculation  schemes  these  equations  are 
solved  in  an  iterative  manner,  with  Eq.  (11.2.1) 
first  solved  (by  finite  difference  or  finite  ele¬ 
ment  techniques)  with  an  assumed  density  distribu¬ 
tion,  and  then  the  density  "updated"  by  utilizing 


and  the  equation  for  F'  hence  becomes 

F’  -  -2(Y-l)h  (1-M„^)  (11.5.5) 

p  m 

0 

It  is  thus  evident  that  It  Is  the  meridional 
Mach  number  (rather  than  the  "total"  Mach  number) 
that  plays  the  crucial  role  In  determining  the 
mathematical  behavior  of  the  solution.  It  Is 
evident  also  that  Newtonian  iteration  will  fall 

In  the  vicinity  of  M  «  1  .  As  a  result  most 
m 

calculation  schemes  are  limited  to  the  description 
of  flmrs  with  meridional  Mach  numbers  less  than 
unity,  even  though  the  total  Mach  number  may  be 
far  in  excess  of  unity.  It  Is  to  be  noted  that 
because  the  density  ratio  Itself  Is  primarily 
dependent  on  the  total  Mach  number,  very  large 
density  changes  can  occur  for  flows  with  modest 
meridional  Mach  numbers,  so  great  care  should  be 
taken  to  properly  calculate  the  resulting  density 
distribution. 

Hawthorne  and  Rlngrose  (Ref.  11.9)  In  an 
early  paper  considered  the  perfect  flow  of  a 
calorlcally  perfect  gas  through  actuator  discs 


contained  within  a  parallel  walled  annulus.  The 
flow  considered  had  a  free  vortex  distribution, 
but  was  considered  to  be  compressible.  The  analysis, 
which  Is  one  of  the  very  few  analytical  treatments 
(as  compared  to  numerical)  of  compressible  flows 
In  turbomachines,  was  carried  out  by  linearizing 
the  equations.  Both  the  radial  velocity  and 
meridional  Mach  number,  as  well  as  the  turning 
Induced  by  the  blades,  were  considered  to  be  small. 
The  results  are  very  useful,  because  by  restrict!, 
the  study  to  free  vortex  flows  In  parallel  walled 
annuli,  the  perturbations  In  axial  velocity  that 
arise  must  be  caused  by  the  effect  of  compressibil¬ 
ity  alone.  Example  cases  can  be  calculated  with 
ease  because  of  the  analytical  form  of  the  results 
leading  to  easy  physical  Interpretation  of  the 
results. 

Fully  numerical  methods  can  usually  be 
categorized  Into  one  of  three  methods,  1)  streamline 
curvature,  11)  finite  difference,  or  111)  finite 
element.  The  streamline  curvature  method  utilizes 
an  approximate  method  of  solving  the  throughflow 
equations  (Refs.  11.10-11.13)  and  as  such  rests 
somewhat  between  the  radial  equilibrium  method, 
and  methods  that  solve  the  full  throughflow  equa¬ 
tions.  The  essence  of  the  method  Is  that  approxi¬ 
mate  forms  of  the  streamtube  curvature  are  assumed, 
so  that  the  describing  equations  become  quite  sim¬ 
plified.  Various  "curve  fits"  are  assumed  for 
the  several  example  solutions  detailed  In  Refs. 
11.10-11.13  . 

Finite  difference  methods,  as  might  be 
expected.  Incorporate  finite  difference  approxima¬ 
tions  to  the  various  derivatives  appearing  In  the 
throughflow  equation.  A  finite  number  of  "nodal 
points"  are  selected,  and  as  a  result  a  finite 
set  of  algebraic  equations  results  to  be  solved 
for  the  values  of  streamfunctlon  at  each  point. 

This  leads  to  the  requirement  to  Invert  a  sizable 
matrix,  and  such  methods  are  hence  often  referred 
to  as  matrix  methods.  Wu  (Ref.  11.1)  In  his  pio¬ 
neering  work  utilized  a  finite  difference  techni¬ 
que,  and  many  Investigators  have  utilized  the 
method  since  that  time.  Examples  are  given  in 
Refs.  11.14  and  11.15. 

In  common  with  most  techniques,  the  finite 
difference  methods  encounter  computational  diffi¬ 
culties  when  the  meridional  Mach  numbers  approach 
unity.  A  further  difficulty  arises  when  curved 
boundaries  are  encountered,  because  very  compli¬ 
cated  computational  "stenclles"  are  required  to 
Insure  numerical  stability,  Davis  (Ref.  11.5) 
considers  the  flow  in  very  highly  curved  channels 
and  finds  a  fifteen  point  stencil  Is  required  to 
adequately  represent  the  Taylor  series  expansion 
of  the  derivatives  of  the  streamfunctlon.  A 
quasl-orthogonal  finite  difference  net  Is  intro¬ 
duced  to  aid  the  computation.  It  is  to  be  noted 
that  the  extreme  curvature  of  the  boundaries  in 
the  Davis  study  are  such  as  to  render  most  stream¬ 
line  curvature  techniques  Incapable  of  describing 
the  flow  field.  This  Is  because  the  curvature  of 
the  streamtube  Is  very  difficult  to  estimate  in  the 
approximate  way  required  for  streamline  curvature 
techniques  when  such  extreme  boundary  curvatures 
are  present. 

In  the  fairly  recent  past,  finite  element 
methods  have  been  developed  in  the  hopes  of  circum¬ 
venting  some  of  the  difficulties  found  In  applying 
finite  difference  techniques.  Hlrsch  and  Warzee 
(Ref.  11.3)  describe  an  Investigation  where  the 
finite  element  method  Is  applied  to  the  description 
of  flows  in  axial  turbomachines.  The  compressible 


throughflow  eauations  are  derived  in  the  (r,z) 
plane  and  a  Galerkln  finite  element  method  is 
applied  leading  to  a  system  of  equations  for  the 
unknown  streamfunctlon.  The  curved  hub  and  tip 
boundaries  are  well  fit  by  utilizing  high-order 
isoparametric  quadrilateral  elements.  The  method 
hence  does  not  require  approximation  of  the  stream¬ 
line  curvature  (with  possible  introduction  of 
numerical  Instabilities  or  errors),  nor  does  it 
require  the  use  of  complicated  and  extensive  sten¬ 
cils  with  resultant  programming  difficulty  and 
possibly  Increased  computational  times. 

Oates  and  Carey  (Ref.  11.6)  and  Oates,  Knight 
and  Carey  (Ref.  11.7)  present  studies  which  also 
Involve  the  use  of  a  finite  element  approximation. 

In  addition,  a  variational  functional,  V  ,  is 
defined  where 

f<*>  rtip 

r=  (P-P^  +  -£-  {u2  +  w2})y  dydz  (11.5.6) 
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here  Is  a  (dimensionless)  reference  pressure. 

It  Is  shown  that  when  the  formal  variation  of 
r  ,  6r  ,  Is  taken,  and  put  equal  to  zero,  the 
throughflow  equation,  boundary  conditions  and  all 
matching  conditions  are  automatically  satisfied. 

The  method  developed  in  Refs.  11,16  and  11,17  then 
Involves  putting  the  discrete  approximation  (using 
finite  elements)  of  SP  equal  to  zero.  A  further 
useful  manipulation  is  introduced  In  that  rather 
than  solving  for  ip(y,z)  ,  the  equations  are  trans¬ 
formed  to  solve  for  y(tj),z)  .  By  this  artifice, 
the  flow  domain  is  mapped  to  a  rectangular  domain 
with  --1/2  and  =  -R^/2  on  the  horizontal 
boundaries.  These  several  manipulations  lead  to 
a  very  efficient  computational  scheme. 

Reference  11.18  gives  a  fairly  recent  exten¬ 
sive  review  and  comparison  of  many  throughflow 
calculation  techniques. 

All  the  fully  numerical  calculation  sci. ernes 
described  above  can  Include  the  effects  of  varia¬ 
tions  in  hub  and  tip  radii.  Several  analytic 
studies  to  explore  such  effects  have  been  carried 
out,  however,  and  offer  the  advantage  of  relative 
simplicity  in  calculation  of  desired  example  cases. 
References  11.2  and  11.19  consider  a  study  that 
Includes  the  effect  of  variation  In  annulus  radii 
when  both  the  wall  slopes  and  the  annulus  contrac¬ 
tion  or  expansion  are  restricted  to  be  small.  A 
similar  study  is  reported  in  Ref.  11.8,  except 
that  the  restriction  to  small  contraction  or 
expansion  is  not  required  though  the  small  wall 
slope  must  be  retained.  Finally,  Ref.  11.20 
describes  the  passage  of  swirling  flows  through 
conical  ducts.  In  all  the  investigations  into  the 
effects  of  wall  shape  reported  in  Refs.  11,2,  11.8, 
11.19,  and  11,20,  the  flows  are  considered  perfect 
and  Incompressible. 
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CHAPTER  12 
CASCADE  FLOWS 


12.0  INTRODUCTION 

When  the  throughflow  flow  field  (Chapter  11) 
has  been  determined,  the  blade  profiles  necessary 
to  Induce  the  desired  fluid  conditions  can  then  be 
(approximately)  determined  by  consideration  of  the 
cascade  flow  field.  As  previously  discussed  (Sec. 
10.0),  a  cascade  flow  field  Is  obtained  by  "unwrap¬ 
ping"  the  desired  meridional  surface  that  has  been 
determined  from  the  throughflow  analysis.  The 
required  blade  geometries  necessary  to  give  the 
desired  flow  turning  efficiently  for  the  particular 
"strip"  considered,  are  then  obtained  by  experi¬ 
mental  and/or  theoretical  consideration  of  a  quasl- 
two-dlmenslonal  configuration  such  as  that  Indi¬ 
cated  In  Fig.  12.0.1. 


It  should  be  noted  that  because  the  meri¬ 
dional  surface  will.  In  general,  have  a  streamwlse 
varying  cross-sectional  area  (with  Its  attendant 
Imposed  pressure  gradients) ,  the  cascade  wind 
tunnel  should  be  constructed  to  Impose  this 
desired  area  variation.  This  Is  by  no  means  a 
simple  experimental  task,  because  the  upper  and 
lower  walls  will  have  to  be  adjusted  (in  a  curved 
fashion)  to  Include  not  only  the  area  variation 
actually  occurring  In  the  throughflow,  but  In 
addition  corrections  should  be  made  for  Che  growth 
of  the  wind  tunnel  sidewall  boundary  layers. 

Even  when  the  streamwlse  variation  of  the 
cross-sectional  area  Is  well  approximated,  a  further 
problem  of  considerable  difficulty  remains.  Thus, 

It  Is  apparent  that  the  flow  Is  (very  nearly) 
periodic  In  the  actual  (annular)  blade  row,  so  It 
Is  Important  that  enough  blades  be  Incorporated  In 
Che  two-dimensional  cascade  to  ensure  Chat  the 
required  periodicity  occurs  over  the  middle  (test) 
blades.  In  reference  12.1,  the  results  of  consi¬ 
derable  discussion  on  this  matter  were  reported, 
and  specialists'  estimates  of  the  minimum  number 
of  blades  required  ranged  from  five  to  fifteen 
for  subsonic  cascades  and  three  to  nine  for  super¬ 
sonic  cascades.  The  required  minimum  number  of 
blades  was  considered  to  depend  somewhat  on  the 
purpose  of  Che  tests,  so  that  for  example.  If  the 
surface  pressure  distribution  only,  of  a  blade  was 
to  be  determined,  relatively  few  blades  would  be 
required.  In  contrast.  If  an  accurate  estimate  of 


the  cascade  losses  was  desired,  a  large  number  of 
blades  would  be  required. 

It  Is  apparent  that  the  approximation  to  exact 
periodicity  can  be  aided  somewhat  by  shaping  the 
sidewalls  to  approximate  the  expected  approach 
streamline  shape.  In  practice  this  Is  rarely 
attempted,  because  the  shape  of  the  approaching 
streamline  will,  of  course,  vary  with  loading  on 
the  cascade.  "Tailboards",  as  Indicated  In  Fig. 
12.0.1  are  sometimes  used  to  reduce  the  effects  of 
external  flow  Interaction  at  the  sidewalls. 

The  number  of  blades  utilized  la  a  given 
facility  cannot  usually  be  greatly  Increased 
because  of  the  resulting  small  size  of  the  blades 
(If  Che  solidity  Is  to  be  maintained  at  the  desired 
value).  Excessively  small  blades  create  difficul¬ 
ties  In  that  It  becomes  difficult  to  maintain  the 
appropriate  range  of  Reynolds  numbers.  Further, 
when  detailed  flow  Information  such  as  the  surface 
pressure  distribution  Is  desired,  small  blade  sizes 
lead  to  great  Instrumentation  difficulties. 

In  spice  of  these  many  difficulties,  the 
results  of  careful  cascade  tests  remain  a  most 
Important  source  of  Information  for  evaluating 
the  performance  of,  and  determining  the  detailed 
flow  behavior  of  the  many  candidate  blade  profiles 
considered  for  use  In  turbomachinery.  It  should  be 
recognized,  however,  that  even  "routine"  cascade 
tests  should  be  carried  out  with  a  great  deal  of 
care. 

12.1  CASCADE  LOSSES 


Vlhen  a  cascade  has  been  successfully  con¬ 
structed  to  minimize  the  problems  discussed  In 
the  preceding  section,  the  performance  can  be 
determined  by  traversing  stagnation  pressure 
probes  and  yaw  meters  across  the  exit  plane. 


Flow 

Deflection 


Figure  12.1.1  Variation  In  Stagnation  Pressure 
and  Flow  Deflection 

The  detailed  Information  obtained  from  the 
Instrument  traverses  can  be  presented  in  the 
form  Indicated  In  Fig,  12.1.1.  Each  setting  of 
Inlet  Incidence  angle  and  Mach  number  will  have 
Identified  with  It  one  such  graph. 
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Customarily,  the  detailed  information  contained 
In  Fig.  12.1.1  Is  averaged  In  one  of  several  ways 
so  that  the  effect  of  variation  In  angle  of  attack 
can  be  presented  In  a  single  graph  such  as  that 
shown  In  Fig .  12.1.2. 
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As  a  result  of  the  difficulty  of  Interpreting 
mass  flow  averaged  pressure  losses,  it  has  been 
suggested  (Ref.  12.2  for  example)  that  "mixed  out" 
values  of  the  pressure  loss  be  used  to  compare  Che 
performance  as  determined  from  different  cascades. 
The  mixed  out  value  corresponds  to  that  value  of 
the  pressure  loss  that  would  exist  If  the  fluid  was 
allowed  to  fully  mix  In  an  Ideal  (no  sidewall  fric¬ 
tion)  constant  area  mixer  (Sec.  5.15.2).  It  Is 
also  pointed  out  In  Ref.  12.2  that  the  results  will 
have  to  be  carefully  Interpreted  no  matter  what 
averaging  method  Is  used,  because  the  blade  wakes 
will  have  a  substantial  Interaction  with  the  follow¬ 
ing  blade  rows. 

A  measure  of  the  expected  size  of  the  effect 
of  averaging  techniques  can  be  obtained  from  a 
simple  example.  Thus,  we  assume  a  simple  abrupt 
wake  to  be  Imbedded  In  a  flow  which  otherwise  has 
experienced  no  stagnation  pressure  decrease. 


P  =  P 
t2 


S  \  Pt2’PtL 


Figure  12.1.2  Variation  of  Average  Stagnation 

Pressure  Loss  and  Turning  Angle 
With  Angle  of  Attack 


A  common  form  of  averaging  Is  that  of  mass 
flow  averaging.  Thus,  for  example,  the  gas  exit 
angle,  B2  •  would  be  obtained  In  terms  of  the  mass 
flow  averaged  tangential  momentum  and  mass  averaged 
axial  momentum.  Thus: 


(12.1.1) 


Figure  12.1.3  Simplified  Stagnation  Pressure 
Profile 

Denoting  the  ratio  of  the  mass  flow  with  stag¬ 
nation  pressure  decrement  to  the  mass  flow  without 
stagnation  pressure  decrement  as  a  (So  as  to 
directly  utilize  the  results  of  Sec.  5.15.2),  we 
may  write  for  this  simple  case 


Similarly,  the  mass  flow  averaged  pressure  loss 
would  be  obtained  from 


Pu<Ptj-Pt2^‘'^ 


(12.1.2) 


It  is  evident,  particularly  in  the  case  of 
the  mass  flow  averaged  pressure  loss  that  consi¬ 
derable  difficulty  will  arise  when  the  results  of 
different  cascade  measurements  are  to  be  compared. 
This  Is  because  AP^  as  defined  by  Eq.  (12.1.2) 

will  change  (for  the  same  cascade  test)  with  the 
distance  from  cascade  exit  at  which  the  measure¬ 
ments  are  taken.  This  problem  is  present  even  If 
the  cascade  wall  losses  do  not  Intrude  into  the 
measurement  region,  because  the  wake  mixing  pro¬ 
cess  Itself  Introduces  further  entropy  gains. 


^^t  mass  av  1  •  a  /■  ^tL-, 

■  •’tl  f®  pudt  ^ 

°  (12.1.3) 

The  mixed  out  stagnation  pressure  losses  for 
this  simple  flow  may  be  calculated  by  utilizing 
the  results  of  Sec.  3.13.3  directly.  As  an  example 
we  consider  the  case  with  Mach  number  of  the  high 
pressure  stream  equal  to  0.6,  a  •  0.2  ,  y  •  1.4 

and  stagnation  temperature  ratio  of  the  two  streams 
equal  to  unity.  (Of  course.)  There  is  obtained 


t  mixed  out 


t  mass  av 
P  , 
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These  simple  calculations  Indicate  that  It 
Is  very  Important  Indeed  to  be  aware  of  which 
averaging  technique  has  been  utilized  for  a  given 
data  set,  and  In  addition  at  what  location  was 
the  measurement  traverse  taken.  Note  that  an 
alternate  way  of  looking  at  this  problem  is  to 
realize  that  If  two  data  sets  were  compared  where 
one  set  of  measurements  has  been  taken  far  down¬ 
stream  (where  conditions  approach  mixed  out)  and 
hP 

- 1; -  found  to  be  .0333,  and  then  a  second 

^t 

set  of  data  taken  in  close  proximity  of  the  cas- 
AP 

cade  exit  which  also  had  — t  i^ss  av  _  ,0333  , 

the  second  cascade  would  in  fact  have  almost 
double  the  losses  of  the  first. 

In  an  actual  turbomachlne  the  various  loss 
mechanisms  are  quite  interactive.  Thus,  the  flow 
profiles  departing  one  blade  row  affect  the  losses 
produced  in  the  following  row.  In  addition  losses 
occurring  on  the  annulus  walls  and  at  the  blade 
tips  affect  the  total  losses  produced  within  the 
blade  row,  and  are  themselves  influenced  by  the 
blade  losses.  It  is  the  hope  in  representing  the 
entire  flowfield  as  a  compilation  of  three  two- 
dimensional  fields  that  knowledge  of  the  "pure** 
cascade  flowfield  will  allow  accurate  estimates  to 
be  made  of  other  losses.  Thus,  for  example,  when 
determining  the  performance  of  a  cascade,  every 
effort  is  made  to  remove  the  influence  of  the 
cascade  wall  losses  from  the  data.  Later,  however, 
the  losses  experienced  in  the  turbomachine  at  the 
annulus  walls  will  be  estimated  with  the  help  of 
the  cascade  results. 

Several  major  flow  Interactions  that  occur 
have  been  classified  and  attempts  made  to  analyze 
them.  An  important  example  of  such  flows  is 
termed  the  secondary  flow.  Secondary  flows  have 
been  thoroughly  reviewed  in  Ref.  12.3,  where  many 
example  applications  of  secondary  flow  analysed 
are  described.  With  regard  to  their  applicability 
for  use  in  the  analysis  of  flows  in  turbomachines, 
secondary  flow  analyses  are  particularly  useful 
in  describing  the  flow  through  compressor  rows. 
Figure  12.1.4  depicts  a  distorted  flow  profile 
as  could  be  produced  by  the  annuli  walls,  approach¬ 
ing  a  stator  row.  When  fluid  with  such  a  profile 
enters  the  pressure  field  of  the  blades  the  low 
momentum  air  is  turned  more  ("overturned”)  than 
the  high  momentum  air,  leading  to  the  secondary 
flow  patterns  Indicated, 


\ 

\ 


Secondary  flow  in  compressors  is  particularly 
amenable  to  analysis  because  to  a  good  approxima¬ 
tion  the  viscous  stresses  may  be  ignored  in  the 
region  of  the  blades.  This  is  an  allowable  approxi¬ 
mation  because  the  adverse  pressure  gradient  imposed 
by  the  blades  moves  the  flow  cowards  separation 
with  consequent  low  viscous  stresses.  The  effects 
of  viscosity  are,  of  course,  implicitly  present 
in  the  distorted  entry  profile  that  has  been  devel¬ 
oped  by  Che  long  approach  flow  over  the  annulus 
walls.  It  Is  to  be  noted  that  the  high  favorable 
pressure  gradients  found  over  much  of  the  turbine 
blade  profile  leads  to  thin  boundary  layers  that 
must  be  analyzed  using  (3-D)  boundary  layer 
techniques. 

Cascade  tests  are  necessarily  conducted  with 
single  rows  of  blades,  so  the  effects  of  upstream 
blade  rows  (particularly  moving  blade  rows)  can¬ 
not  be  simulated.  The  effects  of  shed  blade  wakes 
can  be  substantial  however,  and  several  extensive 
studies  to  describe  the  flow  interactions  have 
been  conducted.  Ref.  12.4  extends  the  analytical 
models  of  the  early  references  of  Refs.  12.5  and 
12.6,  and  provides  experimental  verification  of 
the  analytical  predictions.  A  more  recent  study 
is  reported  in  Ref.  12.7  where  a  method  of  directly 
estimating  the  stagnation  temperature  profile 
following  a  stator  in  terms  of  the  rotor  blade 
loss  factor  is  presented.  The  latter  study  has 
particular  utility  in  the  description  of  flow  in 
high  Mach  number  stages. 

In  summary,  it  should  be  noted  that  the 
various  losses  occurring  in  turbomachines,  other 
than  two-dimensional  profile  losses,  described 
above  are  not  those  to  be  found  in  a  cascade  wind 
tunnel  Investigation.  The  cascade  flowfield, 
however,  appears  as  the  "parent"  flowfield  for  all 
these  secondary  flows,  just  as  the  throughflow 
flowfield  appeared  as  the  parent  flowfield  for  the 
cascade  flowfield,  The  results  of  cascade  studies 
are  hence  of  utility  not  only  in  determining  the 
blade  losses,  but  also  in  establishing  the  cascade 
flowfield  so  that  the  secondary  losses  can  be 
estimated . 

12.2  CASCADE  NOTATION 

Typical  cascade  notation  is  illustrated  in 
Fig.  12.2.1  . 


Figure  12.1.4  Secondary  Flow  Patterns 


Figure  12.2.1  Cascade  Notation 


In  Fig.  12.2.1  we  have 
subscript  1  ■  Inlet  condition 
subscript  2  •  outlet  condition 


assumed  to  be  of  depth  b  ,  where  b  Is  a 
function  of  x  alone. 


6  •  flow  angle 

Y  ~  angle  of  blade  camber  line 
Yi  '  stagger  angle 

6*  •  blade  camber  angle  »  Yi  -  Y2 
♦  ■  flow  turning  angle  •  61-62 
S  •  deviation  angle  •  62  "  Y2 
a  «  angle  of  attack  ■  61  -  Yi 
w  ”  "axial"  (x)  velocity 

V  >  magnitude  of  the  velocity 
S  •  spacing 


C  •  chord 
0  •  solidity  ■  — 


Whan  presenting  the  data,  as  already  depleted 
In  Fig.  12.1.3,  It  Is  usual  to  depict  the  stagna¬ 
tion  preaaura  loss  In  a  dlmanslonleas  manner, 
such  as 


It  Is  customary  to  describe  an  airfoil  shape 
In  terms  of  Its  thickness  distribution  about  a 
prescribed  camber  line.  The  camber  line  Is  often 
taken  to  be  of  parabolic  shape  (which  reduces  to 
a  circular  arc  profile  as  a  special  case).  Many 
attempts  have  been  made  to  relate  the  blade  camber 
angle  and  other  geometric  properties  of  the  blade 
to  the  deviation  angle.  (See  particularly  Ref. 
12.8,  Chapt.  6.)  A  quite  convenient  approximate 
form  has  also  been  suggested  (Refs.  12.9  and  12.10) 
to  relate  the  value  of  the  deviation  angle  at 
design  conditions,  i*  ,  to  the  blade  geometry  and 
flow  exit  angle  at  design  62*  •  fhe  suggested 
relationship  Is 


Figure  12.3.1  Cascade  Coordinate  System 

It  is  apparent  that  if  vortlclty  Is  to  be 
present  In  the  flow  field  It  must  be  directed 
perpendicular  to  the  cascade  plane.  With  Ideal 
(leentroplc)  flow  assumed,  with  uniform  propertlee 
far  upstream,  Bq.  (11.1.25)  than  gives  dlrsctlv 

u  x  u  -  0  (12.3.1) 

but  because  u  must  be  perpendicular  to  u  ,  u 

Itself  must  be  zero.  It  is  thus  possible  to 
define  a  potential  if  ,  such  that 

u  -  74,  (12.3.2) 

The  quasl-two-dlmenslonal  form  of  the  con¬ 
tinuity  equation  may  be  written 

+  (12.3.3) 

Utilizing  this  equation,  a  streamfunctlon 
may  be  defined  by  the  relationships 
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-L  ii 

Pb  8y  ’ 
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ii 

pb  3x 


(12.3.4) 


(12.2.1) 


The  condition  that  the  vortlclty  Is  zero. 


where 


m 


In  this  expression  a  is  the  distance  from  blade 
leading  edge  to  point  of  maximum  camber  and  62* 
Is  to  be  measured  In  degrees. 

By  utilizing  this  approximate  relation,  the 
blade  turning  angle  necessary  to  Introduce  the 
desired  flow  turning  can  be  easily  estimated. 

12.3  CALCULATIONAL  METHODS 

We  now  consider  the  quasl-two-dlmenslonal 
flow  In  the  cascade  plane.  Figure  12.3.1  Illus¬ 
trates  the  coordinate  system.  The  flow  will  be 


3u  3v 
3y  ■  3x 


0 


(12.3.5) 


then  gives  an  equation  for  the  streamfunctlon 
which  may  be  written 


n2^.idb3t^l3e.3i^l3£.31 
^  b  dx  3x  p  3y  3y  p  3x  3x 


(12.3.6) 


As  In  Sec.  11.1.7,  a  subsidiary  equation  for 
the  density  may  be  obtained  by  utilizing  the  Isen- 
troplc  condition.  Thus 
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h^-|(u2+v2) 
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and  henca  with  Bq.  (12.3.4) 


1  ■'^1 
htP^-  {h^-|  (ui^+vi^)}  01^  (^) 

^  °  (12.3.7) 

Equations  (12.3.6)  and  (12.3.7)  are  two  coupled 
nonlinear  equations  for  i|i  and  p  in  terms  of  the 
far  upstream  conditions  and  the  prescribed  area 
variations.  Vfhen  the  flow  can  be  approximated  as 
incompressible,  Che  equation  for  the  streamfunctlon 
reduces  to 

^  (incompressible)  (12.3.8) 

D  dx  oX 


Noting  that  the  forces  on  the  two  streamlines 
depicted  are  equal,  and  that  continuity  ensures 
that  the  axial  (x)  velocity  remains  unchanged,  the 
momentum  equation  gives 

-  (p  ,-P2)S4b  (12.3.9) 

and  Fy  •  pu(vi-V2)SAb  (12.3.10) 

Utilizing  Bernoulli's  equation  to  relate  the 
preaaure  difference  to  velocity  differences,  the 
vector  force  may  Chen  be  written 

P  -  pSdb(vi-V2)t-x  (v2+vi)e  +ue  ]  (12.3.11) 

*  X  y 

Thus  the  magnitude  of  the  force,  F  ,  is 
given  by 

F  •  pS4b(vi-V2)V^ 


The  solution  to  the  above  equations  is  usually 
dependent  upon  the  application  of  fully  numerical 
techniques,  though  analytical  methods  have  been 
applied  in  special  cases.  Refs.  12,11  and  12.12 
report  upon  a  study  of  incompressible  flow  with 
area  variation.  A  perturbation  analysis  Is  carried 
out  in  which  it  is  necessary  to  restrict  Che  wall 
slope  to  be  small. 

A  method  that  applies  conformal  mapping  tech¬ 
niques  to  two  dimensional  (db/dx  *■  0)  transonic 
flows  la  described  in  Ref.  12,13,  This  paper 
repreeente  a  recent  application  of  a  highly  devel¬ 
oped  analytical  technique.  In  conformal  mapping 
techniques,  Che  cascade  geometry  is  transformed 
to  a  geometry  chat  is  much  more  simply  analyzed 
(either  analytically  or  numerically),  and  Che 
results  of  the  analysis  in  the  simple  plane  are 
then  transformed  back  to  the  more  complex  plane. 
Because  of  the  utility  of  such  techniques,  the 
next  section  considers  a  relatively  simple  example 
problem  chat  leads  to  an  exact  solution  for  the 
flow  field. 


12.3.1  TWO-DIMENSIONAL,  INVISCID,  INCOMPRESSIBLE 
FLOW 

When  the  case  of  flow  of  sn  incompressible, 
Invlscld  fluid  in  a  strictly  two  dimensional 
channel  la  considered,  the  equations  describing 
the  flow  field  simplify  greatly,  and  in  fact  both 
the  velocity  potential  and  the  streamfunctlon 
satisfy  Laplace's  equation.  As  a  result,  the 
very  powerful  techniques  of  complex  variable  theory 
can  be  used.  Including  the  technique  of  conformal 
mapping.  Before  embarking  upon  a  formal  analysis 
of  the  problem,  however,  it  Is  instructive  to 
first  consider  the  force  relationships  and  circu¬ 
lation  relationships  for  a  two-dimensional  cascade. 
Figure  12.3.2  depicts  the  flow  through  such  a 
cascade. 


Figure  12.3.2  Flow  Through  a  Two-Dimensional 
Cascade 


where 


v.+v 
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+  u^) 


1/2 


(12.3.12) 


Noting  that 
V  +v. 

tan  8  “  — r — *-  •  tan  8' 

2u 

it  can  be  seen  that  the  force  F  Is  perpendicular 
to  the  velocity  ,  where 

V. -^(VVi)  (12.3.13) 


The  circulation  about  the  contour  follows 
Immediately  to  give 


r  -  S(vj-V2)  (12.3.14) 

so  that  just  as  with  an  Isolated  airfoil,  there 
Is  obtained 


F  »  prV^Ab 

12.3.2  THE  COMPLEX  POTENTIAL 


(12.3.15) 


When,  as  in  the  case  of  frictionless  two- 
dimensional  flow  through  cascades,  the  flow  may 
be  considered  Irrotatlonal,  a  velocity  potential 
nay  be  defined  as  in  Eq.  (12.3.2).  The  continuity 
equation,  Eq.  (11,1.1),  then  gives  for  incompres¬ 
sible  flow, 

-  0  (12.3.16) 

The  streamfunctlon  also  satisfies  Laplace's 
equation,  as  may  be  seen  directly  from  Eq.  (12.3.6) 
for  the  case  of  incompressible  flow  with  constant 
flow  depth,  b  .  We  thus  define  a  complex  potential 
W  ,  by 

W  -  ♦  +  1*  (12.3.17) 

and  note  that 

-  0  (12.3.18) 

If  the  complex  potential  la  to  satisfy 
Laplace's  equation,  it  must  be  a  function  of 
z  5  x  +  ly  only.  Thus  we  may  write 


,  IH 

8x  dz  3x  "  dz 

but  from  Eqs.  (12.3.2)  and  (12.3.4); 


(12.3.19) 


3x  ^ 


and  hence 


In  Che  brackets  of  Eq.  (12.3.22)  Is  Che  complex 
conjugate  of  the  first.  Thus  the  imaginary  part 
of  Che  expression  must  be  zero  (or  a  constant), 
and  hence  the  circle  Is  mapped  onto  the  x-axls  In 
the  2~plane. 


dz 


U“iv 


(12.3.21) 


In  the  following  sections,  a  transformation 
function  is  introduced  to  allow  solution  for  the 
complex  potential,  W  ,  (for  special  cases  of  the 
cascade  geometry),  and  once  W  Is  obtained,  the 
velocity  components  may  be  obtained  directly  from 
Eq.  (12.3.21). 


A  further  property  of  the  transformation  is 

\ii 

evident  In  that  the  points  Q  •  te  map  into 
in  the  z-plane.  It  can  be  seen  also  that  the 
mapping  Is  multiple  valued  by  considering  the 
mapping  In  the  neighborhood  of  the  point  ;  »  e"^  . 
Thus,  consider  the  behavior  of  the  related  point  z 

as  we  proceed  around  the  point  C  e  in  a  small 
circle  of  radius  r  .  That  Is,  we  consider 


+  re 
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12.3.3  THE  CASCADE  TRANSFORMATION 

In  order  to  Illustrate  the  use  of  conformal 
mapping  techniques,  we  consider  a  transformation 
that  maps  a  cascade  of  straight  line  airfoils 
onto  a  circle.  The  resulting  flow  in  the  "circle 
plane"  Is  relatively  easy  to  analyze,  and  the 
cascade  mapping  function  allows  the  flow  In  the 
circle  plane  to  be  mapped  back  into  the  "physical" 
plane.  This  Is  a  relatively  simple  example  of  a 
highly  developed  analytical  technique  which  has 
been  extensively  reported  elsewhere.  (See  Refs. 
12. lA  and  12.15  for  example) 


and  change  0  from  0  to  27r  radians.  It  is  evi¬ 
dent  from  Eq.  (12.3.22)  that  all  the  logarithmic 
terms  return  to  their  original  value  except  the 

term  containing  e'^-^  ,  Thus  denoting  the  differ¬ 
ence  of  the  final  and  initial  values  of  z  as 
22“ zi  ,  there  Is  obtained 


S  “16, «  /  12n.  -  -  lo. , 

22-21  “  "  JtT  ®  [J^n(-re  )  -  in(-re  )) 


S  -16,  i2TT 
=  -  ^  e  e 


The  transformation  function  to  be  Investigated 
is 


z 


_S_ 

2Tr 


[e 


-18 


in 


+  e 


IB 


in 


e'*'  +  l/^i 

(12.3.22) 


We  will  show  that  this  function  takes  a  unit 
circle  In  the  ;  plane  and  maps  it  Into  a  straight 
line  cascade  in  the  z.  plane,  with  geometry  as 
indicated  In  Fig.  12.3.3.  It  Is  to  be  noted  that 
for  notatlonal  convenience,  the  geometry  has  been 
rotated  so  that  the  flat  plate  airfoils  are  hori¬ 
zontal  in  the  z>.plane. 


hence 


—1ft 

Z2-2i  *  “  iSe  *  -  S  sin  6  -  is  cos  B  (12. 3.  23) 

Thus,  the  transformation  from  the  C  to  the 
z-plane  is  not  unique,  but  rather  a  given  point  in 
the  C“Plane  can  be  reproduced  n-tlmes  In  the 
z-plane  simply  by  going  around  the  point 

C  *  (or  C  *  -e'^) 

n-tlmes.  Each  point  is  removed  from  the  previous 
by  the  vector  -s  sin  B  -  is  cos  6  which  leads  to 
the  geometrical  relationship  indicated  in  Fig. 
12.3,3*  The  C-plane  may  be  considered  to  consist 
of  an  infinite  number  of  Riemann-sheets ,  each 
sheet  mapping  to  a  given  strip  in  the  z-plane.  The 
z-plane  itself  can  be  considered  a  two  sheet  plane 
because  both  the  inside  and  outside  of  the  unit 
circle  map  into  the  same  scrip  in  the  z-plane.  We 
will  consider  only  the  mapping  of  the  exterior  of 
the  circle,  however. 

We  have  shown  that  Eq.  (12.3.22)  transforms 
the  unit  circle  to  a  series  of  straight  line  air¬ 
foils  in  the  z-plane.  The  airfoils  are  staggered 
at  an  angle  of  B  ,  and  have  a  spacing  of 
magnitude  S  .  In  order  to  determine  the  airfoil 
chord  in  terms  of  the  properties  of  the  mapping 
function,  we  locate  the  transformation  singularities 
which  occur  at  dz/dC  *  0  .  (It  is  at  these  singu¬ 
larities  that  the  transformation  is  not  conformal, 
and  hence  the  angle  of  the  circular  profile  is  not 
conserved  in  transforming  to  the  z-plane.)  We  thus 
note: 


Figure  12.3.3  The  Cascade  Transformation 
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To  verify  that  Eq .  (12.3.22)  has  the  desired 
transformation  properties,  we  first  note  that  on 

the  unit  circle  (where  c  ,  the  second  term 


After  some  manipulation  we  then  obtain 


16+-:.  -(16+^) 
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(12.3.24) 


12-f. 


Ic  can  be  noced  chat  the  numerator  and  denom-* 
inator  are  complex  conjugates  and  hence,  of  course, 
the  singularities  exist  on  the  unit  circle  in  the 
;-plane.  A  more  convenient  form  of  Eq.  (12.3.2A) 
is  obtained  in  terms  of  the  angle  to  the  location 
of  Che  (rear)  singularity,  ,  where 
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-  ^$0 


There  is  thus  obtained 


C  ^-1  ^18  -16  y  -1^ 

o  e  -e  e  -e 

c  2+1  "  IB,  -16  * 

o  e  +e  e  +e 


hence  i  tan  ip  -  i  tan  6  tan  h  li/ 

0 

or  t  ®  tan  ^  [  tan  6  tan  h  lii]  (12.3,25) 

0 

The  location  of  the  blade  leading  edge  in  the 
C-plane  follows  immediately  by  noting  tan(4'Q+^)  ■ 
tan  0  ,  and  hence  the  leading  edge  singularity 

occurs  at  0  +  tt  . 

0 

A  location,  x  ,  on  the  blade  in  the  ?-plane 

10 

may  be  determined  by  writing  ^  *  e  ,  Upon 
sutstituting  into  Eq.  (12.3.22),  and  after  some 
manipulation,  there  is  then  obtained 
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(12.3.26) 


The  location  of  Che  blade  trailing  edge  is 
then  obtained  by  inse'.lng  the  value  of  0^  from 

Eq.  (12,3.25)  into  Eq.  (12.3.26),  and  the  lead¬ 
ing  edge  follows  with  0  **  0^  +  it  to  give 

X  »  -  X  .  We  then  obtain,  with  C  *  2x^  , 

I  t  c 

trC  ...  r  •^sln  0  +  cos  ^6  +  cos  6, 

-r-  =  cos  6  in{ - ^ — rr; - } 

2s  sin  h  0 


This  concludes  our  Investigation  of  the  pro¬ 
perties  of  the  transformation.  In  the  next  section 
the  behavior  of  Che  flow  field  will  be  considered. 
It  can  be  noted  here,  however,  that  the  effect  of 
the  tranformation  has  been  to  bring  upstream  and 
downstream  infinity  in  the  x-plane,  into  the  prox¬ 
imity  of  the  circle  in  the  ^-plane.  When  circula¬ 
tion  about  the  circle  exists,  then,  the  angle  of 

0 

flow  In  the  proximity  of  ^  =  ±e  (z  =  ±»)  can  be 
affected.  Thus,  unlike  the  case  for  an  isolated 
two-dimensional  airfoil,  the  angle  of  turning  of 
the  fluid  can  be  made  other  than  zero. 

12.3.4  THE  CASCADE  FLOW  FIELD 

Figure  (12.3.5)  depicts  aspects  of  the  flow 
field  in  the  coordinate  system  being  presently 
considered. 


Figure  12«3.3  Cascade  Velocities 


+  sinBtan"‘  (-- - - (  (12.3.27) 

/sin  h2  +  cos2  g 

This  expression  relates  the  parameter  0  to 
Che  solidity  o  *  C/S  .  Thus,  when  the  solidity 
is  prescribed  the  equation  may  be  solved  (itera¬ 
tively)  for  0  ,  and  the  appropriate  transformation 
function  determined.  Before  considering  the  behav¬ 
ior  of  the  flow  field,  one  last  characteristic  of 
the  transformation  will  be  observed.  Thus  It  is 
noted  that  the  point  c  ^  transforms  to 


E  ^  e  in(-l) 


The  mean  velocity,  ,  was  previously  defined 

in  Eq.  (12.3,12),  so  we  may  write  for  the  mean 
complex  velocity 

(u  -  iv)  »  V 

Equation  (12.3.14)  gave  the  circulation  in 
terms  of  the  blade  spacing  change  and  tangential 
velocities,  which  here  may  be  written 

av  =  ^  (12.3.28) 

Thus,  the  desired  far  upstream  and  far  down¬ 
stream  complex  velocities  may  be  written 


hence 


z  =>  S(n  +  j)  (sin  6  +  1  cos  6) 
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Thus  ^  ♦  00  transforms  into  points  midway 
between  Che  blades,  ^ 
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(12.3.30) 
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Figure  12.3.6  Indicates  these  incremental  velocity 
relationships . 


Figure  12.3.4  Location  of  C  ^ 


In  the  z-Plane 


Combination  of  Eqs.  (12.3.32)  and  (12.3.34) 
then  gives 
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Figure  12.3.6  Incremental  Velocity  Relationships 

In  order  to  create  the  desired  velocities  at 
upstream  and  downstream  Inflnltyi  as  prescribed  in 
Eqs.  (12.3.29)  and  (12.3.30),  we  investigate  the 
flow  behavior  in  the  circle  plane  in  the  vicinity 

of  the  points  ±e'^  .  Thus,  by  placing  (complex) 
sources  at  these  points,  the  flow  at  t<»  will  be 
affected  in  the  physical  plane.  It  will  then  be 
necessary  to  adjust  conditions  in  the  vicinity  of 
the  circle  in  the  5-plane  in  order  to  satisfy  both 
the  boundary  condition  of  no  flow  through  the 
circle,  and  the  Kutta  condition  at  the  trailing 
edge  of  the  blades  in  the  z-plane.  It  is  to  be 
noted  chat  the  adjustments  to  match  Che  boundary 
condition  and  Kutta  condition  can  be  carried  out 
without  further  affecting  the  flow  properties  at 
z  -  to  ,  because  dz/d5  approaches  infinity  as 

5  approaches  ±e^  (1-e.,  as  z  approaches  infin¬ 

ity)  so  the  only  terms  that  will  contribute  to 
dw/dz  at  z  “  ±»  are  those  which  cause  dw/d5 
CO  also  approach  infinity.  The  only  terms  chat 
lead  to  dw/d5  approaching  infinity  as  5 

approaches  ±e^  arise  from  the  complex  sources 
located  at  C  “  te  . 

We  now  place  a  complex  source  of  strength 

A  at  5  ”  -e*  ,  so  that  the  complex  potential  in 
the  vicinity  of  the  source,  W  _  ,  may  be  written 


^in(C>e*) 


(12.3.31) 


To  investigate  the  behavior  near  the  source 

we  write  5  ■  -e'*' +  4  ,  where  6  is  very  small, 
and  obtain 


(12.3.32) 


From  Eqs.  (12.3.22)  we  note 


^  ^  (e‘^®  -rf—  (12.3.33) 

d5  Ti 


In  the  vicinity  of  ;  •  -e  (where  6^0) 
this  approaches 


dz  ^  ae_ 

dt  2716 


(12.3.34) 


dW.  ®"s-|  ,,dZ|  r'  A  IB 

^  Le*  ‘  ^  ^ 


then  with  Eq.  (12.3.29), 


A  .  V  -  1  I 

“  2 


(12.3.35) 


In  a  similar  manner,  placing  a  source  of 

strength  B  at  the  location  c  -  e'^  ,  and  satis¬ 
fying  Eq.  (12.3.30)  leads  to 


-l(a+B) 


(12.3.36) 


With  the  two  sources  at  locations  5  “  ±e*^  , 
we  have  a  complex  potential,  F(c)  ,  in  the  5-plane 
given  by 


F(5)  .  — 


»  -1(0+6), 


^  -1  ^  in  (C^-e^*) 


^  (12.3.37) 

A  complex  potential  satisfying  the  boundary 
condition  for  flow  around  the  circle  can  now  be 
obtained  by  adding  a  complex  function  of  the  form 
of  Eq.  (12.3.37),  but  with  1  replaced  by  -1 
(where  1  appears  explicitly),  and  with  5 
replaced  by  I/5  .  This  result  (known  as  the  circle 
theorem, Ref.  12.16)  follows  because  the  added  func¬ 
tion  becomes  the  complex  conjugate  of  F(5)  when 
5  is  on  the  unit  circle,  and  hence  il/  is  zero 
on  the  circle.  (And,  of  course,  the  circle  is 
hence  a  streamline.)  Finally,  a  circulation  T*  is 
added  at  5  ”  0  (which  does  not  violate  the  bound¬ 
ary  conditions)  to  give  the  complex  potential  in 
the  5-plane,  W  .  Thus 

u  _  -i(a+6),  e^+T|)  ,  T  ,  21(1  ,2\ 

"  *  17  ®  ^  4^  > 

e  -5 


.  ^i(a+S)  yvl^  +  i  f  in  (ei*  -  1/5^) 
2-  e*-l/5 


+  i  ^  in  5 


(12.3.38) 


Investigation  of  this  expression  reveals  that 
application  of  the  circle  theorem  has  introduced 
further  singularities  at  the  conjugate  points  of 

±e'*’  ,  that  is  at  c  ■  ie  ***  .  Figure  12.3.7  indi¬ 
cates  the  location  and  strength  qf  all  the  singu¬ 
larities  in  the  circle  plane. 

It  is  evident  that,  as  must  be  the  case,  the 
total  source  strength  is  zero.  The  net  circulation 
about  the  circle  is  r*  ,  and  the  net  circulation 
about  the  entire  field  is  r*-r  .  It  will  be 
recalled  that  when  the  c-plane  Is  entirely  trav¬ 
ersed  at  infinity,  the  image  point  in  the  z-plane 
simply  traverses  a  point  midway  between  the  blades. 
Obviously  the  circulation  about  such  a  point  must 
be  zero,  so  we  require  F*  •  F  .  The  expression 
for  the  velocity  potential  In  the  circle  plane  may 
hence  be  written: 


r  . 

-  in  — ; - 


(12.3.39) 
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Circulation 
“  'T  sln(a+e) 


/V  /\ 


-,p 

-e  ^  e 

yClrculatlon  Circulation 

\j-  +  Sl^sin(a+8)  y  -S^sln(a+^ 


Circulation 
-  Y  +SV^sin(a+$) 


Figure  12.3.7  Singularities  in  the  Circle  Plane 


The  complex  potential  given  by  Eq.  (12.3.39) 
describes  a  flow  field  that,  when  transformed  to 
the  z-plane,  matches  the  upstream  and  downstream 
conditions  as  well  as  the  boundary  conditions  for 
flow  around  the  blades.  To  complete  the  descrip¬ 
tion  of  the  flow  field  it  remains  to  determine  an 
appropriate  value  for  the  circulation  F  .  Such 
a  condition  is  obtained  by  applying  the  Kutta 
condition  that  the  velocity  not  be  infinite  at 
the  trailing  edge  of  the  blades.  At  the  location 
of  the  trailing  edge  (where  0“  0^,  Eq.  (12.3.25) 

the  derivative  dz/dil  is  zero.  Thus  to  prevent 
an  infinite  velocity  at  the  trailing  edge  in  the 
2-plane,  F  must  be  chosen  to  put  dW/dC  *0  at 

c  -  . 

Taking  dU/d^  from  Eq.  (12.3.39),  and  putting 

C  *  ,  the  complex  velocity  components  for  the 

flow  on  the  circle  areobtained,  to  give  after  some 
manipulation. 


cosh  0  sin0 


^0  /sinh^^  +  cos^B 


8ln{0  -0) 

o 

slnh^0  +  sln^0 


[ cos  6  sin (a  +  6) 


sin  o  cos  0 


0  +0 
cos  [-—] 

I 

cos  (•-™) 


(12.3.43) 


To  obtain  the  complex  velocity  on  the  blade 

i0 

surface,  we  note  that  on  the  blade  c  ^  s  , 
and  z  ~  X  ,  so  that 


dz  ,  dx 
d?  ■  ^ 


(12.3.44) 


r  0 


2tt  cosh20-cos20 


{4SV  fsln0  cosh  0  cos  (a+d) 


-  COS0  sinh  0  sin(a+6)  ]  +  F  sinh  20} 

(12,3.40) 

It  can  be  seen  that  as  required,  u  *0  .  The 


Kutta  condition  requires  u^ 

0 

We  have  from  Eq.  (12.3.25) 


0  when  0 


dx/d0  may  be  obtained  directly  from  Eq.  (12.3.26). 
Thus  it  follows  that 


US  e 

8ln20^ 

sln(0  -  0) 


cosh  0  sinh ’ 


sinh*0  +  co^  B 


<8inh^0  +  8in^0) 


sin  6  cos  B 


(12.3.45) 


The  velocity  on  the  blade  surface  follows 
directly  from  Eqs.  (12.3.43)  and  (12.3.45)  Co  give 


sinh  0  sin  B 
/sinh^0  +  cos^B 


cosh  0  cos  B 


/sinh^^  +  cos^  6 
(12.3.41) 


The  value  of  circulation  necessary  to  satisfy 
the  Kutta  condition,  ,  then  follows  to  give 


^  rdz,-l 
dt 


sin  6  cos  B 


[cos  6  sin((i  +  6) 


(12.3.42) 


/slnh^si^  +  cos^B 


-  sin  a  cos ( 


(12.3.46) 


When  this  value  of  the  circulation  is  substi¬ 
tuted  into  Eq.  (12.3.40),  It  follows  after  some 
manipulation  that 


To  complete  the  description  of  the  flow  in 
the  cascade  plane,  the  various  flow  angles  will 
he  obtained.  With  reference  to  Fig.  12.3.5,  we 


12-9 


T 


note  the  relationships 

^cosIa+eT  "  -  tan(a2+e) 

=  tan(cii+6)  -  tan(a+6)  (12.3,47) 

Equations  (12.3.28),  (12.3.42).  and  (12.3.47) 
then  lead  to 


exhibit  the  tendencies  of  the  flow  fields  existing 
on  real  geometries. 

As  an  example  calculation  Fig.  12.3.8  shows 
the  deviation  angle  (02)  versus  angle  of  attack 
(ai)  for  three  values  of  blade  stagger  angle  and 
two  values  of  the  solidity. 


arc  tan [sin  a 


_ /slnh^v  +  cos^g'  cos  fi _ j 

/sinh"^';<  +  cos"^B  (cosa)  +  sin  6  sin  a 


,  .  /sinh^v + cos^e  -  cos  3  . 

a2  =  arc  tan  1  sin  a  '  - - J 

/sinh^i;)  +  cos^B  (cosa)  “  sin  B  sin  a 
(12.3.48) 

These  equations  complete  the  desired  descrip¬ 
tion  of  the  flow  field.  They  are  summarized  in  a 
form  suitable  for  calculation  in  the  next  section. 

12.3.5  SUMMARY  OF  THE  EQUATIONS  -  CASCADE 
TRANSFORMATION 

Q 

Inputs:  6  ,  —  ,  a  ,  $ 

Outputs:  ~  ~  ,  ai  ,  02 


L  = 
S 

C  ^ 
S 


1 

2 

1 


Figure  12.3.8  Deviation  Angle  Versus  Angle 
of  Attack 


Equations: 

"C  .  .  ‘^sinh'v  +  cos'^B  +  cos  6 

21 ' 


+  sin  6  tan 


•1 


sin 


+  cos'^B 

t  -  arc  tan(tan  6  tanh 


X  1  ,  .  ,  cosh  ^+cos  0  .  .-isln 

—  s  -- —  ■  I  cos  b  tn  —  ,  ,  +2sinDtan  ,  ,i 

C  2~  C  /  S  ‘‘  cosh  -cos  1  slnh  V 


It  Is  apparent  that  the  reduced  blade  loading 
existing  for  the  case  of  high  solidity  greatly 
reduces  the  tendency  of  the  flow  to  depart  from  the 
angle  of  the  blade  trailing  edge.  The  deviation 
angle  also  varies  strongly  with  stagger  angle,  with 
large  stagger  angles  causing  increases  in  deviation 
angle.  It  is  evident  from  Fig.  12.3.9  that  increas¬ 
ing  the  stagger  angle  leads  to  geometrical  separa¬ 
tion  of  the  blades,  so  that  the  pressure  fields  of 
the  blades  do  not  Interact  as  much  at  higher  stagger 
angles. 


^  +4 

cos{-^ 

~  =  — : — ^ - 7  [cos  b  sin(>-x+b)-sin  a  cos  - - — : 

V  sin  ::  cos  ?  0  ^ 


j  1  =  arc  tan  [sin  -i  - 


sinh^b'  +  cos-^S  +  cos  B 


» sinh^v  +  cos-^  (cosa)  +  sin  B  sin  a 


,  .  /sinh“v  +  cos'^b  -  cos  5  , 

i.  =  arc  tanlsin  x  -  •  -  J 

Zsinh^i/  +  cos^B  (cos  a)  -  sin  B  sin  a 

12.3.6  EXAMPLE  RESULTS  -  TWO-DIMENSIONAL  STRAIGHT 
LINE  CASCADE 

The  equations  summarized  in  the  preceding 
section  lead  to  rapid  computation  of  the  perform¬ 
ance  variables  of  this  ideal  straight  line  cascade. 
The  results  are  useful  for  detecting  design  trends 
of  real  cascades,  and  in  fact  techniques  to  relate 
the  i^erformance  of  more  complicated  (and  more  real¬ 
istic)  geometrie.s  to  an  equivalent  straght  line 
cascade  have  been  developed.  (Ref.  12. IS  for 
example)  The  singularity  In  fluid  vtlocltv  remains 
ar  the  blade  leading  edges,  hut  the  fluid  velocities 
af  blade  locations  away  f rom  the  lead ing  edges 


Figure  12.3.9  Cascades  at  Two  Stagger  Angles 
C/S  =  n.5 

It  is  of  interest  to  note  that  this  effect  of 
Increasing  stagger  angle  Is  not  as  limiting  at  it 
might  at  first  appear.  Thus,  the  example  calcula- 
t  ions  of  Sections  10.2.1  and  10.3.4  Indicated  that 
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the  required  turning  angles  near  the  blade  tips 
are  very  much  reduced  compared  to  those  at  the  hub» 
for  a  compressor  or  turbine  with  large  tip  to  hub 
ratio.  Hence,  even  though  the  geometry  of  a  com¬ 
pressor  or  turbine  is  such  that  solidity  decreases 
and  the  blade  stagger  angle  Increases  with  Increas¬ 
ing  radius,  the  effects  of  these  geometry  changes 
is  much  mitigated  by  the  large  reduction  in  required 
turning  angle  of  the  cascade. 

As  a  final  calculational  example,  the  devia¬ 
tion  angle  versus  solidity  has  been  calculated  for 
the  case  of  constant  angle  of  attack.  (Note  that 
this  calculation  required  iteration  of  the  Input 
variable,  a  ,  to  obtain  the  desired  angle  of  attack 
ai  =  15®.)  The  results  shown  In  Fig.  12.3.10  indi¬ 
cate  once  again  the  sensitivity  of  the  deviation 
angle  to  solidity. 


Figure  12.3.10  Deviation  Angle  Versus  Solidity 

These  relatively  simple  results  provide  a 
method  of  quickly  estimating  the  effects  of  design 
choices  upon  the  overall  cascade  performance. 
Extensions  of  the  method,  such  as  those  described 
in  Refs.  12.13-12.15  lead  to  rapid  computer  solu¬ 
tion  for  much  of  the  detailed  information  of  real¬ 
istic  (ideal)  flow  fields.  As  has  hopefully  been 
evident  throughout  this  document,  however,  the 
analytical  cascade  results  contribute  only  a  por¬ 
tion  of  Che  information  desired  in  the  very  com¬ 
plicated  process  of  designing  the  optimum  compres¬ 
sor.  Careful  experimental  studies,  In  the  form 
of  cascade  tests,  have  contributed  invaluable 
information  for  researchers  and  designers.  Finally, 
the  effects  of  interactive  loss  mechanisms  such  as 
wake  shedding  and  thence  wake  chopping  by  the  fol¬ 
lowing  blade  row,  annulus  wall  boundary  layer 
buildup  and  interaction  with  the  blade  pressure 
fields,  blade  boundary  layer  buildup  and  inter¬ 
action  with  the  centrifugal  field  etc., etc,  must 
all  be  Included  in  a  careful  program  to  develop 
the  best  possible  compressor  or  turbine. 
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NOMENCLATURE 


Symbols 


(The  use  of  a  consistent  set  of  units  is 
assumed.) 


Subscripts: 


Inlet  drag  coefficient,  where 

^MAX  here  to  maximum  nacelle 

cross-sectional  area 

Minimum  value  of  wall  friction  coeffi¬ 
cient 
Diameter 
Drag  force 

Maximum  value  of  boundary  layer  separa¬ 
tion  parameter  from  compressibility- 
adjusted  Stratford  and  Beavers  method 
Gravitational  constant 
Pressure  altitude 

Overpressure  parameter,  equation  13.1.7 
Inlet  length  from  highlight  to  fan  or 
compressor  rotor  leadl'ng  edge 
Mach  number 
Mass  flow  rate 

Fan  or  compressor  rotational  speed 
An  incremental  change  in  perceived  noise 
level  in  decibels  * 

Total  pressure 

Static  pressure  2 

Incompressible  dynamic  pressure,  (l/2)pV 

Gas  constant  for  air 

Stagnation  point 

Specific  fuel  consumption 

Static  temperature 

Total  temperature 

Velocity 

Inlet  forebody  length 
Angle  of  attack;  bypass  ratio 
Specific  heat  ratio  for  air 
Corrected  total  pressure,  Pj/Pstd 
Corrected  total  temperature,  Tx/Tsf0 
Fan  or  compressor  (total)  pressure  ratio 
Inlet  total  pressure  recovery 


Average 
Cowl  bleed 
Crosswind 
Effective 
Fan  tip 

Highlight,  the  inlet  nose  point  whose  tangent 
is  normal  to  the  inlet  centerline 
Inlet  incidence;  also  refers  to  inlet  high¬ 
light  or  capture  area 
Maximum 
Minimum 
Normal  shock 

Refers  to  net  airflow  available  to  satisfy 
engine-related  demand,  i.e. ,  inlet  capture 
flow  less  aircraf t-related  flow  demands 
Separation 
Spillage 

Standard  sea  level  atmospheric  value 

Takeof  f 

Throat 

Wall 

Freest  ream 

Engine  spinner  plane 

Plane  of  inlet  diffuser  exit  and  engine  face 
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CHAPTER  13 


CONSIDERATIONS  IN  INLET/ENGINE  INTEGRATION 


13.0  INTRODUCTION 

The  manner  In  which  Che  inlet  and  engine 
designs  are  Integrated  plays  a  key  role  in  deter¬ 
mining  the  degree  to  which  propulsion  system  and 
aircraft  operational  goals  are  ultimately  realized 
in  the  production  article.  This  is  true  for  sub¬ 
sonic  transport  applications,  as  well  as  transonic 
and  supersonic  installations,  although  the  letter's 
potential  problems  are  generally  more  extensive. 
Perhaps  the  leading  example  of  this  situation 
occurred  with  the  advent  of  turbofan  engine  instal¬ 
lations  in  tactical  aircraft  during  the  1960's, 
when  inlet/engine  operational  difficulties  well  in 
excess  of  anticipated  or  tolerable  levels  were 
experienced.  Resolution  of  this  problem  involved 
assessing  the  importance  of  time  variant,  or 
unsteady,  pressure  distortion  produced  by  the 
inlet.  This  is  a  prime  example  of  the  multidimen¬ 
sional  effects,  mentioned  in  Chapter  6,  associated 
with  inlet  operation  that  can  degrade  installed 
performance.  In  this  particular  case,  the  absence 
of  one-dimensionality  extends  to  both  dimensions  of 
space  (variation  of  flow  properties  over  the  engine 
face  at  a  given  Instant  of  time)  and  time  (similar 
variation,  except  as  a  function  of  time).  As  the 
subject  of  measurement  and  evaluation  of  time 
variant  distortion  is  specifically  developed  in 
Chapter  23,  which  deals  with  engine  stability,  it 
is  sufficient  to  say  here  that  this  problem  revo¬ 
lutionized  integration  of  the  aircraft  and  propul¬ 
sion  system,  introducing  a  necessary  complication 
that  has  continued  to  the  present. 

Lack  of  an  effective  program  to  integrate  the 
aircraft  inlet  and  engine  during  their  development 
phases  can  result  in  unacceptable  aircraft  perfor¬ 
mance,  as  reflected  by  one  or  more  of  the  following 
figures  of  merit; 

•  Range/Payload 

•  Maneuverability 

•  Weapons  Delivery  and  Gun  Firing 

•  Engine  Life  and/or  Maintenance  Costs 

Since  the  desirability  of  successfully  blend¬ 
ing  the  inlet  and  engine  seems  self-evident,  its 
accomplishment  may  appear  straightforward.  In 
practice,  however,  various  impediments  exist  during 
the  development  cycles.  For  example,  component 
performance  may  be  emphasized  at  the  expense  of 
obtaining  the  best  overall  integrated  system 
performance,  in  order  to  meet  or  exceed  contract 
guarantees.  Thus  "component  optimization"  may 
result  in  "system  suboptimization"  in  terms  of 
aircraft  capability.  This  somewhat  natural  ten¬ 
dency  can  be  amplified  by  the  muitlorganlzaCional 
structure  that  generally  prevails  during  inlet  and 
engine  development  -  customer,  alrframer,  and 
engine  manufacturer.  In  addition,  cost  and  time 
considerations  may  strongly  shape  the  available 
development  integration  effort. 

The  ensuing  discussion  will  develop  the 
elements  of  a  successful  inlet/englne  Integration 
program.  These  elements  Include  careful  definition 
of  the  required  inlet  and  engine  operational  require¬ 
ments,  consideration  of  the  various  ways  in  which 
the  inlet  and  engine  may  Interact  to  influence  the 


other's  design,  several  phases  of  developmental 
component  and  system  testing,  and  frequent  informa¬ 
tion  exchange  supplemented  by  formalized,  periodic 
meetings  between  cognizant  aircraft  and  engine 
design  personnel.  The  potential  need  for  modifica¬ 
tion  of  individual  component  perforzoance  goals/ 
guarantees,  based  on  demonstrated  or  projected 
capabilities,  with  the  purpose  of  maximizing  overall 
aircraft  performance,  must  be  kept  in  mind  during  an 
ongoing  development  program.  This  chapter  should 
convince  the  reader  that  more  than  serendipity  is 
required  for  achievement  of  a  successful  flight 
test  demonstration.  Rather,  a  successful  flight 
test  demonstration  is  characteristically  the  product 
of  at  least  three  to  four  years  of  concentrated, 
well-coordinated  effort  between  aircraft  and  engine 
developers  under  ultimate  customer  cognizance. 

13.1  ELEMENTS  OF  A  SUCCESSFUL  INLET/ENGINE 
INTEGRATION  PROGRAM 

The  first  step  in  embarking  on  the  design 
integration  of  the  inlet/englne  combination,  as 
with  any  design  task,  is  establishment  of  the 
functional  requirements  to  be  placed  upon  the 
design.  These  are  primarily  dictated  by  the 
desired  aircraft  capability,  toward  which  end  all 
aspects  of  the  propulsion  system  development  must 
be  responsive.  Basic  component  performance  levels 
must  sometimes  be  compromised,  when  necessary  and 
where  feasible,  to  achieve  this  overriding  objec¬ 
tive.  Once  initiated,  the  individual  inlet  and 
engine  design  efforts  must  consider  the  inter¬ 
actions  that  will  inherently  exist,  such  chat 
various  pitfalls  in  achieving  a  harmonious  installa¬ 
tion  are  avoided.  These  factors  can  be  increasingly 
Investigated  during  the  development  phases,  which 
involve  various  component  and  system  tests.  How¬ 
ever,  a  point  is  generally  reached,  during  this 
period  but  well  before  first  flight,  where  the 
design  configurations  must  of  necessity  be  "frozen", 
CO  facilitate  efficient  fabrication.  Thus,  design 
modifications  must  be  made  under  some  time  pressure, 
often  without  complete  knowledge  of  all  pertinent 
factors.  Integration  planning  must  consider  this 
fact  of  life  so  that  development  activities  are 
structured  to  provide  a  maximum  of  needed  informa¬ 
tion  to  the  designers  at  a  time  when  configuration 
flexibility  still  exists.  Provision  for  frequent 
transmittal  of  information  and  coordination  between 
the  aircraft,  engine  and  customer  organizations, 
together  with  periodically  scheduled  audits  to 
review  progress  and  adjust  future  plans  as  re¬ 
quired,  are  keystones  of  success  in  this  endeavor. 

The  following  remarks  will  elaborate  upon  the 
considerations  just  set  forth.  Due  to  the  complex¬ 
ity  of  the  subject  and  the  wide  range  of  configura¬ 
tions  with  singular  operational  requirements,  the 
discussion  is  not  intended  to  be  all-inclusive. 
Rather,  it  should  serve  to  Illustrate  the  kinds  of 
factors  requiring  attention  to  produce  a  successful 
inlet/englne  interface. 

13.1.1  DEFINITION  OF  SUBSONIC  INLET/ENGINE 
OPERATIONAL  REQUIREMENTS 

Specification  of  operational  requirements  for 
the  inlet  and  engine  is  largely  driven  by  the 
intended  aircraft  capabilities.  For  example,  a 
subsonic  transport  will  spend  a  dominant  proportion 
of  its  flight  time  at  cruising  speed  and  altitude, 


with  the  main  objective  being  delivery  of  a  speci¬ 
fied  payload  over  a  certain  distance  or  range 
within  some  allowable  total  fuel  consumption. 

This  is  the  classic  example  of  a  (primarily)  sin¬ 
gle  design  point  application.  By  contrast,  the 
last  decade  has  witnessed  the  emergence  of  mili¬ 
tary  aircraft  designed  to  multimission  capability. 
These  roles  may  include  high  speed/low  altitude 
penetration,  transonic  maneuvering,  and  supersonic 
dash  to  fulfill  the  vehicle's  intended  objectives. 
Such  specifications  strongly  Impact  the  propulsion 
system's  design  and  operating  conditions.  Require¬ 
ments  typically  facing  subsonic  installations  are 
discussed  next.  It  is  understood  that  some  of 
these  are  mandatory  for  the  basic  vehicle  success, 
while  others  are  less  crucial  and  may  be  traded  to 
some  extent  in  the  Interests  of  overall  capability. 
The  prioritization  Involved  is  beyond  the  scope  of 
this  discussion,  but  it  must  obviously  be  addressed 
in  an  actual  development  program,  via  figures  of 
merit  or  ranking  criteria  appropriate  to  the 
particular  application. 

The  areas  deserving  attention  in  developing  a 
subsonic  transport  type  of  installation  may  be 
loosely  categorized  and  explained  as  follows. 

FLIGHT  CONDITIONS  PRODUCING  HIGH  INLET  INFLOW 
INCIDENCE 

There  are  several  common  flight  conditions 
that  Involve  large  incidence  of  Che  flow  approach¬ 
ing  the  inlet  lip,  relative  to  the  inlet  axis. 
Foremost  among  these  are  takeoff  rotation  and 
climb,  and  landing  approach.  Other  less  common 
but  design-significant  points  are  takeoff  during 
croaswlnd  and  takeoff  climb  with  a  failed  engine. 
Such  conditions  must  be  examined  because  they 
typically  reaulc  in  a  rapid  acceleration  and 
deceleration  of  the  flow  as  it  proceeds  around  the 
inlet  lip,  raising  the  possibility  of  flow  separa¬ 
tion  during  the  flow  recompression  due  to  Che 
adverse  pressure  gradient.  Flow  separation  can 
degrade  vehicle  performance,  either  through 
decreased  inlet  pressure  recovery  and/or  Increased 
flow  distortion  causing  compression  system  surge 
and  possibly  flameout  in  the  case  of  Internal  flow 
separation,  or  Increased  inlet  drag  for  external 
flow  separation. 

The  inlet  mass  flow  ratio  developed  in 
Chapter  6  is  the  parameter  that  best  describes  the 
approaching  flow  pattern.  For  ease  of  computation 
the  mass  flow  ratio  may  be  expressed  as 
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hence  for  y  “  l.A,  R  -  53.34  lbf-ft/lbm-'’R  and 
inserting  Che  standard  temperature  and  pressure. 
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so  chat  Che  specific  corrected  flow  is  a  function 
only  of  Mach  number,  for  a  given  specific  heat 
ratio.  This  relationship  may  be  tabulated  or 
plotted  to  facilitate  computation.  A  plot  la 
shown  in  Figure  13.1.1;  it  illustrates  the  familiar 
maximization  at  Che  sonic  point.  For  convenience, 

m  y'5"/6A 
Ibm /sec 
ft2 


Figure  13.1.1  Specific  Corrected  Flow  Versus 
Mach  Number  for  Y  =  1.4. 

the  subsonic  inlet  area  Aj^  is  generally  defined  as 
the  highlight  value,  l.e.  the  projected  area  at 
Che  point  where  a  normal  to  the  inlet  axis  is 
tangent  to  the  inlet  nose,  as  shown  In  Figure 
13.1.2.  This  terminology  eliminates  the  com¬ 
plexity  of  determining  the  stagnation  point  loca¬ 
tion  for  a  variety  of  operating  conditions,  which 
would  be  impractical. 


in  which  there  have  been  utilized  the  facts  that 
the  inlet  compression  is  adiabatic  (62  °  6^)  and 
typically  no  mass  transfer  occurs  in  a  subsonic 
inlet  (62  “  Aq) .  The  inlet  pressure  recovery  rd 
is  generally  within  1%  of  unity  for  most  subsonic 
Installations  and  may  be  neglected  without  major 
effect  in  most  preliminary  studies.  The  specific 
corrected  flow  term  in  the  denominator  of  Eq. 
(13.1.1)  may  be  expressed,  utilizing  continuity, 
the  perfect  gas  equation  and  Che  relationships 
for  stagnation  temperature  and  pressure  in  terms 
of  Mach  number,  as  follows: 


For  subsonic  inlets,  Che  numerical  value  of 
A^/Aj^  is  a  direct  indication  of  the  general  in¬ 
cidence  of  the  flow  approaching  the  inlet.  Refer¬ 
ring  to  Figure  13.1.2,  a  value  of  unity  means  that 
the  inlet  is  capturing  its  projection  in  Che 
freestream  and  the  stagnation  point  will  occur  at 
the  inlet  highlight,  for  level  flight.  Ao/Ai 
less  than  unity  Indicates  flow  is  prediffusing  in 
the  freestream  such  chat  an  outward  flow  Incidence 
occurs;  this  is  generally  the  case  for  cruise 
flight  speeds.  Conversely,  Ag/At  will  exceed 
unity  at  low  flight  speeds  and  moderate  to  high 


power  settings,  such  thst  an  Inward  flow  Incidence 
develops  with  the  stagnation  point  on  the  outer 
portion  of  the  lip. 


Figure  13.1.2  Definition  of  Inlet  Capture  Area, 

Aj,  and  Characterization  of  Flow 
Incidence  Approaching  Inlet  via 
Mass  Flow  Ratio,  Aq/Aj 

The  specific  operating  conditions  nentloned 
previously  are  schematically  represented  In  Figure 
13.1.3  In  terms  of  the  approaching  flow  Incidence. 
These  situations  add  the  effect  of  a  velocity 
component  normal  to  the  freestream  to  the  basic 
mass  flow  ratio  effect.  The  cop  three  conditions 
(takeoff  rotation  and  climb,  landing  approach,  and 
crosswind  takeoff)  Involve  a  mass  flow  ratio  greater 
than  one  that  Is  accentuated  either  by  a  non-zero 
pitch  attitude  or  a  prevailing  ground  wind  normal 
to  the  Inlet  axis.  This  introduces  the  possibility 
of  Internal  lip  flow  separation  with  attendant 
performance  degradation  and  reduction  in  engine 
stability  margin  Chat  may  lead  to  compressor  surge, 
blade  damage  or  life  reduction,  and  possibly 
burner  flameouc. 


•  Takeoff  Rotation  and  Climb 

•  A  /A  >  1 ,  a  >  0 

o  1 


•  Landing  Approach 


A  - 
o 


•  Croaawlnd  Takeoff 

•  V\  "Sff 


•  Takeoff  Climb  with  Failed  Engine 

#  A  /A^  <•  I  ,  2  >  0 

o  1 


Figure  13.1.3  Schematic  Illustration  of  Key 
Operating  Conditions  Involving 
Relatively  Large  Flow  Incidence 
Approaching  Inlet  Lip 


An  example  of  low^speed  flow  Incidence 
requirements  for  a  STOL  (Short  Takeoff  and  Land¬ 
ing)  Installation,  the  YC-14  AMST  candidate,  is 
given  in  Figure  13sls4,  from  Reference  13.1.  It 
shows  the  manner  In  which  measured  and  calculated 
inflow  angles  for  several  limiting  flight  condi¬ 
tions  were  combined  to  define  a  required  incidence 
angle  envelope  in  terms  of  airplane  velocity.  In 
addition,  a  line  of  constant  total  pressure  dis¬ 
tortion  for  the  ultimately  selected  inlet  lip 
shape  is  also  included  to  indicate  that  none  of 
the  operating  conditions  will  exceed  the  distor¬ 
tion  limit,  simply  expressed  in  terms  of  (Ftmax  * 
^TMIN^^^TaVG*  should  be  noted  that  the  YC-14 
employs  an  upper  wing  surface  blowing  powered  lift 
system  for  lift  augmentation,  with  an  over-the- 


wing  engine  installation.  Other  lift  augmentation 
concepts,  such  as  blown  flap,  with  an  under-che- 
wlng  engine  location,  develop  a  different  wing 
circulation  and  attendant  upwash  characteristics. 
Such  that  somewhat  different  magnitudes  of  Inlet 
inflow  angles  are  produced.  However,  the  results 
of  Figure  13.1.4  illustrate  the  general  procedure 
Involved  in  defining  the  required  inflow  envelope 
for  a  high  Incidence  subsonic  installation. 

The  STOL  inlet  incidence  represents  an 
extreme  requirement  and  is  considerably  more 
severe  than  comparable  requirements  for  CTOL 
(Conventional  Takeoff  and  Landing)  transport 
aircraft.  For  example,  a  CTOL  maximum  liftoff 
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Figure  13.1,4  Representative  STOL  Inlet  Design 
Requirements,  per  Ref  13.1 


the  projected  flow  Incidence,  Including  the  actual 
pitch  angle  plus  local  flow  field  effects  such  as 
wing  upwash,  as  well  as  the  engine  flow  demand 
range,  e.g.  flight  Idle  to  takeoff,  over  which 
these  Incidence  levels  may  be  encountered.  If 
necessary.  Increasing  Inlet  nose  bluntness  and/or 
Internal  lip  contraction  (hlghllght-to-throat  area 
ratio  Ai/Ath)  will  extend  the  Inlet  capability,  at 
the  expense  of  a  larger  nacelle.  Similar  considera¬ 
tions  apply  to  the  crosswind  takeoff  condition. 

The  Inlet  performance  decrements  caused  by 
flow  separation  for  this  Inlet  are  shown  In  Figure 
13.1.6  for  a  flight  speed  of  80  knots.  Indicated 
pressure  recovery  penalty  Is  about  5%  at  takeoff 
power,  and  the  pressure  distortion  Is  roughly 
doubled  from  the  levels  obtained  with  maximum  angle 
of  attack  (50°)  takeoff. 


O  ■‘i  *  ®*'  Attached  Floe 

Q  -  SO*,  Attached  Floe,  Except  as  Noted 
O  -,  >  Separated  Flo* 


Incidence  is  on  the  order  of  20°,  compared  to  the 
40  to  50°  characteristic  of  STOL  applications. 

Experimentally  determined  Inlet  separation 
boundaries  for  a  typical  STOL  application  from 
Reference  13.2  are  shown  In  Figure  13.1.5  to 
Illustrate  the  problem  for  low-speed,  angle-of- 
attack  operation.  These  data  show  that  the  unsepa¬ 
rated  angle  of  attack  capability  of  a  given  inlet 
Is  a  function  of  engine  corrected  flow  demand 
(l.e.,  Inlet  throat  Mach  number)  and  flight  speed. 
The  selection  of  an  Inlet  design  must  consider  both 
O  Uvnamic  I nst rumont a t ion 


0.1  1.0  o ,  H  1,0 


M  A\<  ?  ig'  lnl‘  I  Thfn.ji  Miu-b 

'  »' 

N’lmlnf  .tt  ■- 

I 

Flguif  13.1,.')  Experimental  Iv  Determined  STOL 
Inlet  Separation  Boundaries  at 
Angle  o ♦  Attack 


«).Z  1^.  >  0.6  0.8  i.o 


Flg^ure  13.1.6  Effect  of  Inlet  Separation  on 

Angle  of  Attack  Performance  for 
STOL  Inlet,  as  80  kn 

The  fourth  condition  of  Figure  takeoff 

climb  with  an  engine  out»  Involves  the  possibility 
of  external  inlet  surface  flow  separation.  It  is 
mentioned  here  because  it  can  be  a  key  constraint 
on  sizing  the  external  inlet  cowl  for  a  cosnnerical 
transport.  This  situation  arises  because  of  the 
need  to  certify  a  minimum  climb  gradient  capabil¬ 
ity  with  an  engine  out,  in  order  to  obtain  suf¬ 
ficient  altitude  to  dump  fuel  and  return  to  the 
airfield  landing  pattern.  The  Incremental  drag 
that  can  result  from  an  external  inlet  of  insuf¬ 
ficient  thickness  to  maintain  attached  flow  at  the 
extremely  low  mass  flow  ratios  characteristic  of  a 
windmilling  engine,  say  0.3,  can  preclude  the 
attainment  of  this  required  minimum  climb  gra¬ 
dient.  Data  from  Reference  13.3  are  shown  in 
Figure  13,1.7  to  Illustrate  this  point.  While 
these  data  require  extrapolation  to  estimate  the 
wlndiDllilng  spillage  drag,  in  actual  practice 
appropriate  data  would  be  acquired  to  facilitate 
this  phase  of  the  design. 

OTHER  OPERATINt:  CONDITIONS  AFFECTING  INLET/ENGINE 
INTEGRATION 

Depending  upon  the  particular  installation, 
one  or  more  of  the  following  conditions  may  impact 
the  Inlet/engine  interface. 

Inlet  noise  suppression  requirements  can 
significantly  affect  inlet  design  and  Installed 
performance  characteristics.  Two  major  suppres¬ 
sion  mechanisms  have  been  extensively  investigated: 
(1)  placing  sound  absorbing  material  in  the  Inlet 
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Figure  13.1.8  Example  of  an  Inlet  Employing  Four 
Acou-sticallv  Treated  Ring.s  for 
Additional  Noise  Suppression 


Figure  13.1.7  Effect  of  Mass  Flow  Ratio  and  Inlet 
Cowl  Diameter  Ratio  on  Inlet  Spil¬ 
lage  Drag  Coefficient 

and  (2)  accelerating  the  flow  locally  to  tran¬ 
sonic  velocities  to  aerodynamically  block  the 
forward  propagation  of  pressure  waves  generated 
by  the  engine  compression  component.  The  combina¬ 
tion  of  treatment  and  acceleration  suppression 
has  also  been  employed  and  is  termed  "hybrid",  to 
denote  the  dual  suppression  modes. 

Sound  absorbing  material  is  used  along  the 
diffuser  walls  of  the  current  wide-body  commercial 
aircraft,  placed  outside  of  perforated  liners. 
Depending  upon  the  magnitude  of  suppression  re¬ 
quired,  the  need  for  acoustic  absorption  material 
may  drive  the  inlet  length  beyond  that  required 
solely  to  fulfill  its  aerodynamic  diffusion  func¬ 
tion.  As  a  result,  alternative  means  of  intro¬ 
ducing  this  material  Into  the  inlet  have  been 
studied,  such  as  concentric  rings,  Figure  13.1.8. 
Naturally,  such  devices  add  Inefficiency,  due  to 
the  additional  surface  area  and  wakes  generated, 
that  must  be  traded  against  their  acoustic  merit. 
They  may  also  compromise  inlet  flow  stability  at 
high  incidence  conditions,  with  attendant  engine 
operational  problems.  Use  of  absorption  material 
itself  leads  to  an  increase  in  wall  friction,  due 
to  its  inherently  rougher  surface,  relative  to 
smooth  wall  nacelle  construction. 

Acceleration  suppression  affects  inlet/engine 
performance,  via  the  increased  diffusion  resulting 
from  the  elevated  throat  velocity.  The  acoustic 
suppression  obtained  via  flow  acceleration  may  be 
explained  by  considering  the  radial  Mach  number 
distribution  existing  at  the  inlet  throat  plane. 

A  typical  profile  is  show^i  in  Figure  13.1.9.  W.ill 
curvature,  together  with  mass  flow  ratios  greater 
than  one  (generally  prevalent  at  the  acoustically 
significant  low  flight  speeds),  create  a  zone  of 
above  average  velocity  adjacent  to  the  inlet  wall. 
Since  tlie  compressor  rotor  tangential  velocity  Is 
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obviously  highest  at  the  tip,  this  region  of  greatest 
noise  generation  is  naturally  suppressed  most  eftec- 
tlvelv  bv  the  locallv  supt*rsonic  inlet  throat,  which 
will  not  permit  upstre^am  propagation  of  compri  ssor- 
generatfd  waves  (noise).  Depending  somewhat  on  lip 
shape,  in  average  liiroat  Maeii  number  above  0.7  is 
getnTallv  required  to  obtain  some  measurable  avceler- 
.ition  suppression,  witit  tiu*  suppression  magnitude 
ri.si.'jg  at  an  increasing  rate  witii  Mi>j. 


Some  experimental  investigations  of  variable 
geometry  systems  have  been  made,  based  on  vari¬ 
able  internal  inlet  contraction  to  provide  sonic 
or  near-sonic  flow.  In  such  cases,  approach 
flight  condition  airflow  demand  is  increased 
through  variable  exhaust  geometry,  using  either 
a  fan  rig  or  engine,  e.g.  References  13. A  and  13.5. 
The  sonic  inlet  reported  in  Reference  13.5  is 
shown  in  Figure  13.1.10.  These  tests  have  been 
restricted  to  static  conditions  and  slave  hard¬ 
ware,  such  that  flight  effects  and  control 


and  weight  of  these  Inlets  remain  as  development 
items  prior  to  inclusion  of  this  concept  in  a  pro¬ 
duction  installation.  Similar  considerations  apply 
to  the  numerous  other  variable  geometry  concepts  tor 
acceleration  suppression,  such  as  expanding  or 
translating  centerbody,  vanes,  rings,  and  duct  grid. 

Foreign  object  ingestion  is  a  topic  of  past  and 
current  Interest  that  can  relate  to  the  ini et /eng iiu* 
installation  via  the  need  to  control  the  inlet/ 
ground  vortex  formed  at  low  forward  velocities. 

When  present,  the  ground  vortex  can  cause  dust  and 
heavy  object  ingestion,  thereby  eroding  the  com¬ 
pression  system,  which  In  turn  degrades  performance 
and  component  life,  and  increases  maintenance  costs. 
Ground  vortex  formation  requires  wind  shear  and  is 
schematically  represented  in  Figure  13.1.11.  Vari¬ 
ous  devices,  generally  involving  the  use  of  compres¬ 
sor  bleed  air  directed  outward  from  the  lower  inlet 
lip  in  some  fashion,  have  been  evaluated  for  their 
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system  requlretnents  were  not  addressed.  With 
those  qual i f icat I ons ,  the  tests  have  shown  the 
contracting  lowl  concept  provides  a  workable 
means  of  inlet  noise  suppression  for  moderate  to 
high  bypass  ratio  turbofan  engines.  iiiis  re¬ 
quires  that  the  implementation  of  tin'  liigh  dif¬ 
fuser  area  rat  io  at  approach  bo  (’nrefullv  (‘onsid- 
ered  to  onstiro  that  flow  distortion  does  trot  ex¬ 
ceed  •  •ngiiio  t  o  I  or.ini  c.  (fie  adifitional  «-omplexitv 


Figure  Id.l.ll  Siheratx  Representation  of  Inlet  •" 
Ground  Vortex  Formation 

potential  In  eliminating  or  reducing  the  vortex  in¬ 
gestion  characteristics.  These  devices  are  directed 
toward  eliminating  the  stagnation  point,  which  typ¬ 
ically  occurs  on  the  ground,  that  is  Inherentlv 
required  for  vortex  formation.  The  Boeing  737  has 
such  a  system  available  and  in  use  In  relatively 
remote  areas  with  unimproved  runways.  In  addition, 
there  are  indications  of  current  interest  for  other 
existing  Installations,  to  aid  in  engine  performance 
retention  via  controlling  compressor  blade  contour 
erosion. 


Inlet  flow  distortion  occurring  during  t]iru 
reverser  operaL Ion  on  ground  deceleration  can  be 
controlled  to  some  extent  by  inlct/engine  place¬ 
ment,  although  the  rtverser  type  and  discharge 
flow  pattern  and  the  aircraft  operating  provedur 
e.g.  cnl-off  aircraft  speed  and  engine  power 
setting,  which  control  the  ponetraLieu  charavter 
istlcs  of  the  rt*versed  gases,  are  usuallv  the 
primary  moans  of  avoiding  excessive  distortion. 
The  flow  disturbances  experiein  ed  in  the  reverse 
thrust  mode  result  from  ingestion  of  tf'e  reverse 
exhaust  ga«;es,  eitiier  sel  t -ingt'st  ien  or  cross- 
ingestion  from  an  adjacent  engine,  and,  therefor 
can  Include  variation-^  In  total  t  emperat '-.re  as 
well  as  pressure;  both  of  these'  pr ope rt  i t  s  can 
also  experience  fluctuation'-  wj'h  tire,  ■'ving 
to  the  chaotic,  turbtilcuit  mot  ion  ''f  tin.  ingest, d 
t  1 ow  pat  t  er n . 


OTHER  CONSIDERATIONS 


Additional  factors  that  are  not  directly 
associated  with  the  functioning  of  the  inlet/ 
engine  but  must  be  considered  in  any  overall 
installation  study  are  cost,  weight,  reliability, 
and  maintainability.  The  items  just  discussed, 
such  as  acoustic  absorption  material,  incre¬ 
mental  length,  duct  obstructions,  and  variable 
geometry  with  its  associated  control  system, 
should  readily  suggest  tradeoffs  that  must  be 
made  in  chose  areas  prior  to  ultimate  conflgura- 
ation  selection. 

13.1.2  DEFINITION  OF  SUPERSONIC  INLET/ENGINE 
OPERATIONAL  REQUIREMENTS 

Although,  in  principle,  many  of  the  subsonic 
applications'  considerations  also  apply  to  tran¬ 
sonic  and  supersonic  installations,  additional 
complexity  is  realized  in  practice  by  the  latter, 
due  to  the  more  extensive  flight  placard  and  to 
the  Impact  of  the  inlet  shock  structure  on  flow 
stability  and  inlet-engine  flow  matching.  Addi¬ 
tionally,  the  local  supersonic  inlet  flowfield 
Includes  considerable  upwash  and  outwash  as  a 
result  of  the  Inlet's  proximity  to  the  fuselage 
and  wing  and  is  considerably  more  sensitive  to 
inlet  placement  than  a  typical  subsonic  installa¬ 
tion.  There  are  also  some  additional  factors 
given  increased  importance  by  the  generally 
closer  integration  of  the  inlet  and  engine  with 
the  aircraft  Itself,  such  as  boundary  layer  diver¬ 
sion  to  minimize  the  amount  of  low  energy  airflow 
entering  the  inlet.  Finally,  the  predominantly 
military  nature  to  date  of  transonic/supersonic 
aircraft  imposes  other  requirements  on  the  inlet/ 
engine  combination. 

INLET/ENGINE  OPERATIONAL  PLACARD 

The  flight  placard  dictated  by  the  particular 
aircraft  mission  has  a  major  effect  upon  inlet/ 
engine  operation.  The  generalized  tactical  fighter 
placard  shown  in  Figure  13.1.12a  provides  a  frame¬ 
work  for  discussion  of  the  various  demands  that  can 
be  placed  on  the  system.  Flight  along  line  A  re¬ 
quires  that  the  aircraft  operate  at  or  near  peak 
lift  coefficients,  due  to  the  low  dynamic  pres¬ 
sure  Cq)  available  to  produce  lift.  This  results 
in  relatively  large  aircraft  pitch  and  inlet  lip 
flow  incidence  angles  that  can  produce  high 
inlet  pressure  distortion.  Generally,  the  engine 
must  be  able  to  tolerate  this  distortion  since 
the  inlet  lip  is  usually  less  blunt  than  on 
tvpiral  subsonic  inlets  to  allow  reasonable  super¬ 
sonic:  drag.  The  lip  shape  is  a  compromise  be- 
tweeii  drag  and  distortion  during  maneuvering. 

This  .situation  can  affect  compression  system 
blade  design,  and  may  influence  the  ultimate 
selection  of  the  engine  operating  line  to  allocate 
sufficient  margin  for  surge-free  operation.  The 
intersect  lull  of  lines  B  and  C,  or  peak  Mach  number, 
is  generally  tlie  inlet  design  point.  Here,  inlet 
reccr/ery  and  drag  as  well  as  other  determinants  of 
engine  thrust  are  given  much  emphasis,  and  tai¬ 
lored  in  lonjunrtion  with  the  aircraft  drag  polar, 
to  censure  that  the  vehicle  can  meet  or  exceed  its 
design  speed.  Lines  (.  and  D  define  the  locus  of 
maximum  ram  conditions  and,  therefore,  are  sig- 
!iiti<anL  to  the  design  of  botli  the  inlet  and 
engine  structure  and  ttie  engine  cycle,  since  they 
represent  pressure  aiul/or  temperature  extremes, 
liie  air<  raft  *  ombat  arena  is  denoted  by  the  box  E, 
which  ill  practiie  mav  be  fairly  extensive.  In 
t  fi  i -s  region,  severe  angle  of  attack  and  yaw  tan 
( onf  rout  thi-  inlet  (Figur»‘  13. 1.12b)  and  produce 
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Figure  13.1, I2a  Typical  Tactical  Fighter  Placard 
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Figure  I3.l.l2b  Representative  Supersonic  Inlet 
Maneuver  Design  Requirements 

limiting  design  conditions  from  the  standpoint  of 
sufficient  maneuverability,  due  to  engine  sta¬ 
bility  considerations.  As  previously  mentioned, 
the  fuselage  and  wing  can  produce  local  inlet 
flow  angles  which  differ  significantly  from  the 
aircraft  measured  angle  of  attack  and  yaw.  For 
this  reason,  supersonic  inlet  tests  are  usually 
conducted  with  at  least  a  partial  forebody  and 
wing  simulation  to  produce  inlet  flow  fields 
typical  of  the  actual  aircraft  operation. 

ADDITIONAL  DEMANDS  ON  INLET  FLOW  CAPACITY 

There  are  several  potential  sources  of  air¬ 
flow  demand,  other  than  the  engine  requirement, 
that  can  affect  inlet  design  and  operation. 

These  flow  rates  are  typically  small  relative  to 
the  engine's  and  are  often  termed  "secondary" 
flows  for  that  reason  and  for  distinction.  Ex¬ 
amples  include  engine  periphery  and/or  exhaust 
nozzle  iooling,  electronic  equipment  cooling,  and 
boundary  layer  bleed  from  inlet  ramp  or  spike  and 
Internal  cowl  surfaces  (for  prevention  of  separation 
in  the  adverse  pressure  gradients  and  especially  at 
shock  wave  impingement  locations).  The  extent  and 
manner  in  which  these  flows  are  removed  from  the 
Inlet  and  ultimately  exhausted  can  greatly  affect 
the  efficiency,  uniformity,  and  stability  of  the 
engine  inflow,  and  this  subject  must,  therefore, 
receive  commensurate  attention  during  development  of 
the  propulsion  system  and  will  be  discussed  later  in 
this  chapter. 

CONSIDERATIONS  REIATFD  TO  SHOCK  STRUCTURE  STABILITY 

Two  phenomena  asso<'iatt‘d  with  stability  of 
the  shock  structure  inherently  present  in  a  super¬ 
sonic  inlet  require  consideration  during  inlet 


Fmurc  K'i.l.Ki  Rnovcrv  Versus  Mass  Flo\i  Ratio,  Shotting  Oporatint;  Reuirics  for  a  Mixttl 
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system  definition.  One  is  inlet  buzz  and  the 
other  involves  the  location  of  the  terminal  (nor¬ 
mal.)  shock  in  a  mixed  compression  (supersonic 
flow  deceleration  occurring  both  external  and 
Internal  to  tfie  inlet  duct)  inlet.  Figure  13.1.13 
illustrates  these  situations  in  the  framework  of 
a  pressure  recovery/mass  flow  ratio  map.  Figure 
13.1.14  compares  the  mixed  compression  inlet  and 
two  other  possible  supersonic  Inlet  types,  clas¬ 
sified  according  to  whether  supersonic  diffusion 
Occurs  external  or  internal  to  the  duct  or  both. 


FimiTC  ,  1  .  M  CDHipa  r  I  son  o!  Supersonic  Inlet 
IM  (  1  u  sc  r  T \  pc  s 

Buzz  is  a  1 ow-f requeue y ,  h  igh-ampl itude 
pressure  oscillation  that  is  linked  to  shock/ 
bo(jndar\'  layer  and/<7r  shock/shock  interaction 
at  relntivelv  low  inlet  mass  flow  ratio.  An 
example  i  low  comlition  leading  to  buzz  is 
that  wherein  a  slu>ck  wave  impinging  on  the 
boundarv  laver  ca'ises  tlic  boundarv  layer  to 
separate  wiiich  in  turn  causes  tlie  (mixed  com¬ 
pression)  inlet  to  unsfart.  Wlipu  unstarted, 
the  shock  that  frn't/atr-d  the  separation  will  be 
disgorged,  heme  allowing  the  l^oundarv  laver  to 


become  reestablished.  As  a  consequence  of  the 
boundary  layer  reestablishment  the  inlet  re-starts 
thereby  beginning  the  cycle  again.  Analytical  tech¬ 
niques  have  been  developed  that  allow  approximate 
determination  of  the  buzz  boundary,  but  experimental 
investigation  for  each  design  configuration  is 
required  for  detailed  definition  of  buzz  onset  and 
magnitude.  Although  the  buzz  region  of  Figure 
13.1.13  is  shown  in  the  context  of  the  unstarting 
(terminal  shock  expulsion)  of  a  mixed  compression 
inlet,  buzz  can  also  occur  with  an  all-external  com¬ 
pression  inlet  design.  The  obvious  concerns  here 
are  the  degraded  pressure  recovery  and  increased 
flow  distortion,  both  spatial  and  temporal,  during 
the  buzz  cycle.  Typically,  during  developmei;t  of  an 
inlet,  extensive  efforts  are  made  to  preclucie  the 
buzz  regime  from  intersecting  the  expected  engine/ 
aircraft  operating  zone. 

Wlien  operation  near  the  inlet/engine  design 
point  is  considered,  inlet  sizing  and  terminal 
(normal)  shock  stability  become  of  critical  impor¬ 
tance.  The  desire  for  peak  efficler.cv,  vliich  would 
occur  if  a  throat  Mach  number  of  one  could  be  main¬ 
tained,  must  he  compromised  in  practice  bv  operating 
a  mixed  compression  inlet  with  the  termitnil  shock 
located  somewhat  downstream  of  the  tliroat.  Typi¬ 
cally  the  terminal  shock  Macli  number  will  be  maiti- 
tained  in  the  range  of  1.2  to  1.3,  whereas  the 
throat  Mach  number  will  be  in  the  range  of  l.l  to 
1.2.  Operation  in  this  mode  is  termed  superc r i t i .a  1 
operation.  Generally  the  percentage  of  total  pres¬ 
sure  loss  across  the  shock  Is  taken  as  an  indication 
ol  both  the  ineflicietn  y  accepted  atid  t!u*  corre¬ 
sponding  stability  margin  lor  shock  relent  icu. 

The  latter  effect  occurs  b*cause  when,  tb-e  ir.K't  is 
operated  at  substantial  supo re r  i  t  ica 1  i t v ,  tlu'  t*r- 
minal  shock  has  latitude  to  move  upstream  at  the 
impetus  of  a  stidden  externally  imposed  pri^s^ntf 
pulse  (e.g.  redtict  ion  in  total  inJet  !  dt'm  .nd  or 


upstream  Mach  number)  without  entering  the  up¬ 
stream  converging  duct  segment  and  then  emerging 
from  the  inlet  duct  (unstarting).  More  forward 
terminal  shock  locations  are  impractical  because 
of  inherent  lack  of  shock  stability  in  a  con¬ 
verging  duct.  In  practice,  atmospheric  nonuni¬ 
formities,  such  as  wind  shear  and  thermal  gra¬ 
dients,  are  responsible  for  occasional  variations 
in  aircraft  flight  Mach  number  that  affect  the 
nominal  terminal  shock  position. 

An  attendant  penalty  for  inlet  shock  posi¬ 
tioning  with  mixed  compression  inlets  is  the  need 
for  variable  geometry  and  control  systems.  This 
need  will  vary  deperding  on  the  specific  aircraft 
performance  requirements,  such  as  maximum  speed, 
acceleration,  and  maneuverability.  However, 
such  features  can  include  variable  ramp  angle(s) 
or  spike  position  (axial  or  radial  movement), 
variable  cowl  lip  angle,  variable  throat  area 
and  diffuser  area  distribution,  shock  position 
sensor,  and  variable  bypass  system,  together 
with  the  boundary  layer  control  previously 
mentioned.  The  ultimate  design  will  bear  heavily 
upon  the  nominal  inlet  system  efficiency  and  the 
relative  likelihood  of  encountering  situations 
that  tax  the  engine's  available  surge  margin. 

For  these  reasons,  a  mixed  compression  inlet  re¬ 
quires  mechanical  complexity  and  a  sophisticated 
control  sycem.  Both  of  these  add  weight  rela¬ 
tive  to  an  external  compression  inlet. 

For  perspective,  we  should  note  chat  the  bulk 
of  supersonic  inlets  that  have  been  developed  have 
employed  all  external  compression,  with  the  notable 
exceptions  of  the  SR-71,  XB-70,  and  United  States 

The  mixed  compression  inlet  shows  substantial 
performance  advantages  over  ail  external  compres¬ 
sion  inlets  when  flight  at  high  Mach  number 
(M  >  '2)  is  considered.  Future  mixed  compression 
inlet  development  will  probably  be  restricted  to 
applications  whose  maximum  Hach  number  and/or 
time  at  supersonic  cruise  can  justify  the  addi¬ 
tional  complexity,  weight  and  cost. 

An  all  Internal  compression  Inlet  has  been 
excluded  from  practical  consideration  until 
flight  Mach  numbers  reach  4  to  5. 

MILITARY  APPLICATION  CONSIDERATIONS 

An  application  of  emerging  military  interest 
is  the  'stealthy"  tvpe  of  aircraft.  This  desig¬ 
nation  generally  connotes  the  suppression  of  all 
"ob.^jervables",  which  include  Tioise,  radar  cross 
section  (RCS),  and  Infrared  radiation.  The  first 
two  items  concern  the  inlet,  while  all  three  may 
pertain  to  the  exhaust  system.  Having  already 
discussed  in.let  noise  suppression  in  connection 
with  siibsonJr  iniets,  only  RCS  reduction  will  be 
considered  here.  Ihe  principles  involved  are 
snmewhai  analogous  to  acoustics,  in  that  the 
propagation  of  waves  is  central  to  the  concept. 

When  radar,  rattier  than  acoustics,  is  considered, 
however,  ttu‘  freq*ienry  range  of  interest  is  of 
i!((-  order  ot  (Ugahert?  f  Ur  Hertz).  RCS  reduc- 
tinr.  mav  he  effected  in  two  principal  ways  -  by 
emploving  absorbent  material  and  by  exploiting 
geom».' L r  al  shapt*s  that  lead  to  c  ani'el  lat  ion  of 
the  rellerted  waves,  or  ?o  shielding  of  desired 
I  ompriiKuit  s.  Signliicant  inlet  geonetrlc 
ahles  include  line  ot  sight  blockage  ot  t  lie  in¬ 
let  cav  itv/engim>  fa-u-  from  tin*  observi-r,  plus 
sh.jpe  utid  si/e  ot  tin.'  opi-ning.  Indications  are 
that  variations  in  shap<*  <'afi  have  a  more  pro- 
nouru  ed  et  t.  ct  than  (allowable)  variation'-  in 
size.  Suppression  hv  ahsurpf  ioa  «  an  i  >>!■.<  »•  i  v.ih  1  y 


be  obtained  with  flowpath  lining  or  duct  obstruc¬ 
tions.  It  Is  found,  however,  that  the  required 
material  thicknesses  are  large  enough  to  require 
the  suppression  material  to  be  part  of  Che  duct 
structure,  as  opposed  to  an  inserted  panel.  The 
engine  compression  system  itself  may  be  designed  in 
a  manner  to  reduce  RCS,  by  choosing  appropriate  blade 
angles,  blade  numbers,  and  possibly  blade  materials 
(e.g.  nonmetallic  composites).  Potential  implica¬ 
tions  of  the  foregoing  RCS  suppression  concepts  for 
the  Inlet/englne  design  Integration  problem  are 
obviously  significant. 

The  possibility  of  inflow  temperature  distor¬ 
tion  exists  due  to  several  features  of  some  military 
applications.  These  include  ingestion  of  exhaust 
gases  on  V/STOL  installations,  mlssile/gun  gas  In¬ 
gestion,  and  steam  ingestion  for  catapult-launched 
vehicles  as  on  naval  carriers.  Investigation,  par¬ 
ticularly  of  the  V/STOL  situation,  has  shown  hot  gas 
ingestion  to  be  highly  conf Iguration  dependent,  and 
significant  variables  include  inlet  location  and 
shielding  potential,  wing  design  (especially  verti¬ 
cal  position  and  proximity  to  the  inlet),  and 
number  and  spacing  of  exhaust  nozzles.  In  addition 
to  possibly  influencing  these  installation  design 
features.  Ingestion  may  impact  the  compression 
system  via  the  necessity  for  interstage  bleed  and/or 
reduced  operating  line  for  additional  stability 
margin. 

The  subject  of  temperature  distortion  has 
received  attention  in  its  own  right  and  is  discussed 
further  in  Chapter  23.  We  note  here  that  it  can  be 
expressed  in  terms  of  an  equivalent  total  pressure 
distortion  and  also  that  it  can  be  a  significant 
factor  in  downstream  compression  components,  depend¬ 
ing  upon  its  rate  of  attenuation  and  its  spatial 
relationship  with  respect  to  any  pressure  distortion 
with  which  it  may  coexist, 

OTHER  CONSIDERATIONS 

Factors  such  as  cost,  weight,  reliability,  and 
maintainability  assume  additional  importance  as  the 
aircraft  design  speed  increases,  due  to  the  in¬ 
creased  nominal  and  maneuvering  pressure  loading, 
more  extensive  operational  placard,  and  increased 
complexity  due  to  need  for  geometric  variability 
and  control  systems  plus  more  intimate  interaction 
with  the  adjacent  vehicle  flow  field.  Optimiza¬ 
tion  of  these  features  with  those  previously  out¬ 
lined  Is  complex,  but  it  must  be  addressed  on  some 
rational  basis,  consistent  with  the  needs  of  the 
particular  application,  for  the  realization  of 
effective  mission  performance. 

13.1.3  KNGTNE  IMPACT  ON  INLET  DESIGN 

Having  just  tlisrussod  tho  majc'^r  t  actors  that 
may  direct  the  design  integration  of  the  inlet  and 
engine,  let  us  now  consider  the  way  in  which  sev¬ 
eral  engine  cliaracterlstlcs  impact  design  of  the 
inlet  component,  liiis  viewpoint  will  then  be 
reversed  in  the  following  section  to  address  the 
effect  ot  the  Inlet  on  the  engine  design  process. 


iM.KT  SIZlNi; 

One  ot  tile  most  fundamental  considerations  In 
the  de.slgn  process  is  selection  ol  the  inlet  size, 
or  intake  .area.  For  a  subsonic  installation,  this 
is  a  relatively  straightforward  task,  for  a  wide 
airflow  range  can  he  accommodated  by  a  fixed 
geometrv  intake,  .since  the  engine  compressor  ran 
oropagat.-  pressure  distnrbaucos  forward  into  the 
ireestre.am  as  a  means  of  "signaling"  t  lie  need  for 
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a  flow  rate  variation.  Thus  the  throat,  or  mini¬ 
mum,  area  becomes  the  major  determinant  of  inlet 
flow  capacity.  Inlet  drag,  weight,  and  cost  in¬ 
crease  with  size,  so  the  objective  is  to  satisfy 
the  maximum  engine  flow  requirement  with  the 
smallest  possible  throat  area  that  is  consistent 
with  the  desired  internal  performance  (recovery) 
and  stability  (pressure  distortion).  Several  ram¬ 
ifications  of  this  statement  deserve  discussion. 
First,  the  maximum  engine  flow  demand  is  influ¬ 
enced  not  simply  by  the  largest  nominal  corrected 
flow  in  the  engine  operating  envelope,  but  also 
by  engine-to-engine  airflow  variation,  which  may 
run  1-1/2  to  2%  from  nominal.  Further,  flow 
increments  arising  from  foreseeable  engine  thrust 
growth  in  a  particular  installation  must  be  antic¬ 
ipated,  so  that  installation  redesign  and  retooling 
will  be  avoided.  Second,  practical  considerations 
preclude  sizing  the  throat  to  operate  at  its  theo¬ 
retical  maximum  flow  capacity,  Mach  1.  Both  flow- 
path  curvature  and  boundary  layer  growth  act  to 
reduce  the  maximum  achievable  one-dimensional 
throat  Mach  number  below  unity;  a  typical  value  is 
0.83  to  0.90.  In  addition,  some  margin  from  this 
actual  choke  point  is  necessary  because,  near 
choking,  a  small  variation  in  flow  rate  produces  a 
disproportionately  large  change  in  performance. 

In  practice,  a  small  increase  in  engine  flow  de¬ 
mand  will  cause  an  abrupt  drop  in  total  pressure 
recovery  as  well  as  a  Jump  in  diffuser  flow  dis¬ 
tortion  and  turbulence.  For  this  reason,  exist¬ 
ing  inlets  have  generally  been  sized  for  maximum 
throat  Mach  numbers  of  0,75  or  leas.  This  situa¬ 
tion  is  represented  schematically  in  Figure 
13.1.15.  Third,  even  this  nominal  practical  val¬ 
ue  may  need  to  be  reduced  to  satisfy  operating 
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Figure  13,1.15  Subsonic  Inlet  Sizing  Considerations 


requirements,  like  takeoff  rotation  and  crosswind 
takeoff  discussed  in  Sec.  13.1.1,  where  signifi¬ 
cant  local  flow  acceleration  further  reduces  the 
inlet  flow  capacity,  or  "effective"  throat  area. 
Finally,  as  the  throat  area  is  reduced  to  achieve 
a  higher  throat  Mach  number,  the  amount  of  diffu¬ 
sion  required  is  correspondingly  increased.  This 
necessitates  a  longer  diffuser  section  for  a  given 
allowable  diffusion  rate.  Thus,  there  is  a  trade¬ 
off  between  inlet  diameter  and  length. 


Once  the  foregoing  considerations  have  been 
resolved,  the  required  throat  area  is  obtained 
from  the  following  relation: 


th 


(m>''^/6A) 


th 


(13.1.4) 


where  reciprocal  of  the  diffuser  pres¬ 

sure  recovery  and  may  be  considered  unity  for  pre¬ 
liminary  sizing  studies.  The  throat  specific  cor¬ 
rected  flow  m  /©Tsa  Is  a  function  of  the  desired 
throat  Mach  number,  as  developed  in  Sec.  13.1.1,  and 
may  be  obtained  from  Eqs.  (13.1.2)  or  (13.1.3)  or 
from  a  plot  of  these,  such  as  Figure  13.1.1. 


For  a  supersonic  application,  inlet  sizing  is 
more  complex.  The  inlet  shock  structure  prohibits 
operation  at  a  mass  flow  ratio  greater  than  one. 
Indeed,  variable  geometry  is  required  even  to 
approach  unity  mass  flow  ratio  across  the  supersonic 
range,  due  to  the  variation  in  oblique  shod  angle 
with  Mach  number.  Therefore  either  the  sho,.k  struc¬ 
ture  or  throat  area  can  limit  the  airflow  in  a  super¬ 
sonic  inlet.  The  supersonic  inlet  must  be  able  to 
pass  the  largest  flow  demanded  by  the  engine  through¬ 
out  the  flight  envelope.  Engine  flov  versus  flight 
Mach  number  will  typically  behave  as  shown  in  Figure 
13.1.16,  decreasing  at  higher  due  to  achievable 
corrected  speed  (N/Zi^)  reduction  for  a  given  mechan¬ 
ical  speed  (N)  limit  as  corrected  ram  temperature 
(©2  *  6q)  rises  with  increasing  Mach  number.  Again, 
the  total  engine  flow  demand  should  include  engine 
tolerance  and  secondary  demands  such  as  engine  cool¬ 
ing  and  nozzle  flow. 


Figure  13.1.16  Typical  Engine  Corrected  Airflow 
Demand  Variation  with  Flight 
Mach  Number 

The  inlet  supply  characteristic  must  then  be 
determineo  for  comparison  with  the  engine  demand. 

For  this  purpose,  the  inlet  supply  available  to  the 
engine  should  be  the  total  inlet  flow  minus  boundary 
layer  bleed,  subcritlcal  spillage,  and  all  other  air¬ 
craft  related  flows,  such  as  electronics  and  cabin 
cooling  and  engine  bay  purge.  The  factors  entering 
into  determination  of  the  inlet  airflow  supply  are 
illustrated  in  Figure  13.1.17,  For  supersonic 
flight,  the  flow  ingested  by  the  inlet  will  be  less 
than  that  contained  In  the  projection  of  its  area 
A^,  unless  the  shock-generating  8urface(8)  is  ori¬ 
ented  to  place  the  oblique  shock  wave(8)  on  the  cowl 
lip.  Subsonlcally ,  the  inlet  cannot  supply  the  full 
area  A^  due  to  the  physical  limitation  of  throat 
area  when  the  ramps  are  collapsed  to  their  mechanical 
limit.  Variable  ramp  scheduling  with  flight  Mach 
number  is  possible  and  is  a  feature  used  on  many 
aircraft.  However,  the  practical  ramp  variation  is 
limited  by  considerations  of  shock  detachment,  buzz, 
and  throat  area  sizing  required  for  terminal  nor¬ 
mal  shock  control.  Therefore,  supersonic  (or  super¬ 
critical)  flow  spillage  will  generally  occur,  at 
least  at  off-design  Mach  numbers  as  shown  on  parts 
(a)  and  (b)  of  Figure  13.1.17.  In  addition,  a  cer¬ 
tain  amount  of  bleed  will  be  required  supersonically 
for  boundary  layer  control.  Removing  these  effects 
results  in  the  net  supersonic  inlet  supply  indicated 
in  these  figures.  During  subsonic  and  transonic 
operation,  at  flight  Mach  numbers  below  the  oblique 
shock  detachment  value,  throat  choking  is  the  coun¬ 
terpart  of  supersonic  spillage  and  bleed.  A  repre¬ 
sentative  engine  demand  schedule  is  also  shown  in 
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be  feasible  to  incorporate  variable  Inlet  geom¬ 
etry  as  a  way  of  reducing  the  extent  (Ma  h  num¬ 
ber  range)  and  magnitude  of  the  excess  flow. 
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Figure  13.1.17  Elements  of  Inlet  Airflow  Supply 
Determination 

part  (b)  to  indicate  that  any  excess  flow  must 
either  be  bypassed  [as  shown  in  (a)]  or  spilled 
subsonlcally  (subcricically)  behind  the  terminal 
shock,  which  will  move  forward  of  its  position 
shown  in  the  figure  to  effect  this.  Combining 
the  net  inlet  supply  mass  flow  ratio  with  a 
typical  recovery  schedule  (c)  results  in  the 
net  specific  airflow  supply  as  follows: 


Total  0 

Engine 

Required 

where  the  specific  corrected  flow  m/^/5A  has  been 
previously  discussed,  and  <50/62  ^he  reciprocal 
of  the  overall  total  pressure  recovery.  (Ao/Ai)n€C 
is  the  mass  flow  ratio  of  the  net  inlet  airflow 
available  to  satisfy  engine-related  demand,  i.e. 
it  excludes  other  demands  such  as  boundary  layer 
bleed  and  subcritical  spillage.  The  resulting 
supply  characteristic  will  appear  similar  to  that 
of  Figure  13.1.17  (d). 

The  inlet  sizing  procedure  then  consists  of 
determining  the  required  capture  area  as  a  function 
of  flight  Mach  number  via  the  following  equation: 


"2  *^^^2 
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Specific  Airflow 


(13.1.6) 


The  largest  capture  area  required,  considering  all 
pertinent  Mach  number/altitude  combinations,  is 
the  necessary  inlet  size.  A  comparison  of  the 
resulting  Inlet  supply  and  engine  uemand  charac¬ 
teristics  where  the  inlet  size  is  set  by  the  max¬ 
imum  Mach  number  condition  is  shown  In  Figure 
13.1.18.  Depending  upon  the  application,  it  may 


Figure  13.1.18  Inlet/Engine  Flow  Matching  for  a 
Supersonic  Cruise  Sizing  Point 

The  excess  flow  must  either  by  bypassed,  via  a 
duct  leading  to  the  engine  exhaust  nozzle  or 
through  overboard  exits,  or  spilled  around  the 
inlet.  Additional  drag  forces  arise  from  the 
failure  to  employ  the  captured  flow  to  produce 
thrust.  These  remarks  also  apply  to  the  need 
for  flow  dispersal  at  reduced  power  setting 
conditions  or  in  an  engine  out  situation.  Fail¬ 
ure  to  size  the  Inlet  large  enough  to  supply  the 
engine  with  sufficient  physical  airflow  is  self- 
compensating  to  a  certain  degree.  Since  com¬ 
pressors  and  fans  tend  to  be  constant  corrected 
flow  devices  (changing  with  speed),  the  normal 
shock  adjusts  itself  to  provide  the  desired  cor¬ 
rected  flow.  This  is  accomplished  by  drawing  the 
terminal  shock  to  the  lip  and  setting  up  another 
normal  shock  in  the  diffuser  which  lowers  the  pres¬ 
sure  recovery  and  therefore  increases  the  corrected 
flow  CO  Che  required  value.  Two  problems  arise  when 
this  happens:  (1)  Large  pressure  distortion  levels 
are  usually  produced  and  (2)  A  loss  in  net  thrust 
can  result  from  an  undersized  inlet,  since  engine 
thrust  is  a  function  of  engine  physical  flow  and 
inlet  pressure.  For  these  reasons,  inlet  sizing  is 
undertaken  with  extreme  care  to  ensure  inlet /engine 
flow  matching  compatibility. 

Although  the  supersonic  inlet  is  usually  faced 
with  a  throat  area  restriction  on  airflow  capacity 
only  while  operating  subsonlcally,  the  lip  shapes 
required  for  good  supersonic  external  performance 
can  introduce  significant  internal  losses  at  the 
high  mass  flow  ratios  characteristic  of  low-speed 
flight.  Reference  13.6.  If  the  ramps  are  already 
collapsed  to  their  mechanical  limit  to  provide  maxi¬ 
mum  throat  area,  auxiliary  inlets  are  often  utilized 
to  improve  performance.  These  may  take  the  form  of 
discrete  slots,  located  around  the  periphery  of  the 
nacelle  slightly  forward  of  the  engine  face  plane, 
and  incorporate  cover  doors  externally  and  inter¬ 
nally  that  are  actuated,  via  either  pressure  differ¬ 
ential  or  mechanically,  to  expose  the  required 
opening.  Figure  13.1.17  indicates  this  feature 
schematically.  By  utilizing  such  cover  doors,  the 
required  corrected  airflow  can  be  inducted  at  a 
higher  overall  efficiency,  because  the  auxiliary 
Inlet  reduces  the  flow  demand  and  associated  losses 
for  the  main  inlet,  but  does  not  suffer  from  the 
losses  identified  with  flow  around  supersonic  lips. 

INLET  BUZZ  AVOIDANCE 

Minimum  engine  airflow  demand  must  also  be  con¬ 
sidered  In  inlet  design  and  development,  in  order  to 
preclude  Inlet  buzz  occurrence.  As  discussed  in 
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where 


Sec.  13.1.2,  this  phenomenon  occurs  at  low  inlet 
mass  flow  ratios  and  is  characterized  by  low  fre¬ 
quency,  high  amplitude  pressure  fluctuations  that 
are  detrimental  to  engine  stability  and  structural 
integrity.  A  goal  of  the  inlet  development  phase 
is  to  arrive  at  a  configuration  whose  buzz  boundary 
is  removed  from  the  minimum  propulsion  system  flow 
schedule  by  an  appropriate  margin,  as  indicated  in 
Figure  13.1.19.  To  aid  this  achievement,  the  inlet 
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Figure  13.1.19  Compa t i hi  I i t y  Asse ssment  of  In¬ 
let  Buzz  and  Minimal  Flow  Demand 

bypass  system  previously  discussed  and  shown  in 
Figure  13.1.17(a)  is  usually  sized  to  pass  suffi¬ 
cient  flow  to  avoid  inlet  buzz  under  a  failed 
engine  situation. 

Thus,  an  assessment  must  be  made  of  the  engine 
airflow  rate  that  will  prevail  due  solely  to  ram 
flight  effects,  when  Che  rotor  is  windmilling  or  is 
locked.  Then  the  bypass  capacity  must  account  for 
the  remaining  flow  needed  to  preclude  encountering 
the  inlet  buzz  boundary  and  provide  any  desired 
margin. 

I^;LKT  DUCT  DESIGN  FOR  ENGINE  SURGE  OVERPRESSURE 

The  inlet  duct’s  structural  design  must  con¬ 
sider  the  condition  providing  the  largest  internal- 
tu-external  surface  pressure  differential.  This 
situation  is  likely  to  arise  during  a  severe 
engine  surge  at  high  dynamic  pressure,  when  a  tran¬ 
sitory  flow  reduction  occurs,  followed  by  transmis¬ 
sion  of  a  strong  positive  pressure  pulse  forward 
from  the  compression  system.  This  phenomenon  is 
often  termed  hammershock  overpressure,  in  refer¬ 
ence  to  the  suddenness  and  severity  of  pressure 
rise.  The  initial  overpressure  pulse  is  generally 
followed  by  successive  damped  pressure  cycles, 
resulting  in  application  of  an  oscillatory  static 
pressure  loading  on  the  inlet  duct  surfaces. 

The  analytical  framework  presented  in  Refer¬ 
ence  13.7  to  describe  the  overpressure  phenomenon 
indicates  that  it  is,  in  general,  a  function  of 
the  overall  compressor  pressure  ratio,  the  inlet 
duct  static  pressure  and  Mach  number,  and  the 
oTifciiiu-  bvpass  ratio.  Figure  13.1.20,  from  Refcr- 
en>c  13.7,  shows  a  typical  correlation  obtained 
for  the  overpressure  in  terms  of  a  parameter 

=  - —  ---  f  (■■  ,  u  fn.1.7) 
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Ap  =  pressure  rise  caused  by  the 
passage  of  the  surge-induced 
wave  as  it  propagates  into  the 
inlet  duct 

and  Pj,  M|  =  duct  static  pressure  and  Mach 
number  at  engine  spinner  prior 
to  surge. 
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Figure  13.1.20  Predicted  Hammershock  Over- 

Pressure  Correlation  for  Inlet 
Duct  Structural  Design 

These  characteristics  are  partially  based  on 
measurements  for  bypass  ratios  (o)  from  0  to  1.37, 
with  the  higher  bypass  ratio  curves  based  on  an 
analytical  solution  to  a  transmitted  shock  wave  flow 
model. 

INLET  CONTROL  SYSTEMS  FOR  FLOW  STABILITY 

Several  needs  for  a  mixed  compression  inlet 
control  system  were  noted  in  Sec.  13.1.2  and  may  be 
briefly  summarized  here.  They  arise  primarily  due 
to  the  need  to  maintain  the  terminal  shock  in  a 
stable  position,  and  to  prevent  boundary  layer  sep¬ 
aration.  Control  of  shock  Mach  number  value,  and 
hence  location,  is  required  for  stable  and  fairly 
efficient  inlet  performance  and  is  necessitated  by 
such  destabilizing  effects  as  variation  in  engine 
power  setting/flow  demand,  intended  aircraft  flight 
speed  change,  atmospheric  nonuniformities,  and  air¬ 
craft  maneuvers.  A  flow  bypass  system,  variable 
inlet  geometry,  boundary  layer  bleed,  and  a  throat 
Mach  number  sensor  are  elements  of  a  general  con¬ 
trol  system.  Some  of  these  elements  are  shown  in 
simplified  fashion  in  Figure  13.1.21,  together  with 
the  types  of  interactions  between  the  cockpit  and 
airframe,  for  a  translating  centerbody  type  of  inlet. 
Use  of  these  particular  features  depends  on  the 
specific  vehicle  performance  requirements  discussed 
in  Sec.  13.1.2,  such  as  flight  speed  and  maneuver¬ 
ability,  which  will  strongly  influence  the  inlet 
type  and  allowable  complexity.  However,  even  an 
external  i:ompression  inlet  generally  requires  con¬ 
trol  provision  for  inlet  })leed  Ilow,  bypass  flow, 
and  ramp  scheduling.  The  complexity  ot  an  active 
terminal  sliock  positioning  system  is  not  required. 

INLET  IMPACT  ON  KNCINF  DESIGN 

Several  aspects  ot  tlu‘  inlet ’s  behavic’r  are 
wi'rthv  of  *onsiTerat  ion  relative  to  design  of  tl'.e 
<‘ngine,  partioul-irly  the  <.  (>mpress  ion  mmponents. 
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Figure  13,1.21  Inlet  Control  System  Pressure 
Measurements  and  Schematic  In¬ 
terface  Diagram 

To  an  extent,  they  are  the  complement  of  the  en¬ 
gine  factors  affecting  the  inlet  design  discussed 
in  Sec.  13.1.3. 

ENGINE  AIRFLOW  DEMAND  TAILORING 

If  the  Inlet  configuration  and  operating 
characteristics  are  defined  early  enough  In  the 
propulsion  system  design  phase,  some  tailoring 
of  the  engine  airflow  schedule  is  possible.  The 
Incentive  for  closely  matching  the  inlet  supply 
and  engine  demand  airflows  is  minimization  of 
inlet  spillage  and/or  bypass  svstem  drags,  which 
can  contribute  to  upgraded  aircraft  performance 
in  terms  ui  maneuverability,  range,  or  acceler¬ 
ation,  as  desired  for  a  particular  vehicle 
mission. 

Two  possible  engine/inlet  flow  matching  sit¬ 
uations  are  indicated  schematically  in  Figure 
rj.I.lJ  for  a  transonic  sizing  point.  Designated 
as  the  propu 1 s ion-related  airflow  requirements 
associated  with  two  engines,  A  and  B,  the  flow 
demand  will  tvpically  differ  from  Che  inlet 
supplv;  t!u'  potential  for  either  over-  or 
undor-supplv  exists.  In  this  illustration,  flow 
nisrruitch  oc«  urs  in  the  supersonic  regime  as  a 
result  of  the  assumed  sizing  point.  Depending 
on  the  .aircraft  mission  and  associated  e-’nglne 
tvpe  (turbojet  or  turbofan),  limited  flexibility 
exists  to  shilt  file  engine  demand  schedule  Co 
better  fif  the  inlet  supply,  through  such  means 
as  varvinii  the  turbine  temperature  or  varying 
the  exhaust  area.  As  developed  in  Chapt.  8,  if 
variable  gtometrv  techniques  were  to  be  em- 
pI<iyod,  considerably  more  flexibility  in  air¬ 
flow  m;jtching  could  result. 
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Figure  13,1.22  Schematic  Representation  of  the 
Typical  Need  for  Engine  Airflow 
Tailoring,  Transonic  Inlet  Sizing 
Point 

In  practice,  the  amount  of  flow  mismatch  re¬ 
duction  is  constrained  by  considerations  of  cycle 
performance  and  component  operational  limits.  For 
Che  turbofan,  an  additional  barrier  is  imposed  by 
the  need  to  match  stream  static  pressure  at  the 
juncture  of  the  hot  core  and  cool  bypass  flows. 
Accordingly,  fan  speed  and  flow  must  be  reduced 
at  higher  Mach  numbers  to  achieve  the  pressure 
balance,  with  the  possibility  of  trading  subsonic 
performance  for  some  additional  supersonic  flow  cap- 
bility  via  modifications  to  the  basic  cycle. 

An  alternative  to  accepting  the  smallest  achiev¬ 
able  residual  supersonic  flow  mismatch  via  the  means 
just  discussed  is  as  follows.  Referring  again  to 
Figure  13*1.22,  engine  A’s  supersonic  flow  could  be 
reduced  via  speed  cutback,  as  long  as  full  thrust  is 
not  required,  per  the  transonic  sizing  assumption. 
Engine  B's  flow  schedule  could  be  matched  via  use  of 
an  auxiliary  inlet,  to  provide  subsonic/transonic 
flow,  together  with  a  downsized  primary  inlet. 

In  addition  to  the  foregoing  maximum  power  con¬ 
sideration,  a  need  exists  to  reduce  the  installation 
losses  that  arise  during  part  power  operatlonj  this 
Is  especially  important  for  mixed  (supersonic/ 
subsonic)  mission  aircraft.  While  the  afterburning 
turbojet  and  mixed-flow  augmented  turbofan  engines 
share  this  problem,  the  latter  type  has  been  selected 
as  the  best  current  powerplant  for  such  applications. 
The  part-power  installation  losses  consist  of  after¬ 
body  drag,  due  to  increased  boattail  angles  associ¬ 
ated  with  reduced  variable  exhaust  nozzle  area,  as 
well  as  inlet  spillage.  These  losses  are  qualita¬ 
tively  indicated  in  Figure  13.1.23  in  terms  of  their 
associated  descriptive  parameters.  The  resulting 
typical  performance  decrements  are  shown  in  Figure 
13.1.24  in  terms  of  specific  fuel  consumption  for 
Mach  0.9  operation  of  an  aircraft  with  Mach  2.5 
capability.  Considering  that  modern  fighter  en¬ 
gines  must  be  so  oversized  to  meet  combat  maneuver¬ 
ability  requirements  that  they  typically  operate  at 
only  40  to  60/'  of  maximum  dry  thrust  for  altitude 
cruise  at  Mach  0.8  to  0.9,  significant  inlet  and 
nozzle  drag  penalties  can  exist.  To  date,  these 
effects  have  prevented  the  fullest  realization  of 
mult imission  capabi  I  i ty . 

A  concerted  effort  is  currently  underway  in 
industry  and  government  organizations  to  identify 
and  develop  feasible  new  engine  concepts  for  the 
flexible,  efficient  performance  required  by  future 
supersonic  militarv  and  commercial  vehicles.  In¬ 
herent  in  the  desire  to  combine  the  best  features 
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Figure  13.1.23  Effect  of  Power  Setting  on 
Installation  Losses 


tpC  *  Low  Pressure  Compressor 

IPC  =  Intermediate  Pressure  Compressor 

UPC  =  High  Pressure  Compressor 
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Figure  13.1.24  Representative  Installation  Losses 
for  Mach  0.9/36K  ft  Operation  of 
a  Mach  2.5  Aircraft  with  a  Mixed* 
Flow  Turbo  fan  Engine 

of  the  current  leading  subsonic  (turbofan)  and 
supersonic  (turbojet)  slngle*mlsslon  powerplants 
is  the  need  for  a  variable  cycle  engine  (VCE), 
which  in  turn  requires  variable  geometry  and  more 
complex  component  arrangement  than  existing 
engines . 

Reference  13.8  discusses  one  ongoing  VCE  con¬ 
cept  development  effort,  and  also  recounts  in  de¬ 
tail  the  performance  characteristics  of  turbojet 
versus  turbofan  engines  and  traces  various  VCE 
developments  of  the  past  10  to  15  years  that  have 
led  to  the  currently  pursued  concepts.  Some 
essential  features  of  these  VCEs  are  Illustrated 
schematically  in  Figure  13,1.25;  three  compres¬ 
sion  components  are  interconnected  to  each  other 
via  bypass  ducts,  in  addition  to  the  normal 
transition  ducts.  This  allows  a  wide  range  of 
component  airflow  combinations,  so  that  the 
effective  engine  bypass  ratio  can  range  from 
near  zero  (turbojet)  for  good  supersonic  per¬ 
formance  to  the  high  values  needed  for  efficient 
subsonic  cruise.  In  addition,  total  airflow 
demand  can  be  held  constant  at  a  cruise  Mach 
number  while  bypass  ratio  and  thrust  are  modu¬ 
lated  so  that  inlet  flow  matching,  and,  hence. 
Installed  performance,  are  improved.  Variable 
turbine  and  exhaust  system  geometry  can  also  be 
utilized  to  control  the  flow  spilt. 


Figure  13.1.25  Schematic  of  Variable  Cycle  Engine 
Con cept 

The  VCE’s  improvement  of  supersonic  flow 
matching  is  shown  In  Figure  13.1.26,  relative  to 
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Figure  13.1,26  Improvement  in  Maximum  Supersonic 
Airflow  Capacity  with  Advanced 
Variable  Cycle  Engine 

typical  turbojet  and  turbofan  engines.  Since  the 
supersonic  flow  increase  is  available  while  holding 
subsonic  flow  constant,  it  is  clearly  beneficial 
from  a  flow  matching  standpoint.  The  partial  power 
matching  gains  describvd  in  the  previous  paragraph 
are  indicated  in  Figure  13.1.27.  Reduction  of  both 
inlet  spillage  and  afterbody  drag  will  result,  as 
schematically  indicated  in  Figure  13,1.23.  With 
this  capability,  the  basic  cycle  can  be  oriented 
toward  maximum  thrust  requirements  and  yet  arrive 
at  more  balanced,  mixed  mission  performance. 

SURGE  MARGIN  ALLOCATION  FOR  ANTICIPATED  DISTORTION 

The  general  topic  of  engine  stability  analysis 
Is  discussed  in  detail  in  Chapter  23.  Accordingly, 
the  objective  of  this  section  is  to  provide  an  over¬ 
view  of  the  basic  effect  of  distorted  inflow  on  a 
compression  component  and  indicate  the  impact  dis¬ 
tortion  may  have  on  engine  design  and  performance. 
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as  manufacturing  tolerances,  variable  stator 
accuracy  and  response  time,  casing/blade  clear¬ 
ance  increases  and  airfoil  contour  deterioration 
with  age,  and  Reynolds  number  at  appropriate 
points  in  the  flight  placard.  The  maximum  tran¬ 
sient  operating  "line",  or  locus  of  maximum  oper¬ 
ating  points,  is  elevated  from  the  nominal 
steady-state  operating  line  by  engine  component 
tolerances  and  by  fuel  control  margin  required 
for  acceleration  and  deceleration,  compressor 
bleed  effects,  afterburner  lightoff  transients 
and  thrust  modulation  effects,  and  control  mode 
effectiveness,  especially  for  more  complex  engine 
systems. 

The  shaded  region  between  the  degraded  surge 
line  and  the  maximum  transient  operating  line  of 
Figure  13.1.29  represents  the  surge  margin  avail¬ 
able  CO  tolerate  distorted  inflow  in  the  compres¬ 
sion  system.  The  fundamental  impact  of  nonuni- 
form  flow  entering  the  engine  is  that  a  change  in 
the  nominal  velocity  field  affects  the  flow  inci¬ 
dence  on  the  blading  and  may  lead  to  locally  stalled 


Figure  13.1.27  Improvement  in  Subsonic  Part  Power 
Flow  Matching  Via  Variable  Cycle 
Engines  for  the  Same  Cycle  Parame¬ 
ters 

A  typical  compression  component  aerodynamic 
performance  map  may  be  represented  as  shown  In 
Figure  13.1.28.  The  operating  line  la  established 
by  back-pressure  characteristics  sec  by  turbine 
and  exhaust  nozzle  areas,  and  is  selected  to 
achieve  required  engine  performance  levels  (Sects. 
8.1  and  8.4).  It  is  therefore  adjustable,  at  the 
expense  of  performance  in  the  case  of  a  reduced 
(lowered)  position.  The  surge  line  represents 
the  limit  of  stable  operation  and  is  by  definition 
fixed  for  a  given  configuration  and  operating  con¬ 
dition. 


Surge  Line- 
(Fixed) 


It  ing  Line 


Operating  Line^ 

(Adjustable  During  Design  Phase) 


Figure  13.1.2K  Typical  Aerodynamic  Performance 

Map  for  Fan  or  Compressor  Component 

The  nominal  operating  and  surge  lines  of  Fig¬ 
ure  13.1.28  are  subje<-'t  to  various  degrading 
effects  that  act  to  decrease  available  surge  mar¬ 
gin,  which  is  related  to  the  difference  In  their 
respective  pressure  ratios.  Figure  13.1.29  is  a 
simplified  representation  of  this  situation.  The 
stall  line  degradation  results  from  effects  such 


Figui-e  13.1.29  Cumulative  Representation  of  De¬ 
graded  Surge  and  Operating  Lines 
for  a  Compression  Component,  Lead¬ 
ing  to  Reduced  S tab! 1 i ty  Margin  for 
Inflow  Distortion 

regions  or,  in  the  limit,  to  complete  surge  of  a 
component.  Other  possible  undesirable  effects  in¬ 
clude  aeromechanical  excitation  that  can  reduce 
blade  life  or  cause  catastrophic  failure.  Depending 
on  transmission  of  the  inlet  distortion  through  the 
compression  system,  creation  of  a  turbine  inlet 
temperature  profile  that  locally  exceeds  nominal 
levels  may  occur  so  that  either  turbine  component 
life  is  degraded  or  performance  must  be  derated. 
Performance  is  reduced  by  average  burner  temperature 
reductions.  Actual  installed  compressor  inlet 
velocity  fields  ran  be  quite  complex,  with  axial, 
radial,  and  circumferential  components  superimposed 
on  the  nominal  compressor  velocity  vector.  In 
practice,  flow  distortion  is  expressed  in  terms  of 
total  pressure  variation,  since  this  is  more  readily 
measurable  than  velocity. 

The  detailed  eifects  of  pressure  distortion  on 
compressor  flow  stability  are  complex  and  not  com¬ 
pletely  under,stot>d.  They  depend  lieavilv  upon  the 
flow  pattern  shape,  i.e.  magnitude,  circumferential 
and  radial  extent,  and  loiatlon  I'f  the  distortion 
(hub  versus  lip),  and  upon  compressor  geometric  and 
aerodynamic  design  features  siu  h  as  stage  loading, 
aspect  ratio,  and  solidity.  However,  the  not  result 


of  a  distorted  flow  is  primarily  to  effectively 
lower  the  undistorted  surge  line  of  a  compress¬ 
ion  component;  a  possible  secondary  effect  is  re¬ 
duction  of  component  efficiency.  If  this  surge 
line  degradation  exceeds  the  available  amount,  an 
impasse  is  reached  at  which  point  in  the  develop¬ 
ment  cycle  one  or  more  of  several  options  must  be 
exercised.  Such  options  include  inlet  distortion 
reduction  via  modified  design  or  operating  point, 
engine  compression  system  design  changes,  reduc¬ 
tion  or  reallocation  of  the  other  previously 
mentioned  factors  degrading  surge  margin,  redef¬ 
inition  of  aircraft  operational  goals,  or  accep¬ 
tance  of  some  type  of  performance  penalty  such 
as  range  reduction. 

The  essential  feature,  then,  of  surge  margin 
allocation  is  determination  of  an  amount  such  that 
the  inlet/engine  combination  provides  both  adequate 
performance  and  reliability.  Insufficient  margin 
results  in  engine  surge  and  power  reduction  that, 
at  best,  curtail  the  aircraft’s  operational  en¬ 
velope  and,  at  worst,  compromise  vehicle  safety. 
Alternately,  excessive  surge  margin  represents 
foregone  propulsion  potential  that  prevents 
efficient  realization  of  the  full  aircraft  per¬ 
formance  capability. 

EFFECTS  OF  INLET  BUZZ,  UNSTART.  AND  HAMMERSHOCK 
INTERACTION 

The  transient  pressure  characteristics  of 
inlet  buzz  and  engine  surge- induced  hammershock, 
mentioned  in  Sec,  13.1.3  in  connection  with  inlet 
duct  structural  design,  are  also  significant 
inputs  to  the  engine  mechanical  design.  The  in¬ 
let  buzz  pressure  frequency  spectrum  must  be 
carefully  defined  to  ensure  that  none  of  the 
engine’s  rotating  or  stationary  structural 
members  have  resonant  frequencies  in  the  range 
of  the  predominant  buzz  frequencies.  Similar 
considerations  apply  to  the  case  of  Inlet  un¬ 
start.  In  addition,  the  pressure  signature 
resulting  from  interaction  of  the  Inlet  and 
engine  during  a  hammershock  Incident  must  be 
factored  into  the  compressor  design,  since  it 
affects  the  rotor  axial  force  as  well  as  bend¬ 
ing  and  torsional  blade  loading. 

13.2  VALIDATION  OF  INLET/ENGINE  SYSTE3^ 

H.'iving  sot  forth  the  factors  that  affect 
trio  inlot/engino  design  integration,  we  can  now 
<  '■-nsidor  the  manner  in  which  integration  of  the 
inlot  and  ongino  into  an  effective  propulsion 
systom  is  undertaken  and  confirmed.  This  sec¬ 


tion  discusses  the  basic  objective  of  such  an  effort, 
together  with  a  brief  historical  background  of  some 
problems  that  have  arisen  from  lack  of  an  effective 
integration  program;  the  current  and  projected  role 
of  analytical  methods  in  aiding  inlet  and  compres¬ 
sor  system  development;  and  the  progressive  com¬ 
plexity  and  integration  of  the  various  types  of 
test  programs  leading  to  confirmation  of  the  pro¬ 
duction  vehicle's  capabilities, 

13.2.1  BACKGROUND  AND  BASIC  CONSIDERATIONS 

The  complexity  of  inlet/engine  interaction  is 
so  extensive  that,  in  the  past,  many  unforeseen 
inlet/engine  compatibility  problems  have  arisen  at 
advanced  times  in  the  development  schedule.  Fre¬ 
quently,  resolution  of  major  system  compatibility 
shortcomings  has  been  forced  well  into  the  flieht 
test  program.  Figure  13,2,1  from  Reference  13.9  in¬ 
dicates  the  difficulties  and  ultimate  solutions  for 
some  military  vehicles  during  the  1954-1967  period. 

In  addition,  operational  problems  have  occasionally 
occurred  during  initial  service  of  commercial  trans¬ 
ports.  This  experience  has  demonstrated  that  It  is 
generally  more  cost  effective  to  integrate  design  and 
development  of  the  engine  and  its  interfacing  air¬ 
craft  components,  such  as  the  inlet,  through  a  form¬ 
ally  structured  series  of  steps,  such  that  flight  test 
Is  merely  a  final  system  demonstration  built  upon  sub¬ 
scale  and  full-scale  inlet  and  compressor  component 
development.  The  incremental  costs  associated  with 
more  extensive  and  sophisticated  development  pro¬ 
grams  are  more  than  justified  by  reducing  the  outlay 
Chat  would  have  been  created  by  the  aftereffects  of 
a  less  thorough  effort.  Such  aftereffects  may  in¬ 
clude  increased  development  costs  during  flight 
test,  delayed  system  availability,  and  derated  per¬ 
formance  capability  of  the  final  production  aircraft. 

An  effective  integration  effort  for  a  supersonic 
installation  normally  requires  5  to  6  years,  begin¬ 
ning  with  analytical  design  studies  leading  to  an 
increasingly  sophisticated  series  of  tests  to  eval¬ 
uate  inlet  and  compression  component  characteristics, 
singly  at  first  and  later  together.  A  general  exper¬ 
imental  program  directed  at  development  of  a  stable 
inlet/engine  system  is  shown  in  Figure  13.2.2.  These 
test  features  will  be  discussed  in  more  detail  In 
subsequent  sections  of  this  chapter. 

A  subsonic  application  generally  requires  a 
shorter  period  of  less  extensive  testing  following 
the  design  phase,  depending  somewhat  upon  the  par¬ 
ticular  application  and  applicability  of  the  vari¬ 
ous  design  requirements  discussed  in  Sec.  13.1.1. 
Experimental  development  and  design  validation 
techniques  are  currently  utilized  more  heavily 


Figure  13.2.1  Stabilits  Experirn<'e  ol  Some  Operational  URAF  Systems,  195-4-1967 
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Figure  13.2.2  Example  of  an  Inlet/Engine  Sta¬ 
bility  Development  Test  Program 

than  are  analytical  methods.  This  largely  re¬ 
flects  gaps  In  present  day  analytical  capabil¬ 
ities,  as  for  example,  where  complex  Inlet 
geometry  (l.e.,  three-dimensional),  highly 
vehicle-integrated,  is  Involved.  Similar  short¬ 
comings  exist  In  detailed  understanding  of  the 
interrelationship  between  compressor  design  var¬ 
iables  and  distortion  sensitivity,  component 
Interdependence,  and  transient  performance  with 
distorted  Inflow.  However,  these  and  other 
areas  are  receiving  attention  on  a  broad  front 
and  It  is  reasonable  to  project  that  analytical 
methods  will  become  a  more  significant  factor  in 
the  Inlet/englne  development  process  during  the 
next  decade. 

The  structure  of  a  program  to  develop  and 
validate  an  effective  Inlet/englne  subsystem 
will  be  discussed  in  more  depth  In  the  following 
sections. 

13.2.2  ANALYTICAL  EVALUATION  OF  INLET  AND  ENGINE 
OPERATION 

To  the  extent  of  their  capabilities,  analyti¬ 
cal  methods  are  extremely  useful,  because  they 
allow  evaluation  or  screening  of  alternative  con¬ 
cepts  and  facilitate  determination  of  component 
performance  sensitivity  to  various  design  param¬ 
eters  of  interest.  This  information  can  usually 
be  obtained  at  a  lower  cost  than  that  which 
would  be  required  by  an  analogous  experimental 
program.  The  following  discussion  Is  intended 
to  outline  some  current  and  projected  capabil¬ 
ities  in  three  areas:  inlet  aerodynamic  design, 
modelling  compression  system  response  to  distor¬ 
tion,  and  inlet/englne  dynamic  analysis. 

INLET  AERODYNAMIC  DESIGN  ANALYSIS 

At  present,  analytical  methods  are  available 
with  the  capability  of  providing  solutions  to 
flow  about  two-dimensional  bodies  (l.e.  axisym- 
metric  or  planar),  including  the  effects  of  angle 
of  attack.  The  resulting  (three-dimensional) 
solution  can  be  inproved  by  introducing  a  bound¬ 
ary  layer  analysis  to  determine  the  viscous 
effects.  The  boundary  layer  analysis  (which  is 
strictly  valid  only  for2-D  flows)  utilizes  the 
potential  flow  solution  to  provide  the  necessary 
"free  stream  conditions"  required  for  the  boundary 
layer  solution.  This  process  can  be  continued  by 
modifying  the  apparent  body  dimensions  to  Include 


the  effect  of  the  boundary  layer  displacement 
thickness  to  recalculate  the  potential  solution, 
and,  thence,  a  further  boundary  layer  solution. 

This  procedure  is  repeated  until  convergence  is 
obtained.  Convergence  is  assessed  by  some  limit 
on  local  velocity  changes  between  successive 
Iterations.  Analytical  results  obtained  in  this 
manner  closely  duplicate  test  measurements,  pro¬ 
vided  that  separation  does  not  occur.  The  onset 
of  separation  can  be  well  predicted  by  this  tech¬ 
nique,  however,  so  that  the  range  of  applicabil¬ 
ity  of  the  analytical  results  can  be  determined. 

Example  results  are  indicated  In  Figure 
13.2.3  (from  Reference  13.11)  where  the  agreement 
between  the  analytical  prediction  and  the  exper¬ 
imental  results  is  seen  to  be  close  (except  at 
the  Inlet  highlight,  X/L  ■=  0).  Inlet  flow  properties 
are  eqtially  well  predicted  for  circumferential  loca¬ 
tions  other  than  the  windward  side.  Reference  13.12. 
An  example  of  the  capability  of  boundary  layer  sep¬ 
aration  prediction  is  given  by  Figure  13.2.4  from 
Reference  13.2.  Here,  inlet  wall  pressures  measured 
at  various  angles  of  attack  in  a  wind  tunnel  test 
were  used  as  input  to  two  boundary  layer  analyses 
(Reference  13.13).  Their  separation  parameters, 

PMAX  and  Cf^jxN  respectively,  are  plotted  against 
measured  proximity  to  separation,  ag-Oi.  The  crit¬ 
ical  values  predicting  separation,  Fj^^  *  0.5  and 
CfMIN  “  asymptotically  approached  in  most 

cases  as  the  separation  point,  ■  0,  Is 

neared. 

The  foregoing  capability  serves  well  for 
most  current  subsonic  inlet  configurations, 
which  are  axlsynanetric  or  nearly  so.  Efforts 
are  underway  to  develop  analytical  tools  for 
general  three-dimensional  potential  and  viscous 
flows  that  will  eventually  include  interactions 
between  inlet  and  adjacent  aircraft  flow  fields, 
shock  waves  and  boundary  layers,  and  inlet  tur¬ 
bulence  effects. 

Supersonic  inlet  design  analysis  applies  to 
both  supersonic  and  subsonic  diffuser  components. 

The  former  Includes  the  boundary  layer  bleed  sys¬ 
tem  mentioned  in  Sec,  13.1.2.  The  method  of  char¬ 
acteristics  is  utilized  in  supersonic  diffuser 
analysis  for  two-dimensional  configurations. 

Iterative  viscous  calculations  are  utilized  and 
bleed  flow  effects  are  considered  in  subsequent 
calculations.  For  a  detailed  discussion  of 
supersonic  and  subsonic  diffuser  design  consid¬ 
erations,  the  reader  is  referred  to  Chapter  26. 
Current  supersonic  and  subsonic  diffuser  analyt¬ 
ical  capabilities  are  generally  limited  to  two- 
dimensional  shapes  for  design  purposes;  this  is 
somewhat  restrictive  considering  the  wide  vari¬ 
ety  of  supersonic  Inlet  geometries.  Effort  is 
underway  to  develop  the  ability  to  analyze  angle 
of  attack  effects  for  design  of  axisymmetric  in¬ 
lets.  In  addition,  three-dimensional  subsonic 
diffuser  programs  are  being  widely  pursued  to 
analytically  address  the  general  asynanetric  con¬ 
figurations  associated  with  buried  engine 
installations/offset  inlet  ducts  plus  cross- 
sectional  transition  sections  necessitated  by  non- 
circular  inlet  entrances.  The  flowfield  complexity 
of  typical  supersonic  inlets  thus  suggests  ti^at 
their  dependence  on  experimental  development  methods 
will  continue  to  be  somewhat  greater  than  that  of 
subsonic  inlets  for  the  foreseeable  future. 
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(a)  Inlet  Geometry,  (All 
Dimensions  in  cm) 


- -  Incompressible  Potential  Flow 

Solution 

-  Incompressible  Potential  Flow 

Solution  with  Compressibility 
Correction 

-  Incompressible  Potential  Flow 

Solution  with  Compressibility 
and  Boundary  Layer  Displarement 
Thickness 
O  Experiment 


(b)  Static  Condition 


X/L 

(c)  Free-Stream  Velocity,  V^,  24 
Meters  per  Second;  Incidence 
Angle,  40*;  Windward  Side 
of  Inlet 

Figure  13.2.3  Comparison  of  Calculated  and  Mea¬ 
sured  Internal  Surface  Pressure 
Distributions  for  a  Translating 
Centerbody  Inlet  in  the  Unchoked 
Mode 

MATHEMATICAL  MODELLING  OF  COMPRESSOR  DYNAMIC 
RESPONSE  TO  DISTORTION 

Advances  have  been  made  in  recent  years  which 
permit  the  effects  of  inlet  distortion  upon  compres¬ 
sion  component  stability  to  be  estimated  economically 
using  relatively  simple  models.  These  models  (Ref. 
13.14,  13.15,  and  13.16),  which  are  quasi-one-dlmen- 
sional  pitch-line  blade-row-by-blade-row  or  stage- 
by-stage,  parallel-compressor  representations  of 
compression  components,  can  predict  the  effects  of 
1/rev  circumferential  distortions  and  the  effects  of 


l<»  t<.  31)  Ji)  0 


Figure  13.2.4  Example  of  Boundary  Layer  Separa¬ 
tion  Prediction  Capability 

planar  waves  upon  the  stability  of  the  compression 
components.  The  parallel  compressor  concept  is  dis¬ 
cussed  more  fully  in  Chapter  23.  Distorted  flow 
field  predictions  are  now  being  made  which  include 
the  pumping  effect  of  this  compression  component 
upon  the  distorted  flow  field  giving  rise  to  tan¬ 
gential  velocities  and  tangential  static-pressure 
gradients.  For  both  steady  flow  distorted  and 
spatially  undistorted  planar  wave  flow,  stability 
predictions  are  conducted  accounting  for  the  un¬ 
steady  flow  effects  associated  with  the  finite  time 
required  for  the  flow  surrounding  the  blades  to 
adjust  to  the  new  local  flow  conditions.  Models 
with  these  capabilities  permit  accurately  predicting 
the  stability  trends,  and  in  many  cases  the  actual 
levels,  associated  with  the  circumferential  and 
unsteady  components  of  inlet  distortion.  Develop¬ 
ment  of  models  to  handle  radial  components  of  dis¬ 
tortion  in  as  direct  a  manner  as  for  the  other  com¬ 
ponents  of  distortion  is  currently  being  undertaken. 

INLET/ENGINE  control  system  MODELS 

Transient  or  dynamic  simulation  models  are 
available  for  analytically  assessing  the  stability 
of  various  propulsion  system  components  or  systems. 
Generally,  digital  models  are  preferable  to  analog 
because  of  their  ease  of  tranalatlon/standardlzatlon 
among  organizations  concerned  with  the  various  com¬ 
ponents  and  their  controls,  and  because  of  their 
flexlbilitv  In  terms  of  user  access  and  problem 
set-up.  To  arrive  at  a  useful  model  during  the  pro¬ 
pulsion  system  development  cycle,  exploratory  compo¬ 
nent  tests  must  address  dynamlc/tlme  dependent  char¬ 
acteristics  as  well  as  steady  state  performance 
trends.  This  facilitates  subsequent  integration  of 
components  into  systems.  The  model  can  be  used 
Initially  to  roughly  approximate  response  character¬ 
istics  to  other  component  stimuli  and  can  then  be 
updated  as  additional  component  and  subsystem  data 
are  acquired.  Engine  and  inlet  demonstrator  vehicle 
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testing  can  eventually  be  used  to  correlate  and  fine 
tune  the  model,  to  verify  that  the  model  can  be  used 
to  direct  subsequent  demonstrator  component  scal¬ 
ing  and/or  minor  resizing  that  are  typically  re¬ 
quired  for  production  hardware.  The  dynamic  simu¬ 
lation  model,  then,  is  a  tool  Chat  can  be  used  in 
component  and  system  stability  studies  as  well  as 
general  performance  evaluation.  In  terms  of  inlet/ 
engine  integration  for  example,  it  could  encompass 
inlet  Installation,  inlet  geometry  control,  bypass 
system,  and  engine  compression  system.  Successful 
application  of  such  a  tool  in  its  early  stages  can 
lead  to  Identification  and  resolution  of  Interface 
problems  prior  to  construction  of  actual  hardware. 

13.2.3  ENGINE  DEVELOPMENT  TEST  ELEMENTS  FOR 
INLET  INTEGRATION 

As  indicated  in  Figure  13.2.2,  an  effective 
engine  development  program  aimed  at  achieving  com¬ 
patibility  with  the  aircraft  inlet  centers  on  the 
compression  system  and  proceeds  through  several 
phases.  Initially,  the  effort  addresses  basic  fan 
and  compressor  operation  under  clean  and  standard¬ 
ized  distorted  flow  conditions  and  may  investigate 
some  blading  geometric  variables.  Then,  as  inlet 
development  proceeds  in  parallel,  the  compression 
system  development  progresses  to  evaluating  the 
specific  inlet's  distortion,  both  steady  state  and 
dynamic,  as  well  as  other  transient  behavior. 

Finally,  the  inlet  and  engine  are  often  tested  to¬ 
gether  in  large  propulsion  wind  tunnels,  outdoor 
facilities,  or  flying  test  beds  for  direct  inter¬ 
action  effects.  This  is  generally  the  last  step 
prior  to  flight  testing  of  Che  actual  experimen¬ 
tal  or  prototype  aircraft,  which  is  discussed 
separately  in  Sec.  13.2.5.  A  representative  en¬ 
gine  development  test  sequence  oriented  toward 
integration  with  the  inlet  system  Is  shown  in 
Figure  13.2.5  as  a  framework  for  the  following 
discussion  of  these  specific  test  elements. 


as  indicated  in  Figure  13.2.5,  Che  fan  and  com¬ 
pressor  will  be  tested  singly,  and  possibly  to¬ 
gether  in  a  dual  setup,  to  allow  component  inter¬ 
actions  to  be  studied.  The  components  are  exter¬ 
nally  powered  to  desired  speed  and  a  variable 
area  discharge  valve  is  used  to  throttle  them  so 
that  the  complete  operating  envelope,  i.e.  up  to 
surge  or  mechanical  operating  limit,  can  be  mapped. 
The  initial  builds  will  be  devoted  largely  to  clean 
(undistorted)  inlet  flow  conditions  to  obtain  basic 
aerodynamic  and  mechanical  performance  data.  Some 
fundamental  distortion  patterns,  and/or  selected 
inlet  distortion  patterns  if  available,  may  be 
examined.  To  produce  inlet  pressure  distortion, 
local  area  blockage  is  introduced  upstream  of  the 
test  component  via  wire  screens  so  that  the  desired 
nonuniform  total  pressure  field  exists  slightly  for¬ 
ward  of  the  component's  first  stage.  Fundamental, 
or  standard,  pattern  types  are  often  used  so  that  a 
particular  design's  distortion  tolerance  can  be 
directly  compared  with  experience  on  other  systems. 
These  include  circumferential  patterns,  termed  "one 
per  rev"  in  the  case  of  the  180°  contiguous  spoiled 
sector  shown  in  Figure  13.2.6,  and  radial  distortion 
idiere  a  complete  annulus  of  low  pressure  flow  is 
produced,  generally  at  the  tip  or  hub  region  of  the 
blade.  Refinements  of  these  simple  screens  are 
often  used,  such  as  variable  extent,  graded  level 
(multlporoslty  screening,  as  opposed  to  a  uniform 
screen) ,  and  "mixed"  patterns  combining  circumfer¬ 
ential  and  radial  distortion. 

Generally,  a  second  build  of  the  compression 
system  will  be  required,  as  shown  in  Figure  13.2.5. 
This  test  will  be  aimed  at  either  mechanical  and/or 
aerodynamic  design  modifications,  as  may  be  required 
to  achieve  the  required  capability.  Examples  of 
design  features,  one  or  two  of  which  may  be  per¬ 
turbed  at  this  point.  Include  axial  spacing,  stage 
stall  margin,  stage  work,  blade  solidity,  blade 
aspect  ratio,  blade  tip  clearance,  radial  energy 


Figure  13.2.3  Representative  Engine  Compression  System  Test  Sequence  for  Inlet  Integration 


COMPRESSION  COMPONENT  TESTING  WITH  DISTORTION 

The  test  programs  shown  in  Figure  13.2.5 
typically  follow  the  "exploratory  development"  or 
research  and  development"  phase,  which  consists 
of  aerodynamic  and  mechanical  design,  blade  tests 
in  cascade  arrangement,  and  perhaps  a  limited 
amount  of  single  stage  testing.  At  this  point. 


distribution,  variable  stator  scheduling,  and  inter¬ 
stage  bleed.  Initial  or  additional  aircraft  inlet 
patterns  will  be  evaluated  at  this  time,  generally 
for  key  operating  conditions  like  takeoff  rotation, 
crosswind  takeoff,  subsonic  and  supersonic  cruise, 
and  extreme  maneuvering  conditions,  as  applicable. 


.  • 
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interaction.  This  inlet  is  highly  integrated  with 
the  aircraft  fuselage  and  wing  (Figure  13,2.8), 


Figure  13,2.6  Circumferential  (1/Rev)  Distortion 
Screen 

This  type  of  testing  defines  the  quantitative 
effect  of  steady-state  distortion  on  compressor  sta¬ 
bility  and  efficiency.  Stability  or  surge  margin  is 
determined  from  knowledge  of  both  the  clean  and  dis¬ 
torted  surge  line  locations,  as  represented  in  Fig¬ 
ure  13.2.7.  In  this  manner  the  sensitivity,  or  re¬ 
duction  in  surge  margin  relative  to  distortions  of 


Figure  13,2.7  Compressor  Map  Showing  Effect  of 
Inlet  Distortion  on  Surge  Margin 

various  magnitudes,  extents,  and  locations,  is  di¬ 
rectly  obtained. 

UNSTEADY  FLOW  EFFECTS 

Until  the  mid  1960's,  the  foregoing  effort  rep¬ 
resented  the  major  extent  of  assessing  inlet /engine 
stability  with  distorted  inflow.  Time  and  financial 
constraints,  as  well  as  the  more  viable  pavoff  poten¬ 
tial  of  performance  Improvements,  as  opposed  to* the 
negative  connotation  of  operational  limitatlors, 
combined  to  temporarily  orient  the  aircraft/propul¬ 
sion  system  development  toward  the  attainment  of 
greater  integration  and  performance  levels.  However, 
the  introduction  of  the  TF30  augmented  turbofan 
engine  into  the  multlmission  F-111  aircraft  resulted 
in  unexpected  engine  surges  that  sign! f i cant  1 y  re¬ 
duced  its  operational  capabilities  or  usefulness. 
After  some  investigation,  the  real  importance  of 
unsteady  pressure  distortion  was  realized.  The 
cause  was  a  complex  combination  of  vehicle  flow 
field  variation  with  aircraft  pitch  attitude,  bound¬ 
ary  layer  ingestion  and  shock  wave/bnundary  layer 


Since  successful  engine  operation  is  commonly 
achieved  despite  the  known  presence  of  transitory 
inlet  flow  effects  such  as  turbulence,  vorticity, 
and  swirl,  the  concept  of  disturbance  frequency  is 
essential  to  determination  of  the  significance  of 
any  unsteady  flow  phenomenon.  Experimental  evidence 
indicates  when  the  period  of  the  disturbance  ap¬ 
proaches  that  of  one  fan  or  compressor  revolution, 
the  engine  will  respond  to  or  "see"  it  as  a  steady 
condition,  since  essentially  all  its  blades  will 
have  experienced  the  same  condition.  Conversely, 
if  the  disturbance  frequency  is  high  enough,  or 
its  period  short  enough,  very  few  of  the  blades 
will  experience  it  and  presumably  there  will  be 
negligible  effect.  Thus  we  conclude  that  there 
Is  a  critical  frequency  band  in  which  time- 
variant  Inflow  can  significantly  affect  compres¬ 
sor  flow  stability. 

The  approach  used  on  the  TF30  was  to  make  com¬ 
pressor  inlet  total  pressure  surveys  with  sensors  ca 
pable  of  responding  to  frequencies  somewhat  beyond 
the  compressor  1/rev  rotational  value.  These  data 
revealed  the  existence  of  "instantaneous"  distortion 
well  in  excess  of  the  corresponding  steady-state  con 
ditlons.  When  pressure  signals  (filtered  to  an  ap¬ 
propriate  frequency)  were  used  as  input  to  the 
steady-state  distortion  index  or  descriptor,  the 
sensitivity  of  the  TF30  to  instantaneous  distortion 
was  confirmed  (Reference  13.17), 

While  this  approach  facilltiated  ex  post 
facto  identification  and  resolution  of  the  F-111 
problem,  its  application  to  the  early  stages  of 
subsequent  integration  activities,  while  cer¬ 
tainly  warranted,  has  greatly  complicated  devel¬ 
opment  testing.  Currently,  the  need  exists  to 
measure  unsteady  pressures  during  inlet  testing 
and  also  to  determine  their  effect  on  compression 
system  stability.  While  development  of  analyti¬ 
cal  compressor  modelling  techniques  is  underway, 
as  described  in  Se^v  13.2.2,  use  is  being  made 
of  test  devices  that  simulate  inlet  dynamic  be¬ 
havior  or  introduce  controlled  pressure  varia¬ 
tions  in  order  to  advance  understanding  of  this 
phenomenon.  Such  test  equipment  may  use  variable 
ramp  or  choked  plug  features,  or  a  device  to  gen¬ 
erate  variable  sinusoidal  planar  pressure  waves. 
Figure  13.2.9  depicts  a  device  that  produces 
broad  spectrum  turbulence.  References  13.18  and 
13.19  address  the  quantitative  assessment  of  un¬ 
steady  pressure  distortion's  impact  on  turbo- 
machinery,  including  the  allocation  of  surge 
margin,  in  some  detail.  This  task  is  quite  com¬ 
plex,  owing  to  the  wide  variety  of  disturbances 
that  may  be  present,  singly  or  in  concert,  at 
the  Inlet/engine  Interface,  Examples  of  poten¬ 
tial  destabilizing  transient  influences  include: 

•  Ramp-type  changes  in  throttle  setting, 
inlet  or  engine  geometry,  or  attitude. 

•  Viscous  effects  such  as  shock  wave/ 
boundary  layer  interaction,  transitory 
flow  separation,  and  vortex  shedding. 

•  Engine-generated  pressure  waves  caused 
by  rotating  compressor  stall,  combustor 
Instability,  aerodynamic  mismatch  between 
compression  components,  and  interactions 
between  the  cmgine  and  its  control  system. 

•  Acoustic  wave  propagation,  or  resonance, 
within  the  inlet  cavity. 
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Figure  13.2.8  F-lll  Wind  Tunnel  Inlet  Model  Configuration 
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Figuix*  13,2.9  Variable  Ramp  Type  of  Unsteady 

Flo\v  Generator  for  Engine  Compres¬ 
sion  System  Evaluation 

As  indicated  in  Sects.  13.1,1  and  13.1.2, 
temperature  distortion  produced  by  ingestion  of 
hot  gases  from  adjacent  aircraft  systems  can 
also  degrade  engine  operation.  Reference  13,20 
desi-ribes  an  investigation  of  spatial  and  un- 
stcadv  temperature  distiirtion  conducted  wi  wh  a 
turbofan  engine,  using  a  hvdrogen  fueled  burner 
as  a  temperature  distortion  generator.  Figure 
11.2.10  from  this  report  is  a  sketch  of  this 
di'\’ire.  Results  sliowed  the  high  pressure  com- 
prrssor  to  be  more  sensitive  than  the  fan  to 
this  t vpe  of  distortion,  with  the  primary  var¬ 
iables  alferring  stability  bt‘ing  the  magnitude 
(d  spatial  temperature  distort  it^n  and  tlu?  t  ime- 
ra t e-i*l  -t  hangr  for  uns t tsidv  distort  i<jn . 

The  foregoing  types  of  compression  component 
or  engine  t*-sling  with  unsti-ady  pressure  and  tem¬ 
perature  d  i '-Jtort  ions  have  been  eonfined  mainlv  to 
svstens  tor  sutx-r'^on  Ic  applications,  where,  the 
)  i  ko  1  j  !)(i()(l  of  o((urrenic  and  sev.-erlfv  are  gen- 
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Figure  13.2.10  Unsteady  and  Spatial  Temperature 
Distortion  Generator  for  Engine 
Compression  System  Evaluation 

orally  greater  than  for  subsonic  systems.  Subsonic 
installation  operating  conditions  producing  poten¬ 
tially  significant  unsteady  distortion  are  generalU 
evaluated  initially  by  defining  the  inlet  dvnamic 
distortion  in  a  model  test  and  later  hv  testing  the 
inlet  .and  engine  directly,  as  discussed  neKt. 

1NLET/EN(;INE  TESTING 

Several  means  exist  for  t'valualing.  inl*'t  huigiiu 
Interactions  prior  tt»  flight  testing  t  lu‘  .i.  tual  air¬ 
craft.  They  include  nropuNi-ui  \oind  tunnels,  out¬ 
door  static  testing,  and  use  »'f  a  flving  ttsi  htd . 
The  rol<‘  of  each  of  these  activities,  with  some 
examnles.  will  now  be  brieflv  discusstd. 


Several  large  propulsion  wind  tunnels  are  in 
place  at  AEDC  and  NASA  centers  to  test  full-scale 
inlet  and  engine  installations  over  a  portion  of 
the  design  flight  envelope.  Currently,  evalua¬ 
tion  of  pitch  and  yaw  conditions  is  somewhat  re¬ 
stricted  due  to  tunnel  blockage  considerations. 
Fromising  efforts  are  underway  to  develop  inlet 
flow  field  simulation  techniques  to  extend  tunnel 
capability  in  this  regard.  However,  this  type  of 
testing  still  provides  valuable  information  on  in¬ 
stalled  inlet/engine  compatibility  and,  when 
conducted  roughly  one  year  prior  to  first  flight 
as  shown  in  the  timetable  of  Figure  13.2.5,  it 
allows  some  lead  time  for  design  modifications 
to  resolve  any  problems  that  are  evidenced. 

This  type  of  facility  is  devoted  mostly  to  super¬ 
sonic  appl icat ions . 

Outdoor  static  facilities  have  been  used  for 
early  evaluation  of  basic  static  operation,  as 
well  as  simulated  takeoff  rotation,  crosswind 
takeoffs,  and  compatibility  with  thrust  reverser 
deplt>yraent .  The  Peebles  facility  of  the  General 
Electric  Company’s  Aircraft  Engine  Group  is  an 
example  of  such  a  test  site.  It  includes  a  wind 
generator  employing  an  array  of  motor-driven 
fans  that  produces  wind  velocities  of  up  to 
approximately  120  kts.  The  engine  orientation 
relative  to  the  wind  direction  is  fully  variable, 
allcjwing  simulation  of  takeoff  roll  (0®  orienta¬ 
tion),  takeoff  rotation  (15-20®),  static  cross- 
wind  (90®),  and  tailwind  (180®)  starts.  Figure 
13.2.11  shows  a  typical  crosswind  test  arrange¬ 
ment  for  a  subsonic  installation  in  this  facility. 


Figure’  Peebles  Facility  Crosswind  Test 

A  r  r  a  n  y;e  me  n  t 

Flving  test  beds  involve  the  use  of  an  exist¬ 
ing  .tircr.-ift  as  a  vefiicle  for  mounting  and  flight¬ 
testing  .1  developing  engine  installation,  which 
mav  cither  replace  one  or  more  of  the  existing 
engines  or  be  mounted  elsewhere  on  the  aircraft. 
This  test  mode  has  been  exercised  in  the  develop¬ 
ment  of  '^any  systems,  including  the  DC-10/CF6, 
C-5A/TFj;*,  and  747/.JT9D,  which  used  a  B-52;  the 
S-3A/TF34,  on  a  B-47;  and  the  727/JT8D,  on  a  707 
aircraft.  Figure  11,2.12  shows  tht*  DC-10/CF6 
installation  and  its  B-52  Flying  Test  Bed,  In 
which  the  right  inboard  pair  of  existing  iiigines 
was  replaced  . 

li.2.4  INI,KT  nfVKlJlFMFNT  TEST  FI.f^lKNTS  FOR 
KNC.INi:  INlF(;ib\TION 

A  repr osen f a t  i  ve  schedule  o!  supersonio 
i  n  1  <■  r  development  test  programs  {s  shovai  in 
iiiMire  li.:<^.l  \  as  a  counterpart  lO  the  Figure 
I  1.7.  >  engine  test  aequerue.  In  general,  two 


Figure  13.2.12  DC-10/CF6  Installation  on  B-52 

Flying  Test  Bed 


types  of  testing  are  conducted:  Inlet  model  tests, 
with  engine  flow  simulated  via  a  vacuum  system  or 
propulsion  simulator;  and  inlet/engine  tests.  The 
latter  category  was  discussed  in  Sec.  13.2.3  and 
will  not  be  further  developed  here,  except  to  note 
that  static  inlet/engine  tests  are  especially  mean¬ 
ingful  for  supersonic  installations  due  to  the  dis¬ 
tortion  that  generally  prevails  during  takeoff.  In 
addition,  the  model  test  discussion  in  this  section 
is  restricted  to  the  internal  flow  factors  that 
directly  impact  engine  performance  and  operation, 
such  as  recovery,  distortion,  and  buzz.  External 
performance  integration  is  excluded  here  but  will 
be  discussed  in  Chapter  26. 

Initial  inlet  test  models  are  usually  small 
scale,  to  minimize  model  and  wind  tunnel  costs. 
Typical  scale  range  is  5  to  15%,  with  a  nominal 
value  of  10%  in  Figure  13.2,13.  Factors  influ¬ 
encing  the  model  scale  besides  cost  and  available 
tunnel  size  are  minimum  instrumentation  size  re¬ 
quirements  and  requirements  for  Reynolds  number 
simulation.  Both  the  amount  and  type  of  instru¬ 
mentation  desired  are  significant.  Miniaturiza¬ 
tion  of  instruments  is  limited  and  expensive; 
therefore,  installation  access  and  Inlet  internal 
flow  area  blockage  must  he  considered.  Require¬ 
ments  for  unsteady  pressure  sensors  and  associated 
electronic  acquisition  equipment  are  affected  by 
the  frequency  range  over  which  accurate  response 
is  needed.  As  discussed  in  Sec.  13.2.3,  exper¬ 
ience  has  shown  that  pressure  fluctuation  fre¬ 
quencies  at  least  as  high  as  the  engine  rotational 
speed  are  significant  in  terms  of  engine  stability 
determination.  Therefore,  for  similar  geometry 
and  Mach  number,  similarity  requires  that  a  model 
test  must  have  a  frequency  response  capability 
that  is  related  to  the  full-scale  value  by  the 
reciprocal  of  the  model  scale.  With  typical  engine 
rotational  frequencies  on  the  order  of  100  to 
200  Hertz,  a  10%  scale  model  requires  response  on 
the  order  of  1  to  2  KHz.  The  trade  between  the 
foregoing  fa<  tors  is  complex,  but  it  must  be 
resolved. 

The  first  test  is  useful  in  providing  an 
indication  of  inlet  distortion  trends  that  serve 
to  ’'ballpark”  the  magnitude  of  the  integration 
task  ahead.  Timely  informal  i>'n  interchange  be¬ 
tween  airframe  and  engine  manufacturers  is  nec¬ 
essary  during  this  and  subsequent  test  ph.ises  t  (' 
facilitate  this  evaluation  .ind  direct  the  desigii 
nod  1 f icat Ions  required  to  achieve  c ompat i b i 1 i t v 
between  inlet  distortion  and  engine  toUranec. 

In  terms  of  the  Figure  13.2.1)  sequence,  wlilch 
Is  oriented  toward  a  supersonic  appl i ( a t i ou . 
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•  Wind  Tunnel  Test 


•  Steady  and  Nonsteady  Pressures  for  Distortion  Assessment 

•  Range  of  Mach  No.,  Angle  of  Attack,  and  Yaw 

•  Recovery  Data 

•  Buzz  Boundaries 

•  Mass  Flow  Ratio  Variation  to  Define  Stability  Margin  Characteristics 

Figure  13,2.13  Representative  Inlet  Development  Test  Sequence  for  Engine  Integration 


subsequent  tests  increase  in  size  and/or  complex¬ 
ity  as  the  inlet  system  becomes  increasingly 
well-defined.  More  of  the  aircraft  compon.ints 
adjacent  to  the  Inlet  will  be  simulated  for  di¬ 
rect  vehicle  flow  field  interaction  effects, 
such  as  fuselage  forebody,  wing,  and  adjacent 
nacelle,  if  applicable.  This  is  crucial  for 
evaluation  at  maneuvering  conditions.  Other 
Inlet  features  such  as  controls,  bleed,  and 
bypass  systems  will  be  included  or  modelled 
more  real'^tically  as  time  progresses.  Examples 
of  other  supersonic  inlet  variables  that  are 
characteristically  evaluated  during  some  por¬ 
tion  of  the  model  program  Include  diffuser 
length  and  contouring,  throat  section  length, 
duct  axis  offset,  and  auxiliary  inlet  placement 
and  contouring.  Corresponding  subsonic  inlet 
test  variables  Include  internal  lip  contraction 
Ai/Afh»  leading  edge  bluntness,  diffuser  design, 
and  the  auxiliary  inlet  arrangement.  Finally, 
the  amount  of  unsteady  pressure  Instrumentation 
generally  increases  as  the  model  test  phase 
proceeds . 

Completion  of  the  inlet  model  tests  should 
produce  a  well-resolved  inlet  aerodynamic  design 
with  a  good  start  on  definition  of  distortion 
characteristics  that  will  be  presented  to  the 
engine.  The  ensviing  Inlet/englne  ground  and 
wind  tunnel  tests  then  serve  to  extend  the  inlet 
model  results,  within  facility  limits,  by  deter¬ 
mining  tlie  Integrated  operational  characteristics 
(includlnK  buzz)  prior  to  flight  testing  the 
actual  vehicle.  At  this  point,  the  bulk  of  the 
Integration  el  fort  has  been  completed.  Achieve¬ 
ment  of  most.  If  n(*t  ))],  operational  and  perfor¬ 
mance  goals  should  be  visible,  v;ith  acceptable 
trades  or  minor  design  mini  i f icat ions  already 
IdentlMed  to  resolve  thr’  ni'sc  marginal  are.i(s). 


13.2.5  FLIGHT  TESTING:  THE  ACID  TEST 

The  evaluation  of  engine/inlet  integration 
is  Just  one  of  many  flight  test  objectives.  If 
test  elements  such  as  those  described  in  the 
preceding  sections  have  been  utilized,  the  flight 
test  should  mainly  confirm  characteristics  already 
demonstrated.  Operational  situations  either  not 
amenable  to  prior  simulation,  or  predicted  as  mar¬ 
ginal,  represent  the  most  likely  problem  areas. 
Examples  of  the  former  type  of  condition  could  in¬ 
clude  transient  maneuvers  and  weapon  firing.  The 
actual  assessment  of  success  in  inlet/engine  inte¬ 
gration  is  relatively  simple.  The  main  criteria  are 
surge  free  operation  over  the  complete  aircraft 
flight  placard  and  engine  survival  without  structural 
damage  following  an  intentional  supersonic  inlet 
buzz  cycle,  providing  the  aircraft  meets  its  broader 
goals,  such  as  range/payload  and  maneuverability. 
Generally,  this  entails  provision  of  sufficient 
diagnostic  instrumentation  in  at  least  one  inlet/ 
engine  to  allow  resolution  of  any  difficulties  that 
may  occur  during  the  flight  test  program.  Key 
Instrumentation  features  include  a  compression  system 
face  total  pressure  survey  as  well  as  unsteady  wall 
pressure  sensors  at  several  stations  through  the 
inlet  and  compression  systems. 

Following  the  initial  flight  test,  production 
aircraft  experience  must  be  monitored,  as  manufac¬ 
turing  variations,  engine  deterioration  with  age, 
or  altered  usage  may  adversely  affect  some  aspect  of 
in-service  capability. 

13.3.1  REFERENCES 

13.1  e.rotz,  C.A.  ,  "Development  of  the  YC-14  Pro¬ 
pulsion  System,"  AIAA  Paper  No.  75-131^, 
September  1975. 


I  3-23 


lj.2  Paul,  D.L.,  "Quiet,  Clean  Short-haul  Experi¬ 
mental  En^^ine  (QCSEE)  Aerodynamic  Character¬ 
istics  of  30.5  cm  Diameter  Inlets,”  NASA 
CR-r34866,  August  1975. 

13.3  Re,  R.J.,  Investigation  of  Several 

NACA  1-Series  Axisyrranetric  Inlets  at  Mach 
Numbers  from  0.4  to  1.29,"  NASA  TM  X-2917, 
March  1974. 

11.4  Sullivan,  T.J.,  Silv-rman,  I.,  and  Little, 
D.R.,  "Single  Stage,  Low  Noise,  Advanced 
Technology  Fan,  Volume  IV  -  Fan  Aerodynam¬ 
ics,"  NASA  CR-134892.  February  1977. 

13.5  Bloomer,  H.E.  and  Schaefer,  J.W. ,  "Aerody¬ 
namic  and  Acoustic  Performance  of  a  Con¬ 
tracting  Cowl  High  Throat  Mach  Number 
Inlet  Installed  on  NASA  Quiet  Engine  ’C," 
ALVA  Paper  No.  76-540,  July  1976. 

13.6  Wyatt,  D.D.  and  Fradenburgh,  E.A. ,  "Theo¬ 
retical  Performance  Characteristics  of 
Sharp-Lip  Inlets  at  Subsonic  Speeds," 

NACA  Report  1193,  1954. 

13.7  Marshall,  F.L.,  "Prediction  of  Inlet  Duct 
Overpressures  Resulting  from  Engine  Surge," 
AlAA  Paper  No.  72-1142,  November  1972. 

13.8  Johnson,  J.E.,  "Variable  Cycle  Engines  - 
The  Next  Step  in  Propulsion  Evolution?" 

AIAA  Paper  No.  76-758,  July  1976. 

13.9  Tear,  R.C.,  "Approaches  to  Determine  and 
Evaluate  the  Stability  of  Propulsion 
Systems,”  AFAPL-TR-67-75,  February  1968. 

13.10  Gratz,  H.J.,  "Procedures  and  Suggested  Pro¬ 
gramming  Emphasis  to  Obtain  Criteria  Essen¬ 
tial  to  Attaining  Propulsion  System  Flow 
Stability,"  AFAPL-TR-68-30,  May  1968, 

13.11  Albers,  J.A.  and  Stockman,  N.O.,  "Calcu¬ 
lation  Procedures  for  Potential  and  Vis¬ 
cous  Flow  Solutions  for  Engine  Inlets," 

ASME  Paper  No,  74-GT-3,  1974. 

13.12  Albers,  J.A. ,  "Comparison  of  Predicted  and 
Measured  Low-Speed  Performance  of  Two  51- 
Cenc imeter-Diameter  Inlets  at  Incidence 
Angle."  NASA  TM  X-2937,  November  1973. 

13.13  Keith,  J.S.,  Ferguson,  D.R.,  Merkle,  C.L., 
Heck,  P.H.,  and  Lahti,  D.J.,  "Analytical 
Method  t<'r  Predicting  the  Pressure  Distri¬ 
bution  AhcMJt  a  Nacelle  at  Transonic  Speeds,' 
NASA  CR-2217,  Julv  1973, 

11.14  Tesch,  W.A.  and  Steenken,  W.G.,  "Bladt*  Row 
Dvnam ic  Digital  Compressor  f’rogram,  Vul- 
ume  1,  J85  (Mean  Inlet  Fl<iw  and  Parallel 
C'nmpri-ssor  Models,”  NASA  CR-J  34978,  1976. 

11.13  Hevnolds,  G.G.  and  Steenken,  W.G., 

”r)vn.in-.i.  Digital  Blade  Row  Compression 
('onpr-nrnt  Sta!''ilitv  Moi.ii'1  -  ^!odeI  Vali¬ 
dation  and  Analvsis  ot  i’lanar  I’ressiire 
•  ' -i.'n-'ra  t  I’r  and  i'wo-‘^tagi'  Fan  Test 

I'l  t  a  ,  ”  A  FA'd  -  I  K-  7  6-  76  ,  August  1  *^76  . 

il.lu  Ma.’/  jw- ,  and  Banks,  (-.A.,  "Cir- 

.  irM  or*  III  i  a  1  D  i t ' '  r  t  i  on  o!  t!u- 

M  I  ii-pr-’'-.-- i  tin  Sv^^ttun,”  NASA 


13.17  Plourde,  G.A.  and  Brimelow,  B. ,  "Pres¬ 
sure  Fluctuations  Cause  Compressor  In¬ 
stability,"  Airf rame /Propuls  ion  Compati¬ 
bility  SNinposium,  June  1969. 

13.18  Brimelow,  B.,  Collins,  T.P.,  and  Pfef  ferki^rn , 
G.A.,  "Engine  Testing  in  a  Dynamic  Environ¬ 
ment,"  AIAA  Paper  No.  74-1198,  October  1974. 

13.19  Collins.  T.P.,  Reynolds,  C.C..  and  Vier,  W.F. 
"An  Experimental  Evaluation  of  rnstc-ady  Flow 
Effects  on  an  Axial  Compressor,"  AFAPL-TR-73- 
43.  July  1973. 

13.20  Rudey,  R.A.  and  Anti.  R.J.,  "The  Effect  of 
Inlet  Temperature  Distribution  on  the  Per¬ 
formance  of  a  Turbo-Fan  Engine  Compressor 
System,"  NASA  TM  X- 52788,  June  1970. 


VARIABLE  CONVERGENT- 
DIVERGENT  EXHAUST  NOZZLE 
AERODYNAMICS 


by  A.P.  Kuchar 


General  Electric  Company 
Aircraft  Engine  Group 
Evendale,  Ohio 


TABLE  OF  CONTENTS 

CHAPTER  14  VARIABLE  CONVERGENT-DIVERGENT  EXHAUST 
NOZZLE  AERODYNAMICS 


Page 

14.0  Introduction . 14-1 

14.1  Nozzle  Concept  .....  .  14-2 

14.2  Performance  Predictions . 14-2 

14.2.1  Flow  Coefficient  .  14-3 

14.2.2  Baseline  Thrust  Coefficient.  .  .  .  14-5 

14.2.2.1  Angularity  Coefficient  ......  14-6 


14.2.2.2  Velocity  Coefficient  .  .  14-6 

14.2.2.3  Generalized  Performance . .  14-7 

14.2.3  Leakage  Loss  Calculations . 14-8 


14.2.4  Cooling  Air  Loss  Calculations.  .  .  14-10 

14.2.5  Separatlon/Overexpanslon  Effects  .  14-11 


14.3  Aerodynamic  Load  Predictions  .  .  .  14-12 

14.3.1  Primary  Nozzle  .  .....  14-13 


14.3.2  Secondary  Nozzle 


14-14 


14.3.3  External  Flaps 


14-15 


LIST  OF  FIGURES 

Figure  14.1  Schematic  of  Typical  Exhaust 


Systems . 14-1 

Figure  14.1.1  C-D  Nozzle  Geometric  Param¬ 
eters . 14-2 

Figure  14.1,2  C-D  Nozzle  Schematic . 14-2 

Figure  14.2.1  Total  Flow  Available  to  the 

Nozzle . 14-3 

Figure  14,2.2  Nozzle  Flows  . . 14-4 


Figure  14.2.3  Conic  Nozzle  Flow  Coefficient .14-4 


Figure  14.2.4  Nozzle  Maximum  Flow  Coeffi¬ 
cient  . 14-4 

Figure  14.2,5  C-D  Nozzle  Flow  Coefficient.  .14-4 

Figure  14.2.6  Adjusted  C-D  Nozzle  Flow 

Coefficient . 14-5 


Figure  14.2.7  C-D  Nozzle  Thrust  Coefficient. 14-5 

Figure  14.2.8  Nozzle  Angularity  Coefficient. 14-6 

Figure  14,2,9  C-D  Nozzle  Angularity  Coeffi¬ 
cient  . 14-6 

Figure  14.2.10  C-D  Nozzle  Velocity  Coeffi¬ 
cient .  .  .  .14-7 


LIST  OF  FIGURES  (Concluded) 

Page 

Figure 

14.2.11 

C-D  Nozzle  Area  Ratio  Sched¬ 
ule  . 

14-7 

Figure 

14.2.12 

Flow  Chart  of  Calculation 
Procedure  for  Generalized 
Performance  Curves  . 

14-8 

Figure 

14.2.13 

C-D  Nozzle  Leakage  Paths  .  .  . 

14  -8 

Figure 

14.2.14 

Nozzle  Leakage  Control  Volume. 

14-8 

Figure 

14.2.15 

Nozzle  Leakage  Test  Setup.  ,  . 

14-9 

Figure  14.2.15 

Nozzle  Cooling  Flovpath.  .  .  . 

14-10 

Figure 

14.2.17 

Nozzle  Cavity  Flows . 

14-11 

Figure 

14.2.18 

Overexpansion  Effects  on  C-D 
Nozzle  Aerodynamic  Character¬ 
istics  . 

14-11 

Figure 

14.2.19 

C-D  Nozzle  Separation . 

14-12 

Figure 

14.2.20 

Thrust  Coefficient  Curve 
Adjusted  for  Overexpansion 
Effects . 

14-12 

Figure 

14.2.21 

Separation  Thrust  Recovery, 
Scale  Model  Data  . 

14-12 

Figure 

14.3.1 

One-Dimensional  Static  Pres- 
aure  Distribution  Calculation. 

14-13 

Figure 

14.3.2 

Wall  Turning  Effect  on  Static 
Pressure  . 

14-13 

Figure 

14.3.3 

Afterburner  Heat  Addition 
Pressure  Loss  Effect  on 

Nozzle  Pressure  Distribution. 

14-13 

Figure 

14.3.4 

Generalized  Primary  Nozzle 
Pressure  Distribution  .... 

14-14 

Figure 

14.3.5 

Secondary  Nozzle  Pressure 
Distribution . 

14-14 

Figure 

14.3.6 

Secondary  Nozzle  Gas  Loads 
Correction  Factor  . 

14-14 

Figure 

14.3.7 

Cooling  Slot/Leakage  Flow  ,  . 

14-14 

Figure 

14.3.8 

Adjusted  Secondary  Nozzle 
Pressure  Distribution  .... 

14-14 

Figure 

14.3.9 

Specific  Heat  Ratio  Effects 
on  Nozzle  Pressure  Distri¬ 
bution . 

14-15 

14-1 


CHAPTER  FOURTEEN 


VARIABLE  CONVERGENT-DIVERGENT  EXHAUST  NOZZLE  AERODYNAMICS 


14.0  INTRODUCTION 

The  exhaust  nozzle  is  a  very  important  compo¬ 
nent  of  the  overall  engine  propulsion  system.  The 
sensitivity  of  the  net  thrust  delivered  by  the 
engine  to  nozzle  performance  is  higher  than  any 
other  engine  component.  For  this  reason,  it  is 
extremely  important  to  obtain  the  highest  possible 
nozzle  performance  with  due  consideration  for 
nozzle  cost,  weight,  complexity,  and  reliability. 

There  is  a  wide  variety  of  exhaust  systems 
which  can  be  utilized.  These  are:  the  category 
of  fixed  nozzles  which  Includes  the  conic  nozzle 
and  the  high  bypass,  separate  flow  nozzles  and 
the  category  of  variable  nozzles  which  includes 
converging-diverging  nozzles,  plug  nozzles,  and 
nonaxisymmetric  nozzles  of  all  kinds  and  shapes. 

The  selection  of  exhaust  system  type  is  deter¬ 
mined  largely  by  a  combination  of  engine,  aircraft, 
mission  requirements,  and  trade  studies.  A 
schematic  of  typical  exhaust  systems  is  shown  In 
Figure  14.1. 


t:. _ _ ^ 


Conic  Nozzle  Separate  Flow  Nozzle 


Open 


Converging-Diverging  Nozzle  Plug  Nozzle 


Figure  14.1  Schematic  of  Typical  Exhaust 
Systems 


Fixed  conic  nozzles  are  the  simplest  of  noz¬ 
zles.  They  have  no  moving  parts  and  are  used  to 
exhaust  a  single  engine  exhaust  flow  in  a  purely 
converging  exhaust  duct.  They  are  utilized  pri¬ 
marily  on  subsonic  transports,  particularly  on 
commercial  applications  of  the  older  generation 
straight  turbojet  or  low  bypass  ratio  fan  engines. 
The  high  bypass,  separate  flow,  converging  noz¬ 
zles  are  also  used  in  subsonic  transport  appli¬ 
cations.  However,  they  are  compatible  with  the 
newer  generation  of  high  bypass,  separate  exhaust 
engines,  in  which  one  nozzle  is  used  for  fan  by¬ 
pass  air  discharge  and  one  is  used  for  core  engine 
air  discharge. 


Variable  nozzles  are  required  where  the  engine 
cycle  is  such  that  large  variations  in  nozzle  exit 
area  are  necessary.  In  virtually  all  cases,  this 
area  variation  is  a  result  of  afterburning  engine 
cycles  which  require  area  increases  of  60  to  150^ 
from  nonafterburning  to  full  afterburning  operation. 

A  few  variable  nozzle  applications  employ  a  converg¬ 
ing  nozzle  only.  They  are  used  for  applications 
where  aircraft  Mach  numbers  are  near  but  not  much 
above  1.0.  By  far,  most  variable  nozzle  applica¬ 
tions  utilize  the  axisymmetric ,  converging-diverging 
(C-D)  type.  The  C-D  nozzle  is  most  common  with 
afterburning  engines  because  usually,  an  engine  that 
has  afterburning  thrust  requirements  is  matched  with 
an  airplane  that  must  achieve  supersonic  Mach  num¬ 
bers.  Supersonic  flight  Mach  numbers  result  in  high 
engine  exhaust  nozzle  pressure  ratios  and,  if  a  C-D 
nozzle  is  not  used,  the  engine  exhaust  gases  cannot 
be  expanded  efficiently  resulting  in  a  severe  loss 
in  engine  net  thrust.  The  axisymmetric  nozzles  are 
structurally  efficient  pressure  vessels  and,  because 
of  tht?lr  extensive  use,  have  a  tremendous  technology 
base  from  which  to  design.  Even  within  the  class  of 
axisymmetric  C-D  nozzles,  there  is  a  variety  of 
types.  The  older  generation  turbojets  still  in  use 
are  characterized  by  requirements  for  bypassing  vary¬ 
ing  amounts  of  inlet  air  around  the  engine  to  provide 
engine  cooling  and  good  inlet  recovery  and  engine 
matching.  This  low  pressure  secondary  air  is  in¬ 
jected  back  into  C-D  nozzle.?  which  are  hence  called 
ejector  nozzles.  Ejector  nozzles  can  also  take  air 
on  board  from  t)utside  the  nacelle  directly  into  the 
nozzle  for  better  overall  nozzle  matching  and  these 
are  called  two-stage  ejector  nozzles.  For  very  high 
Mach  number  aircraft  (2.7  and  above),  the  C-D  noz¬ 
zles  can  be  very  long  with  curved  diverging  sections. 
For  lower  supersonic  .Mach  numbers,  the  diverging 
section  is  usually  conical.  For  the  new  generation 
high  bypass  augmented  turbofan  engine,  secondary 
air  is  not  utilized  and  the  nozzles  are  simple  C-D 
geometries  with  primarily  conical  sections. 

In  addition  to  the  C-D  nozzle,  the  variable 
plug  nozzle  has  also  been  considered  for  afterburn¬ 
ing  engine  applications.  These  are  generally 
heavier  than  the  C-D  nozzles  and  pose  more  diffi¬ 
cult  cooling  conditions,  but  because  of  the  kine¬ 
matic/structural  arrangement,  the  nozzle  actuation 
forces  are  low.  Plug  nozzles  are  characterized  by 
a  '’flatter”  nozzle  thrust  coefficient  curve  which 
gives  high  performance  over  a  wider  range  of  pres¬ 
sure  ratios  than  a  C-D  nozzle.  They  are  generally 
applied  for  very  high  Mach  applications  with  low 
Mach  requirements. 

A  final  class  of  nozzles  is  that  of  the  non¬ 
axisymmetric  variety.  These  are  exhaust  systems 
which  can  be  fixed  but  are  most  often  variable  and 
are,  by  definition,  nonaxisymmetric.  Systems  of 
this  type  are  considered  when  their  need  is  dic¬ 
tated  by  unusual  requirements  imposed  (^n  the  instal¬ 
lation.  Examples  of  such  requirements  could  in¬ 
clude  thrust  vectoring,  wing  lift  augmentation, 
aircraft  survivability,  or  low  drag,  blended  body 
exhaust  systems.  Although  there  are  no  nonaxisyn- 
metrlc  exhaust  systems  currently  in  use,  they  arr 
becoming  more  important  candidates  for  future  air¬ 
craft  applications  because  of  more  complex  and 
flexible  aircr.aft  system  requirements.  These  svstens 
are  generally  heavier  and  less  structurally  efficient 
than  axisvmmetrlc  nozzles  and,  because  of  their  cur¬ 
rent  state  of  the  art,  the  lechnologv  base  Is  low. 
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In  this  chapter,  the  aerodynamics  of  and 
design  procedures  for  the  variable  axisynmetric 
C-D  nozzle  will  be  described  in  detail.  This 
class  of  nozzle  was  selected  for  detailed  illus¬ 
tration  for  several  reasons.  A  prime  reason  is 
that  this  class  of  nozzle  has  associated  with  it 
variants  of  most  of  the  design  problems  associated 
with  all  exhaust  systems.  Additionally,  a  sub¬ 
stantial  data  base  and  high  technology  level 
exists  for  the  nozzles,  leading  to  the  availabil¬ 
ity  of  well-understood  design  criteria.  Finally, 
the  fixed  convergent  and  variable  C-D  nozzles 
probably  comprise  more  than  95%  of  all  exhaust 
systems  currently  in  use.  Because  of  the  addi¬ 
tional  complexity  of  the  variable  C-D  nozzle  as 
compared  to  the  fixed  convergent  nozzle,  it  was 
felt  that  considering  the  example  of  the  variable 
C-D  nozzle  would  prove  to  be  the  most  instructive. 

This  chapter  discusses  the  aerodynamic  design 
considerations  of  the  variable  C-D  nozzle  which 
appear  most  prevalent  for  current  and  near  future 
technology  engines.  These  are  bypass  engines  with 
no  secondary  air,  and  which  are  'ompatible  with 
aircraft  maximum  Mach  numbers  of  ~2.5  or  less. 
Included  in  the  chapter  are  discussions  on  how  to 
predict  and  assess  internal  performance  and  aero¬ 
dynamic  gas  loads.  Considered  in  the  performance 
aspects  are  nozzle  flow  coefficients  and  thrust 
coefficients  with  breakdowns  in  basic  nozzle 
efficiency,  leakage  effects,  cooling  air  losses, 
and  separation  effects.  Procedures  are  provided 
for  estimating  aerodynamic  loads  of  the  primary 
nozzle,  secondary  nozzle,  and  external  flaps.  It 
is  to  be  noted  that  the  discussions  are  related 
to  analysis  techniques,  and  that  specific  design 
curves/criteria  are  limited. 


14. 1  NOZZLE  CONCEPT 


Sta.7  Sta.8  Sea. 9 


A-  -  Primary  Nozzle  Throat  Area 
o 

Ag  -  Secondary  Nozzle  Exit  Area 

A^  -  Cooling  Slot  Flow  Area  (if  applicable) 

a  -  Secondary  Nozzle  Half  Angle 

6  -  Primary  Nozzle  Half  Angle 

L  -  Secondary  Nozzle  Length,  Parallel  to 
Nozzle  Centerline 

Figure  14.1.1  C-D  Nozzle  Geometric  Parameters 
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The  analysis  approaches  discussed  apply  to 
(but  are  not  necessarily  restricted  to)  variable 
area  C-D  nozzles  of  the  type  characterized  by 
straight  flap,  sharp  cornered  throats  with  little 
or  no  secondarv  cooling  air  introduced  at  the 
nozzle  throat. 

The  nozzle  flowpath  geometric  parameters 
used  consistently  throughout  are  indicated  in 
Figure  14.1.1.  Station  8  is  the  nozzle  charging 
station;  i.e.,  all  nozzle  losses  included  in  the 
thrust  coefficient  (Section  14.2)  are  defined  to 
occur  between  Station  8  and  the  exit.  Station  9. 

A  cross  section  schematic  of  a  typical  single 
actuation  system  nozzle  is  shown  in  Figure  14.1,2. 
The  primary  nozzle  is  most  often  actuated  by  a 
cam  and  roller  system,  whereas  the  secondar^'  noz¬ 
zle  is  most  often  actuated  by  a  linkage  svstem. 

The  linkage  system  shown  is  a  very  simple  type, 
but  more  complex  systems  can  be  designed  which 
provide  different  area  ratio  schedule  character¬ 
istics  (Aq/Ag  vs  Ag) .  The  choice  of  cam  shape 
and  linkage  arrangement  depends  on  the  require¬ 
ments  of  nozzle  throat  area  in  combination  with 
the  desired  area  ratio  schedule. 


Figure  14.1.2  C-D  Nozzle  Schematic 


14.2 


PERFORMANCE  PREDICTIONS 


Two,  dimensionless  parameters  are  used  to 
measure  exhaust  nozzle  performance:  the  thrust 
coefficient  and  the  flow  coefficient.  The  thrust 
coefficient  is  the  ratio  of  actual  nozzle  gross 
thrust  to  the  ideal  available  gross  thrust  and 
represents  the  measure  of  nozzle  efficiency. 
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g  Actual 
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(14.2.1) 


Referring  to  Figure  14.2.1,  the  ideal  gross  thrust 
available  to  the  nozzle  is  based  on  the  total  air¬ 
flow  supplied  to  the  nozzle,  the  total  pressure  and 
temperature  at  the  nozzle  throat,  and  the  fuel-air 
ratio  at  the  nozzle  throat. 


Thus 


V  =  ^%otual’  \8’  ‘’tS-  Po> 


(14.2.2) 
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Where: 

“actual  “  W?  ”  “UL  “l  “  Total  actual  flow 
supplied  to  the  nozzle 
Tt8  “  Total  temperature  of  gas  flow  at  the 
nozzle  throat.  Station  8 
Pfg  ••  Total  pressure  at  the  nozzle  throat. 
Station  8 

Pq  •  Ambient  pressure 
FAR8  =  Overall  fuel-air  ratio 
g  •  Gravitational  constant  =  32.174 
f t/sec^ 

J  »  Joules  constant  «  778.26  ft-lb/Btu 
Hg  •  Total  enthalpy  of  gas  at  P^g  and  T^g, 
Btu/lb 

ho  ^  Enthalpy  of  gaa  at  fully  expanded 
pressure  and  temperature,  Btu/lb 


Figure  14,2.1  Total  Flow  Available  Co  the 
Nozzle 


Total  pressure  losses  due  Co  mixing,  tailpipe 
friction,  tailpipe  liner  drag,  and  afterburner 
heat  addition  pressure  loss  up  to  the  throat 
are  considered  part  of  the  mlxer/augmentor 
performance.  The  nozzle  thrust  coefficient 
thus  Includes  losses  due  to  the  following: 

(1)  friction  (momentun  loss  due  to  wall 
friction  In  the  nozzle) 

(2)  angularity  (momentum  loss  due  to  non- 
axial  flow  at  the  exit  plane  of  the 
nozzle) 
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where  =  f(Vg,  P^g/Pg) 


(14.2.4) 


This  parameter  Is  not  a  measure  of  efficiency,  but 
rather  it  is  a  sizing  parameter  which  allows  the 
nozzle  physical  area  Co  be  matched  to  an  engine 
cycle. 

These  parameters  are  used  In  the  engine  cycle 
analysis  to  complete  the  engine  cycle  performance 
assessment.  For  a  given  operating  condition,  the 
basic  engine  turbomachinery  determines  the  flow  con¬ 
ditions  to  the  nozzle  throat.  Station  8.  These  flow 
conditions  include  the  total  flow  W7,  total  tempera¬ 
ture  and  pressure  Txg  and  P^g,  and  fuel-air  ratio 
FAR8.  From  these  conditions,  the  effective  flow 
area  at  the  nozzle  throat  required  to  pass  the  total 
flow  Is  determined.  Using  the  flow  coefficient,  the 
nozzle  physical  throat  area  Ag  is  calculated  which 
then  "sizes"  the  nozzle  for  that  operating  condi¬ 
tion.  The  nozzle  geometry  Is  determined  from  the 
selected  nozzle  geometry  schedule,  and  the  thrust 
coefficient  Is  likewise  determined  from  the  geom¬ 
etry  and  the  engtne/nozzle  operating  condition. 

The  thrust  coefficient  Is  then  used  to  calculate 
the  actual  gross  thrust  produced  by  the  engine  at 
the  operating  condition  of  Interest. 

14.2.1  FLOW  COEFFICIENT 


As  previously  stated,  the  flow  coefficient  Is 
the  ratio  of  total  actual  flow  through  the  nozzle 
to  Ideal  flow.  The  effective  flow  area  required  to 
pass  the  actual  delivered  flow  is  given  by 
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where  ".g  =  f(Vg,  P^g/Pg) 


(14.2.5) 


Combination  of  the  preceding  three  equation  gives 
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(14.2.6) 
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(3)  expansion  (loss  due  to  mismatch  of  the 
nozzle  exit  pressure  with  ambient) 

(4)  leakage 

(5)  cooling  air  throttling  loss 

The  flow  coefficient  Is  the  ratio  of  total  actual 
nozzle  flow  to  ideal  nozzle  flow. 


Thus,  the  flow  coefficient  is  identically  equal  to 
the  ratio  of  the  effective  flow  area  required  to 
pass  the  total  actual  nozzle  flow  to  the  nozzle 
physical  throat  area.  The  required  effective  area 
is  determined  from  the  engine  cycle  calculations 
and  the  flow  coefficient  is  used  to  calculate  the 
required  nozzle  physical  throat  area  by  substitut¬ 
ing  the  expression  for  into  the  flow 

coefficient  equation. 


..  ”7  Actual  (14.2.3) 

“  “  *8  Ideal 

The  ideal  flow  Is  calculated  from  the  flow  condi¬ 
tions  at  the  nozzle  throat  (Pjg,  '^jgf  >8^  * 
nozzle  physical  throat  area  (Ag) ,  and  the  overall 
nozzle  pressure  ratio  (Ptq^^O^*  Using  the  conti¬ 
nuity  equation,  this  can  be  expressed  as: 
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Finally , 
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Depending  on  the  particular  engine  cycle/ 
exhaust  nozzle  performance  bookkeeping  system 
selected,  the  actual  flow  In  the  flow  coefficient 
can  Include  not  only  the  flow  passing  through  the 
nozzle  throat  area,  Ag,  but  It  can  also  Include 
primary  nozzle  leakage  and.  In  some  cases,  by¬ 
pass  cooling  air. 


Figure  14.2.2  Nozzle  Flows 


Thus, 

'Actual  8  Leakage  Cooling 


The  leakage  and  cooling  flow  can  be  estimated  using 
methods  discussed  later  and  knowing  each  of  these 
flows,  a  total  nozzle  effective  area  can  be  deter¬ 
mined  based  on  P^g,  and  mg  as  follows: 

■^®Total  Actual  *  *  ^®Leakage  *  *®Coollng 


(14.2.8) 

Thus, 


A  A 

^Leakage  +  ®Coollng 


(14.2.9) 


When  the  nozzle  Is  "hard  choked,"  the  flow  coef¬ 
ficient  will  reach  a  maximum  value  and  remain  con¬ 
stant  with  Increasing  pressure  ratio.  The  level  of 
^D8max  pressure  ratio  at  which  It  occurs  Is, 

for  all  practical  purposes,  a  function  of  primacy 
nozzle  half  angle  only  as  shown  In  Figure  14.2.4. 
Note  that  at  9  -  0,  the  flow  coefficient  Is  still 
less  than  1.0|  this  Is  the  effect  of  the  boundary 
layer . 


Primary  Nozzle  Half  Angle,  9 
Figure  14.2.4  Nozzle  Maximum  Flow  Coefficient 

Since  the  C-D  nozzles  In  consideration  are 
assumed  not  to  accommodate  secondary  air,  the  primary 
and  secondary  nozzles  are  close  coupled;  there  Is 
either  a  very  small  cooling  slot  at  the  nozzle  throat 
or  none  at  all.  With  this  arrangement,  the  C-D  noz¬ 
zle  will  behave  as  a  venturi,  and  the  drop-off  In 
Cpg  as  pressure  ratio  Is  reduced  will  not  occur.  The 
presence  of  the  secondary  nozzle  will  cause  the 
throat  to  remain  sonic  at  low  pressure  ratios  (below 
1.9);  for  example,  during  an  engine  throttle  back. 
Since  the  flow  coefficient  Is  based  on  overall  nozzle 
pressure  ratio,  recall 


The  effective  area  at  the  nozzle  throat  com¬ 
prises  most  of  the  total  effective  area.  The  leak¬ 
age  effective  area  Is  typically  1/2  to  1%  of  the 
total  and  the  cooling  effective  area  Is  typically 
0  to  2X  of  the  total.  The  ratio  of  throat  effec¬ 
tive  area  to  physical  area,  Agg/Ag,  Is  less  than 
1.0  because  of  the  loss  of  flow  In  the  boundary 
layer  and  the  contraction  effect  of  the  nozzle. 

A  typical  flow  coefficient  curve  for  an  Isolated 
conic  nozzle  with  no  leakage  or  cooling  bypass 
flow  will  appear  as  follows: 


Figure  14.2.3  Conic  Nozzle  Flow  Coefficient 


The  flow  coefficient  will  remain  constant  down  to 
the  sonic  pressure  ratio  and  In  fact,  because  of  the 
definition,  will  rise  to  higher  levels  at  pressure 
ratios  below  sonic  as  sketched  In  Figure  14.2.5. 
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Figure  14.2.5  C-D  Nozzle  Flow  Coefficient 
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Friction 


This  occurs  because,  as  In  Che  case  with  a  venturi 
nozzle,  Che  static  pressure  In  the  throat  Is  lower 
than  the  amblen^  pressure.  Therefore,  while  the 
flow  function,  mg,  is  based  on  the  overall  nozzle 
pressure  ratio  FtS/PQ’  bhe  actual  pressure  ratio 
at  the  throat,  PtS^^SS  higher  than  P^g/Pfl  and 
as  a  result,  the  throat  Mach  number  is  higher 
than  the  nozzle  exit  Mach  number  and  passes  more 
flow  than  that  calculated  from  PxS^^’o- 


Angularity 
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The  eventual  peaking  out  at  very  low  pres¬ 
sure  ratios  is  a  result  of  the  fact  that  the 
amount  of  static  pressure  drop  in  the  throat 
is  limited  by  the  nozzle  area  ratio.  This 
rise  characteristic  in  flow  coefficient  can 
be  influenced  by  the  size  of  the  cooling  slot, 
the  separation  characteristics  of  the  nozzle, 
and  the  secondary  nozzle  half  angle,  a,  all  of 
which  can  affect  the  throat  static  pressure. 

A  baseline  flow  coefficient  curve  account¬ 
ing  for  the  throat  effective  area  only  is  thus 
defined  from  Figure  14.2.4  and  analytical  cal¬ 
culations.  Since  the  flow  coefficient  to  be 
used  in  the  cycle  analysis  can  Include  the  leak¬ 
age  and  bypass  cooling  flows,  the  final  flow  co¬ 
efficient  would  be  that  given  previously: 


^^8  ^^eakage  ^^Cooling 

^D8  =  a7  *  Ag  ^  Ag 


Leakage  ^fg  Cooling  Air 
Losses  Throttling  Losses 

where: 

Cy  •  velocity  coefficient  accounting  for  fric¬ 
tion  losses. 

•  angularity  coefficient  accounting  for 
angularity  losses. 

'^^actual  “  A*^**!®^  total  airflow  supplied  to  the 
nozzle. 

=  ideal  velocity  at  the  nozzle  exit  based 
on  A9/A3,  C])g,  Tx8,  and  FAR8. 

Ps9i  ”  ideal  static  pressure  at  the  nozzle  exit 
consistent  with  V9X 

A9  -  nozzle  physical  exit  area 

V0  “  isentroplc  or  fully  expanded  Jet  velocity 
based  on  PtS/Pq*  Tt8>  ®nd  FAR8. 


Basic  nozzle  aerodynamic  efficiency  includes  the 
effects  of  losses  due  to  angularity  and  friction, 
while  expansion  losses  are  attributable  to  "off 
design"  operation.  These  three  losses  establish  a 
baseline  nozzle  thrust  coefficient  curve  for  a 
typical  C-D  nozzle. 


Figure  14.2.6  Adjusted  C-D  Nozzle  Flow 
Coef  f Iclent 

It  is  important  to  recognize  that  for  a 
variable  geometry  nozzle,  the  flow  coefficient 
is  not  a  measure  of  nozzle  efficiency,  it  is  a 
parameter  that  sizes  the  nozzle  to  an  engine. 

The  flow  coefficient  is  simply  used  to  determine 
the  nozzle  area  necessary  to  pass  the  required 
engine  flow.  For  this  reason,  flow  coefficient 
errors  or  discrepancies  of  1/4  percent,  which 
are  significant  for  thrust  coefficients,  have 
essentially  no  impact  on  nozzle  performance. 

14.2.2  BASELINE  THRUST  COEFFICIENT 


Figure  14.2.7  C-D  Nozzle  Thrust  Coefficient 


The  maximum  thrust  coefficient  is  the  peak  thrust 
coefficient  and  occurs  at  a  nozzle  pressure  ratio 
where  the  nozzle  exit  static  pressure,  Pgqi,  equals 
ambient  pressure,  Pq.  At  this  condition,  the  ideal 
nozzle  exit  velocity,  V91,  is  equal  to  the  fully 
expanded  velocity,  V  (S)  ■  Equation  14.2.10,  without 
the  leakage  or  throttling  losses,  becomes 
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The  thrust  coefficient  is  the  measure  of 
nozzle  efficiency  and  accounts  for  all  nozzle 
losses.  As  described  earlier,  these  losses  in¬ 
clude  friction,  angularity,  expansion,  leakage, 
and  cooling  air  throttling.  The  thrust  coeffi¬ 
cient  equation  showing  these  losses  can  be 
written  as  follows: 


At  the  peak  thrust  coefficient  condition,  the  ideal 
exit  static  pressure  is  equal  to  ambient  pressure, 
Ps9i  “  Pq  A"'**  *’y  definition  V91  -  V  ^  .  Therefore 
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(14.2.12) 


Thus,  the  peak  thrust  coefficient  is  the  product  of 
the  angularity  and  velocity  coefficients.  At  any 
other  pressure  ratio,  the  difference  between  the 
Cfg  peak  and  the  Cfg  is  the  expansion  loss, 

14.2.2.1  ANGULARITY  COEFFICIENT 

The  angularity  coefficient,  Ca«  is  the  thrust 
loss  due  to  the  nonaxial  exit  of  the  exhaust  gases 
from  the  nozzle.  For  a  small  element  of  flow, 
this  coefficient  is  simply  the  cosine  of  the  local 
exit  flow  angle  a. 


For  practical  engineering  purposes,  this  loss 
is  included  in  the  angularity  coefficient;  thus, 
the  trends  shown  in  Figure  14.2.9  represent  an 
angularity  coefficient  given  by  the  equation: 
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Figure  14.2.8  Nozzle  Angularity  Coefficient 


Since  Che  exit  angle  aj  varies  from  zero  at  the 
nozzle  centerline  to  a  at  the  outer  radius,  the 
overall  nozzle  angularity  loss  coefficient  is 
the  Integral  of  cos  Oj  across  Che  nozzle  exit. 
For  the  assumption  of  constant  mass  flow  per 
unit  area; 
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The  second  and  third  terms  in  this  equation  are  the 
static  pressure  variation  loss  and  velocity  variation 
loss  (due  to  pressure  variation)  and  are  functions  of 
the  nozzle  geometry  only. 
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For  the  case  of  a  variable  mass  flow  distribu¬ 
tion,  the  equation  would  be  adjusted  to  in¬ 
clude  the  mass  flow  variation.  In  theory,  for 
a  nozzle  of  sufficient  length  such  that  the  exit 
flow  angle  follows  a  specific  pattern  (point 
source  flow),  Che  angularity  coefficient  is 
represented  by  the  classical  equation. 


(14.2.14) 


Exhaust  nozzles  for  practical  applications, 
however,  are  relatively  short  and  do  not  allow 
the  angularity  loss  coefficient  to  follow  the 
above  equation. 


Analytical  studies  of  the  supersonic  C-D  nozzle 
Invlscld  flow  field  have  allowed  the  evaluation 
of  the  angularity  coefficient  for  a  range  of 
practical  nozzle  geometries.  Based  on  these 
studies,  Che  angularity  loss  coefficient  can  be 
correlated  with  o  and  Aq/Ag  as  in  Figure  14.2.9. 
In  real  nozzle  geometries,  there  is  also  a  slight 
loss  in  nozzle  aerodynamic  efficiency  because  the 
exit  static  pressure  is  not  equal  to  ambient 
pressure  across  the  entire  nozzle  exit  area. 


Figure  14.2.9  C-D  Nozzle  Angularity 
Coefficient 


For  nozzles  with  area  ratio  below  1.1,  the  angularity 
coefficient  is  typically  0.995  to  0.997  or  higher, 
but  for  higher  area  ratio  nozzles,  the  loss  can  be 
1  or  2%  such  that  Ca  “  0.98  or  0.99. 

14.2.2.2  VELOCITY  COEFFICIENT 

The  velocity  coefficient  represents  the  effects 
of  boundary  layer  momentum  loss  caused  by  friction  in 
the  nozzle.  Because  it  is  related  to  friction,  this 
coefficient  is  essentially  a  function  of  the  secon¬ 
dary  nozzle  surface  area,  Mach  number  near  the  wall, 
and  Reynolds  number.  The  Reynolds  number  effects  are 
generally  very  small,  less  than  tO.lX  for  typical 
ranges  of  full  scale  nozzle  operating  conditions. 
Since  the  wall  Mach  number  distribution  Is  a  function 
of  nozzle  geometry,  the  velocity  coefficient  can  thus 
be  expressed  uniquely  as  a  function  of  geometry  only. 
Thus,  the  velocity  coefficient,  like  the  angularity 
coefficient,  can  be  presented  as  in  Figure  14.2.10  as 
a  function  of  nozzle  area  ratio,  Aq/Ag,  and  half 
angle,  a.  This  characteristic  has  also  been  evalu¬ 
ated  analytically  by  inviscid  flow  field  analyses  and 
boundary  layer  calculations. 


Velocity 
Coefficient , 


It  should  be  recognized  that  while  angular¬ 
ity  and  velocity  coefficients  can  be  determined 
separately  by  analytical  studies,  it  is  extremely 
difficult  and  virtually  impractical  to  determine 
the  individual  coefficients  by  experimental 
methods.  The  velocity  coefficients  typically 
range  from  0.992  to  0.997  and  any  reasonably 
accurate  experimental  analysis  would  require  very 
precise  pressure  and  flow  angle  measurements  in  a 
supersonic  flow  field.  However,  as  stated  earlier, 
since  Che  peak  thrust  coefficient  is  Che  product 
of  Cv  end  C/^,  this  product  can  be  determined 
experimentally  rather  easily  with  a  carefully 
controlled  scale  model  nozzle  test.  Scale  model 
tests  using  strain  gage  force  balance  systems  to 
measure  nozzle  thrust  can  provide  accurate  mea¬ 
surements  of  thrust  coefficients.  Comparison  of 
peak  scale  model  thrust  coefficients  with  the  pre¬ 
dicted  peak  coefficient  using  the  analytical  Cv 
Cy^  product  has  shown  agreement  better  Chan  ±1/4%. 

14.2.2.3  GENERALIZED  PERFORMANCE 


The  angularity  and  velocity  coefficients  de¬ 
fine  the  nozzle  peak  efficiency  or  maximum  thrust 
coefficient  as  discussed  earlier.  Once  the  nozzle 
peak  thrust  coefficient  has  been  defined,  either 
from  Cy  and  C;^  curves  or  from  a  scale  model  test, 
a  baseline  nozzle  thrust  coefficient  curve  is  de¬ 
fined  using  basic  one-dimensional  fluid  dynamics. 
The  equation  for  thrust  coefficient  presented  in 
Section  14.2.2  (less  leakage  and  cooling  air 
losses)  may  be  manipulated  as  follows  to  give 
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where  we  recall  that,  since  the  nozzle  is  assumed 
fully  choked,  158  =  f(Y8)>  and. 


Since  yg  “  f(7T8>  FAR8),  the  thrust  coefficient 
can  be  defined  as  a  function  of  pressure  ratio  from 
the  following  six  parameters: 

geometry:  Aq/Ag,  Cy,  Ca,  C^g 

engine  cycle:  T^g,  FAR8 

The  resulting  thrust  coefficient  curve,  as  shown  in 
Figure  14.2.7,  now  Includes  the  losses  due  to  fric¬ 
tion  and  angularity  in  the  velocity  momentum  (CyCA) 
and  the  losses  due  to  over  or  underexpansion  in  the 
pressure-area  term  (nozzle  pressure  ratio  and  gas 
properties)  with  the  correct,  full  scale  engine  gas 
properties. 

It  should  be  obvious  that  the  thrust  coeffi¬ 
cient  curve  assumes  constant  geometry  (Aq/Ag)  and 
constant  gas  flow  conditions  (T'jg  and  FAR8) .  This 
is  a  very  reasonable  assumption  since,  for  variable 
area  C-D  nozzles,  Aq/Ag  (which  defines  o  and  thus 
Cy  and  Cg)  and  Cpg  are  unique  functions  of  Ag,  and 
T^g  and  FAR8  are  essentially  single  valued  func¬ 
tions  of  Ag.  Thus,  for  a  given  nozzle  position  or 
Ag,  all  six  parameters  are  constant.  To  provide 
nozzle  performance  characterlatics  for  an  engine 
cycle  deck,  a  sufficient  number  of  Cfg  curves 
should  be  generated  to  cover  the  nozzle  operating 
range  of  Interest.  For  example,  a  typical  area 
ratio  schedule  for  a  C-D  nozzle  la  shown  in  Figure 
14.2.11  along  with  the  operating  ranges  of  Interest 
and  the  minimum  number  of  geometries  at  which  Cfg 
curves  should  be  defined. 


Figure  14.2.11  C-D  Nozzle  Area  Ratio  Schedule 


As  previously  mentioned,  the  Cfg  curves 
assume  a  full  flowlr)/g,  fully  choked  nozzle.  The 
resulting  curve  must  therefore  be  adjusted  to 
account  for  separation  at  low  pressure  ratio, 
overexpanded  conditions.  In  addition,  any  leakage 
and  cooling  air  throttling  loss  adjustments  must 
be  made  to  these  curves.  These  adjustments  are 
discussed  in  subsequent  sections.  This  entire 
procedure  is  summarized  on  the  flow  chart  in  Fig¬ 
ure  14.2.12. 


Figure  14.2.12  Flow  Chart  of  Calculation 
Procedure  for  Generalized 
Performance  Curves 


14.2.3  LEAKAGE  LOSS  CALCULATIONS 

Nozzle  performance  losses  due  to  gas  leakage 
out  of  the  nozzle  are  Inherent  with  variable  noz¬ 
zles  and  must  be  accounted  for  in  performance 
estimates.  Since  it  is  impractical  and  virtually 
impossible  to  accurately  simulate  leakage  areas  in 
a  scale  model  test,  these  thrust  losses  must  be 
analytically  calculated.  The  calculations  require 
the  use  of  nozzle  wall  pressure  distributions  to 
obtain  gas  pressure  loading  and  a  knowledge  of  the 
effective  leakage  areas  in  the  nozzle. 

Various  nozzle  leakage  paths  which  can  be 
encountered  are  defined  in  Figure  14.2.13.  Note 
that,  with  the  exception  of  the  primary  nozzle, 
the  leakage  flows  can  be  in  either  direction; 
this  depends  on  the  nozzle  type  an  the  operating 
condition. 

If  a  control  volume  is  drawn  inside  the  noz¬ 
zle  as  shown  in  Figure  14.2.14,  only  those  leak¬ 
ages  which  cross  the  control  volume  need  be  spe- 
ciflraXly  calculated;  these  include  leakages 
through  ® .  The  reason  for  this  is  that  for  a 
nozzle  with  no  cooling  slot  at  the  throat:  1)  the 
nozzle  cavity  is  most  likely  unpressurized  and  is 
essentially  equal  to  ambient  pressure  and  2)  the 
external  nozzle  will  not  be  designed  to  seal. 

Thus,  leakages  (5),  and  @  are  of  no 
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Primary  Nozzle  Forward  Hinge 
Primary  Nozzle  Flaps  and  Seals 
Nozzle  Throat  Hinge 
Secondary  Nozzle  Flaps  and  Seals 
®  Nozzle  Aft  Hinge 

External  Nozzle  Flaps  and  Seals 
@  External  Nozzle  Forward  Hinge 

Figure  14.2.13  C-D  Nozzle  Leakage  Paths 

consequence.  With  a  cooling  slot  at  the  throat: 

1)  the  nozzle  cavity  is  probably  pressurized  with 
cooling  air,  2)  there  Is  no  throat  hinge  leakage 
path  (@)  as  it  is  substituted  by  a  cooling  slot, 
and  3)  although  only  leakages  (p ,  (?) ,  and  ® 
need  be  specifically  calculated,  leakages  (^,  , 

@  contribute  to  nozzle  performance  because  they 
affect  cavity  pressure  level  and  the  fraction  of 
total  cooling  air  flow  which  comes  back  into  the 
nozzle  through  the  cooling  slot  as  opposed  to 
going  overboard. 


Figure  4.2.14  Nozzle  Leakage  Control  Volume 


Although  leakages  and  @  are  shown  to 
occur  In  either  direction,  any  flow  leaking  back 
into  the  nozzle  is  generally  neglected.  The  reason 
for  this  is  that,  for  a  nozzle  with  no  throat  cool¬ 
ing  slot,  the  flow  will  reenter  the  nozzle  at  a 
pressure  which  is  at  or  very  near  ambient  pressures 
and  the  thrust  gain  will  be  negligible.  For  a  noz¬ 
zle  with  a  throat  cooling  slot,  there  will  be  con¬ 
ditions  where  a  small  amount  of  flow,  which  is  sig¬ 
nificantly  above  ambient  pressure,  can  leak  back 
into  the  main  gas  stream  through  the  secondary  flaps 
and  seals.  However,  since  this  leakage  will  be 
coming  into  the  main  stream  in  a  circumferential 
direction,  losses  will  occur  in  turning  the  flow 
axially.  Thus,  for  a  pressurized  cavity  nozzle,  a 
theoretical  thrust  gain  due  to  leakage  flow  from 
the  cavity  into  the  nozzle  will  be  very  small  and 
can  be  assumed  to  be  zero. 


In  order  to  calculate  thrust  losses  due  to 
leakage,  the  effective  area  of  the  leakage  flow 
must  be  determined.  Since  this  is  extremely 
difficult  and  impractical  to  calculate  analyti¬ 
cally,  the  leakage  characteristics  of  various 
sealing  arrangements  are  obtained  by  tests  of  full 
scale  nozzle  hardware.  A  typical  setup  for  a 
leakage  test  of  a  primary  nozzle  is  shown  in  Fig¬ 
ure  14,2.15. 
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Substituting  into  equation  14.2.18  and  rearranging 
leads  to  the  following: 
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Since  leakage  losses  are  generally  less  than  1%  and 
because  the  flow  function,  m,  will  generally  be 
choked  or  near  choked,  assuming  =  rag  will 

create  an  insignificant  error  in  the  calculation. 
Therefore, 


Figure  14.2.15  Nozzle  Leakage  Test  Setup 


By  measuring  the  airflow,  the  pressure  and 
temperature  in  the  nozzle,  and  the  ambient  pres¬ 
sure,  the  effective  leakage  area  can  easily  be 
calculated  as  follows; 
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(14.2.21) 


Since  leakage  flow  emanates  from  the  boundary  layer, 
the  total  pressure  of  the  leakage  flow  is  approxi¬ 
mately  equal  to  the  wall  static  pressure.  The  leak¬ 
age  thrust  function.  will  be  based  on  this 

pressure  expanded  to  ambient  pressure;  i.e., 
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The  effective  areas  can  be  plotted  as  a  function  ^  typical  leakage  loss  calculation  is  thus  per- 

of  the  AP,  PN-Pamb.  across  the  nozzle.  farmed  In  the  following  manner: 


In  general,  the  performance  loss  calculation 
due  to  leakage  is  handled  as  follows.  Leakage 
flow,  which  crosses  the  control  volume,  is 

considered  to  be  completely  lost  to  the  nozzle 
with  no  thrust  recovery.  The  loss  in  thrust  co¬ 
efficient  is  the  ideal  thrust  of  the  leakage  flow 
divided  by  the  nozzle  ideal  thrust;  i.e.. 
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(14.2.18) 


By  expanding  the  equation  for  ideal  thrust,  it  can 
be  shown  that: 


1)  For  the  specific  operating  condition  of 
interest,  nozzle  pressure  ratio 

total  nozzle  effective  area  Cj)gA8,  and 
gas  constant  y  can  be  obtained  from  engine 
cycle  data. 

2)  A  nozzle  geometry  is  determined  consistent 
with  the  cycle,  and  wall  pressure  distri¬ 
butions  are  estimated  as  discussed  in 
Section  14.3. 


3) 


From  the  wall  pressure  distribution  and 
the  cavity  pressure,  a  pressure  loading 


is  determined,  AP  =  Pg, 


■wall 


and 


a  leakage  pressure  ratio  is  obtained, 
’’swaU'^'’0' 


4)  From  the  pressure  loading,  AP,  and  appro¬ 
priate  leakage  test  data,  an  effective 

leakage  area  is  determined,  Ae,  ,  . 

^  ^leak 

5)  From  the  nozzle  pressure  ratio  Pjg/Po  and 

leakage  pressure  ratio  Pswall'^^O*  tbe 
thrust  functions  Fg  and  deter¬ 

mined.  The  leakage  flow  •>  can  be  esti¬ 
mated  with  negligible  error. 


(14. 2.19a) 


6)  The  leakage  loss  is  then  calculated  from 
equat ion  14.2.21. 


14.2.4  COOLING  AIR  LOSS  CALCULATIONS 

Some  C~D  nozzles  incorporate  a  cooling  slot  at 
the  nozzle  throat  to  provide  additional  film  cool¬ 
ing  air  for  the  secondary  nozzle  during  reheat 
operation.  The  cooling  air  typically  is  extracted 
from  the  tailpipe  liner  cooling  flow  upstream  of, 
or  at,  the  primary  nozzle  hinge,  dumped  into  the 
nozzle  cavity,  and  exhausted  through  the  cooling 
slot  as  sketched  in  Figure  14,2,16. 


Liner  Bluet} 


Figure  14.2.16  Nozzle  Cooling  Flowpath 


Since  the  pressure  level  of  the  liner  flow  is 
significantly  higher  than  the  nozzle  cavitv  pres¬ 
sure,  the  cooling  flow  which  is  removed  from  the 
liner  experiences  a  pressure  drop  and  is  put  back 
into  the  nozzle  at  a  lower  total  pressure  and, 
thus,  lower  available  thrust.  Note  that  the  liner 
bleed,  Wlb,  will  dump  into  the  cavity  and  will  mix 
with  primary  leakage  air  (and  possibly  secondary 
leakage).  As  mentioned  in  Section  14.2.3,  some 
of  the  flow  will  leak  overboard  depending  on  the 
sealing  qualities  of  the  external  flaps  and  seals. 
In  the  design  of  the  nozzle,  the  cooling  slot  must 
be  sized  to  provide  the  desired  amount  of  cooling 
alt,  Wc,  at  the  estimated  cavity  air  conditions. 


Since  the  total  pressure  of  the  liner  bleed  flow 
is  very  near  mainstream  total  pressure,  it  can  be 
assumed  that  =  F^,  tluis. 
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whe  re : 


is  the  gas  temperature  of  the  liner  flow 
near  the  aft  end  of  the  liner. 


'^LB  specified  by  design 

^^ctual  ^'■'Tactual  and  are  usually  set 

equal  to  each  other. 

Tt  ..  is  an  estimated  cavitv  temperature. 

‘CAV 


Note  that  if  a  scale  model  te>t  has  been  conducted 
with  simulation  of  the  cooling  slot  geometry,  As/Ag, 
cavity  pressure  level,  FcAV/Pt8»  corrected  flow 
ratio,  Wc/W7accuaJ  '''TfcAV'^'^S ’  recovered  thrust 

of  the  cooling  flow  is  already  included  in  the  scale 
model  coefficient;  i.e., 


The  cooling  air  throttling  loss  should  be 
estimated  as  the  difference  in  the  ideal  thrust  of 
the  flow  between  the  condition  where  it  is  extrac¬ 
ted  from  the  liner  and  the  condition  at  which  it 
is  put  back  into  the  nozzle;  i.e., 
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(14.2.24) 

In  this  case,  the  scale  model  data,  after  being 
adjusted  for  full  scale  gas  dynamics  effects,  as 
in  Section  14.2.2.3,  is  corrected  for  cooling  air 
throttling  by  the  equation. 
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In  the  cooling  nir  loss  analv^is,  the  hoz.tIc 
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than  the  design  pressure  ratio  corresponding 
to  the  nozzle  effective  area  ratio;  i.e., 
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At  pressure  ratios  below  the  full  flowing  condition, 
the  flow  field  within  the  nozzle  will  deviate  from 
the  design  point  flow  field  and  adjust  to  satisfy 
conservation  of  mass,  momentum,  and  energy  consis¬ 
tent  with  the  ambient  pressure  boundary  condition. 
Thus,  the  flow  field  will  adjust  to  provide  a 
static  pressure  at  the  nozzle  exit  which  is  equal 
to  the  ambient  pressure.  This  flow  field  a'^justment 
is  reflected  as  a  static  pressure  distribution 
change  on  the  secondary  nozzle  which  in  turn  affects 
the  nozzle  gross  thrust  coefficient  as  shown  in 
Figure  14.2.18.  Thrust  coefficient  predictions  de¬ 
fined  from  the  procedure  in  Section  14.2.2.3  must  be 
adjusted  at  lower  pressure  ratios  to  account  for 
these  pressure  adjustment  effects. 


"C«CAV  *  "ha«cav  *  "o«CA.  *  "hf»cav 


where  H  =  total  enthalpv  of  gas 


The  leak-iKt's  will  be  j  function  of  the  individual 
leakage  path  effective  area  characteristics,  the 
nozzle  wall  pressure  and  temperature  distribu- 
tiems,  and  the  nozzle  cavity  pressure  and  tempera¬ 
ture  . 


As  can  be  expected,  the  cooling  slot  area  has 
a  significant  effect  on  the  cavity  pressure  level 
and  Cooling  slot  flow,  Wf.  The  cooling  slot  area 
scheduK',  versus  .Ah,  therefore  must  necessarily 
be  determined  bv  a  proper  balance  of  nozzle  per- 
tormanie  (thrust  recovery),  nozzle  gas  loads,  and 
.oollng  requirements.  This  is  accompl ished  by 
continued  feedback  and  interfacing  of  analyses  by 
riev  hap  i  I i  and  aero  designers  until  an  acceptable 
"h't  area  schedule  Is  established.  Because  of  the 
<mall  ot  the  cooling  slots  (1  to  3%  of  Ag)  , 
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Referring  to  Figure  14.2.18,  as  the  nozzle 
pressure  ratio  is  decreased  below  the  design  point, 
a  compression  wave  develops  in  the  nozzle  which 
raises  the  static  pressure  to  the  ambient  pressure 
level.  As  the  pressure  ratio  is  further  reduced, 
the  location  of  the  compression  wave  moves  forward 
and  its  strength  increases,  affecting  more  of  the 
nozzle  wall  pressure  distribution.  This  change  in 
wall  pressure  distribution  can  be  integrated  as  a 
pressure-area  term  to  calculate  the  effect  on  Cfo 
as  shown.  In  general,  this  region  of  overexpansion 
can  be  divided  into  four  regions  of  operation  which 
are  displayed  in  a  simplified  fashion  in  Figure 
14.2.18. 

Region  I  -  In  this  region,  the  pressure  rise  at 
the  nozzle  exit  is  very  small.  The  resulting 
pressure-area  Integration  is  minuscule  with 
virtually  no  impact  on  thrust  coefficient. 

Region  II  -  In  this  region,  the  compression 
wave  has  increased  in  strength  and  has  moved 
forward  affecting  a  larger  portion  of  the  noz¬ 
zle.  The  flow  in  the  forward  portion  of  the 
nozzle  is  still  supersonic,  and  physical  flow 
separation  within  the  nozzle  may  or  may  not 
occur  as  in  Figure  14.2.19. 

i:\inbient  Airflow 


Figure  14.2.20  Thrust  Coefficient  Curve 

Adjusted  for  Overexpansion 
Effects 


Reynolds  number.  Additionally,  little  reliable 
model  test  data  are  available  for  analysis  pri¬ 
marily  because  nozzles  normally  are  not  designed 
to  operate  at  these  extremely  overexpanded  con¬ 
ditions  at  important  design  points,  and  little 
test  data  have  been  accumulated  in  the  interest 
of  keeping  test  costs  down.  Thus,  there  are  no 
reliable  analytical  design  methods  currently  avail¬ 
able  to  accurately  predict  the  real  full  scale 
effects  of  separation/overexpansion  on  nozzle 
performance. 

Some  scale  model  data  have  been  analyzed  and 
correlated  as  shown  in  Figure  14.2.21.  This  fig¬ 
ure  will  provide  a  "minimum"  thrust  recovery  esti¬ 
mate.  In  the  real  nozzle,  the  actual  thrust  re¬ 
covery  virtually  will  always  be  higher  since  leak¬ 
age,  discontinuities,  profiles,  etc.,  generally 
encourage  more  separation.  These  real  nozzle 
effects  will  be  different  for  each  nozzle  design, 
and  no  design  criteria  for  estimating  these  effects 
are  available. 


Figure  14.2.19  C-D  Nozzle  Separation 


Region  III  -  This  is  a  transition  region  where 
the  location  of  the  compression  wave  moves 
rapidly  to  the  throat  region  during  a  rela¬ 
tively  small  pressure  ratio  change.  This 
region  usually  occurs  around  the  minimum 
thrust  coefficient  pressure  ratios.  Signif¬ 
icant  separation  can  still  occur  in  this  band 
of  operation. 

Region  IV  -  In  this  region,  the  flow  is 
attached  and  entirely  subsonic,  and  the  noz¬ 
zle  is  performing  as  a  diffuser. 

It  is  emphasized  that  these  regions  are 
described  only  in  a  general  sense.  They  blend 
and  overlap  from  one  to  another  and  should  not 
be  mistaken  to  start  and  end  at  discreet  pressure 
ratios.  Additionally,  each  nozzle  will  behave 
differently  depending  on  nozzle  geometry.  Thrust 
coefficient  predictions,  defined  from  the  proce¬ 
dure  in  Section  14.2.2.3,  must  be  adjusted  at 
lower  pressure  ratios  to  account  for  these  sepa¬ 
ration  effects  as  shown  in  Figure  14.2.20. 

Unfortunately,  this  region  of  nozzle  opera¬ 
tion  is  the  least  understood  and  most  difficult 
to  analyze.  Experience  has  shown  that  real  full 
scale  nozzle  separation  characteristics  can  be 
greatly  influenced  by  nozzle  leakage,  quantity  of 
slot  cooling  flow,  wall  surface  quality,  and 
probably  local  flow  field  nonuniformities  and 
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Figure  14.2.21  Separation  Thrust  Rvcoverv, 
Scale  Model  Data 


14,3  AERODYNAMIC  LOAD  PREDICTIONS 

Nozzle  pressure  distributions  are  used  by 
mechanical  designers  to  determine  hardware  struc¬ 
tural  loads  and  actuation  system  loads.  These 
loads  thus  effect  det.ailed  mechanical  design, 
weight,  and  cost  and  are,  therefore,  very  important 
estimates  to  be  provided  by  the  aero  designer. 


Internal  pressure  distributions  can  be  esti¬ 
mated  for  the  primary  and  secondary  nozzle  to  cover 
all  nozzle  geometries  and  operating  conditions. 
Although  the  external  loads  on  the  nozzle  are 
generally  much  smaller  than  the  internal  loads, 
external  pressure  distributions  should  be  provided 
as  best  possible. 

Pressure  distributions  can  be  obtained  either 
from  scale  model  tests  or  from  analytical  methods. 
Scale  model  tests  are  more  accurate;  however,  it  is 
not  always  possible  to  obtain  tesc  data,  particu¬ 
larly  early  in  a  development  program.  The  follow¬ 
ing  sections  define  procedures  to  analytically 
estimate  nozzle  pressure  distributions. 

14.3.1  PRIMARY  NOZZLE 

Pressure  distributions  on  a  simple  conical 
primary  nozzle  can  be  estimated  by  several  methods. 
There  are  a  number  of  flow  field  analysis  computer 
programs  in  industry  which  can  provide  quite  accu¬ 
rate  estimates  of  wall  pressure  distributions. 
However,  since  the  flow  consists  primarily  of  a 
subsonic  accelerating  flow,  adequate  accuracy  for 
preliminary  estimates  of  the  pressure  distribution 
can  be  obtained  by  utilizing  the  assumption  of  one 
dimensional  flow.  From  standard  gas  flow  tables, 
the  local  static  pressure  to  total  pressure  ratio 
can  be  obtained  as  a  function  of  the  local  flow 
area  to  sonic  flow  area.  This  technique  is  ap¬ 
plied  to  the  primary  nozzle  as  in  Figure  14.3.1. 
Pressure  distributions  can  be  estimated  using  this 
approach  over  any  range  of  Ag's  using  the  appro¬ 
priate  ratio  of  specific  heats,  y. 


Figure  14.3.1  One-Dimensional  Static  Pressure 
Distribution  Calculation 

This  approach  however  can  produce  errors  in 
several  ways.  A  small  error  will  occur  at  the 
forward  hinge  point  near  the  nozzle  entrance. 
Station  7,  where  the  local  turning  of  the  flow 
will  not  be  accounted  for  with  the  one-dimensional 
calculation.  The  actual  pressure  near  the  turn 
will  be  slightly  higher  than  that  calculated 
assuming  one-dimensional  conditions,  the  differ¬ 
ence  being  dependent  on  the  Mach  number  and  turn 
angle  6'.  However,  since  this  is  close  to  the 
hinge,  impact  on  actuator  loads  Is  usually 
negl igib le . 

A  second  and  more  significant  error  can  occur 
for  nozzle  designs  with  unusually  long  primary 
nozzles.  The  error  occurs  at  afterburning  condi¬ 
tions  only  and  becomes  larger  at  the  high  fuel- 
air  ratios.  If  the  gas  volume  within  the  primary 
nozzle  is  significant  relative  to  the  total  after¬ 
burner  burning  volume  (‘20%  or  greater),  then 
significant  combustion  can  take  place  within  the 
prlmarv  nozzle.  Under  these  conditions,  there  is 
a  heat  addition  total  pressure  loss  (Kavlo’gh  lire 
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Figure  14.3.2  Wall  Turning  Effect  on  Static 
Pressure 


effect.  Section  2.17.2)  occurring  within  the  pri¬ 
mary  nozzle,  thus,  the  reference  choke  area  A* 
will  be  continuously  changing  along  the  primary 
nozzle.  As  a  result,  the  real  static  pressure 
distribution  will  be  significantly  higher  than  the 
calculated  pressure  distribution.  This  can  cause 
a  sizeable  error  as  shown  in  Figure  14.3.3. 


Figure  14.3.3  Afterburner  Heat  Addition 
Pressure  Loss  Effect  on 
Nozzle  Pressure  Distribution 


The  correction  for  reheat  burning  effects  must 
be  applied  to  any  analytical  calculation  and  all 
scale  model  data.  For  most  applications,  the  pri¬ 
mary  nozzle  Is  relatively  short;  thus,  this  effect 
is  very  small,  if  not  Insignificant.  However,  it 
should  always  be  checked.  The  correction  is  a 
simple  Rayleigh  line  heat  addition  calculation. 

Independent  of  the  method  used,  pressure  load 
estimates  should  be  provided  to  the  mechanical 
designer,  as  shown  in  Figure  14.3.4,  at  a  suffi¬ 
cient  number  of  nozzle  Ag  area  settings  to  allow 
easy  interpolation  for  Ag.  These  curves  will  be 
Independent  of  pressure  ratio  and,  because  of  the 
sharp  corner  throat,  will  apply  for  very  low  pres¬ 
sure  ratios  down  to  1.5  or  perhaps  lower. 
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Figure  14.3.4  Generalized  Primary  Nozzle 
Pressure  Distribution 

14.3.2  SECONDARY  NOZZLE 

Prediction  of  the  secondary  nozzle  gas  loads 
is  not  as  straightforward  as  for  the  primary. 

Because  or  the  sharp  comer  throat,  a  sudden  over¬ 
expansion  of  the  flow  immediately  downstream  of  the 
throat  causes  the  pressure  distribution  to  deviate 
significantly  from  that  predicted  by  a  one-dimen¬ 
sional  analysis  as  shown  in  Figure  14.3.5.  The 
amount  of  deviation  is  dependent  on  both  the  primary 
and  secondary  nozzle  half  angles  and  the  amount  of 
cooling  slot  flow,  if  present.  Thus,  reliable 
analytical  predictions  can  be  done  by  only  two 
methods:  semiempirical  using  test  data  and  theo¬ 
retical  using  computerized  flow  field  equations. 


Figure  14.3.5  Secondary  Nozzle  Pressure 
Distribution 

For  nozzles  with  no  throat  cooling  slot, 
scale  model  test  data  have  shown  a  reasonable 
correlation  with  a  one-dimensional  calculation. 
This  correlation  is  shown  in  Figure  14.3.6  as  the 
difference  between  actual  pressure  minus  the  one- 
dimensional  calculation  versus  a  nondlmension- 
alized  length  parameter.  Note  that  the  one-dimen¬ 
sional  calculation  includes  a  rough  estimate  of 
'  boundary  layer  effects  in  the  secondary  nozzle 

(0.995  factor)  and  the  effect  of  nozzle  flow  co¬ 
efficient,  Cj)g.  Inclusion  of  the  flow  coefficient 
accounts  for  the  primary  nozzle  half  angle  effect. 
This  curve  can  be  used  for  an  initial  estimate  of 
full  flowing  nozzle  gas  loads. 

Figure  14.3.6  can  be  used  to  estimate  gas 
>  loads  for  full  flowing  nozzles  with  no  flow  at  the 

throat.  For  nozzles  with  a  throat  cooling  slot, 
the  wall  pressure  In  the  forward  20%  of  the  sec¬ 
ondary  nozzle  will  be  higher  than  the  no-flow 
case.  Additionally,  even  nozzles  with  no  cooling 
slot  will  have  some  amount  of  leakage  flow  at  the 


Figure  14.3.6  Secondary  Nozzle  Gas  Loads 
Correction  Factor 


throat  due  to  hardware  stack-up  tolerances.  An 
approximate  correction  due  to  the  flow  effect  can 
be  made  using  the  curve  in  Figure  14.3.7.  This 
curve  presents  the  change  in  throat  static  pressure 
relative  to  a  no-flow  condition  based  on  scale 
model  test  data.  The  correction  is  applied  as  in 
Figure  14.3.8. 
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Figure  14.3.7  Cooling  Slot  Leakage  Flow 


Figure  14.3.8  Adjusted  Secondary  Nozzle 
Pressure  Distribution 
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This  procedure  can  be  used  for  an  initial  esti¬ 
mate  of  secondary  nozzle,  full  flowing  gas  loads. 

As  with  the  primary  nozzle  gas  loads,  secondary 
nozzle  gas  loads  should  be  provided  at  a  sufficient 
number  of  geometries  to  allow  easy  interpolation  by 
mechanical  designers.  Reheat  total  pressure  loss 
corrections  made  for  the  primary  nozzle  are  not 
necessary  for  the  secondary  nozzle,  since  virtually 
no  combustion  takes  place  within  this  portion  of 
the  nozzle.  However,  if  pressure  distributions  are 
obtained  on  a  cold  flow  (y  =  1.^)  basis,  an  adjust¬ 
ment  in  secondary  nozzle  gas  load  estimates  for  the 
effects  of  changes  in  specific  heat  ratio  should  be 
made.  The  error  in  the  trailing  edge  pressure  for 
a  C-D  nozzle  increases  on  a  percentage  basis  with 
increasing  area  ratio  as  noted  in  Figure  14.3.9. 
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cause  of  the  large  number  of  variables  it  is  vir¬ 
tually  impossible  to  devise  semiempirical  para¬ 
metric  curves  which  could  be  used  to  provide  an 
Initial  estimate.  External  loads  are  obtained 
either  directly  from  a  specific  wind  tunnel  test, 
indirectly  by  interpolating  previous  wind  tunnel 
test  data  from  similar  installations,  or  analyti¬ 
cally  by  computer  techniques. 

By  far  the  most  accurate  pressure  distribu¬ 
tions  are  obtained  from  wind  tunnel  tests  of  the 
exact  nozzle/airplane  configuration  of  interest 
at  the  appropriate  operating  conditions.  Extra¬ 
polation  or  interpolation  of  this  data  is  often 
necessary  to  provide  load  estimates  at  all  the 
conditions  of  interest.  In  the  absence  of  direct¬ 
ly  applicable  wind  tunnel  data,  pressure  distri¬ 
butions  can  be  estimated  by  using  previous  wind 
tunnel  test  data  or  by  analytical  methods.  When 
using  previous  data,  configurations  and  condi¬ 
tions  which  most  closely  resemble  the  nozzle  of 
interest  should  be  used  for  load  estimates.  Com¬ 
puterized  analytical  methods  can  also  be  used  to 
predict  external  loads.  This  approach  gives  very 
good  results  for  two-dimensional  or  axisymmetric 
configurations.  However,  for  three-dimensional 
configurations,  which  are  most  usually  found  In 
practice,  the  local  geometric  variations,  which 
are  difficult  to  simulate  in  the  computer,  can 
have  a  significant  effect  on  the  local  nozzle 
pressure  distribution.  In  either  case,  engineer¬ 
ing  judgment  will  be  required  to  properly  inter¬ 
pret  and  apply  the  information  to  define  load 
estimates . 


Thus,  although  the  difference  in  absolute 
level  appears  small  at  first  glance,  on  a  percentage 
basis  the  correction  can  amount  to  nearly  20%,  A 
mechanical  designer  must  work  with  pressure  differ¬ 
ences,  AP,  and  this  kind  of  error  could  be  20  to 
50%  of  the  AP.  It  is  therefore  important  to  provide 
the  most  precise  load  possible.  If  analytical  load 
predictions  ere  made  or  if  scale  model  tests  are 
conducted,  the  ratio  of  specific  heat  corrections 
should  be  made  along  the  entire  secondary  nozzle. 

The  adjustment  is  made  by  1)  converting  the  ’’cold 
flow"  pressure  distribution  to  a  Mach  number  and 
then  an  A/A*,  2)  assuming  the  "hot"  A/A*  «  the 
cold  A/A*,  and  finally  3)  converting  the  hot  A/A* 
to  a  Mach  number  and  then  a  pressure  distribution; 
l.e.  , 


Is*/ 


A*  /  Y*Hot 


"*/ 

/Y^Cold 


-  / 

A*  /  Y=Cold 


TS/Y-Hot 


14.3.3  EXTERNAL  LOADS 

Nozzle  external  pressure  distributions  will 
be  dependent  on  many  parameters  including  specific 
nozzle  geometry,  overall  propulsion  system  instal¬ 
lation,  local  aircraft  configuration  including 
control  surface  position,  Mach  number,  and  noz¬ 
zle  pressure  ratio  as  well  as  Reynolds  number  and 
aircraft  attitude  (angle  of  attack,  yaw).  Be- 
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CHAPTER  15 


FUNDAMENTALS  OF  COMBUSTION 


15,0  INTRODUCTION 


Background  information  necessary  to  the  under¬ 
standing  of  aircraft  turbine  engine  combustion 
systems  is  distinctly  different  from  that  applying 
to  diffusers,  rotating  machinery,  or  nozzles  and  a 
separate  discussion  of  fundamentals  is  warranted. 

The  purpose  of  this  chapter  is  to  review  the 
fundamental  concepts  important  to  aeropropulsion 
combustion.  Two  additional  chapters  will  consider 
the  practical  application  of  this  information  to 
mainburners  (Chapter  20)  and  afterburners  (Chapter 
21). 

While  large  volumes  can  be  written  on  the  sub¬ 
ject  of  aeropropulsion  combustion,  the  scope  of 
this  chapter  is  limited  to  highlighting  key  infor¬ 
mation.  The  difficult  task  of  deciding  which 
information  to  include  was  accomplished  by  adhering 
to  the  objective  that  the  reader  be  provided  that 
material  necessary  for  understanding  the  combustion 
system's  operating  principles,  performance  parameters 
and  limitations.  The  reader  contemplating  aero¬ 
propulsion  combustion  as  an  area  of  specialization 
should  develop  a  more  thorough  background  and  is 
referred  to  a  number  of  readily  available  texts 
listed  in  the  bibliography  to  this  chapter  (Section 
15.7.1). 

Studies  of  combustion  involve  interdisciplinary 
investigations  requiring  consideration  of  three 
normally  separate  topics:  chemistry,  thermo¬ 
dynamics,  and  gas  dynamics.  Interrelationships 
between  these  areas,  shown  schematically  in 
Figure  15.0.1,  require  combustion  engineers  and 
scientists  to  develop  a  fundamental  understanding 
of  each  topic.  A  number  of  sub-topics  in  each  of 
these  areas  have  been  listed  to  further  describe 
the  broad  scope  of  subject  matter  involved.  Each 
of  these  subjects  will  be  addressed  in  this  chapter. 


Figure  15.0.1  The  Interdisciplinary  Nature 
of  Combustion  Technology. 


The  information  to  be  presented  in  this 
chapter  is  organized  into  five  further  sections. 

As  might  be  expected,  the  first  three  consider 
chemistry,  thermodynamics,  and  gas  dynamics.  The 
fourth  involves  discussion  of  combustion 
parameters  of  importance  to  the  combustor 
designer.  Finally,  the  combustion  properties  of 
jet  fuels  are  briefly  described. 

15.1  CHEMISTRY 

Three  combustion  chemistry  topics  will  be 
discussed  in  this  section.  The  first,  chemical 
reaction  rate,  addresses  fundamental  concepts 
vital  to  all  of  chemical  kinetics.  Important 
dependencies  of  reaction  rate  on  thermodynamic 
conditions,  especially  temperature,  will  be 
addressed.  The  second  topic,  chemical  equilibrium 
is  of  importance  in  relation  to  the  understanding 
of  and  ability  to  analyze  high  temperature  com¬ 
bustion  systems.  Finally,  the  current  under¬ 
standing  of  practical  hydrocarbon  fuel  combustion 
chemistry  will  be  reviewed.  Understanding  of  the 
sequence  of  chemical  processes  leading  to  H2O  and 
CO2  production  allows  the  explanation  of  many 
practical  combustion  characteristics. 

15.1.1  Reaction  Rate 

One  of  the  most  basic  concepts  of 
chemistry  involves  the  law  of  mass  action  which 
relates  the  rate  of  a  reaction,  or  the  time  rate 
of  change  of  the  reactant  species  concentration, 
to  the  concentrations  of  reactive  species.  This 
can  be  illustrated  with  the  use  of  the  following 
generalized  chemical  reaction: 

aA  +  bB  cC  +  dD  (15.1.1) 

In  this  example,  a  moles  of  molecule  A  combine 
with  b  moles  of  molecule  B  to  form  c  and  d  moles 
of  products  C  and  D.  The  reactant  stoichiometric 
coefficients  of  the  atomic  balance  equation  (a 
and  b)  are  also  called  the  reaction  "molecularlty" , 
The  law  of  mass  action  states  that  the  rate  of 
reaction  is  expected  to  be  proportional  to  the 
product  of  the  concentrations  of  reactant  species 
raised  to  their  respective  stoichiometric  coeffi¬ 
cients.  For  this  example,  the  rate  of  forward 
reaction,  rf,  would  be: 

rf  =  (15.1.2) 

The  brackets,  [  ],  correspond  to  the  molar 
concentration  (moles/volume)  of  the  molecular 
species  indicated.  kj  is  the  rate  coefficient  for 
the  forward  reaction. 

Note  that  the  rate  of  forward  reaction, 

Tf,  could  be  representative  of  either  rate  of 
disappearance  of  the  reactants  A  and  B  or  the  rate 
of  formation  of  products  C  and  D.  These  four 
rates  are  interrelated  by  the  stoichoime*^  ric 
coefficients  a.  b,  c,  and  d.  For  example,  if  r^ 
were  representative  of  tlu-  rate  of  d  isapec.t  raiK  c 
of  A,  the  following  rel at ionshi ps  would  be  valid: 
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f 


dfAl  ^  _  b  dFsl  _  c  dfcl 
'  dt  ~  a  dt  ~  a  dt 

-  d  d[D] 

a  dt  (15.1.3) 


The  variable  t  represents  time. 

There  is  analytical  justification  for  the  ob¬ 
served  reactant  concentration  dependencies  of  the 
law  of  mass  action.  An  analysis  based  on  the 
assumption  that  product  formation  can  only  occur 
after  collision  of  reactant  molecules  predicts 
the  same  concentration  dependencies  as  described 
in  Equation  15.1.2.  The  rate  coefficient  in 
Equation  15.1.2,  kf,  appropriately  converts  the 
results  of  collision  theory  to  yield  the  units  of 
reaction  rate.  In  addition,  kf  accounts  for 
reaction  rate  dependencies  due  to  variations  in 
molecular  energy  levels  and  in  the  geometrical 
orientation  of  colliding  molecules. 

For  many  reactions  of  importance  to  combustion 
systems,  kf  is  a  strong  function  of  temperature. 

The  temperature  dependence  of  the  molecular  colli¬ 
sion  rate  is  minor  (T^^^)  and  has  only  a  small 
influence  on  kf.  The  predominant  temperature 
dependence  is  a  result  of  the  necessity  for  molec¬ 
ular  collisions  to  occur  with  sufficient  "force" 
to  overcome  any  energy  barrier  necessary  for 
reactant  molecules  to  undergo  conversion  to  pro¬ 
ducts.  Physically,  the  formation  of  an  activated 
complex  is  assumed  to  be  necessary  for  successful 
conversion  of  colliding  reactants  to  products. 

The  height  of  the  energy  barrier,  the  energy 
necessary  to  form  the  activated  complex,  is  often 
termed  the  activation  energy,  E^.  Not  all  of  the 
colliding  reactant  molecules  will  have  sufficient 
energy  and  only  a  fraction  of  the  collisions  will 
be  successful.  Since  molecular  energy  distribution 
can  be  described  by  Boltzman  statistics,  the 
fraction  of  collisions  which  are  successful  is 
exp(-Eaf/RT)  where  R  is  the  universal  gas  constant 
and  the  subscript  refers  to  the  forward  reaction. 

The  geometrical  misalignment  of  reactant 
molecules  during  collision  can  also  prevent  con¬ 
version  to  products;  only  a  fraction  of  the 
collisions  occurring  with  sufficient  energy  will  be 
successful.  Consideration  of  the  "steric  factor" 
is  a  final  necessary  aspect  in  analysis  of  the 
reaction  rate  coefficient.  This  factor  can  be 
thought  of  as  a  means  of  compensating  for  colll- 
sional  inefficiencies  due  to  the  peculiarities  of 
geometrical  alignment  necessary  for  successful 
reaction. 

An  Important  expression  for  reaction  rate  is 
obtained  by  combining  the  reaction  rate  coefficient 
dependencies  discussed  above  with  Equation  15.1.2. 
The  forward  rate  of  the  general  reaction  described 
in  Equation  15.1.1  is: 

.  -  iM 

f  dc 

-  [a]®  [b]*’  Cj(T)*^exp(-Egf/RT)  (15.1.4) 

where  Cf  includes  the  steric  factor  and  the 
necessary  constants  to  convert  collision  rate  to 
reaction  rate.  The  strong  exponential  nature  of 
the  reaction  rate  dependence  on  temperature  was 
first  recognized  by  Arrhenius.  Equation  15.1.4 


with  the  pre-exponential  factor  taken  as  tempera¬ 
ture  Independent  (i.e.,  not  including  the  T^ 
dependence)  is  called  the  Arrhenius  equation. 
Equation  15.1.4  itself  is  said  to  be  the  modified 
Arrhenius  relat lonship. 

It  should  be  noted  that  the  rate  dependency 
given  by  Equation  15.1.4  is  only  correct  in  cases 
where  the  written  stoichiometric  equation 
represents  the  entire  sequence  of  events  leading 
to  product  formation.  As  will  be  discussed  in 
Section  15.1.3,  combustion  of  a  practical  hydro¬ 
carbon  fuel  involves  many  complex  chemical  reac¬ 
tion  steps  before  formation  of  final  products,  CO2 
and  H2O.  In  cases  where  the  stoichiometric 
equation  does  not  describe  the  entire  reaction 
sequence,  the  dependencies  of  the  reaction  rate  on 
reactant  concentration  may  not  correspond  to  the 
molecularity  and  even  fractional  "reaction  orders" 
may  be  observed.  Nevertheless,  the  form  of 
Equation  15.1.4  is  valid  for  each  individual 
reaction  step  of  the  complex  sequence. 

15.1.2  Chemical  Equilibrium 

As  a  reaction  like  that  described  in 
Equation  15.1.1  proceeds,  changes  of  concentration 
with  time  occur  as  illustrated  in  Figure  15.1.1. 

When  Che  concentrations  of  products  C  and  D 
become  significant,  backward  or  reverse  reaction 
(i.e.,  conversion  of  products  back  to  reactants) 
can  become  Important.  The  race  of  backward 
reaction,  r^,  may  be  analyzed  in  the  same  manner 
as  in  the  case  of  forward  reaction  (Equation  15.1.2) 
to  yield  the  following  relation: 

rfe  =  kb[c]‘'  [d]'^  (15.1.5) 
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Figure  15.1.1  Concentration  Variations  During  the 
Course  of  a  Reaction. 


In  recognition  of  the  existence  of  both 
forward  and  reverse  reactions,  the  more 
appropriate  convention  for  expressing,  the  general 
chemical  system  described  in  Equation  15.1.1  is: 

aA  +  bB  ►  cC  +  dD  (15.1.6) 


(15.1.12) 


Because  reverse  reactions  always  exist  to  some 
extent,  concentrations  of  A  and  B  will  eventually 
decrease  to  some  finite,  non-zero  values  such  that 
rates  of  forward  and  reverse  reactions  are  equal. 
These  equilibrium  concentrations  are  the  asymp¬ 
totes  of  Figure  15.1.1.  Note  that  the  more 
general  case  where  the  reactants  concentrations 
are  not  in  exact  stoichiometric  proportions  has 
been  illustrated  in  Figure  15.1.1  which  corresponds 
to  the  situation  of  a  large  excess  of  reactant  A. 

The  equilibrium  concentrations  can  be 
determined  from  Equations  15.1.2  and  15.1.5.  At 
equilibrium,  the  rate  of  disappearance  of  reactant 
(Equation  15.1.2)  will  be  entirely  balanced  by  the 
reactant  formation  rate  (Equation  15.1.5).  Con¬ 
sequently,  the  equilibrium  condition  is  r^  =  r^  or: 

kf[A]®[B]’’  =  k^[c]‘'[D]^  (15.1.7) 


Rearranging  yields  the  following  useful  expression: 


Cc]^  [P]*^  (15,1.8) 

•S  [A]^  [B]’’ 

Because  kf  and  kb  are  functions  of  temperature 
only.  Equation  15.1.8  provides  a  convenient  means 
of  relating  equilibrium  concentration  to  mixture 
temperature.  The  ratio  kf/kb  is  known  as  the 
equilibrium  constant  based  on  concentration,  Kc- 
An  additional  equilibrium  constant  based  on  mole 
fractions,  Kx,  can  also  be  developed. 


An  even  more  familiar  means  of  character¬ 
izing  equilibrium  involves  the  partial  pressure 
equilibrium  constant,  Kp.  Partial  pressure  is  a 
concept  in  which  the  total  mixture  pressure  is 
envisioned  as  a  sum  of  pressure  contributions 
from  each  of  the  mixture  constituents.  The  partial 
pressure  of  each  constituent  is  the  fraction  of 
the  total  pressure  corresponding  to  the  mole 
fraction  of  that  compound.  The  equilibrium  con¬ 
stant  defined  in  terms  of  partial  pressure  is: 


K 


P 


(15.1.9) 


where  P^,  Pg,  P(;,  and  Pg  are  the  partial  pressures 
of  each  constituent.  By  convention,  these  pres¬ 
sures  are  always  expressed  in  atmospheres  when 
used  in  equilibrium  chemistry  calculations. 

Both  K(.  and  Kp  are  functions  of  temperature 
only.  The  temperature  dependencies  can  be  deduced 
from  Equations  15.1.4  and  15.1.7: 

[a]®  [b]*’  Cf  T^exp(-Egj/RT)  " 

[C]*^  [d]**  T^exp  (-Ea,,/RT)  (15.1.10) 


CO  +  1/2  O2  ^  COj 

H2  +  1/2  O2  ^  H2O  (15.1.13) 

Mathematical  treatment  of  these  equilibrium 
relationships  is  often  simplified  by  the  use  of 
the  water  gas  reaction: 

CO  +  H2O  ^  H2  +  CO2  (15.1.14) 

It  should  be  noted  that  this  is  not  a  third 
independent  relationship  but  a  linear  combination 
of  Equations  15.1.12  and  15.1.13.  Partial 
pressure  equilibrium  constants  for  each  of  these 
three  reactions  are  illustrated  in  Figure  15.1.2 
(data  from  Reference  15.1  have  been  utilized). 

Note  the  relative  temperature  insensitivity  of 
the  water  gas  equilibrium  constant. 
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Figure  15.1.2  Equilibrium  Constants  for  Important 
Dissociation  Reactions. 


Since  the  maximum  chemical  energy  is 
released  from  a  hydrocarbon  fuel  upon  conversion 
to  CO2  and  H2O,  dissociation  of  either  of  these 
products  results  in  a  decrease  of  energy 
released.  As  will  be  shown  in  Section  15.2, 
equilibrium  flame  temperature  is  strongly 
influenced  by  dissociation.  Because  of  the  temper¬ 
ature  sensitivity  of  the  equilibrium  constants, 
dissociation  is  more  pronounced  at  higher  flame 
temperatures.  Figure  15.1.3  illustrates  the 
effect  of  final  mixture  temperature  on  dissociation 
using  the  example  of  stoichiometric  combustion  of 
a  CnH2n  lyp®  fuel  with  air  at  one  atmosphere.  The 
Influence  of  final  mixture  temperature  on  CO  and 
H2  concentration  in  the  combustion  product  is 
pronounced . 

15.1.3  Hydrocarbon  Chemistry 


which  can  be  reduced  to; 

or  Kp  -v.  exp("®-^-^-^®--)  (15.1.11) 

Consequently,  the  equilibrium  constant  may  have  a 
strong,  exponential  temperature  dependency. 

In  hydrocarbon-air  combustion  applications, 
two  equilibrium  relations  are  of  paramount  impor¬ 
tance.  They  are  the  dissociations  of  CO2  and  H2O: 


The  sequence  of  events  occurring  during 
combustion  of  a  practical  hydrocarbon  fuel  is 
extremely  complex  and  not  understood  in  detail. 
Major  aspects  of  hydrocarbon  combustion  chemistry 
involve  hydrocarbon  pyrolysis  and  partial  oxida¬ 
tion  to  H2  and  CO,  chain  branching  reactions 
resulting  in  H2  consumption,  and  CO  oxidation  by 
radicals  generated  'luring  chain  branching.  Each 
of  these  reaction  steps  is  schematically  illustra¬ 
ted  In  Figure  15.1.4.  Note  that  the  chronology  of 
these  processes  Is  schematically  indicated  by  the 


flow  of  mass  through  the  reaction  steps.  Each 
process  is  individually  described  below. 


Figure  15.1.3  Equilibrium  CO  and  H2  Concentration 
Dependence  on  Temperature 

CHAIN 


Figure  15.1.4  Hydrocarbon  Combustion  Chemistry 
Schematic . 


and  oxygen  concentration.  Edelman's  result  is: 


d[C  H  ]  5.52  X  10®T 

^  n  m  » 


dt 


.825 


[c  H  ]■ 
n  m 


[02]exp(-24,400/RT)  (15.1.15) 

where  concentrations  are  expressed  in  moles/cc, 

T  in  °K,  and  P  in  atmospheres.  The  activation 
energy  of  24,400  is  in  the  units  cal/g  mole°K. 
Although  this  expression  has  proven  to  be  useful 
in  some  combustion  models,  additional  effort  is 
required  to  determine  chemical  kinetic  differences 
between  hydrocarbon  fuel  types  and  to  study 
pyrolysis  mechanisms  in  mixtures.  Further,  the 
interface  between  fuel  pyrolysis  and  carbon 
particulate  formation  requires  additional  study. 

The  products  of  pyrolysis  are  reduced 
state  compounds  (RSC) .  Oxidation  of  these  species 
is  better  understood  than  their  formation.  The 
important  oxidation  reactions  for  the  reduced- 
state  compounds  are  of  the  general  form: 

RSC  +  OR  =  OSC  +  RR  (15.1.16) 


where  RSC  =  reduced-state  compound 
OR  =  oxidizing  radical 
OSC  ®  oxidized-state  compound 
RR  *  reducing  radical. 

The  rate  of  oxidation  of  the  RSC  may  be  assumed 
to  be  given  by  the  appropriate  Arrhenius  controlled 
mechanism. 


While  reactions  of  the  nature  described  by 
Equation  15.1.16  play  a  role  in  consuming  the  H2 
formed  during  the  pyrolysis  process,  many  gross 
characteristics  of  hydrocarbon  combustion  are  a 
result  of  other  chemical  reactions  which  involve 
"chain  branching."  This  type  of  reaction 
sequence  involves  the  production  of  additional 
radical  species  during  the  process.  In  the  case 
of  the  H2  oxidation  process,  the  important 
chain  branching  reactions  are: 

H2  +  0  H  +  OH  (15.1.17) 


Pyrolysis  is  the  term  given  to  the  process 
by  which  fuel  molecules  are  broken  into  smaller 
fragments  due  to  excessive  temperature  and  partial 
oxidation.  This  molecular  destruction  is  accom¬ 
plished  during  the  first  phase  of  the  combustion 
process.  The  predominant  resulting  products  are 
hydrogen  and  carbon  monoxide.  Little  detailed 
information  is  available  concerning  the  chemistry 
of  these  processes  for  practical  fuels — large 
hydrocarbons  with  molecular  weights  of  50  to  200. 

It  is  well-recognized  that  hydrocarbon  structure 
and  its  influence  on  the  pyrolysis  chemistry 
affects  the  combustion  process.  For  example,  low 
fuel  hydrogen  concentration  leads  to  excessive  car¬ 
bon  particle  formation  in  the  early  stages  of 
combustion . 

Edelman  (Ref.  15.2)  has  developed  a  single- 
step  quasi-global  model  to  characterize  the  pyroly¬ 
sis  and  partial  oxidation  of  any  practical  hydro¬ 
carbon  fuel.  His  approach  is  to  characterize  the 
kinetics  of  the  numerous  complex  chemical  reactions 
resulting  In  production  of  H;  and  CO  by  a  single 
reaction  step.  An  Arrhenius  type  expression  has 
been  fitted  to  experimental  data  Involving  varia¬ 
tions  in  temperature  and  pressure  as  well  as  fuel 


H  +  O2  OH  +  0  (15.1.18) 

Note  that  in  either  reaction  a  single  radical  (0 
or  H)  results  in  the  production  of  two  radicals 
(H  +  OH  or  OH  +  0).  This  type  of  reaction  has 
the  potential  of  producing  large  quantities  of 
radical  species.  In  portions  of  the  combustion 
zone  having  high  H2  concentration,  radical  species 
can  reach  levels  far  in  excess  of  equilibrium. 
During  this  process,  OH  radicals  also  participate 
in  RSC  reactions  (Equation  15.1.16)  to  produce 
H2O  from  H2. 

Carbon  monoxide  consumption  is  controlled 
by  the  following  RSC  reaction: 

CO  +  OH  CO2  +  H  (15.1.19) 

Since  the  activation  energy  of  the  reaction 
indicated  by  Equation  15.1.19  is  generally  low 
(only  a  few  kcal/g-mole)  the  carbon  monoxide 
oxidation  rate  is  predominantly  influenced  by  OH 
concentration.  As  previously  noted,  this  quantity 
is  controlled  by  the  chain  branching  mechanism. 
Nevertheless,  a  common  method  of  approximating 
radical  concentration  in  a  RSC  reaction  involves 
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assuming  local  or  partial  equilibrium.  This  type 
of  approach  has  been  used  in  CO  oxidation  studies 
by  Howard  et  al.  (Ref  15.3).  Because  the  func¬ 
tional  relationship  between  equilibrium  OH  concen¬ 
tration  and  temperature  is  exponential  (Equation 
15.1.11),  an  Arrhenius  like  dependence  can  be 
written  for  a  quasi-global  O2  +  CO  reaction  in 
the  presence  of  H2O.  Howard,  et  al.  determined: 

-30,000 

-  d[co]  =  k  [co][02]'-’  [HjO]'^  (e)  (15.1.20) 

dt 

where  k  is  a  constant  =  1.3  x  10^'^  cc/mole  sec. 
This  assumption  is  not  necessarily  in  conflict 
with  the  knowledge  that  higher-than-equil ibriuro 
free  radical  concentrations  may  be  produced  by 
the  reactions  of  Equations  L5.1.7  and  15.1.18. 

CO  oxidation  is  much  slower  than  consumption 
and,  in  non-recirculating  systems,  occurs  pre¬ 
dominantly  after  the  chain  branching  H2 
reactions  are  largely  complete.  However,  gas 
turbine  combustion  systems  do  employ  recirculation 
and  the  suitability  of  this  assumption  for  that 
application  is  not  straightforward. 

The  production  of  H2O  and  especially  CO^ 
through  the  RSC  reactions  described  above  results 
in  the  release  of  a  great  deal  of  energy.  Con¬ 
sequently,  the  rate  of  consumption  of  CO  and  the 
predominant  energy  release  rate  are  strongly 
connected.  Experience  has  shown  that  combustion 
characteristics  Influenced  by  the  principal  heat 
release  processes  (e.g.  flame  propagation)  are 
correlated  by  considerations  of  Equations  15.1.19 
and  15.1.20.  On  the  other  hand,  those  character¬ 
istics  dependent  on  fuel  breakdown/pyrolysis  (e.g., 
ignition  delay)  are  better  correlated  by  considera¬ 
tion  of  Equation  15.1.15. 

The  above  discussion  provides  only  a 
simplified  description  of  the  complex  chemistry 
of  hydrocarbon  combustion.  Additional  detailed 
treatment  has  recently  been  undertaken  In  efforts 
CO  predict  pollutant  emissions  from  combustion 
systems.  Table  15.1.1  Illustrates  one  of  the 
more  complex  schemes  which  has  been  utilized  in 
Reference  15.4. 


15.2  THERMODYNAMICS 


This  section  Is  intended  to  describe  the 
thermodynamic  relationships  of  importance  in 
evaluating  l  e  effect  of  chemical  energy  release 
In  combustion  systems.  The  first  subsection  high¬ 
lights  application  of  the  first  law  of  thermo¬ 
dynamics,  offers  straightforward  evaluat ions  of 
flame  temperature  dependencies,  .and  describes 
methodology  used  in  calculating  flame  temperature. 
The  secnnd  addresses  import.ant  flame  temperature 
dependencies  in  the  practical  situation  of  iet 
fuel /air  combustion. 

15.2.1  Energy  Release  and  Flame  Temperature 

The  first  law  of  thermodynamics,  energy 
conservation,  is  an  important  factor  in  .my 
analysis  of  combustion  systems.  Adiabatic, 
flowing,  constant  pressure  combustion  systems, 
approximated  by  both  main  burners  and  after¬ 
burners  of  gas  turbines,  can  be  analyzed  vising 
conservation  of  t o_t a  1  enthalpy.  In  this  case, 
total  enthalpy  includes  sensible  (or  thermal), 
chemical,  and  kinetic  contributions. 


TABLE  15.1.1:  Hydrocarbon  Oxidation  Kinetics 
Scheme  (From  Reference  Z5.4) 
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Most  frequently,  standard  iustls  of  forma¬ 
tion  .ire  used  te  ilctermine  i lu'  >  tiemioal  energy 
released  during  a  onmhust ion  process.  The 
st.indard  heat  of  formation,  h^-,  represents  the 
energy  a<iditif»n  noc«.’ssary  for  const  .-nt  pressure 
li'rm.uion  ot  .1  compounil  f ri^m  its  vlv^'inetus  in 
their  n.itur.il  state  at  25'’C.  Tiie  v.'nt.'rgv  required 
li>  accomplish  any  reaction  can  he  calculated  by 
a  1  ge'craic.i  I  ly  summing  the  heat  of  fornativ'n 
«-oni  1  i but  iiuis  of  products  minus  react. ini  s. 
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( h  ^  )  2  5  C 
where :  Ahj. 

X  i 


X  , 


J 


rxi{h^-)i  -  -x.  (hf  )  .  (15.2.2) 

heat  of  reaction  at  25°C 

stoichiometric  coefficients 
of  product  compounds 

stoichiometric  coefficients 
of  reactant  compounds. 


If  Equation  15.2.2  is  applied  to  a  complete  oxida¬ 
tion  process  of  a  hydrocarbon  where  all  fuel 
hydrogen  is  converted  to  H2O  and  all  fuel  carbon 
is  converted  to  C02>  the  heat  of  combustion,  Ah^* 
will  be  calculated.  Note  that  this  result  is 
normally  a  large  negative  value  (i.e.  the  reaction 
is  strongly  exothermic). 


The  amount  of  heat  required  to  accomplish 
a  reaction,  Ah^,  is  a  function  of  reaction  tempera¬ 
ture.  Heat  required  at  temperature  T, ,  rather 
than  25°C  would  be: 


-  ("h^)250C  = 

-  %  -  ^r>250C  (15.2.3) 

where  h^p  and  hgr  are  the  prod'.xt  and  reactant 
sensible  enthalpies.  Heats  ji  combustion  are 
generally  greater  (i.e.  less  energy  is  released) 
as  temperature  is  increased. 

With  the  important  exception  of  the  after¬ 
burner  nozzle,  the  kinetic  contribution  to  total 
enthalpy  in  gas  turbine  combustion  systems  is 
relatively  small.  In  such  a  case,  the  relation¬ 
ship  between  the  energy  released  due  to  combustion 
and  the  final  flame  temperature  is: 


-(-•■iv) 


Tl 


(15.2.4) 


where  Cp  is  the  temperature-dependent  specific  heat 
(’!'  the  lonbustion  products  and  the  heat  of  combus¬ 
tion  at  temperattire  is  calculated  using 
Equation  13.2.3.  In  this  flame  temperature 
V aloulat  ion ,  the  heat  generated  in  forming  combus- 
tivni  prt’ducts  at  temperature  can  be  envisioned 
as  an  energy  .source  for  constant  pressure  heating 
of  the  combustion  products  from  Ti  to  T2 • 


The  tern  r  in  Equation  15.2.1  is  a  tempera¬ 
ture  invariant  representation  of  a  fuel’s  chemical 
enervv.  It  mav  be  calculated  using  the  following 
rt-  l-it  ionsh  ip  : 


It  can  be  shown  that  the  solutions  for  Equations 
15.2,5  and  15.2.6  and  Equations  15,2.3  and  15. 2. A 
are  identical. 

The  case  where  a  hydrocarbon  fuel  is 
completely  reacted  to  CO2  and  H2O  results  in  the 
maximum  achievable  flame  temperature,  as  the 
maximum  energy  is  released  upon  formation  of  these 
products.  Note  that  this  can  only  be  achieved  for 
a  lean  mixture  (i.e.,  more  oxygen  necessary  than 
required  for  stoichiometric  reaction).  Conversion 
to  H^O,  CO2 ,  and  CO  is  often  assumed  for  rich 
mixtures,  as  the  conversion  of  H2  to  H2O  is  much 
more  rapid  than  CO  oxidation  (see  Section  15.1.3). 
The  temperature  that  would  result  if  the  reaction 
were  complete  is  defined  as  the  “theoretical 
flame  temperature.”  Because  of  incomplete 
combustion,  energy  losses,  and  the  effects  of 
CO2  and  H2O  dissociation,  the  theoretical  flame 
temperature  is  never  achieved  in  real  combustion 
systems.  Nevertheless,  consideration  of  this 
simplified  flame  temperature  concept  reveals 
Important  trends  dictated  by  the  first  law  of 
thermodynamics . 

Equations  15, 2. A  and  15.2.6  relate  tempera¬ 
ture  rise  to  heat  release  due  to  combustion.  For 
a  given  amount  of  energy  release  it  is  apparent 
that  the  final  flame  temperature  will  increase 
with  initial  temperature.  Secondly,  since  for 
lean  mixtures  the  heat  released  will  be  propor¬ 
tional  to  the  amount  of  fuel  burned  per  mass  of 
mixture,  it  is  implied  that  T2  will  increase 
directly  with  fuel-air  ratio.  However,  when  the 
mixture  ratio  exceeds  stoichiometric  CO,  and 
possibly  H2  and  unburned  fuel,  will  be  present  In 
Che  exhaust  products  and  a  decreasing  flame 
temperature  trend  will  result.  Consequently, 
this  analysis  indicates  a  maximum  flame  tempera¬ 
ture  for  stoichiometric  conditions.  These  trends 
are  illustrated  in  Figure  15.2.1.  Rather  than 
considering  fuel-air  ratio,  the  equivalence 
ratio,  has  been  used  in  this  illustration. 
Equivalence  ratio  is  the  fuel-air  ratio  of  con¬ 
sideration  divided  by  the  stoichiometric  fuel-air 
ratio: 


^  ^  f/a  (15.2.7) 

^  stoichiometric 

Values  of  i  less  than  unity  correspond  to  lean 
operation  while  those  greater  than  unity  correspond 
to  rich  combustion. 

Accurate  flame  temperature  prediction 
requires  consideration  of  dissociation  effects  and 
variable  specific  heats.  Iterative  solution  of 
at  least  four  simultaneous  equations  is  involved. 
The  equations  are: 

a)  stoichiometric  chemical  equation  (mass 
and  atomic  conservation) 


25^C 


(h 


sp 


''sr^25"C 


(15.2.5) 


b)  energy  conservation 


Tht-  I  I'M'  ept  of  .  henioal  energy  in  conjunction  with 
Equation  provides  a  second  method  for 

(lt'ter:"in  lug  final  flame  temperature  (Ref.  15.1). 
f'ousfrvat  ion  of  total  enthalpy,  for  the  case 
whi-rc  kinetic  C(>nt  ributions  are  negligible, 
result!^  in  the  following  expression: 


^(rvV/a)''  ' 


(15.2.6) 


c)  CO2  dissociation 

d)  H2O  dissociation. 

Additional  equilibrium  relationships  may  be  added 
to  improve  accuracy  and  predict  concentrations  of 
NO,  NO2 ,  0,  H,  OH,  N,  etc.  Note  further  that  the 
water  gas  equilibrium  equation  is  usually  sub¬ 
stituted  for  either  c)  or  d)  to  simplify 
mathematical  procedures  (see  Section  15.1.2). 
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In  addition,  note  that  dissociation  causes  the 
peak  flame  temperature  to  occur  at  slightly  rich 
conditions . 


EQUIVALENCE  RATIO 


Figure  15.2.1:  Theoretical  Flame  Temperature 

Dependence  on  Equivalence  Ratio. 
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A  number  of  methods  of  solving  these 
equations  are  practical.  One  technique  involves 
assuming  a  flame  temperature  and  calculating 
species  concentrations  using  the  equilibrium 
relationships.  The  values  are  Chen  used  to  check 
for  balance  of  the  energy  equation.  Additional 
guesses  and  iterations  are  made  till  a  temperature 
is  determined  such  that  the  conservation  of  energy 
is  satisfied  within  acceptable  limits. 

Because  of  the  Involved  nature  of  these 
calculations,  detailed  tabulated  results  and 
computer  programs  have  been  established  to  assist 
combustion  scientists  and  engineers.  Some  of  the 
early  tabulated  calculations  are  the  subject  of 
Reference  15.5  while  the  most  popular  of  currently 
available  computer  programs  for  this  purpose  is 
described  in  Reference  15.6. 

15.2.2  Important  Flame  Temperature  Dependencies 

This  sub-section  presents  calculated 
flame  temperature  results  of  practical  importance 
to  turbine  engine  combu.stion.  Important  variables 
to  be  examined  are  fuel-air  ratio,  initial 
pressure  and  temper.uure,  and  mixture  inert 
concentration. 


calculat 
temperat 
15.2,1  i 
'effects 
tiops  ar 

FlgUTv'  1 

of  Jet  A 
tive  of 
power  op 
cal  and 
ratio  ip 

presonr( 

at  the  h 


e  simp ) i f ied  rcl a 
constant  pressur 
e  and  mixture  rat 
significantly  alt 
d i ssnc iat ion  and 
inc  1  iided  .  This  i 
2.2  which  sliows  r 
ith  <3ir  at  800^‘'K  . 
cJern  combustor  in 
at  ion ) .  The  di f  f 
t  ua  1  fl.ime  temper, 
laches  stoichlome' 
f  s  Lgn  i  f i rant  CO  . 
lier  temperat  ures 


It ionship  between 
e  adiabatic  flame 
io  shown  in  Figure 
ered  when  the  detailed 
1  specific  heat  vari.a- 
s  i  11  us t  rat  eel  in 
esiilts  for  rt>mbust  ion 
and  2  5  .ilm  ( repres*’nt a- 
ilet  conditions  at  100? 
erence  between  theoreti- 
ature  as  the  mixture 
•trie  is  due  ti'  the 
and  H,  c^>ncentrat  li>ns 
( see  F i gure  15.1.1). 


Figure  15.2.2:  Effect  of  Equivalence  Ratip  on 
Adiabatic  Flame  Temperature. 


An  understanding  of  the  influences  of 
initial  pressure  and  temperature  on  flame 
temperature  is  important  to  the  combustion 
engineer,  as  testing  is  frequently  accompli.shed 
at  scaled  operating  conditions.  Figure  15.2.3 
illustrates  the  relationship  between  stoichio¬ 
metric  flame  temperature  and  inlet  temperature  at 
a  pressure  of  25  atmospheres  using  Jet  A  fuel. 

Note  that  only  one-half  of  an  increase  in  inlet 
temperature  is  translated  to  flame  temperature  at 
these  conditions.  Again,  the  non-linearity  is 
primarily  due  to  the  strong  temperature  dependence 
o.'  the  equilibrium  constants  for  CO^  and  H^-^O 
dissociation.  The  effect  of  pressure  is  illustrated 
in  Figure  15. 2. An  increase  in  pressure  at 
constant  initial  temperature  results  in  an  increase 
in  flame  temperature.  This  dependence  can  be 
explained  by  examining  the  form  of  the  and  CO- 
dissoclation  equations.  In  both  cases,  dissocia¬ 
tion  requires  an  increase  in  the  total  number  of 
uKiles  of  product.  The  physics  of  the  equilibrium 
process,  as  embodietl  in  Equations  15.1.3  and 
15.1.9,  cause  an  increase  in  pressure  to  result 
in  a  shift  to  less  total  moles  of  product  --  in 
this  case  less  d issoc  l.it  ion  .  Tlie  increased 
amounts  of  HO  and  CO  in  the  combustion  products 
result  in  greater  flame  temperature. 

Consideration  of  main  combustor  t2_xii 
temperatures  can  be  Sv.)mcwhat  sim[)lifi(‘d  fri’m  the 
«onplexities  of  the  fv’regoing  diskussion.  Most  of 
the  variations  discussed  with  respect  to  Figures 
15.2.2  -  15. 2. a  occur  at  the  highest  valvies  of 
flame  temperature.  Since  main  burner  exit 
temperatures  are  generally  below  ]750‘'’K,  tlu'  inKj 
temperature  and  pressure-  effects  I'f  d  i  ssoc  i  a  t  i  v'U 
are  far  less  proiu'unced.  Figure  15.2.5  i  M  ust  rat  <.  s 
the  relat  i''nshlp  b^-tveen  fuel-air  r  uio  and  tk'tal 
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;ure  15.2.3  Effect  of  Inlet  Temperature  on 

Stoichiometric  Flame  Temperature. 
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Fik'urt^  15.2.4  Effect  of  Pressure  on  Stoichiometric 
Flame  Temperature . 


Figure  15.2.5  Combustor  Exit  Total  Temperature 
for  Jet  A  Fuel  and  Arbitrary 
Pressure  (Working  Chart). 


Another  important  factor  influencing 
flame  temperature  is  oxygen  concentration.  Two 
very  important  instances  of  combustion  with  an  Ot 
concentration  less  than  that  of  air  are  vital  to 
the  combustion  engineer.  While  a  gas  turbine 
engine  main  burner  encounters  air  with  approximately 
215^  O2  in  actual  operation  (preheating  being 
accomplished  by  the  compressor),  testing  is 
sometimes  conducted  using  vitiated  air  —  inlet 
temperature  requirements  are  satisfied  bv  pre- 
combuslion  rather  than  compression  or  indirect 
heating  using  a  heat  exchanger.  The  other  verv 
important  example  of  vitiated  combustion  is,  of 
course,  the  afterburner.  In  this  case,  some  of 
the  energy  previously  by  the  compressor  md 

main  burner  combustion  na..  been  extracted  bv  the 
turbine.  Consequently,  temperatures  in  st  'ichio- 
metric  zones  of  the  main  combustor  signit Lcantly 
exceed  maximum  achievable  temperatures  vsithin 
the  afterburner. 

A  means  of  evaluating  tho  effect  of 
vitiation  on  flame  temperature  is  to  consider 
oxygen  availability.  Vitiated  combustion  is 
characterized  by  abnormally  high  HO  and  CO  con¬ 
centrations  and  lov.7er  O  -  concent ra t  i ons  . 

Theroforo.  the  effect  of  vitiation  is  to  reduce 
the  .mount  01  fuel  per  mass  of  mixture  which  can 


be  stoichlometrically  burned;  reduced  final  flame 
temperature  would  be  predicted  by  Equations 
15.2.4  and  15.2.6.  Figure  15.2.6  illustrates  the 
effect  of  reduced  oxygen  concentration  as  a  func¬ 
tion  of  the  degree  of  vitiation.  These  calcula¬ 
tions  were  performed  with  combustor  inlet 
conditions  of  900‘^K  and  one  atmosphere  pressure* 
values  typical  of  turbine  exit  conditions.  The 
results  include  the  effects  of  dissociation. 
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15.3.1  Premixed  Laminar  Flames 

The  simplest  situation  involving 
simultaneous  treatment  of  combustion  and  gas 
dynamics  is  the  premixed  laminar  flame.  In  this 
case,  a  reaction  front  proceeds  through  a 
uniform  mixture  of  gaseous  fuel  and  air  with  a 
constant  propagation  speed.  An  analysis  of  the 
mass*  momentum*  and  energy  conservation  equations 
governing  this  case  (called  the  Rankine- 
Hugoniot  analysis)  predicts  two  types  of  solutions. 
First,  the  reaction  front  can  proceed  into  the 
unburned  gases  supersonically.  The  velocity  of 
the  burned  gases  with  respect  to  the  reaction 
front  can  be  either  subsonic  (the  detonation  case) 
or  supersonic  (the  supersonic  combustion  case). 
Secondly,  the  reaction  front  can  proceed  into 
Che  unburned  gases  subsonical ly .  In  this  case, 
the  burned  gases  must  also  be  subsonic,  as  the 
supersonic  case  would  violate  the  second  law  of 
thermodynamics.  Subsonic  flame  propagation  is 
also  called  def 'agration. 
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Figure  15.2.6  Effect  of  Vitiation  on  Stoichiometric 
Flame  Temperature. 


15.3  gas  dynamics  and  diffusion  processes 


While  the  Rankine-Hugoniot  equations 
predict  the  existence  of  deflagration  and  relation¬ 
ships  between  the  properties  of  burned  and 
unburned  gases,  the  analysis  does  not  allow 
calculation  of  the  propagation  velocity,  Sl* 
Prediction  of  S^  requires  consideration  of  heat 
conduction  and  species  diffusion  across  the 
reaction  front.  The  basic  thermal  theory  of 
Mallard  and  LeChatelier  first  proposed  in  1883 
results  in  the  following  important  temperature 
dependence; 


exp(-E^/2RTf) 


(15.3.1) 


This  temperature  relationship  is  similar  to  that 
for  reaction  rate  (Equation  15.1.4)  except  for  the 
factor  of  2  in  the  exponential  denominator. 
Equation  15.3.1  is  consistent  with  empirical 
flame  propagation  dependencies  on  fuel  air  ratio 
as  shown  in  Figure  15.3.1;  the  highest  propaga¬ 
tion  velocity  is  at  approximately  ^  =  1,  where 
T{  is  at  its  maximum  value. 

Variations  in  flame  propagation  rate  with 
the  hydrocarbon  types  of  practical  interest  to 
turbopropulsion  combustion  are  not  substantial 
(Ref.  15.3).  Practical  jet  fuels  would  be 
expected  to  behave  in  a  manner  similar  to  that  of 
the  fuels  described  in  Figure  15.3.1.  The 
pressure  dependence  of  flame  propagation  is  not 
straightforward.  In  mixtures  with  burning 
velocities  below  50  cm/sec,  decreases  with 
increasing  pressure.  Between  50  and  100  cm/sec 
Sl  remains  approximately  constani •  Above 
lOO  cm/sec  increases  with  increasing  pressure 
(Ref  15.8). 


The  influences  of  gas  dynamics  and  diffusion 
of  species  and  heat  on  combustion  are  extremely 
complex.  Rather  than  treat  these  involved 
processes  in  detail,  this  section  intends  to 
explain  the  impact  of  these  phenomenon  in  turbo¬ 
propulsion  combustion  and  to  outline  the  general 
approaches  utilized  to  model  these  processes  in 
turbine  engine  combustion  systems.  The  topics  of 
consideration  include  premixed  laminar  flame 
propagation,  d If  f uslon-cont rol led  combust  ion , 
effects  of  turbulence  on  combu.stlon  procc.sses,  and 
the  perfectly  stirred  reactor. 


Across  the  reaction  front  a  substantial 
decrease  in  gas  densities  occurs.  Consequently, 
mass  conservation  requires  a  substantial  increase 
in  velocity.  This  acceleration  results  at  the 
expense  of  some  pressure  drop  across  the  front. 
The  pressure  drop  is: 


(15.3.2) 


where  >  is  tht*  rat  it'  ot  initial  gas  sj^eciflc 
heats,  T|  is  the  initial  temperature  and  a  is  the 
speed  of  soimd  in  the  initi.U  mixture. 
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Figure  15.3.1  Flame  Velocities  of  Paraffin-Oxygen 
Mixtures  at  One  Atmosphere  Pressure 
and  Room  Temperature. 


This  quantity  represents  the  minimum  pressure  drop 
(usually  less  than  1%)  a  combustion  system  can 
experience  in  order  to  accomplish  a  given  energy 
release. 

Values  of  laminar  flame  propagation  are 
usually  no  greater  than  5  m/sec.  Since  reference 
velocities  in  modern  combustion  turbine  engine 
systems  are  generally  greater  than  25  m/sec,  lami¬ 
nar  flame  propagation  is  not  considered  a  predomi¬ 
nant  mode  of  combustion.  Other  modes  of  combustion 
Involving  diffusion  control,  turbulent  mixing,  and 
the  establishment  of  zones  approaching  perfectly 
stirred  reactors  are  necessary. 

15.3.2  Diffusion  Controlled  Combustion 

In  many  practical  devices  the  fuel  and  air 
are  not  entirely  premixed  prior  to  combustion.  In 
these  cases,  reactions  take  place  in  flame  zones 
where  the  influx  of  oxygen  and  fuel  occur  at  a  rate 
corresponding  to  the  stoichiometric  ratio.  In 
laminar  flr'-s,  the  mechanism  for  transport  of  fuel 
and  oxygen  into  these  zones  is  molecular  diffusion 
and  these  types  of  systems  are  called  diffusion 
flames. 

Common  examples  of  laminar  diffusion  flames 
are  the  candle,  a  kerosene  lamp,  or  a  match;  In 
each  case  the  fuel  and  O2  do  not  premix  prior  to  the 
flame.  An  appreciation  for  the  nature  of  diffusion 
flames  may  be  gained  by  examining  the  early  work  of 
■  ,rke  and  Schumann  (Ref.  15.9)  which  was  published 
Fxperimentally,  they  utilized  a  system 
.r  t'  that  shown  In  Figure  15.3.2a.  Fuel 


enters  the  combustion  zone  through  a  central  tube. 
A  laminar  diffusion  flame,  the  shape  of  which  is 
governed  by  the  ratio  of  fuel  to  air  flow,  is 
established  in  the  combustion  zone. 


a.  Experiment 

RAMI  tUIFAa 
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b.  Important  Profiles  at 

Plane  A:  0,  Oxygen  Concentration, 

F,  Fuel  Concentration,  T,  Temperature. 


Figure  15.3.2  Diffusion  Flame  Characteristics. 


Burke  and  Schumann's  analysis  constituted 
the  first  successful  treatment  of  laminar  diffu¬ 
sion  flames,  and  it  continues  to  represent  the 
approach  taken  in  modern  work.  They  modeled  the 
flame  as  an  infinitely  thin  sheet  into  which  fuel 
and  oxygen  flow  in  stoichiometric  proportions. 

All  heat  release  from  chemical  reaction  occurs  at 
this  surface.  This  approach  is  equivalent  to  the 
assumption  that  the  chemical  reactions  are 
infinitely  'ast  compared  to  the  diffusion  processes 
which,  therefore,  control  the  burning  rate.  In 
order  to  mathematically  prohibit  an  infinite 
gradient  of  fuel  or  oxygen  at  the  flame  surface 
(which  would  indicate  infinite  flux  into  the 
surface)  it  is  necessary  to  require  both  fuel  and 
oxygen  concentrations  to  be  zero  at  the  surface. 
This  concept  of  concentration  and  temperature 
profiles  is  Illustrated  in  Figure  15.3.2b. 

Important  differences  between  premixed  and 
diffusion  flames  center  around  the  existence  of 
Che  flame  sheet.  In  the  case  of  the  premixed 
flame  with  no  flame  sheet,  temperatures  achieved 
correspond  to  that  for  contant  pressure  combustion 
at  the  premlxture  fuel-air  ratio  and  the  burning 
rate  Is  controlled  by  the  chemical  kinetic  rate 
and  flame  temperature  (Equation  15.3.1).  However, 
in  the  case  of  laminar  diffusion  flames,  combustion 
always  occurs  at  stoichiometric  conditions  at  the 
flame  sheet  and  the  burning  rate  is  controlled  by 


molecular  diffusion.  Moreover,  the  temperature  at 
the  flame  does  not  generally  correspond  to  the 
premixed  constant  pressure  stoichiometric  flame 
temperature.  The  thermodynamics  at  the  flame  sheet 
are  strongly  influenced  by  the  rates  of  heat  and 
mass  transfer  near  the  flame  (i.e.,  mass  and 
temperature  gradients)  and  are  not  calculable 
through  the  use  of  a  simple  energy  balance. 

The  simplifying  assumption  of  an  infinite 
chemical  reaction  rate  can  be  eliminated  through 
the  utilization  of  a  much  more  sophisticated  analy¬ 
sis.  The  primary  effects  of  including  finite 
reaction  rates  are  prediction  of  a  flame  of  finite 
thickness,  lesser  gradients  of  concentration  and 
temperature  at  the  flame,  and  lower  peak  flame 
temperatures.  While  more  accurate  prediction  of 
near-flame  characteristics  is  achieved  by  the  more 
sophisticated  analysis,  many  important  properties, 
notably  burning  rate,  are  predicted  nearly  as  well 
with  the  less  elaborate  approach. 

The  instance  in  which  the  classical  thin- 
flame  theory  of  diffusion  flames  is  of  importance 
to  turbine  combustion  systems  involves  fuel  droplet 
burning.  While  many  combustion  engineers  question 
whether  droplet  combustion  occurs  under  the  high 
temperature  and  turbulent  conditions  characteristic 
of  high  power  operation,  it  would  be  likely  during 
starting  and  idle  operation.  In  this  case,  vapori¬ 
zation  is  caused  by  heat  transfer  from  a  flame 
surrounding  the  liquid  droplet,  assumed  to  be  at 
Its  boiling  temperature.  The  gaseous  fuel  proceeds 
to  the  flame  and  stoichiometrlcally  reacts  with 
oxygen  diffusing  radially  inward  from  the  surround¬ 
ings.  Analysis  of  this  situation,  similar  to  the 
Burke  and  Schumann  analysis  discussed  above,  results 
in  the  following  burning  rate  prediction; 

-  do^  -  kt  (15.3.3) 

where  d  is  the  fuel  droplet  diameter  at  time  t,  do  is 
d  at  t  »  0,  and  k  is  a  constant.  This  relationship, 
known  at  Godsave's  law,  predicts  fuel  efforts  through 
variations  in  k  (Ref.  15.10).  The  influence  of 
convective  velocity,  air  temperature,  and  oxygen 
concentration  can  also  be  included  in  determination 
of  the  value  of  k.  Note  that  this  relationship  is 
also  applicable  to  droplet  evaporation  without 
combustion,  the  difference  being  a  smaller  value 
of  k. 

The  foregoing  discussion  addresses  the 
simplified  concept  of  fuel  droplet  combustion 
wherein  the  process  of  each  individual  droplet  is 
assumed  to  be  independent  and  the  fuel  is  comprised 
of  a  single  hydrocarbon  component.  In  reality, 
the  situation  is  far  more  complex;  droplet  interac¬ 
tions  and  complications  of  multi-component  fuels 
cause  significant  departures  from  the  simplified 
case  discussed  above  (Ref.  15.11  and  15.12).  The 
combustion  engineer  should  utilize  empirical 
information  when  available.  Recent  data  are 
presented  in  Reference  15.12. 

Diffusion-controlled  combustion  will  also 
occur  in  the  cases  where  fuel  droplets  have  vapor¬ 
ized  but  not  mixed  with  surrounding  air,  thus 
forming  fuel-rich  pockets,  or  where  the  gases  from 
a  rich  primary  zone  mix  with  secondary  air.  Many 
of  the  performance  characteristics  of  present  day 
combustors  confirm  the  existence  and  importance  of 
such  processes.  However,  the  diffusion  controlled 
reactions  in  practical  gas  turbine  combustion 
systems  cannot  bu  simply  treated  by  classical  laminar 


diffusion  flame  theory;  turbulence  effects  are 
extremely  important  and  the  effects  of  turbulent 
diffusivity  must  be  included.  These  will  be 
discussed  in  the  following  subsection. 

15.3.3  Turbulence  Effects 

Previous  discussions  of  both  premixed  and 
diffusion  controlled  combustion  have  concentrated 
on  laminar  systems.  In  practice,  however,  the 
presence  of  turbulence  has  an  extremely  important 
influence  on  both  premixed  and  diffusion  controlled 
combust ion. 

The  rate  of  flame  propagation  in  a  premixed 
system  is  greatly  enhanced  by  turbulence.  Most 
available  information  on  this  subject  has  been 
developed  to  Improve  the  understanding  of  turbulent 
flame  propagation  in  afterburners.  However, 
turbulent  flame  propagation  information  is  currently 
of  additional  importance,  as  low  emission  combustors 
employ  a  highly  turbulent  fuel-air  mixing  and 
vaporization  zone  prior  to  combustion  (see  Chapter 
20).  An  important  consideration  in  such  systems 
is  the  possibility  of  "flashback"  or  turbulent 
flame  propagation  upstream  to  the  fuel  injection 
point . 

Lefebvre  and  Reid  (Ref.  15.13)  have 
reviewed  important  turbulent  flame  propagation 
literature.  The  relationships  shown  in  Table 
15.3.1  have  been  cited  as  representative  of  the 
understanding  of  turbulence  effects.  The 
important  parameters  influencing  turbulent  flame 
propagation,  Sj  are: 

u*  »  the  fluctuating  component  of  gas 
velocity. 

y  *  parameter  describing  free  stream  and 
flame  generated  turbulence  Intensity. 

i  »  turbulence  length  scale. 

Generally  speaking,  the  turbulent  flame  velocity 
can  be  the  order  of  the  turbulent  velocity,  u', 
far  exceeding  Sl- 

Turbulence  also  causes  increased  burning 
rates  in  diffusion  flames  (Ref.  15.18).  Analyses 
for  turbulent  diffusion  flames  are  similar  to  the 
laminar  case  but  use  an  artificially  high 
diffusivity  constant.  Physically,  the  increased 
fuel/air  mixing  is  explained  as  due  to  forced 
mixing  of  small  fuel  lean  or  fuel  rlch'elements  of 
gas  by  turbulent  forces.  These  small  elements  of 
gas  are  called  eddies.  The  analytical  adjustment, 
called  eddy  diffusivity,  accounts  for  the  enhanced 
mixing  at  the  reaction  front.  This  approach  is 
taken  as  a  convenience  and  is  based  on  empirical 
correlations  rather  than  fundamental  principles. 

The  Importance  of  turbulence  on  many 
practical  aspects  of  turbine  engine  combustion  has 
recently  been  highlighted  by  Mellor  (Ref.  15,19). 

He  proposes  a  simplified  model  for  main  burner 
combustion  in  which  important  processes  are  assumed 
to  occur  In  a  highly  turbulent  diffusion  flame 
stabilized  by  a  recirculation  zone  behind  a  bluff 
body  (see  Figure  15.3.3).  His  analysis,  based  on 
characteristic  times  for  turbulent  mixing  and 
chemical  reaction  and  focusing  on  the  shear  laver 
mixing  zone,  has  been  shown  to  be  successful  in 
correlating  a  number  of  combustion  characterist ics 
ranging  from  exhaust  pollutants  to  stability. 


TABLE  15.3.1:  Turbulent  Flame  Theories  (From  Reference  15,13). 


Investigator 

Relationships 

Conclusions 

Damkohler  (Ref. 

15.14) 

Sx  =  Sl  +  u' 

S-j-  is  independent  of  turbulence 

At  high  velocities  this 
approaches  S'j  =  u* 

scale.  At  high  velocities  Sj  is 
determined  solely  by  turbulent 
velocity. 

Shchelkin  (Ref, 

15.15) 

Sx  =  Sl[1  +  (u'/Sl)^]'^ 

In  agreemnt  with  Damkohler. 

- _J 

At  high  velocities  this  approaches 
=  u' 

Karlovitz  (Ref.  15.16) 


For  weak  turbulence  S<j<  =  Sl  +  u* 

For  strong  turbulence: 

=  Sl  +  (2Slu')-5 


Sj  is  independent  of  turbulence 
scale . 

Laminar  flame  speed  is  most 
important  parameter. 


Scurlock  (Ref,  15.17) 


Sl[1  + 


Where:  y  Is  dependent  on  approach 
stream  and  flame  generated  turbulence; 
I  is  the  turbulence  scale;  is  a 
constant . 


S7  is  dependent  on  laminar  flame 
speed  and  turbulence  scale. 
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Figure  15.3.3:  Simplified  Representation  of  a 
Turbine  Combustion  System. 


A  final  aspect  of  turbulence  to  be  discussed 
here  involves  its  effect  on  chemical  reactions. 
During  fuel-air  mixing  as  well  as  in  the  reaction 
zone,  the  individual  turbulent  eddies  can  have 
widely  differing  values  of  fuel-air  ratio  and 
temperature.  Because  reaction  rates  are  very  sensi¬ 
tive  to  these  variables  (Equation  15.1.4)  the 
turbulence  characteristics  can  strongly  influence 


the  rates  and  end  products  of  the  combustion  process. 
Gouldin  (Ref.  15.20)  has  performed  an  analysis 
which  indicates  that  turbulence  is  of  importance 
to  chemical  reactions  when  turbulent  temperature 
fluctuations  T'  are  such  that: 


(15.3.4) 


where  the  bars  indicate  average  values.  Table 
15.3.2  j^ndicates  (Eg/RT)"^  for  different  values  of 
Eg  and  T.  Turbulence  can  be  expected  to  play  a 
significant  role  in  all  cases  except  those 
involving  low  activation  energies  (<20  Kcal/g  mole) 
and  high  temperatures  (>2500°K).  Because  of  the 
obvious  difficulties  in  accomplishing  temperature 
or  concentration  measurements  on  the  time  and 
length  scales  of  interest  to  this  subject,  only 
limited  empirical  information  is  available  to 
provide  further  explanation  of  this  complex 
phenomena . 

15.3.4  Perfectly  Stirred  Reactor 

The  perfectly  stirred  reactor  (PSR)  is 
defined  as  a  combustion  region  in  which  reactant 
and  product  concentrations  as  well  as  temperature 
are  completely  homogeneous  (Ref.  15.21,  15.22). 

The  fuel-air  mixture  entering  the  reactor  is 
assumed  to  be  Instantaneously  mixed  with  the  com¬ 
bustion  products.  In  principle,  this  immediately 
increases  the  temperature  of  the  entering  reactants 
far  beyond  the  initial  state  and  provides  a 
substantial  and  continuous  supply  of  chain  carriers 
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TABLE  IS. 3. 2:  Importance  of  Turbulence  to  Chemlcml 

Reactions  —  Values  of  (E  /Rf)'^ 
a 


E  ) 

T(°K) 

a\g-mole/ 

1500 

2000 

2500 

10 

.09 

.16 

.25 

20 

.0225 

.04 

.0625 

40 

.0052 

.01 

.0156 

60 

.0025 

.0044 

. 00694 

80 

.0014 

.0025 

.0039 

which  are 
combustion 

of  paramount 
(See  Section 

importance  to  hydrocarbon 
15.1.3). 

Reaction  rates  per  unit  volume  are  maximized 
in  the  PSR-  Stabilization  characteristics  of 
practical  systems  —  primary  zones  of  main  com¬ 
bustors  and  regions  behind  flameholders  cf  after¬ 
burners  —  are  often  modeled  using  PSR  analyses. 

A  simplified  version  of  the  analysis  presented  in 
Reference  15.22  results  in  the  following  dependence 
of  the  reaction  rate  on  key  parameters: 


expC-E^/RTjj)  (15.3.5) 

where:  V  ”  reactor  volume 

m  =  mass  flow  rate  into  the  reactor 
n  «  total  reaction  order 

Tp  “  adiabatic  flame  temperature  for  complete 
reaction 

Tp  ”  PSR  temperature 

Tu  -  initial  temperature  of  entering 
(unburned)  mixture. 

Figure  15.3.4  illustrates  Che  relationship  between 
mass  burning  rate  and  reactor  temperature.  These 
results  correspond  to  a  case  where  n  ■  2,  Ea  *  40 
Kcal/g  mole  and  stoichiometric  combustion  of  a  fuel 
yielding  Tp  values  of  2550,  2500  and  2400°K  for 
Tu  values  of  1000,  800,  and  600°K.  Equation  15.3.5 
yields  three  solutions  for  any  value  of  m/Vp"  — 
only  the  two  highest  Tp  solutions  are  indicated  in 
Figure  15.3.4,  as  the  lowest  Tp  solution,  while 
stable,  is  not  of  practical  interest  here.  The 
mid-Tp  solution  is  also  of  academic  Importance, 
as  it  is  unstable.  Considering  only  the  highest 
Tp  solution,  Che  analysis  indicates  that  the 
adiabatic  flame  temperature  for  complete  reaction 
is  only  achieved  at  flow  rates  approaching  zero. 
Further,  a  maximum  value  of  m/VP"  is  indicated  and 
blow  out  is  expected  if  a  further  Increase  is 
attempted.  Typically,  this  PSR  blow  out  point  is 
imminent  when  Che  temperature  rise  above  inlet 
conditions  is  75%  of  that  corresponding  to 
complete  combustion. 

The  exponential  nature  of  reaction  rates 
(Equation  15.1.4)  is  directly  reflected  in 
Equation  15.3.5.  For  this  reason,  perfectly  stirred 
reactors  have  been  extensively  utilized  for  high 
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Figure  15.3.4  Perfectly  Stirred  Reactor  Operating 
Conditions . 


temperature  chemical  kinetic  studies.  Equation 
15.3.5  also  indicates  the  beneficial  effect  of 
higher  values  of  Tp  on  stabilization.  This  can 
be  achieved  by  higher  initial  mixture  temperature 
(as  shown  in  Figure  15.3.4)  and/or  an  equivalence 
ratio  closer  to  unity.  Figure  15.3.5  Illustrates 
the  dependence  of  the  well-stirred  reactor 
stability  region  on  equivalence  ratio.  Consequently, 
combustor  designers  strive  to  create  primary  zones 
which  promote  stabilization  with  an  approximately 
stoichiometric  fuel-air  mixture  ratio. 
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Figure  15.3.5  Stirred  Reactor  Stability 

Dependence  on  Equivalence  Ratio. 


Equation  15.3.5  can  be  rearranged  and 
simplified  while  maintaining  the  most  important 
temperature  characteristics  to  yield  the  following 
relationship : 


m 

vp" 


% 


-E  /RT 

exp 


(15.3.6) 


This  relationship  provides  some  guidance  in 
developing  a  parameter  with  which  the  volumetric 
heat  release  of  practical  combustion  systems  may 
be  judged.  Following  the  units  of  Equation  15.3.6 
a  specific  heat  release  rate  parameter,  SHRR,  has 
been  established  for  aircraft  gas  turbine  com¬ 
bustors  with  the  units  of  energy/tlme-pressure- 
volume.  This  topic  is  discussed  further  in  Chapter 
20. 


of  such  testing  usually  involves  reduction  of  the 
remaining  combustion  inefficiency  and  relatively 
small  temperature  measurement  errors  can  cause 
large  uncertainties  in  the  determined  ineff iciency . 
Consequently,  exhaust  gas  analysis  has  received 
wide  acceptance  as  a  means  of  more  accurately 
determining  combustion  inefficiency.  Exhaust 
concentrations  of  species  containing  chemical 
energy  (predominantly  carbon  monoxide,  unburned 
hydrocarbons,  and  hydrogen)  must  be  determined. 
Inefficiency  may  then  be  calculated  using  Che 
following  equation. 


1  - 


f/a 

1  +  f/a 


(Ahc)^ 


(15.4.4) 


15.4  COMBUSTION  PARAMETERS 

Three  Important  combustion  parameters  will 
be  discussed  in  this  section.  Descriptions  of 
combustion  efficiency,  flame  stabilization,  and 
ignition  phenomena  are  included. 


where  is  the  mass  fraction  of  speci'is  i,  and 
(Ahc)j^  is  the  heat  of  combustion  of  species  1.  The 
numerator  of  this  expression  represents  the  unused 
chemical  energy  per  mass  of  exhaust  while  the 
denominator  represents  the  chemical  energy  per 
mass  of  the  initial  fuel-air  mixture. 


15.4.1  Combustion  Efficiency 

Perhaps  the  most  fundamental  of  all  com¬ 
bustion  performance  characteristics  is  the 
combustion  efficiency,  He*  This  parameter  is 
defined  as  the  fraction  of  the  maximum  possible 
energy  which  has  been  released  during  a  combustion 
process.  For  the  case  of  constant  pressure 
combustion,  can  be  expressed  as: 


Another  common  means  of  expressing  Equation 
15.4.4  involves  the  use  of  the  emission  index, 

EX,  which  represents  the  mass  of  CO,  hydrocarbons, 
or  H2  in  the  exhaust  per  1000  mass  units  of  fuel. 
In  this  case  the  equation  reduces  to: 

1  -nc  =  10-3 (.232  ^ 

+  2.76  EI„  )  (15.4.5) 

"2 


(hsp^T,  -  (hg[j) 


(h  )»  -  (h  )_ 

sp  I2  ideal  sp  li 


(15.4.1) 


An  excellent  approximation  of  n^.  can  be 
made  by  assuming  that  the  product  specific  heat 
is  independent  of  temperature: 


n 


c 


(T2 


T  ) 

1  actual 
T  ) 

^l^ldeal 


(15,4,2) 


In  cases  where  significant  acceleration  occurs 
during  the  combustion  process,  total  enthalpy  or 
temperature  must  be  used  in  Equations  15.4.1  and 
15.4.2.  Further,  the  ideal  value  of  T2  in 
Equation  15.4.2  or  (hsp)T2  Equation  15.4.1  is 
that  corresponding  to  the  calculated  equilibrium 
flame  temperature.  Consequently,  the  considera¬ 
tion  of  dissociation  effects  is  vital  when 
temperatures  are  in  excess  of  1650^K. 


In  cases  where  the  temperature  is  below 
1650°K,  combustion  efficiency  can  be  related  to 
operating  and  fuel  parameters  as  follows: 


^£^32_ljVactual 


/_fZa_Y 
\1  +  f/a/ 


(Ah(.)f 


(15.4.3) 


where  Cp  is  an  average  specific  heat  and  (Ahc)^ 
is  the  fuel  heat  of  combustion. 


In  practice,  can  be  determined  by 
I  measuring  the  actual  12.  This  method,  however, 

presents  some  difficulty  in  cases  where  com- 
•  bustlon  efficiencies  are  above  90%.  The  objective 


Note  that  in  cases  where  the  combustion 
temperature  exceeds  1650®K,  Equation  15.4.4  and 
15.4.5  must  be  modified  to  account  for  the  amounts 
of  CO,  hydrocarbons,  or  H2  which  are  present  due 
to  equilibrium  dissociation.  The  calculated 
combustion  inefficiency  should  correspond  only 
to  that  CO,  hydrocarbon,  or  H2  which  is  present  at 
concentrations  levels  in  excess  of  equilibrium. 

15.4.2  Flame  Stabilization 


Not  all  fuel-air  mixtures  are  capable  of 
supporting  sustained  combustion.  The  equilivalence 
ratio,  temperature,  and  pressure  conditions 
within  which  combustion  can  be  sustained  in  a 
quiescent,  gas-phase  system  are  defined  as  the 
flammability  limits.  Figure  15.4.1  illustrates 
Che  existence  of  both  fuel  lean  and  fuel  rich 
limits  for  a  kerosene-air  system.  While  these 
limits  are  dependent  on  pressure,  experimental 
configuration,  and  the  existence  of  a  quiescent 
system,  the  fundamental  concept  of  flammability 
limits  is  invaluable  as  it  defines  the  widest 
possible  regimes  of  combustion.  Flammability 
limit  data  for  some  typical  hydrocarbons  are 
indicated  in  Table  15.4.1.  It  is  noted  chat 
variations  in  the  limiting  equivalence  ratio  are 
not  substantial  for  the  lean  limit,  that  of 
primary  practical  importance  to  the  combustor 
designer. 

Flammability  limits  are  sensitive  to 
mixture  temperature.  Correlations  have  indicated 
Che  following  approximate  relationships  between 
the  mixture  equivalence  ratios  for  the  lean  and 
rich  limits  (dL  arid  <5r)  and  initial  mixture 
temperature  (Ref.  15.23): 

^l(T2)  -  =  -9.2  X  10-^(T2  -  Ti)  (15.4.6) 

«*R<T2)  -  ^r(Ti)  =  25  X  10-'‘(T2  -  Tj) 


(15.4.7) 
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Figure  15.4.1:  Flammability  Characteristics  for  a 
Kerosene- Type  Fuel  in  Air  at 
Atmospheric  Pressure. 


TABLE  15.4.1:  Flammability  Limits  in  Air  at 
Atmospheric  Pressure  and  Room 
Temperature  (From  Ref.  15.23). 

Equivalence  Ratio 


Fuel 

Lean  Limit 

Rich  Limit 

n-Paraf fins 

Methane 

.53 

1.56 

Propane 

.53 

2.51 

Butane 

.60 

2.88 

Pentane 

.58 

3.23 

Hexane 

.55 

3.68 

Heptane 

.63 

3.78 

Octane 

.60 

— 

Isoparaf ins 

2, 2- Dime thy  A  propane 

.54 

2.01 

2-Methylpentane 

.55 

3.42 

2 , 2, 4-Trimethylpentane 

.66 

— 

2,2,3, 3-Tetramethylpentane 

.53 

3.45 

Olefins 

Ethene 

.45 

6.76 

Propene 

.52 

2.47 

1-Butene 

.46 

2.94 

Aromatics 

Benzene 

.50 

2.75 

To] ucne 

.61 

— 

Ethylbenzene 

.50 

— 

Substantial  pressure  differences  may  also  be  observed 
if  the  test  container  is  sufficiently  small  for  wall 
quench  reactions  to  be  of  importance. 

Often  a  flowing  system  will  not  be  capable 
of  sustained  stable  combustion  under  temper. iture, 
pressure,  and  equivalence  ratio  conditions  within 
the  flammability  limits.  In  practical  systems,  the 


limits  within  whicn  combustion  will  be  stable  are 
dependent  on  design  details.  An  example  of  the 
onset  of  instability  in  a  premixed  fuel-air 
system  is  found  in  the  stabilization  process  for 
a  turbulent  flame  at  the  tip  of  a  bunsen  burner. 
The  blow  off  characteristics  of  such  a  system 
have  been  successfully  related  to  the  velocity 
gradient  near  the  bunsen  burner  rim. 

To  reduce  the  possibility  of  instabilities 
in  flowing  premixed  systems,  flamehoLders  and 
primary  zones  are  often  used.  In  either  case, 
the  stability  of  the  system  is  achieved  by 
creating  a  region  of  violent  recirculation  and 
thorough  mixing.  Such  a  zone  approximates  the 
perfectly  stirred  reactor  (PSR)  which  provides 
maximum  stability  for  a  flowing  system.  Fuel 
and  air  flow  distributions  are  intended  to 
provide  a  near-stoichiometric  equivalence  ratio 
in  this  region  to  maximize  stability.  In  many 
cases,  especially  the  flameholder,  the  portion  of 
the  flow  intercepted  by  the  recirculation  zone 
is  small  and  the  predominant  heat  releasing  com¬ 
bustion  mechanism  involves  reactions  within  the 

shear  laver  which  bojinds  the  recirculation  zone 
(see  Figure  15.4.2).  The  PSR  portion  of  the  flow 
can  be  thought  of  as  providing  a  continuous  pilot 
to  sustain  the  shear  layer  combustion  region. 
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Figure  15.4.2  Physical  Processes  in  Flameholding 


Blow  out  of  these  systems  can  be 
envisioned  as  occurring  in  two  phases  (Refs.  15.24 
and  15.25).  First  the  less  stable  shear  layer 
becomes  unable  to  sustain  Itself  as  flow  is 
increased  and  will  extinguish.  As  previously 
Implied,  this  results  in  the  elimination  of  the 
predominant  heat  transfer  source  and  causes  the 
combustion  efficiency  to  drop  to  nearly  zero. 

The  recirculation  zone,  being  more  stable,  will 
continue  to  operate  until  Is  reached 

(sec  Figures  15-3.4  and  15.3.5)  at  which  time 
this  region  will  also  blow  out.  Since  it 
represents  a  minor  heat  release  factor,  this 
final  blow  out  point  is  of  secondary  interest. 

15.4.3  Ign It  ion 

Rv  <leflnition,  ignition  is  possiblv  i>n!v 
for  those  fuel-.iir  mixture  rond  i  l  iLms  within 
the  f  1  .imm.Lb i  1 1 1 V  limits.  The  entir<'  region 
witliin  the  f  l.immab  i  1  i  t  V  limits  must  be  further 
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divided  into  two  sub-regions  separated  by  the 
spontaneous  ignition  temperature  (SIT) .  This 
parameter  is  usually  determined  using  a  standardized 
test  procedure  where  a  liquid  fuel  is  dropped  into 
an  open  air  container  heated  to  a  known  temperature. 
The  spontaneous  ignition  temperature  is  defined  as 
the  lowest  temperature  at  which  visible  or  audible 
evidence  of  combustion  is  observed.  Typical 
values  of  SIT  are  listed  in  Table  15.4.2,  Note 
the  trend  towards  reduced  SIT  as  the  length  of  a 
n-paraffin  chain  is  extended.  Further  the  impact 
of  side  methyl  groups  in  the  case  of  iso-octane  is 
to  increase  SIT  to  a  level  consistent  with  an 
n-paraffin  of  much  lower  molecular  weight.  Because 
these  data  are  specific  to  a  particular  experiment> 
direct  usage  of  these  data  as  hazard  criteria  is 
not  advisable.  Most  importantly  from  the  combustor 
designer’s  standpoint,  SIT  variations  due  to 
pressure  are  significant.  SIT  decreases  rapidly 
until  approximately  2  atmospheres  with  apparently 
small  changes  above  this  pressure  (15.20). 


TABLE  15.4.2:  Spontaneous  Ignition  Temperatures 
(From  Reference  15.20). 


Fuel  S.I.T.  (QR) 


Propane  767 
Butane  678 
Pentane  558 
Hexane  534 
Heptane  496 
Octane  491 
Nonane  479 
Decane  481 
Hexadecane  478 
Iso-octane  691 
Kerosene  (JP-8  or  Jet  A)  501 
JP-3  511 
JP-4  515 
JP-5  506 


Above  the  spontaneous  ignition  temperature 
the  key  combustion  characteristic  is  the  ignition 
delay  time.  This  parameter  is  defined  as  the  time 
lag  for  a  given  fuel-air  mixture  to  achieve 
significant  reaction.  Zero  time  may  be  defined  as 
the  Incidence  of  initial  mixing  (as  in  a  flow 
reactor)  or  of  near  Instantaneous  heating  (as  in  a 
shock  tube).  While  there  are  many  ways  to  define 
the  onset  of  significant  reaction  (dT/dt,  AT/ATj^gx* 
etc.),  the  important  point  is  that  the  ignition 
delay  is  exponentially  related  to  initial  tempera¬ 
ture,  T|^: 


‘ign  -  (15.4.8; 

Because  the  ignition  mechanism  is  not  dependent  on 
final  flame  temperature,  ti^n  strongly 

dependent  on  mixture  ratio  within  the  flammability 
limits.  However,  a  strong  dependence  on  pressure 
is  usually  observed.  Ignition  delay  times  for 
typical  fuels  are  illustrated  in  Figure  15.4.3. 


Figure  15.4.3  Ignition  Delay  Tiroes  for  Practical 
Fuels . 


significantly  with  equivalence  ratio  as  shown  in 
Figure  15.4.4  for  the  case  of  vapor  fuel-air 
mixtures.  It  is  important  to  note  that  the 
minimum  condition  is  not  always  at  a  stoichiometric 
mixture  ratio.  For  heavy  fuels  the  minimum  occurs 
closer  to  »  2.  Other  important  variables 
include  initial  mixture  temperature  and  pressure. 
Finally,  in  the  more  practical  case  of  liquid  fuel 
spray-ignition,  the  extent  of  fuel  vaporization  is 
vital  to  ignition  characteristics.  Rao  and 
Lefebvre  (15.27)  have  shown  that  liquid  fuel 
droplet  diameter  has  a  powerful  Influence  on 
minimum  ignition  energy. 


Below  the  spontaneous  ignition  temperature,  EQUIVALENCE  RATIO 

an  additional  heat  source  must  be  utilized  to 
allow  temperatures  to  locally  exceed  the  SIT. 

The  most  common  method  of  achieving  this  is  the 
spark  discharge.  The  necessary  amount  of  energy 

release  to  achieve  ignition  is  called  the  minimum  Figure  15.4.4  Minimum  Ignition  Energies 

Ignition  energy  (MIE) .  The  quantity  varies  very 
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15.5  JET  FUELS 


15.5.1  Combustion  Characteristics 

The  most  fundamental  of  all  fuel  charac¬ 
teristics  is  the  heat  of  combustion  or  heating 
value.  This  empirically-determined  parameter 
represents  the  energy  released  per  mass  of  fuel 
upon  complete  combustion  when  both  initial  and 
final  temperatures  are  nearly  25°C.  The  actual 
experiment  involves  a  combustion  bomb  pressurized 
with  pure  oxygen  immersed  in  a  well  insulated 
water  bath.  The  temperature  rise  of  the  water 
(usually  only  a  few  °C)  is  determined  and  the  energy 
necessary  to  cause  this  increase  for  the  entire 
system  is  determined.  This  value,  which  is 
calculated  as  negative  for  exothermic  combustion 
reactions,  is  the  constant  volume  higher  heating 
value . 

Since  the  experiment  is  performed  at  25°C, 
condensed  water  from  the  combustion  products 
within  the  bomb  provides  additional  energy 
release  which  is  included  in  the  constant  volume 
higher  heating  value.  The  measurement  can  be 
corrected  to  yield  the  constant  volume  lower 
heating  value  (Ahc)v  which  corresponds  to  the 
energy  which  would  have  been  released  if  the  water 
in  the  combustion  products  had  remained  in  the 
vapor  phase.  The  constant  pressure  lower  heating 
value  (Ahc)»  which  has  been  previously  discussed 
in  Section  15.2.1,  can  then  be  calculated: 

Ah^  -  (Ah,)^  =  (np  -  (15.5.1) 

where  np  and  ng  are  the  number  of  moles  of  gaseous 
products  and  reactant,  T  is  initial  or  final 
temperature  (approximately  2980K) ,  and  J  is  the 
mechanical  equivalent  of  heat.  Values  of  Ah^  and 
heats  of  formation  for  typical  hydrocarbons  and 
jet  fuels  are  shown  in  Table  15.5.1. 

While  heat  of  combustion  differences  among 
hydrocarbons  are  relatively  small,  changes  in 
volatility  are  substantial.  Fuels  can  range  from 
methane  (boiling  point  of  -161^C)  to  heavy  liquid 
hydrocarbons  containing  napthalene  (boiling  point 
of  2110C).  In  non-aircraft  turbii>e  applications, 
future  fuel  candidates  Include  even  residual  oils 
(which  have  non-volatile  components).  Common 
aircraft  turbine  fuels,  however,  are  i  blend  of 
many  hydrocarbons  and  their  volatility  is  usually 
characterized  by  a  distillation  curve  as  shown  in 
Figure  15.5.1. 

The  chemical  composition  of  common  jet 
fuels  is  extremely  complex.  The  hundreds  of 
hydrocarbon  types  present  are  often  categorized 
Into  three  groups,  paraffins,  olefins,  and 
aromatics.  Paraffins  are  the  straight  chain  or 
cyclic  saturated  molecules  like  propane,  butane, 
or  cyclohexane.  These  are  generally  very  clean 
burning  fuels  (low  soot  formation).  Olefins  are 
characterized  by  the  presence  of  a  carbon-carbon 
double  bond  as  occurs  In  ethylene.  These  compounds 
are  suspected  of  causing  gum  and  si..»bility  problems 
in  jet  fuels.  Aromatics  are  molecules  containing 
unsaturated  ring  structures.  These  may  be  single 
ring  (e.g.  benzene)  or  polycyclic  (e.g.  napthalene) 
in  nature.  The  combustion  of  aromatic  fuels  Is 
likely  to  cause  problems  associated  with  carbon 
particle  formation,  flame  radiation  and  exhaust 
smoke. 
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Figure  15.5.1  Distillation  Characteristics  of 
Common  Jet  Fuels. 


A  final  important  fuel  characteristic  from  the 
handling,  crash  hazard,  and  tactical  vulnerability 
standpoints  is  the  flash  point.  This  parameter  is 
empirically  determined  using  a  controlled  tempera¬ 
ture  container  partially  filled  with  fuel.  A 
small  flame  is  passed  over  the  fuel/air  mixture. 

The  minimum  temperature  at  which  some  evidence 
of  Ignition  is  observed  is  defined  as  the  flash 
point*  It  has  been  demonstrated  that  this 
temperature  corresponds  to  conditions  where  the 
equilibrium  vapor/air  mixture  above  the  liquid 
fuel  is  at  the  lean  flammability  limit.  This 
characteristic  is  Illustrated  in  Figure  15.4.1. 

15.5.2  Common  Jet  Fuels 

Three  jet  fuel  types  are  in  wide  use 
throughout  the  free  world.  JP-4  is  the  fuel  used 
by  the  air  forces  of  NATO,  including  the  United 
States.  Jet  B,  a  fuel  nearly  Identical  to  JP-4, 
is  used  by  Canadian  commercial  airlines.  These 
fuels  can  be  grossly  represented  as  a  blend  of 
kerosene  and  gasoline.  The  high  volatility  of 
JP-4  results  in  a  vapor  pressure  of 'about  0.17  atm 
(2,5  psia)  at  310°K  (lOO^F),  and  a  flash  point  of 
approximately  -250C. 

Jet  A  is  the  kerosene-based  fuel  used  by 
most  of  the  world’s  commercial  airlines,  including 
the  United  States.  It  has  a  much  lower  volatility 
than  JP-4  resulting  In  a  flash  point  of  about 
52oc.  Because  of  the  reduced  probability  of 
post  crash  fires  and  the  reduction  of  combat 
vulnerability,  the  NATO  nation  air  forces  are 
considering  conversion  to  JP-8.  This  fuel  is  near¬ 
ly  identical  to  Jet  A-1,  a  commercial  fuel  similar 
to  Jet  A  in  all  respects  except  freeze  point  (-SO^C 
versus  -40®C  for  Jet  A).  The  combustion  character¬ 
istics  of  JP-8,  Jet  A,  and  Jet-  A-1  are  virtual  Iv 
Identical , 

The  unique  problems  associated  with  ship¬ 
board  jet  fuel  use  cause  the  U.S.  Navy  tc  use  a 
third  fuel  type,  JP-5,  which  has  an  even  higher 
flash  point  (>63^C) . 
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TABLE  15.5.1:  Heats  of  Combustion  and  Formation 
(From  Reference  15.1) 


Name 

Formula 

Mole¬ 

cular 

Weight 

Methane 

CH4 

16.04 

Ethane 

C2H6 

30.07 

Propane 

C3H8 

44.09 

n-Butane 

C4H10 

58.12 

Isobutane 

C4H10 

58.12 

n-Pentane 

C5H12 

72.15 

n-Hexane 

C6H14 

86.17 

n-Heptane 

C7H16 

100.20 

n-Octane 

csHia 

114.22 

2,2, 4-Trimethy Ipentane 

CgHlS 

114.22 

n-Nonane 

C9H20 

128.25 

n- Decane 

C1OH22 

142.28 

n-Tetradecane 

C14H30 

198.38 

n-Hexadecane 

CI6H34 

226.43 

n-Pentatriacontane 

C35H72 

492.93 

Ethylene 

C2H4 

28.05 

Propylene 

C3H6 

42.08 

Isobutene 

C4H8 

56.10 

Octene 

C8HI6 

112.21 

Cyclopentane 

C5H1O 

70.13 

Cyclohexane 

C6H12 

84.16 

Benz ene 

78.11 

Toluene 

C7H8 

92.13 

,i  -Xylene 

CsHlO 

106.16 

Methyl  alcohol 

CH30H 

32.0 

Ethyl  alcohol 

C2H50H 

46.0 

Propyl  alcohol 

C3H70H 

60.0 

Butyl  alcohol 

C4H90H 

74.1 

Acetylene 

C2H2 

26.04 

Hydrogen 

H2 

2.016 

Carbon  (solid,  graphite) 

c 

12.01 

Carbon  (coke)  to  CO2 

c 

12.01 

Carbon  (coke)  to  CO 

c 

12.01 

Carbon  Monoxide 

CO 

28.01 

JP-4 

JP-5 

JP-8/Jet  A/Jet  A-1 

CH2.02 

CHi.92 

CHi.94 

-Ah^ 

Constant  Pressure  Lower 
Heating  Value  (cal/gm) 

Ahf 

Heat  of  Formation 
(cal/gm) 

11,946 

1115 

11,342 

739 

11,072 

563 

10,925 

513 

10,897 

541 

10,744 

573 

10,685 

551 

10,643 

535 

10,611 

523 

10,592 

542 

10,587 

10,567 

10,515 

10,499 

10,573 

11,264 

-445 

10,935 

-116 

10,759 

60 

10,556 

10,458 

10,376 

9,588 

-150 

9,680 

-31 

9,748 

-55 

4,802 

6,447 

7,388 

7,936 

11,518 

-2,080 

28,651 

0 

7,826 

0 

8,077 

0 

2,467 

0 

2.413 

10,389 

476 

10,277 

458 

10,333 

428 

The  physical  and  chemical  properties  of 
these  fuels  are  illustrated  in  Table  15.5.2. 

Yearly  consumption  figures  for  1974  have  also  been 
shown. 


15.6  SUMMARY 

This  chapter  has  reviewed  fundamental 
con.epts  necessary  for  the  understanding  of  aero- 
propulsion  combustion.  Two  additional  chapters 
will  consider  the  practical  application  of  this 
information  to  mainburners  (Chapter  20)  and  after¬ 
burners  (Chapter  21).  Much  of  this  chapter  has 
reflected  the  theme  that  the  subject  of  combustion 
involves  interdisciplinary  study  of  chemistry, 
thermodynamics,  and  gas  dynamics. 

Key  topics  to  the  study  of  combustion 
chemistry  are  reaction  rates,  equilibrium  considera¬ 
tions,  and  the  mechanisms  of  hydrocarbon-air 
combustion.  The  Arrhenius  relatlonsV tp ,  which 
describes  the  basic  dependencies  of  reaction  rate 
on  pressure,  temperature,  and  concentration,  has 
been  highlighted  and  (ts  impact  on  combustion 
systems  has  been  described.  CO2  and  H2O  dissociation 


and  the  water  gas  relationship  are  the  primary 
equilibrium  considerations.  Current  understanding 
of  hydrocarbon  combustion  has  been  reviewed. 

This  complex  process  can  be  envisioned  as  a 
sequence  of  events  involving  hydrocarbon  pyrolysis 
and  partial  oxidation  to  H2  and  CO,  chain  branching 
reaction  resulting  in  H2  consumption,  and  CO 
oxidation  by  OH  radicals  generated  during  chain 
branching. 

Combustion  thermodynamics  involves  relating 
energy  release  from  fuel  consumption  to  combustion 
product  effects.  For  constant  pressure  systems,  the 
first  law  of  thermodynamics  implies  conservation 
of  total  enthalpy  across  the  reacting  system. 

Using  this  relationship,  definitions  and  methods 
of  calculating  flame  temperature  have  been  offered. 
Tht  'retical  flame  temperature,  calculated  assuming 
no  dissociation,  has  been  used  to  explain  the 
effects  of  initial  temperature,  fuel-air  ratio, 
fuel  type,  and  extent  of  vitiation.  Methods  of 
more  accurate  flame  temperature  calculation. 
Including  dissociation  effects,  have  been  presented 
and  the  above-described  effects  were  illustrated. 
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TABLE  15 ■5.2:  Important  Jet  Fuel  Properties 


Property 

Vapor  Pressure  (atm) 

@  380C  (100°F) 

Initial  Bolling  Point 
(°C) 

End  Point  (°C) 

Flash  Point  (OC) 

Aromatic  Content  (%  Vol) 

Olefinic  Content  (%  Vol) 

Saturates  Content 
(X  Vol) 

Net  Heat  of  Combustion 
(cal/gm) 

Specific  Gravity 

U.S.  Yearly  Consumption 
(109  gal) 


JP-4 


Spec 

Typical 

Reqm't 

Value 

.13  -  .2 

.18 

— 

60. 

— 

246 

— 

-25 

<25 

12 

<  5 

1 

“ 

87 

>10,222 

10,388 

0.751  -  0.802  .758 

5 


JP- 

8  (Jet  A-1) 

Spec 

Typical 

Reqm't 

Value 

— 

.007 

— 

169. 

288 

265 

>49 

52 

<20 

16 

— 

1 

— 

83 

>10,222 

10,333 

0.755  - 

0.830  0.810 

12 

JP-5 


Spec 

Reqm' t 

Typical 

Value 

— 

.003 

— 

182. 

288 

260 

>63 

65 

<25 

16 

— 

1 

— 

83 

>10,166 

10,277 

0.788  -  0.845 

0.818 

Gas  dynamics  and  diffusion  processes 
affecting  combustion  have  been  described.  Premixed 
laminar  flames  have  been  discussed  and  the  dependence 
of  propagation  rate  on  temperature  and  especially 
fuel-air  ratio  have  been  highlighted.  In  the  case 
where  fuel  and  air  are  not  Initially  mixed,  rates 
of  fuel  and  oxygen  diffusion  Into  the  flame  region 
control  the  burning  rate.  Key  properties  of 
diffusion  flames  and  methods  of  analyzing  laminar 
systems  have  been  reviewed.  The  Impact  of 
turbulence  on  premixed  and  diffusion  flames  has 
been  discussed.  In  Che  case  of  premixed  systems, 
flame  propagation  rates  are  enhanced.  In  Che  case 
of  diffusion  flames,  combustion  zone  mixing  rates 
ace  Increased,  resulting  In  greater  burning  rates. 
Finally,  a  model  of  Che  ultimate  turbulent  system, 
the  perfectly  stirred  reactor,  has  been  offered. 

In  this  system,  mixing  rates  are  Instantaneous 
relative  to  chemical  kinetic  effects  and  uniform 
temperature  and  species  concentration  exist 
throughout  Che  reactor.  This  perfectly  stirred 
reactor  analysis  has  Indicated  Important  dependencies 
of  such  a  system  on  temperature,  mixture  ratio,  and 
combustion  kinetics. 

Combustion  parameters  of  Importance  to  aero- 
propulslon  have  been  reviewed  and  explained  using 
the  fundamental  information  regarding  chemistry, 
thermodynamics,  and  gas  dynamics  presented  In 
earlier  sections.  Parameters  which  have  been 
reviewed  are  combustion  efficiency,  flame  stabiliza¬ 
tion,  and  Ignition.  Combustion  efficiency  has  been 
defined  and  related  to  both  exhaust  temperature  and 
species  concentration.  Flame  stabilization  has 
been  discussed  relative  to  the  definition  of 
flammability  (which  applies  to  a  quiescent  system), 
as  well  as  to  Che  basic  processes  occurring  In 
flameholder  or  primary  zone  regions.  In  the  latter 
case,  the  roles  of  the  recirculation  and  shear 
layer  zones  have  been  highlighted.  Ignition  has 
been  discussed  In  terms  of  spontaneous  Ignition 
temperature.  Ignition  delay  time,  and  minimum 
Ignition  energy. 

Finally,  the  Important  combustion  characteristics 
of  jet  fuels  have  been  defined  and  discussed.  These 
Include  the  heats  of  combustion  and  formation, 
volatility  and  distillation  characteristics,  and 


flash  point.  The  properties  of  current  jet  fuels, 
JP-4  (or  Jet  B) ,  JP-8  (similar  to  Jet  A),  and 
JP-5,  have  been  tabulated. 
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16.0  Introduction 

In  this  chapter  the  term  "boundary  layer"  Is 
applied  very  loosely  In  the  generic  sense  of  a 
shear  layer  which  Is  not  necessarily  thin,  rather 
than  the  quite  precise  terminology  usually  Implied 
In  classical  external  aerodynamics.  Excluded  from 
this  very  broad  category  of  flows  are  shear  layers 
whose  behavior  can  be  adequately  described  by 
assuming  the  transport  of  momentum  or  energy  across 
streamlines  of  the  mean  flow  Is  quite  negligible. 

The  present  chapter  Is  devoted  to  describing  the 
concepts  and  procedures  which  are  available  to 
allow  the  prediction  of  the  behavior  of  these 
"boundary  layers"  in  the  diverse  and  special  cir¬ 
cumstances  found  In  turbomachlnery . 

In  view  of  the  crucial  role  of  boundary  layers 
In  setting  loss  levels,  heat  transfer  rates  and 
operating  limits,  there  can  be  no  doubting  the 
desire  of  the  turbomachlnery  designer  to  understand 
and  predict  the  behavior  of  these  boundary  layers 
as  they  are  Influenced  by  flow  and  geometric 
changes.  Despite  this  desire,  boundary  layer  pre¬ 
diction  schemes  are  not,  with  minor  exceptions,  at 
present  In  extensive  use  In  practical  design  sys¬ 
tems.  Real  engines  have  been  found  to  Introduce 
complexities  which  cannot  be  allowed  for  In  the 
prediction  schemes  and  which  subsequently  dominate 
Che  flow  behavior.  Fortunately,  It  appears  that 
In  the  near  future  this  rather  sad  state  of  affairs 
will  be  changed,  due  to  the  combined  development  of 
efficient  methods  for  solving  mulcl-dlmenslonal  non¬ 
linear  systems  of  partial  differential  equations 
together  with  recent  advances  In  the  modeling  of 
turbulent  transport  processes.  In  the  subsequent 
sections  a  hierarchy  of  techniques  will  be  evolved 
all  based  on  using  modern  computers  to  effect  Che 
solution.  The  particular  turbomachlnery  applica¬ 
tion  of  Che  various  techniques  will  be  Introduced 
together  with  their  current  status  and  shortcomings 
and,  since  many  of  the  techniques  are  still  being 
evolved,  a  prognosis  for  their  eventual  success 
will  be  given. 

In  developing  the  solution  hierarchy  It  Is 
first  convenient  to  divide  the  problem  Into  Its  two 
major  constituents,  firstly  the  problem  of  devel¬ 
oping  then  solving  the  set  of  equations  purporting 
to  describe  the  problem  at  hand  and  secondly  the 
problem  of  describing  the  turbulent  transport  of 
momentum  and  energy  to  some  reasonable  degree  of 
accuracy  for  that  problem.  The  first  part  of  the 
problem  can  be  broken  down  further  on  the  basis 
that  certain  physical  approximations  greatly  sim¬ 
plify  the  numerical  process  of  solving  the  set  of 
equations.  In  particular  the  neglect  of  stream- 
wise  diffusion  in  the  equations  is  usually  a  very 
good  approximation.  Uhen  this  Is  followed  by  the 
assumption  that  the  pressure  forces  can  be  approx¬ 
imated  either  locally  by  mass  conservation,  l.e., 
a  blockage  correction,  and/or  without  an  a  priori 
knowledge  of  the  boundary  layer  behavior,  the  gov¬ 
erning  equations  for  time  averaged  steady  flow  are 
greatly  simplified,  and  can  be  solved  relatively 
easily  by  forward  marching  procedures.  Thus  a  sol¬ 
ution  hierarchy  Is  developed  based  first  of  all  on 
one,  two,  and  three  dimensional  marching  schemes 
followed  by  techniques  In  one,  two,  and  three  apace 
dimensions  which  cover  problems  which  do  not  permit 
the  aforementioned  simplification  and  require  both 
upstream  and  downstream  boundary  conditions  to  be 
satisfied.  Turbulence  models  are  treated  separately, 
although  In  the  literature  often  a  given  model  Is 
associated  with  a  particular  scheme.  As  a  practical 
matter  the  various  turbulence  models  are  usually 
Interchangeable . 


Turning  to  the  special  problems  which  arise  as 
a  consequence  of  Che  operating  mode  of  the  gas  tur¬ 
bine,  It  turns  out  that  Che  Inlet  conditions  to 
many  components  of  Interest  ace  often  unsteady  and 
more  often  than  not  contain  total  pressure  and 
total  temperature  variations,  usually  distributed 
In  a  highly  three  dimensional  manner.  In  a  time 
averaged  frame  which  could  either  be  rotating  with 
Che  blades  or  stationary  on  a  stator  or  vane,  such 
unsteadiness  can  be  viewed  as  "Inlet  turbulence" 
with.  In  some  instances,  both  ordered  and  random 
components  In  Che  motion.  It  Is  to  be  expected 
that  the  response  of  the  flow  to  this  "Inlet  tur¬ 
bulence"  would  vary  depending  on  the  composition  of 
Che  turbulence.  Primary  measures  of  turbulence 
such  as  rms  Intensity  and/or  some  spatial  scale 
would  only  be  expected  to  give  some  sort  of  zeroth 
order  estimate  of  its  effect.  Within  the  device 
Itself  blades  and  vanes  are  noticeably  more  cam¬ 
bered  chan  is  usual  with  conventional  wing  sections 

(see  Fig.  19.2,1).  This  camber  leads  to  the  p _ 

bility  of  curvature  effects  on  the  turbulence 
structure  within  the  boundary  layer  Itself,  but 
fortunately  in  all  but  film  cooled  turbine  blades 
the  effect  of  curvature  on  the  turbulence  structure 
may  probably  be  of  secondary  Importance  when  com¬ 
pared  to  other  unknowns.  However,  the  camber  and 
Che  consequent  large  amounts  of  flow  turning,  such 
as  occurs  In  the  turbine,  can  cause  the  annulus 
wall  (hub  and  casing)  boundary  layers  to  overturn 
within  the  blade  or  vane  passageway  leading  to  pro¬ 
nounced  boundary  layer  migraclonal  effects  which 
can  eventually  result  in  streamwlse  vortices  of 
considerable  strength  (see  Fig.  19.3.2).  Stream- 
wise  vortices  can  also  be  produced  In  the  region  of 
vane  or  blade  Intersection  with  the  annulus  wall 
boundary  layers,  the  so-called  horse  shoe  vortices. 
The  appearance  and  the  subsequent  fate  of  such 
streamwlse  vortices  appear  to  have  a  considerable 
Impact  on  the  aerodynamics  and  heat  transfer  rates 
within  the  device  and  their  presence  usually  sig¬ 
nifies  chat  conventional  boundary  layer  concepts 
ace  no  longer  valid.  These  and  related  problems 
are  discussed  In  Chapters  IB  and  19. 

Insofar  as  the  operating  conditions  of  the  com¬ 
pressor  and  turbine  are  concerned  It  appears  that  In 
modern  compressor  technology  the  aim  Is  to  obtain 
higher  loadings,  leading  to  the  airfoils  working 
closer  and  closer  to  a  catastrophic  flow  breakdown 
(stall)  somewhere  in  the  machine.  It  turns  out  Chat 
the  operating  limits  of  highly  loaded  stages  ace 
very  difficult  to  predict  and  stage  performance 
appears  only  loosely  related  to  the  two  dimensional 
airfoil  boundary  layer  characteristics.  These 
facts  have  led  compressor  designers  to  place  com¬ 
paratively  little  reliance  on  boundary  layer  cal¬ 
culations  and  to  develop  a  correlation  approach 
based  on  rig  tests.  Turbines,  on  the  other  hand, 
accelerate  the  flow  and  consequently  the  problem  of 
operating  close  to  stage  stall  is  mitigated.  How¬ 
ever,  as  Is  pointed  out  In  Chapter  18,  separation 
can  still  be  a  problem  even  In  turbines.  Further, 
the  local  heat  transfer  on  the  vanes  or  blades  are 
of  considerable  design  Interest  and  dominated  by 
the  boundary  layer.  In  view  of  the  relative  success 
of  two  dimensional  boundary  layer  analyses  In  pre¬ 
dicting  the  heat  transfer  rates  in  the  turbine, 
turbine  designers  have  come  to  place  a  greater  reli¬ 
ance  on  boundary  layer  analyses.  More  recent  devel¬ 
opments  In  turbine  technology  such  as  even  higher 
turbine  Inlet  temperatures,  film  cooling,  and  higher 
work  extraction  levels  per  stage  have  led  to  a  com¬ 
mensurate  Interest  by  designers  In  developing  and 
using  appropriate  analyses.  In  particular  the 
higher  work  extraction  levels  and  the  accompanying 
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high  levels  of  flow  acceleration  cause  extended 
regions  of  transition  from  laminar  to  turbulent 
flow  (and  vice  versa)  which  axe  discussed  In  Chap¬ 
ters  18  and  19.  The  various  practical  film  cool¬ 
ing  schemes  Introduce  three-dimensional  effects 
and  the  higher  turbine  Inlet  temperatures  make  It 
necessary  to  know  with  some  precision  the  Intra¬ 
blade  hub  and  casing  heat  transfer  distributions. 

The  foregoing  problems  are  In  many  ways  much 
more  difficult  to  treat  than  the  boundary  layer 
problems  encountered  In  external  aircraft  aero¬ 
dynamics.  The  wide  variety  of  possible  configur¬ 
ations  open  to  the  turbomachinery  designer  and  the 
probable  Impact  of  the  boundary  layer  on  any 
selected  configuration,  leads  one  to  suspect  that 
the  correlation,  l.e.,  extrapolation  approach,  would 
be  both  uncertain  and  expensive.  Further  develop¬ 
ment  of  boundary  layer  analyses  seems  entirely 
Justified  even  If  it  only  results  In  an  Improvement 
In  the  correlation  approach  to  the  design  of  turbo- 
machinery. 

In  the  subsequent  sections  attention  Is  first 
of  all  devoted  to  both  Integral  and  finite  differ¬ 
ence  procedures  for  predicting  the  two-dimensional 
blade  or  vane  boundary  layers.  Here  the  aim  Is  to 
provide  the  means  of  estimating  the  airfoil  section 
loss  coefficient  and  the  detailed  distribution  of 
heat  transfer  coefficient  around  the  airfoil.  This 
Is  followed  by  a  discussion  of  the  axlsymmetrlc 
pitch  averaged  equations  and  the  procedures  avail¬ 
able  for  solving  this  set  of  equations  and  their 
role  In  predicting  the  pitch  averaged,  l.e.,  cir¬ 
cumferentially  averaged  hub  and  casing  boundary 
layer  behavior.  Next  the  rather  limited  role 
played  by  conventional  three-dimensional  boundary 
layers  In  turbomachinery  will  be  Introduced  and 
the  available  schemes,  both  Integral  and  finite 
difference,  discussed.  The  much  enlarged  capabil¬ 
ity  of  what  Is  here  termed  the  extended  three  dim¬ 
ensional  boundary  layer  procedures,  sometimes 
termed  (rather  euphemistically)  the  parabolized 
Navler-Stokes  equations,  will  then  be  described 
and  the  problems  of  this  concept  discussed.  The 
difficulties  arising  from  boundary  layer  separ¬ 
ation  are  then  Introduced  and  the  status  of  the 
very  limited  number  of  schemes  for  creating  this 
problem  as  rigorously  as  possible  reviewed.  Final¬ 
ly  Che  problems  of  turbulence  modeling  and  the 
current  approaches  to  this  most  difficult  of  topics 
will  be  reviewed.  Each  topic  Is  discussed  from  Che 
point  of  view  of  the  special  problems  of  turbo- 
machinery  applications  and  the  aim  is  to  give  the 
reader  guidance  in  selecting  an  approach,  concept 
or  procedure  which  would  be  suitable  for  his  par¬ 
ticular  problem. 

16,1  Two-Dimensional  or  Axlsymmetrlc  Boundary 
Layers 

The  turbomachinery  designer  has  a  very  profound 
Interest  In  vane  and  blade  boundary  layers  from  heat 
transfer  and  loss  point  of  view,  as  Is  emphasized  in 
Chapters  18  and  19.  Further,  the  flow  In  the  vari¬ 
ous  ducts  and  the  resulting  total  pressure  losses 
are  of  a  similar  considerable  Interest.  In  spite 
of  the  often  very  noticeable  three-dimensional  vari¬ 
ations  present  In  both  of  the  foregoing  Instances 
and  largely  as  a  result  of  the  absence  up  until  now 
of  better  simulations,  two-dimensional  and  axially 
symmetric  boundary  layer  analyses  have  been  applied 
to  these  problems.  In  the  present  section  both 
Integral  and  finite  difference  techniques  for  pre¬ 
dicting  the  two-dimensional  vane  boundary  layer 
behavior  will  be  discussed.  Finally  the  additions 


required  to  describe  axlsymmetrlc  flow,  both  swirling 
and  non-swlrllng,  will  be  Introduced. 

16.1.1  Integral  Methods  for  Predicting  the  Blade 
Boundary  Layers 

In  view  of  the  highly  satisfactory  status  of 
methods  which  directly  and  numerically  Integrate  the 
boundary  layer  partial  differential  equations  of 
motion.  It  seems  at  first  sight  Incongruous  at  this 
point  In  time  to  dwell  upon  the  so-called  Integral 
procedures  for  predicting  boundary  layer  development. 
The  arguments  against  the  further  development  or 
application  of  Integral  methods  seem  very  persuasive. 
Direct  numerical  treatment  of  the  governing  partial 
differential  equations  of  motion  can  now  be  per¬ 
formed  routinely,  and.  In  view  of  the  general  avail¬ 
ability  and  comparatively  low  cost  of  modern  com¬ 
puters,  quite  cheaply  compared  to,  say,  the  cost  of 
engineering  man  hours.  The  potential  cost  savings 
of  Integral  procedures  are  dependent  upon  utiliz¬ 
ation  and  code  construction  and  in  some  applications 
an  order  of  magnlti-de  reduction  In  an  already  small 
computing  cost  Is  not  a  significant  factor.  Ease  of 
use  Is  not  usually  a  deciding  factor  either,  since 
a  number  of  the  direct  numerical  procedures  have 
been  made  to  operate,  upon  user  request,  with  the 
same  identical  Input  as  integral  procedures  usually 
demand,  together  with  such  features  as  optional  auto¬ 
matic  grid  selection.  The  direct  procedures,  by 
virtue  of  their  not  requiring  the  a  priori  adoption 
of  velocity,  temperature  and  turbulence  profile 
families,  certainly  contain  less  empiricism  than  the 
Integral  methods,  and,  thereby  focus  attention  upon 
the  essential  problem  of  the  turbulent  boundary 
layer,  that  is  adequate  specification  of  the  turbu¬ 
lent  transport  mechanism.  Finally,  It  Is  claimed  by 
their  protagonists  that  the  direct  procedures  are 
much  more  general  and  flexible  with  regard  to  such 
Items  as  boundary  conditions  and  Inlet  profiles,  n 
that  such  features  as  heat  transfer,  wall  transpir¬ 
ation,  rough  walls  and  film  cooling,  for  Instance, 
may  be  readily  Incorporated  Into  the  procedure,  sub¬ 
ject  solely  to  the  accuracy  of  the  boundary  layer 
approximations  and  the  turbulent  transport  model. 

In  spite  of  the  foregoing,  however,  a  case  for 
the  continued  development  and  application  of  Integral 
methods  for  predicting  boundary  layer  behavior  In 
some  Instances  does  exist.  It  Is  now  becoming  appar¬ 
ent,  for  example,  that  a  whole  category  of  flow 
problems  arise  where  a  rapid  and  often  Iterative 
estimate  of  the  boundary  layer  growth  Is  required  as 
a  sub-task  In  a  procedure  for  predicting,  say,  the 
pressure  field  In  or  around  a  body.  In  such  Instances, 
provided  the  required  degree  of  accuracy  is  attain¬ 
able,  the  potential  cost  savings  of  the  Integral 
procedure  might  be  very  considerable  and  hence  desir¬ 
able.  Although  the  cost  savings  attributed  to  the 
integral  procedures  are  usually  thought  of  as  aris¬ 
ing  from  the  reduced  use  of  the  computer,  the  engin¬ 
eering  labor  required  to  code  and  debug  an  Integral 
procedure  can  be  one  or  more  orders  of  magnitude 
smaller  than  that  required  by  the  better  direct 
numerical  procedures.  However,  since  detailed  list¬ 
ings  of  a  number  of  satisfactory  direct  procedures 
are  available  in  the  open  literature,  the  code  con¬ 
struction  cost  savings  may  not  be  realized.  Also, 

It  does  not  follow  that  the  use  of  empirical  infor¬ 
mation,  such  as  velocity  profile  families,  necessar¬ 
ily  degrades  a  prediction,  and  this  Is  only  the  case 
when  the  empirical  Input  Is  Inaccurate  or  Inappro¬ 
priate  and  parameters  of  Interest  depend  on  the 
empirical  input.  It  Is  true,  however,  that  the 
necessity  of  supplying  this  additional  empirical 
Information  does  limit  Integral  techniques  to  those 
problems  where  such  empirical  Information  exists 
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and  haa  been  aultably  correlated.  Here  the  degree 
of  collapse  to  which  the  eoplrlcal  correlations 
must  adhere  Is  dictated  solely  by  the  user's  over¬ 
all  required  predictive  accuracy,  and  this,  of 
course.  Is  the  user's  perogatlve  to  decide.  It 
does  seem  clear,  however,  that,  for  Instance,  the 
displacement  thlclcness  over  a  smooth  shock-free 
two-dimensional  unseparated  airfoil  without  heat 
transfer  at  high  Reynolds  numbers  may  be  predicted 
quite  satisfactorily  by  a  number  of  simple  Integral 
procedures.  If  now  the  problem  Is  changed  to  esti¬ 
mate  the  heat  transfer  to  the  same  airfoil  with  a 
rapidly  varying  wall  temperature  distribution  typi¬ 
cal  of  those  encountered  In  gas  turbine  operations, 
few.  If  any,  of  the  currently  available  Integral 
procedures  could  be  relied  upon  to  provide  an 
acceptable  prediction  of  Che  heat  transfer  rate. 

The  reason  for  Che  failure  In  the  presence  of  heat 
transfer  Is  Che  Inadequacy  of  Che  presently  avail¬ 
able  temperature  profile  families  when  Che  wall 
temperature  varies  rapidly. 

In  the  subsequent  discussion  an  attempt  will 
be  made  to  delineate  Chose  areas  where  integral 
methods  at  present  might  be  expected  to  be  Inaccur¬ 
ate  as  a  result  of  the  Inadequate  additional  empir¬ 
ical  Information  required,  relative  Co  direct  pro¬ 
cedures.  Ac  Che  same  time,  some  Integral  procedures 
possess  characteristic  features  which  are  of  con¬ 
siderable  Importance  In  the  convenient  application 
of  Che  procedure  and  these  desirable  features  will 
also  be  emphasized.  Also  certain  integral  pro¬ 
cedures  can  be  fashioned  to  permit  Incorporation  of 
turbulence  models  of  Che  same  type  as  are  currently 
being  developed  for  the  direct  numerical  procedures. 
Such  features  are  obviously  attractive  and  they, 
coo,  will  be  emphasized  In  Che  subsequent  develop¬ 
ment  . 

16.1.1.1  The  Homentim  Integral  Equation 

As  Is  well  known,  Che  basic  technique  of  deriv¬ 
ing  an  Infinite  family  of  integral  momentum  equa¬ 
tions  from  the  partial  differential  equations  of 
motion  consists  of  multiplying  the  partial  differ¬ 
ential  equations  by  a  factor  y^u*"  and  Integrating 
Che  equations  in  the  coordinate  direction  normal 
to  the  wall ,  When  n  ■  m  -  0  the  von  Karman  momen¬ 
tum  Integral  equation  Is  obtained,  and  if  the  exter¬ 
nal  flow  Is  varying  slowing  In  time  compared  to  the 
typical  turbulent  velocity  fluctuations  (McDonald 
and  Shamroth,  Ref.  16.1)  this  equation  can  be 
written  for  compressible  flow  neglecting  the  Reynoldi 
normal  stresses  as 
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and  H  is  the  shape  factor  given  by  6*/e  and 
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Given  the  external  velocity  distribution  Ug(x,c) 
and  external  density  field  pg(x,t)  from  an  Invlscld 
calculation  of  the  flow  round  the  body  displacement 
surface,  the  momentum  Integral  equation  relates  Che 
three  thickness  parameters  and  the  skin  friction. 
Obviously  additional  relationships  must  be  supplied 
to  form  a  determinate  system.  Before  proceeding  to 
develop  the  required  additional  equations  some  obser¬ 
vations  seem  appropriate.  Firstly,  Che  axial  momen¬ 
tum  Integral  equation  Is  not  particularly  contro¬ 
versial  and  most  Investigators  have  made  it  a  point 
to  base  their  analysis  upon  this  foundation.  Some 
authors  Include  the  Reynolds  normal  stress  terms 
but  this  seems  to  be  quite  optional  and  to  date  has 
not  proven  to  be  a  particularly  crucial  Item,  except 
possibly  near  separation  where.  In  any  event,  Che 
conventional  boundary  layer  analysis  Is  In  diffi¬ 
culties.  Evans  and  Horlock  (Ref.  16.2)  have  pointed 
out  that  unless  the  Integration  Is  carried  out  far 
enough  Into  the  free  stream,  the  fact  must  be  taken 
Into  account  that  the  skin  friction  term  on  the 
right  hand  side  of  the  momentum  Integral  equation  Is 
actually  the  net  result  of  the  wall  stress  minus  the 
apparent  Reynolds  shear  stress  -u'V  at  the  y  •  4 
point  where  the  Integration  Is  terminated.  In  prin¬ 
ciple  this  does  not  cause  any  difficulty  with  the 
momentum  Integral  equation  since  It  Is  evident  from 
Eq.  (2)  that  the  upper  limit  on  the  Integration  can 
be  arbitrarily  large  for  the  defect  thicknesses 
defined  there.  Problems  can  arise  however  with  the 
auxiliary  relationships  If  they  Involve  Integral 
thickness  parameters  which  do  depend  on  the  loca¬ 
tion  of  the  boundary  layer  edge.  The  problem  mani¬ 
fests  Itself  principally  In  flows  where  the  velocity 
profile  tails  off  very  gradually  Into  Che  free  stream, 
such  that  there  might  be  a  factor  In  excess  of  1.25 
between  the  point  at  which  the  local  velocity 
equaled  .99  of  the  external  stream  (y  '  ^.99) 
point  at  which  the  local  velocity  equaled  ,995  of 
the  free  stream  (y  4  993),  This  long  call  seems  to 
be  a  characteris-ic  of  flows  with  a  significant 
amount  of  free  stream  turbulence  present,  l.e.,  T^  * 
(u'2)^/^/ue  >  .03.  The  Implication  here  is  that  bound¬ 
ary  layers  with  this  characteristic  long  tall  should 
Integrate  out  to  where  Che  Reynolds  apparent  shear 
stress  Is  negligible  compared  to  the  wall  stress.  This 
was  Che  approach  adopted  by  McDonald  and  Kreskovsky 
(Ref.  16.3).  As  an  alternative  an  estimate  of  the 
Reynolds  stress  at  some  convenient  thickness  can  be 
made  and  this  approach  was  adopted  by  Evans  and 
Horlock  (Ref.  16.2) 


Finally  It  Is  observed  chat  Che  momentum  Inte¬ 
gral  equation  Is  Independent  of  any  assumption  about 
the  form  of  the  mean  velocity  or  temperature  profile 
and  Is  equally  valid  for  laminar,  transitional  or 
fully  turbulent  flow.  This  fact  is  convenient  In 
applying  the  momentum  Integral  equation  and  leads 
one  to  seek,  where  possible,  auxiliary  equations 
with  this  same  formal  detail  profile  Independence 
property.  Detail  profile  Independence  permits  the 
overall  technique  to  be  constructed  so  as  to  be 
valid  for  any  type  boundary  layer  flow  and  places 
the  flow  distinction  mechanism  In  the  more  easily 
Isolated  region  of  turbulence  model  and  profile 
specification. 
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16.1.1.2  Skin  Friction  Lavs  and  the  Mean 
Velocity  Profiles 

Turning  to  the  auxiliary  relationships  to  be 
supplied,  the  great  majority  of  methods  specify, 
often  explicitly,  a  skin  friction  law  which  relates 
the  Integral  thickness  parameters  etc.,  to  the 
skin  friction  coefficient  Cf.  Typical  forms  of 
these  explicit  relationships  are  discussed  by  Nash 
(Ref.  16.4)  for  Incompressible  turbulent  flow  and 
an  apparently  quite  satisfactory  relationship  la 
derived  by  Nash  and  Macdonald  (Ref.  16. S)  for  tur¬ 
bulent  compressible  adiabatic  flow.  Several  other 
slisllar  quite  satisfactory  explicit  relationships 
are  available  In  the  literature  for  compressible 
unseparated  flow  In  a  pressure  gradient  on  a  smooth 
wall  without  heat  transfer.  Less  satisfactory, 
however,  are  the  skin  friction  laws  for  flows  with 
heat  transfer  when  either  the  free  stream  or  the 
wall  temperature  Is  varying  rapidly.  As  an  alter¬ 
native  but  equivalent  process  to  assuming  an  expli¬ 
cit  skin  friction  law,  and  as  a  result  of  the  near 
wall  dependence  of  velocity  on  wall  friction,  a 
skin  friction  law  may  be  obtained  as  a  by-product 
of  the  assumed  velocity  profile  family,  to  be  dis¬ 
cussed  In  detail  subsequently.  This  latter  prac¬ 
tice  is  much  more  consistent  with  the  overall 
analysis,  although  not  necessarily  any  more  accu¬ 
rate  and,  of  course.  It  does  demand  a  velocity 
profile  be  adopted  which  depends  on  the  wall 
friction.  Certainly  obtaining  the  skin  friction 
from  the  assumed  velocity  profile  makes  a  mechan¬ 
ical  process  of  the  extrapolation  of  the  skin 
friction  law  Into  compressible  flows  with  pressure 
gradients,  or  any  other  flow  where  the  skin  fric¬ 
tion  measurements  to  correlate  are  sparse,  and  Is 
the  procedure  recommended  by  the  present  author 
at  this  time. 

Turning  now  to  the  question  of  mean  velocity 
profile  correlations,  first  of  all  In  turbulent 
incompressible  flow,  three  broad  classifications 
of  approaches  can  be  discerned.  In  the 
first  of  these,  now  largely  abandoned  for  turbu¬ 
lent  flows,  a  simple  polynomial  representation  of 
the  giean  velocity  profile  Is  proposed,  usually  of 
the  type  velocity  proportional  io  yl'"  where  n  is 
some  exponent,  perhaps  even  an  Integer,  which 
could  vary  with  the  boundary  layer  condition. 
Experience  has  shown  that  for  all  but  the  crudest 
of  estimates  the  simple  polynomial  Is  Inadequate. 
Fortunately  much  better  representations  are  pos¬ 
sible  and  this  leads  us  to  the  second  category 
where  the  correlations  are  based  on  the  law  of 
wall  with  an  allowance  for  a  departure  from  the 
logarithmic  region  In  the  far  wall  region.  The 
best  known  formulation  of  this  type  Is  that  due  to 
Coles,  and  experience  has  shown  his  correla¬ 
tion  to  be  remarkably  accurate  for  a  wide  range 
of  unseparated  low  speed  flows  In  both  favorable 
and  adverse  pressure  gradients  (Coles  and  Hirst, 
Ref,  16.6).  Coles  (Ref,  16.7)  suggests  a  profile 
of  the  form  given  here  for  flows  with  surface 
transpiration  as 
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Bq  Is  Simpson's  (Ref.  16.8)  blowing  Intercept  taken 
as  10. SOS  and  h  Is  the  well-known  von  Karman  constant 
and  Cq  la  the  additive  constant  in  the  law  of  the 
wall,  taken  as  .41  and  5.0,  respectively  by  Coles 
for  smooth  walls.  11  Is  the  wake  strength  para¬ 
meter  (Coles,  Ref.  16,9)  and  Eq.  16.1.  (4)  may  be 
Integrated  to  give  the  desired  Integral  profile 
thickness  parameters.  It  Is  also  clear  that  If  the 
profile  Is  evaluated  at  y  «  6  where  u  •  Ug.  a  skin 
friction  law  Is  obtained.  The  strength  of  the  wake 
component,  n,  nay  be  eliminated  from  a  knowledge 
of  the  Integral  thickness  parameters.  The  skin 
friction  relationship  Is  apparently  quite  an  awkward 
transcendental  formulation;  however.  If  necessary, 
it  is  easily  and  very  efficiently  solved  by  a 
Newton-Raphson  scheme.  Another  shortcoming  of  the 
Coles  profile  as  presented  Is  that  It  Is  not  contin¬ 
uous  all  the  way  to  wall  and  Is  only  valid  outside 
the  viscous  sublayer,  say  for  y'*'  >  50.  Coles  does 
however  present  corrections  to  the  various  Integral 
formulae  to  account  for  the  neglect  of  the  sublayer 
and.  If  needed.  Waltz  (Ref.  16.10)  has  constructed 
a  version  of  Coles' profile  which  Is  continuous,  all 
Che  way  down  Co  the  wall.  Also  It  should  be  noted 
Chat  Coles'  profile  does  not  have  zero  gradient  at 
Che  point  where  y  °  iS,  although  this  discrepancy 
Is  usually  not  significant  in  normal  profile  usage. 


In  the  third  and  final  category  considerable 
emphasis  Is  placed  on  the  local  equilibrium  hypoth¬ 
esis  to  obtain  velocity  profiles.  To  understand 
this  concept  it  Is  necessary  to  recall  that  an 
equilibrium  boundary  layer  is  a  boundary  layer  which 
In  a  normalized  sense  exhibits  velocity  profile 
similarity  as  it  develops  downstream.  These  normal¬ 
ized  and  similar  (self -preserving)  profiles  are 
functions  only  of  a  non-dimensional  pressure  gradient 
parameter  $,  where  6  ■■  S*(dp/dx)/T„  and  their 
existence  In  an  equilibrium  turbulent  flow  where  6 
is  constant  was  demonstrated  by  Clauser  (Ref.  16.11). 
(A  slight  Reynolds  number  effect  is  to  be  expected 
for  these  turbulent  equilibrium  profiles  as  a  result 
of  the  viscous  sublayer  and  superlayer,  but  it 
generally  may  be  safely  neglected.)  The  local  equi¬ 
librium  hypothesis  simply  asserts  that  non-equlllb- 
rlum  boundary  layers,  characterized  by  non-constant 
values  of  the  pressure  gradient  parameter  B,  haw 
velocity  profiles  that  may  be  described  by  some, 
as  yet  undetermined,  equilibrium  boundary  layer 
velocity  profile,  regardless  of  the  streamwise  rate 
of  change  of  the  pressure  gradient  parameter.  To 
determine  the  appropriate  equilibrium  boundary  layer 
It  Is  necessary  to  note  that,  as  Clauser  observed, 
equilibrium  velocity  defect  profiles  are  of  the  form 
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^  16.1  (6) 
Clauser  further  suggested  useful  Integral  parameters 
C  and  1  for  Instance,  where 

G  •  /'  f*d(y/8)  / /'  f(3(y/8)  -  (  I  -  1/h) 
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and  obviously  an  inflnj.te  sequence  of  integral  shape 
parameters  can  be  defined  to  relate  the  various 
commonly  used  Integral  parameters  arising  from  the 
integral  moment  equations  to  equilibrium  parameters. 
It  follows  that  in  an  equilibrium  boundary  layer 
specification  of  the  pressure  gradient  parameter  P 
immediately  determined  the  profile  shape  f(v/i5)  and 
the  sequence  of  shape  parameters  G,  1,  etc.  follow. 
Indeed  Nash  (Ref.  16.12),  for  example,  has  corre¬ 
lated  the  available  experimental  and  theoretical 
equilibrium  profile  information  to  obtain  the  rela¬ 
tionship  between  the  shape  parameter  G  and  the 
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parameter  6  In  the  form 

16.1(8) 

and  of  course  a  similar  relationship  may  be  devel¬ 
oped  for  the  other  parameters ,  I ,  etc .  The  local 
equilibrium  hypothesis  then  suggests  that  given 
any  one  of  the  Infinite  sequence  of  shape  para¬ 
meters  G,  I,  etc.,  all  the  others  In  the  sequence 
are  determined  as  belonging  to  that  particular 
equilibrium  boundary  layer.  The  B  parameter  thus 
Is  no  longer  to  be  Interpreted  as  the  pressure 
gradient  parameter  but  merely  as  a  characterizing 
Independent  parameter  of  the  velocity  profile.  The 
actual  shape  of  the  profiles  may  be  obtained  from 
several  sources,  such  as  the  calculations  of  Mellor 
and  Gibson  (Ref.  16.13)  or  by  examining  the  mea¬ 
sured  equilibrium  flows.  Usually  the  detailed 
definition  of  the  velocity  profile  Is  not  required 
In  the  prediction  scheme  and  the  velocity  profile 
only  serves  to  provide  a  relationship  between  the 
various  Integral  thickness  parameters.  The  user 
therefore  can  evaluate  the  required  Integral  rela¬ 
tionships  In  advance  and  express  the  results  In 
simple  look-up  Cables  or  In  polynomials  with  G  or 
8  as  the  Independent  variable. 


In  normal  usage  It  la  much  more  convenient  to 
omit  the  B  parameter  altogether  and  evaluate  Che 
required  profile  relationships  with  the  shape  para¬ 
meter  G  as  the  dependent  variable,  as  did  Michel, 
Quemard  and  Durant  (Ref.  16. lA)  for  Instance. 

Nash's  skin  friction  law  (Ref.  16.4),  previously 
mentioned,  was  evolved  In  the  foregoing  spirit 
from  equilibrium  concepts  proposed  Initially  by 
Clauser  (Ref.  16.11)  and  later  developed  by  Rotca 
(Ref.  16.15).  The  general  technique  Is  closely 
related  to  the  well  accepted  technique  for  pre¬ 
dicting  laminar  boundary  development  where 
Che  appropriate  equilibrium  Information  1$  obtained 
from  the  Falkner-Skan  solutions. 


In  the  practical  matter  of  accuracy  there  seems 
little  CO  choose  between  Che  Coles'  profiles  and  the 
local  equilibrium  profiles.  Both  representations 
have  been  used  with  considerable  success  by  differ¬ 
ing  authors;  however,  on  balance  this  author  has 
found  the  Coles'  representation  more  convenient  in 
view  of  Its  analytic  profile  specification. 

Insofar  as  Che  effect  of  compressibility  Is 
concerned  the  satisfactory  development  of  two  para¬ 
meter  Incompressible  velocity  profile  families  has 
led  to  the  search  for  a  transformation  technique 
which  will  reduce  the  compressible  problem  to  an 
equivalent  incompressible  problem  for  which  the 
existing  correlations  would  be  adequate.  Two  broad 
categories  of  approach  have  been  pursued  In  this 
area  and  the  first  of  these  exploits  the  fact  chat 
since  the  Integral  approaches  usually  only  demand 
a  relationship  between  Integral  thickness  parameters, 
the  detailed  profiles  can  be  Ignored  and  essentially 
empirical  correlation  techniques  developed  to  map 
Integral  thickness  relationships  from  Incompressible 
to  compressible  flow.  The  well-known  reference 
temperature  methods  (see  for  Instance  Rubesln  and 
Johnson-  Ref.  16.16,  or  the  Appendix  to  the  paper 
by  Coles-  Ref.  16.17)  provide  a  very  simple  mapping 
of  this  type  which  might  be  useful  in  certain 
restricted  applications.  The  second  broad  category 
of  approach  is  much  more  ambitious  and  here  attempts 
are  made  to  define  a  point  by  point  mapping  of  the 
velocity  profile  and  develop  the  required  integral 
thickness  relationships  and  skin  friction  law  as  a 
consequence  of  the  polntwise  mapping.  Two  tech¬ 
niques  have  emerged  from  these  efforts,  both  of 
which  seem  to  have  been  sufficiently  successful  to 


Justify  their  consideration  for  use  In  calculation 
schemes.  The  first  mapping  Is  one  based  on  the 
observation  of  a  number  of  Investigators,  for  In¬ 
stance  Waltz  (Ref.  16,10),  that  when  expressed  In 
coordinates  not  containing  local  density  (or  equiva¬ 
lently  local  temperature)  either  Implicitly  or 
explicitly,  the  velocity  profiles  become  fairly  In¬ 
sensitive  to  Mach  number.  Winter,  Smith  and  Gaudet 
(Ref.  16.18)  show  this  to  be  true  In  the  usual  loga¬ 
rithmic  region  for  their  measurements  at  Mach  2.2 
when  they  used  the  kinematic  viscosity  and  density 
evaluated  at  the  wall  temperature  In  the  usual  law 
of  the  wall  formulation  for  velocity.  Subsequently 
Winter  and  Gaudet  (Ref.  16.19)  showed  Che  wake  com¬ 
ponent  for  their  conditions  also  to  have  a  Mach 
number  Independent  shape.  The  results  of  this  very 
simple  mapping  are  quite  encouraging  particularly 
for  low  Mach  numbers,  but  at  Che  present  time  cau¬ 
tion  must  be  advocated  since  to  date  little  In  the 
way  of  detailed  evaluation  of  this  concept  In  flows 
with  pressure  gradient  has  been  carried  out. 

The  second  mapping  has  been  more  thoroughly 
evaluated  and  Is  based  on  a  transformation  originally 
developed  by  Van  Driest  (Ref.  16,20)  from  mixing 
length  arguments  for  the  law  of  the  wall  region  of 
the  flow  and  subsequently  found  by  Malse  and  McDonald 
(Ref.  16.21),  following  an  observation  by  Coles 
(Ref.  16.22),  to  yield  a  surprisingly  accurate  col¬ 
lapse  of  a  wide  range  of  compressible  adiabatic 
constant  pressure  boundary  layer  profiles  Including 
the  wake  region  of  the  boundary  layer.  More  recently 
Mathews,  paynter  and  Childs  (Ref.  16.23)  demonstrated 
that  this  same  profile  formulation  gave  reasonable 
results  In  adiabatic  compressible  flow  In  adverse 
gradients.  The  transformation  was  derived  by  Van 
Driest  from  the  mixing  length  hypothesis  together 
with  the  Crocco  temperature  profile  assumption. 

Using  the  usual  assumption  that  in  a  transpired 
boundary  layer  the  local  shear  stress  t  Is  given  by 


"  "  16.1  (9) 

the  suggested  form  of  the  velocity  profile  for  the 
compressible  transpired  boundary  layer  may  be  read¬ 
ily  derived  as 

I  r  2a'u*-B  1 


I  ,  ~  n  /  y  \ 

-Iny  +C  +  -z(.-coiv-) 
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n  Is  the  conventional  wake  component  and  C  Is  an 
additive  constant.  With  negligible  transpiration, 
l-e-,  <<  B  their  Is  no  ambiguity  and  ensuring 

that  at  low  Mach  numbers  the  conventional  law  of  the 
wall  Is  returned  requires  Chat 


C  •  --s=-  sin" 
A 


where  Cq  Is  as  defined  in  Eq .  16.1(5).  However  with 
significant  transpiration  present  determining  the 
additive  constant  C  becomes  quite  involved  and  in 
view  of  the  uncertainty  of  the  effect  of  compres¬ 
sibility  on  Simpson's  blowing  Intercept  Rq  fhe  topic 
Is  best  left  for  future  Investigation. 
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In  the  definition  of  y"^  and  the  kinematic  vis¬ 
cosity  and  density  are  evaluated  at  the  wall  temper¬ 
ature  which,  although  it  gives  reasonable  results, 
it  still  is  a  fairly  arbitrary  choice  of  temperature. 
The  consequent  akin  friction  law  follows  immediately 
by  evaluating  the  profile  at  y  >  j.  Just  as  in  incom¬ 
pressible  flow. 

Recently  a  number  of  investigators  have  inves¬ 
tigated  the  various  suggested  forms  for  the  com¬ 
pressible  velocity  profile  and  skin  friction  law  at 
hypersonic  Mach  number,  where  of  course  the  com¬ 
pressibility  effect  is  accentuated.  Hopkins  et  al., 
(Ref.  16. 2A)  and  Owen  and  Horstman  (Ref.  16.25)  for 
Instance  found  the  Van  Driest  relationship  given 
above  performed  acceptably  for  adiabatic  flow  and 
better  on  average  than  the  wall  temperature  pro¬ 
cedure  mentioned  earlier.  Finally  it  is  noted  that 
quite  satisfactory  mean  velocity  profile  predictions 
have  been  made  by  the  numerical  procedures  using 
turbulence  models  which  reduce  to  the  same  mixing 
length  model  that  Van  Driest  adopted  in  developing 
his  transformation.  It  seems  plausible  that  pro¬ 
vided  the  actual  temperature  profile  is  reasonably 
close  to  the  Crocco  distribution  assumed  by  Van 
Driest,  then  the  Van  Driest  mapping  would  be  satis¬ 
factory,  and  in  view  of  the  more  recent  confirm¬ 
atory  experimental  evidence,  the  Van  Driest  mapping 
is  the  recommended  procedure  to  obtain  the  com¬ 
pressibility  effect  on  the  mean  velocity  profile 
and  skin  friction  in  turbulent  adiabatic  flow  at 
the  present  time.  In  view  of  the  poor  predictions 
of  the  velocity  profiles  in  the  presence  of  heat 
transfer,  noted  by  Malse  and  McDonald  (Ref.  16.21) 
and  others,  the  application  of  the  Van  Driest  trans¬ 
formation  to  flows  with  heat  transfer  must  be  viewed 
with  caution  for  the  present  and  here  the  temper¬ 
ature  profile  may  well  be  the  culprit. 

Before  leaving  the  topic  of  compressibility 
effects  on  the  mean  velocity  profile  however,  men¬ 
tion  must  be  made  of  those  transformations  Chat 
have  their  roots  in  the  Stewartson-Illlngworth 
transformations  which  have  proven  so  useful  for 
laminar  flow.  This  latter  type  of  transformation 
seeks  to  obtain  a  rigorous  mapping  of  Che  govern¬ 
ing  partial  differencial  equations  into  an  equiva¬ 
lent  constant  density  system.  The  Van  Driest 
transformation  Introduced  earlier  is  of  course  also 
a  transformation,  but  not  in  the  same  sense  as 
implied  here,  since  no  attempt  is  made  in  the  Van 
Driest  formulation  to  reduce  the  governing  partial 
differential  equations  to  an  equivalent  constant 
density  form.  The  velocity  profiles  in  the  Van 
Driest  sense  could  also  be  regarded  simply  as  empir¬ 
ical  correlations.  Coles  (Ref.  16.26)  has  reviewed 
the  status  of  the  rigorous  transformation  approaches 
for  turbulent  flow  and  suggested  some  Improvements, 
However,  even  Coles'  Improved  formulation  suffers 
from  observable  defects  (Malse  6  McDonald,  Ref. 
16.21).  The  central  problem  is  that  these  rigor¬ 
ous  transformations  imply  a  relationship  between 
the  apparent  Reynolds  stresses  in  the  two  fields. 

At  one  time  it  was  felt  that  when  a  transformation 
was  obtained  which  could  properly  relate  the  mean 
profiles  in  the  two  fields,  the  resulting  Reynolds 
stress  mapping  would,  as  a  consequence,  be  valid. 
Unfortunately  for  this  approach  it  turned  out, 
because  of  the  apparent  validity  of  Morkovln's 
hypothesis  (Ref.  16.27)  much  easier  to  determine 
the  effect  of  compressibility  on  the  Reynolds  stress 
than  to  obtain  a  rigorous  reduction  of  the  com¬ 
pressible  equations  of  motion  to  an  equivalent 
Incompressible  form.  Indeed  a  satisfactory  rigor¬ 
ous  transformation  technique  for  the  turbulent 
boundary  layer  apparently  does  not  yet  exist. 


Turning  now  to  wall  roughness,  it  turns  out 
chat  with  a  little  effort  profile  families  based  on 
Che  law  of  the  wall  generalize  readily  to  account 
for  wall  roughness  effects.  The  generalization 
follows  since  the  direct  effect  of  surface  rough¬ 
ness  is  felt  only  in  the  vicinity  of  the  wall  and 
Chat  further  from  the  wall  Che  flow  is  Independent 
of  viscosity  and  scales  on  Che  wall  stress,  but  Is 
relatively  Independent  of  how  that  wall  stress  is 
generated.  Indeed,  as  Coles  (Ref.  7)  points  out,  it 
la  virtually  impossible  to  determine  whether  the  wall 
was  smooth  or  rough  by  examination  of  a  velocity 
profile  given  in  the  defect  form  of  (Ug-uJ/u^  ”  f(y/4). 
Similarity  considerations  lead  to  a  roughness  scale 
k'*'  ~  ku.^/v„  and  Che  observed  roughness  effects  are 
contained  in  Che  additive  constant  of  the  velocity 
profile  C  which  is  now  symbolically  written  C(k'*')  • 
Co“^“r-  The  constant  C(k''')  is  a  function  of 
the  geometry  of  the  roughness  and  data  for  various 
geometries  has  been  correlated  by  a  number  of  inves¬ 
tigators.  For  the  time  being  it  is  necessary  Co 
restrict  attention  to  the  case  of  zero  transpiration 
and  here  following  Che  suggestion  of  Clauser  (Refs. 
16.11,  16.28),  for  Instance,  the  incompressible 
Coles' prof lie  may  be  written 

u*  •  In  y*  +  C,  +  —  2(1.-  cot  »y/8)  -  Au,* 

16.1  (12) 

and  as  a  result  of  the  observation  that  Che  fully 
rough  wall  profile  scales  on  u"*"  vs.  f  (y'*’/k'*') , 
there  results  for  k"*"  >  70  say 


Au;  .  c,  +  -5-lnk* 
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where  Cj.  is  a  constant  for  a  particular  geometry  of 
roughness  and  on  the  basis  of  experimental  investi¬ 
gations  Dvorak  (Ref.  16.29)  suggests  the  correlation 


0 

C,*.  adoBijX  -I) 
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with 


a  •  17.35  ^>1.625  l<X<4.68 

■5  95  •1.103  X2  4.68 

16.1  (15) 

where  X  is  the  ratio  of  the  total  surface  area  to 
the  roughness  (wetted)  surface  area.  Typically  for 
Nikuradse's  sand  grain  roughness  is  near  -3. A, 

For  roughness  heights  in  the  intermediate  (trans¬ 
itional)  range  of  5  <  k"*"  <  70  it  is  necessary  to  fair 
the  dUy  parameter  down  to  zero  in  some  reasonable 
manner  as  k"*"  is  reduced  below  70.  Note  that  iuj 
is  always  positive.  As  before  in  dealing  with  the 
additive  constant  C  It  is  supposed  that  wall  temper¬ 
ature  effects  are  allowed  for  by  evaluating  any  of 
the  temperature  dependent  parameters  appearing  in 
the  roughness  relations,  at  the  wall  temperature. 

The  assumption  that  the  compressible  defect  profile 
remains  unaltered  by  the  wall  roughness  appears  very 
logical  based  on  the  incompressible  arguments,  and 
indeed  Chen  (Ref,  16,30)  has  found  this  to  be  the 
case  using  Young's  (Ref.  16,31)  measurements,  as  can 
be  seen  in  Fig.  16.1.  Lastly,  it  is  observed  that 
Simpson's  (Ref.  16.8)  blowing  Intercept  Bj,  which 
determined  the  additive  constant  C  for  smooth  wall 
transpiration  would  not  be  expected  to  hold  for 
rough  walls  and  to  dace  this  problem  has  not  been 
resolved . 
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16.1.1.3  The  Temperature  Profile 

In  developing  Che  governing  Integral  equations 
Che  local  density  appears  under  Che  Integral  sign. 
Excepting  the  case  of  Incompressible  flow  with  small 
temperature  differences  It  becomes  necessary  to 
determine  Che  variation  of  density  across  the 
boundary  layer.  Since  to  the  boundary  layer  approx¬ 
imations  the  static  pressure  Is  constant  across  the 
boundary  layer,  Che  gas  law  gives  Che  product  of 
local  density  and  local  temperature  as  constant, 
and  so  the  problem  becomes  one  of  specifying  Che 
local  temperature.  There  Is  little  doubt  however 
chat  the  specification  of  the  temperature  profile 
across  Che  boundary  layer  has  been  and  la,  Che 
least  satisfactory  area  of  the  overall  problem  of 
predicting  Che  boundary  layer  behavior  by  an 
Integral  technique.  It  seems  clear  that  If  the 
mean  velocity  profile  had  been  as  poorly  charac¬ 
terized  as  the  mean  temperature  profile,  Investi¬ 
gators  would  have  long  since  abandoned  simple 
Integral  procedures  In  even  greater  numbers  than 
have  done  so  at  present.  The  difficulty  Is  Implicit 
In  Che  solution  to  the  problem  adopted  by  Dvorak 
and  Head  (Ref.  16.32),  who,  for  heat  transfer  In 
low  speed  flow,  computed  Che  development  of  the 
velocity  profile  sufficiently  accurately  for  their 
purposes  via  the  very  compact  simple  Integral 
scheme  due  to  Head  (Ref.  16.33).  However,  In  order 
CO  obtain  a  commensuracely  accurate  solution  of  the 
energy  equation  Dvorak  and  Head  felt  obliged  to 
resort  to  a  finite  difference  technique  with  an 
assumed  turbulent  effective  Prandcl  number  and  they 
performed  the  Integration  of  the  energy  equation 
with  velocities  and  turbulent  shear  stress  obtained 
from  the  momentum  Integral  calculation.  Clearly 
Dvorak  and  Head  did  not  consider  any  temperature 
profile  family  known  to  them  at  that  time  adequate 
for  the  purpose  of  predicting  heat  transfer  In  the 
presence  of  a  pressure  gradient.  However,  the 
overall  prognosis  now  Is  not  quite  as  bleak  as  Che 
preceding  remarks  might  lead  one  Co  believe.  For 
instance.  Green  (Ref.  16.34)  was  able  to  success¬ 
fully  extend  Head's  scheme  to  compressible  flow 
with  adlsbatlc  walls.  It  follows  therefore  chat 
the  required  and  actual  accuracy  of  the  temperature 
profile  Is  dependent  on  the  flow  situation  and  In 
order  to  clarify  the  areas  of  application  and  the 
various  computational  strategies  It  Is  necessary 
to  review  the  entire  question  of  determining  the 
boundary  layer  temperature. 

Starting  with  Che  energy  equation  In  the  form 
iH  3p  .  dfi  _  d 

?  17 ■  TT  ♦  -aT  *  77  *  17 


16.1  (16) 

where  H  Is  the  stagnation  enthalpy  defined  In  the 
usual  manner  as 
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since  for  the  usual  gas  turbine  applications  the 
specific  heat  at  constant  pressure  may  be  taken  as 
constant.  The  total  apparent  heat  flux  Q  Is 
defined  as 

0  •  k  -  p  v'h' 
dT 

•  (k  ♦  k  )  — - 
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VAiere  In  spite  of  Its  shortcomings  an  effective 
conductivity  k^  times  the  temperature  gradient 
has  been  used  to  represent  the  velocity  enthalpy 
transport  correlation.  Recalling  the  definition 
of  the  effective  viscosity  v^,  the  energy  equation 
may  be  rewritten  as 


and  the  laminar  and  turbulent  effective  Prandtl 
number  have  been  Introduced  where 

P.pC„e/l.  .  P,  .pCpV,/k, 

16.1  (20) 

Note  Chat  the  Introduction  of  the  turbulent  effec¬ 
tive  Prandcl  number  Is  not  In  Itself  controversial 
If  Che  relationship  given  above  Is  simply  regarded 
as  a  definition  of  the  turbulent  Prandtl  number. 

As  will  become  evident,  the  usual  mode  of  operation 
Is,  of  course,  quite  the  Inverse  and  In  a  calcula¬ 
tion  scheme  a  turbulent  Prandtl  number  distribution 
Is  often  specified  and  the  above  relationship 
Interpreted  as  a  definition  of  the  turbulent 
effective  conductivity  k^  .  Viewed  as  a  method  of 
determining  the  turbulent  effective  conductivity 
the  concept  of  a  well-behaved  '•urbulent  Prandtl 
number  Is  best  regarded  for  he  time  being  as  an 
acceptable  working  hypothesis  .ubject  to  very 
similar  limitations  as  the  mixing  length  hypoth¬ 
esis  undoubtedly  Is  for  determining  the  torbulfent 
momentum  transport.  Various  definitions  of  the 
turbulent  Prandtl  number  can  be  adopted  for  Instance 
baaed  upon  whether  the  transport  of  static  or 
stagnation  enthalpy  is  used.  Here  static  enthalpy 
has  been  adopted  and  Owen  and  Horstman  (Ref.  16.25) 
found  that  this  Prandtl  number  was  much  less  seasl- 
tlve  to  Mach  number  than  that  based  on  stagnation 
enthalpy.  The  usual  arguments  for  the  similarity 
of  Che  transport  mechanism  for  heat  and  momentum 
for  a  gas  In  both  laminar  the  turbulent  flow  leads 
to  the  assumption  of  unit  laminar  and  turbulent 
Prandcl  number.  If  this  Is  done  the  energy 
equation  further  simplifies  and  as  Crocco  pointed 
out  for  laminar  flow  and  later  Young  for  turbulent 
flow,  by  Inspection  It  can  be  seen  that  the_ 
condition  of  constant  stagnation  enthalpy ,  H -■  Hg  “  H^, 
satisfies  the  energy  equation.  Constant  stagnation 
enthalpy  cannot  allow  for  wall  heat  transfer  but  It 
does  give  perhaps  the  simplest  temperature  profile 
for  an  Insulated  wall.  Actually  as  Crocco  pointed 
out  a  more  general  profile  can  readily  be  determined 
from  the  energy  equation  by  assuming  that  the 
stagnation  enthalpy  H  is  some  undetermined  function 
of  local  velocity  alone,  l.e.,  H  «  f(u).  If  this 
(similarity)  assumption  is  Introduced  Into  the 
energy  equation  and  the  result  compared  with  the 
momentum  equation  it  can  be  seen  that  If  the  axial 
pressure  gradient  is  negligible,  solutions  of  the 
assumed  form  can  be  obtained  If  d^f/du^  ■  0. 
Integrating  twice  and  Introducing  the  wall  and  free 
stream  boundary  conditions  gives  the  profile 


R’-  +  (RJ-H„)  u  /u. 


•  CpT  +  u*/2 
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which  Is  the  well-known  Crocco  quadratic  temperature 
profile.  The  Crocco  profile  allows  for  wall  heat 
transfer  and  It  .has  been  widely  used  in  calculation 
schemes  and  Its  llmltatloiis  will  be  discussed  In 
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detail  In  a  Domeat.  Note  that  If  the  Crocco  profile 
Is  differentiated  to  give  the  temperature  gradient 
at  the  wall  the  skin  friction  Cf  and  Stanton  numbers 
S|.  can  be  Introduced  to  give  the  relationship 
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where  the  Stanton  number  Is  defined  as 


but  since  it  was  assumed  that  Pr  =  Prt  =  1 
In  deriving  the  temperature  profile,  the  Stanton 
number-skin  friction  relationship  given  by  Eq. 16. 1(22) 
should  have  the  Prandtl  numbers  set  to  unity. 

Normally  this  is  not  done,  but  in  any  event  the 
ratio  2S(;/Cf  is  termed  the  Reynolds  analogy 
factor. 


Now  having  covered  the  preliminaries  the  various 
commonly  adopted  profile  strategies  can  be  reviewed. 
The  first  observation  Is  that  the  assumption  of 
constant  stagnation  temperature,  although  very 
convenient,  can  only  be  valid  for  Insulated  wall, 
if  at  all.  Secondly  the  wall  temperature  Is 
generally  observed  to  fall  below  the  free  stream 
stagnation  temperature  so  that  If  a  wall  recovery 
factor  r  Is  defined  as 


V-T. 
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experimentally  the  recovery  factor  In  turbulent 
flow  over  an  Insulated  wall  la  generally  found  to 
lie  between  .8  and  .9,  This  fact  obviously  cannot 
be  allowed  for  within  the  framework  of  a  constant 
stagnation  enthalpy. 

The  next  level  of  sophistication  Is  obviously 
the  Crocco  quadratic  temperature  pro-lie,  and  this 
profile  has  been  used  extensively  In  calculation 
schemes.  The  Crocco  profile  does  at  least  allow 
the  wall  temperature  to  reach  Its  recovery  value, 
but  It  will  be  recalled  that  the  derivation  would 
appear  to  restrict  Its  use  to  boundary  layers  In 
thermal  equilibrium  (T  ”  f(u)  alone  will  suffice 
for  a  definition  of  thermal  equilibrium  at  this 
time)  in  the  absence  of  streamwise  pressure 
gradients.  In  view  of  the  lack  of  suitable  alter¬ 
natives  various  authors  have  used  the  Crocco 
profile  outside  the  region  where  It  was  observed 
to  be  a  reasonable  approximation  to  the  temperature 
within  the  boundary  layer.  For  insulated  walls  the 
results  were  not  too  unreasonable  but  there  seems 
little  Justification  for  the  use  of  the  Crocco  rela¬ 
tionship  in  flows  with  heat  transfer  and  pressure 
gradients.  The  observed  results  show  the  Reynolds 
analogy  factor  to  vary  widely  from  the  value  near 
unity  deduced  from  the  Crocco  relationship  and 
observed  In  constant  pressure  boundary  layers  In 
thermal  equilibrium.  In  light  of  this  there 
have  been  a  number  of  attempts  to  derive  modified 
Reynolds  analogy  factors  but  none  seem  at  this 
point  to  be  satisfactory.  The  search  for  a  modi¬ 
fied  Reynolds  analogy  factor  is  motivated  to  a 
considerable  degree  by  Its  convenience  in  appli¬ 
cation.  If  such  a  factor  could  be  found,  it  would 
allow  the  heat  transfer  to  be  computed  after  the 
fact  from  a  knowledge  of  skin  friction.  In  this 
manner  the  heat  transfer  may  be  computed  without 
overt  solution  of  the  energy  equation,  although  of 
course  the  solution  Is  Implied  In  the  statement 


that  the  enthalpy  is  a  function  of  local  velocity 
alone.  While  one  might  overlook  measured  turbulent 
Prandtl  number  being  slightly  different  from  unity, 
the  requirement  of  negligible  axial  pressure 
gradient  gives  cause  for  concern  and  the  assumption 
of  enthalpy-velocity  similarity  is  positively 
alarming.  The  latter  assumption  Is  obviously 
violated  when  the  wall  temperature  varies  In  an 
arbitrary  manner,  such  as  on  a  cooled  turbine  blade. 
The  high  accelerations  present  on  the  suction  side 
of  a  turbine  blade  Jeopardize  the  axial  pressure 
gradient  restriction.  The  more  recent  experimental 
evidence  Is  quite  unamblvalent.  Boundary  layers 
developing  in  the  absence  of  heat  transfer  or 
pressure  gradients  eventually  reach  an  equilibrium 
state  where  the  temperature  distribution  is 
adequately  described  by  a  Crocco  type  relation. 
However,  even  in  the  absence  of  pressure  gradients 
boundary  layers  which  are,  or  have  been,  subjected 
to  severe  temperature  variations  possess  temperature 
profiles  which  do  not  agree  well  with  the  Crocco 
relation  until  after  a  recovery  length  which  could 
cake  many  boundary  layer  thicknesses  of  development. 
The  controversy  over  the  temperature  profile  on  a 
wind  tunnel  nozzle  wall  vis -d -vis  the  same  profile 
measurement  on  a  boundary  layer  grown  in  an 
essentially  Insulated  flat  plate  (see  Ref.  16.33 
for  discussions  on  this  point)  Is  a  clear  Indication 
of  the  combined  effect  of  favorable  pressure 
gradients  and  wall  temperature.  The  nozzle  temper¬ 
ature  profile  Is  markedly  different  from  the  Crocco 
distribution  and  recovers  very  slowly  even  when  the 
wall  Is  maintained  at  Its  adiabatic  temperature. 

Rotta  (Ref.  16.26)  has  reviewed  a  number  of  Che 
measurements  and  suggested  that  In  spite  of  the 
measurement  difficulties  there  were  many  instances 
where  he  felt  it  could  be  concluded  that  the  Crocco 
distribution  performed  poorly,  particularly  in  the 
presence  of  heat  transfer.  As  a  corollary,  obviously 
the  simple  Reynolds  analogy  factor  In  many  cases 
failed  Co  predict  the  heat  transfer.  Dvorak  and 
Head  (Ref.  16.32)  evidently  agreed  with  Rotta  and 
were  led  to  the  numerical  scheme  discussed  earlier 
to  obtain  their  temperature  profile.  The  only 
positive  counters  that  can  be  made  to  dace  to  the 
preceding  are  Che  observations  that  first  of  all 
a  Van  Driest  type  relationship  obtained  using 
mixing  length  arguments  and  a  Crocco  temperature 
relationship  correlates  well  with  the  skin  friction 
measurements  on  insulated  and  hot  or  cold  walls 
over  a  wide  Mach  number,  wall  temperature,  and 
Reynolds  number  range  (Hopkins,  Ref.  16.37). 

Secondly,  calculation  methods  which  use  a  Crocco 
temperature  relationship  usually  perform  quite  as 
well  on  insulated  nonhypersonlc  wall  boundary 
layer  growing  in  an  arbitrary  pressure  gradient 
as  those  techniques  which  solve  the  energy  equation 
directly.  Here  again  the  users  subjective  Judgment 
on  acceptable  accuracy  enters  and  the  existing 
evaluations  have  not  normally  proceeded  much  beyond 
the  usual  integral  thickness  parameter  comparisons. 
Little  in  the  way  of  evaluation  has  been  done  in 
similar  flows  with  heat  transfer  but  It  seems 
abundantly  clear  that  while  integral  thickness 
parameters  may  or  may  not  be  adequately  predicted 
by  an  Integral  technique,  the  heat  transfer  will 
not  be  acceptable  if  obtained  from  a  simple  Crocco 
temperature  profile,  especially  for  gas  turbine 
applications. 

As  a  result  of  the  dissatisfaction  with  the 
Crocco  distribution  for  certain  applications  (for 
which  It  really  was  never  meant  to  apply) ,  remedies 
have  been  sought  by  a  number  of  investigators. 

Of  particular  note,  Coustelx,  Houdeville  and  Michel 
(Ref.  16.38)  developed  an  analogous  treatment  for 
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where  It  has  been  assumed  that 


the  teiaperature  field  to  the  local  equilibrium 
concepts  previously  Introduced  for  the  mean  velocity 
profile.  In  their  treatment  Coustelx  et  al. ,  developed 
profile  families  of  temperature  (enthalpy)  and 
velocity  from  predicted  equilibrium  boundary  layers 
over  a  range  of  Mach  numbers,  wall  temperature  ratios 
and  pressure  gradient  parameters.  As  with  the 
velocity  profiles  In  Incompressible  flow,  the  shape 
factor  G  Is  used  to  replace  the  pressure  gradient 
parameter,  B.  Although  here  Coustelx  et  al . ,  base 
the  friction  velocity  u^  appearing  In  the  definition 
of  G  upon  a  transformed  (^.e.,  'Incompressible') 
skin  friction  coefficient  Cf  and  express  Cf  as  a 
function  of  Mach  number,  wall  temperature  ratio, 
local  Reynolds  number  based  on  a  boundary  layer 
Integral  thickness  and  shape  parameter  G.  The 
formulation  Is,  therfore,  somewhat  awkward  but  as 
with  the  Coles'  Incompressible  skin  friction  law, 
solutions  can  readily  be  obtained  by  a  Newton-Raphaon 
process.  Reynolds  analogy  factors  are  similarly 
expressed  and  consequently  the  foinsulatlon  of 
Coustelx  et  al  . ,  -Joes  allow  for  the  direct  effect  of 
pressure  gradient  upon  the  Stanton  number  In  a 
reasonable  manner.  The  principle  shortcoming  of 
this  procedure  Is  that  the  equilibrium  solutions  are, 
of  necessity,  obtained  with  a  specified  variation  of 
wall  temperature.  The  pathological  case  of  a  rapid 
variation  In  wall  temperature,  such  as  might  occur 
on  a  turbine  blade  In  passing  over  a  cooling 
labyrinth.  Is  still  not  properly  accounted  for  In 
this  procedure.  The  Interested  reader  can  refer  to 
the  original  work  for  the  detailed  formulae. 

The  last  technique  which  will  be  discussed  here, 
although  not  completely  developed  at  the  present 
time,  la  very  promising  and  apparently  works  well 
In  simple  flows.  The  basic  Idea  Involved  Is  to 
develop  a  temperature  profile  analogous  to  the  law 
of  the  wall  -  law  of  the  wake  profile  for  velocity. 
The  Idea  has  considerable  merit  both  from  similar¬ 
ity  and/or  mixing  length  arguments  If  the  concept 
of  a  well-behaved  turbulent  Prandtl  number  Is 
tenable,  A  few  preliminaries  are  Involved  and  In 
view  of  the  fact  that  this  approach  has  probably 
the  best  chance  of  success,  these  preliminaries 
will  be  explained  In  detail.  First  of  all  a  tem¬ 
perature  law  of  the  wall  can  be  obtained  using 
mixing  length  or  similarity  arguments  using  the 
previously  Introduced  relationships 
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and  defining  heat  flux  parameter  analogous  to 
the  friction  velocity  u^  as 
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If  It  is  now  assumed  that  across  the  wall  region  of 
the  flow  the  local  total  stress  t  does  not  vary 
("  Ty),  the  static  temperature  gradient  outside  the 
viscous  sublayer  but  within  the  fully  turbulent 
wall  region  of  the  flow  is  written  after  a  little 
manipulation  as 
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and  the  relationship  '^t  ”  fu^(py/p)  has  been 
Introduced,  Using  now  the  definition  of  stagnation 
temperature  and  differentiating  one  obtains 

dT*  dT**  ^  du*  > 

■57  •  77  ’  *«“*’d7' 

16.1  (29) 

and  recalling  the  compressible  law  of  the  wall, 
one  can  write 
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and  consequently  the  stagnation  temperature  can  be 
used  to  reduce  the  thermal  equation  to 
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with  the  consequent  simplification  when  <=  1.0 
of 
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end  by  comparison  with  the  compressible  velocity 
law  of  the  wall  there  results 
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The  linear  stagnation  temperature  -  velocity  profile 
relationship  thus  derived  Is  quite  Intriguing.  It 
follows  Immediately  that  the  Van  Driest  compressible 
velocity  law  of  the  wall  can  be  used  to  describe 
the  stagnation  temperature.  However,  for  the 
record,  we  can  proceed  and  Integrate  to  obtain 
the  stagnation  temperature  law  of  the  wall  directly. 
First  of  all,  the  density  ratio  can  be  expressed 
In  terms  of  the  stagnation  temperature  using  the 
linear  velocity-stagnation  temperature  relationship 
developed  previously  together  with  the  assumption 
of  a  negligible  static  pressure  gradient  normal  to 
the  wall  and  this  results  in 
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Now  using  a  mixing  length  i'*'  -  Ky^  the  temper¬ 
ature  profiles  Integrate  out  to  give 
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local  apparent  heat  flux  Is  given  by  Q  •  Qw  ~  “''u' 
Certainly  the  experimental  c  Idence  cited  by  Melr 
and  Rotta  (Ref,  16.40)  clearly  favors  the 
0  •  0^  -  “’w  assumption  used  here. 

Rotta  (Ref.  16.41)  developed  a  similarly 
motivated  but  slightly  different  thermal  law  of  the 
wall  starting  from  the  relationship 


As  with  the  compressible  velocity  law  of  the  wall  the 
profile  given  above  can  be  reinterpreted  as  a  tem¬ 
perature  transformation  of  the  form 
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where  T*  la  the  transformed,  l.e.,  "incompressible" 
value  of  stagnation  temperature.  Insofar  as  the 
Constanta  Cq  and  Bq  are  concerned,  Rotta  (Ref. 
16.36)  previously  suggested  an  Intercept  relation¬ 
ship,  while  not  for  precisely  Che  same  linear  profile 
as  Is  given  by  Eq.  16.1  (33),  nevertheless  suffi¬ 
ciently  close  that  It  could  be  used  herein,  of  the 
form 
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where 
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The  remaining  constant  Bq  takes  on  values  identical 
to  Che  same  constant  in  Che  mean  velocity  profile, 
that  Is  about  S.O,  according  Co  McBonald  and  Owen 
(Ref.  16.39),  A  comparison  of  this  temperature 
profile  Co  data  Is  given  In  Fig.  16.2  and  In  this 
zero  pressure  gradient  flow  the  results  are  very 
satisfactory.  The  similarity  of  the  transformed 
temperature  profile  to  the  mean  velocity  prompts 
Che  hypothesis  that  a  wake  component  of  temperature 
might  exist  such  that 


211  /  wy  \ 


16.1  (40) 


where  is  the  thickness  of  the  thermal  boundary 
layer.  Although  the  initial  results  are  encouraging 
(as  can  be  seen  in  Fig.  16.3)  further  evaluation  of 
this  hypothesized  profile  is  required.  Initial 
unpublished  results  by  McDonald  and  Owen  in  pressure 
gradient  flows  indicate  that  apart  from  an  apparent 
variation  of  Cg  with  pressure  gradient  the  pro¬ 
posed  log  law  holds  up  quite  well. 


Taking  the  accepted  values  .4  for  H  ,  .5  for  Kj, 
a  value  of  5.0  for  smooth  wall  and  a  value  of 
4.0  for  C.p  gives  a  net  additive  constant  of  zero, 
although  for  the  moment  this  fact  will  not  be  used. 
If  now  Rotta 's  previously  used  parameter  fq  is 
introduced,  the  static  temperature  profile  at  low 
speeds  in  the  region  of  the  wall  can  now  be  written 

16.1  (42) 

In  developing  his  thermel  profiles  Rotta  added 
a  wake  contribution  to  the  above  profile  of  strength 
B*  and  distribution  where 


16.1  (43) 

The  strength  of  the  temperature  wake  component 
may  be  determined  by  evaluating  the  profile  at  the 
boundary  layer  edge,  that  is 


16.1  (44) 

The  resulting  profile  was  shown  by  Rotta  to  be  In 
very  good  agreement  with  some  low  speed  data. 
Actually  Rotta  was  a  little  more  general  In  his 
derivation  than  implied  by  the  above  and  he  gener¬ 
ated  a  temperature  profile  which  did  not  necessarily 
require  the  velocity  and  temperature  to  have  the 
same  (logarithmic)  functional  dependence  on  y*^. 

Note  that  as  given  by  Rotta  the  temperature  profile 
thickness  cannot  exceed  the  velocity  profile  thick¬ 
ness,  and  this  might  prove  an  embarrassment  in  a 
highly  accelerated  flow. 

Rotta  has  yet  to  apply  this  same  concept  to 
high  speed  flow  but  several  points  do  seem  appro¬ 
priate,  Firstly  Eq.  16.1  (42)  does  give  rise  to 
a  logarithmic  stagnation  temperature  profile  for 
moderate  to  small  stagnation  temperature  ratios, 
of  the  form 


The  compressible  temperature  law  of  the  wall 
given  by  Eq.  16.1  (36)  is  apparently  not  widely 
known  or  used.  Before  going  on,  it  should  be  noted 
that  the  temperature  profile  given  by  Eq.  16,1  (36) 
has  been  derived  somewhat  obliquely  by  assuming  a 
unit  turbulent  Prandtl  number.  An  alternate  deri¬ 
vation  can  be  made  by  neglecting  in  Eq.  16.1  (27) 
and  simplifying  for  small  temperature  differences. 

The  central  point  is  that  in  the  alternate  deri¬ 
vation  the  assumption  is  made  that  the  local  apparent 
heat  flux  Q  is  constant  in  the  near  wall  region  and 
equal  to  the  wall  heat  flux  Q„  whereas  in  the 
derivation  given  here  leading  to  Eq.  16.1  (36)  the 
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or,  if  Rotta *s  wake  contribution  is  added 

T* 

•  I.  ♦  In  y*  4  /?QC,4B'e'*^0 

w  *T 

16.1  (46) 

and  as  hefiire  one  c«'uld  now  rt*plnc«.*  the  In  v  tern  In 
the  temperature  profile  by  the  compressible  law  of 
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Che  wall  derived  earlier.  This  poses  an  additional 
minor  problem  however,  since  the  compressible  law 
of  the  wall,  it  will  be  recalled,  was  obtained  by 
introducing  the  Crocco  temperature  profile  to  enable 
the  velocity  profile  to  be  obtained  by  integration 
via  the  mixing  length  hypothesis.  In  more  general 
terms  the  mixing  length  analysis  gives  the  velocity 
profile  as 
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and  the  Van  Driest  law  of  the  wall  emerges  when  it 
is  assumed  that  the  static  pressure  is  constant 
across  the  wall  region  and  Che  temperature  Is  given 
in  accordance  with  the  Crocco  profile.  For  modest 
heat  transfer  rates  and  Mach  number,  Rotta  suggested 
that  the  density  ratio  would  vary  less  chan  the 
velocity  in  the  law  of  the  wall  region,  leading  him 
to  suggest  a  compressible  law  of  the  wall  of  the 
form 


large,  going  from  a  value  of  4.0  to  a  value  of  35.0 
in  the  Meir-Rotta  experiments.  Recta's  calculations 
at  low  speed  Indicate  a  modest  variation  of  the 
temperature  intercept  with  “q  the  heat  transfer 
parameter,  giving  a  value  of  Cy  near  9  for  a  value 
of  Bq  of  -.03.  It  would  appear  that  Ct  was  also 
varying  with  some  Mach  number  parameter  to  give 


rise  to  the  value  of  35.0  when 


was  in  the  region 
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and  the  experimental  evidence  leads  one  to  believe 
that  this  is  quite  a  reasonable  approximation.  If 
Rotta 's  form  of  the  compressible  law  of  the  wall 
is  inserted  into  the  stagnation  temperature  law  of 
the  wall  -  law  of  the  wake  profile  there  results 
the  relationship 

16.1  (49) 

and  as  with  the  low  speed  static  temperature  profile, 
the  wake  contribution  B'  is  readily  evaluated  from 
the  assumed  profile  value  at  the  edge  of  the  layer. 
Note  that  for  an  insulated  wall  the  wake  contri¬ 
bution  B'  is  related  to  the  recovery  factor  r 
defined  earlier.  Melr  and  Rotta  (Ref.  16.40) 
present  a  number  of  measured  stagnation  temperature 
profiles  plotted  against  M.^  =  u  in  the 

Mach  number  range  2.5  '  4.5  and  the  resulting  linear 
behavior  is  quite  remarkable,  as  can  be  seen  in 
Fig.  16.4.  A  similar  plot  at  low  speed  (Ref.  J6.41) 
also  demonstrated  the  same  linear  behavior  and,  as 
mentioned  previously,  the  intercept  (additive 
constant)  was  close  to  zero.  However,  not  surpris¬ 
ingly,  In  view  of  the  kinematic  viscosity  temperature 
dependence,  the  additive  constant  appears  to  exlilbit 
a  local  temperature  dependence  so  that  at  high  speeil.s 
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The  implication  of  the  additive  constant  being 
nonzero  is  twofoM.  First  of  all,  the  absolute 
magnitude  is  small  but  significant,  it  being 
apparent  that  if  the  linear  behavior  were  extra¬ 
polated  back  to  zero  velocity  the  temperature 
intercept  would  give  a  temperature  value  of  0.97 
as  opposed  to  unity  for  zero  additive  constant. 
Secondly,  the  velocity  profile  evidence  would  ’lead 
one  to  believe  that  '  j  is  exliiblting  the  depenut-nco 
on  r.q  as  opposed  to  C,  the  velocity  profile 
Intercept,  altliough  the  evidence  is  not  at  .ill 
conclusive.  If  it  is  the  temperature  intercept  »  - 
that  is  varying,  its  variation  Is  certainly  vury 


of  -.001  at  a  free  stream  Mach  number  of  between 
2.5  and  4.5.  Obviously,  this  point  must  be 
clarified  before  extensive  use  of  the  tempiiiature 
law  of  the  wall  -  law  of  the  wake  Is  to  he  rc-com- 
mended . 

Several  additional  points  should  also  be  made 
concerning  the  stagnation  temperature  law  of  Che 
wall.  The  first  of  these  points  concerns  the 
relationship  to  the  Crocco  distribution,  which  ma- y 
investigators  have  shown  to  be  valid  in  certain 
restricted  classes  of  boundary  layer.  A  cursory 
examination  of  the  stagnation  temperature  law  of 
wail  shows  that  the  replacement  of  In  by  ';c tea's 
suggested  compressible  law  of  the  wall  velocity 
gives  rise  to  a  term  in  (c’ /c^)  -  ^  -  which  is 
implicitly  a  non-linear  u  velocity  term  and  is  In 
conflict  with  the  simple  dependence  which 

would  arise  from  the  Crocco  distribution.  It  should 
be  recalled  from  the  section  of  the  compressible 
velocity  profile,  however,  that  Winter,  Smith  and 
Gaudet  (Ref.  16.18)  have  shown  a  very  ^s^i^mple  law 
of  the  wall  not  containing  the  (c/Tv;)*'"  term  elves 
a  reasonable  representation  of  the  insulated  wail 
compressible  profiles  in  ihe  low  ti'  moderate 
supersonic  Mach  number  range.  It  is  further 
recalled  that  .‘‘iaise  and  McDonald  (Re^.  16.21) 
obtained  a  satisfactory  collapse  of  the  insulated 
wall  velocity  profile  data  using  the  Van  Driest 
compressible  coordinates  which  again  differ.s  from 
both  tiie  Winter,  Smith  and  Gaudet  and  Rotta 
suggestions.  The  foregoing  would  seem  to  indicate 
that  the  cer’n  was  not  causing  a  -rder 

effect  in  the  insulated  wall  velocity  profiles  and 
hence  for  non-hypersonic  boundary  layers  wicl*.  l.'w 
heat  transfer  rates  it  could  be  expected  that  tl'.e 
stagnation  temperature  law  of  the  wall  profile 
would  exhibit  a  near  linear  velocity  dependence, 
consistent  both  with  observation  and  the  Crocco 
relationship. 

To  conclude,  although  a  logarithmic  ceniperacuie 
profile  is  observed  in  many  cases  in  both  the  slope 
l/K-p  and  tlje  additive  constant  C.-r  show  considerablo 
scatter  even  witliin  a  given  experiment.  Ev^n  tliough 
the  experiment  is  not  easy  to  perform  the  question 
must  arise  tb.cn  as  the  validity  of  tlie  hypothesis 
on  which  the  profile  has  been  derived  and/or  the 
departure  from  equilibrium  arising  from  the  thermal 
liistory  of  the  flow.  To  date  neither  if  these 
questions  have  been  satisfactorily  explored  or 
answered.  It  must  be  noted,  however,  Lh..L  the 
success  of  direct  numerical  scliones  using  mixing 
length  and  curbuJent  I’randtl  number  concepts  leads 
one  to  suspect  the  other  approx Lnat ions  should  th.e 
logarithmic  profile  not  be  observed.  Obviously  a 
great  deal  ot  additional  worV.  remains  to  be  ueriermed 
so  that  the  temperature  profile  rr.av  be  pluved  on  the 
same  footing  as  tlie  mean  velocitv  profile.  In  tiie 
interim  the  stagnation  temperature  law  of  Liic  wall 
using  wake  compor.ent  ,  hq.  Ib.l  '3j),  ucaid  ^cem 
the  procedure  of  choice,  with  perhaps  a  wake 
component  added.  0l  .  ..'ui)-.-  liu  .ui  i  iuo  t  Ion  c:  ,i:i 
additional  pararietir,  t!:e  wall  hi-a:,  transfer 
parameter  in  ‘'oti  ’Ills  pi  ’ile  .iUvi  thr  pr 

of  bousteix  it  il..  tu.pKii.',  the  h.  L  ta  h  ^  1  en  el  .'.n 
. iddilion.il  vieli-rmin  it’..:  r<.’.  at  ,  .:aa  tor  t  :  i  •-  :he 
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16. 1.1. A  The  Integral  Thermal  Energy  Equation 

The  integral  thermal  energy  equation  In  deter¬ 
mining  heat  transfer  plays  an  analogous  role  to  the 
von  Karman  momentum  Integral  equation  and  its  role 
In  determining  the  skin  friction.  In  the  skin 
friction  case,  the  von  Karman  equation  could  be 
used  to  determine  the  magnitude  of  the  skin  friction 
after  the  fact  if  the  streamulse  behavior  of  the 
various  Integral  thicknesses  together  with  the  axial 
pressure  were  known.  In  practice  the  equation  la 
not  used  in  this  manner,  even  if  It  were  possible, 
in  view  of  the  known  inaccuracies  Inherent  in  this 
approach,  and  instead  the  various  Integral  thick¬ 
nesses  are  related  one  to  another  and  to  the  skin 
friction  by  means  of  the  assumed  velocity  profile 
or  equivalently  by  the  skin  friction  law.  In  this 
fashion  the  von  Karman  equation  can  be  recast  either 
implicitly  or  explicitly  as  a  differential  equation 
for  the  skin  friction  and  the  local  skin  friction 
obtained  accurately  by  streamwlse  integration.  A 
precisely  equivalent  treatment  of  the  Integral 
thermal  energy  equation  can  be  adopted  and  Coustelx 
et  al.,  (Ref.  16.38)  provide  a  heat  transfer  (Stanton 
number)  relationship  which  depends  on  the  local 
flow  and  the  various  integral  thickness  parameters. 
Use  of  the  relationship  of  Coustelx  et  al  . ,  reduces 
the  Integral  thermal  energy  equation  to  Implicit 
differential  equation  for  the  wall  heat  transfer. 

On  the  other  hand  a  stagnation  temperature  law  of 
the  wall  with  a  Rotta  type  wake  component  allows 
the  integral  thermal  energy  equation  to  be  reduced 
to  an  explicit  differential  equation  for  the  heat 
transfer. 


The  integral  thermal  energy  equation  is  readily 
derived  by  integrating  the  energy  equation, 

Eq.  16.1  (16),  from  the  wall  to  the  free  stream  to 
give 


I  I  ,  8  dp  _J _ ^ 


where 


where  is  termed  the  enthalpy  thickness  and  the 
Stanton  number  definition  has  been  generalized  to 


16.1  (53) 


In  the  above  derivation  the  free  stream  stagnation 
enthalpy  is  assumed  constant  although  this  assump¬ 
tion  can  readily  be  relaxed.  Rotta's  heat  transfer 
parameter  (Ref.  16. Al)  Introduced  earlier  is  related 
to  the  above  defined  Stanton  number  by 


The  implementation  of  the  energy  equation  Is  best 
visualized  from  a  predictor-corrector  point  of  view. 
At  a  given  streamwlse  location  with  a  steady 
external  flow  the  current  values  of  the  problem 
parameters  such  as  skin  friction  coefficient, 

Stanton  number,  momentum  thickness,  etc.,  can  be 
used  to  Integrate  the  momentum  and  energy  Integral 
equations,  to  yield  the  values  of  the  dependent 
Integral  thicknesses  at  the  next  streamwlse  station. 
These  new  level  thicknesses  can  be  used  In  collab¬ 
oration  with  the  mean  velocity  and  temperature 
profiles  to  yield  new  level  skin  friction,  Stanton 
number  and  all  the  other  Integral  thickness  para¬ 
meters.  Thus  a  corrector  step  can  be  taken  where 
the  required  Information  can  now  be  taken  as  the 
average  of  the  new  and  current  station  values. 

16.1.1.5  Moment  of  Momentum  Equation 

It  Is  quite  clear  that  the  use  of  a  two  para¬ 
meter  velocity  profile,  either  that  based  on  Coles' 
profile  or  that  obtained  from  the  local  equilibrium 
hypothesis,  demands  one  more  relationship  In 
addition,  to  Che  momentum  Integral  equation  In  order 
to  specify  the  second  profile  parameter,  provided 
of  course  that  one  of  the  velocity  profile  para¬ 
meters  does  contain  the  skin  friction.  Various 
forms  of  auxiliary  relationships  have  been  employed 
and  a  number  are  discussed  by  Rotta  (Ref.  16.15) 
and  many  examples  are  to  be  found  In  the  Stanford 
Conference  Proceedings.  The  entirely  empirical 
auxiliary  relationships  will  not  be  considered 
further  herein,  mainly  because  they  have  been 
largely  abandoned  by  the  research  community  as  a 
consequence  of  their  inherent  limitations  which 
ate  liable  to  be  very  severe  In  gas  turbine  appli¬ 
cations.  The  remaining  auxiliary  relationships 
are  usually  derived  by  taking  Integral  moments  of 
the  axial  momentum  equation.  As  mentioned  earlier 
this  process  Is  formalized  by  multiplying  the 
boundary  layer  partial  differential  equations  of 
motion  by  y^u™  and  Integrating,  either  partially 
or  entirely  across  the  boundary  layer.  When  n  “  1, 
m  =  0  the  y-moment  of  momentum  equation  Is  obtained 
and  this  equation  has  been  used  by  a  number  of 
authors  quite  successfully.  When  n  “  0,  m  ■  1 
the  kinetic  energy  Integral  equation  Is  obtained 
and  again  this  equation  has  found  favor  with  a 
number  of  Investigators.  At  one  time  It  was  felt 
by  a  number  of  individuals  that  the  y-moment 
equation  was  to  be  preferred  to  the  kinetic  energy 
equation  in  spite  of  the  fact  that  the  y-moment 
equation  does  not  Integrate  out  neatly  in  terms  of 
the  accepted  Integral  thickness  parameters  until  a 
velocity  profile  is  specified.  Even  then  in 
incompressible  flow  with  a  two  parameter  velocity 
profile  such  as  Coles',  the  resulting  differential 
equation  is  quite  clumsy.  The  argument  against  the 
use  of  the  kinetic  energy  integral  equation  was 
simply  that  for  many  turbulent  flows  the  velocity 
varies  slowly  above  the  sublayer  so  that  the 
u-momentum  equation  has  a  tendency  to  approach  a 
constant  times  the  momentum  equation,  which 
ultimately  would  lead  to  Indeterminacy  when  the 
momentum  and  kinetic  energy  equations  were  solved 
simultaneously  to  predict  boundary  layer  behavior. 
In  view  of  the  apparent  lack  of  difficulty  experi¬ 
enced  by  users  of  the  kinetic  energy  Integral 
equ'ation  it  would  appear  that  these  fears  are 
unfounded . 


It  turns  out,  however,  that  linear  dependence 
within  the  system  of  equations  can  and  does  occur; 
that  is,  for  some  set  of  conditions,  one  of  the 
equations  turns  out  to  be  a  simple  linear  combin¬ 
ation  of  other  equations  and  the  determinant  of 
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where  the  various  thicknesses  are  as  previously 
defined  but  in  addition 


Che  coefficients  of  the  system  goes  Co  zero.  The 
difficulty  Is  not  restricted  to  systems  containing 
the  kinetic  energy  Integral  equation  but  It  does 
In  fact  also  arise  with  the  y-momentum  equation 
under  very  similar  conditions ,  notably  near ,  but 
not  at,  separation  or  ceattachment .  The  problem 
of  linear  dependence  Is  explained  In  detail  by 
Shamroth  (Ref.  16.42),  who  points  out  that  no 
physical  significance  should  be  ascribed  to  such 
singular  points  since  they  pose  no  difficulty 
to  the  direct  numerical  procedures.  Shamroth  also 
suggests  ways  of  dealing  with  the  problem,  which 
almost  certainly  as  a  result  of  occurring  close  to 
Che  region  where  the  predictions  would  be  expected 
to  be  In  considerable  error,  has  long  gone  unrec¬ 
ognized.  Certainly  the  most  powerful  remedy  to 
the  problem  Is  Shamroth 's  suggested  least  squares 
technique,  which  Is  probably  best  viewed  as  an 
alternate  system  to  be  used  only  when  the  existing 
system  In  the  region  of  a  singular  point,  as  deter¬ 
mined  by  monitoring  the  determinant  of  the 
coefficients  of  the  system.  When  the  determinant 
becomes  small.  In  a  normalized  sense,  one  can 
develop  N  moment  equation  by  Integration  from  the 
wall  to  the  point  Ly/N,  L  •  1,  N.  A  weighted 
least  squares  averaging  can  then  be  performed  to 
reduce  the  N  equations  to  one  to  replace  the 
offending  linearly  dependent  equation.  Obviously 
If  N  Is  taken  large  there  would  be  little  chance 
of  encountering  a  system  singularity,  but  at  the 
expense  of  greatly  Increasing  the  computer  run 
time.  Certainly  a  less  expensive  answer  and 
possibly  quite  effective  one  would  be  to  Integrate 
the  appropriate  moment  of  the  momentum  equation 
out  to  say  y  >  iS*  and  use  It  to  replace  Che 
linearly  dependent  y  ~  S  moment  equation.  Other 
less  expensive  techniques  could  also  be  Investi¬ 
gated. 

One  additional  moment  equation,  the  u 
equation,  also  Integrates  out  quite  easily  and 
after  some  manipulation  can  give  a  differential 
equation  for  the  displacement  thickness.  Welnbaum 
and  Garvlne  (Ref.  16.43)  derived  this  equation  and 
obtained  some  very  Interesting  conclusions  from  it 
regarding  the  viscous  analogue  of  the  sonic  throat. 
Bradshaw  and  Ferrlss  (Ref.  16.44)  also  present  a 
version  of  this  equation;  however,  they  did  not 
attempt  to  use  It  In  a  calculation  scheme.  Although 
not  singular  at  the  wall,  care  must  be  taken  with 
Che  u~^  moment  equation  to  ensure  the  proper 
limiting  behavior  as  the  wall  Is  approached  and 
since  It  offers  no  clear  advantage  for  normal 
boundary  layer  computation.  It  cannot  be  recommended 
over  the  kinetic  energy  equation  at  this  time. 


In  summary  then,  if  for  no  other  reason  than 
the  kinetic  energy  Integral  equation  Integrates 
out  to  a  convenient  form  without  the  Introduction 
of  a  specific  velocity  or  temperature  profile,  the 
kinetic  energy  Integral  equation  is  to  be  recom¬ 
mended  for  use,  bearing  In  mind  chat  linear 
dependence  may  occur  and  must  be  guarded  against. 
The  kinetic  energy  Integral  equation  can  be  written 
for  a  slowly  varying  time  dependent  external  flow 
as 
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and 
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16.1.1.6  The  Turbulence  Model 

AC  this  point  It  Is  worth  recalling  that  the 
appearance  of  turbulent  correlation  coefficients 
In  Che  time  averaged  momentum  equations  represents 
the  contribution  to  the  momentum  transport  by  Che 
turbulent  motion.  While  not  appearing  directly  In 
Che  von  Karman  momentum  Integral  equation,  various 
Integral  moments  of  these  turbulent  correlation 
coefficients  appear  In  the  auxiliary  equations 
Introduced  earlier.  For  example,  In  the  kinetic 
energy  Integral  equation,  the  term  Cp  is  called 
the  dissipation  integral  (more  properly  the 
production  integral),  where  PgUg^Cp  ■  /^TSu/Sy  dy. 

In  general  the  specification  of  the  dissipation 
Integral,  or  some  other  Integral  moment  of  the 
turbulent  stress.  Is  crucial  to  the  overall 
accuracy  of  the  more  general  methods.  There  are 
specific  flows,  however,  where  simplification  is 
possible,  for  Instance  when  the  turbulent  transport 
is  negligible  compared  to  the  inertial  effects,  and 
in  such  flows  very  poor  estimates  of  Che  turbulent 
transport  can  still  result  In  acceptable  predictions 
and  consequently  a  degree  of  over-optimism  con¬ 
cerning  the  general  predictive  capabilities  of  a 
number  of  schemes.  Also  turbulence  information  Is, 
In  fact,  introduced  Into  the  system  of  equations 
by  two  means,  firstly  via  the  various  aforementioned 
Integral  moments  of  the  Reynolds  stress  and  secondly 
by  means  of  the  assumed  velocity  profile  family. 
Indeed,  If  it  were  possible  to  define  an  accurate 
one  parameter  velocity  profile  with  skin  friction 
as  that  parameter,  the  von  Karman  equation  could 
be  Integrated  without  Introduction  of  any  turbulence 
model.  After  the  fact  the  Implied  dissipation 
Integral  could  be  recovered  directly  from  the 
computed  solution  and  the  kinetic  energy  Integral 
equation.  Higher  moment  equations  would  eventually 
allow  the  complete  implied  Reynolds  stress  distri¬ 
bution  to  be  reconstructed.  White  (Ref.  16.45)  has 
In  fact  suggested  such  a  one  parameter  velocity 
family  and  his  suggestion  may  be  recast  slightly 
and  the  hypothesized  profile  Interpreted  as  a  Coles' 
profile  with  an  assumed  wake  parameter  R -  pressure 
gradient  parameter  B  relationship.  White  Justifies 
the  one  parameter  profile  on  the  grounds  of 
expediency  In  deriving  a  prediction  scheme  feasible 
for  hand  computation.  The  defects  of  the  one 
parameter  profile  can  have  major  consequences  and 
in  cases  where  the  assumed  H  -  S  relationship  Is 
Inappropriate,  White's  method  would  be  expected  to 
give  overall  poor  predictions.  A  case  in  point, 
for  Instance,  la  the  constant  pressure  recovery 
from  separation  or  near  separation.  Here  the 
observed  wake  component  is  Initially  very  large 
yet  the  pressure  gradient  is  zero,  a  fact  completely 
inconsistent  with  the  assumed  FI  -  S  relationship. 

Such  a  recovering  flow  places  a  strong  emphasis 
upon  the  adequacy  of  the  turbulence  information  as 
It  Is  clear  that  without  a  pressure  gradient  to 
drive  the  flow,  the  rate  of  recovery  is  entirely 


dictated  by  the  extent  of  the  turbulent  momentum 
transport  and  Its  ability  to  energize  the  flow  near 
the  wall.  Thus,  restricted  procedures  which  either 
rely  on  an  Inertial  effect  dominating  the  turbulent 
transport  In  some  region  of  the  boundary  layer 
(Stratford,  Ref.  16.46,  develops  this  concept  very 
clearly)  or  rely  upon  the  assumed  one  parameter 
mean  velocity  profile  to  furnish  a  sufficient 
description  of  the  turbulent  transport  (such  as 
White's,  Ref.  16.45,  procedure)  will  not  be  con¬ 
sidered  further  as  Che  restriction  may  in  fact 
result  In  quite  misleading  predictions  for  general 
vane  or  blade  boundary  layers. 

The  simplest  method  of  obtaining  Che  necessary 
turbulent  stress  Integrals  Is  to  correlate  the 
measured  distributions  and  in  this  manner,  for 
example,  Escudler  and  Micoll  (Ref.  16.47)  developed 
for  Incompressible  flow  the  relationship 
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which  for  many  applications  they  found  quite  satis¬ 
factory.  Interestingly,  Escudler  and  Micoll  also 
showed  that  over  a  fairly  wide  range  of  conditions 
pertaining  to  attached  boundary  layers,  the  dissi¬ 
pation  Integral  could  equally  well  be  deduced  by 
assuming  Che  turbulent  Reynolds  stress  was  related 
to  the  local  mean  velocity  gradient  by  a  simple 
mixing  length  hypothesis,  so  that,  for  instance, 
differentiation  of  the  Coles  profile  and  specifi¬ 
cation  of  Che  mixing  length  could  yield  the 
dissipation  integral  directly 
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Ills  latter  means  of  obtaining  the  required  turbu¬ 
lence  structural  Information  by  making  the  same 
detailed  postulates  as  do  the  direct  numerical 
schemes,  goes  some  way  to  countering  the  claim  that 
the  direct  numerical  schemes  are  to  be  preferred 
since  they  Introduce  the  turbulence  Information  in 
a  raucii  more  direct  and  easily  Identifiable  manner. 
To  continue,  rather  than  perform  the  differentia¬ 
tion  and  Integration  demanded  by  Che  mixing  length 
formulation,  the  correlation  given  In  Eq.  16.1  (5.9) 


Is  equivalent  In  Incompressible  flow  and  less  time- 
consuming  In  a  calculation  scheme.  The  mixing 
length  formulation,  however,  provides  a  straight¬ 
forward,  If  laborious,  means  of  obtaining  the 
effect  of  compressibility  upon  the  dissipation 
integral.  This  extension  to  compressible  flow 
follows  Immediately  since  the  compressible  velocity 
profile  Is  already  supposedly  available  and  Malse 
and  McDonald  (Ref.  16.21)  have  shown  that  the  mixing 
length  profile  Is  not  sensitive  to  compressibility 
effects.  Similarly,  other  features  which  can  effect 
the  turbulence  structure  such  as  wall  curvature, 
that  have  been  expressed  effectively  as  a  change 
In  the  mixing  length  (Bradshaw,  Ref,  16,48)  can 
readily  be  Incorporated  Into  the  evaluation  of  the 
shear  Integrals. 

The  next  stage  In  the  development  of  a  more 
general  stress  integral  relationship  follows  from 
the  observation  that  the  simple  mixing  length 
profile  used  by  Escudler  and  Micoll  (Ref.  16.47) 
and  the  equivalent  eddy  viscosity  profile  used  by 
Mellor  and  Gibson  (Ref.  16.13)  Is  really  only  valid 
for  equilibrium  turbulent  flows  In  the  sense 
previously  Introduced  by  Clauser  (Refs. 16.11,  16,28). 
A  number  of  Investigators,  for  Instance  Goldberg 
(Ref.  16.49)  and  Bradshaw  and  Ferris  (Ref.  16,44) 
have  measured  In  varying  degrees  the  failure  of 
the  Invariant  normalized  mixing  length  or  eddy 
viscosity  profile.  The  fact  remains  that  equil¬ 
ibrium  assumptions  give  reasonable  results  for  a 
large  number  of  measured  non-equilibrium  boundary 
layers  and  this  observation  testifies  to  the 
validity  of  the  local  equilibrium  hypothesis 
(introduced  earlier)  for  these  particular  flows, 
even  to  the  extent  of  determining  the  various 
turbulent  stress  integrals  solely  on  the  basis  of 
some  profile  shape  parameter  such  as  G.  In  order 
to  decide  when  a  local  equilibrium  procedure  such 
as  that  presented  by  Escudler  and  Micoll  might  or 
might  not  suffice,  and  here  the  subjective  criteria 
of  the  individual  user  must  be  acknowledged.  It  Is 
necessary  to  obtain  some  yardstick  to  warn  of  the 
failure  of  the  local  equilibrium  hypothesis.  An 
appealing  technique  would  of  course  be  some  para¬ 
meter  characterizing  the  state  of  the  turbulent 
transport  relative  to  the  equilibrium  transport 
but  obviously  no  local  equilibrium  prediction  pro¬ 
cedure  could  return  this  information.  One  plausible 
hypothesis  which  fits  within  the  framework  of  a 
local  equilibrium  prediction  scheme  is  the  sugges¬ 
tion  that  the  further  the  boundary  layer  is  from 
actual  equilibrium  the  less  likely  It  will  be  that 
the  local  equilibrium  hypothesis  would  be  valid. 

Thus,  as  the  calculation  proceeds,  the  computed 
value  of  say,  the  shape  factor  G(X)  could  be 
compared  to  the  equilibrium  value  of  G(=6)  which 
would  result  from  the  local  pressure  parameter  8(X). 
The  value  of  G  could  readily  be  evaluated  for 
correlations  of  equilibrium  boundary  layers  such  as 
that  given  by  Nash  (Ref.  16.12)  and  reproduced  here 
as  Eq.  16.1  (8).  Again,  it  depends  upon  the  user's 
criteria  of  accuracy,  but  based  on  the  Stanford 
Proceedings  (Ref.  16.50)  resuJ^ts^  If  In  a  local 
equilibrium  calculation  (G  -  G)/G  exceeded  0.5  at 
some  location,  as  a  rough  guide,  an  Improvement  in 
the  predictions  might  be  expected  in  going  to  a 
better,  non-equilibrium,  turbulence  model. 

Early  attempts  to  Improve  the  turbulence  trans¬ 
port  description  to  allow  for  non-equilibrium  effects 
for  use  in  Integral  methods  centered  on  developing 
empirical  rate  expressions  for  the  Integral  moments 
of  the  turbulent  stress,  such  as  the  dissipation 
Integral  or  the  stress  integral,  of  the  general  form 
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where  Is  the  local  equilibrium  value  of  the 

dissipation  Integral  which  would  result  from  a 
Cq  -  G  relationship  such  as  that  of  Escudler  and 
Nlcoll  (Ref.  16.49)  given  by  Eq.  16.1  (59),  and  k 
Is  an  empirically  determined  constant  of  approximate 
value  .013/6*.  Relationships  of  the  foregoing 
type  were  suggested  by  Goldberg  for  the  dissipation 
Integral,  who  Incidentally  proposed  Sq  should  be 
used  rather  than  ,  but  Cqq  does  seem  the  appro¬ 
priate  choice,  and  for  the  stress  Integral  by  Nash 
and  Hicks. (Ref.  16.51).  Such  relationships  are 
obviously  very  convenient  to  use,  add  so  little  In 
the  way  of  computer  logic  or  run  time,  and  In  view 
of  both  the  aesthetics  and  observed  Improvements, 
their  use  would  appear  almost  mandatory  with  any 
of  the  existing  Incompressible  local  equilibrium 
procedures.  With  an  entirely  empirical  expression 
such  as  Eq.  16,1  (64),  the  extension  to  say,  com¬ 
pressible  flow  or  flows  with  free  stream  turbulence 
does  pose  possible  problems  which  to  dace  have  not 
been  addressed. 

As  a  further  development,  McDonald  (Ref.  16.5) 
was  able  to  show  that  rate  expressions  quite  similar 
Co  the  type  suggested  Intuitively  by  Goldberg  and 
Nash  could  be  developed  from  Che  turbulence  kinetic 
energy  equation  using  turbulence  structural  simi¬ 
larity  concepts  advanced  by  Townsend  (Ref.  16.53). 

The  turbulence  kinetic  energy  equation  Is  an  exact 
conservation  equation  governing  Che  klr'^tlc  energy 
residing  In  Che  turbulent  fluctuations  and  Its 
derivation  from  the  Navler-Stokes  equations  Is 
given  by  Favre  for  compressible  flow.  As  a  result 
of  the  exact  formulation  of  the  turbulence  kinetic 
energy  equation  and  Che  approximate  validity  of 
the  turbulence  similarity  concepts  Invoked,  It  has 
become  a  popular  method  of  developing  non-equlllbrlum 
turbulence  models  with  Che  potential  for  allowing 
for  some  of  the  observed  effects  particularly 
significant  In  gas  turbine  applications.  To  observe 
how  the  turbulence  kinetic  energy  equation  may  be 
used  In  the  Integral  boundary  layer  procedures 
this  equation  can  be  Integrated  across  Che  boundary 
layer  for  non-hypersonlc  flows  and  flows  where  the 
mean  flow  varies  slowly  with  time  compared  to  the 
turbulent  motion,  to  yield 
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where 

w  ■ 


simply  to  determine  Che  rate  of  change  of  yet 
another  turbulence  quantity,  an  Integral  of  the 
turbulence  kinetic  energy  flux. 

There  are, of  course, a  large  number  of  ways  In 
which  simplifications  and  approximations  can  be 
Introduced  In  the  turbulence  kinetic  energy 
equation  to  convert  It  Into  an  equation  which  would 
Control  the  development  of  Che  Reynolds  shear  stress 
either  Implicitly  or  explicitly.  As  mentioned 
earlier,  McDonald (Ref .  16.52)  and  later  Green, 

Weeks  and  Brooman  (Ref.  16.54)  applied  the  turbu¬ 
lence  kinetic  energy  equation  along  the  locus  of 
the  maximum  stress  occurring  within  the  boundary 
layer.  After  the  Introduction  of  Townsend's 
structural  similarity  arguments,  McDonald (Ref .  16.52) 
developed  a  rate  expression  for  the  stress  Integral 
appearing  In  the  y-momenc  of  momentum  equation 
while,  on  the  other  hand.  Green  et  al.,  constructed 
an  equation  for  the  streamwlse  rate  of  change  of 
an  entrainment  coefficient.  The  principle  diffi¬ 
culty  with  these  approaches,  which  follows  Che  locus 
of  the  maximum  shear  stress.  Is  that  this  locus 
may  be  difficult  to  determine  with  the  necessary 
precision. 

Hirst  and  Reynolds  (Ref.  16.55)  Introduce  a 
series  of  Intuitive  suggestions  Co  reduce  the 
Integral  turbulence  kinetic  energy  equation  given 
above  to  a  differential  equation  governing  the 
streamwlse  development  of  the  entrainment  rate  M, 
where  M  Is  defined  as 
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but  as  with  the  entirely  empirical  rate  equations 
of  Goldberg  (Ref.  16.49)  and  Nash  (Ref.  16.51), 
although  satisfactory  for  conventional  low  speed 
boundary  layers,  difficulties  arise  In  attempting 
to  Introduce  compressibility  and  curvature  effects, 
for  Instance, Into  the  Hlrst-Reynolds  scheme. 


A  less  Intuitive  analysis  than  those  described 
above  has  been  developed  by  McDonald  and  Camarata 
(Ref.  16.56),  who  followed  Townsend  (Ref.  16.53) 
and  Bradshaw,  Ferris  and  Atwell  (Ref.  16.57)  and 
defined  structural  parameters  a^,  L  together  with 
a  mixing  length  1  where 
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and  this  permits  the  turbulence  kinetic  energy 
equation  to  be  written  as 
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The  resulting  equation  Is,  like  the  von  Karman 
momentum  equation,  quite  uncontroverslal;  however. 
It  Is  also  quite  unhelpful  In  fashioning  a  calcu¬ 
lation  scheme  without  Che  Introduction  of  further 
approximations.  It  can  be  seen,  for  Instance,  that 
although  the  previously  Introduced  dissipation 
Integral  appears  explicitly  In  the  Integral  turbu¬ 
lence  kinetic  energy  equation,  it  serves  in  part 
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and  where  n  la  a  nondlmenslonal  transverse  distance 
yli*,  i*  Is  arbitrary.  Now  on  the  basis  of  the 
experimental  evidence  a  dissipation  length  profile 
and  a  one  parameter  mixing  length  profile  are  assumed 
to  be  of  the  general  form 
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It  Is  then  further  supposed  that  the  dissipation 
length  I.  can  also  be  represented  by  a  similar 
piecewise  linear  distribution  as  the  mixing  length. 
Since  usually  the  mixing  length  Is  not  too  dis¬ 
similar  from  the  dissipation  length  L  In  value, 
the  turbulence  Integral  thickness  parameters 
appearing  In  the  turbulence  kinetic  energy  equation 
can  be  written  to  a  reasonable  degree  of  approxi¬ 
mation  as 
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and  the  value  of  La  can  be  taken  to  be  0.16  on  Che 
basis  of  Bradshaw's  measurements.  For  fully  devel¬ 
oped  turbulence  the  structural  parameters  ax.  a2, 
and  a  2  are  assumed  to  have  reached  a  condition  of 
structural  equilibrium  characterized  by  constant 
values  of  0.15,  0.5,  and  0.2  respectively,  chosen 
on  the  basis  of  the  available  evidence.  In  accor¬ 
dance  with  Horkovln's  (Ref.  16.27)  hypothesis  the 
aforementioned  structural  parameters  are  assumed  to 
be  Independent  of  the  direct  effects  of  compressi¬ 
bility  for  non-hypersonlc  boundary  layers.  If 
the  sormal  stress  terms  are  neglected,  Eq.  16.1(69) 
becomes  an  Integro-dlf ferentlal  equation  for  wake 
value  of  the  mixing  length  t..  This  Integra- 
differential  equation  can  be  Integrated  In  the 
streamwlse  direction  along  with  the  other  momentum 
Integral  equation  and  the  wake  value  of  the  mixing 
length  derived  by  a  Newton- Raphson  iterative  scheme 
once  a  value  of  4x,  at  the  streamwlse  location  In 
question  Is  obtained.  The  process  Is  described  in 
detail  by  McDonald  and  Fish  (Ref.  16.58)  who  have 
quite  successfully  used  the  scheme  In  conjunction 
with  a  direct  numerical  procedure  which  solved 
the  boundary  layer  partial  differential  equations 
of  motion.  Once  a  value  of  the  wake  mixing  length 
Is  obtained  the  various  stress  Integrals  can 
be  obtained  directly  from  the  assumed  velocity 
profile  family  and  the  mixing  length  hypothesis. 

As  formulated  above,  the  Integral  turbulence 
kinetic  energy  scheme  has  the  disadvantage  that  the 
dependent  variable  appears  In  the  kernel  of  an 
Integro-dlfferential  equation.  The  latter  disad¬ 
vantage  Is  quite  troublesome  In  an  Integral  proce¬ 
dure  which  must  execute  rapidly  or  lose  to  the 
generality  of  the  direct  numerical  procedures.  If 
implementation  of  this  type  of  scheme  Is  contem¬ 
plated,  some  consideration  should  be  given  to  ways 
of  simplifying  the  Integro-dlfferential  equation 
even  further  and  with  this  In  mind  It  is  observed 
that  the  piecewise  linear  mixing  length  family 
used  by  Escudler  and  Nlcoll  (Ref.  16.47)  could  also 
be  used  In  the  Integral  turbulence  kinetic  energy 
equation  with  a  resulting  major  simplification. 

The  Join  point  between  the  Inner  region  of  the 
boundary  layer  where  f  »  y  and  the  outer  region 
where  t  ■  1.  Is  designated  by  6 j .  Note  that 


In  this  simplified  system  the  wake  mixing  length  no 
longer  appears  under  the  Integral  sign,  and  the 
interpretation  now  of  the  Integral  turbulence 
kinetic  energy  equation  as  a  differential  equation 
for  the  wake  mixing  length  greatly  simplified  the 
Implementation  of  the  concept.  The  resulting  scheme 
is  still  appreciably  more  complicated  than  the 
simple  rate  expressions  of  Goldberg  (Ref.  16.49) 
or  Nash  (Ref.  16.51).  However,  the  effects  of  time 
dependency,  compressibility,  free  stream  turbulence, 
wall  transpiration  and  curvature  are  all  accounted 
for  within  a  relatively  simple  framework  (presuming 
Bradshaw's  (Ref.  16.48)  correction  to  the  dissipation 
length  L  for  the  effect  of  curvature  Is  accepted). 

In  view  of  the  demands  of  the  turbomachinery 
environment,  schemes  such  as  the  foregoing,  baaed 
on  the  turbulence  kinetic  energy  equation  or  other 
equations  In  the  double  velocity  fluctuation  set, 
have  much  to  recommend  them. 

The  disadvantages  of  schemes  based  on  the 
turbulence  kinetic  energy  equation  are  mainly  that 
a  profile  family  for  the  turbulent  shear  stress 
usually  must  be  adopted,  although  If  the  assumed 
profile  Is  reasonable  then  little  Is  lost.  In  the 
foregoing  scheme,  by  means  of  the  mixing  length 
assumption  the  shear  stress  profile  Is  related  to 
the  mean  velocity  profile  In  a  manner  which  does 
appropriately  recover  the  observed  equilibrium 
state.  However,  at  Che  same  time  the  assumed 
profile  does  suffer  from  the  discrepancy  that  the 
Reynolds  stress  will  disappear  precisely  at  the 
same  point  the  velocity  gradient  does.  Boundary 
layers  with  velocity  profile  overshoots,  such  as 
film-cooled  boundary  layers,  would  probably  there¬ 
fore  be  subject  to  error,  but  almost  certainly 
other  factors  will  be  Involved  such  Chat  the  errors 
from  the  stress  profile  assumption  might  be  Insig¬ 
nificant,  A  problem  also  can  arise  with  the  assumed 
Invariance  of  the  relationship  between  the  kinetic 
energy  and  the  Reynolds  shear  stress,  for  Instance 
when  the  shear  stress  changes  sign  but  of  course 
Che  energy  does  not.  Such  conslderatons  give  Impetus 
to  the  development  of  better  turbulence  models  but 
for  the  more  conventional  boundary  layers  the 
assumptions  given  above  are  probably  as  accurate 
as  the  assumed  mean  velocity  profile. 

Additional  moments  of  the  turbulence  kinetic 
energy  equation  could  also  be  Introduced  to  allow 
a  more  complex  stress  profile  to  be  used  but  It 
must  be  acknowledged  tliat  at  the  present  Cliuu  thuru 
Is  neither  motivation  not  Information  to  proceed  In 
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this  direction.  A  much  more  promising  avenue  for 
future  development  would  be  to  Integrate  the 
equations  governing  the  Individual  components 
of  the  turbulence  kinetic  energy,  that  is  the 
y'i!,  v'2>  ood  w'  ^  equations,  in  conjunction 
with  the  Reynolds  shear  stress  equation 
which  governs  the  production  of  -  u'v'.  Such 
a  strategy  alleviates  some  of  the  more  restrictive 
aspects  of  the  structural  similarity  hypothesis 
previously  invoked.  A  preliminary  evaluation 
by  the  present  author  of  a  four  Integral  equation 
scheme  which  used  Rotta's  hypothesis  for  the 
partitioning  of  dissipation  yielded  very 
favorable  results. 


As  a  final  observation  at  this  point  it  should 
be  clear,  if  it  has  not  become  so  earlier,  that  it 
should  be  possible  to  take  Integral  momenta  of  any 
of  the  current  model  partial  differential  equations 
that  describe  the  spatial  development  of  the  time 
averaged  Reynolds  stress  tensor.  In  this  manner 
eventually  it  should  be  possible  to  construct 
versions  of  these  model  systems  suited  for  use  with 
the  Integral  procedures  for  solving  the  boundary 
layer  equations.  The  additional  capability  attrib¬ 
utable  to  these  newer  turbulence  models  would  there¬ 
fore  become  available  within  the  framework  of  the 
Integral  procedure,  subject  of  course  to  the 
limitations  of  the  profile  families,  both  of  velocity 
and  turbulence, 

16.1.1.7  Concluding  Remarks  on  Two-Dimensional 

Integral  Methods  for  Blade  Boundary  Layers 

In  arriving  at  certain  recommendations  it  seems 
appropriate  to  mention  briefly  those  particular 
methods  which  demonstrate  the  various  recommended 
characteristic  properties.  To  some  degree  this  has 
already  been  done  in  the  previous  discussion  but 
certainly  it  can  bear  repeating  and  re-emphasizing 
here.  A  great  deal  of  the  work  done  on  integral 
methods  for  predicting  turbulent  two-dimensional  or 
axially  symmetric  boundary  layers  is  summarized  in 
the  1967  Stanford  Conference  Proceedings  (Ref.  16.50) 
and  only  a  comparatively  small  number  of  additional 
contributions  have  been  made  since  that  time.  It 
is  not  the  purpose  of  this  section  to  exhaustively 
review  these  various  contributions  but  merjly  to 
point  out  certain  desirable  features  and  to  cite 
exasples  where  these  desirable  features  have  been 
employed . 

A  convenient  starting  point  is  probably  the 
method  due  to  Head  (Ref,  16.33),  since  this  partic¬ 
ular  method  seems  to  mark  the  beginning  of  the 
present  era  of  more  accurate  boundary  layer  pre¬ 
dictions,  Head's  procedure  is,  in  the  previously 
Introduced  terminology,  a  local  equilibrium 
procedure  in  chat  Che  implied  Reynolds  apparent 
shear  stress  is  uniquely  determined  by  the  local 
mean  velocity.  The  technique  is  sufficiently 
simple  as  to  be  suitable  for  use  with  a  programmable 
pocket  calculator  and  its  accuracy  quite  acceptable 
for  a  surprisingly  wide  range  of  flows.  The  pro¬ 
cedure  was  incorporated  into  a  heat  transfer 
prediction  scheme  by  Dvorak  and  Head  (Ref.  16.32), 
although  in  this  case  the  resulting  scheme  was  a 
hybrid  since  the  energy  equation  was  solved  by  a 
finite  difference  procedure  after  the  mean  flow 
was  obtained  by  Head's  integral  scheme.  Later  Head's 
scheme  was  extended  to  compressible  flow  over 
insulated  walls  by  Green  (Ref.  16.34)  and  for 
transpired  flow  by  Thompson  (Ref.  16.59).  Perhaps 
with  Che  exception  of  the  heat  transfer  scheme, 
any  potential  user  would  be  well  advised  to 


inquire  whether  or  not  Head's  scheme  or  an  existing 
development  of  it,  might  be  adequate  for  their 
purposes.  Insofar  as  the  heat  transfer  version  of 
Head's  scheme  is  concerned,  it  seems,  at  least  to 
this  author,  that  the  hybrid  heat  transfer  scheme 
really  does  not  have  such  a  great  deal  to  offer  to 
warrant  its  use  compared  to  a  full  finite  difference 
scheme . 

Most  well  constructed  local  equilibrium  pro¬ 
cedures  do  perform,  or  could  probably  be  made  to 
perform,  about  as  well  as  Head's  method.  However, 
methods  which  use  the  integral  kinetic  energy 
equation  are  particularly  convenient  in  that  they 
have  a  simple  form  independent  of  the  assumed  form 
of  the  boundary  layer  mean  profile.  A  good  example 
of  this  type  of  method  is  to  be  found  in  the  work 
of  Escudier  and  Nlcoll  (Ref.  16.47).  As  an  addi¬ 
tional  feature,  methods  such  as  that  due  to  Escudier 
and  Nlcoll  can  permit  the  direct  use  of  the  same 
type  of  turbulence  models  as  are  being  developed 
for  the  direct  numerical  procedures.  It  follows 
then  that  once  the  mean  velocity  and  temperature 
profile  families  are  specified,  variables  such  as 
wall  transpiration,  wall  roughness,  free  stream 
turbulence  and  streamwise  curvature  can  eventually 
be  allowed  for  in  this  type  of  method.  Compared  to 
the  direct  numerical  procedures  all  the  constraints 
of  the  Integral  procedures  lie  in  the  adopted 
velocity  and  temperature  profile  families.  To 
continue,  Lubard  and  Fernandez  (Ref.  16.60)  devel¬ 
oped  a  local  equilibrium  procedure  which  used  the 
Integral  kinetic  energy  equation  for  transpired 
flows.  Alber  (Ref.  16.61)  has  developed  an 
Impermeable  wall  procedure  similar  to  Che  Lubard 
and  Fernandez  scheme  but  for  compressible  flow. 

Based  on  these  precedents  and  Che  suggestions  and 
development  given  earlier  in  the  present  work,  it 
Would  be  a  simple  matter  Co  construct  a  compressible, 
transpired,  rough  wall.  Integral  procedure  based 
on  local  equilibrium  concepts  using  Che  von  Karman 
momentum  equation  and  the  integral  kinetic  energy 
equation.  In  view  of  good  results  previously 
obtained  with  the  various  individual  procedures, 
such  as  synthesis  of  methods,  would  be  expected  to 
be  quite  successful  for  boundary  layers  in  near 
equilibrium,  with  perhaps  Che  compressible  law  of  the 
wall  additive  constant  with  transpiration  being  Che 
only  questionable  parameter  over  and  above  the  mean 
velocity  and  temperature  profiles  at  the  present  time. 

The  next  step  in  the  hierarchy  would  be  Co 
consider  the  departure  from  local  equilibrium  and 
here  an  expression  for  Che  race  of  change  of  Che 
appropriate  integral  of  the  turbulent  stress,  in 
the  spirit  of  Goldberg  (Ref.  16.49)  or  Nash  and 
Hicks  (Ref.  16.51)  for  Instance,  is  very  convenient 
and  would  result  in  a  trivial  amount  of  coding  and 
increased  computation.  Turbulent  lag  equations 
of  the  foregoing  type,  although  presently  only 
developed  for  incompressible  flow,  do  seem,  at  least 
conceptually,  to  result  In  an  Improvement  over  the 
local  equilibrium  procedures.  Less  empirical  but 
more  laborious  are  the  schemes  which  use  lag 
equations  developed  from  the  turbulence  kinetic 
energy  equation.  The  simplified  version  of  the 
lag  equation  developed  by  McDonald  and  Camaraca 
(Ref.  16.56)  from  the  integral  form  of  the  turbu¬ 
lence  kinetic  energy  equation  which  was  presented 
earlier,  allows  for  compressibility,  free  stream 
turbulence  and,  using  Bradshaw's  (Ref.  16,48) 
suggestion,  for  streamwise  curvature.  In  collab¬ 
oration  with  what  could  be  termed  the  synthesized 
procedure  described  in  the  previous  paragraph,  the 
slmpTifled  integral  turbulence  kinetic  energy 
equation  would  certainly  typify  the  state  of  the 


art  of  Integral  procedures  for  predicting  turbulent 
boundary  layer  development  in  1975. 

The  final  stage  in  the  hierarchy  of  problems 
which  will  be  considered  here  is  the  problem  of  heat 
transfer.  It  is  clear  from  the  literature  that  for 
insulated  wall  boundary  layers,  a  Crocco  type  tem¬ 
perature  profile  suffices  to  predict  the  effects  of 
compressibility  on  the  integral  thickness  parameters. 
It  is  also  clear  from  work  such  as  Rotta's  (Ref. 

16.36)  that  really  none  of  the  convenient  so-called 
Reynolds  analogy  factors,  modified  or  otherwise, 
can  adequately  predict  the  heat  transfer  with  a 
variable  wall  temperature  in  the  presence  of  stream- 
wise  pressure  gradients.  These  rather  demanding 
conditions  are  unfortunately  precisely  those 
normally  encountered  in  turbine  blade  design.  The 
preliminary  indications  are  that  a  stagnation  tem¬ 
perature  law  of  the  wall  with  a  wake  component  such 
as  that  originally  suggested  by  Rotta  (Ref.  16.41) 
when  used  in  conjunction  with  the  integral  thermal 
energy  equation  might  improve  the  current  poor 
status  of  heat  transfer  predictions  by  integral 
methods.  Lastly,  while  it  is  very  possible  that 
heat  transfer  prediction  for  internally  convectlvely 
cooled  turbine  blades  or  vanes  might  relatively 
easily  be  made  acceptable,  it  seems  less  likely  that 
film  cooled  components  will  be  adequately  treated 
within  the  framework  of  integral  boundary  layer 
prediction  schemes.  Even  for  the  idealized  case 
of  parallel  slot  injection  of  the  coolant  film,  the 
resulting  velocity  profiles  are  not  well  described 
by  the  existing  law  of  the  wall  -  law  of  the  wake 
concepts.  At  this  point  the  research  effort 
required  to  further  enlarge  the  mean  velocity  and 
temperature  profile  families  to  encompass  film 
cooling  taken  together  with  the  estimated  success 
probability,  would  seem  to  outweigh  the  increased 
cost  of  the  present  day  direct  numerical  schemes 
which  already  have  shown  their  capability  to  handle 
at  least  simple  film  cooling  configurations.  Thus 
film  cooled  boundary  layers  almost  certainly  He 
outside  the  scope  of  present  integral  procedures 
and  will  probably  remain  there  for  some  time  to 
come . 

16,1.2  Numerical  Procedures  for  Solving  the  Boundary 
Layer  Partial  Differential  Equations 

16,1.2.1  Motivation 

In  the  light  of  the  preceding  discussion 
caution  must  be  advocated  when  using  integral  pro¬ 
cedures  for  solving  the  boundary  layer  equations 
whenever  profile  families  for  the  dependent 
variables  are  either  Inadequately  verified  or  known 
to  be  inaccurate.  It  may  well  be  that,  in  spite  of 
the  known  profile  shortcomings,  as  a  consequence  of 
the  averaging  out  of  the  integral  schemes,  some  of 
tne  flow  properties  will  be  predicted  adequately 
for  certain  purposes.  Unfortunately  heat  transfer 
is  usually  a  very  demanding  property  to  predict 
accurately  and  one  of  very  keen  interest  to  turbine 
designers.  The  problems  which  arise  with  two  and 
three-dimensional  profile  families  in  highly  accel¬ 
erated  flows  when  the  laminar  and  turbulent  trans¬ 
port  of  heat  and  momentum  are  of  a  similar  order 
(or  In  a  film  cooled  boundary  layer  developing  on 
a  curved  surface)  can  be  euphemistically  termed 
"difficult".  Numerical  procedures  which  directly 
solve  the  partial  differential  equations  and  hence 
do  not  require  this  profile  Information  therefore 
become  much  more  attractive  when  these  particular 
"difficult"  problems  must  be  treated. 


Another  very  valid  reason  for  using  a  numerical 
procedure  for  solving  Che  partial  differential 
equations  lies  in  the  flexibility  of  the  resulting 
scheme.  Changes  in  boundary  conditions,  higher 
order  terms,  generalizations  to  include  chemical 
reactions,  magneto-hydrodynamic  forces  may  all  be 
incorporated  with  surprisingly  little  additional 
work.  In  some  Instances,  such  as  Che  flow  in  a  duct, 
the  merging  of  shear  layers  causes  perhaps  only  a 
re-assessment  and  readjustment  within  the  turbulence 
model  being  used  within  the  numerical  procedure; 
whereas,  in  the  integral  scheme  it  calls  for  major 
reconstruction.  Such  developments  are  not  simply 
mere  possibilities  but  even  at  this  present  time, 
clearly  demonstrate  the  advantages  of  the  numerical 
procedures . 

16.1.2.2  General  Comments 

In  the  course  of  the  subsequent  development, 
frequent  reference  will  be  made  to  existing  or 
potential  numerical  procedures  which  could  be  used 
CO  obtain  solutions  to  the  problem  under  discussion. 
At  this  point  it  is  worth  observing  chat  in  the 
present  context  a  potential  numerical  procedure  is 
considered  to  be  a  technique  which  has  shown  promise 
on  simple  problems,  such  as  the  transient  heat 
conduction  problem  in  one  space  dimension.  Since 
the  real  problems  are  generally  non-linear,  coupled 
and  multi-dimenslonal  with  Initial  and  boundary 
conditions  to  be  specified,  there  Is  a  considerable 
difference  between  a  potential  and  demonstrated 
capability  and  it  is  necessary  to  keep  this  dis¬ 
tinction  firmly  in  mind.  In  some  instances,  certain 
of  the  candidate  procedures  have  clear  advantages 
over  others,  provided  the  procedures  can,  in  fact, 
return  the  solution  to  the  degree  of  numerical  accu¬ 
racy  required  by  the  user.  The  potential  advantages 
in  practice  might  be  quite  unrelated  to  the  relative 
cost  of  running  the  computer  to  obtain  Che  solution. 
To  evaluate  the  relative  advantages  it  Is  first 
recognized  that  the  engineer  user  has  the  choice  of 
constructing  a  scheme  based  upon  one  of  the  more 
promising  potential  procedures  to  solve  his  problem 
or,  of  adapting  an  existing  available  procedure  for 
this  purpose.  The  engineer  user  must  therefore  on 
an  hoc  basis  evaluate  the  relative  economics  of 
the  projected  utilization  of  the  possibly  less  than 
optimum  existing  procedures  weighed  against  the 
engineering  effort  required  to  develop  a  new  pro¬ 
cedure  embodying  the  better  suited  technique  for  his 
particular  problem.  Since  computer  costs  even  for 
the  same  computer  vary  from  installation  to  install¬ 
ation  dependent  upon  the  computer  configuration, 
the  degree  to  which  the  computer  is  utilized,  the 
accounting  procedures  used  to  obtain  a  charge  rate 
and  to  the  actual  charge  algorithm  itself  which 
weights  the  various  Internal  processes  and  resources 
within  the  computer,  the  relative  computing  econ¬ 
omics  can  change  dramatically  from  institution  to 
Institution.  VHille  computing  costs  at  a  given  site 
may  usually  be  projected  with  relative  certainty, 
the  task  of  the  engineer  user  in  making  the  economic 
evaluation  is  often  plagued  with  major  uncertainties. 
In  particular,  the  engineer  user  and  more  often  than 
not,  the  computat ional  expert  also,  may  not  be 
sufficiently  knowledgeable  of  the  problem  or  of 
candidate  techniques  to  accurately  assess  the  labor 
requited  to  cast  them  into  a  working  procedure,  or 
of  their  possible  operational  idiosyncrasies  once 
ready  for  use.  Since  the  more  complex  techniques 
can  rake  many  months  of  engineering  effort  to 
develop  into  operational  procedures,  a  judgment 
error  by  either  the  computational  expert  or  the 
engineer  user  in  the  evaluation  phase  can  have  a 
catastrophic  economic  impact. 


In  addition,  it  is  sometimes  the  case  that 
both  the  existing  and  the  prospective  procedures 
might  not  behave  in  an  acceptable  manner  for  the 
particular  application  the  user  has  in  mind,  and 
this  fact  might  not  be  widely  known  or  apparent 
to  the  user  in  advance.  Similarly,  certain  pro¬ 
cedures  are  user  sensitive  in  operation  and 
considerable  skill  might  be  necessary  with  these 
procedures  to  obtain  satisfactory  solutions.  In 
seeking  information  upon  which  to  base  a  reason¬ 
able  evaluation  of  the  risk  factors  involved. the 
diligent  engineer  is  often  further  confounded  by 
the  conflicting  claims  and  observations  made  by 
different  authors  regarding  the  operational 
characteristics  of  certain  of  the  procedures. 

Several  factors  contribute  to  the  generation  of 
these  conflicting  claims.  Principal  among  these 
factors  is  the  user  sensitivity  mentioned  earlier 
and  this  leads  to  a  successful  computation  being 
dependent  on  such  user  selected  items  such  as 
the  computational  mesh  distribution  and  density 
or  the  initial  and  boundary  conditions.  Also  a 
factor  is  a  sensitivity  of  many  of  the  procedures 
to  computational  detail  and  here  the  precise 
treatment  of  such  items  as  non-linearities, 
boundary  conditions,  or  simply  the  ordering  of 
the  computation  can  have  a  major  impact  on  the 
eventual  outcome  of  the  computation.  Precise 
details  such  as  this  are  often  not  given  in 
archival  journal  publications,  for  among  others, 
the  obvious  reason  of  space  limitation. 

Naturally,  such  real  and  prospective  patho¬ 
logical  difficulties  demand  that  the  engineer  be 
thoroughly  familiar  with  the  existing  candidate 
procedures  and  that  very  powerful  reasons  must 
exist  to  Justify  the  development  cost  of  any  new 
and  relatively  untried  procedure.  There  are,  of 
course  valid  reasons  for  embarking  upon  the  pro¬ 
longed  development  of  a  new  procedure  embodying 
more  appropriate  techniques  for  solving  the 
particular  problem.  Unavailability  or  cl\e  general 
unsuitability  of  the  existing  procedures  would  be 
key  factors  in  such  a  decision.  Here  again,  how¬ 
ever,  conflicting  claims  of  suitability  or 
unsuitability  are  frequently  to  be  found  In  the 
literature,  often  simply  as  a  result  of  different 
authors  having  differing  constraints  and  standards. 
The  need  to  use  the  procedure  on  a  computer  with 
very  small  high  speed  memory  might,  for  Instance, 
sway  judgment  one  way  whereas  the  need  for  a 
locally  refined  mesh,  say  to  define  the  viscous 
sublayer  of  a  turbulent  boundary  layer,  might  be 
a  critical  factor  in  another  user's  estimation. 

Less  tangible,  but  not  trivial,  is  the  consider¬ 
ation  that,  should  the  engineer  decide  to  develop 
the  relatively  untried  procedure  himself,  he  then 
is  fully  aware  of  the  ntimerous  approximat Ions  and 
prejudices  incorporated  into  the  procedure  and  Is 
then  well  equipped  to  further  extend  the  pro¬ 
cedure  into  other  problem  areas. 

The  foregoing  Is  in  part  designed  to  caution 
the  engineer  against  a  precipitous  adoption  of  a 
promising  but  relatively  untried  numerical  scheme 
for  solving  his  particular  problem.  It  Is  also 
aimed  in  part  at  answering  the  oft  heard  question 
of  the  computational  expert  who  feels  that  he  has 
the  most  efficient  algorithm  for  solving  the  par¬ 
ticular  problem  under  study,  and  who  questions  why 
Che  engineering  public  continues  to  use  what  is  to 
him  a  non-optimum  method. 

Before  going  on  Co  discuss  the  actual  Methods 
available  for  treating  the  boundary  layer  equations 
it  is  necessary  to  develop  some  basic  concepts  about 


numerical  methods  in  general.  However,  It  is  not 
the  purpose  here  to  provide  a  broad  Introduction 
Into  general  numerical  methods  for  solving  partial 
differential  equations  as  there  are  some  fine  text¬ 
books  available  on  this  subject.  Only  those  topics 
which  would  be  appropriate  to  aid  a  potential  user 
in  evaluating  the  numerical  aspects  of  the  candidate 
procedure  will  be  discussed  here.  In  this  regard, 
three  broad  categories  of  methods  exist  for  numeri¬ 
cally  solving  the  equations  of  fluid  mechanics. 

These  being  the  finite  difference,  the  finite  element 
and  the  spectral  methods.  In  the  main,  the  sub¬ 
sequent  discussion  concerns  finite  difference  methods 
simply  because  at  the  present  time  finite  difference 
methods  are  the  furthest  advanced  in  terms  of  fluid 
mechanics  applications.  Hybrid  techniques  also  have 
{nade  their  appearance,  for  instance,  finite  difference 
methods  may  be  viewed  as  a  collocation  technique 
with  the  dependent  variable  represented  by  a  poly¬ 
nomial.  If  now  the  dependent  variable  in  one  or 
more  coordinate  directions  instead  Is  represented  by 
some  trigonometric  expansion  such  as  a  Fourier  series, 
the  resulting  scheme  is  termed  a  pseudo-spectrai 
method  or  hybrid  pseudo-spectral  method,  depending 
on  the  degree  of  finite  differencing  employed. 

Indeed  other  related  methods  can  readily  be  for¬ 
mulated  using  orthogona]  polynomials  or  piecewise 
polynomial  splines  to  represent  the  dependent 
variables  In  one  or  more  directions.  In  the  usual 
spectral  methods  the  trigonometric  series  used  to 
represent  the  dependent  variable  is  introduced  into 
the  governing  equations  by  means  of  the  Galerkln 
technique,  but  at  present  the  pseudo-spectral 
methods  seem  about  a  factor  two  more  efficient 
than  the  spectral  methods.  Finite  element  methods 
have  been  very  successful  in  structural  problems 
where  they  have  proven  especially  useful  with 
irregular  boundaries.  At  the  present  time  the 
application  of  the  finite  procedure'  to  fluid 

mechanics  problems  is  sparse  and  inconclusive. 
Certainly  in  many  appl. cations  the  matrix  inversion 
problem  obtained  from  tlie  finite  element  technique 
Is  Identical  to  that  arising  from  Implicit  finite 
difference  formulations  so  that  such  schemes  must 
have  comparable  computational  40sts.  The  claimed 
attribute  of  flnlle  element  methods  of  ease  cf 
treatment  of  Irregular  boundaries  is  obtained  at 
the  expense  of  a  non-trivial  clement  construction 
process.  To  this  must  he  added  the  observation 
that  element  shape  and  size  vaiiations  can  liave  a 
detrlmenia'  effect  on  accuracy  so  that  :t  does  not 
at  trils  print  appeni  ^hat  the  liititc  element 
appr-.M.  h  vV'.  hr  ijuitt  the  hopi.i-ior  pana..ea  for 
gromrtri'  '  v'mp  1 1  r  V  ,  I.astiv,  in  thr  ,re.seiu  work 
the  usual  lu'crl.ni  ho  I  .*  fixed  room  1  c...,  to  sysLotr.s 
will  be  oonsidtrrvi  .js  opposed  to  the  i.a^Tangian 
svstem  wtM  re  the  v  ov-r  .1  .  ;..i !  ••  s,  :-,v  vr  wit:',  fluid. 
I.agrangian  oOvi«tiualr  sv  s  t  err..",  havt  .  us  Iderahle 
utilltv  lor  ro'ative'v  -iiK  o:r.r  1  lea  I  rd  time  dopunJeat 
flows  contalninv*  J  i  t  loiu  ;  !  i  e  s  f  ul  in  the  stoauv 
distk'rlod  fl.  w,  at  th«  .nt-sh  i  n  t  e  rp^.' ]  a  t :  on 

prui<  1  cm  '  .'.,r  ^  :  •  ,  •  ;  o': ,  -o.  ^  •  rn  M  t  . 

16.1.2.3  Order  Aocjra  v 

The  s'mplest  wu’.'  to  -iistuss  otvlL-r  aoC'aiav  .  is 
In  ttrms  of  a  irunoatoj  Tavlor  serlr-^.  In  setting 
up  a  finite  diffemicf  molecule  the  fun<tion  value 
at  adjacent  grid  points  can  be  related  to  concltions 
at  the  grid  point  In  question  by  means  of  a  laylor 
series.  The  Taylor  series  may  then  be  appropriately 
truncated  and  an  expression  for  tiie  derivative  at 
the  point  obtained.  The  truncation  term  in  the 
Taylor  series  then  determines  the  forncil  order 
accuracy  of  the  difference  scheme.  For  example, 
consider  the  t'nree  point  scheme  with  a  me-sh.  spacing 


of  h  and  the  continuous  function  f  with  single 
valued  finite  derivatives 

•  ((«)  +  hf'(«)  +  h*/Zf"(«)  +  hV6f'"(»)  +  --- 
»(«-h)  •  t(«)-  hf'(ji)+h‘/zn»)-  hVe  ("'(«)  +  •  •  • 


schemes  tend  to  be  difficult  to  work  with  in  practice 
due  to  their  propensity  to  develop  solutions  with 
undesirable  features  such  as  "wiggles".  Without 
doubt,  improved  higher  order  schemes  will  appear  in 
the  future  and  will  alleviate  these  problems. 


so  by  subtraction  we  nave 

t(«+h)-f(«-h)  h* 

' ( «> - - +  T- '  <«)  +  • 

Zn  P 

and  hence  the  terminology  that  if  in  the  above 
equation  the  terms  in  h^  and  higher  are  neglected 
the  resulting  finite  difference  representation  of 
the  derivative  is  termed  second  order.  A  fourth 
order  representation  would  be  one  where  the  first 
neglected  term  was  h^  ,  and  so  on.  The  second 
order  finite  difference  representation  given  above 
is  usually  termed  the  first  derivative  second 
order  central  difference  formula.  A  one-sided 
derivative  is  sometimes  of  use  and  from  the  fore¬ 
going  in  simplest  form  is  written  for  a  foirward 
difference  first  derivative  as 

»'(«)• - - +  ••• 

and  clearly  this  is  a  first  order  approximation. 


Frequently  and  erroneously  the  order  accuracy 
of  a  finite  difference  formula  for  the  derivative 
as  defined  above  is  appended  to  Che  solution  proce¬ 
dure  for  the  governing  systei  of  equations  as  a  whole. 
Clearly  other  factors  can  contribute  to  the  errors 
in  the  solution  to  the  system  of  equations.  Three 
obvious  sources  of  error  which  can  swamp  the  errors 
arising  from  the  derivative  formula  are  (1) 
linearization  errors  arising  from  the  non-linear 
nature  of  the  governing  equations,  (2)  errors 
arising  from  the  treatment  of  the  coupling  between 
the  equations  within  the  system,  including  the 
boundary  conditions,  and  (3)  machine  roundoff 
The  first  two  of  these  three  sources  of  error  will 
be  discussed  further  later.  In  the  subsequent 
development,  order  accuracy  will  be  appended  only 
to  the  difference  formula  and  not  to  the  overall 
procedure.  Machine  roundoff  cannot  be  ignored  as 
a  possible  source  of  error  but  usually  this  prob¬ 
lem  manifests  Itself  catastrophically  during  the 
initial  development  of  the  procedure,  where 
appropriate  remedies  must  be  developed  or  the 
procedure  abandoned . 


It  is  observed  that  higher  order  difference 
formulae  ate  desirable  in  principle,  and  in  some 
cases  represent  the  only  reasonable  alternative  to 
reducing  the  mesh  to  an  absurd  degree  to  obtain 
accuracy.  Several  points  must  be  noted,  the  first 
being  that  to  obtain  the  Increased  order  accuracy 
there  has  usually  been  an  Increase  In  labor.  The 
question  must  now  be  asked  if  it  is  not  more 
economic  to  use  a  lower  order  difference  with  a 
more  refined  mesh.  A  number  of  authors  for  Instance 
have  argued  against  methods  of  order  greater  than 
fourth  on  this  basis.  Various  ad  hoc  particulari¬ 
ties  can  affect  this  judgment  however,  for  instance, 
in  performing  reacting  boundary  layer  calculations 
the  chemistry  computation  could  greatly  overshadow 
the  fluid  mechanics,  tlms  driving  one  towards  the 
use  of  as  few  grid  points  as  possible  regardless 
of  the  cost  per  grid  point  of  the  fluid  mechanics 
calculation . 


Additional  difficulties  can  be  associated  with 
higher  order  methods,  the  obvious  one  being  the 
application  of  boundary  conditions  since  more  exten¬ 
sive  spa'I.-il  differencing  in  the  region  of  the 
boundaries  would  almost  certainly  be  needed. 

Further,  It  has  been  observed  that  higher  order 


It  should  be  clear  from  the  above  that  higher 
order  methods  are  not  necessarily  to  be  preferred 
over  lower  order  schemes.  Accuracy  can  always  be 
obtained  from  Che  consistent  lower  order  schemes, 
computer  willing,  by  mesh  refinement.  The  question 
is  then  simply  the  cost  to  the  user  of  the  required 
mesh.  Should  this  cost  be  prohibitive  then  a 
higher  order  method  or  an  alternative  more  efficient 
lower  order  scheme  might  be  the  answer.  In  the 
subsequent  discussion  of  the  various  methods,  order 
accuracy,  including  the  more  subtle  errors  which 
might  arise  from  linearization  and  decoupling,  will 
be  touched  upon  but  hopefully  will  not  be  over- 
stressed. 

16.1.2.4  Explicit  and  Implicit  Methods 

In  Che  usual  steady  turbulent  boundary  layer 
equations,  if  the  laminar  transport  is  not  neglected 
with  respect  to  the  turbulent  transport,  the  governing 
equations  are  everywhere  parabolic  and  upon  specifi¬ 
cation  of  a  turbulence  model  form  a  well  posed 
initial-boundary  value  problem.  In  certain  cases 
the  neglect  of  the  laminar  transport  can  result  in 
a  hyperbolic  set  of  equations  but  this  depends  on 
the  precise  nature  of  the  model  of  the  turbulence 
transport.  In  either  event  the  equations  may  be 
solved  by  a  forward  marching  technique,  since  one 
coordinate  direction  will  possess  a  tlme-llke 
property.  In  Che  subsequent  discussion  this 
marching  direction  will  frequently  be  termed  the 
time  coordinate  for  obvious  reasons.  The  numerical 
methods  for  solving  parabolic  or  hyperbolic  equations 
which  form  a  well  posed  initial-boundary  value 
problem  are  usually  termed  either  explicit  or 
Implicit  methods.  In  an  explicit  technique  the 
unknown  variables  are  expressed  at  the  advanced 
"time"  level  entirely  in  terms  of  the  known  values 
at  the  current  time  level  together  with  the  appro¬ 
priate  boundary  conditions.  Explicit  schemes  on 
the  whole  tend  to  be  conditionally  stable.  That 
is,  a  stable  calculation  can  only  be  obtained 
provided  certain  limitations  on  the  time  step  are 
adhered  to.  In  an  implicit  procedure  the  finite 
difference  representation  Introduces  unknown 
variables  at  both  the  advanced  and  the  current  time 
level.  Generally  speaking,  a  procedure  of  this 
type  necessitates  the  solution  of  a  set  of  simul¬ 
taneous  equations  and  this  usually  results  in  a 
complex  and  time  consuming  procedure  on  a  per  grid 
point  per  time  step  basis.  Implicit  methods  are 
usually  stable  for  large  time  steps  (although  not 
necessarily  unconditionally  stable)  and  are  there¬ 
fore  competitive  with  conditionally  stable  explicit 
procedures  when  the  physical  processes  are  changing 
on  a  time  scale  much  greater  than  the  marching  step 
permissible  with  the  conditionally  stable  explicit 
schemes.  It  turns  out  that  the  stability  limits 
of  the  better  known  explicit  schemes  can  be  very 
restrictive  in  performing  turbulent  boundary  layer 
calculations,  and  consequently  implicit  schemes 
have  found  considerable  favor.  Unconditionally 
stable  explicit  schemes  such  as  the  DuFort-Frankel 
scheme  are  available,  but  to  date  these  schemes 
have  all  been  inconsistent.  That  is  to  say  that  in 
the  limit  as  the  mesh  is  refined  the  truncation 
error  In  the  Taylor  series  expansion  does  not 
disappear  for  an  arlbtrary  mesh  spacing.  In  such 
a  scheme  even  given  an  unlimited  computer  the  user 
no  longer  has  the  ability  to  make  the  error  as 
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small  as  he  wishes  simply  by  mesh  refinement. 
Inconsistent  schemes  therefore  have  not  been  widely 
used,  although  Fletcher  (Ref.  16.62)  for  Instance, 
has  not  had  any  apparent  difficulty  In  using  a 
DuFort-Frankel  scheme  on  the  boundary  layer  equa¬ 
tions. 

Predictor-corrector  procedures  have  been 
developed  and  these  can  be  either  of  the  explicit 
or  the  Implicit  type,  or  of  some  hybrid  of  the  two 
types.  Predictor-corrector  schemes  have  become 
quite  attractive  for  three-dimensional  boundary 
layers  and  the  prospect  for  treating  aspects  of  the 
non-llnearl ties  In  the  governing  equations  within 
the  predictor-corrector  framework  Is  appealing. 

Lastly,  the  so-called  shooting  methods  defy 
description  by  the  simple  explicit-implicit  termin¬ 
ology.  In  this  and  related  techniques,  the  marching 
direction  Is  discretized  first,  resulting  In  a  non¬ 
linear  ordinary  differential  equation  which  poses 
a  two-point  boundary  value  problem.  After  linear¬ 
ization  the  ordinary  differential  equation  can  be 
treated  by  a  number  of  different  schemes  as  an 
Initial  value  problem,  for  Instance,  In  perhaps  the 
most  successful  version  of  the  shooting  technique 
a  particular  Integral  and  a  complimentary  function 
are  generated  by  numerical  Integration.  The  outer 
boundary  condition  then  serves  to  determine  the 
arbitrary  constant  In  the  complimentary  function, 
and  the  solution  of  tht  linearized  equation  obtained 
by  adding  the  particular  integral  to  the  compli¬ 
mentary  function.  Unfortunately,  Iteration  Is 
required  if  more  than  one  outer  boundary  condition 
Is  to  be  applied,  as  Is  usually  the  case  In  boundary 
layer  flows.  Although  successfully  used  for  laminar 
flows  and  some  turbulent  flows,  the  convergence  of 
the  Iteration  involved  In  the  shooting  technique 
Is  not  particularly  reliable  for  arbitrary  boundary 
layer  flows  and  has  now  been  largely  abandoned  in 
favor  of  Implicit  methods.  More  recent  develop¬ 
ments  of  the  shooting  process  such  as  parallel 
shooting  have  apparently  not  been  evaluated  on  the 
boundary  layer  equations. 

In  assessing  the  candidate  methods  for  suita¬ 
bility  for  one's  own  particular  problem  a  definite 
screening  process  can  be  suggested  based  on  the 
foregoing  discussion.  This  process  will  now  be 
discussed  In  detail  in  view  of  Its  importance  in 
practice.  Particular  emphasis  will  of  course  be 
given  to  the  special  problems  which  arise  from 
turbomachinery  considerations. 

16.1.2.5  Some  Factors  Influencing  the  Choice 
of  Numerical  Method 

On  the  basis  of  the  preceding  discussion  the 
choice  of  the  most  suitable  numerical  method  for  a 
given  problem  Is  an  ^  hoc  one.  Perhaps  the  most 
critical  Item  Is  to  estimate  the  rate  at  which 
physical  processes  of  Interest  can  change  in  the 
marching  (or  Iteration)  direction.  This  leads  to 
an  estimate  of  the  maximum  step  In  the  marching 
direction  that  the  changing  physical  processes 
permit.  This  maximum  physical  step  can  then  be 
compared  to  the  maximum  computational  marching  step 
that  the  various  candidate  procedures  allow.  The 
number  of  computational  steps  required  to  march 
the  maximum  physical  step  Is  thus  estimated.  To 
now  compare  the  various  schemes  an  estimate  must 
be  made  of  the  computational  effort  required  to 
take  one  computational  step.  With  this  latter 
piece  of  Information  the  computational  coat  of 
marching  the  maximum  physical  step  can  be  estimated 
and  used  to  eliminate  some  of  the  candidate  schemes. 


Finally,  computer  storage  requirements  and  coding 
complexity  together  with  estimated  reliability  and 
prior  experience  may  be  factored  In  to  complete 
the  choice  of  method. 

To  see  how  this  process  works  In  practice, 
consider  the  simple  Incompressible  turbulent 
boundary  layer  momentum  equation. 

(pU)Uj  +  (/>v)Uj  ■  "Pj+t/i.Uy), 
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where  the  turbulent  transport  of  momentum  has  been 
represented  by  an  eddy  viscosity  coefficient  p^. 
Now,  based  on  experience  with  the  simple  transient 
heat  conduction  equation 
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where  .t  Is  the  time  (marching)  coordinate  and  K 
Is  the  thermal  conductivity  and  T  the  temperature. 
It  Is  well  known  that  most  conditionally  stable 
schemes  when  applied  to  the  simple  heat  conduction 
equation  given  above  exhibit  a  step  size  restric¬ 
tion  of  the  form 
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In  the  linearized  boundary  layer  problem  the  above 
restriction  approximately  transforms  Into 
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and  it  is  found  in  practice  that  this  type  of 
restriction  does  indeed  hold  when  these  same 
methods  are  applied  to  the  boundary  equations.  Now, 
Clauser  has  suggested  that  in  the  outer  region  of 
an  equilibrium  Incompressible  turbulent  boundary 
layer 
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and  this  suggestion  Is  In  good  accord  with  measure¬ 
ment.  If  now  an  equally  spaced  mesh  normal  to  the 
wall  is  introduced 
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where  N  is  as  yet  the  undefined  number  of  Intervals, 
the  viscous  stability  requirement  reduces  to 
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and  typically  in  a  turbulent  Incompressible  boundary 
layer,  5/6*  -  6  so  that  there  results  in  round 
figures 
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It  Is  observed  that  unfortunately  the  compu¬ 
tational  marching  step  decreases  as  the  square 
of  the  number  of  grid  points  and  this  of  course 
aggravates  the  problem  of  having  to  add  grid 
points  for  Increased  accuracy.  Further,  based  on 
observation,  the  physical  processes  change  such 
that  axial  steps  of  greater  than  or  equal  to  the 
boundary  layer  thickness  would  be  desirable  in  a 
computational  scheme.  It  then  follows  that  for 
more  than  about  14  grid  points  normal  to  the  wall 
In  the  boundary  layer  the  viscous  stability  restric¬ 
tion  would  force  an  axial  step  size  of  less  than 
the  desired  boundary  layer  thickness.  This  would 
not  necessarily  rule  out  schemes  governed  by  a 
viscous  stability  criterion  If  the  computational 
cost  per  axial  step  or  accuracy  were  sufficiently 
better  than  competitive  schemes  taking  a  larger 
axial  step.  Now,  a  significant  portion  of  the 
cost  of  marching  one  axial  step  goes  Into  forming 
the  coefficients  for  the  Integration  scheme  and  is 
roughly  Independent  of  the  type  of  Integration,  be 
It  an  explicit  or  implicit  formulation.  Further, 
very  efficient  matrix  elimination  schemes  are 
available  to  treat  the  system  of  linear  equations 
resulting  from  the  implicit  formulation.  Thus  on 
balance.  In  practice, the  Implicit  schemes  generally 
tend  to  be  only  a  factor  of  two  or  three  times 
more  costly  per  axial  step  than  the  explicit  schemes. 
Thus,  superficially,  the  break-even  point  between 
conditionally  stable  explicit  schemes  and  the 
(nominally)  unconditionally  stable  Implicit  schemes 
for  the  usual  boundary  layer  equations  occurs  at 
roughly  20  grid  points  normal  to  the  wall. 

The  axial  step  restriction  can  actually  be  a 
great  deal  more  severe  Chan  the  foregoing  simpli¬ 
fied  arguments  indicate.  Firstly,  accuracy  studies 
have  indicated  that  40  or  more  grid  points  normal 
CO  the  wall  might  be  required  with  a  second  order 
difference  scheme  to  accurately  define  the  boundary 
layer  In  many  circumstances,  particularly  when  skin 
friction  (or  heat  transfer)  is  Important.  (This 
figure  could  be  reduced  in  some  cases  by  fine  tuning 
the  mesh  distribution.)  Secondly,  the  previous 
arguments  were  based  upon  an  equal  mesh  spacing 
normal  to  the  wall  and  the  viscous  stability 
restriction  Is  greatly  aggravated  If  It  becomes 
necessary  to  try  and  define  Che  viscous  sublayer 
of  the  turbulent  boundary  layer.  The  only  alter¬ 
native  to  defining  Che  viscous  sublayer  by  means 
of  mesh  points  Is  to  assume  the  validity  of  the 
law  of  the  wall  between  the  first  grid  point  away 
from  Che  wall  and  the  wall  proper.  However, 
although  the  viscous  sublayer  is  very  thin,  approx¬ 
imately  501  of  the  velocity  change  In  the  entire 
boundary  layer  occurs  across  It,  so  It  is  a  com¬ 
paratively  Important  region.  Thus  to  date  only 
the  remarkably  wide  validity  of  the  law  of  the 
wall  has  made  the  fitting  of  the  profiles  a  viable 
alternative  to  adding  more  grid  points.  Unfor¬ 
tunately,  In  a  number  of  Instances  of  critical 
Importance  In  gas  turbine  applications  the  law  of 
the  wall  Is  Influenced  by  severe  favorable  pressure 
gradients  and  heat  transfer  (amongst  other  factors) 
and  such  Influences  cannot  readily  be  accounted  for 
as  a  simple  correction  to  the  law  of  the  wall. 

Indeed  as  was  discussed  In  the  section  on  Integral 
prediction  schemes  the  whole  topic  of  the  thermal 
law  of  the  wall  Is  much  less  secure  than  the 
velocity  law  of  the  wall.  Hence,  In  certain  cases 
much  better  success  has  been  obtained  using  assump¬ 
tions  concerning  the  turbulence  structure  than 
assuming  velocity  or  thermal  profile  similarity 
In  the  viscous  sublayer.  Thus  In  gas  turbine  heat 
transfer  applications  the  desire  to  place  grid 
points  deep  within  the  viscous  sublayer  la  present 


and  virtually  precludes  the  use  of  any  conditionally 
stable  procedure  with  a  viscous  stability  limit 
near  >i.  With  only  a  few  exceptions  computer  central 
memory  storage  requirements  are  not  normally  a 
problem  with  Implicit  schemes  and  if  required  out 
of  core  storage  can  usually  be  obtained  and  the 
cost  factored  Into  the  evaluation.  Coding  com¬ 
plexity,  sometimes  raised  as  a  factor  against 
implicit  methods,  turns  out  to  be  quite  mythical, 
as  that  portion  of  the  complete  prediction  procedure 
dealing  with  the  actual  integration  can  comprise 
less  than  15%  of  the  overall  coding.  For  this 
re  son  nominally  unconditionally  stable  methods 
such  as  Implicit  schemes  have  found  favor  In 
boundary  layer  prediction  methods. 

A  second  commonly  encountered  stability 
restriction  is  termed  the  Courant-Frederlcks-Lewy 
(CFL)  criterion  and  considering  the  simple  advec- 
tlon  equation 
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the  CFL  criterion  generally  requires  that 
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which  when  interpreted  in  the  boundary  layer  frame 
of  reference  requires 
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and  since  v  is  small  within  a  boundary  layer  the 
CFL  requirement  generally  does  not  pose  as  severe 
a  restriction  as  the  viscous  stability  condition 
discussed  previously. 

16,1.2,6  Non-Linear  Aspects 

As  has  been  observed  earlier  the  boundary 
layer  equations  are  non-linear  when  expressed  in 
terms  of  the  velocity  variables,  and  some  dis¬ 
cussion  of  the  particular  problems  arising  from 
this  complication  is  required.  A  change  of  vari¬ 
ables  can  alleviate  the  non-linearities  somewhat 
but  with  a  temperature  dependent  viscosity, 
compressible  flow  or  a  turbulent  effective  viscosity, 
no  completely  linear  system  can  be  achieved  by  a 
change  of  variable.  As  a  general  rule  implicit 
methods  with  their  eventual  goal  of  a  system  of 
linear  algebraic  equations  make  a  formal  linear¬ 
ization  at  some  point  inevitable  if  the  governing 
equations  are  non-linear.  The  key  point  here  is 
that  inadequate  treatment  of  the  non-linear  terms 
can  seriously  degrade  the  overall  accuracy  of  the 
method.  Two  popular  methods  of  dealing  with  the 
non-linearities  are  to  be  found  in  the  literature 
In  the  first  method  finite  difference  operators  are 
applied  to  the  governing  equations  and  a  non-linear 
set  of  algebraic  equations  obtained.  The  non-linear 
set  of  algebraic  equations  can  then  be  solved,  for 
instance,  by  a  Newton-  Raphson  technique.  As  an 
alternative,  the  governing  equations  can  be  linear¬ 
ized  by  some  procedure  and  the  finite  difference 
operators  then  produce  a  linear  algebraic  system 
without  further  ado.  Explicit  procedures  can,  of 
course,  be  applied  to  exactly  the  same  set  of 
Linearized  governing  equations,  however  as  a  class 
they  do  permit  a  simpler  process  of  linearization 
as  a  result  of  the  extensive  use  of  the  known  level 


solution.  In  the  explicit  schemes  It  Is  usual  to 
formulate  the  problem  In  the  so-called  conservative 
form  of  the  governing  equations,  that  Is,  as  many 
as  possible  of  the  dependent  variables  are  placed 
within  the  derivative  operator.  For  example,  by 
use  of  the  continuity  equation  the  streamwlse 
momentum  equation  given  by  Eq.  16.1  (7A)  can  be 
rewritten  as 


Now  obviously  such  a  linearization  Is  quite  crude 
and  introduces  a  first  order  error  in  the  solution. 
A  second  and  considerable  Improvement  Is  to  use 
a  Newton-Raphsor.  process  to  obtain 
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and  so  obtain 
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and  denoting  X  marching  locations  by  the  subscript 
'j'  and  y  locations  by  the  subscript  *1'  the 
momentum  equation  can  give,  for  instance,  the 
explicit  formula 
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and  clearly  the  only  remaining  problem,  since 
everything  at  the  J  location  Is  known  and  p(x) 
given.  Is  the  determination  of  p  and  v  and 
this  Is  accomplished  by  similar  Integration  of 
the  continuity  and  energy  equations.  The  linear¬ 
ization  problem  has  been  effectively  circumvented 
by  the  explicit  Integration  of  the  conservative 
form  of  the  governing  equations.  However,  the 
conditional  stability  problem  of  explicit  methods 
remains . 


There  are.  of  course,  other  advantages  to  using 
a  conservative  form  of  the  governing  equations  and 
their  use  is  not  restricted  to  explicit  schemes 
(see  Roache,  Ref.  16.63),  Here  it  is  not  proposed 
to  discuss  this  particular  aspect  in  depth.  Clearly 
If  the  two  forms  of  the  governing  equations  are 
equivalent,  then  for  a  properly  resolved  flow  the 
same  answer  should  be  obtained  from  the  conserva¬ 
tive  as  the  non-conservative  system,  to  within  the 
truncation  error.  The  preference  for  a  particular 
form,  usually  the  conservative  form,  stems  either 
from  the  linearization  simplification  or  from  the 
case  where  the  flow  is  only  marginally  or  poorly 
resolved  and  here  the  truncation  errors  are  large 
and  are  often  more  palatably  disguised  within  the 
conservative  scheme.  For  this  reason  when  either 
form  can  be  used  without  prejudice,  the  conserva¬ 
tive  form  is  usually  selected.  Some  procedures, 
such  as  the  Lax-Wendroff  scheme,  require  governing 
equations  written  In  a  conservative  fc — 


Returning  to  the  question  of  linearization 
with  Implicit  schemes  In  addition  to  the  two 
previously  mentioned  approaches  at  least  one  other 
strategy  has  been  evolved.  This  third  approach 
Is  an  ^  hoc  process  which  examines  an  expression 
and  in  each  term  the  highest  derivative  for  the 
dependent  variable  Is  taken  as  the  Implicit  term 
and  all  others  evaluated  as  a  known  coefficient 
using  either  a  previous  station's  Information  or 
an  estimate.  For  example,  In  the  streamwlse 
momentum  equation,  considering  Incompressible  flow 
for  the  moment,  the  streamwlse  convective  term 
would  be  linearized 
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where  n  Is  an  Iteration  Index.  The  concept  here 
is  chat  starting  from  an  Initial  guess,  perhaps 
the  previous  x-station  solution,  a  sequence  of 
linear  problems  can  be  solved  until  the  non-linear 
terms  are  adequately  represented.  The  point  to  note 
with  this  process  Is  that  it  can  be  time-consuming 
and  unrewarding  in  fact,  to  Itaratively  reduce  the 
errors  arising  from  the  linearization  approximation 
below  the  basic  truncation  error  of  the  difference 
scheme;  for  instance,  why  represent  much  better 
than  the  streamwlse  derivative?  This  point  is  the 
basis  of  noniterative  linearization  which  will  now 
be  developed  In  detail  in  view  of  the  importance 
of  implicit  methods  in  boundary  layer  theory  and 
the  critical  role  of  linearization  in  implicit 
methods. 


In  a  recent  study  Briley  and  McDonald 
(Ref.  16.64)  and  McDonald  and  Briley  (Ref.  16.65) 
applied  a  noniterative  linearization  technique  in 
developing  implicit  procedures  for  solving  the 
multi-dimensional  compressible  Navier-Stokes  and 
reduced  Navier-Stokes  equations.  The  linearization 
was  based  on  a  Taylor  expansion  of  the  nonlinear 
terms  about  Che  known  level  solution.  In  order  to 
illustrate  this  technique  and  Introduce  Che  concepts 
of  the  relationship  of  truncation  error  arising 
from  linearization  to  truncation  errors  arising 
from  spatial  discretization,  consider  the  nonlinear 
ordinary  differential  equation 
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with  exact  solution  t  ~  a  centered  difference 

between  levels  and  n  leads  to 
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The  central  problem  of  the  linearization  now  is  to 
obtain  a  satisfactory  representation  of  which 
contains  only  linear  contributions  from  . 

This  can  be  done  by  expanding  about  the  n  level, 
as  follows. 
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and  again  by  expansion  about  the  n  level, 
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Thus  from  Hq.  16.1  (93),  the  error  in  Eq,  16,1  (91) 
arising  from  retaining  only  linear  terms  in  the 
representation  of  given  by  F.-, .  16.1  (92), 


termed  the  nonlinear  truncation  error  (NLTE) ,  is  of 
the  order 
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whereas  the  spatial  truncation  error  (STE)  in 
Eq.  16.1  (91)  is  of  order  (ix2/12)  4"'  (xi). 

Both  truncation  errors  are  of  the  same  formal  order 
so  that  in  this  example  it  is  obviously  inappro¬ 
priate  in  general  to  proceed  to  Improve  only  the 
NLTE  by  say,  a  Newton-Raphson  technique  or  a 
predictor-corrector  procedure,  since  the  effort 
Involved  is  more  effectively  expended  by  decreasing 
the  step  size  Ax  which  would,  consequently, 
decrease  both  the  NLTE  and  the  STE. 

Based  on  the  results  of  the  simple  example 
shown  above,  several  additional  points  are  suggested, 
notably  that  the  ^  hoc  linearizations  mentioned 
previously  could  effectively  reduce  the  order  of 
the  truncation  error  of  the  overall  method.  Fur¬ 
thermore,  an  optimum  situation  is  where  the  NLTE 
and  the  STE  are  of  the  same  order.  Since  the 
overall  truncation  error  is  determined  by  the 
lowest  order  error,  the  effort  required  to  obtain 
the  higher  order  truncation  error,  be  it  NLTE  or 
STE,  must  be  carefully  weighed  against  the  lack 
of  improvement  in  the  overall  method  truncation 
error.  Should  a  case  arise  where  the  NLTE  is  the 
determining  factor,  this  error  can  be  reduced  in 
the  present  linearization  by  taking  additional  terms 
into  account  in  the  expansion  about  the  known 
time  level.  These  additional  terms  may  be  evalu¬ 
ated  in  a  number  of  different  ways,  by  iteration 
across  a  step,  for  instance,  but  once  again  care 
must  be  taken  to  ensure  chat  the  result  is  worth 
the  effort.  In  this  regard,  the  degree  of 
iteration  consistent  with  the  spatial  truncation 
error  in  the  above  linearization  is  quite  evident, 
unlike,  for  instance,  some  of  the  techniques  for 
solving  the  nonlinear  difference  equations  where 
careful  establishment  of  the  convergence  criterion 
(or  number  of  allowable  iterations)  is  necessary. 

The  procedure  may  be  formalized  for  a  typical 
system  with  4  a  function  of  x,y 

.f{^) C{4) 

16.1  (95) 

Centering  between  the  n+1  and  n  pseudo  time  levels 
and  proceeding  as  in  Eqs.  16.1  (90),  (91),  (92)  and 
(93)  yields 


elimination  without  further  manipulation.  If 
further,  F(4)  were  unity  and  G(4)  were  equal  to 
the  conventional  Crank-Nicolson  scheme  is  recovered. 
It  is  apparent  from  Eq.  16. 1  (96)  that  if  the  pseudo- 
time  derivatives  are  themselves  linear,  then 
second-order  accuracy  requires  no  more  than  a  simple 
Crank-Nicolson  averaging  of  the  transverse  spatial 
derivatives  followed  by  linearization  in  Che 
manner  of  Ref.  64.  If  the  pseudo-time  derivatives 
are  nonlinear,  such  as  occur  in  the  conventional 
boundary  layer  equations,  then  care  is  required  to 
maintain  second-order  accuracy.  The  problem 
becomes  apparent  if,  for  the  moment,  attention  is 
devoted  to  the  simple  problem  of  Eq.  16.1  (90). 

Here  it  can  easily  be  shown  Chat  even  with  the 
simplest  of  linearizations,  i.e.,  that  f*'"*'!  ig 
equal  to  f”,  first-order  accuracy  in  the  pseudo- 
time  direction  is  obtained.  Thus  it  is  intuitively 
reasonable  to  expect  even  a  modest  linearization 
(approximation)  to  f n+1  to  do  better  than  first- 
order  accuracy.  Turning  now  to  Eq.  16.1  (96),  where 
pseudo-time  derivatives  contain  nonllnearltles ,  it 
is  obvious  here  that  the  simplest  of  linearizations, 
H(i(in+1)  equal  to  H(((>''),  completely  destroys  the 
solution.  Thus  considerable  care  is  required  in 
the  case  of  nonlinear  pseudo-time  derivatives.  In 
these  circumstances,  an  advantage  is  obtained  by 
basing  the  linearization  on  an  expansion  about  the 
(n+1/2)  level,  as  outlined  below,  and  this  yields 
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and,  of  course,  in  Eq.  16.1  (97)  Oo/Sx)'’’*’^^  is 
readily  represented  by  a  second-order  accurate 
finite-difference  operator.  The  critical  term  in 
Che  linearization  is  then  (94/9x)b  appearing  in 
the  expression  for  (dH/d4)b'''^2  ^  grid  this  term  must  be 
represented  without  a  (n+1)  level  term  in  the 
finite-difference  operator,  otherwise  linearity 
would  be  lost.  However,  it  is  clear  that  in 
Eq.  16.1  (98)  a  first  order  representation  of 
Oo/Bx)’’  is  adequate  to  preserve  overall  second- 
order  accuracy  and  so  with  a  central  difference  for 
(24 /3x)b'''^' 2  and  a  backward  difference  for  (3i/2x)’^, 
there  results 


16.1  (99) 


which  is  the  desired  expansion.  The  combination 
of  Eqs.  16.1  (96)  and  (99)  then  provides  the  linear 
difference  representation  of  the  model  equation, 

Eq.  16.1  (95),  to  second-order  accuracy. 


.,(^1')  8^0(4,")+  jF(<) 


16.1  (96) 


If  H($)  were  simply  equal  to  ,  the  expansion 
given  by  Eq.  16.1  (96)  is  both  linear  and  second 
order,  and  could  then  be  utilized  In  the  implicit 


The  foregoing  linearization  is  readily  applied 
to  the  boundary  layer  equations  using  chain  rule 
differentiation  and  interpreting  H,  for  instance, 
as  pu^  and  4'  as  ruv.  In  combination  with  either 
a  jnultl-level  difference  scheme  or  by  use  of  iter¬ 
ation,  any  order  non-linear  truncation  error  can 
be  obtained  if  desired.  Again,  it  must  be  clearly 
stated  that  the  marching  linearization  as  presented 
above  is  conceptually  quite  different  from  tV.e  Newton- 
Raphson  linearized  system  developed  as  part  of  the 
solution  of  tbo  nonlinear  tC’j.ulon,  In  the  r.archlne 
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case,  by  linearizing  about  Che  previous  station’s 
known  solution  Che  spatial  discretization  error  and 
non-llnear  truncation  errors  go  hand-ln-hand  and 
Improvements  In  both  are  obtained  by  reducing  the 
marching  direction  step.  Iteration,  which  only 
Improves  the  non-llnear  error  (and  perhaps  stability), 
costs  roughly  the  same  as  one  marching  step  and 
If  possible  should  be  avoided.  Newton-Raphson  (or 
quasl-llnearlzatlon,  as  It  Is  sometimes  called)  Is 
a  technique  for  solving  a  non-llnear  equation,  which 
as  a  by-product  produces  a  linear  system  for 
Iteration.  If  one  Identified  the  first  (known) 

Iterant  as  the  previous  marching  direction  solution 
and  Che  second  (unknown)  Iterant  as  the  current 
marching  direction  solution,  then  In  many  cases 
Identical  formulae  to  the  marching  linearization 
are  obtained.  As  a  result,  many  Investigators 
have  not  discriminated  between  marching  linear¬ 
ization  and  Newton-Raphson  (quasl-llnearlzatlon) 
but  without  this  discrimination  the  critical 
relationship  between  spatial  and  non-llnear  error 
Is  lost. 

16.1.2.7  The  Coupled  System  of  Equations 

In  the  usual  boundary  layer  system  of  equations 
the  transverse  momentum  equation  reduces  to  the 
requirement  that  the  static  pressure  be  constant 
across  the  boundary  layer  and  this  leaves  the  stream- 
wise  momentum  equation,  the  continuity  equation  and 
the  thermal  energy  equation  to  determine  the 
velocity  components,  u,  v  and  the  density  p. 

Further  it  is  clear  that  these  three  remaining 
equations  are  coupled  together  In  that  all  three  of 
the  dependent  variables  appear  In  each  of  the 
governing  equations.  The  Inadequate  treatment  of 
this  coupling  can  seriously  degrade  the  quality  of 
the  solution  (Blottner,  Ref.  16.66).  Perhaps  the 
simplest  .oupllng  treatment  Is  a  Picard  type  of 
iteration  with  the  streamwlse  momentum  equation 
generally  being  regarded  as  an  equation  for  u, 
the  energy  equation  giving  p ,  and  the  continuity 
equation  yielding  v .  The  three  equations  are  then 
solved  sequentially  using  the  most  recent  values  of 
the  dependent  variables.  Iteration  then  serves  to 
couple  the  equations  together.  Blottner  was  able 
to  show  that  a  very  large  number  of  such  Iterations 
(greater  than  10)  was  often  required  to  obtain 
overall  second-order  accuracy  with  second-order 
spatial  difference  formulae  with  Iterative  coupling. 

A  much  more  attractive  method  is  to  Introduce 
a  stream  function  ifi  which  Identically  satisfies  the 
continuity  equation  and  the  coupling  remains  only 
between  the  energy  and  streamwlse  momentum  equation. 
This  residual  coupling  Is  often  handled  In  the 
sequential  Picard  manner  outlined  previously  and 
certainly  In  cases  of  high  heat  transfer  rates  or 
at  high  Mach  numbers  one  would  expect  a  similar 
large  number  of  Iterations  would  be  necessary  in 
this  scheme  for  overall  second-order  accuracy. 

Finally,  of  course,  the  system  can  be  treated 
directly  as  a  coupled  system  and  the  matrix  enlarged 
to  form  a  block  banded  system,  see  for  Instance  the 
pioneering  work  of  Flugge-Lotz  and  Blottner  (Ref. 
16.85).  (see  Ref.  16.66  for  a  bibliography).  The 
cost  of  solving  Che  complete  coupled  system  is 
quite  high  compared  to  solving  each  of  the  equa¬ 
tions  individually.  However,  considering  the 
number  of  Iterations  required  In  the  sequential 
process  and  possible  convergence  problems,  the 
direct  coupled  system  becomes  very  attractive. 

In  two  dimensions  there  does  seem  quite  a  lot  to 
be  gained  from  eliminating  the  continuity  equation 
by  some  means  or  other,  although  the  resulting 
complication  of  the  streamwlse  momentum  equation 


might  be  significant.  The  continuity  equation  is 
a  first  order  equation  with  Che  momentum  equations 
being  at  least  second-order  and  boundary  conditions 
on  the  continuity  equation  can  pose  a  problem,  so 
that  its  elimination  from  the  system  can  be  advan¬ 
tageous  from  this  point  of  view  also.  Unfortunately, 
in  three  space  dimensions  the  utility  of  the  stream 
function  Is  greatly  diminished  since  at  least  two 
stream  functions  must  be  introduced  to  eliminate 
the  continuity  equation. 

16.1.2.8  Coordinate  Systems  and  Finite  Difference 
Grids 

For  a  numerical  solution  of  the  boundary  layer 
equations  the  finite  differencing  could  be  applied 
directly  to  the  governing  equations  in  primitive 
variable  form  in  physical  coordinates.  Clearly, 
however,  difficulty  would  be  experienced  as  the 
boundary  layer  grew  in  the  streamwlse  direction  and 
stagnation  points  would  require  special  treatment. 

At  first  sight  It  might  appear  that  stagnation 
regions  could  be  dispersed  with  In  talking  about 
turbulent  boundary  layers.  However,  the  stated 
aim  here  Is  to  perform  airfoil  type  boundary  layer 
calculations  so  that  some  treatment  of  the  stag¬ 
nation  region  Is  called  for.  One  major  attribute 
of  finite  difference  methods  which  It  Is  hoped  to 
retain,  is  that  the  discrimination  between  the 
boundary  layer  states  can  all  reside  in  the 
turbulence  model  and  that  one  single  scheme  can 
(conceptually)  integrate  the  governing  equations 
from  the  stagnation  point  into  the  wake. 

The  problem  is  further  compounded  In  turbulent 
flow  by  having  at  least  two  length  scales  in  the 
direction  normal  to  the  wall,  y+  and  y/6  ,  where 
y"*"  is  the  previously  defined  law  of  the  wall 
coordinate  y (t„/d„H-'^2/v„  and  {  is  some  outer 
region  thickness  scale  such  as  the  boundary  layer 
thickness.  The  problems  of  boundary  layer  growth 
and  stagnation  points  are  generally  treated  by 
means  of  a  transformation  of  the  governing  equations 
while  the  problem  of  multiple  length  scales  is 
usually  treated  by  means  of  a  non-uniform  finite 
difference  grid.  Both  topics  will  be  briefly 
reviewed. 

Insofar  as  transformations  of  the  governing 
equations  are  concerned,  much  of  the  early  work  in 
laminar  flow  used  the  Crocco  variables  x  and  u  as 
Independent  variables  with  the  shear  stress  i  as 
dependent  variable .  This  scheme  has  several 
valuable  properties,  among  them  is  the  combining 
of  the  continuity  equation  and  streamwlse  momentum 
equation,  and  this  has  distinct  advantages  from 
the  equation  coupling  viewpoint  discussed  previously. 
In  addition,  by  choosing  equal  Increments  In  u, 
the  problem  of  the  multi-length  scale  boundary 
layer  Is  treated  without  the  need  for  a  non-uniform 
mesh.  Unfortunately,  this  transformation  does  not 
countenance  double-valued  velocities  such  as  might 
occur  with  a  velocity  profile  overshoot,  a  common 
occurrence  In  a  film-cooled  boundary  layer.  Con¬ 
sequently  this  transformation  is  not  widely  used 
In  turbulent  boundary  layer  procedures. 

As  was  mentioned  previously,  many  authors 
Introduce  the  stream  function  and  this  can  be  done 
as  an  Independent  variable  in  the  von  Mlses  form 
of  the  equations.  Here  the  advantages  are  similar 
to  the  use  of  the  Crocco  variables  but  the  double¬ 
valued  stream  function  problem  is  not  permissible 
In  any  event  in  the  steady  boundary  layer  system 
of  equations  as  it  implies  reverse  flow.  In  the 
von  Vises  systorr.  a  slnpuTirltv  ir  t’lo  vail  rec\ilres 


careful  handling;  however,  In  many  circumstances 
Che  governing  equations  need  not  be  solved  at  the 
wall  proper  but  can  be  structured  such  that  the 
first  point  away  from  the  wall  Is  the  first  location 
the  governing  equations  are  used.  Thus  the  von  Mlses 
form  Is  quite  attractive  although  It  does  not  remove 
the  problem  of  leading  edge  singularities  nor  grid 
growth.  Patankar  and  Spalding  (Ref.  16.67),  for 
Instance,  use  this  formulation  in  their  widely  used 
turbulent  boundary  layer  prediction  scheme. 

Other  authors  have  used  transformations  of  the 
Dorodnltsyn-Howarth-Stewartson- Illingworth  variety 
which  Introduced  a  new  normal  coordinate  stretched 
by  the  local  density.  Use  of  this  transformation 
reduces  the  resolution  problem  with  severe  density 
gradients;  however,  it  does  nothing  for  the  stag¬ 
nation  point  problem.  This  transformation  Is  In 
fact  Incorporated  Into  the  Levy-Lees  transformation 
which  does  have  the  property  of  removing  the  leading 
edge  starting  point  difficulty.  The  Levy-Lees 
transformation  Is  quite  straightforward  and  Is 
particularly  well  suited  to  laminar  flow  due  to  its 
close  relationship  to  the  laminar  flow  similarity 
coordinates.  This  relationship  obviously  is  of 
less  Importance  In  turbulent  flow  where  the  laminar 
flow  similarity  coordinates  are  not  relevant  and 
such  a  formulation  may  even  be  at  some  disadvantage. 
Be  this  as  It  may,  the  Levy-Lees  transformation  has 
been  used  quite  successfully  by  Cebecl  and  Smith 
(Ref.  16.68)  for  both  laminar  and  turbulent  flow. 

Now  In  all  of  the  foregoing  transformations 
use  may  be  made  of  known  edge  quantities  to  non- 
dimensionallze  variables.  As  an  extension  of  this 
process  some  authors  use  a  transformation  where  the 
distance  normal  to  the  wall  Is  normalized  by  some 
local  boundary  layer  thickness  parameter,  usually 
the  "Incompressible''  displacement  thickness 
i* .  Such  a  transformation  has  the  advantage 
that  It  can  remove  Che  leading  edge  starting  problem 
and  also  ease  the  nonlinear  problem  since,  for 
Instance,  the  stream  function  '('/’I'g  as  a  function 
of  y/6*  does  not  change  rapidly  In  Che  marching 
direction,  thus  a  prior  station's  solution  provides 
a  very  good  approximation  for  creating  the  nonlinear 
process.  Grid  growth  Is  also  more  easily  treated  in 
this  frame.  The  principle  disadvantage  of  this 
transformation  is  that  the  unknown  chlc'/.ness  5  *  at 
the  location  where  the  solution  Is  being  sought  Is 
required  and  this  can  be  accomplished  either  Iter¬ 
atively  (as  part  of  a  nonlinear  iterative  process) 
or  directly  as  part  of  the  elimination  process  In 
the  solution  of  the  banded  matrix.  This  6*  trans¬ 
formation  has  been  used  successfully  by  Herring 
and  Mellor  (Ref.  16.69)  and  McDonald  and  Fish 
(Ref.  16.58). 

In  summary  then,  given  the  basic  desire  to 
have  one  formulation  which  can  encompass  the  entire 
turbine  airfoil  boundary  layer  starting  at  the 
leading  edge  stagnation  point  and  ending  In  the 
airfoil  wake,  the  choice  would  seem  to  lie  between 
the  Levy-Lees  or  5  *  transformation  (or  Indeed  a 
combination  of  them  both)  with  the  use  of  a  stream- 
function  In  either  case.  Apart  from  the  stagnation 
region  problem,  (which  has  been  circumvented  by  a 
number  of  authors  who  simply  start  from  a  very 
thin  Initial  boundary  layer  of  some  assumed  shape) 
the  von  Mlses  transformation  Is  also  very  attrac¬ 
tive  . 

Turning  now  to  the  problem  of  dlstrlbutine 
the  mesh  points  across  the  boundary  layer,  two 
complicating  factors  In  what  would  otherwise  be  a 
straightforward  process  are  observed.  The  aim  here 


la  to  have  a  grid  which  allows  roughly  equal 
Increments  In  the  variables  p,  u  or  pu,  whichever 
Is  the  most  demanding.  As  was  mentioned  earlier, 
use  of  the  von  Mlses  transformation  greatly 
simplifies  this  process  In  all  but  a  few  Instances. 
However,  In  general  the  first  complication  Is  the 
a  priori  determination  of  what  will  be  an  adequate 
grid  for  a  given  problem.  The  second  complication 
concerns  the  structure  of  the  finite  difference 
formulation  with  a  noninlform  mesh.  Each  of  these 
factors  will  be  discussed  In  turn. 

Taking  the  easier  factor  first,  that  of  con¬ 
sidering  the  effect  of  the  nonuniform  mesh  on  the 
finite  difference  structure  itself.  It  is  noted 
that  this  problem  only  arises  when  the  finite 
difference  molecule  requires  more  than  two  grid 
points.  The  Keller  box  method  (Ref.  16.70),  which 
centers  the  solution  between  grid  points,  thus 
very  neatly  circumvents  the  unequal  mesh  problem 
since  It  Is  essentially  a  two  point  method.  The 
Keller  box  method  does  have  certain  other  less 
attractive  features  so  that  In  general  other 
treatments  of  the  unequal  mesh  problem  might  be 
required.  The  very  straightforward  method  of 
simply  devising  unequally  spaced  difference  formulae 
by  Taylor  expansion  or  equivalently  by  Lagrange 
Interpolation  does  have  the  problem  that  unless 
the  mesh  eccentricity,  i.e.,  ratio  of  adjacent 
grid  step  size,  Is  near  unity,  a  reduction  In  order 
accuracy  of  the  calculation  will  result.  Blottner 
(Ref.  16.71)  has  discussed  this  problem  in  detail 
and  advocates  use  of  a  transformation  to  determine 
the  unequal  mesh  difference  formulae  where 

16.1  (100) 

and  In  the  y'  space  an  equally  spaced  mesh  is 
used.  Difference  formulae  are  then  constructed 
by  the  chain  rule 
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and  Blottner  (Ref.  16.71)  advocates  a  finite  difference 
approximation  to  the  derivatives  of  the  stretching 
function  f,  with  the  second  derivative  evaluated 
In  conservative  form,  e.g., 

/  d(  r'  AytAy**  + Ay-*) 

\dy’/i  Ay*Ay-(Ay*t  Ay") 

and  Ay*  -yi^-yi  ,  Ay-.y|-y^, 

16.1  (102) 

whereas  Briley  and  McDonald  (Ref.  16.64)  have 
preferred  with  some  success  to  differentiate  an 
analytic  stretching  function,  notably  the  one 
suggested  by  Roberts  (Ref.  16.72).  Similar  analytic 
differentiation  of  the  geometric  progression  form 
of  the  distribution  function  used  by  Smith  and 
Cebecl  (Ref.  16.73)  and  McDonald  and  Fish  (Ref. 

16.58)  is  readily  accomplished.  In  practice  given 
the  choice,  the  transformation  process  Is  to  be 
preferred  for  determining  unequally  spaced  differ¬ 
ence  formulae,  If  for  no  other  reason  than  to 
ensure  a  smooth  distribution  of  truncation  error. 

Turning  now  to  the  second  factor,  that  of 
determining  a  suitable  mesh  distribution  for  a 
given  problem,  here  the  various  aonroaches 
exhibit  little  unanimity.  The  problem  is  greatly 
simplified  If  It  is  not  desired  to  define  the 
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sublayer,  a  course  of  action  previously  deemed  unaccept¬ 
able  in  regions  of  high  heat  transfer  or  highly 
accelerated  flows.  Above  the  sublayer  a  very  nearly 
equal  mesh  suffices  for  the  turbulent  boundary  layer  and 
the  only  problem  is  the  growth  of  the  boundary  layer. 

The  growth  problem  may  be  treated  by  periodic 
re-lnterpolatlon  of  the  solution  and  is  particularly 
simple  with  an  explicit  scheme  (Nash,  Ref.  16. 7A).  Two 
stretching  techniques  in  use  to  define  the  sublayer  are 
the  previously  mentioned  geometric  progression  and  the 
Roberts' technique.  In  using  either  technique  a  minimum 
step  size  normal  to  the  wall  is  estimated,  usually  on 
the  basis  of  requiring  a  yj^lN  bhe  region  of 

two  to  four.  In  the  geometric  progression  scheme  the 
number  of  grid  points  felt  appropriate  to  define  the 
boundary  layer  thickness  serve  to  define  the  required 
constant  grid  eccentricity.  This  selection  process 
usually  assures  a  good  grid  for  turbulent  flow  provided 
the  eccentricity  is  less  than  about  1.1.  However,  for 
laminar  flow  the  grid  is  almost  certainly  too  refined, 
but  overall  this  rather  conservative  selection  works 
quite  well  in  practice  in  performing  airfoil  boundary 
layer  calculations.  Even  so,  McDonald  and  Fish  found 
it  convenient  to  have  a  re-interpolation  scheme  avail¬ 
able  so  that  if  necessary  the  grid  can  be  restructured 
during  the  course  of  a  calculation. 

In  using  the  Roberts'  technique  two  or  more  domains 
of  uniform  but  differing  mesh  sizes  are  identified. 
Obviously  in  the  boundary  layer  the  two  regions  are  the 
wall  and  wake  regions.  The  Roberts' scheme  then  dis¬ 
tributes  the  grid  points  to  smoothly  blend  the  various 
regions.  Again  the  desire  to  place  say,  three  or  four 
grid  points,  below  a  y+of  15  determines  the  inner  scale 
while  the  total  number  of  available  grid  points  and  the 
overall  maximum  boundary  layer  thickness  provide  the 
necessary  information  to  prescribe  the  transformation. 
Again  in  practice  the  laminar  region  of  a  typical 
airfoil  is  probably  overly  described  but  the  overall 
problem  does  not  usually  lend  itself  to  optimizing  the 
normal  grid  for  the  axial  flow  development.  The  most 
feasible  approach  at  this  point  is  to  monitor  the  axial 
development  ^md  should  the  mesh  become  too  badly 
distributed,  perform  a  reinterpolation  of  the  grid. 
Excepting  very  high  Mach  number  flows  where  the  density 
gradients  near  the  outer  edge  of  the  boundary  layer  can 
be  appreciable,  either  the  geometric  progression  or  the 
Roberts'  scheme  can  lead  to  an  acceptable  grid.  Use  of 
a  non-dimensional  y -coordinate  with  a  localized  boundary 
layer  thickness  scale  as  the  normalizing  agent  does 
greatly  simplify  the  problem  of  having  an  adequate  grid 
for  the  entire  airfoil  surface. 

Lastly,  it  remains  to  define  the  term  "adequate 
grid"  used  previously  and  here  only  very  general  guide¬ 
lines  can  be  given.  It  should  be  clear  at  this  point 
that  the  onus  of  determining  whether  or  not  a  grid  is 
acceptable  must  lie  with  the  user,  in  view  of  the  ^  hoc 
nature  of  the  grid  selection  process.  It  is  quite 
unrealistic  to  expect  the  originators  of  the  procedure 
to  provide  a  default  mesh  selection  scheme  which  will 
be  adequate  for  all  boundary  layer  problems.  The  user 
must  select  a  mesh,  both  normal  and  axial,  and  determine 
the  variation  of  some  critical  parameter,  such  as  skin 
friction,  with  mesh  refinement  on  a  typical  problem  case. 
Only  when  the  critical  parameter  does  not  change  to  some 
acceptable  degree  of  tolerance  (user  defined)  can  the 
mesh  be  considered  adequate.  Subsequent  cases  must 
still  be  examined  to  see  that  the  solution  remains 
similarly  distributed  to  the  mesh  refinement  case.  For 
airfoil  calculation  an  approximate  guide  might  be  to  take 
axial  step  sizes  in  the  region  of  the  boundary  layer 
thickness  and  this  translates  roughly  into  fifty  to 
sixty  axial  locations  per  surface.  Normal  to  the  wall 
prior  experience  suggests  something  in  excess  of  forty 
grid  points  in  a  second  or  lower  order  scheme  with  the 


first  grid  point  placed  at  a  y"*"  or  between 
two  and  four.  Subsequently  it  does  not  seem 
advisable  to  allow  the  velocity  to  change  from 
grid  point  to  grid  point  by  more  than  ,05  Ug 
without  redistributing  the  mesh.  Given  a 
mesh  of  this  degree  of  refinement  it  might  be 
expected  that  changes  in  heat  transfer  rates 
could  be  held  to  less  than  approximately  two 
percent  upon  mesh  refinement. 

16.1.2.9  Starting  Profiles 

For  an  initial  value  problem  of  the 
boundary  layer  type,  information  must  be 
supplied  which  either  directly  or  Indirectly 
allows  starting  profiles  of  the  dependent 
variables  to  be  prescribed.  The  velocity  and 
temperature  profile  families  for  both  laminar 
and  turbulent  flow  discussed  in  the  section 
on  Integral  methods  have  been  widely  used  in 
this  regard.  Without  difficulty  these  profiles 
can  be  used  to  specify  the  density  and  axial 
velocity  at  some  initial  location.  Difficulty, 
however,  can  be  experienced  in  determining 
the  variation  of  transverse  (or  spanwise) 
velocity  across  the  boundary  layer.  Examin¬ 
ation  of  the  continuity  equation  reveals  that 
this  transverse  velocity  is  a  function  of  the 
axial  rate  of  change  of  the  axial  velocity. 

Thus  for  consistency  this  transverse  velocity 
really  should  be  obtained  from  some  suggestion 
as  to  the  axial  variation  of  the  axial  velocity 
profile.  The  various  methods  used  in  this 
regard  will  now  be  reviewed  briefly. 

Firstly,  the  problem  can  be  resolved  by 
setting  the  transverse  velocity  to  zero  at  the 
Initial  station,  since  indeed  boundary  layer 
theory  requires  the  transverse  velocity  to  be 
small  in  any  event.  Subsequently,  quite  rapid 
changes  in  the  predicted  boundary  layer 
behavior  can  occur  and  this  starting  technique 
cannot  be  recommended  unless  in  the  region  of 
interest  the  predictions  can  be  shown  to  be 
insensitive  to  the  starting  conditions.  When 
predictions  are  being  compared  with  measure¬ 
ments,  often  it  is  desired  (and  the  information 
known)  to  match  the  initial  rate  of  change  of, 
say,  the  displacement  thickness  to  Che  observed 
value.  By  integrating  the  continuity  equation, 
one  obtains 
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so  chat  the  desired  transverse  velocity  v^ 

Che  edge  of  the  boundary  layer  at  Che  Initial 
location  is  known  and  by  a  simple  axial  iter¬ 
ation  the  transverse  velocity  profile  shape 
at  the  first  computed  axial  location  In  terms 
of,  for  Instance,  v/v^  vs  y/5*  could  be  used  at 
the  initial  location  with  the  v^  obtained 
from  £q.  16.1  (103).  Further,  in  cases  where 
Che  measured  axial  rate  of  change  of  displace¬ 
ment  thickness  is  not  known,  some  approximation 
(such  as  the  fiat  plate  value)  for  this  rate 
of  change  could  be  adopted. 

As  a  straightforward  development  of  the 
foregoing  technique  it  is  often  assumed  that 
in  terms  of  certain  similarity  coordinates 
the  axial  derivatives  are  negligible,  i.e., 
a  local  equilibrium  is  assumed.  Special 
forms  of  the  governing  equations  Independent 
of  the  axial  coordinate  are  then  obtained  and 
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the  equilibrium  values  of  all  Che  velocity  components  found  code  Is  probably  best  viewed  as  a  vehicle  for 
usually  Iteratively  by  Integration.  This  Is  In  essence  Implementing  a  turbulence  model  and  not  as  a 

the  treatment  used  at  stagnation  points  for,  although  general  purpose  boundary  layer  code.  Nash 

the  scream  function  'P  or  the  velocities  u  and  v  might  (Ref.  16.74)  uses  a  modified  version  of 

be  zero_  u/Ug  and  v/vg  are  still  well  behaved  and  Bradshaw's  turbulence  model  in  an  explicit 

can  be  derived  from  assumptions  of  the  type  three-dimensional  turbulent  procedure  but 

with  the  same  scheme  he  has  performed  a  number 
'I'/'p  "fCy/h)  of  laminar  two-dimensional  calculations 

*  16.1  (104)  without  difficulty.  The  major  objection  that 

and  one  would  have  to  Nash's  scheme  for  gas  tur- 

bine  applications  would  be  that  the  conditional 
•  0  stability  arising  from  the  explicit  Integration 

16.1  (105)  would  not  allow  the  viscous  sublayer  to  be 

defined  efficiently.  Using  the  DuFort-Frankel 

By  use  of  the  local  equilibrium  hypothesis  both  scheme,  Fletcher  (Ref.  16.62)  developed  an 

axial  and  transverse  velocity  profiles  can  be  obtained  apparently  unconditionally  stable  explicit 

at  the  starting  location.  The  Iterative  solution  of  procedure  (In  the  usual  linear  sense)  in 

the  similarity  equations  can  be  started  from  the  laminar  which  the  sublayer  was  defined  without  dlffl- 

or  turbulent  profile  families  described  earlier.  In  culty.  Fletcher  has  successfully  tested  his 

this  mode  of  operation  no  additional  Information  Is  procedure  on  a  wide  variety  of  flows  and  the 

required  by  the  finite  difference  procedures  chat  would  usual  objection  to  Inconsistent  schemes,  chat 

be  required  to  start  the  Integral  methods.  This  local  of  not  being  able  to  reduce  the  truncation 

equilibrium  starting  technique  has  been  used  very  error  beyond  some  point  for  an  arlbltrary 

successfully  In  both  laminar  and  turbulent  flows  by  mesh,  although  disquieting,  apparently  did 

Mellor  and  Herring  (Ref.  16.69),  Cebecl  and  Smith  (Ref.  greatly  influence  his  results  as  far  as  can 

16.73)  and  McDonald  and  Fish  (Ref.  16.58).  be  determined.  Coupling  and  nonlinear  trunc¬ 

ation  errors  might  be  expected  to  affect  the 

Lastly,  some  finite  difference  schemes,  notably  aforementioned  procedures  In  gas  turbine 

some  of  the  Russian  methods  of  splitting  described  by  applications  however. 

Yanenko  (Ref.  16.75)  offer  the  prospect  by  careful 

structuring  of  not  requiring  an  Initial  profile  of  Turning  to  the  Implicit  schemes,  atten- 

Cransverse  velocity  when  applied  to  the  boundary  layer  tlon  still  Is  restricted  to  procedures  with 

equations.  Such  methods  are  multi-level  In  that  several  a  demonstrated  capability  for  treating  turbulent 

Intermediate  level  solutions  are  obtained  In  the  process  as  well  as  laminar  flow.  Thus,  highly  regarded 

of  marching  one  axial  step.  While  the  user  might  not  schemes  such  as  the  Davis  coupled  scheme 

wish  to  use  such  a  scheme  once  the  solutions  were  started,  (Blottner,  Ref.  16.78)  and  the  fourth  order 

as  a  starting  technique  they  are  very  Intriguing.  scheme  of  Feters  (Ref.  16.79)  will  not  be 

discussed.  Such  schemes  may  well  be  the  fabric 

16.1.2.10  The  Current  Status  of  Finite  Difference  of  the  future  but  further  discussion  at  this 

Boundary  Layer  Procedures  point  is  probably  premature.  Rapidly  becoming 

one  of  the  most  widely  used  schemes,  the 

Unlike  Integral  procedures  for  predicting  boundary  procedure  of  Spalding  and  Patnnkar  has  much  to 

layer  development,  the  status  of  finite  difference  schemes  recommend  It.  In  Its  original  form  only  the 

for  solving  parabolic  and  hyperbolic  equations  Is  changing  lack  of  a  sublayer  or  stagnation  point  could 

rapidly  at  the  present  time.  For  this  reason  it  Is  not  seriously  be  held  against  the  procedure  for 

proposed  to  review  the  available  schemes  with  a  view  to  gas  turbine  applications.  The  lack  of  the 

recommending  some  "best"  procedure  for  the  turbine  problem.  sublayer  has  been  removed  by  a  number  of 
Such  a  recommendation  would  doubtless  soon  be  outdated.  people,  for  Instance  Launder  and  Jones  (Ref. 

Nor  Is  It  intended  to  describe  any  one  scheme  in  detail,  16.80)  and  a  highly  developed  version  widely 

for  to  do  justice  considerably  more  space  would  be  required  available  from  Kays  et  al.  (Ref.  16.81)  In  a 
than  Is  available  here.  Instead  some  of  the  better  known  form  well  suited  for  gas  turbine  use,  with  the 

current  schemes  will  be  reviewed  In  the  light  of  the  exception  of  the  stagnation  point  treatment, 

topics  discussed  In  earlier  paragraphs.  Hopefully,  by  In  this  regard  it  is  claimed  by  3ecko  (Ref. 

following  this  same  process  the  reader  will  be  better  able  16.82)  that  starting  the  Fatankar  and  Spalding 

to  evaluate  the  suitability  of  the  newer  schemes  that  will  (Ref.  16.67)  scheme  for  some  arbitrary  and 
become  available  in  the  future.  Again  the  pitfalls  of  the  small  boundary  layer  thickness  Is  an  adequate 
relatively  untried  scheme  must  be  cautioned  against  and  treatment  of  the  stagnation  region.  However, 

anyone  contemplating  such  an  application  should  read  the  should  this  fall  to  be  satisfactory  In  some 

charming  little  essay  on  this  subject  by  Morettl  (Ref.  instances,  an  acceptable  alternative  stag- 

16.76).  Finally  little  comment  at  this  point  will  be  made  nation  point  treatment  might  be  very  costly 

on  the  various  turbulence  models  incorporated  Into  the  to  develop, 

various  procedures.  Almost  certainly  the  various  models 

arc  Interchangeable  and  best  reviewed  separately  as  a  Three  widely  available,  highly  developed, 

class.  and  extensively  tested  schemes  of  quite  similar 

construction  have  been  developed  by  Herring 

If  a  start  is  made  by  ruling  out  any  scheme  that  and  Mellor  (Ref.  16.69),  Cebecl  and  Smith 

cannot  treat  both  laminar  and  turbulent  boundary  layers  (Ref.  16.73)  and  McDonald  and  Fish  (Ref. 

for  the  simple  reason  that  extensive  regions  of  both  16.58).  In  all  three  cases  the  procedure  of 

types  of  boundary  layers  are  found  on  turbine  blades,  Hartree  and  Womersly  Is  followed  where  the 

curiously  enough  the  highly  regarded  scheme  of  Bradshaw-  streamwlse  direction  Is  discretized  first. 

Ferries  (Ref.  16.77)  must  be  discarded.  Doubtless  an  Originally  Mellor  and  Herring  then  treated  the 

Implicit  version  of  the  Bradshaw-Ferriss  procedure  which  resulting  two  point  boundary  value  problem  by 

retained  the  laminar  viscosity  could  be  constructed  (and  a  shooting  technique  but  subsequently  abandoned 

at  this  point  probably  has)  and  In  this  state  it  would  this  technique  In  favor  of  an  Implicit  Gaussian 

be  a  much  more  practical  procedure  for  gas  turbine  appll-  elimination  process  very  similar  to  that  devel- 

catlona.  In  any  event,  the  original  Bradshaw-Ferriss  oped  by  McDonald  and  Fish  (Ref.  16.58).  Cebecl 


and  Smith  (Ref.  16.73)  used  the  Choleski  process  to  treat 
their  implicit  system  of  equations.  All  three  methods 
treat  both  the  sublayer  and  stagnation  points  and  have 
optional  equilibrium  starting  procedures.  As  a  result 
of  their  structure  this  type  of  method  requires  the  non¬ 
linear  two  point  boundary  value  system  be  Iterated  out 
to  a  fair  degree  of  convergence  to  retain  spatial  stabil¬ 
ity.  During  this  non-linear  processing,  grid  growth  and 
equation  coupling  can  be  taken  care  of. 

More  recently  In  an  effort  to  Improve  the  efficiency 
of  performing  routine  boundary  layer  calculations,  presum¬ 
ably  with  the  three-dimensional  problem  in  mind,  Keller 
and  Cebeci  (Ref.  16.83)  have  applied  Keller's  so-called 
box  scheme.  In  this  scheme  the  boundary  layer  equations 
are  written  as  a  nonlinear  set  of  coupled  first  order 
equations  which  are  treated  directly  by  a  Newton-Kaphson 
process  which  gives  rise  to  a  block  tridiagonal  matrix 
for  elimination.  Only  four  grid  points  are  used  in  this 
scheme,  hence  the  box  terminology.  Although  with  the 
passing  of  time  the  first  wave  of  enthusiasm  for  this 
technique  has  diminished  somewhat  (Blottner,  Ref.  16.66), 
it  does  seem  to  be  a  very  neat  scheme  for  the 
boundary  layer  equations  and  is  marred  really  only  by 
its  storage  requirements.  The  technique  has  apparently 
no  problem  at  stagnation  points  and  can  treat  the  sublayer. 
At  the  present  time  it  is  being  extensively  tested  and 
developed . 

Although  not  so  widely  known  as  the  foregoing  schemes, 
Harris  (Ref.  16. 8A)  has  developed  a  turbulent  version  of 
Che  laminar  scheme  originally  developed  by  Flugge-Lot2 
and  Blottner  (Ref.  16.85)  which  apparently  worked  well  but 
is  not  widely  used.  Adams  (Ref.  16.8^  developed  a  scheme 
of  quite  remarkable  similarity  to  that  constructed  by 
Harris.  Finally  the  strip  scheme  of  Kendall  (Ref.  16.87) 
has  fallen  into  widespread  use  for  performing  reacting 
boundary  layer  calculations,  for  which  purpose  it  has 
been  highly  developed.  Given  the  ready  availability  of 
other  schemes  with  well  documented  capabilities,  there 
has  not  been  any  great  Incentive  to  pursue  the  appli¬ 
cation  of  Kendall's  scheme  for  turbomachinery  problems. 

A  number  of  the  foregoing  schemes  are  very  widely 
available  and  of  quite  similar  nominal  capability.  In 
certain  cases  the  choice  would  appear  to  reduce  to  eval¬ 
uating  the  relative  economics  of  the  competing  schemes, 
since  the  schemes  mentioned  earlier  all  seem  quite  robust 
in  operation.  Order  accuracy  considerations,  which 
might  be  expected  to  provide  some  guidance,  are  such 
that  in  most  of  the  schemes  formal  second  order  accuracy 
is  relatively  easily  attained  by  proper  centering  of  the 
scheme.  However,  in  many  schemes  routinely  a  first 
order  difference  in  the  axial  direction  is  used  to  avoid 
spatial  wiggles  which  can  remain  undamped  in  some  cases. 
Thus  the  demonstrated  ability  to  routinely  use  a  second 
order  axial  scheme  and  consequently  use  fewer  axial  steps 
in  a  computation  would  be  an  attractive  feature  of  the 
selected  scheme,  but  one  which  has  not  yet  been  clearly 
attributed  to  any  developed  procedure.  Hence,  given  that 
the  schemes  all  require  about  Che  same  number  of  mesh 
points,  Che  point  can  be  made  that  a  large  portion  of  the 
cost  of  marching  one  axial  step  is  made  up  of  forming 
coefficients  of  the  discretlsed  governing  equations  and 
is  roughly  independent  of  the  precise  details  of  the 
integration  scheme.  Thus  the  great  variations  in  quoted 
run  times  among  the  various  procedures,  even  given  the 
difficulty  of  establishing  a  common  base  for  comparison, 
must  reside  in  the  treatment  of  the  nonlinearities  and 
coupling  between  equations.  Rigorous  treatments  like 
that  in  the  Keller  box  scheme  or  the  one  used  In  the 
Hartree-Womersly  based  schemes  are  obviously  time-consuming 
and  very  conservative  in  comparison  to  say,  the  scheme  of 
PaCankar  and  Spalding  (Ref.  16.67)  with  Its  almost  patho¬ 
logical  avoidance  of  iteration.  The  question  of  adequacy 
and  accuracy  can  only  be  answered  on  an  ad  hoc  basis  and 


it  must  therefore  be  the  onus  of  the  potential 
user  to  satisfy  himself  that  the  solutions  to 
his  problem  are  mesh  independent  to  his  required 
degree  of  accuracy.  Clearly  in  the  eyes  of  some 
experts  it  will  be  necessary  to  use  a  much  more 
refined  axial  mesh,  either  that,  or  Iterate  at 
given  axial  location^}  for  some  demanding  problems 
with  a  method  like  Spalding  and  Patankar  with 
its  cursory  treatment  of  non-linearities  and 
coupling,  than  with  the  Keller  or  Hartree- 
Womersly  schemes.  The  ideal  situation  is  one 
in  which  the  treatment  of  the  coupling,  non- 
linearities  and  spatial  differencing  are  all 
accurate  to  the  same  degree,  and  Anderson 
(Ref.  16.86)  has  tried  to  implement  this 
concept  in  developing  a  modified  version  of 
the  Keller  box  scheme.  However,  the  key  point 
is  that  as  obtained  "off  the  shelf"  so  to 
speak,  the  various  suitable  and  similar  schemes 
might  exhibit  markedly  differing  run  times  for 
a  given  problem.  This  run  time  variation  would 
be  related  to  the  degree  of  conservatism  (or 
lack  of  it)  of  the  originator.  Further,  many 
of  the  quoted  run  times  are  times  required  Co 
achieve  a  level  of  comparison  with  experiment, 
not  necessarily  some  degree  of  mesh  indepen¬ 
dence  of  solution. 

Ac  this  point  discu;»sion  of  the  finite 
difference  procedures  for  predicting  the 
boundary  layer  behavior  will  be  terminated. 
Several  good  robust  schemes  are  widely  avail¬ 
able  and  the  prospects  are  excellent  for  the 
development  of  even  more  efficient  schemes. 


16.1.3  Axl symmetric  (Pitch-Averaged) 

Boundary  Layers 

16.1.3.1  Motivation 

In  tl\e  turbomachine,  the  hub  and  casing 
boundary  layers,  commonly  called  the  "annulus 
wall  boundary  layers"  can,  in  a  very  simple 
minded  view,  be  thought  of  as  swirling  axially 
symmetric  boundary  layers  and  as  such  the 
study  of  this  type  of  boundary  layer  would 
obviously  seem  worthwhile.  That  such  a 
simplified  viewpoint  necessitates  a  high 
degree  of  compromise  is  well  known.  The  hub 
and  casing  surfaces  are  often  not  continuous 
and  frequently  stationary  surfaces  He  adjacent 
to  rotating  components.  Leakage  and  coolant 
flow  often  occurs  through  gaps  in  the  surface, 
but  all  these  difficulties  shrink  to  insignifi¬ 
cance  when  compared  to  the  effect  of  blade 
or  stator  rows.  Here  tlie  overturning  of  the 
annulus  wall  boundary  layers  within  the  blade 
or  stator  row  due  to  the  mainstream  deflection 
and  the  periodic  shedding  of  these  large  wakes 
into  the  subsequent  stages  causes  major  effects 
which  cannot  be  rigorously  taken  into  account 
in  any  axially  syinmetric  boundary  layer  analyses. 
Tlie  difficulties  involved  in  any  more  rigorous 
approach  are  of  course  quite  daunting  and  this 
has  led  to  the  development  of  the  concept  of 
"pitch  averaging".  In  the  pitch  averaging 
approach  the  u.’in:uthal  variations  are  expressed 
as  a  mean  value  plus  a  small  perturbation  and 
the  equations  of  motion  averaged  in  the 
azimuthal  direct  Ion.  The  resulting  equations 
are  quite  as  rigorous  as  the  original  unaver¬ 
aged  set  and,  as  in  the  similarly  treated 
turbulence  problem,  the  unknowns  are  now  the 
mean  values  and  the  correlation  of  the 
perturbations  or  "fluctuation".  The  pitch 


averaged  approach  has  obvious  value  If  the  mean  values 
and  correlations  can  be  approximated  such  that  the 
resulting  averaged  flow  is  reasonably  well  predicted. 
The  current  indications  are  that  indeed  this  pitch 
averaging  could  be  a  very  useful  tool  and  this  con¬ 
cept  will  now  be  developed.  Much  of  the  original 
work  on  this  topic  has  been  carried  out  by  Horlock 
and  his  co-workers  with  independent  contributions  by 
Mellot  and  its  application  in  an  integral  formulation 
described  in  detail  by  Horlock  and  Perkins  (Ref.  16,89) 
and  Mellor  and  Wood  (Ref.  16.92). 
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16.1.3.2  The  Governing  Equations 

Implicit  In  the  form  of  the  governing  equations 
Is  a  coordinate  system.  In  developing  Integral 
moments  of  the  governing  equations  It  has  long  been 
recognized  that  certain  coordinate  systems  possess 
major  advantages  over  others.  In  particular  stream¬ 
line  coordinates  based  on  the  local  direction  of 
the  Invlscld  flow  at  the  edge  of  the  boundary  layer 
greatly  simplify  the  momentum  Integral  equations. 
This  advantage  disappears  when  the  partial  differ¬ 
ential  equations  themselves  are  treated  directly  by 
numerical  methods  and  In  this  case  the  effort  has 
been  to  develop  coordinate  systems  which  allow  the 
solution  to  be  obtained  In  some  logical  manner. 
Anderson  (Ref.  16.88)  has  pointed  out  that  use  of 
streamline  coordinates  or  approximations  to  them  on 
a  local  basis  allows  the  governing  equations  to  be 
simplified  since  the  velocities  normal  to  the 
approximate  streamlines  may  be  small,  particularly 
In  Internal  flow  where  the  flow  Is  constrained 
between  two  boundary  surfaces.  For  his  finite 
difference  scheme  Anderson  used  the  potential  flow 
streamlines  as  an  approximation  to  the  real  flow. 
Most  authors  have  also  used  orthogonal  coordinate 
systems  although  this  Is  by  no  means  necessary  and 
In  the  numerical  schemes  orthogonality  can  readily 
be  abandoned  if  a  more  convenient  coordinate  system 
results.  Starting  then  from  the  orthogonal  system 
of  curvilinear  coordinates  originally  due  to  Hayes 
(Ref.  16.90)  for  the  three-dimensional  boundary 
layer  one  has: 
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with  the  metric  coefficients  hj^,  h2,  and  h3 
giving  the  arc  length  ds  by 

ds*  •  h*  d«'  +  h  *  dy*  +  h  *  dz' 

16.1  (110) 


and  it  is  in  essence  assuming  Chat  Che  local 
boundary  layer  thickness  is  small  compared 
with  the  principle  radius  of  curvature  of  the 
surface.  Of  the  two  possibilities,  either  to 
Reynolds  time  average  first  then  pitch  average, 
or  vice  versa,  the  usual  precedent  of  time 
averaging  first  is  adopted.  With  the  accepted 
boundary  layer  approximations,  the  Reynolds 
time  averaging  of  the  equations  results  in 
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where  the  Reynolds  normal  stresses  have  been 
neglected.  Subsequently  the  stress  terms 
u  ju/Dy  -  p"  u'v'  are  written  Ty,  Ty  The 

time  derivatives  are  retained  on  the  supposi¬ 
tion  that  the  mean  motion  can  still  be  allowed 
to  vary  in  time  provided  the  variation  does  not 

occur  on  a  time  scale  approaching  that  of  the  _ 

turbulence.  It  has  also  been  assumed  that  dw>>d'w'. 


Anderson  (Ref.  16.88)  retains  the  hi 
metric  in  his  derivation  of  the  averaged 
equations.  Such  a  development  might  well  be 
Important  in  certain  applications  but  for  the 
moment  the  usual  precedent  of  setting  the  I.  i 
metric  to  unity  is  followed  (the  thin  shear" 
layer  approximation).  The  pitch  averaged 
equations  can  now  be  derived  by  Introducing 
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Che  dependent  variable  f  aa  being  Che  siui  of  aome 
pitch  averaged  quantity  f  and  a  perturbation  f  '  . 
Subsequently  f  will  be  assumed  small  relative 
to  f.  By  definition 
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Now  for  Che  typical  variable  f  an  Integral 
average  of  the  derivative  of  f  Is 
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where  ic  could  be  any  coordinate  direction  except  z. 
Now  the  governing  equations  are  pitch  averaged 
dropping  Che  Reynolds  averaged  overbars  on  all  but 
the  Reynolds  shear  stress  term.  Now  the  single 
overbar  signifies  the  pitch  averaged  value  of  some 
time  mean  quantity.  The  double  overbar  denotes 
the  pitch  averaged  value  of  a  turbulent  correlation. 
The  single  overbar  over  a  primed  quantity  denotes 
correlation  between  perturbations  from  the  pitch 
averaged  mean  of  some  time  averaged  quantity. 

Talcing  Che  screamwlse  cooencum  equation  as  an 
example  and  writing  g  -  -  z[,  their  results 


^  -Ir  « 

_  — z  I  ip  izn  ito 

♦  9puwK,-g/.« 


and  in  the  usual  manner  the  pitch  averaged  terms 
can  be  expressed  as 
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and  so  on.  Clearly  for  low  speed  flow  It  seems 
reasonable  to  neglect  Che  density  perturbation  and 
certainly  the  triple  correlations  will  normally  be 
negligible  In  comparison  with  the  double  correlations. 
This  leaves  the  pitch  averated  equivalent  of  the 
usual  Reynolds  shear  and  normal  stresses.  At  this 
point  in  the  development  little  is  known  of  the 
behavior  of  these  correlations  and  in  applications 
these  terms  are  usually  neglected  or  crudely  approxi¬ 
mated,  It  is  CO  be  hoped  that  Che  description  of 
these  terms  vrlll  be  Improved  upon  in  the  future  since 
it  Is  by  no  means  clear  at  this  stage  that  they  can 
be  neglected.  The  remaining  additional  terms  due  to 
pitch  averaging  arise  from  the  forces  on  the  blade 
surface  and  these  coo,  although  perhaps  less  contro¬ 
versial,  are  still  the  subject  of  some  debate.  The 
Invlscld  (but  not  necessarily  Irrotatlonal)  pressures 
could  be  used  for  Che  blade  surfaces.  The  stresses 
on  Che  blades  Tp  and  t[,  emerge  as  part  of  a 
separate  blade  boundary  layer  calculation  but  In 
many  Instances  their  difference  may  be  quite  negli¬ 
gible.  Finally  of  course  the  gradients  of  the  pitch 
averaged  quantities  in  the  azimuthal  direction  are 
dropped.  Additional  simplifications  such  as  assuming 
the  blades  are  Chin  allow  the  gap  g  to  cancel  every¬ 


where  except  the  effective  blade  force  terms.  The 
assumption  of  the  thin  blade  also  allows  the  upper 
and  lower  surface  gap  coordinate  rates  of  change  to 
be  set  equal,  however  for  the  moment  this 
simplification  is  not  applied.  The  governing 
equations  are  now  expressed 
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To  recap,  the  single  overbar  signifies  the  pitch 
averaged  value  of  some  time  mean  quantity.  The 
double  overbar  denotes  the  pitch  averaged  value 
of  a  turbulent  correlation.  The  single  overbar 
over  a  primed  quantity  denotes  correlation 
between  perturbations  from  the  pitch  averaged 
mean  of  some  time  averaged  quantity. 


Having  derived  the  pitch  averaged  equations, 
as  usual  the  choiCf=’  of  further  integrating  the 
governing  equations  or  of  treating  the  partial 
differential  equations  directly  remains  open. 
During  the  initial  stages  of  the  development 
of  this  concept,  the  various  authors  wisely 
chose  to  use  the  simple  integral  approach 
(see  Horlock.  and  Perkins,  Ref.  16.89,  for  a 
discussion  of  t!ie  development  of  this  approach). 
Encouraged  by  their  success  Anderson  (Ref. 

16,88)  developed  a  finite  difference  scheme 
for  solving  the  basic  partial  differential 
equations  of  notion.  Both  approaches  will  be 
briefly  reviewed.  Again  it  is  not  the  purpose 
here  to  present  in  detail  the  various  approaches 
and  the  reader  Intent  In  performing  calculations 
should  consult  the  original  references.  Here 
the  aim  is  to  outline  the  approach  and  detail 
Its  strengths  and  weaknesses. 
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16.1.3.3  The  Momentum  Integral  Approach 

A  straightforward  integral  normal  to  the  annulus 
wall  of  Eqs.  16.1  (120)  and  16.1  (122)  gives  the 
pitch  averaged  momentum  Integral  equations.  The 
derivation  is  given  in  detail  by  Daneshyar  (Ref.  16.91) 
for  Instance.  Various  Integral  thickness  parameters 
can  be  Introduced  and  the  equations  recast  and,  with 
certain  coordinate  systems,  simplified  somewhat.  Here 
the  analysis  will  not  be  specialized  to  that  extent 
and  it  serves  the  present  purposes  sufficiently  well 
to  present  the  Integral  equation  in  a  comparatively 
primitive  form. 
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and  so  on.  In  this  form  the  pitch  averaged 
momentum  equations  can  now  be  made  to  look 
exactly  like  the  usual  axlsymmetric  swirling 
momentum  integral  equations  with  the  addition 
of  force  defect  terms  and  D^.  Adequate 
specifications  of  the  force  defects  is  there¬ 
fore  the  key  to  the  eventual  success  of  this 
type  of  analysis  and  this  point  will  be  returned 
to  in  a  moment.  For  the  time  being  it  is 
observed  that  in  addition  to  the  problem  of 
determining  the  streamwise  velocity  u  there 
now  arises  the  problem  of  determining  the 
swirl  component  w,  commonly  termed  the  cross 
flow  velocity,  for  which  one  additional  equation, 
the  spanwlse  momentum  equation,  has  already 
become  available  (the  continuity  equation  can 
be  thought  of  as  eliminating  from  Che 

system).  In  the  usual  integral  manner,  profiles 
of  u  and  must  be  specified  and  additional 
momentum  equations  constructed  until  the  number 
of  equations  is  equal  to  the  number  of  para¬ 
meters  describing  the  profiles. 

Considering  now  the  velocity  profile  family 
problem,  the  strategy  commonly  adopted  has  been 
to  consider  a  streamwise  velocity  component 
aligned  with  the  direction  of  the  edge  invlscld 
streamline  and  a  cross- flow  component  normal 
to  this  invlscld  streamline  direction.  For 
small  cross  flows  it  is  argued  that  any  of  Che 
accepCec.  cwo-dlmenslonal  profiles,  such  as  that 
due  to  Coles  (Ref.  16.9)  suffices  for  a  stream- 
wise  profile,  thereby  also  specifying  wall 
stress.  Coles'  profile,  as  discussed  at  length 
earlier,  is  a  two  parameter  family  so  that 
immediately  an  additional  Integral  equation  is 
required.  Cumpsty  and  Head  (Ref.  16.93)  in  the 
related  problem  of  the  infinite  yawed  wing,  for 
Instance,  generalized  Head's  very  simple 
entrainment  concept  into  three  dimensions,  and 
subsequently  Horlock  (Ref.  16.94)  has  applied 
an  entrainment  equation  in  the  present  problem. 
For  the  cross-flow  profile  a  variety  of  sugges¬ 
tions  has  been  made,  such  as  the  variation 
of  Prandtl's  profile  made  by  Mager  (Ref.  16.95) 
or  the  well  known  polar  profile  due  to  Johnson 
(Ref.  16.96).  The  Prandtl-Mager  profile  is  a 
very  simple  one  parameter  family  of  the  form 
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If  now  the  original  governing  equations  are 
evaluated  at  the  edge  of  the  boundary  layer  and  then 
nominally  Integrated  normal  to  the  wall  the  resulting 
set  of  equations  can,  by  subtraction,  be  used  to 
recast  the  Integral  equations  in  integral  defect  form. 
Following  Horlock  and  Perkins  (Ref.  14.89)  and 
Mellor  and  Wood  (Ref.  16.92)  all  of  the  contributions 
from  pitch  averaging  can  be  lumped  together  into 
force  defects  of  the  type. 
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where  ■  v  is  nominally  the  angle  between  the 
wall  streamline  and  the  edge  streamline.  Being 
a  one  parameter  family  (?„)  the  Prandtl-Mager 
profile  requires  that  no  additional  equations 
need  be  generated,  probably  explaining  its 
widespread  use.  Johnson's  two  parameter  polar 
profile  has  been  shown  to  be  an  improvement 
over  the  Prandtl-Mager  profile.  Wheeler  and 
Johnson  (Ref.  16.97)  however,  noted  in  review 
of  this  cross-flow  profl’.e  problem  that  none 
of  the  cross-flow  profiles  available  at  that 
time,  including  some  develo,)c.ents  of  the 
Johnson  profile,  were  entirely  satisfactory 
for  their  purposes.  For  this  reason  Wheeler 
and  Johnson  (Ref.  16.97)  went  on  to  develop  a 
direct  numerical  scheme  for  the  three-dimensional 
turbulent  boundary  layer  equation.  Horlock  and 
Perkins  (Ref.  16.89)  argue  against  Wheeler  and 
Johnson's  pessimism  concerning  the  cross-flow 
profile  for  the  present  problem  citing  the 
reason  that  in  the  passage  a  reasonable  form 
for  the  cross  fU’'w  can  He  obtained  f rorr 
secondary  flow  theory  (Horlock,  Ref.  16.94). 
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Horlock's  profile  Is  similar  In  many  respects  to 
Johnson's  profile  and  the  necessary  Integrals  are 
given  by  Lindsay  (Ref.  16.98).  For  flows  where  the 
force  defects  Dx  and  absent  Che  set  of 

equations  Including  Head's  entrainment  equation 
can  be  solved  without  particular  difficulty.  Lindsay 
(Ref.  16.98)  for  Instance,  has  compared  predictions 
made  using  Che  Johnson  profiles  with  the  swirling 
axlsymmetrlc  flow  without  blades  or  body  forces, 
measured  by  Hoadley  (Ref.  16.99)  and  achieved  moderate 
success.  Earlier  calculations  by  Hoadley  using  Che 
Prandtl-Mager  profile,  probably  fortuitously, 
achieved  slightly  better  agreement. 

Turning  now  to  flows  with  azimuthal  variations 
the  critical  problem  of  the  force  defect  Integrals 
and  Dx  arises.  The  pressure  on  the  blade  surfaces 
can  obviously  be  determined  from  some  invlscld  (but 
not  necessarily  Irrotatlonal)  analyses.  Estimates 
of  the  gapwlse  variations  In  u  and  w  can  be  made 
from  the  same  type  of  analyses  and  correlation 
coefficients  constructed  using  the  mean  flow  averaged 
variables  as  the  normalizing  scale.  The  problem  with 
this  approach  Is  that  the  variations  within  the 
endwall  boundary  layers  are  likely  to  be  significant 
and  possibly  not  well  predicted  by  the  preceding  type 
of  approach.  By  trial  and  error  Horlock  and  his 
co-workers  have  found  that  fair  estimates  of  axial 
blockage  can  be  made  by  setting  Dx  **  0,  presumably 
as  a  result  of  the  Individual  components  cancelling 
out  (Daneshyar,  Ref.  16.100).  Horlock  and  Perkins 
(Ref.  16.89)  cite  two  different  methods  for  deter¬ 
mining  Dj.  The  first  is  based  on  a  secondary  flow 
analysis  (which  also  results  in  D^’^O)  and  the  second, 
due  to  Daneshyar,  Is  seml-emplrlcal.  At  this  point 
It  seems  clear  that  a  very  careful  evaluation  of 
the  accuracy  and  generality  of  the  presently  available 
suggestions  for  the  force  defects  Dx  and  must  be 
made.  If  satisfactory  forms  for  Dx  and  D2  can  or 
have  been  developed  it  would  appear  that  even  In 
spite  of  the  known  profile  limitations  a  very  useful 
tool  would  exist  where  none  Is  presently  available. 
Obviously  endwall  loss  levels  are  Important  and  any 
means  of  estimating  their  level  and  behavior  are  of 
keen  Interest  to  designers. 


16. 1.3. A  The  Finite  Difference  Approach 

Given  the  generally  accepted  difficulty  of 
adequately  specifying  the  cross-flow  velocity  pro¬ 
file,  a  number  of  Investigators,  for  Instance  Nash 
(Ref.  16.74),  Wheeler  and  Johnson  (Ref.  16.97), 
Harris  and  Morris  (Ref.  16.101),  Cebecl  et  al., 
(Ref.  16.102),  have  been  led  to  develop  finite 
difference  techniques  for  solving  the  three-dimen¬ 
sional  turbulent  boundary  layer  equations.  The 
governing  equations  In  the  pitch  averaged  problem 
are  In  fact  the  simplest  nontrivial  form  of  these 
same  three-dimensional  boundary  layer  equations, 
that  Is  the  axlsymmetrlc  swirling  boundary  layer 
equations,  with  the  addition  of  (given)  source 
terms  Dx  and  D2.  No  new  numerical  difficulties 
over  and  above  those  normally  encountered  with  the 
three-dimensional  boundary  layer  equations  would 
therefore  be  expected  with  the  pitch  averaged 
equations  of  motion.  Furthermore,  the  presence 
of  the  large  cross  flow,  often  found  In  practice, 
leads  to  potential  difficulty  with  an  adequate 
specification  of  even  the  streamwlse  velocity 
profile  family.  Finally  compressibility  and  heat 
transfer,  features  of  Interest  to  the  designer, 
lead  to  a  general  concern  about  all  the  profile 
assumptions,  thus  paving  the  way  for  a  numerical 
approach.  Naturally  Che  direct  numerical  approach 
would  not  have  been  embarked  upon  had  not  the 


simpler  Integral  methods  been  encouragingly 
successful  within  their  limited  sphere  of 
applicability. 

It  follows  Immediately  that  all  of  the 
available  schemes  for  solving  Che  three- 
dimensional  boundary  layer  equations  could  be 
used  In  the  simplified  slttiatlon  considered 
here.  Alternatively,  the  two-dimensional  scheiaes 
discussed  earlier  could  be  extended  to  Incor¬ 
porate  a  swirl  equation.  In  either  event  almost 
all  of  the  previous  discussion  on  numerical 
methods  for  the  boundary  layer  equations  applies 
In  the  present  Instance  with  almost  certainly 
there  being  less  Interest  In  laminar  flow  or 
regions  of  extended  transition,  both  forward 
and  reverse. 

Anderson  (Ref,  16.88)  appears  to  have  been 
Che  first  Co  apply  a  finite  difference  scheme 
to  Che  pitch  averaged  equations  of  motion.  In 
Anderson's  case  the  approach  was  an  extension 
of  a  two-dimensional  scheme  rather  than  a  cut 
down  version  of  a  three-dimensional  scheme. 
Three-dimensional  schemes  will  be  discussed 
later  In  a  separate  section  so  no  discussion 
of  the  merits  or  demerits  of  various  three- 
dimensional  schemes  will  be  given  here. 

Initially,  Anderson  used  a  straightforward 
explicit  Integration  scheme  with  a  law  of  the 
wall  fit  to  cover  the  region  below  Che  first 
grid  point.  Difficulty  with  Che  law  of  the 
wall  In  swirling  flow  together  with  the  desire 
to  have  a  large  number  of  grid  points  for 
accuracy  led  to  the  abandonment  of  the  explicit 
scheme  and  Che  adoption  of  an  Implicit  formu¬ 
lation.  In  view  of  Its  many  attractive  features, 
the  Keller  box  scheme,  (Ref.  16.70),  was  finally 
selected.  The  Inclusion  of  the  swirl  and  energy 
equations,  however,  led  to  a  very  large  demand 
for  storage  with  this  technique,  the  problem 
mentioned  earlier  in  connection  with  the  Keller 
scheme.  Also  Anderson  followed  the  linearization 
concepts  developed  by  McDonald  and  Briley 
(Ref.  16.65)  and  linearized  the  governing 
equations  to  second  order,  consistent  with  the 
spatial  differencing,  without  any  Iteration 
such  as  that  In  the  scheme  used  by  Keller  and 
Cebecl  (Ref,  16,83),  thus  effecting  a  substantial 
savings  In  already  modest  computer  run  times.  The 
Richardson  extrapolation,  also  recommended  by 
the  originators,  was  not  employed  In  Anderson's 
modified  version  of  the  box  scheme  since  In 
general  accuracy  In  skin  friction  below  IZ  was 
not  sought,  Blottner  (Ref.  16.66)  recently 
demonstrated  with  the  box  scheme  the  Inadvisabil¬ 
ity  of  using  the  Richardson  extrapolation  unless 
extreme  accuracy  was  being  sought. 

Turning  to  the  question  of  the  turbulence 
model  the  penalty  for  use  of  the  detailed 
numerical  approach  Is  the  requirement  of  speci¬ 
fying  the  x-v  variation  of  the  turbulent 
correlations  u'v'  andu'w'.  As  was  mentioned 
earlier,  Horlock  and  co-workers  were  able  to 
circumvent  this  problem  by  the  use  of  a  gener¬ 
alized  version  of  Head's  entrainment  law.  At 
a  later  stage  the  problem  of  three-dimensional 
turbulence  models  will  be  examined  In  detail. 

For  the  moment  it  Is  noted  that  for  u*v' 

Anderson  (Ref.  16.88)  used  scalar  eddy  viscosity 
with  Van  Driest 's  suggestion  for  the  sublayer 
followed  by  Frandtl's  mixing  length  for  the 
wall  region  and  finally  he  used  Clauser's 
suggestion  for  the  outer  wake  like  region.  In 
this  concept,  the  extension  to  three  dimensions 
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of  essentially  a  two-dimensional  model  Is  achieved 
by  defining  the  eddy  viscosity  as 


pitch  averaged  flow  can  be  made  If  the  vane 
or  blade  forces  are  known. 
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16.1  (130) 


where  Q  Is  the  velocity  parallel  to  the  wall  and  f 
Is  the  scalar  mixing  length.  Consequently, 


16.1  (131) 


The  stresses  r*  and  incorporate  u'v'  and 
^w*  and  are  defined  by 


du 


16.1  (132) 

The  scalar  mixing  length,  here,  takes  on  the  appropriate 
two-dimensional  form  In  accordance  with  the  Van  Drlest- 
Prandtl-Clauser  suggestion  discussed  previously. 

Aside  from  a  need  to  take  a  four  point  y  averaged 
value  of  the  eddy  viscosity  e  ,  the  resulting  scheme 
worked  quite  well  In  practice.  Averaging  of  the  eddy 
viscosity  compromises  either  the  claimed  second  order 
accuracy  of  the  scheme  or  the  turbulence  model,  but 
was  necessary  to  obtain  stability  with  the  scheme. 

A  similar  problem  was  treated  in  a  like  manner  by 
Keller  and  Cebecl  (Ref.  16.83). 

In  dealing  with  Che  force  defects  Anderson  now 
had  Co  contend  with  Che  detailed  specification  of 
these  quantities  across  the  annulus  wall  boundary 
layers.  Here  Anderson  utilized  strip  theory  with 
each  blade  or  stator  element  treated  cwo-dlmenslonally 
as  a  plane  cascade.  The  cascade  performance  was  Chen 
estimated  either  theoretically  or  from  one  of  Che 
accepted  correlations,  both  methods  being  available 
In  the  code.  In  this  way  Che  hub  to  tip  variations 
could  be  obtained  by  stacking  the  two-dimensional 
strips.  Obviously  alternative  more  complex  schemes 
CO  obtain  the  hub  to  tip  variations  can  be  developed 
and  incorporated  Into  Anderson's  scheme.  Given  the 
encouraging  results  already  obtained,  such  develop¬ 
ments  might  be  very  rewarding  and  at  the  present  time 
a  thorough  evaluation  of  the  force  defect  problem  is 
appropriate. 


16.1.3.3  Concluding  Remarks  on  the  Fitch-Averaged 
Procedures 

Insofar  as  formal  pitch  averaging  Is  concerned 
it  must  be  emphasized  that  the  resulting  equations 
are  quite  as  rigorous  as  the  three-dimensional  equa¬ 
tions  from  which  they  were  obtained.  The  simpli¬ 
fication  resulting  from  the  decrease  in  dimensionality 
of  the  problem  has  been  obtained  at  the  expense  of 
the  loss  of  information  on  the  details  of  the  flow 
In  the  eliminated  dimension.  No  approximations  have  as 
yet  been  introduced  concerning  Che  nature  of  this  flow. 
The  situation  Is  Identical  to  the  Reynolds  averaged 
equations  of  motion  but  almost  certainly  much  more 
tractable  due  to  Che  less  random  nature  of  the  flow 
in  Che  azimuth  compared  to  Che  complex  nature  of 
the  time  variations  In  a  turbulent  flow.  The  expecta¬ 
tions  are  therefore,  that  given  reasonable  estimates 
of  Che  azimuthal  variations  and  hence  the  correlation 
terms  in  the  equations,  accurate  predictions  of  the 


In  spite  of  the  foregoing  difficulties 
Che  pitch  averaged  approach  has  a  great  deal 
to  recommend  It,  p  rticularly  when  the  alter¬ 
native  of  either  giving  up  or  creating  Che 
complete  three-dimensional  problem  Is  considered. 
Much  work  remains  to  be  done  at  this  point; 
however,  the  design  needs  are  pressing.  The 
approach  clearly  provides  a  bridge  between 
the  simple  through  flow  analyses  and  the  more 
exotic  but  at  present  incomplete  three- 
dimensional  InCra-vane  or  blade  analyses. 


16.2  Three-Dimensional  Boundary  Layers 

Within  turbomachlnery  three-dimensional 
flows  are  encountered  with  unfortunate  regularity, 
both  within  the  boundary  layers  and  the  free 
stream.  The  term  "free  stream"  being  used  here 
to  denote  a  region  where  little  diffusion, 
dissipation,  or  production  of  turbulence  occurs 
but  a  region  in  which  vortlclcy  and  turbulence 
might  still  well  exist  by  convection.  Simple 
three-dimensional  flows  such  as  chat  encountered 
on  conventional  moderate  and  high  aspect  ratio 
wings  (the  so-called  boundary  sheets)  are  not 
usually  found  in  turbomachinery  applications. 

End  effects, such  as  Che  strut  or  rotor  endwall 
Interaction,  are  the  flows  of  critical  concera 
Such  flows  cannot  be  treated  properly  within 
the  framework  of  conventional  three-dimensional 
boundary  layer  analyses.  This  failure  of  the 
conventional  analyses  may  be  seen  In  the  pre¬ 
viously  Introduced  three-dimensional  boundary 
layer  equations,  due  originally  to  Hayes 
(Ref.  16.90).  In  the  derivation  it  has  obviously 
been  assumed  that  diffusion  of  momentum  in  one 
direction  only  (in  this  notation,  in  the  y 
direction)  is  Important.  Clearly  this  assump¬ 
tion  breaks  down  for  instance  in  the  vicinity 
of  a  right-angled  corner  where  diffusion  normal 
to  both  walls  is  significant.  Fortunately,  the 
extra  diffusion  terms  do  not  change  the  basic 
nature  of  the  problem  from  an  Initial  boundary 
value  problem  treatable  by  means  of  a  forward 
marching  procedure,  providing  that  diffusion 
in  the  marching  direction  is  still  negligible 
and  that  Che  elliptic  character  of  the  pressure 
can  still  be  largely  suppressed  or  determined 
a  priori.  The  extra  complexity  of  the  corner 
flow  does,  however,  make  solution  of  the  system 
by  an  integral  moment  technique  an  exercise 
with  a  very  low  probability  of  success.  The 
equations  embodying  diffusion  in  both  coordinate 
directions  are  here  termed  the  extended  boundary 
layer  equations. 

An  additional  feature  of  the  extended  boundary 
layer  equations  concerns  the  absence  of  zones  of 
Influence.  To  discuss  this  problem  it  is  neces¬ 
sary  to  recall  the  work  of  Raetz  (Ref.  16.103) 
who  first  investigated  the  properties  of  the 
conventional  three-dimensional  laminar  boundary 
layer  equation.  Raetz  pointed  out  that  diffusion 
only  occurred  in  the  direction  normal  to  the 
wall  in  the  conventional  system  and  that  in  the 
other  directions  the  equations  were  essentially 
hyperbolic  and  therefore  characteristic  surface 
would  exist.  As  a  result  Raetz  suggested  an 
"influence  principle"  would  hold  and  that  the 
influence  of  the  solution  at  any  point  would 
be  transferred  to  other  points  firstly  by  diffu¬ 
sion  in  the  direction  of  the  surface  normal 


16-3A 


through  the  point  and  then  by  convection  along  all 
the  streamlines  passing  through  this  surface  normal. 

The  rone  of  Influence  Is  Chen  Che  region  bounded  by 
the  body  surface,  the  boundary  layer  edge,  and  a  pair 
of  characteristic  surfaces;  one,  the  surface  normal 
envelope  passing  through  the  external  streamline, 

Che  ocher  the  surface  normal  envelope  passing  through 
Che  limiting  surface  streamline.  As  a  companion  to 
Che  zone  of  Influence  Raetz  also  suggested  a  "zone 
of  dependence"  which  Is  bounded  by  the  upstream  edges 
of  the  normal  to  the  wall  passing  through  the  free 
stream  and  limiting  wall  streamline  which 
Intersect  at  the  point  In  question.  Only 
conditions  within  the  zone  of  dependence  Influence 
Che  solution  at  the  point  In  question  and  In  turn 
only  Che  flow  In  Che  subsequent  zone  of  Influence 
would  be  affected  by  Che  flow  at  the  point. 

Uessellng  (Ref.  16.10A)  considered  the  zone 
of  Influence  problem  from  the  point  of  view  of  Che 
conventional  three-dimensional  turbulent  boundary 
layer  equations  and  concluded  chat  within  this 
system  Raetz's  Influence  principle  would  hold  but 
Che  possibility  of  a  smaller  zone  In  turbulent 
flow  than  In  laminar  flow  could  not  be  ruled  out. 

The  smaller  zone  would  arise  from  the  nearly 
hyperbolic  nature  of  turbulent  transport  normal  to 
surface  outside  of  the  viscous  sublayer,  (Bradshaw 
et  al..  Ref,  16,57),  The  zone  of  Influence  problem 
has  also  been  discussed  by  Wang  (Ref.  16.105). 

The  zone  of  Influence  has  obvious  attributes 
when  boundary  conditions  are  being  applied.  For 
the  conventional  system,  conditions  on  the  initial 
surface  and  subsequently  on  the  edges  of  the 
domain  must  be  prescribed.  The  Initial  surface 
conditions  are  discussed  by  Ting  (Ref.  16,106)  and 
It  follows  Chat  only  a  limited  number  of  dependent 
variables  can  be  arbitrarily  assigned  starting 
values  In  view  of  the  need  to  have  starting  values 
of  Che  dependent  variables  which  also  satisfy  Che 
governing  equations.  The  usual  course  of  action 
Is  to  specify  the  streamwlse  velocity  and  either 
by  Implication  or  directly.  Its  axial  rate  of 
change.  The  Reynolds  shear  stress,  the  cross-flow 
velocity  and  the  corresponding  cross-flow  Reynolds 
stress,  and  the  density  must  also  be  specified:  one, 
Che  surface  normal  to  the  wall  passing  through  the 
external  flow  streamline,  Che  other,  the  surface 
normal  to  the  wall  passing  through  the  limiting  wall 
streamline.  The  transverse  velocity  Is  derived  from 
the  continuity  equation  and  the  variables  specified 
everywhere  on  the  Inlet  surface.  Edge  conditions 
pose  a  particular  problem;  but  Intuitively,  outflow 
along  the  edge  requires  no  boundary  conditions  as  It 
Is  completely  determined  by  the  known  Interior  flow 
field.  Mall  surface  and  free  scream  edge  condition 
are  assumed  given.  The  central  proble-  rests  with 
the  unknown  Inflow  edge  conditions.  Here  Che  zone  of 
dependence  principle  becomes  Invaluable  for  It  clearly 
requires  the  effect  of  the  unknown  Inflow  boundary 
Information  to  remain  within  the  zone  of  Influence  of 
the  Inlet  plane  edges.  Thus  If  the  region  of 
Interest  Is  outside  the  Inlet  edge  zone  of  Influence, 
little  concern  for  the  unknown  Inflow  boundary 
Information  need  be  expressed.  The  conventional 
three-dimensional  boundary  layer  equations  there¬ 
fore  can  be  very  useful  for  describing  the  boundary 
layer  flow  on  a  wing  surface  where  the  Inflow 
regions  near  the  wing  root  or  tip  have  a  limited 
zone  of  Influence.  Unfortunately  the  converse  is 
also  true  and  that  Is  If  the  region  of  Interest 
lies  within  the  zone  of  Influence  of  the  edge, 
then  the  appropriate  boundary  condition  infor¬ 
mation  must  be  supplied.  By  Che  usual  law  of 
perversity  of  circumstances,  the  root  and  tip 
regions  of  wings,  for  Instance,  are  regions  of 


great  boundary  layer  interest  In  view  of  their 
major  contribution  to  losses  and  to  stall.  Phys¬ 
ically  then  within  these  important  regions  the 
zone  of  Influence  principle  Is  of  little  Immediate 
help  and  it  Is  of  no  great  concern  that  when 
diffusion  In  the  spanwlse  direction  Is  allowed  for, 
as  It  Is  within  the  extended  boundary  layer  equa¬ 
tions,  Che  dependence  principle  Is  no  longer 
obtained.  The  extended  boundary  layer  equations 
can  also  have  difficulty  with  Inflow  boundary 
conditions  but  they  do  possess  the  major  attribute 
of  being  able  to  "turn  the  corner"  and  proceed  to 
close  Che  domain,  as  In  a  duct,  or  to  proceed  to 
a  plane  of  symmetry  where  known  Information  Is 
available  for  boundary  conditions.  Given  the  type 
of  problem  normally  encountered  In  turbomachinery 
applications,  the  attributes  of  the  extended 
boundary  layer  equations  are  very  Impressive. 

In  the  subsequent  section  a  very  brief  dis¬ 
cussion  of  some  of  the  better  known  methods  of 
predicting  the  conventional  three-dimensional 
boundary  layer  equations  will  be  given,  mainly 
from  the  point  of  view  of  introducing  some  of  the 
major  difficulties  Involved  with  performing  three- 
dimensional  calculations.  A  more  complete  dis¬ 
cussion  of  three-dimensional  boundary  layers  has 
been  given  recently  by  Nash  and  Patel  (Ref.  16.107) 
and  from  the  computational  point  of  view  by 
Blottner  (Ref.  16.78),  In  view  of  Che  limited 
utility  of  the  conventional  boundary  layer  equa¬ 
tions  much  more  emphasis  will  be  placed  upon  the 
development  of  the  extended  three-dimensional 
boundary  layer  equations  and  techniques  for  their 
solution.  Although  major  subjects  In  their  own 
right,  the  problem  of  determining  the  free  stream 
and  the  geometric  Information  will  not  be  discussed 
here . 

16.2.1  The  Momentum  Integral  Approach 

The  conventional  three-dimensional  boundary 
layer  equations  have  been  presented  earlier  during 
the  development  of  the  pitch  averaged  equations. 
These  boundary  sheet  equations  were  also  integrated 
In  the  effectively  normal  direction  y  and  can  be 
cast  into  a  number  of  different  forms  depending  on 
the  Integral  defect  thickness  parameters  Introduced. 
Regardless  of  the  precise  form  of  the  equations 
if  an  n-parameter  profile  family  for  the  stream- 
wise  velocity  u  is  Introduced  and  an  m-paramecer 
profile  for  the  cross-flow  velocity  w  is  Introduced 
then,  since  the  transverse  mass  flux  Dv  can  be 
determined  from  the  continuity  equation,  at  least 
^  "E  n  +  3  Independent  equations  must  be  provided 
to  render  the  system  determinate.  The  number  3 
In  the  above  expression  arises  from  the  need  to 
define  the  density  P  and  the  skin  friction 
components  and  The  problem  of  com¬ 

pressibility  will  not  be  directly  addressed  at 
this  point  and  it  will  be  assumed  that  some  energy 
relationship  exists  to  specify  the  local  density. 

The  skin  friction  relationships  will  be  addressed 
later.  Of  the  required  remaining  ;;ren  equations 
arising  from  the  adopted  mean  profile  families 
the  first  integral  moment  of  the  momentum  equations 
provide  two  equations  and,  as  has  already  been 
discussed  at  length  In  two  dimensions,  additional 
moment  equations  are  readily  obtained  at  the  expense 
of  Introducing  more  Information  on  the  turbulent 
transport  mechanls.ms .  The  problem  of  generating 
the  additional  moments  of  the  turbulence  will  be 
deferred  until  turbulence  models  are  discussed. 
Alternatively  additional  equations  may  be  derived 
by  Introducing  plausible  physical  arguments  such 
as  Head-'s  entrainment  hypothesis.  With  the  fore¬ 
going  as  background  the  various  procedures  will  be 
evaluated . 
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Consider  the  streamwlse  profile  first  of  all. 
Although  not  mandatory,  frequently  in  Integral 
methods  the  direction  for  this  velocity  has  been 
chosen  to  be  that  of  the  external  streamline  in  a 
plane  locally  parallel  to  the  surface.  In  this 
Cartesian  coordinate  system  the  cross-flow  component 
at  the  edge  of  the  boundary  layer  Wg,  disappears, 
thus  simplifying  matters.  If  now  the  simple  power 
law  profile  is  supposed  valid  for  the  streamwlse 
direction  of  the  cross  flow,  the  Prandtl-Mager 
profile  is  used.  To  recap,  these  are  written  by 

u  •  UjCv/S)''" 
w  •  u(  I  -  y/8 )*  fon  ^ 

16.2  (1) 

Now  since  is  given,  these  profile  families 
Introduce  three  parameters  n,  6  and  B,  the  angle 
between  the  wall  and  free-stream  streamline  direc¬ 
tions.  Note  that  since  the  limiting  streamline  angle 
3  is  a  problem  parameter,  the  skin  friction  deter¬ 
mination  is  simplified  since 

16.2  (2) 

and  thus, only  one  skin  friction  relationship  need  be 
specified,  usually  the  streamwlse  component 
Perhaps  the  simplest  use  of  the  foregoing  sec  was  by 
Hager  (Ref.  16.95)  who  assumed  that  the  streamwlse 
component  of  wall  shear  was  given  by  the  very  simple 
Prandtl-von  Karman  Law  for  two  dimensional  flow. 

Since  Che  formulation  now  only  uses  three  independent 
profile  parameters,  one  mote  than  the  number  of 
equations  already  on  hand,  Hager  closed  the  set  by 
specifying  that  the  power  law  exponent  n  was  a 
constant  for  some  particular  flow,  and  usually 
ascribed  a  value  around  7.  For  a  simple  flow  Hager 
achieved  a  very  creditable  degree  of  accuracy  with 
his  prediction,  due  almost  certainly  to  his  use  of 
a  value  of  n  taken  from  the  experiment.  The  assump¬ 
tion  of  a  constant  power  law  exponent  is  now  widely 
regarded  as  being  an  oversimplification  and  as  infor¬ 
mation  on  two-dimensional  boundary  layer  behavior 
increased  over  the  years  a  number  of  investigators 
have  Incorporated  these  developments  into  the  three 
dimensional  framework  following  Hager's  lead.  Drlng 
(Ref.  16.126)  later  refined  and  developed  Hager's 
technique  and  applied  his  scheme  to  the  turbine 
endwall  problem.  Perhaps  the  next  major  development 
occurred  when  Cumpsty  and  Head  (Ref.  16.93)  intro¬ 
duced  Thompson's  two  parameter  profile  family 
(Ref.  16.116)  for  the  streamwlse  velocity  profile. 
Thompson's  profile  is  in  effect  very  similar  to 
Coles'  law  of  the  wall  -  law  of  the  wake  profile 
family  introduced  earlier.  Retaining  the  Prandtl- 
Hager  profile  for  the  cross-flow  component  left 
Cumpsty  and  Head  with  one  auxiliary  equation  to 
specify,  since  the  streamwlse  skin  friction  was 
one  of  the  parameters  of  the  streamwlse  velocity 
profile.  For  the  auxiliary  equation  Cumpsty  and 
Head  chose  to  postulate  that  the  rate  of  entrain¬ 
ment  of  free  stream  fluid  Into  the  boundary  layer 
was  uniquely  related  to  the  shape  of  the  stream- 
wise  velocity  profile  in  the  same  way  as  in  two- 
dimensional  flow.  To  obtain  the  actual  auxiliary 
equation,  the  continuity  equation  is  Integrated, 

(Eq.  16.1(124)),  and  the  terms  representing  the 
free-stream  entrainment  rate  collected  and  replaced 
by  the  assumed  relationship  to  the  streamwlse 
profile.  It  is  to  be  expected  that  Cumpsty  and 


Head's  procedure  would  perform  much  more  satis¬ 
factory  with  (vanishingly)  small  cross  flow  than 
would  Hager's  procedure,  as  a  general  observation, 
in  view  of  the  close  relationship  of  the  Cumpsty- 
Head  scheme  to  Head's  simple  and  very  effective 
two-dimensional  boundary  layer  prediction  scheme. 

The  relative  behavior  at  higher  cross  flows  is 
not  so  apparent  however,  since  it  is  by  no  means 
certain  that  for  these  flows  the  power  law  profile 
and  other  assumptions  ace  inferior  to  law  of  the 
wall  -  law  of  the  wake  concepts  for  the  streamwlse 
velocity  profile  under  these  particular  conditions. 
In  any  event  the  predictions  shown  by  Cumpsty  and 
Head  agree  moderately  well  with  their  measurements 
for  certain  Integral  parameters  on  an  infinite 
yawed  wing. 

In  spite  of  the  well  understood  techniques 
for  generating  Integral  moment  equations  and  the 
tolerance  of  the  concept  of  an  isotropic  eddy 
viscosity  even  in  some  finite  difference  schemes 
(to  generate  the  integral  moments  of  the  Reynolds 
stresses) ,  there  has  been  little  attempt  so  far 
to  generate  three-dimensional  multi-parameter 
Integral  schemes.  Elchelbrenner  and  Penke 
(Ref.  16.112)  used  a  polynomial  cross-flow  profile 
and  essentially  the  u-moment  of  the  streamwlse 
momentum  equation,  simplified  somewhat.  Horlock 
(Ref.  16.94)  and  Lindsay  (Ref.  16.98)  used  devel¬ 
opments  of  Johnson's  profiles  together  with  Head's 
entrainment  concept.  Smith  (Ref.  16.114)  followed 
a  similar  course  to  Cumpsty  and  Head  and  used 
either  the  Prandtl-Mager  profile  or  a  simplified 
version  of  Johnson's  profile  (the  simplification 
being  that  the  apex  of  the  Johnson's  triangle  is 
assumed  to  fall  at  some  fixed  value  of  u"*" ) .  Smith 
treated  compressibility  by  assuming  that  the 
incompressible  profile  families  hold  In  a 
iy'  coordinate  stretched  by  the  local  density, 

u/u,  •  ((y'/8) 

''''i  P'P/l'  16.2  (3) 

and  the  density  evaluated  by  a  quadratic  temperature 
profile  and,  following  Myrlng's  (Ref,  16.111)  lead, 
abandoned  external  streamline  coordinates.  A  very 
similar  study  was  subsequently  undertaken  by 
Thompson  and  Macdonald  (Ref,  16.113). 

While  not  as  demanding  as  the  more  complete 
numerical  approaches,  solution  of  the  coupled 
nonlinear  integral  equations  is  not  trivial. 

Most  people  have  tended  to  use  a  variant  of  the 
scheme  used  by  Mager  (Ref.  16.95)  who  solved  the 
coupled  integral  momentum  equations  iteratively 
and  sequentially  starting  with  the  streamwlse 
momentum  equation  and  lagging  the  cross  flow  infor¬ 
mation.  Once  again,  unless  the  number  of  iterations 
is  small  then  the  principle  attribute  of  integral 
methods,  that  of  speed,  is  being  squandered. 

Thompson  and  Macdonald  (Ref.  16.113)  encountered 
severe  numerical  problems  with  the  sequential 
iterative  solution  technique  near  separation 
and  in  some  regions  of  favorable  pressure  gradient. 
Thompson  and  Macdonald  (Ref,  16.113)  thereupon 
solved  the  problem  by  means  of  a  coupled  Implicit 
technique  treating  the  nonlinear  coefficients  by 
iteration,  VJhile  no  details  of  the  Thompson- 
Macdonald  algorithm  are  given,  it  would  seem  on 
the  surface  to  be  a  very  appropriate  solution 
technique . 

Two  observations  can  be  made  on  the  work  done 
to  date.  The  first  is  that  In  general  the  level 
of  agreement  between  prediction  and  measurement 
is  poorer  than  that  which  is  achieved  by  integral 


16-36 


techniques  in  two  dimensions.  The  second  is  that  none 
of  the  existing  three-dii&enslonal  schemes  when  applied 
in  two  dimensions  are  more  advanced  chan  say  Green's 
version  (Ref.  16.115)  of  Head's  simple  entrainment 
method.  Clearly  Chen  for  three  dimensions  there  is 
much  room  for  improvement  since  the  existing  level  of 
agreement  is  in  general  not  adequate  even  for  loss 
level  estimates.  In  restricted  classes  of  three-dimen¬ 
sional  problems  it  would  seem  feasible  to  modify  the 
various  assumptions  such  that  for  that  particular 
class  of  problem  good  agreement  with  measurement  could 
be  obtained.  The  question  that  any  user  mist  answer 
for  his  particular  projected  use,  is  the 
investment  of  effort  best  spent  In  developing  an 
integral  scheme  further  or  are  the  mean  profile 
problems  such  that  the  effort  is  better  invested  in 
a  finite  difference  scheme?  Insofar  as  the  profile 
assumptions  are  concerned  Wheeler  and  Johnson  (Ref. 
16.97)  and  Nash  and  Patel  (Ref.  16.107)  show  the 
limitations  of  the  existing  suggestions  and* while 
improvements  can  be  made, it  must  be  remembered 
that  each  additional  profile  parameter  introduced 
to  improve  the  profile  description  requires  an  addi¬ 
tional  equation  be  added  to  the  system.  Qnlv  if  the 
number  of  profile  parameters  is  kept  small  do 
integral  schemes  retain  an  attractive  speed  advan¬ 
tage  over  the  completely  numerical  treatment  of  the 
basic  three-dimensional  boundary  layer  equations  of 
motion.  It  must  also  be  recalled  that  with  the 
existing  integral  schemes  compressibility  is  at  best 
given  a  rather  cursory  treatment,  the  application 
envisaged  for  these  schemes  usually  being  the  sub¬ 
sonic  wing  problem  where  compressibility  effects 
are  not  large.  Significant  heat  transfer  effects, 
such  as  might  occur  on  turbine  blades,  are  as  yet 
not  allowed  for  within  the  existing  integral  schemes. 

As  a  consequence  of  these  problems  with  Integral 
procedures  a  number  of  investigators  have  been  led 
to  develop  finite  difference  methods  for  solving  the 
three-dimensional  boundary  layer  equations.  These 
finite  difference  schemes  would  appear  better  suited 
for  general  turbomachinery  applications  than  existing 
integral  schemes,  although  still  limited  by  the 
boundary  sheet  approximations. 


16.2.2  The  Finite  Difference  Approach 

Largely  evaded  In  the  treatment  by  existing 
integral  methods  is  the  question  of  the  two  Reynolds 
stress  components.  This  problem  is  Inescapable  when 
the  finite  difference  approach  Is  considered,  and 
the  problem  will  be  discussed  and  current  solution 
techniques  described  in  the  section  on  turbulence 
models.  The  remaining  problems  are  the  variety  of 
choices  for  the  form  of  the  equations  and  the 
coordinate  system,  the  stability  and  accuracy  of 
the  numerical  methods,  the  starting  problem  and  the 
previously  mentioned  inflow  boundary  conditions. 

As  In  the  discussion  of  integral  schemes  both  the 
boundary  layer  edge  conditions  and  the  metrical 
Information  are  assumed  known.  In  actuality  deter¬ 
mination  of  both  of  these  latter  items  might  well 
Involve  more  work  than  the  determination  of  the 
boundary  layer  behavior  Itself,  but  discussion  of 
them  Is  inappropriate  here. 

Historically  work  on  the  tliree-  dimensional, 
boundary  layer  equations  has  been  concerned  either 
with  the  development  of  some  innovative  numerical 
scheme  or  with  the  description  of  the  turbulent 
transport  In  three  dimensions.  In  the  former  case 
much  progress  has  already  been  made  and  in  the 
latter  instance  fairly  simple  numerical  schemes 
were  adopted  to  expedite  the  description  and 
evaluation  of  the  critical  features  of  the  turbu¬ 


lent  flow,  again  with  an  encouraging  degree  of 
success.  Presently  second  generation  turbulent 
boundary  layer  schemes  are  being  evolved  embodying 
aspects  of  the  more  recent  numerical  developments. 

In  discussing  the  numerical  problem  of 
treating  the  three-dimensional  boundary  layer 
equations  the  previous  section  on  numerical  methods 
for  the  boundary  layer  partial  differential  equa¬ 
tions  is  relevant.  In  the  present  section  the 
additional  special  features  arising  In  the  case 
of  the  three-dimensional  boundary  layer  will  be 
discussed  in  the  same  order  of  presentation  as 
was  adopted  in  the  earlier  numerical  section. 
Starting  with  the  choice  of  numerical  method, 
another  stability  parameter  arises.  Frequently, 
due  to  the  cross-flow  velocity  w,  it  is  of  the  form 


h^wAx 
^  hjwAz 

16.2  (4) 

with  Ax  and  Az  being  the  inarching  and  spanwise 
directions  and  hi  and  h^,  the  appropriate  metric. 
Krause  et  al.,(Ref.  16.109)  have  shown  the 
stability  parameter  >  must  satisfy  certain 
restrictions  for  many  schemes.  Perhaps  the  most 
common  restriction  is  that  for  a  number  of  schemes 
Y  must  never  be  negative.  The  implication 
being  that,  for  these  schemes,  the  cross  flow  velocity 
w  cannot  be  allowed  to  change  sign  (the  spanwise 
marching  direction  chosen  to  give  w  positive) , 
Certainly  the  cross-flow  velocity  can  change  sign 
in  flows  of  real  interest,  as  evidenced  by  the 
measurements  of  Klinksiek  and  Pierce  (Ref.  16.108) 
in  an  S-shaped  duct.  Indeed  much  of  the  criticism 
of  Johnson's  profile  family  (Ref,  16,96)  was 
directed  at  its  inability  to  treat  cross-over 
profiles  where  the  cross  flow  changed  sign.  It 
would  seem  then  that  the  cross  flow  stability 
parameter  could  prove  catastrophically  restrictive 
in  some  applications.  Much  less  dangerous  is  the 
other  restriction  sometimes  encountered  that 

for  here  at  least  the  prospect  exists  of 
reducing  the  axial  step  to  satisfy  the  stability 
requirement  and  on  average  -1  is  not  a  particularly 
small  value  of  the  parameter.  Difficulties  could 
be  expected  when  a  s.'nal)  spanwise  mesh  was  desired 
simultaneously  with  a  large  axial  step,  a  not 
uncoDUDon  set  of  i  rcums tances .  Also  it  is  possible 
to  have  local  flow  angles  in  excess  of  45°  so 
that  w/u  can  exceed  unity  and  this  again  might 
require  the  axial  step  be  reduced,  ’'nfortunately , 
there  is  as  yet  no  unconditionally  stable  scheme 
available  for  the  usual  three- d  i  *iunsional  boundary 
layer  equations,  (this  observaiion  will  be  qualified 
in  a  moment)  even  implicit  metliods  suffering  in  this 
regard.  In  the  exie?nied  bound, try  layer  equations, 
diffusion  In  the  spaiiwise  direction  is  retained 
and  several  uncor.  i  1 1  le>nal  i  y  stable  schemes  for  the 
linearised  system  cf  equations  are  available.  The 
converse  is  also  true  in  that  one  cf  the  uncon¬ 
ditionally  stable  implicit  tecliniques  for  creating 
the  extended  boundary  layei  equations  could  be 
reduced  by  neglecting  spanwise  diffusion.  blien 
applied  to  the  cv.'uveat  ional  boundary  layer  equa¬ 
tion*^,  It  is  ;:;dee-:  -r  fM:!'.  thicK  .1  the 

procedure  ot  Kendall  et  al.,  TKet .  16.125)  in 
this  light,  ijjls  brings  into  focus  the  essential 
difference  of  tl.c  extended  implicit  scher..es  and 
the  conventional  Implicit  schemes.  In  the  former, 
both  the  spanwise  diiev'tion  and  the  normal  direc¬ 
tion  are  considered  implicitly  and  boundary 
conditions  at  elthei  end  of  the  spanwise  sweep 
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are  satisfied.  In  the  latter  case  of  the  conven¬ 
tional  boundary  layer  equations*  only  the  normal 
direction  Is  considered  Implicitly;  an  embarassment 
If  the  Initial  value  behavior  of  the  spanwlse  sweep 
is  not  obtained.  In  line  with  the  foregoing,  it 
seems  appropriate  to  term  the  case, where  only  the 
normal  direction  is  considered  implicitly,  a  semi- 
implicit  method  and  when  both  directions  are  taken 
implicitly,  a  fully  implicit  method. 

Insofar  as  the  linearization  process  is 
concerned  no  additional  problems  arise  in  three 
dimensions.  The  problems  of  hoc  linearizations 
and  coupling  are  emphasized  however  since  non- 
negliglble  product  terms  puw,  for  instance, 
appear  in  the  equations,  calling  attention  to  the 
coupled  nonlinear  nature  of  the  problem.  The 
cross-flow  velocity  v  is  of  course  not  necessarily 
small  and  indeed  a  great  deal  of  the  difficulty 
with  obtaining  even  Integral  solutions  has  been 
traced  by  Thompson  and  Macdonald  (Ref.  16.113) 
to  the  linearized  sequential  treatment  of  the 
equations.  Aside  from  the  explicit  formulations 
(which  retain  ail  of  their  two-dimensional  problems), 
the  process  of  a  formal  linearization  followed  by 
a  coupled  solution  of  the  governing  equation  would 
seem  to  be  a  very  powerful  m-thod  of  treating  the 
problem.  Indeed  a  number  of  techniques  of  this 
type,  usually  embodying  a  Newton -Raphson  treatment 
of  the  nonllnearltles ,  are  described  in  the  review 
by  Blotcner  (Ref.  16.78). 

In  Che  early  work  on  the  turbulent  equations 
Nash  (Ref.  16.74)  worked  with  the  primitive  vari¬ 
ables  uvw,  u’v'  and  v’w’  and  treated  the  growth 
of  the  boundary  layer  within  the  computational 
domain  by  periodic  relnterpoiation.  Stream  function 
approaches  lose  some  of  their  attractiveness  in 
three  dimensions  in  view  of  the  need  to  introduce 
two  such  functions;  however,  a  number  of  investi¬ 
gators,  for  Instance  Cebecl  (Ref.  16.110),  have 
favored  this  approach  again  to  achieve  the  simpli¬ 
fication  which  arises  from  the  elimination  of  the 
continuity  equation.  In  another  approach  Harris 
and  Morris  (Ref.  16.101)  used  the  square  of  the 
normalized  velocity  defect  to  replace  the  normal 
coordinate  y;  and,  while  obtaining  some  advantage 
from  this  type  of  transformation,  clearly  the 
double  value  problem  of  streamwlse  velocity  pro¬ 
file  overshoot  would  be  a  major  difficulty  for 
gas  turbine  applications.  Apparently  the  addition 
of  the  third  dimension  has  not  Introduced  new  major 
problems  (or  remedies)  Insofar  as  the  dependent 
variables  are  concerned, the  problem  Is  much  the 
same  as  in  two  dimensions.  Grid  stretching  func¬ 
tions  also  have  a  major  role  to  play,  although,  they 
have  not  yet  been  widely  used  since  a  great  deal 
of  the  effort  to  date  has  been  on  laminar  flows 
where  their  use  is  not  nearly  so  critical  as  it  is 
in  turbulent  flow.  Again,  in  three-dimensional 
turbuLenC  problems  the  desire  to  place  grid  points 
in  the  sublayer  still  exists  particularly  for 
highly  accelerated  flows  with  heat  transfer.  The 
viscous  sublayer  problem  becomes  even  more  accute 
since  the  tliree-dimenslonal  version  of  the  law  of 
the  wall  Is  not  nearly  as  secure  as  in  two  dimen¬ 
sions.  Counter-balancing  the  desire  to  place  grid 
points  In  the  sublayer  Is  the  increased  cost  of 
doing  so  in  three  dimensions  but,  be  that  as  it 
may,  an  inadequate  sublayer  treatment  is  castle 
building  on  a  bed  of  sand. 

Finally,  Insofar  as  coordinate  systems  are 
>.oncerned,  these  to  date  have  been  quite  specifi¬ 
cally  tuned  to  the  problem  at  hand.  As  a  rule  the 
l).)dy  -surface  is  taken  as  one  coordinate  with  the 


other  two  taken  as  convenient.  The  body  surface  not 
lying  on  a  coordinate  can  lead  to  difficult  computer 
logic  and  interpolation  inaccuracies  and  hence  is  not 
to  be  recommended.  Orthogonal  systems  have  in  the 
past  often  been  selected  but  non  orthogonal  systems 
are  quite  readily  accommodated  in  finite  diffe.ence 
schemes  and  can  be  recommended  should  their  use 
simplify  the  computation  significantly.  More  general 
coordinate  systems,  not  so  specifically  tuned  to  one 
particular  geometry,  are  being  developed.  The  overall 
problem  is  reviewed  in  detail  by  Eiseman  and  McDonald 
(Ref.  16.117).  The  least  that  can  be  done  at  present, 

Is  in  constructing  or  modifying  a  computer  cod^  the 
metric  Information  should  be  left  arbitrary  in  Che 
main  body  of  the  code  and  set  In  some  easily  accessible 
subroutine . 

16.2.3  The  Extended  Three-Dimensional  Boundary 
Layer  Equations 

As  was  mentioned  earlier  the  conventional 
"boundary  sheet"  form  of  the  three-dimensional 
boundary  layer  equations  only  takes  into  account 
diffusive  effects  in  one  coordinate  direction.  The 
thin  boundary  sheet  approximations  have  proven  very 
valuable  but  in  a  number  of  critical  turbomachinery 
problems  some  of  the  boundary  sheet  approximations 
are  not  valid,  for  instance,  the  assumption  that 
spanwlse  rates  of  change  are  negligible  when  compared 
to  gradients  normal  to  a  wall  is  often  violated.  In 
Che  extended  boundary  layer  equations  the  spanwlse 
and  normal  velocities  and  their  rates  of  change 
are  assumed  to  be  of  the  same  order.  The  usual 
boundary  sheet  approximation  is  retained  that  the 
streamwlse  races  of  change  are  small  when  compared 
to  Che  normal  and  spanwlse  rates  of  change.  Finally, 
it  is  assumed,  almost  as  a  matter  of  definition,  that 
in  the  "boundary  layer"  the  pressure  field  (or  at 
least  Che  major  portion  of  it)  is  determined  either 
without  an  a  priori  knowledge  of  the  boundary  layer 
behavior  or  locally  by  means  of  mass  conservation 
without  upstream  propagation. 

The  extended  boundary  layer  equations  first 
seem  to  have  become  popular  in  studies  of  hypersonic 
boundary  layers  on  finite  flat  plates.  In  view  of 
the  flow  complexity  the  approaches  have,  to  date, 
all  been  entirely  numerical.  Nardo  and  Cresci 
(Ref.  16.124)  created  the  extended  three-dimensional 
laminar  boundary  layer  equations  at  hypersonic  speeds 
and  assumed  that  Che  pressure  gradients  were  negli¬ 
gible.  In  subsequent  work  Rubin  and  Lin  (Ref.  16.123) 
were  able  to  retain  the  pressure  terms  and  still 
treat  the  problem  by  forward  marching  in  view  of  the 
hypersonic  speeds  involved.  No  problems  seem  Co 
have  arisen  as  a  result  of  the  locally  subsonic 
region  of  flow  immediately  adjacent  to  the  wall. 
McDonald  and  Briley  (Ref.  16.65)  treated  a  viscous 
supersonic  jet  using  essentially  the  extended  boundary 
layer  equations  while  rigorously  retaining  the 
pressure  terms.  The  aim  of  the  work  of  McDonald 
and  Briley  was  mainly  to  investigate  the  numerical 
properties  of  their  scheme  without  the  complication 
of  pressure  assumptions  necessary  in  subsonic  flow. 
Subsequently  Briley  and  McDonald  (Ref.  16.118)  applied 
their  scheme  to  compute  the  flow  in  a  subsonic 
rectangular  curved  duct  which  was  in  fact  a  model  of 
the  turbine  vane  passage. 

In  a  separate  development  Caretto,  Curr  and 
Spalding  (Ref.  16.122)  devised  a  technique  for 
solving  the  extended  boundary  layer  equations  in 
Incompressible  flow.  Subsequently  Patankar  and 
Spalding  (Ref.  16,121)  produced  a  simplified  version 
of  the  procedure  of  Caretto  et  al.,  and  later  Patankar, 
Pratap  aud  Spalding  (Ref,  16.120)  and  Bergeles, 
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Gosman  and  Launder  (Ref.  16.119)  have  applied 
versions  of  this  simplified  scheme  to  practical 
problems  of  turbomachinery  Interest.  Neglecting 
turbulent  triple  correlations  Briley  and  McDonald 
(Ref.  16.118)  write  the  extended  turbulent  com¬ 
pressible  three-dimensional  boundary  layer  equations 
I  In  an  orthogonal  coordinate  system  as 

Continuity 

16.2  (5) 

I  Strearnvise-Momentum 


script  in  that  direction.  The  y-dlrection  inte¬ 
gration  is  essentially  that  of  the  normal  to  the 
wall  of  conventional  boundary  sheet  flows.  The 
molecule  is  written 
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In  this  form  the  governing  equations  can  be 
seen  to  introduce  two  additional  aspects  relative 
to  the  conventional  boundary  layer  equations.  The 
first  aspect  Is  that  additional  Reynolds  stress 
information  is  now  required  and  the  second  is, 
as  has  been  commented  upon  earlier,  diffusive 
fluxes  in  both  the  normal  and  spanwise  directions 
now  appear.  Deferring  discussion  of  the  Reynolds 
stress  information  until  the  section  on  turbulence 
modeling,  it  appears  at  first  sight  that  little 
in  the  way  of  complexity  has  been  introduced  by 
retaining  the  second  derivatives  with  respect  to 
the  spanwise  direction  z,  since  first  deriva¬ 
tives  with  respect  to  z  were  already  present 
and  indeed  with  explicit  schemes  this  is  obviously 
true.  The  complexity  mainly  occurs  with  implicit 
schemes  (provided  the  stability  of  the  explicit 
scheme  is  not  degraded)  and  is  quite  subtle  and 
is  best  explained  by  referring  to  the  appropriate 
finite  difference  molecule.  The  complexity  also 
needs  to  be  explained  so  that  the  correct  rela¬ 
tionship  between  the  conventional  and  the  extended 
boundary  Layer  equations  can  be  established.  The 
molecule  is  structured  with  the  y-directlon  out 
of  the  plane  of  the  page  and  j  the  running  .sub- 


Presumlng  that  the  scheme  is  started  and  the 
pressure  given  (this  point  will  be  returned  to), 
the  streamwise  marching  direction  is  x  and  the 
solution  is  desired  at  the  i,  j,  k^h  point  with 
the  entire  solution  already  obtained  at  the  1-1  and 
i-2  and  k-1  planes.  The  accepted  techniques 
advance  in  x  all  the  y  grid  points  at  each  z 
station.  The  process  is  repeated  in  the  direction 
of  increasing  z  .  Since  only  first  derivatives 
in  the  z- direction  appear  in  the  conventional 
boundary  layer  equations  it  is  possible  to  structure 
a  a-dlrection  first  derivative  at  the  i,  j,  k-l/2 
point  of  second  order  accuracy  involving  only  one 
unknown,  the  desired  1,  J,  k^^  point.  It  follows 
Chat  if  the  scheme  is  centered  on  the  k  “1/2  plane 
Che  X  and  z  marching  step  are  accomplished  simul¬ 
taneously  without  significant  complexity.  Indeed 
centering  on  k-1/2  has  been  used  to  good  effect 
even  with  explicit  integration  schemes.  The  problem 
of  negative  cross  flows  can  at  least  be  intuitively 
explained  by  observing  that  as  the  scheme  is  matched 
in  z,  a  negative  cross  flow  velocity  v  implies 
information  being  transferred  upstream  against  the 
direction  of  integration,  a  situation  well  known  to 
be  fraught  with  danger  and  not  alleviated  by  any 
implicit  formulation  unless  this  implicit  direction 
Is  in  the  direction  of  information  transfer.  This 
thought  is  discussed  in  detail  by  Kendall  et  al. , 

(Ref.  16.125),  but  for  the  moment  the  problem  with 
the  conventional  normal  direction  implicit  formu¬ 
lation  arises  if  a  second  derivative  in  the  z  -direc¬ 
tion  occurs,  since  such  a  derivative  requires  three 
points  in  the  z  -direction  as  a  minimum  and  in  an 
implicit  scheme  this  introduces  two  unknown  values, 
the  values  at  k  and  k+1,  complicating  the  z-step 
considerably.  The  z  -step  difficulty  now  resembles 
the  problem  of  advancing  a  y  -step  and  indeed  this 
resemblance  can  be  used  in  an  intuitive  manner  to 
structure  an  algorithm.  First  of  all  it  can  be 
Imagined  that  in  some  instances  an  explicit  evalua¬ 
tion  of  the  derivative  In  z  night  .ccufflce.  If  this 

proved  Inadequate  either  from  the  stability  or 
accuracy  viewpoint  (as  it  would  in  general),  one 
could  conceive  of  either  repeating  the  axial  step 
this  time  retaining  the  z  derivative  Implicitly 
and  treating  the  v  direction  explicitly.  With  an 
explicit  scheme  the  two-level  process  also  can  be 
used  to  good  effect  and  it  seems  on  an  intuitive 
basis  that  the  extended  boundary  layer  equations 
need  only  take  at  most  about  a  factor  two  in  central 
processor  computing  time  more  than  the  conventional 
equations.  Storage  may  be  increased  in  the  two  step 
process  but  peripheral  mass  storage  devices  can  be 
used  to  good  effect  in  this  problem  since  only  a 
limited  number  of  z  stations  need  be  In  the  central 
memory  at  any  one  time.  The  question  concerning  the 
role  of  the  pressure  complicates  matters  and  it  will 
be  discussed  further. 


.  • 
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the  foregoing  very  Intuitive  suggestions  are 
In  fact  central  to  the  very  powerful  Alternating 
Direction  Implicit  schemes  first  proposed  by 
Peaceman  and  Sachford,  of  which  more  la  said,  for 
Instance  by  Yanenko  (Ref.  16.75). 

There  are  two  major  problems  with  the  numerical 
treatment  of  the  extended  boundary  layer  equations, 
the  first  being  the  treatment  of  the  pressure  and 
the  second  Che  problem  of  starting  the  Integration. 
The  pressure  problem  Is  considered  first  and  for 
convenience  Incompressible  laminar  flow  Is  assumed. 
The  continuity  equation  and  the  three  momentum 
equations  then  provide  four  equations  In  four 
unknowns,  u,  v,  w,  and  p.  If  now  It  Is  desired  Co 
specify  the  pressure  field  p,  It  Is  necessary  to 
drop  one  equation  or  make  some  other  approximation. 
Within  the  usual  boundary  layer  framework  Che  trans¬ 
verse  momentum  equation  Is  favored  and  the  pressure 
field  consistent  with  a  negligibly  small  transverse 
velocity  Is  Imposed  upon  the  system.  After  the  fact, 
the  known  velocity  field  could  be  used  to  obtain  a 
modified  pressure  but  If  Che  boundary  layer  approxi¬ 
mations  are  valid  the  corrected  pressure  would  be 
negligibly  different  from  that  Imposed.  The  problem 
Is  now  evident  that  In  Che  present  case  it  is 
desired  to  Impose  a  pressure  field  yet  retain  all 
of  the  momentum  equations  so  that  some  sort  of 
further  approximation  la  required.  From  the  fore¬ 
going  it  la  not  Immediately  evident  why  In  the 
present  case  it  Is  necessary  to  Impose  a  pressure 
field  upon  the  problem;  to  explain  this  Che  problem 
must  be  viewed  slightly  differently.  If  each  of 
the  momentum  equations  Is  differentiated  In  turn 
with  respect  to  Che  direction  of  Che  pressure 
gradient  and  the  three  equations  added,  an  expression 
for  pressure  can  be  constructed  In  the  form 

V*p  •  <(u,v,w) 

16.2  (9) 

where  7^  Is  Che  usual  three  dimensional  Laplaclan 
operator.  The  pressure  equation  as  It  stands  Is 
then  governed  by  a  three-dimensional  elliptic 
partial  differential  equation  even  given  the 
velocity  field,  a  fact  inconsistent  with  Che  for¬ 
ward  marching  nature  of  the  proposed  solution. 

It  will  be  recalled  that  In  developing  the  extended 
boundary  layer  equations  In  order  to  produce  a 
problem  which  could  be  forward  marched.  It  was 
necessary  to  Introduce  the  assumption  that  second 
derivatives  with  respect  to  Che  marching  direction 
were  negligible;  however,  it  Is  apparent  that  this 
approximation  has  not  been  Introduced  Into  the 
pressure  behavior,  nor  Indeed  Is  it  desirable  to 
do  so.  Previously  It  has  been  observed  chat  In 
the  normal  two-dimensional  boundary  layer  it  was 
more  appropriate  to  neglect  pressure  gradients 
normal  to  Che  wall  rather  than  In  Che  axial  direc¬ 
tion,  and  for  many  reasons  It  Is  desirable  to  have 
the  present  system  reduce  to  the  well  established 
two-dimensional  system  In  the  limit.  The  dilemma 
is  resolved  when  It  Is  realized  that  In  generating 
a  system  of  equations  Chat  can  be  forward  marched 
It  Is  not  necessary  to  assume  Chat  second  deriva¬ 
tives  with  respect  to  the  screamwlse  direction  are 
negligible  but  only  necessary  to  assume  that  they 
are  known  a  priori.  This  observation  leads  to  the 
assumption  of  a  split  pressure 

P  •  Pi  P(  ♦  Py 

•  Pjli.y,!)  +  Pj(yiz)  +  Py(x) 

16.  2  (10) 


where  pj  Is  Che  imposed  pressure,  supposed  known 
In  advance  throughout  the  domain,  and  Pc  la  a  small 
additional  pressure  assumed  to  vary  negligibly  slowly 
In  the  axial  direction  and  determined  by  the  cross- 
flow  momentum  equations.  The  pressure  P;.)  la  a 
cross-sectionally  averaged  pressure  including,  in 
Internal  flow,  any  blockage  correction  to  the  pressure 
determined  by  the  need  to  globally  conserve  mass  In 
Che  duct.  Although  such  a  formulation  achieves  the 
desired  goal  of  rendering  the  system  amenable  to 
treatment  by  a  forward  marching  Integration  scheme 
several  new  problems  have  been  Introduced.  The 
Imposed  pressure  p^  Is  clearly  of  no  more  of  a 
numerical  problem  than  any  ocher  known  source  term 
and  need  not  be  considered  further  at  this  point, 
although  of  course  the  problem  of  determining  p^ 
may  be  very  significant.  The  first  and  obvious 
difficulty  Is  that  In  turning  the  problem  Into  an 
Initial-boundary  value  problem  an  extra  unknown 
parameter  Pj^fX)  has  been  Introduced.  In  unbounded 
flows  pj^  is  usually  not  assumed  to  vary  throughout 
the  domain  or,  as  in  internal  flows,  an  estimate 
of  Its  value  can  be  made  using  the  local  condition 
of  the  boundary  layer  which  would  either  be  of 
the  displacement  surface  type  or.  In  Internal 
flows,  the  usual  blockage  type  of  correction. 

Such  an  estimating  process  has  the  salient 
feature  that  It  does  not  allow  the  pressure  to 
propagate  back  upstream  and  preserves  the  forward 
marching  capability.  A  second  difficulty  emerges 
when  It  Is  realized  that  since  no  axial  derivative 
of  the  cross-flow  pressure  appears,  the  cross-flow 
momentum  equations  determine  Che  cross-flow 
pressure  p^,  only  to  within  an  arbitrary  function 
of  X.  The  arbitrary  function  may  be  evaluated 
at  each  streamwlse  station  by  the  corrolary  to 
the  definition  of  P).),  which  is  Chat 

tJJ  0 

16,2  (11) 

and  this  definition  may  be  applied  to  eliminate 
the  uniqueness  problem  by  allowing  rather 
arbitrary  function  boundary  conditions  to  be 
applied  at  one  end  for  the  cross -flow  pressure. 

If  the  solution  thus  obtained  for  some  assigned 
value  of  dpi.|/dx  is  denoted  by  a  prime  the  additive 
constant  'a'  required  to  set  the  correct  cross-flow 
pressure  level  Is  obtained  by 

JJpjdydi  •  xZ/'Pc’  ”7''*  •  ° 

0  ■  ■  x//Pe'‘ll'‘)«  16.2  (12) 

Returning  now  to  the  problem  of  determining  the 
mean  pressure  gradient  dpyi/dx  ,  it  is  to  be  borne 
In  mind  that  the  pressure  gradient  In  the  streamwlse 
momentum  equation  has  been  approximated 

iL  IEl  ^ 

dt  di  "  dx  /5x 

■°  16.2  (13) 

and  the  problem  is  to  determine  the  appropriate  value 
of  the  mean  pressure  gradient,  dpyj/dx. 

As  has  been  pointed  out  by  Briley,  If  the  local 
continuity  equation  is  satisfied  everywhere  in  the 
cross-section  and  the  no  slip  velocity  boundary 
conditions  are  applied  all  around,  then  global 
continuity  must  of  necessity  be  satisfied.  Thus  In 
schemes  of  this  aforementioned  type,  global  contin¬ 
uity  cannot  then  be  applied  to  determine  the  mean 
pressure  gradient.  Indeed  It  is  quite  clear  that 
In  any  scheme,  global  continuity  can  only  be  used  to 
determine  the  mean  pressure  gradient  In  lieu  of  the 
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zero  cross-flow  velocity  boundary  condition, 
presuming  of  course,  that  no  one  would  care  to 
have  a  solution  which  violated  the  local  contin¬ 
uity  equation.  As  a  matter  of  definition  the 
local  continuity  equation  In  cartesian  coordinates  Is 


4  ..  4  _  4  _ 

*47'’'' 


0 

16.2  (lA) 


and  the  global  equation  obtained  by  Integration 
over  the  cross  section  and  application  of  the  no  slip 
oondltlons  is 


^//pu  dydi  •  0 
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At  the  present  time,  three  schemes  have  been 
suggested  for  treating  this  problem  and  all  center 
around  iteratively  satisfying  the  local  continuity 
equation  by  correcting  the  pressure  field.  That 
Is,  to  date, the  solution  strategies  have  usually 
been  to  obtain  a  solution  to  the  momentum  equations 
at  the  expense  of  the  local  continuity  equation 
then  subsequently  correct  the  pressure  to  ensure 
local  satisfaction  of  the  continuity  equation  to 
within  some  tolerance.  The  three  schemes  are  those 
of  Briley  (Ref.  16.135),  Patankar  and  Spalding 
(Ref.  16.121)  and  Dodge  (Ref.  16.182).  The  very 
Interesting  duct  flow  analysis  of  Rubin,  Khosla 
and  Saarl  (Ref.  16.186),  although  It  will  not  be 
discussed  further  here  since  It  has  not  yet  been 
developed  to  the  point  to  where  It  can  be  applied 
to  turbulent  curved  duct  flow,  la  mandatory  reading 
for  anyone  seriously  Interested  In  this  problem 
and  gives  yet  another  method  of  correcting  the 
pressure  field. 


In  the  work  of  Briley  (Ref.  16.135)  the  axial 
coaentum  equation  is  solved  assuming  a  known  cross- 
flow  velocity  field  and  Che  mean  axial  pressure 
gradient  to  satisfy  global  continuity  determined 
by  a  secant  Iteration.  Using  the  upstream  cross- 
flow  pressures,  Che  cross-flow  momentum  equations 
are  solved  to  yield  improved  cross-flow  velocities. 
Small  corrections  to  these  cross-flow  velocities 
are  computed  to  enable  local  continuity  to  be 
satisfied.  The  corrections  are  assumed  to  satisfy 
a  potential  function.  Finally  an  improved  cross- 
flow  pressure  Is  determined  from  a  Poisson  equation 
obtained  from  the  differentiated  cross-flow  momen¬ 
tum  equations.  With  this  scheme  It  turns  out  to 
be  Impossible  to  set  the  no  slip  conditions  on  the 
corrections  which  allow  the  local  continuity 
equation  Co  be  satisfied  so  Chat  the  global  con¬ 
tinuity  equation  serves  to  ensure  the  satisfaction 
of  zero  normal  velocity  on  average  and  the  unique¬ 
ness  problem  Is  not  encountered.  The  principle 
difficulty  with  this  scheme  lies  In  the  uncc-toled 
sequential  nature  of  the  calculation,  leadi-q  one 
to  suspect  problems  In  compressible  flow  or  if 
the  cross  flows  became  large.  Also  the  assumption 
of  an  irrotatlonal  form  of  the  correction  to  the 
cross-flow  velocities  to  ensure  satisfaction  of 
the  local  continuity  equation  is  quite  speculative. 

In  Fig.  16.5  some  predictions  using  Briley's  scheme  are 
compared  to  measurements.  For  this  particular  flow  the 
secondary  velocities  are  small  and  very  good  agreement 
with  data  is  obtained. 


The  scheme  of  Patankar  and  Spalding  (Ref. 
16.121)  Is  conceptually  quite  similarly  structured 
but  whereas  Briley  (Ref.  16.135)  iterates  around 
the  full  axial  momentum  equation,  Patankar  and 
Spalding  simply  correct  the  first  trial  pressure 
gradient  and  velocity  field  using  an  invlscid  and 
approximate  form  for  the  appropriate  momentum 
equation.  The  approximate  technique  Involves 


balancing  the  streamwlse  convective  derivative  by 
the  appropriate  pressure  gradient.  Diffusive 
effects  and  the  convective  terms  in  the  cross 
section  are  neglected  In  this  approximation  and 
close  to  and  at  a  wall  the  approximation  Is 
obviously  Incorrect.  At  this  point  It  la  not  clear 
to  what  extent  these  assumptions  and  resulting 
approximations  prejudice  the  solutions;  however, 
as  with  Briley's  scheme,  difficulties  would  be 
expected  In  treating  compressible  flow  with  strong 
secondary  flow  as  a  result  of  the  coupled  sequential 
nature  of  the  calculation. 

In  the  work  of  Dodge  (Ref.  16,182)  the  entire 
pressure  field  Is  supposed  known  and  Che  momentum 
equations  marched  through  the  duct  to  produce  a 
flow  field.  This  process  of  course  leaves  Che 
local  continuity  equation  unsatisfied  so  now  a  new 
three-dimensional  potential  flow,  l.e.  pressure 
field,  for  the  duct  is  computed  which  results  In 
an  Invlscid  velocity  correction  which  permits  local 
continuity  to  be  satisfied.  The  Invlscid  and  three- 
dimensional  pressure  field  Is  computed  on  a  very 
coarse  mesh  to  obtain  reasonable  computational  run 
times.  The  whole  process  Is  repeated  Iteratively 
until  the  solution  of  the  momentum  equations  also 
satisfy  local  continuity  to  some  tolerance.  The 
somewhat  arbitrary  equation  splitting  technique 
used  by  Dodge,  together  with  the  coarse  mesh  Invlscid 
pressure  field  used,  also  give  one  the  impression 
that  a  great  deal  remains  to  be  done  by  way  of 
formalizing  this  particular  solution  technique. 

The  preceding  discussion  has  centered  on  the 
low  speed  problem  and  In  going  to  flows  with 
significant  compressibility  effects  and  heat  transfer 
both  the  energy  equation  and  Che  equation  of  state 
become  available.  At  supersonic  speeds  the  pressure 
and  all  Its  attendant  problems  can  be  removed  by 
eliminating  the  pressure  In  favor  of  the  density 
and  temperature,  the  temperature  being  specified 
by  the  energy  equation.  At  subsonic  speeds  the 
same  elimination  process  can  be  carried  out  but 
the  elliptic  pressure  problem  still  manifests 
Itself  in  the  inability  to  Impose  a  condition  of 
negligible  or  specified  second  derivative  of 
density  In  the  streamwlse  direction.  No  benefit 
thus  accrues  at  subsonic  speeds  to  eliminating 
the  pressure  via  the  density  and  temperature. 

Before  leaving  the  pressure  problem  It  should 
be  stated  that  at  the  present  time  none  of  the 
solution  strategies  developed  so  far  seem  adequate 
for  flows  with  significant  viscous  effects  on  the 
pressure  field.  Clearly  none  of  the  present 
proposals  give  a  good  representation  of  nearly 
Invlscid  rotational  flow  and  thus,  as  yet  cannot 
provide  a  bridge  between  boundary  theory  and 
secondary  flow  analyses.  Repeated  sweeping  through 
the  duct  to  obtain  the  partially  parabolic  approach 
squanders  the  economic  advantage  of  the  parabolic 
approach  vis  a  vis  a  solution  of  the  full  Navler- 
Stokes  equations  unless  an  Improved  pressure  field 
Is  obtained  In  a  few  global  sweeps  through  the 
duct.  Indeed  It  Is  a  presumption  which  has  to  be 
proven  valid  that  an  iteration  sequence  for  solving 
the  full  Navier-Stokes  equations  will  provide  a 
sequence  of  physically  more  realistic  pressure 
fields,  except  of  course,  close  to  convergence. 

It  is  to  be  hoped  that  further  effort  on  the  pressure 
problem  will  result  In  much  improved  analyses. 

Turning  now  to  the  starting  problem  It  can  be 
seen  that  the  starting  problem  Is  quite  similar 
to  the  problem  of  starting  a  conventional  three- 
dimensional  boundary  layer  with  only  the  addition 
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of  the  cross-flow  pressure  gradient  In  the  spanwlse 
direction.  The  tempting  proposition  of  neglecting 
this  cross-flow  gradient*  strictly  valid  for  a 
collateral  Inflow,  has  not  been  fully  explored  to 
date.  Similarity  solutions,  which  have  proven  so 
helpful  in  both  the  conventional  two  and  three- 
dimensional  boundary  layer  problem,  still  retain 
a  great  deal  of  attraction  for  starting  the  extended 
boundary  layer  equations  but  again  have  not  yet  been 
evaluated  in  this  problem.  Also  it  follows  from 
the  observations  concerning  the  simplifications 
which  arose  from  equation  splitting  that  the  precise 
numerical  formulation  can  have  an  impact  on  the 
starting  problem.  Indeed  Briley  et  al. ,  (Ref.  16.185) 
noted  chat  with  the  Russian  method  of  splitting 
(Yanenko,  Ref.  16.75)  as  opposed  to  a  Peaceman- 
Rachford  ADI  split,  the  system  no  longer  required  a 
starting  value  for  the  spanwlse  cross-flow  component 
w  (except  as  a  consequence  of  the  linearization 
process,  which  can  be  circumvented).  Obviously,  a 
great  deal  remains  to  be  done  by  way  of  exploring 
starting  procedures.  Indeed  it  is  clear  that  whilst 
full  of  promise,  the  existing  techniques  for  solving 
the  extended  three-dimensional  boundary  layer  equa¬ 
tions  at  low  speeds  have  a  long  way  to  go  even  before 
they  can  be  applied  with  confidence  even  to  those 
flows  where  the  flow  approximations  embodied  in  the 
overall  concept  might  be  expected  to  be  valid. 


16.3  Boundary  Layer  Separation 

Separation  is  the  rather  loose  term  given  to 
Che  flow  when  it  forms  a  region  within  itself 
which  is  inaccessible  by  convection  to  Che  flow 
coming  from  upstream.  Usually  a  wall  forms  one 
of  Che  bounding  surfaces  of  this  region  but 
for  instance  the  recirculacing  region  formed 
by  the  release  of  a  swirling  axial  jet  is  an 
example  of  separation  where  a  wall  is  not 
involved . 


16.3.1  Motivation  and  Background 

In  several  instances  of  very  great  concern 
to  turbomachinery  designers  the  occurrence  of 
significant  regions  of  separated  flow  is  termed 
'stall'  and  determines  the  boundary  of  the 
operating  envelope  of  the  device.  Compressor 
stall  is  a  very  obvious  example  which  springs 
to  mind.  Diffuser  stall  is  a  further  example 
and  in  both  these  examples  the  significant 
regions  of  flow  separation  cause  major  changes 
in  the  pressure  distribution  around  the  body 
as  well  as  greatly  increasing  the  drag  of  the 
system.  Stall  is  often  accompanied  by  an 
increased  flow  unsteadiness.  The  separation 
prediction  problem  is  compounded  by  the  observa¬ 
tion  that  catastrophic  flow  separation  (stall) 
is  a  very  sensitive  phenomenon  and  that  small 
local  separation  regions  can  occur  without  signi¬ 
ficant  deterioration  in  the  flow.  For  a  number 
of  subtle  reasons  arising  from  both  upstream 
and  downstream  conditions,  these  small  and  well- 
behaved  local  separations  can  suddenly  degenerate 
Into  the  large  separation  zones  characterizing 
stall.  It  follows  that  it  is  often  not  enough 
simply  to  predict  the  unset  of  separation, 
difficult  enough  as  that  may  be,  but  it  can 
also  bi-  important  to  be  able  to  nredict  at 
w!iat  point  the  small  separation  undergoes  its 
rretam.orphiv^  i  s  into  stall.  T!ie  problem  is  quite 
acute  in  both  compressor  and  diffuser  stall 
since  to  obtain  optimum  performance  it  is 
otten  desired  to  operate  the  device  on  the  verge 


of  stall.  Frequently  In  this  optimum  condition 
small  local  separation  regions  occur  in  the  flow 
and  a  knowledge  of  the  factors  influencing  this 
behavior  would  be  very  valuable. 


In  the  absence  of  any  reliable  theoretical 
stall  prediction  procedure  the  empirical 
approach  has  had  to  be  adopted  by  the  design 
engineers.  In  this  empirical  approach,  maps  of 
stall  zones  are  built  up  by  observation  as  the 
device  is  operated  over  a  range  of  critical  perfor¬ 
mance  parameters.  The  resulting  correlations  are 
then  attributed  a  more  general  significance 
and  applied  to  other  similar  devices.  Unfortu¬ 
nately  the  sensitivity  of  stall  to  a  myriad 
of  factors  has  caused  a  great  deal  of  concern, 
difficulty  and  expense  with  the  empirical 
approach  in  view  of  the  ^  hoc  nature  of  the  stall 
correlations.  In  an  effort  to  improve  the  above 
type  of  stall  correlation,  the  stall  has  been 
Supposed  determined  by  boundary  layer  separation 
and  criteria  for  boundary  layer  separation 
occurring  within  the  components  of  the  devices 
developed.  Sanborn  (Ref.  16,136)  for  instance 
has  recently  discussed  some  of  these  separation 
criteria  and  generally  they  relate  the  condition 
of  the  boundary  layer  at  separation  to  the  applied 
pressure  gradient,  in  the  general  form 
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where  f  is  some  function  determined  by  observation 
and  5  and  9  and  the  usual  boundary  layer  dis¬ 
placement  and  momentum  thicknesses.  The  ratio 
of  displacement  to  momentum  thickness  is  usually 
termed  the  shape  parameter*  H,  and  the  problem 
of  determining  the  streamwise  variation  of  the 
shape  parameter  H  is  left  open  at  this  point. 

The  obvious  suggestion  of  predicting  the  entire 
boundary  layer  behavior  and  thereby  determining 
the  variation  of  shape  parameter  H  is  somewhat 
self  defeating  at  this  point  since  such  a  proce¬ 
dure  would  also  either  directly  predict  the 
separation  point  or  allow  an  estimate  of  the 
separation  point  location  to  be  made  independently 
of  the  empirical  correlation  function  f.  Sanborn's 
view  Was.  that  none  of  the  available  procedures 
(at  that  time)  could  give  a  reliable  prediction 
of  the  separation  location  and  that  these 
empirical  correlations  would  serve  as  'correctors' 
CO  the  theoretical  predictions.  Valid  as  that 
observation  nay  have  been  it  is  to  be  expected 
that  in  the  light  of  the  ra  |id  developments  with 
the  conventional  two  and  three-dimensional 
boundary  layer  equations  and  turbulence  models 
in  the  near  future,  ef f Icient  and  accurate  means 
of  theoretically  predicting  the  onset  of  separa¬ 
tion  will  become  available  (this  remark  will 
be  qualified  subsequently).  The  crucial  problem 
of  determining  at  what  point  the  separating 
boundary  layer  degenerates  into  stall  can  be 
.solved  by  tracing  the  subsequent  'boundary  layer' 
behavior.  At  t\\is  point  difficulties  (conceptual 
and/or  numerical)  are  encountered  with  spatial 
forward  marching  solutions  to  the  governing 
equations.  Downstream  effects  are  most  evidently 
?>rc'pagat  tog  upstreaf^  and  clearly  botl\  the  govern¬ 
ing  equations  and  the  Integration  schemes  must 
allow  this  upstream  propagation.  Pressure  effects 
require  special  cons i deral ion  since  the  thickening 
i-f  the  boundarv  Javors  as  separation  is  approached 
can  CfUise  changes  in  tlie  vc-rv  pressure  distribu¬ 
tion  wliich  is  driving  the  bouiularv  laver  to 
separate  in  the  first  place. 
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In  recent  years,  with  the  achievement 
of  satisfactory  predictions  of  the  mean  flow 
behavior  of  many  attached  two-dimensional  boundary 
layers,  a  number  of  Investigators  have  turned  their 
attention  to  the  problem  of  not  only  predicting 
the  onset  of  separation  but  of  predicting  also 
the  subsequent  separated  flow  behavior.  When  the 
external  flow  Is  supersonic  Che  topic  actually 
has  had  a  long  and  Illustrious  history  starting 
with  the  shock  wave  boundary  layer  Interaction 
work  of  Crocco  and  Lees  (Ref.  16,13A)  with 
Integral  methods  playing  a  major  role.  The  more 
recent  studies  have  been  concerned  with  the  problems 
which  arise  both  at  subsonic  and  supersonic  speeds 
when  finite  difference  schemes  are  used  to  predict 
Che  behavior  of  the  shear  layers.  It  turns  out 
that  In  using  Integral  prediction  schemes  a  number 
of  difficulties  which  cause  major  problems  with 
finite  difference  schemes  are  not  Immediately 
evident.  The  motivation  for  persevering  with  the 
finite  difference  scheme  stems  from  the  belief 
that  such  schemes  are,  or  will  eventually  be,  more 
accurate  in  view  of  the  difficulty  of  accurately 
characterizing  Integral  velocity  and  temperature 
profile  families  for  separating  turbulent  two  or 
three  dimensional  boundary  layers.  Another 
motivation  for  persevering  with  the  finite 
difference  schemes  could  be  Che  belief  that  by 
glossing  over  some  of  the  difficulties  the  Integral 
moment  equations  are  In  fact  missing  some  key 
physical  processes. 

Before  proceeding  to  develop  the  governing 
equations  It  Is  convenient  to  Introduce  the 
concept  of  strong,  weak  and  local  Interaction. 

As  is  well  known  In  developing  the  usual  Prandtl 
form  of  the  boundary  layer  equations  the  assump¬ 
tion  of  nearly  parallel  flow  to  the  boundary 
surface  results  in  the  approximation  that  the 
pressure  acting  on  the  boundary  layer  Is  that 
Imposed  by  the  free  stream  and  further  that, 
at  worst,  the  growth  of  the  boundary  would  cause 
only  a  small  change  in  this  Imposed  pressure 
which  could  be  accounted  for  by  a  slight  'displace¬ 
ment  surface'  shift  in  the  body  contour.  For 
obvious  reasons  this  type  of  boundary  layer  flow 
is  termed  'weak  interaction'  and  this  terminology 
refers  in  the  main  to  the  pressure  field  distor¬ 
tion  due  to  the  presence  of  the  boundary  layer. 
Strong  interaction  is  the  term  applied  to  flows 
where  the  imposed  pressure  would  be  considerably 
different  if  the  boundary  layer  were  not  present. 

The  flow  over  a  stalled  airfoil  would  be  one 
example  of  such  a  flow.  Lastly  the  term  local 
interaction  refers  to  some  small  domain  in  an 
otherwise  weak  interaction  flow  field  where  it  is 
necessary  to  take  into  account  the  local  distor¬ 
tion  of  the  pressure  field  due  to  the  boundary 
layer.  The  aim  here  might  be  more  to  locally 
improve  the  boundary  layer  prediction  than  an 
interest  in  determining  the  boundary  layer  Impact 
on  the  pressure.  The  softening  effect  of  a  rapidly 
growing  boundary  layer  on  the  pressure  gradient 
driving  it  has  been  known  for  some  time,  but  to 
some  extent  disguised  by  the  usual  mode  of  testing 
boundary  layer  prediction  schemes  which  uses 
measured  pressure  distributions. 

The  foregoing  categorization  into  strong, 
weak  and  local  interaction  serves  to  give  an 
indication  as  to  the  degree  of  approximation 
possible  in  the  governing  equations.  Exceptions 
can  and  do  arise,  depending  to  some  extent  on 
the  information  being  sought.  For  instance, 
supersonic  shock  wave  boundary  layer  ^interaction 
is  probably  the  origin  of  the  term  'strong 


interaction'  yet  boundary  layer  momentum  integral 
methods  have  an  enviable  prediction  record  In 
this  category,  at  least  Insofar  as  the  wall  pressure 
distribution  In  laminar  flow  is  concerned.  However, 

It  Is  to  be  expected  that  In  a  strong  Interaction 
subsonic  flow,  the  full  Navier-Stokes  equations 
would  be  required  to  make  any  sort  of  reasonably 
reliable  mean  flow  prediction,  even  given  an 
adequate  turbulence  model.  The  weak  Interaction 
approximation  follows  from  the  boundary  layer 
approximations  and  its  use  is  permissible  wherever 
the  streamwlse  rate  of  change  of  displacement 
thickness  Is  not  large.  At  least  superficially, 
use  of  the  weak  interaction  hypothesis  Is  not 
restricted  to  attached  flows  and  it  can  in 
principle  be  applied  to  separated  flow.  Locally 
strong  Interactions  have  a  restricted  domain 
wherein  the  rate  of  change  of  displacement  thick¬ 
ness  is  not  small  but  where  the  flow  still  retains 
much  of  its  boundary  layer  like  character.  Within 
this  rather  loose  category  one  might  place  the 
supersonic  shock  wave  boundary  layer  Interactions 
which  are  quite  well  predicted  by  the  integral 
moment  procedures.  More  generally,  however,  the 
local  interaction  concept  raises  the  prospect 
of  a  locally  imbedded  region  wherein  something 
more  than  the  conventional  boundary  layer  equations 
could  be  used  to  describe  the  flow  and  interface 
boundary  conditions  between  the  flow  regions  used 
to  obtain  the  flow  interaction.  The  benefit  here 
would  be  that  by  restricting  the  region  within 
which  the  flow  is  described  by  something  other  than 
the  usual  boundary  layer  equations  the  computational 
expense  is  similarly  restricted. 

There  are  two  remaining  aspects  of  the  separa¬ 
tion  problem  which  merit  discussion  here.  The 
first  is  that  treatment  of  the  problem  by  forward 
marching  in  space  results  In  the  inflow  boundary 
condition  problem.  Here  at  some  point  fluid 
enters  the  computational  domain  In  some  amount 
which  varies  with  the  upstream  boundary  conditions 
but  which  physically  also  depends  upon  some 
downstream  boundary  conditions  not  yet  part  of  the 
spatial  marching  domain.  One  could  for  Instance 
easily  bleed  off  a  small  amount  of  fluid  from  near 
the  reattachment  end  of  a  two-dimensional  separation 
bubble  which  supposedly  only  weakly  interacted  with 
the  pressure  field.  This  small  amount  of  bleed 
would  move  the  separation  point  but  would  not  be 
known  in  advance  to  a  spatial  marching  scheme  unless 
by  iteration.  Clearly  the  problem  requires  that  down¬ 
stream  conditions  have  an  effect  on  the  solution  and 
Insofar  as  forward  marching  in  space  this  Implies  a 
shooting,  iterative  type  of  approach.  The  second 
problem  with  separation  lies  in  the  observation 
that  the  steady  boundary  layer  equations  are  in 
fact  singular  at  a  separation  point  when  solved  in 
the  conventional  manner  with  an  imposed  free 
stream  pressure  distribution.  The  separation 
singularity  has  been  discussed  for  example  by 
Goldstein  (Ref.  16.187)  and  more  recently  has  been 
reviewed  by  Stewartson  (Ref.  16.188)  who  earlier 
introduced  'triple  deck'  to  treat  this  problem, 
of  which  more  will  be  said  later.  The  belief  that 
the  boundary  layer  equations  should  be  able  to 
describe  weak  interaction  separation  has  led  to  the 
suggestion  that  the  singularity  results  from  a 
failure  to  recognize  a  very  local  interaction  with 
the  invlscid  flow.  Since  the  usual  spoaratlon 
singularity  in  two  dimensions  is  manifested  by  an 
infinite  displacement  thickness  and  an  infinite 
gradient  of  wall  shear  at  separation,  efforts 
have  been  made  to  compute  Inverse  solutions  in 
which  either  a  smooth  distribution  of  displacement 
thickness  or  wall  shear  is  Imposed  and  the  free 


stream  velocity  distribution  is  recovered  as 
part  of  the  solution.  Such  techniques  have 
sometimes  been  termed  'indirect'  to  differentiate 
them  from  the  'direct'  approach  where  the  pressure 
gradient  is  either  Imposed  or  determined  locally. 
There  is  numerical  evidence,  Catherall  and  Mangier 
(Ref.  16.189),  Klineberg  and  Steger  (Ref.  16.190), 
and  Carter  (Ref.  16.191)  that  an  inverse  technique 
does  indeed  remove  the  singularity  at  separation 
although  in  some  cases  other  difficulties  have 
persisted  downstream  of  separation.  Inverse 
techniques  do  also  have  the  attribute  that  they 
Introduce  downstream  information  into  the  pro¬ 
blem,  thus  meeting  the  first  difficulty  with 
the  steady  boundary  layer  equations  mentioned 
earlier.  The  major  problem  with  inverse  proce¬ 
dures,  regardless  of  how  well  they  remove  any 
singularities  and  introduce  the  downstream  bound¬ 
ary  conditions,  is  the  necessity  of  arranging 
to  satisfy  the  free  stream  boundary  conditions, 
perhaps  not  in  the  Immediate  locality  of  the 
separation,  but  certainly  both  upstream  and 
downstream  of  separation.  Inverse  procedures 
are  therefore  expected  to  be  either  difficult 
or  relatively  expensive  to  use  routinely  since 
they  would  require  some  sort  of  Iteration  to 
determine  the  appropriate  distribution  of  the 
specified  variable  which  would  allow  the  desired 
free  stream  conditions  to  be  obtained. 

In  the  literature  there  are  at  present 
two  alternatives  to  shooting  or  Inverse  tech¬ 
niques  of  treating  separated  boundary  layers  in 
subsonic  flow.  The  first  is  simply  to  abandon 
the  boundary  layer  equations  and  retreat  to  the 
safety  of  the  complete  Navler-Stokes  equations. 
This  approach  obviously  allows  for  the  proper 
influence  of  downstream  boundary  conditions  and 
avoids  Che  separation  singularity  since  the 
Navler-Stokes  equations  are  regular  at  separation. 
Both  Briley  (Ref.  16.192),  Leal  (Ref.  16.193) 
and  Briley  and  McDonald  (Ref.  16.194)  have  used 
this  approach  and,  as  well  as  not  being  limited 
to  flows  where  Che  boundary  layer  approxima¬ 
tions  are  valid,  Che  techniques  are  not 
necessarily  computationally  much  more  expensive 
than  the  shooting  or  Inverse  techniques  for  the 
boundary  layer  equations  in  view  of  the  outer 
global  iteration  required  with  the  'boundary 
layer'  techniques.  A  second  alternative  is 
suggested  by  Briley  and  McDonald  and  solves  the 
steady  boundary  layer  equations  by  an  asymcotic 
time  marching  integration  (which  is  quite 
analogous  to  an  iterative  or  relaxation  solution 
process).  At  each  time  step  (or  'iteration', 
if  one  prefers  that  terminology)  the  inosed 
pressure  field  is  corrected  for  the  dis'lace- 
ment  thickness  change  which  occurred  across  the 
time  step.  In  the  previously  Introduced  termin¬ 
ology  this  type  of  solution  may  be  termed  a 
'locally  interacted  direct'  solution.  Downstream 
boundary  conditions  are  allowed  for,  and  Briley 
and  McDonald  (Ref.  16.194)  were  able  to  structure 
the  boundary  layer  solution  algorithm  such  that 
they  obtained  significant  gains  in  efficiency 
relative  to  the  solution  techniques  for  the  full 
Navler-Stokes  equations.  The  Brlley-McDonald 
suggestion  is  very  similar  in  concept  to  the 
'triple-deck'  approach  described  by  Stewartson 
(Ref.  16.188),  Indeed  the  Briley-McDonald 
technique  could  be  thought  of  as  a  'double¬ 
deck'  version  of  triple  deck,  and  more  of  this 
will  be  discussed  later. 


very  little  difference  between  solutions  to  the 
Navler-Stokes  equations  and  the  boundary  layer 
equations,  at  least  for  the  range  of  flow  conditions 
and  boundary  conditions  they  Investigated.  In  this 
way  the  belief  that  the  boundary  layer  equations 
would  be  valid  in  certain  types  of  flow  separation 
is  justified. 


16.3.2  The  Governing  Equations 

Here  the  format  of  Briley  and  McDonald 
(Ref.  16.194)  is  followed  for  illustrative  purposes. 
Subsequently  this  development  will  be  related  to 
the  triple-deck  approach  described  by  Stewartson 
(Ref.  16.188).  The  analysis  is  for  the  present 
restricted  to  two-dimensional  incompressible  flow. 
The  extension  to  compressible  flow  is  quite 
straightforward  if  it  is  not  desired  to  retain 
true  time-dependent  behavior.  More  skill  is 
required  if  true  time  dependency  with  compressibil¬ 
ity  is  required.  Three-dimensional  compressible 
flow  is  also  amenable  to  treatment  along  similar 
lines  but  as  yet  very  little  has  been  accomplished. 
It  is  likely  that  this  state  of  affairs  will  be 
altered  in  the  near  future.  The  ensemble  averaged 
incompressible  Navler-Stokes  equations  are  written 
in  terms  of  stream  function  and  vorticity  to 
eliminate  the  awkward  pressure  terms.  This 
simplifies  matters  but  similar  algorithms  can  be 
constructed  retaining  the  pressure. 

The  vorticity  and  stream  function  equations 
are  written 
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with  the  usual  definitions  of  stream  function  and 
vorticity 

u*-rr  V*-  — 
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If  the  shear  layer  is  thin  then  the  Reynolds  stress 
term  in  streamwise  direction  S^u'y'/^x^  may  be 
neglected.  Also  based  on  presently  available 
information  the  Reynolds  normal  stress  term 
92(u*2  -  v'2)/3x2  may  be  dropped  without 
serious  loss  of  accuracy.  Both  of  these  stress 
contributions  can  be  retained  If  desired  or 
subsequent  information  Indicates  their  importance 
in  certain  flows,  and  they  cause  little  numerical 
difficulty  with  the  Navier-Stokes  procedures. 

Within  the  boundary  layer  framework  such  terms  would 
be  very  awkward  unless  some  time  lagged  evaluation 
sufficed.  With  all  of  the  usual  reservations 
the  eddy  viscosity  concept  is  introduced  to  describe 
the  Reynolds  shear  stress  -u’v'  and  is  written 

—  9u 
-u’v'  •  — — 

^  dy 
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For  thin  small  separation  bubbles  Briley 
and  McDonald  were  able  to  show  that  there  was 
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where  the  3v/3x  term  in  the  vortlclty  definition  has 
been  neglected.  The  vortlclty  equation  then  becomes 
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3^{v  +  Vt)C 
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and  the  stream  function  equation  retains  Its 
previously  given  form.  If  now  the  second  deriva¬ 
tives  with  respect  to  the  streamwlse  direction  x 
are  neglected,  the  vortlclty  and  stream  function 
equations  reduce  to  a  form  which  Is  equivalent 
to  the  boundary  layer  equations.  Indeed  the 
reduced  equations  can  alternatively  be  derived 
from  the  usual  time  dependent  boundary  layer 
equations  by  differentiating  with  respect  to  the 
normal  direction  y  and  using  the  boundary  layer 
approximation  that  i  Is  approximately  given  by 
3u/3y. 


The  wall  and  free  stream  boundary  conditions 
employed  are 

u*v*0  y*0 

u  •  u,+  Uj  5*0  y  >  8 
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where  S  Is  some  boundary  layer  thickness  and 
Is  the  specified  Invlscld  'free  stream' 
velocity  distribution.  The  term  represents 
the  elliptic  correction  due  to  the  local 
Interaction  between  the  viscous  and  Invlscld 
regions  via  the  displacement  surface.  This 
contribution  can  be  estimated  from  the  standard 
techniques  of  Invlscld  aerodynamics  and  Briley 
and  McDonald  (Ref.  16.194)  discuss  a  particu¬ 
larly  simple  source-sink  technique;  however 
the  topic  will  not  be  discussed  further  here. 
Stewartson  (Ref.  16.188)  discusses  various 
techniques  for  deriving  similar  corrections 
within  triple-deck  theory.  As  Initial  conditions 
either  a  stagnation  point  similarity  solution 
or  some  other  boundary  layer  procedure  could 
be  used  to  specify  inlet  profiles  of  t  and 
v.^.  At  the  downstream  boundary,  provided  the 
separated  region  Is  enclosed  between  the 
upstream  and  downstream  stations,  the  boundary 
condition  that  3^C/3x^  “  0  can  he  applied.  The 
corresponding  scream  function  condition  can  be 
Implied  from  the  coupled  nature  of  the  solution 
at  Che  boundaries  but  if  this  Is  not  a  convenient 
process  the  condition  that  3^Y/Bx^  •  0  usually 
serves  Just  as  well.  To  complete  the  problem 
Che  turbulent  viscosity  must  be  prescribed 
as  before  this  Item  Is  deferred  until  the  section 
on  turbulence  modeling  and  for  the  time  being 
It  is  simply  assumed  that  \ij  Is  known. 

Ac  this  point  the  problem  Is  defined.  In 
the  traditional  boundary  layer  manner  Che 
Invlscld  flow  outside  Che  Immediate  vicinity 
of  Che  boundary  layer  Is  assumed  known  from  some 
ocher  source.  A  conventional  boundary  layer 
calculation  Is  performed  and  In  the  vicinity  of 
Che  predicted  separation  an  embedded  region  Is 
defined  which  would  be  expected  to  encompass  the 
entire  separated  region.  Inlet  conditions  to 
Che  region  are  obtained  from  Che  conventional 
boundary  layer  calculation.  Outer  boundary 
conditions  are  obtained  from  the  Invlscld  flow 
calculation  (note  that  v,  Che  transverse  velocity 
la  not  matched  on  Che  Interface).  Surface 
boundary  conditions  are  the  usual  no  slip 
conditions.  Exit  boundary  conditions  are  the 
very  mild  restriction  that  the  flow  should 
exhibit  boundary-layer  like  characteristics  on 


exit.  Within  the  embedded  region  the  governing 
equations,  which  depending  on  the  nature  of  the 
separation  could  either  be  the  full  Navier- 
Stokes  equations  or  the  boundary  layer  equations, 
are  then  solved.  In  view  of  the  desire  to 
Interact  Che  embedded  viscous  region  and  the 
Invlscld  flow  an  Iterative,  or  equivalently,  a 
time  marching  scheme  Is  very  attractive.  In 
this  way  at  each  time  step  the  Interaction  contri¬ 
bution  to  the  invlscld  axial  velocity  at  the  outer 
edge  of  the  viscous  domain  can  be  computed  based 
on  the  computed  displacement  surface  effect  at 
Chat  time.  Thus  both  the  Interaction  effect  and 
the  Iteration  process  can  be  carried  out  simul¬ 
taneously.  Direct  methods,  that  Is  non-lteraclve 
methods,  of  solving  Che  steady  Navier-Stokes 
equations  are  obviously  at  a  conalderable  dis¬ 
advantage  If  the  solution  must  be  subsequently 
corrected  Iteratively  for  the  Interaction  process. 
Some  results  from  the  work  of  Briley  and  McDonald 
(Ref.  16.194)  are  shown  in  Fig.  16.6. 


At  this  point,  it  Is  worthwhile  to  Introduce 
Stewartson 's  'triple  deck'  (Ref.  16.188)  concept 
In  a  little  more  detail.  In  this  approach 
Stewartson  has  very  effectively  synthesized  Che 
Stratford  (Ref.  16.46)  and  Llghchlll  (Ref.  16.196) 
boundary  layer  points  of  view  Into  an  analysis  of 
separation.  In  the  direction  normal  to  the  wall 
three  distinct  layers  or  'decks'  are  Identified. 

The  middle  deck  joins  an  outer  external  flow  to 
an  inner  region  where  viscous  effects  are 
Important.  This  middle  deck  follows  the  Stratford 
view  of  the  outer  region  of  Che  boundary  layer 
Inasmuch  as  at  high  Reynolds  numbers  and  with 
rapid  pressure  changes  this  region  Is  supposed 
adequately  described  by  a  rotational  but  Invlscld 
analysis  with  Bernoulli's  equation  governing  the 
flow  along  streamlines.  The  lower  deck  Is 
supposed  thin  and  here  the  boundary  layer  approxi¬ 
mations  are  assumed  valid,  resulting  In  a  layer 
governed  by  the  usual  (Incompressible)  boundary 
layer  equations.  The  upper  deck  Is  the  external 
invlscld  flow  containing  the  effects  of  the 
Interaction  with  the  middle  and  lower  decks. 

Length  scales  appropriate  to  each  region  are 
Introduced  and  the  three  decks  matched  using  the 
pressure  from  the  lower  edge  of  the  upper  deck. 

By  this  means  a  very  powerful  analysis  of  con¬ 
siderable  theoretical  Interest  emerges. 

Stewartson's  analysis  Is  applicable  In  subsonic, 
supersonic  and  hypersonic  flows  and  In  view  of 
the  assumptions  used  In  It,  the  analysis  Is 
appropriate  for  high  Reynolds  numbers,  rapid 
pressure  rises  and  thin  separation  zones.  VRillsc 
providing  very  valuable  information  as  to  the 
Interaction  scales,  the  triple  deck  analyses  are 
somewhat  limited  for  routine  use  In  desi'gn  analysis 
problems  by  virtue  of  its  many  Idealized  approxi¬ 
mations  Introduced  to  allow  the  penetrating 
theoretical  development  which  has  subsequently 
followed. 

As  mentioned  previously  the  approach  of 
Briley  and  McDonald  (Ref.  16.194)  whilst  not 
originally  framed  In  the  triple  deck  terminology 
can  clearly  be  thought  of  as  a  double  deck 
analysis  where  Stewartson's  middle  and  lower  decks 
are  merged  into  one  deck  which  Is  treated  entirely 
numerically.  This  direct  numerical  approach 
allows  laminar,  transitional  or  turbulent  flow 
with  non-tlmllar  Initial  boundary  layers  to  be 
treated.  The  casualty  Is  of  course  that  Inter¬ 
action  scale  relationships  no  longer  emerge  by 
analysis  but  by  numerical  experiment  when  the 
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double  deck  approach  la  used.  The  reward  Is  that  che 
direct  numerical  aporoach  Is  less  restrictive  and  well 
suited  to  Implementation  Into  design  analyses. 

One  further  subtlety  remains  and  this  concerns  the 
relationship  between  the  Navler-Stokes  equations  and 
the  boundary  layer  equations.  In  performing  calcula¬ 
tions  with  the  direct  numerical  approach  It  Is  quite 
feasible  to  Initiate  the  process  using  che  boundary 
layer  equations  and  later  when  the  system  Is  nearly 
converged  If  desired  che  Navler-Stokes  equations 
could  be  used.  In  Iterative  solution  techniques  It 
usually  follows  chat  the  better  che  Initial  guesa  che 
more  rapidly  the  solution  will  converge  and  obviously 
a  nearly  converged  boundary  layer  solution  Is  better 
chan  some  arbitrary  guessed  Initial  solution.  The 
subtlety  arises  In  obtaining  significant  computational 
savings  by  using  che  boundary  layer  equations.  It 
follows  chat  If  an  algorithm  has  been  structured  to 
solve  che  Navler-Stokes  equations  Chen  simply  deleting 
the  appropriate  second  derivatives  will  only  reduce 
che  amount  of  computation  by  a  trivial  amount.  The 
algorithm  must  be  restructured  to  cake  full  advantage 
of  Che  deleted  terms.  The  problem  Is  merely  another 
variant.  Indeed  che  Inverse,  of  che  previously 
Introduced  problem  of  che  conventional  vis  i  vis, 
che  extended  three-dimensional  boundary  layer  equations. 
It  will  be  recalled  chat  It  was  observed  chat  the 
conventional  three-dimensional  boundary  layer  equations 
contained  only  diffusive  fluxes  normal  Co  one  wall  and 
as  a  result  some  schemes  took  good  advantage  of  the 
appearance  of  only  first  derivatives  In  che  spanwlse 
direction.  However  when  che  extended  boundary  layer 
equations  were  treated,  the  appearance  of  two 
diffusive  fluxes  and  Che  consequent  appearance  of  a 
second  derivative  In  the  spanwlse  direction  required 
a  special  restructuring  of  the  algorithm.  For  the 
present  problem  che  analogy  Is  complete  If  che 
screamwlse  coordinate  of  che  three-dimensional  problem 
Is  Interpreted  as  che  time  coordinate  of  che  present 
two-dimensional  problem.  The  extended  boundary  layer 
cross-flow  equations  are  then  Interpreted  as  che  two- 
dimensional  time-dependent  Navler-Stokes  equations 
and  the  conventional  boundary  layer  cross-flow 
equations  are  Interpreted  as  che  two-dimensional  time- 
dependent  boundary  layer  equations.  With  this  In  mind 
the  cross-flow  stability  parameter  Y  for  the  three- 
dimensional  boundary  layer  equations  can  now  be  written 
In  Cartesian  coordinates  as 


relationship  which  can  readily  be  created 
Implicitly  and  simultaneously  with  tlie 
y-lmpllclt  sweep  of  the  vortlclty  equation. 
Further  restructuring  of  the  algorithm 
could  doubtlessly  be  undertaken  particularly 
with  a  view  to  treating  the  vortlclty 
equation  In  the  aeml-lmpllclt  manner 
mentioned  earlier  with  regard  to  the  three- 
dimensional  boundary  layer  equations.  Such 
restructuring  would  doubtless  be  at  the 
expense  of  the  unconditional  stability 
of  the  system  and  at  most  It  would  only 
reduce  the  present  computational  effort  by 
roughly  252,  an  amount  not  commensurate 
with  the  cost,  In  the  opinion  of  Briley  and 
McDonald  (Ref,  16.194). 

As  mentioned  earlier,  a  compressible 
version  of  the  previously  described  scheme 
of  Briley  and  McDonald  could  be  constructed 
relatively  easily  if  true  time  dependency 
were  not  required,  since  no  simple  analogous 
form  of  the  vortlclty  equation  exists  for 
time-dependent  compressible  flow.  A  simple 
time-dependent  vortlclty  equation  could  be 
fabricated  and  solved  with  the  only  require¬ 
ment  being  that  at  steady  state  the  correct 
form  of  the  compressible  vortlclty  equation 
was  obtained.  Another  approach  would  be 
to  proceed  In  a  similar  fashion  to  Patel 
and  Nash  (Ref.  16.127)  and  convert  a  three- 
dimensional  boundary  layer  scheme  Into  a 
two-dimensional  time-dependent  procedure. 

In  view  of  the  their  unconditional  stability, 
three-dimensional  Implicit  schemes  such  as 
that  devised  by  Kendall  et  al ., (Ref .  16.125) 
and  McDonald  and  Briley  (Ref.  16.65)  would 
obviously  be  candidates.  In  their  present 
forms  the  schemes  of  Patel  and  Nash 
(Ref.  16.  127)  and  Kendall  et  al . ,  (Ref 
(Ref.  16.125)  are  really  only  suitable  for 
performing  the  boundary  layer  version  of  the 
interaction  but  little  difficulty  would  be 
expected  with  the  scheme  of  McDonald  and 
Briley  (Ref.  16.65)  in  treating  both  the 
compressible  boundary  layer  and  the  Navler- 
Stokes  formulation.  Stewartson  (Ref.  16.188) 
describes  the  application  of  triple  deck  to 
supersonic  as  well  as  subsonic  Interactions. 
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and  as  before  numerical  schemes  which  are  restricted 
to  Y  positive  (no  reverse  flow)  as  clearly  unacceptable 
in  the  present  problem.  The  restriction  of  y  greater 
than  -1  would  obviously  be  much  more  acceptable.  The 
Inference  to  be  drawn  from  the  foregoing  remarks  Is, 
not  only  does  it  require  more  effort  than  simply  dropping 
some  terms  In  the  governing  equations  to  obtain  benefit 
from  solving  the  time-dependent  boundary  layer  equations, 
but  care  must  be  taken  to  ensure  that  any  modified 
algorithm  does  not  suffer  from  unduly  restrictive 
stability  conditions.  In  their  scheme  Briley  and 
McDonald  (Ref.  16.194)  obtained  an  unconditionally 
stable  scheme  by  retaining  a  fully  Implicit  treatment 
of  the  boundary  layer  form  of  the  vortlclty  equation 
much  as  was  done  for  the  Navler-Stokes  equation.  The 
savings  In  computation  all  comes  from  the  simplified 
stream  function  equation.  Previously  In  solving  the 
Navler-Stokes  equations,  the  scream  function  equation 
was  an  elliptic  equation  of  the  Poisson  type  and  re¬ 
quired  considerable  computational  effort  to  obtain  a 
solution  at  each  time  step.  In  the  boundary  layer  scheme 
this  Poisson  equation  Is  reduced  to  a  one-dlmenslonal 


As  was  mentioned  earlier,  the  reason 
for  considering  an  embedded  separation 
region  was  simply  to  restrict  the  problem 
domain  for  economy  reasons.-  In  some  cases 
either  it  Is  not  feasible  to  restrict  the 
domain  or  the  embedding  Is  done  differently 
to  that  explained  here.  Examples  of  this 
type  are  to  be  found  mainly  In  the  more 
recent  work  In  shock  wave  boundary  layer 
Interaction.  Baldwin  and  MacCormack 
(Ref.  16.129)  and  Diewert  (Ref.  16.130) 
considered  shock  wave  boundary  layer  Inter¬ 
actions  In  turbulent  flow  using  MacCormack's 
variant  of  the  Lax-Wendroff  scheme  to  solve 
the  two-dimensional  compressible  time- 
dependent  Navler-Stokes  equations, 
see  Fig. 16.7.  A  similar  study  on  the 
separated  region  occurring  at  a  compression 
ramp  was  made  by  Shang  and  Hankey  (Ref. 
16.131)  who  also  used  a  Lax-Wendroff  type 
of  scheme.  Subsequently  Murphy,  Presley 
and  Rose  (Ref.  16.128)  evaluated  both  the 
time-dependent  boundary  layer  and  the 
Navler-Stokes  approach  to  a  shock  wave 
boundary  layer  interaction  problem.  As 
well  as  showing  little  difference  in  the 
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predictions  of  the  time-dependent  approach  to  the 
boundary  layer  equations  and  the  Navier-Stokes 
equations  for  locally  strong  Interactions,  Murphy 
et  al.,  found  little  difference  in  run  time  since  no 
restructuring  of  the  Navier-Stokes  algorithm  was 
earned  out  in  reducing  the  algorithm  to  solve  the 
boundary  layer  equations.  Nevertheless,  all  of 
the  preceeding  examples  give  a  great  deal  of  encour¬ 
agement  for  the  eventual  success  of  this  approach 
for  predicting  transonic  and  supersonic  separation. 
Indos-d  the  main  objection  to  much  of  this  work  at 
present  is  the  use  of  stability  restricted  finite 
difference  schemes  which,  in  view  of  the  Importance 
of  the  near  wall  region,  have  had  of  necessity  very 
long  computing  times.  Before  leaving  this 
particular  topic  it  is  probably  worthwhile  to 
consider  briefly  the  spatial  marching  approach  to 
supersonic  separated  flows  and  this  will  now  be 
done . 

As  was  mentioned  earlier,  spatial  boundary 
laver  marching  with  local  vlscous-lnviscid  'eglon 
matching  has  become  quite  commonplace  in  super¬ 
sonic  laminar  flow  and  to  a  lesser  extent  in  super¬ 
sonic  turbulent  flow.  The  Goldstein  separation 
singularity  does  not  manifest  itself  in  these 
schemes  since  the  Interface  boundary  condition 
is  usually  of  the  type  determined  by  integration 
across  the  boundary  layer  of  the  continuity 
equation,  i.e. , 
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whore  Is  the  local  Clow  angle  and  in  the  hyper¬ 
bolic  supersonic  external  flow  the  specification  of 
the  local  flow  angle  at  the  interface  serves  to 
determine  the  local  axial  pressure  gradient  imposed 
on  the  boundary  layer  and  hence  the  axial  gradient 
of  displacement  thickness  is  determined  from  the 
integrated  continuity  equation.  At  this  point 
the  boundary  layer  equations  can  be  solved  with 
the  specified  gradient  uf  displacement  thickness 
for  the  pressure  gradient  (the  inverse  technique 
referred  to  before)  and  either  directly  or  by  itera¬ 
tion  at  an  axial  station,  the  local  flow  angle  which 
will  permit  a  matched  pressure  gradient  to  be 
returned  by  the  boundary  layer  solution  tec'inique  is 
determined.  Such  a  technique  clearly  reduct.'S  the 
possibility  of  the  solution  returning  an  infinite 
gradient  of  displacement  thickness  and  seems  to  have 
been  tlie  inspiration  for  the  subsonic  inverse 
schemes  referred  to  earlier.  The  main  difference 
with  the  elliptic  subsonic  problem  resides  in  the 
spatially  tiyperboilc  nature  of  the  supersonic  free 
stream  which  does  not  permit  upstream  propagation. 
Thus  the  global  outer  iteration  required  at  subsonic 
speeds  of  repeating  the  entire  boundary  layer 
calculation  with  a  new  interacted  pressure  field 
is  (at  first  sight)  apparently  not  necessary  at 
supersonic  speeds.  This  very  happy  situation 
contains  one  major  drawback  In  that  at  one  or  more 
Doints  in  the  flow,  usually  termed  tVie  Crocco-Lees 
(Ref.  16.1,4)  point,  the  compressible  boundary 
layer  --*qi]acion  becomes  independent  of  tlie  imposed 
pressure  gradient.  The  triple  deck  view  of  the 
matter  is  that  the  inner  layer  is  still  subsonic 
.ind  able  to  transmit  inform.at  ion  upstre.im  (a  very 
valid  observation)  and  tlu?  emergence  of  the  Crocco- 
Lees  point  is  a  manifestation  of  physical  laxity. 

At  tlie  Crocco-Lees  point  tlu-n  tliere  is  no  wav  to 
arrange  to  vary  the  com.puted  d  I  sp  lacerieut  thickne.-^s 
except  by  changing  the  initial  conditions  of  the 


boundary  ^ayer.  Thus  a  shooting  technique  is 
suggested  whereby  initial  conditions  are  varied 
such  that  the  flow  angle  varies  smoothly  across 
the  Crocco-Lee  point.  The  physical  and  mathema¬ 
tical  properties  of  the  Crocco-Lees  point  are 
discussed  in  detail  by  Weinbaum  and  Garvine 
(Ref.  16.43).  In  brief  it  emerges  that  the 
Crocco-Lees  point  is  the  viscous  analogue  of  the 
sonic  throat.  At  the  Crocco-Lees  point  a  Mach 
number  Integral  defined  by  Weinbaum  and  Garvine 
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passes  through  zero  and  from  this  it  follows 
that  in  some  mean  sense  the  Crocco-Lees  point 
Is  the  point  at  which  the  average  Mach  number 
within  the  boundary  layer  passes  through  unity. 
Changing  the  match  point  from  the  boundary  layer 
edge  to  say  the  displacement  surface,  changes 
the  location  of  the  critical  point  but  not  its 
existence . 

TTie  frequency  with  which  the  Crocco-Lees 
point  arises  in  regions  of  interest,  particu¬ 
larly  in  turbulent  flows,  has  led  to  practical 
difficulties  in  performing  spatial  marching 
calculations  in  supersonic  flow.  The  shooting 
technique  for  passing  through  the  critical 
point  is  both  time  consuming  and  relatively 
inaccurate,  since  a  portion  of  the  flow  in  the 
immediate  vicinity  of  the  Crocco-Lees  point  is 
e>:Lrapolaced  across.  Also  a  problem  with  this 
spatial  marching  approach  is  allowing  for  down¬ 
stream  boundary  condition  influence,  since  most 
assuredly  information  can  and  does  propagate 
upstream  In  Che  subsonic  separated  flow  region. 
Both  of  these  considerations  have  led  some 
investigators  to  consider  variants  of  time 
marching  or  pseudo-time  marching  even  for  super¬ 
sonic  free  streams  for  instance  Werle  and  Vatsa 
(Ref.  16.132)  and  Murphy  et  al.,  (Ref.  16.128) 
much  as  is  done  in  subsonic  flow.  Initial 
results  with  these  techniques  indicate  that  the 
performing  of  routine  calculations  of  supersonic 
interactions  where  with  spatial  marching  the 
Crocco-Lees  point  is  encountered,  is  very  much 
simplified  with  a  time  marching  approach, 

16.3.3  Concluding  Remarks 

The  prediction  of  separated  flows  in 
three  dimensions  is  In  its  infancy.  Given  the 
developments  that  have  occurred  In  two  dimensions, 
time  or  pseudo-time  marching  either  the  three- 
dimensional  extended  boundary  layer  equations  or 
the  full  Navier-Stokes  equations  would  appei 
to  have  the  best  chance  of  success  if  zone 
embedding  were  feasible  using  double  or  triple 
deck  concepts,  .Naturally  in  view  of  the  time 
consuming  nature  of  current  three-dimensional 
calculation  schemes  zone  embedding  becomes  even 
more  attractive  in  three  dimensions.  It  seems 
also  tliat  the  conventional  three-dimensional 
boundary  layer  equations  even  if  time  marched 
would  not  be  adequate  in  view  of  the  possible 
importance  of  spanwise  diffusive  effects  in 
sc'parated  flows.  Lastly  in  three  space  dimen¬ 
sions  the  problem  of  ensuring  a  gain  in  computa¬ 
tional  effii'ioncy  by  using  boundary  laver 
appro.xln.at  ions  bect^mes  even  more  difficult. 

At  llie  present  time  there  are  at  least  two  schemes 
.iv.ul.iMe  vhjih,  liave  norfor-’ed  ca  ]  c  in  a  t  i  {'ns 
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of  subsonic  separated  flows  both  of  which  have  used 
Che  full  Navier-Stokes  equations.  These  are  the 
scheme  of  Patankar  and  Spalding  (Ref.  16.133)  and 
Che  scheme  of  Briley  and  McDonald  (Ref.  16.64). 

The  scheme  of  Patankar  and  Spalding  (Ref.  16.133) 
is  also  described  by  Patankar  (Ref.  16.195). 

Further  extensive  work  on  these  and  similar  schemes 
will  of  course  be  necessary  before  they  can  be 
used  in  turbomachinery  problems.  In  particular 
the  capability  to  perform  calculations  in 
reasonable  geometries  is  lacking  and  even  the 
evaluation  of  the  status  of  the  presently 
available  procedures  is  bedeviled  by  the  high 
computing  costs  of  performing  the  calculations. 

A  demonstration  of  the  capabilities  of  these 
two  schemes  Is  given  In  Figs.  16.8  and  16.9. 

Work  in  the  area  of  representing  the  more 
realistic  geometries  is  going  forward,  see  for 
instance,  Eiseman  and  McDonald  (Ref.  16.117), 
but  the  problem  of  computing  times  will  require 
either  a  breakthrough  in  computational 
procedures  or  a  marked  reduction  in  the  cost 
of  performing  computations.  In  any  event  it 
has  not  yet  been  established  that  the  turbulence 
models  proposed  for  use  in  this  problem  are 
either  adequate  or  inadequate  even  for  the 
predictions  of  the  gross  features  of  the  flow. 
Obviously  a  great  deal  of  work  remains  to  be 
.done  but  at  least  a  plan  of  attack  on  this  most 
difficult  of  problems  has  been  formulated  and 
the  Initial  stage  implemented. 

16.4  Turbulence  Models 

In  an  earlier  chapter  a  physical  description 
of  turbulent  motion  has  been  given.  Here  the 
emphasis  is  on  the  various  prescriptions  for  the 
quantitative  evaluation  of  the  extent  of  the 
transport  of  heat,  mass  and  momentum  which 
results  from  this  turbulent  motion.  The 
turbulent  transport  mechanism  is  evidenced  by  the 
appearance  of  nonzero  correlations  of  fluctuating 
quantities  in  the  averaged  equations  describing 
the  conservation  of  heat,  mass  and  momentum. 

These  correlations  are  usually  grouped  together 
and  for  the  momentum  equations  are  termed  the 
Reynolds  stress  tensor.  The  aim  of  the  turbu¬ 
lence  model  is  to  provide  an  adequate  descrip¬ 
tion  of  the  dominant  terms  in  this  Reynolds  stress 
tensor  for  the  flow  under  consideration.  At  the 
present  time  the  relationship  between  the  Reynolds 
stresses  and  the  resulting  mean  motion  is  poorly 
understood  and  it  is  necessary  to  resort  to 
empiricism  at  some  point  in  order  to  proceed. 

In  principle  resorting  to  empiricism  is  not 
necessarily  evil,  indeed  the  coefficient  of 
laminar  viscosity  is  an  empirical  quantity. 

The  problem  arises  due  to  the  lack  of  generality 
of  the  various  turbulent  transport  models  and 
as  attempts  are  made  to  formulate  more  general 
models  so  the  complexity  of  application  has 
increased  as  well  as  the  speculative  nature  of 
the  various  closure  hypothesis.  In  describing 
turbulence  models  then,  it  is  still  necessary 
to  include  the  simple  prescriptions  since  they 
will  continue  to  be  used  in  the  foreseeable  future 
for  those  flows  where  their  predictions  are  known 
to  be  reasonable.  It  is  also  necessary  to  outline 
where  possible  the  areas  where  the  various  models 
can,  or  do,  fail  to  give  reasonable  predictions. 

Ah  before  the  emphasis  will  be  on  the  special 
problems  of  turbomachinery.  Several  good 
treatments  giving  the  various  points  of  view  on 
turbulence  models  in  general  are  to  be  found  in 
the  works  of  Launder  and  Spalding  (Ref.  16.163) 


and  Bradshaw  (Ref,  16.198),  for  Instance.  Since 
detailed  turbulence  models  are  normally  thought 
of  In  terms  of  direct  numerical  solutions  to 
the  governing  equation,  the  present  discussion  will 
reflect  this  bias.  As  previously  mentioned, 
however,  the  detailed  prescription  can  usually  be 
Incorporated  into  Integral  methods,  at  least  with 
conceptual  ease.  Lastly  an  extensive  catalogue  of 
the  more  complex  multi-equation  turbulence  models 
is  given  In  the  thesis  of  Ng  (Ref.  16.171)  and 
critical  reviews  of  the  topic  given  bv  Bradshaw 
(Ref.  16.198)  and  Reynolds  (Ref.  16.170).  Further 
discussion  and  categorization  is  also  given  by 
Launder  and  Spalding  (Ref.  16.163)  and  Mellor  and 
Herring  (Ref.  16.173).  Interested  readers  are 
encouraged  to  read  these  works  to  get  the  full 
flavor  of  both  the  divergent  and  convergent  views 
held  by  the  various  authors. 

16.4.1  Special  Problems  of  Flow  in  Turbomachlnery 

Here  those  aspects  of  the  turbulent  flow  in 
turbomachinery  which  give  rise  to  special  problems 
are  discussed.  The  order  in  which  the  problems 
are  introduced  does  not  imply  their  relative 
Importance  as  this  will  vary  from  application  to 
application.  No  consideration  is  given  specifically 
to  the  very  difficult  problems  of  centrifugal 
compressors. 

One  of  the  most  striking  features  of  the  flow 
in  turbomachinery  is  Its  very  pronounced  three- 
dimensional  nature.  Annular  ducts  almost 
invariably  have  supporting  struts  whose  Inter¬ 
section  with  the  annulus  wall  boundary  lavers 
Introduce  regions  of  flow  seoaratlon  and  regions 
of  shear  layers  merging,  the  'clash  regions' 
referred  to  earlier.  Of  course  this  same  problem 
occurs  with  compressors  and  turbines  as  well,  with 
the  added  complication  that  the  time-dependent 
nature  of  the  flow  within  a  stage  introduces  a 
further  variable  into  the  problem.  Within  the 
turbine  high  heat  transfer  rates  can  be  obtained 
in  conjunction  with  highly  cambered  blades.  The 
resulting  overturning  of  the  endwall  boundary 
layers  can  result  in  the  formation  of  vane  or 
rotor  passage  vortices  and  of  course  the  direct 
effect  of  curvature  on  the  turbulence  structure 
Is  possible.  The  strong  accelerations  and  low 
Reynolds  numbers  which  occur  in  the  turbine  give 
rise  to  extensive  regions  of  transition  from 
laminar  to  turbulent  flow  and  vice  versa.  All  of 
this  occurring  in  a  region  where  large  and  or 
intense  velocity  fluctuation?  and  pressure 
(acoustic)  waves  can  occur  in  the  nominal  free 
stream  and  interact  with  the  shear  layers. 

Obviously  at  the  present  time  many  of  these  effects 
cannot  be  taken  into  account  in  making  flow 
predictions.  It  follows,  therefore,  that  predic¬ 
tions  of  Internal  turbulent  shear  flows  must  be 
viewed  more  tolerantly  yet  more  skeptically  than 
in  external  flow. 

On  the  positive  side  two  aspects  of  turbulence, 
compressibility  and  three-dimenslonalltv,  have 
been  found  in  external  flow  to  be  less  of  a  problem 
than  thought  at  one  time  and  ol  course,  the  hope 
is  that  this  fortunate  state  will  also  occur  for 
internal  flow  problems.  In  the  case  of  compres¬ 
sibility,  Morkovln's  hypothesis  (Ref.  16.27)  that 
turbulence  should  be  unaffected  by  fluctuations  in 
density  provided  the  fluctuations  are  small 
compared  to  the  mean  density,  has  been  supported 
bv  a  number  of  Investigators,  e.g.,  Malse  and 
McDonald  (Ref.  16.21).  Indeed  Morkovln's 
suggestion  would  seem  to  hold  over  a  much  wider 


range  of  density  fluctuations  than  has  hitherto 
been  suspected  (Owen  and  Horstman,  Ref,  16.25), 
leading  one  to  believe  that  even  In  the  presence 
of  the  high  heat  transfer  rates  found  In  turbo- 
machinery,  Morkovln's  hypothesis  might  be  ade¬ 
quate.  In  the  case  of  three  dimensionality  It 
has  been  argued  by  a  number  of  Investigators, 
e.g.,  Bradshaw  (Ref.  16.145)  and  Nash  (Ref. 

16.74)  that,  since  even  when  the  mean  flow  is  two 
dimensional,  turbulence  is  a  three-dimensional 
phenomenon,  modest  three-dlmenslonallty  would 
not  affect  turbulence  'scalar'  quantities. 
Application  of  this  suggestion  has  led  to  quite 
acceptable  three-dimensional  boundary  layer 
predictions  in  some  Instances.  Clearly,  how¬ 
ever,  the  strong  three-dimensional  effects 
occurring  In  turbomachinery  stretch  this  sugges¬ 
tion  to  its  limit  and  probably  beyond.  For 
the  present  there  is  little  In  the  way  of 
substantiated  working  alternatives  unfortu¬ 
nately. 

In  addition  rotational  effects  are 
encountered  In  Internal  flows  in  both  compressors 
and  turbines.  According  to  Johnson  (Ref.  16.146) 
the  rotating  external  blade  boundary  layers  are 
sufficiently  thin  that  the  effects  of  the 
Coriolis  and  centrifugal  forces  both  on  the  mean 
flow  and  turbulent  structure  are  probably 
negligible.  Internal  or  duct  flows,  such  as 
might  occur  within  a  rotating  cooling  labyrinth, 
do,  however,  according  to  Johnson,  exhibit 
significant  rotational  effects.  At  present 
little  detailed  quantitative  Information  on 
duct  rotational  effects  Is  available  and  insofar 
as  performing  calculations  are  concerned  only 
the  preliminary  suggestions  of  Bradshaw  (Ref. 
16.147)  are  available  and  extensive  evaluation 
and/or  development  will  be  necessary  before 
calculations  can  be  performed  with  any  confi¬ 
dence.  As  a  first  step  in  this  long  process, 

Hughes  and  Horlock  (Ref.  16.204)  discuss  the 
effect  of  centrifugal  and  Coriolis  forces  upon 
the  turbulent  shear  stress  and  how  these  changes 
will  affect  the  growth  of  boundary  layers  in 
turbomachines.  The  Hughes-Horlock  paper  there¬ 
fore  Is  mandatory  reading  for  those  Interested 
In  rotational  effects  on  the  boundary  layer. 

16.4.2  Categories  of  Turbulence  Models 

Turbulence  models  serve  to  define  the 
unknown  turbulent  correlations  which  appear  in 
the  averaged  conservation  equations  of  heat,  mass 
and  momentum  ultimately  in  terms  of  the  mean  flow 
variables.  In  recent  years  the  practice  has 
grown  up  of  categorizing  the  turbulence  model  by 
the  degree  of  complexity  of  the  relationship 
between  the  correlations  and  the  mean  flow, 
usually  by  means  of  the  number  of  partial 
differential  equations  which  must  be  solved  In 
order  to  obtain  the  Reynolds  stresses.  At  the 
most  elementary  level  the  previously  introduced 
Prandtl's  mixing  length  require  no  partial 
differential  equation  to  be  solved  In  order  to 
determine  the  Reynolds  stress  level  and  con¬ 
sequently  this  model  might  be  termed  a  'zero 
equation'  model,  or  more  accurately,  an  algebraic 
stress  model.  In  a  similar  vein,  for  example, 
Donaldson  (Ref.  16.143)  after  empirical  modeling 
of  certain  turbulent  correlations  solves  a  partial 
differential  equation  for  each  of  the  three 
components  of  the  Reynolds  normal  stress  and  the 
Reynolds  shear  stress  and  consequently  this 
suggestion  would  be  termed  a  four  equation  model. 


The  differential  equations  used  can  either  be 
exact  equations  derived  rigorously  by  taking 
moments  of  the  Navler-Stokes  equations  or  entirely 
empirical  equations.  If  exact  equations  are 
employed,  empirical  relationships  must  be  Intro¬ 
duced  for  certain  of  the  turbulence  properties 
to  'close'  the  system.  A  further  discrimination 
between  the  turbulence  models  can  be  made  on 
the  basis  of  whether  or  not  the  differential 
equations  are  for  one  or  two  point  turbulence 
properties. 

In  a  separate  category  the  use  of  differential 
equations  for  the  one  or  two  point  turbulence 
properties  may  be  replaced  by  the  schemes  which 
solve  the  time-dependent  Navler-Stokes  equations. 

In  view  of  the  wide  range  of  scales  normally 
encountered  in  turbulence  it  is  not  feasible 
to  resolve  the  flow  at  sufficiently  small  scale 
such  that  all  of  the  motion  contributing  to  the 
dynamics  can  be  computed.  Instead  a  turbulence 
model  can  be  postulated  for  the  unresolved  sub-grid 
motion.  Examples  of  this  approach  are  to  be 
found  In  the  work  of  Deardorff  (Ref.  16.142)  but 
even  with  sub-grid  modeling  the  computational 
cost  of  this  approach  is  at  present  prohibitive 
for  normal  engineering  applications. 

In  addition  to  the  foregoing  categorization 
particularly  In  dealing  with  algebraic  stress 
models  and  one  or  two  equation  turbulence  models, 
the  terminology  equilibrium  or  nonequilibrium, 
historic  or  (with  apologies)  prehistoric  is 
sometimes  used.  Here  care  has  to  be  taken  to 
discriminate  between  the  various  uses  of  the  term 
'equilibriuBi' .  In  particular  'equilibrium'  Is 
often  used  as  a  synonym  for  self-preserving  or 
similarly  in  the  sense  of  the  very  snecial  boundary 
layers  whose  mean  profile  does  not  change  In  the 
axial  direction  when  expressed  in  certain 
coordinates.  Clauser  (Ref.  16.11)  demonstrated 
quite  dramatically  that  such  boundary  layers, 
previously  well-known  In  laminar  flow,  also 
exist  in  turbulent  flow.  Further  Clauser  (Ref. 
16.11)  also  deduced  that  In  such  equilibrium  flows 
the  eddy  viscosity,  Eq.  16.4(7),  in  the  outer  region 
of  the  boundary  layer  would  have  to  be  essentially 
constant  when  made  nondimenslonal  by  a  scale  of 
velocity  and  length.  In  Clauser's  case  the  free 
stream  velocity  Ug  and  the  boundary  layer  displace¬ 
ment  thickness  6*.  This  constant  nondimenslonal 
eddy  viscosity  concept  belongs  In  the  algebraic 
stress  model  category  and  In  view  of  this  the 
algebraic  stress  models  are  sometimes  referred  to 
as  equilibrium  turbulence  models. 

Algebraic  stress  models  all  possess  the 
feature  that  the  local  turbulent  shear  stress  is 
given  directly  in  terms  of  the  local  mean  velocity 
profile.  Such  models  therefore  cannot  allow  the 
observed  lag  in  changes  in  the  Reynold's  shear 
stress  when  the  mean  motion  Is  perturbed  rapidly. 
Multi-equation  turbvilence  models  do  allow  a  lag 
and  consequently  these  models  are  sometimes 
termed  'nonequilibrium'  ,  'lag'  or  'historic 
turbulence  models.  In  view  of  the  observation 
that  equilibrium  turbulence  models  do  at  least 
reflect  the  mean  flow  history,  the  claims  and 
counter  claims  about  turbulence  history  or  lack 
of  It  have  been  ab.andoned  in  favor  of  the  less 
controversial  categorizations  of  equilibrium  and 
nonequi  1  Ibrlum  tiirbulenro  mcvlel. 

The  equilibrium  ter'-inology  also  a  ises  in 
part  due  to  the  interpretation  of  mixing  length 
and  eddy  viscosity  advanced  hy  Batchelor 


(Ref.  16.1A1)  and  Townsend  (Ref.  16.1A0).  Accord¬ 
ing  to  this  Interpretation  the  validity  of  the 
simple  mixing  length  hypothesis  and  closely 
related  well-behaved  eddy  viscosity  is  an  expres¬ 
sion  of  the  local  equilibrium  between  the  produc¬ 
tion  and  dissipation  of  turbulence  kinetic  energy. 
This  local  equilibrium  arising  when  convection  and 
diffusion  of  turbulence  kinetic  energy  -Is  negli¬ 
gibly  small.  Care  must  therefore  be  taken  in 
discriminating  between  the  various  uses  of  the 
term  ’equilibrium'. 

16.4.3  Algebraic  Stress  Models 

For  thin  unseparated  turbulent  boundary 
layers  it  is  generally  excepted  that  only  the 
Reynolds  shear  stress  -  u'v»  need  be  retained  in 
the  mean  axial  momentum  equation.  Prandtl  (Ref. 
16.139)  proposed  that  in  general  the  turbulent 
diffusional  flux  of  some  property  4)  =  4>  +  0 '  could 
be  expressed  by 


16.4  (4) 


which  is  consistent  with  Prandtl’s  earlier  mixing 
length  formulation.  In  squaring  both  sides  it  is 
established  practice  to  write  the  formula 


-u'v' 


dy  '  dy  * 


16.4  (5) 


so  that  the  shear  stress  always  has  the  opposite 
sign  to  the  mean  gradient.  The  definition  of 
eddy  viscosity  is  given  as 


-u'v' 
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dy 
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where  v  is  the  veloclnj  in  the  y  direction,  normal 
to  the  mean  flow  and  ^  is  the  turbulence  kinetic 
energy 


16.4  (2) 


and  the  prime  denotes  a  fluctuation  and  is  a 
constant  and  H  Is  a  turbulent  length  scale.  Note 
here  the  explicit  postulate  of  a  gradient  transport 
mechanism  (see  Corrsln  (Ref.  16.205)  for  a  dis¬ 
cussion  on  the  limitations  of  gradient  transport 
in  turbulence).  Attention  is  now  restricted  to 
the  transport  of  axial  velocity  u  and  the  constant 
0^  is  Incorporated  into  the  definition  of  the 
length  scale  t.  At  this  point  two  additional 
relationships  must  be  provided  before  the  s/ear 
stress  can  be  determined:  first,  some  means  -o 
obtain  the  turbulence  kinetic  energy  must  be 
prescribed;  second,  the  length  scale  P.  must  be 
specified.  Indeed  a  number  of  the  two-equation 
models  of  turbulence  to  be  discussed  later  attempt 
to  provide  partial  differential  equations  for 
precisely  these  quantities.  For  the  algebraic 
stress  model  the  relationship  between  shear  stress 
and  kinetic  energy  may  be  obtained  by  Invoking  the 
structural  similarity  concepts  noted  by  Townsend 
(Ref.  16.140)  for  instance.  In  the  structural 
similarity  concept  the  hypothesis  is  made  that 
after  prolonged  application  of  a  mean  strain  the 
turbulence  approaches  a  near  equilibrium  condition 
where  the  correlation  coefficients  are  Independent 
of  the  turbulent  intensities  and  strain  rate  which 
produced  them.  Both  theory  and  experiment  have 
since  indicated  that  structural  similarity  is 
only  approximately  obtained  even  after  prolonged 
straining  but  it  does  provide  a  convenient, 
relationship  of  the  form 


-  u'v' 


oq‘ 
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where  'a'  is  a  coefficient  which  would  not  be 
expected  to  vary  by  an  appreciable  amount.  Again 
if  'a'  is  incorporated  into  the  definition  of  the 
length  scale,  Prandtl’s  formulation  for  the 
Reynolds  stress  then  gives 


so  that  from  a  formal  viewpoint  mixing  length  I 
and  eddy  viscosity  v.j.  may  be  viewed  inter¬ 
changeably.  Returning  now  to  the  specification 
of  the  mixing  length  in  a  boundary  layer,  a  three 
layer  formulation  Is  now  widely  favored.  In  this 
three  layer  formulation  a  viscous  sublayer,  a 
near  wall  region  and  a  wake-like  region  of  the 
boundary  layer  is  identified  and  various  sugges¬ 
tions  for  the  mixing  length  or  equivalently  for 
the  eddy  viscosity,  made  for  each  region. 

16.4.3.1  The  Outer  Wake-Llke  Region 

In  the  wake-like  region  of  the  flow  two 
suggestions  are  extensively  used.  The  first  is 
the  constant  eddy  viscosity  formulation  deduced 
by  Clauser  (Ref.  16,11)  for  equilibrium  boundary 
layers  which  can  be  written 

^.0.0,6 

16.4  (7) 

and  slight  variations  in  the  value  of  the  constant 
.016  are  observed  In  the  literature.  Herring  and 
Mellor  (Ref.  16.6^)  apparently  the  first  to 
extensively  use  this  definition  of  eddv  viscositv 
for  nonequilibrium  and  compressible  boundary 
layers.  In  compressible  flow  Herring  and  Mellor 
(Ref.  16.69)  adopted  a  kinematic  definition  of 
the  displacement  thickness,  i.e,, 

.  r* 


16.4  (8) 

omitting  density  from  the  usual  definition  of  6*. 
Later  Maise  and  McDonald  (Ref.  16.21)  found  that 
use  of  the  kinematic  displacement  thickness  much 
Improved  the  collapse  of  the  eddv  viscosities 
inferred  from  the  correlated  behavior  of  com¬ 
pressible  constant  pressure  boundary  lavers. 
Subsequently  Cebeci  and  Smith  (Ref.  16.68) 
adopted  the  Mel lor-Herring  suggestion  and  used 
the  kinematic  displacement  thickness  In  Clauser’s 
formula  for  compressible  boundary  layers  whilst 
adding  an  intermi t tencv  factor  to  give  a  varia¬ 
tion  of  the  eddy  viscositv  normal  to  the  wall 
more  in  keenine  with  that  observed. 

As  .an  alternative  and  concent u.i  1 1  v  equivalent 
process  to  speclfvlnp  the  ed<lv  viscositv  in  the 
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outer  region  a  number  of  people  have  suggested 
that  the  mixing  length  when  expressed  as  some 
fraction  of  the  boundary  layer  thickness  6  would 
be  constant  In  the  outer  wake-like  region  of  the 
bound;, -y  layer,  l.e., 

I  •  0  098 

16.4  (9) 

and  again  minor  variations  in  the  constant  .09 
are  observed  in  the  literature.  Patankar  and 
Spalding  (Ref.  16.67)  for  Instance  made 
effective  and  extensive  use  of  this  hypothesis 
following  Che  lead  of  Escudler  (Ref.  16.152)  who 
demonstrated  that  Eq.  16.4(9)  was  a  reasonable 
approximation  in  many  incompressible  turbulent 
boundary  layers.  Malse  and  McDonald  (Ref.  16.21) 
later  found  that  Eq.  16.4(9)  appeared  to  be  a  very 
reasonable  approximation  and  quite  insensitive 
to  Mach  number  in  a  constant  pressure  compressible 
boundary  layer. 

Three  major  effects  on  the  values  adopted 
for  the  nondlmenslonal  outer  layer  mixing  length 
or  eddy  viscosity  have  been  identified.  The 
first  is  a  low  Reynolds  number  effect,  the 
second  is  the  effect  of  free  stream  turbulence 
and  the  third  the  effect  of  streamline  curvature. 
Herring  and  Mellor  (Ref.  16.69)  found,  for 
Instance,  that  in  order  to  satisfactorily  predict 
the  behavior  of  a  number  of  low  Reynolds  number 
boundary  layers  they  had  to  introduce  a  low 
Reynolds  number  correction  into  the  outer  layer 
eddy  viscosity  and  progressively  Increase  its 
value  as  Rg  dropped  below  5x10^.  These  findings 
were  in  fact  consistent  with  the  observation  of 
Coles  (Ref.  16.17)  who  noted  below  Rg  of  5xlo3 
the  so-called  wake  component  of  the  constant 
pressure  boundary  layer  eventually  disappeared. 
Taking  Coles'  data  correlation  and  velocity 
profile  family,  McDonald (Ref .  16.157)  deduced 
from  the  boundary  layer  axial  momentum  equation 
the  consistent  Reynolds  stress  profiles  and  the 
corresponding  nondlmenslonal  eddy  viscosity  and 
mixing  lengths.  The  results  were  in  broad 
agreement  with  the  Herrlng-Mellor  (Ref.  16.69) 
suggestion  and  could  be  expressed  as 

(1/8)  ■  ( l/8).[  I  +  e»p(-l.63  In  Rg)+  9.7] 

16.4  (10) 

where  (i/i)„  is  the  high  Reynolds  number  value 
of  the  mixing  length  constant.  Subsequently 
a  very  similar  modification  was  proposed  by 
Cebeci  6,  Moslnskis  (Ref.  16.166). 

Consistent  with  the  increase  in  mixing  length 
and  eddy  viscosity  noted  at  low  Reynolds  is 
Head's  visual  observation  in  his  smoke  tunnel 
that  the  turbulent  Interface  with  the  free  stream 
was  much  more  contorted  at  low  Reynolds  numbers, 
presumably  resulting  in  an  increased  entrainment 
of  fluid  into  the  boundary  layer  and  the  increased 
values  of  mixing  length  and  eddy  viscosity. 

Simpson  (Ref.  16.149)  suggested  that  these  low 
Reynold's  number  effects  might  be  explained  by 
an  increase  in  the  near  wall  region  turbulent 
transport  but  the  data  analysis  of  Coles 
(Ref.  16.17)  does  not  support  this  idea  and 
subsequently  Huffman  and  Bradshaw  (Ref.  16.150) 
argued  against  Simpson's  suggestion. 

Turning  now  to  the  second  major  effect, 
that  of  free  stream  turbulence,  Kline,  Lisin 
and  Waltman  (Ref.  16.158)  demonstrated  some  time 


ago  the  very  large  effect  this  parameter  could 
have  on  a  turbulent  boundary  layer.  More 
recently  this  effect  has  been  experimentally 
studied  in  detail  by  Charnay  et  al.,  (Ref.  16.159) 
and  Huffman  et  al . ,  (Ref.  jS.ign)  among  others. 
These  results  are  Indeed  all  quite  consistent 
and  show  a  large  Increase  in  the  outer  layer 
mixing  length  or  eddy  viscosity  as  the  free 
stream  turbulence  is  Increased.  The  physical 
mechanism  at  play  here  is  thought  once  again 
to  be  the  Increased  contortion  of  the  turbulent 
free  stream  interface  due  to  the  action  of  the 
free  stream  turbulence  on  the  interface.  It 
is  also  Intuitively  obvious  that  the  scale  of 
the  free  stream  turbulence  should  have  an  effect 
on  the  Interaction  since  if  the  scale  is  large 
and  this  free  stream  disturbance  lifetime  is 
much  longer  than  the  boundary  layer  turbulence 
the  boundary  layer  will  tend  to  respond  more 
as  it  would  to  a  slowly  varying  time  dependent 
free  stream.  Now  time  dependent  free  streams 
can  be  treated  if  the  free  stream  time  scales 
involved  are  much  longer  than  the  energy  containing 
boundary  layer  turbulence  lifetime  (which  usually 
does  not  exceed  the  convection  time  to  travel 
ten  boundary  layer  thicknesses).  For  the  usual 
concepts  of  free  stream  turbulence  to  be  valid 
the  motion  has  to  be  characterized  by  scales 
less  than  the  previously  mentioned  ten  boundary 
layer  thicknesses.  Following  convention,  tlio 
free  stream  turbulence  is  defined  by 
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which  reduces  to 
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In  the  often  assumed  case  of  isotropic  free 
stream  turbulence, 

A  straightforward  correlation  of  the  Huffman 
et  al.  data  would  suggest  the  outer  region 
mixing  length  would  vary  very  roughly  as 

T„t0  U 
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Bayley  et  al.,  (Ref.  16.161)  successfully  used 
a  very  simple  relationship  derived  by  trial 
and  error  in  calculating  the  effect  of  free 
stream  turbulence  on  the  heat  transfer  to  a 
turbine  aerofoil.  Within  the  mixing  length 
framework  formula  of  this  type  which  are,  like 
the  low  Reynolds  number  correction,  nothing 
more  than  data  fits,  probably  suffice  and 
doubtless  as  more  data  is  acquired  it  will  be 
possible  to  improve  the  data  curve  fit. 

The  third  major  effect  on  tlie  outer  layer 
mixing  length  arises  from  streamline  curvature 
and  this  effect  also  has  been  clearly  noted  in 
a  number  of  experimental  stuldes.  Bradshaw 
(Ref.  16.147)  discusses  this  curvature  effect 
in  detail  and  suggests  on  the  basis  of  the 
Monln-Obeukhov  meterologlcal  formula  a  first 


order  formuLa 
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where  is  an  oqni  vnl  ^■'nf:  t.-  the  R 1  rl-.nrdson 
number  and  defined 


{.irosuTiably  t:ea*‘  is  :-i  jniii  anr..  'i>  rtacki 

and  Chi  d<'du<-'v  J  t;.*  t  Mrluler.'.  fr  'rri 

the  axial  morenfum  enuat  i  and  tlie  m.m  vpIi  -Itv 
profile  developirent  -and  f'".:nd  tha^ 

K  •  0.4  *0  I8?5[l  .0  ■e.p(- 0-3207/3)] 
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with  R  the  radius  of  curvature  taken  positive  von 
a  convex  surface.  The  cf'nstant  t  takes  on  a  value 
about  7  for  convex  (blade  upper  surface)  curvature 
and  takes  a  value  of  about  4  on  a  concave  siirface. 
Typically  on  a  convex  siirface  SR^  might  reach  a 
value  near  ?n  ^/R  or  40  ‘/R  so  that  for  ratios 
of  boundary  layer  thickness  to  surface  radius  of 
curvature  greater  than  say  1/100,  very  substan¬ 
tial  effects  of  curvature  on  tlie  outer  layer 
nixing  length  are  to  be  expected.  Fortunately 
highly  cambered  blades  are  typical  of  turbines 
rather  than  compressors  and  the  high  accelera¬ 
tion  levels  of  the  turbine  ensure  that  the 
naturally  occurring  surface  boundary  layers 
are  very  thin  so  that  except  for  film  cooled 
boundary  layers  the  ratio  ('/R  does  not  usually 
approach  the  troublesome  magnitudes.  Nonetheless 
surface  i.e.,  streamline,  curvature  must  be 
observed  as  a  potential  source  of  difficulty. 
Hughes  and  Horiock  (Ref,  16.204)  provide  <a 
discussion  of  this  problem. 

16.4.1.2  The  Near  Wall  Region 

Turning  now  to  what  has  been  termed  the 
near  wall,  region  of  the  flow,  and  here  almo.st 
complete  unanimity  in  the  choice  of  relnr ion- 
ship  is  to  be  found  among  the  various 
investigators,  notably  that  Prandtl's  mixing 
length  should  be  proportional  fo  distance  from 
tlie  wal  1 , 
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where  h  is  termed  von  Karman's  constant  and  is 
usually  attributed  a  value  close  to  .40.  Thv 
crossover  to  the  outer  layer  is  achieved  by 
selecting  the  smaller  value  of  eddy  vi.scosity 
or  mixing  length  as  computed  by  both  the  near 
wall  formula  and  the  outer  wake-like  region 
formula.  McDonald  and  Camarata  (Ref.  16.56) 
suggested  the  continuous  relationship 
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to  cover  both  regions  without  tin?  sharp  break 
which  fc^llcw.^  frcf)  tlie  use  of  Ivo  pi  t  revi  st- , 
discontinuous  relationships.  More  rer-’ntly, 
Galbraith  and  Head  (P.ef.  16.1S4)  have  suggested 
that  the  von  Karman  constant  >*.  does  in  fact 
vary  with  pressure  gradient,  and  tins  effect 
has  also  been  noted  by  Glowackl  and  ch.i 
(Ref.  16.155).  V-Tille  the  effects  of  this 
variation  in  the  von  Karman  constant  are 
negligibly  small  on  the  integral  thickness 
parameters,  the  effe-'t  or.  skin  frirtionand 


where 
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which  vh«T.  u--e<i  in  cen  junction  vitii  the  contin¬ 
uous  distribution  mlxl;u!  length,  Fq .  16.-4(17), 
and  a  Van  nri<>st  suhlaver  model  which  will  he 
described  shortly,  gave  verv  good  predictions 
when  compared  with  measured  eq\ji  librium  (self 
preserving)  houndarv  1  avers  .  I’nf  ort  una t el  v  , 
t’iP  use  of  a  local  pressure  gradient  parameter 
(cc'nstant  for  equilibrium  boun.iarv  lavers)  in 
the  I'orre  1  i('n  for  k  gives  rise  to  doubts  about 
the  abilltv  to  propcrlv  represent  n^'nequl  1  i brl um 
boundary  layers.  A  more  significant  parameter 
for  general l7ation  to  nonequil ibrium  lavers 
would  be  cue  Clauser  shape  parameter  G,  and  a 
repl  a':ere.-.:  of  r  with  G  in  Kq .  16.4(18)  can  be 
made  using.  Nash's  (Ref.  16,12)  re  ^  ‘  i  onshlp 
in  Fq.  16.1(8).  The  Implication  .it  this  point 
is  tb.at  H  is  exhibiting  a  denendence  on  the 
local  tur..  .once  structure,  which  on  the  basis 
of  tlie  I.'  equilibrium  bvpothesis  Is  related 
to  the  pr- . .le  shape  G  which  in  turn  Is  caused 
to  change  by  the  imposition  of  tlie  pressure 
gradient  d.  An  even  miore  direct  link  in  the 
argument  follows  from  the  observation,  Irrpllrii 
in  all  of  Coles’  profile  development  and 
subsequently  noted  by  Reeves  (Ref.  16.168), 
that  tiie  fact  the  logarithmic  law  of  the  wall 
is  observed  to  hold  in  pressure  gradients  is 
inconsistent  with  die  linear  mixing  length 
assumption.  It  follows  that  if  the  logarithmic 
law  of  the  wall  holds  in  a  pressure  gradient 
i.e.,  a  flow  wi.ere  t  4  eand  y  '  26"^  then  the 
mixing  length  must  be  given  by 
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to  recover  tlie  logarithmic  law  of  the  wall.  This 
observation  has  of  course  been  well  known  for 
some  time  and  the  predictors  have  usuallv 
responded  bv  pointing  out  good  agreement  between 
prediction  and  measurement  wliich  results  from 
ignoring  this  dependence  on  the  ratio  of  local 
to  wall  stress.  Furdier  the  depart'ures  from 
the  1op  law  as  it  fairs  into  the  defect  or  wnko 
formal  at  i  ('n  are  suhiecC  tf'  minor  fitting  varia¬ 
tions  which  ran  have  ronslderahle  impart  upon 
the  local  volocitv  gradients  which  are  cruci.al 
to  the  derived  nixing  length  variations.  Thus 
predictors  have  ignored  tlie  strict  Internreta- 
ri('n  of  the  log  law  in  ti»o  presence  of  a  pressure 
gradient  and  view  iJie  log  law  as  an  apprc'xLmate 
relationship  arising  from  ■  “  v.v  and  and 

not  vice  versa,  as  Fq.  16.4(20')  surer  sis.  Indeed 
a  number  of  people  have  generalized  the  lop.  law 
to  accf^unt  for  pressure  gradients  e.g.,  Townsend 
(Ref.  16.K'7>  and  t^e  resulting  profile  rortair.lv 
has  a  c’.ore  renal  istlc  as\mpi.'tic  behavior  than 
the  log  law  as  Jerrea.'jos  t'^  7ern.  The  infer¬ 
ence  of  tho  Conor  1  li  zar  i  ''f  the  lav  of  the 


wall  to  account  for  pressure  gradients  is  that 
Indeed  Eq.  16.4(20)  does  not  hold.  The  truth 
probably  lies  somewhere  In  between  as  evidenced 
by  the  fact  that  Glowacki  and  Chi  did  not  assume 
a  log  law  In  their  data  reduction  yet  their 
results  can  be  conveniently  expressed  as 

I  • 
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and  the  exponent  'a*  is  nearer  to  l/U  than  1/2  as 
In  Eq,  16.4(20).  The  exponent  of  1/4  is  of 
course  a  middle  ground  between  the  two  viewpoints 
and  would  certainly  result  in  more  of  a  log  law 
being  evidenced  by  the  predictions.  The  half 
power  variation  given  by  Eq.  16.4(20)  is 
not  at  all  suitable  for  implementation  in  a 
finite  difference  scheme  to  determine  the  local 
stress  T  since  the  local  stress  which  is  to 
be  obtained  from  the  mixing  length  relationship 
would  then  cancel  out  the  shear  stress  -  mixing 
length  formula.  A  caution  also  to  the  use  of 
a  more  general  (t/t„)  type  of  correction  for 
the  von  Karman  constant  lies  in  the  asymptotic 
condition  of  vanishing  wall  shear  and  here 
obviously  it  is  necessary  to  provide  a  limit 
of  the  type 

%lf  •  0  5<t/t,<I5.0 

•  l.968#rQ  0 
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gradient  parameter  S.  This  second  alternative 
seems  quite  reasonable  for  relatively  unsophis¬ 
ticated  turbulence  models  in  view  of  the  global 
nature  of  the  mean  velocity  profile  characteriza¬ 
tion.  The  third  alternative  is  to  taJce  note  of 
the  widespread  appearance  of  a  logarithmic 
region  in  the  mean  velocity  profile  near  the  wall 
and  characterize  the  effective  von  Karman  constant 
by  some  function  of  the  local  value  of  the  ratio 
of  the  turbulent  shear  to  wall  shear  stress.  This 
latter  practice  however  is  inconsistent  with 
the  observed  near  linear  dependence  of  the  mixing 
length  on  distance  from  the  wall  in  the  near  wall 
region  (and  poses  difficulty  near  separation). 

The  only  way  to  recover  a  much  wider  region  of 
linear  dependence  is  to  base  the  correlation  of 
effective  von  Karman  constant  on  the  local 
stress  gradient  as  opposed  to  the  local  stress. 
Either  of  the  latter  two  suggestions  seem 
reasonable  and  presumably  the  correct  choice  will 
become  obvious  as  more  experimental  evidence 
becomes  available . 

16.4.3.3  The  Viscous  Sublayer 

Finally  a  variation  of  eddy  viscosity  or 
mixing  length  across  the  viscous  r-ublayer  must 
be  hypothesized .  Here  however,  the  option  Is 
open  of  specifying  this  variation  once  and  for 
all  and  Integrating  the  so-called  Couette  flow 
approximation  to  the  axial  momentum  equation 


Finally,  it  is  observed  that  a  relation¬ 

ship  such  as  Che  above  or  Eq.  16.4  (21)  is 
of  course  inconsistent  with  Che  nocion  of  a 
linear  variation  of  mixing  length  i.e., 

^eff  *  const,  in  the  wall  region  except  in 
some  very  special  cases.  If  a  linear  dependence 
of  mixing  length  on  wall  height  is  demanded 
(and  here  the  experimental  evidence  in  pressure 
gradient  is  not  all  that  definitive)  then  it 
becomes  necessary  to  postulate  a  dependence 
of  mixing  length  upon  the  stress  gradient 
3T/9y  which  in  turn  possesses  the  ability  to 
be  nearly  constant  across  the  wall  layer. 
Further,  in  equilibrium  boundary  layers  near 
the  wall  but  outside  the  viscous  sublayer  one 
observes  that  the  stress  gradient  3T/9y  is 
nearly  constant  and  given  by 


so  that  Glowacki  and  Chi's  relationship 
Eq.  16.4(18)  can  easily  be  converted  to  a 
stress  gradient  rather  than  a  pressure  p.radient 
or  shape  parameter  relationship. 


Thus  in  attempting  to  use  the  information 
deduced  by  Galbraith  and  Head  and  Glowacki  and 
Chi  there  are  four  obvioxis  alternatives.  The 
first  is  to  use  Glowacki  and  Ch^'s  equilibrium 
correlation  of  the  effective  value  for  the 
von  Karman  constant  as  presented  on  t]\c 
basis  of  pressure  gradient  for  nonequi 1 ihr i um 
flows.  It  is  suggested  that  this  proposal 
should  be  rejected.  To  follow  the  local  equil¬ 
ibrium  hypothesis  It  would  he  more  reason¬ 
able  to  base  the  exten.slon  to  nonequf  1  ibrium 
flows  on  a  local  mean  velocirv  profile  shape 
parameter  G  rather  than  the  local  presstjre 
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i.e.,  neglecting  the  convective  terms  in  the 
boundary  layer  axial  momentum  equation  to  obtain 
u  at  the  edge  of  the  viscous  sublayer  as  a 
function  of  v  and  dp/dx  and  of  course 
any  of  the  parameters  upon  which  i(y)  is 
supposed  to  depend  on  in  the  sublayer.  This 
functional  dependence  of  u  at  the  edge  of  the 
sublayer  can  be  parameterized  and  consequently 
the  Integration  of  the  governing  equations  within 
the  sublayer  need  not  be  performed  so  long  as  the 
Couette  flow  approximation  is  valid.  This  same 
parametric  approach  can  be  viewed  alternatively 
as  determining  from  observation  the  variation 
of  the  additive  constant  B  In  the  law  of  the 
wall  mean  velocity  profile  Eq .  16.1(10). 

Patankar  and  Spalding  (Ref.  16.67)  in  their 
scheme  chose  to  implement  the  once  and  for  all 
Integration  of  dayatelleke  (Ref.  16.204)  while 
Bradshaw,  Ferriss  and  Atwell  (Ref.  16.57)  prefer 
to  view  the  sublayer  problem  as  an  empirical 
problem  of  determining  the  variation  of  the  law 
of  the  wall  additive  constant.  In  either  case  the 
Result  Is  the  same  in  that  the  governing  equations 
are  not  integrated  within  the  viscous  sublayer  but 
the  solution  is  matched  to  some  prescribed 
velocity  outside  the  sublayer.  A  variety  of 
rather  neat  matching  techniques  have  been 
devised  but  will  not  be  discussed  here.  A  similar 
process  is  followed  for  the  energy  and  species 
equnt ions . 

There  are  two  attributes  to  the  previously 
outlined  wall  function  procedure  for  dealing 
with  tlte  sublaver  aside  from  the  obvious  one  of 
Sravlng  computer  time  bv  reducing  the  required 
ntimbor  of  grid  points.  The  first  is  that  if  the 
sublaver  profilt*  is  viewed  ‘^inplv  as  a  problem  of 
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determining  the  law  of  the  wall  additive  constants, 
the  conceptual  difficulty  of  explicitly  postulating 
a  turbulent  transport  mechanism  for  the  very  low 
Reynolds  number  asymptotic  wall  region  is  avoided. 
Bradshaw  and  Ferrlss  (Ref  16.77),  for  instance, 
cite  this  as  one  reason  for  selecting  the  law  of 
the  wall  approach  (ir  spite  of  the  apparent  ease 
with  which  reasonable  sublayer  profiles  can  be 
obtained  from  postulated  transport  models).  The 
second  attribute  has  been  previously  mentioned 
and  derives  from  the  absence  of  grid  points 
very  close  to  the  wall  as  a  result  of  matching 
the  computed  and  analytic  variables  at  some  point 
removed  from  the  wall.  Clearly  stability  restricted 
prediction  methods  derive  a  considerable  benefit 
in  increasing  the  allowable  axial  step  which 
follows  from  the  Increased  step  size  normal  to 
the  wall.  Indeed  it  is  doubtful  that  current 
stability  restricted  methods  would  be  at  all 
competitive  in  terms  of  computer  run  times  unless 
the  wall  function  approach  were  adopted. 

The  problem  with  the  wall  function  approach 
in  general  lies  first  of  all  with  the  limitations 
on  the  Couette  flow  approximation,  for  here  it 
is  observed  that  frequently  the  stress  near 
the  wall  but  outside  the  sublayer  may  be 
represented  by  the  linear  relationship 
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where  A  can  reach  values  as  low  as  .2  and  as  high 
as  2.0  with  relative  ease.  At  the  wall  itself 
a  value  of  1.0  for  A  must  be  obtained  so  that 
a  variation  in  A  across  the  sublayer,  not  taken 
into  account  in  the  Couette  flow  assumption, 
is  to  be  expected.  The  value  of  velocity 
at  the  edge  of  the  sublayer  arrived  at  by  a 
once  and  for  all  integration  of  the  Couette 
flow  approximation,  therefore,  cannot  be  relied 
upon  in  the  case  of  strong  pressure  gradients 
or  in  the  vicinity  of  flow  separation.  Further 
there  arises  the  question  of  the  temperature 
variation  in  the  sublayer  and  aside  from  the 
Interest  in  this  quantity  for  heat  transfer, 
the  temperature  is  required  in  the  sublayer 
Integration  for  the  velocity  profile.  As  was 
mentioned  in  the  earlier  discussion  on  the  law 
of  the  wall,  the  temperature  variation  in  the 
sublayer  seems  much  more  sensitive  to  variables 
such  as  pressure  gradient  than  the  velocity 
field.  Consequently  the  adoption  of  the  Couette 
flow  approximation  for  the  temperature  field  or 
equivalently  assuming  an  additive  constant  for 
the  thermal  law  of  the  wall  is  more  suspect 
than  for  the  velocity  field. 

In  view  of  the  foregoing  it  would  seem 
reasonable  that  if  the  wall  function  approach 
were  to  be  selected  it  is  probably  better  to 
proceed  for  Instance  as  Bradshaw  and  Ferriss 
(Ref.  16.77)  do  and  to  view  the  sublayer  as  the 
problem  of  determining  the  law  of  the  wall 
additive  constants  and  to  correlate  the  variation 
of  these  constants  with  parameters  such  as  pres¬ 
sure  gradient,  transpiration  rate  or  wall 
roughness  etc.  On  the  other  hand,  viewed 
pragmatically,  considerable  success  has  been 
obtained  by  specifying  a  turbulent  transport 
mechanism  for  the  suolayer  and  not  adopting 
the  Couette  flow  simplification.  This  approach 
has  particular  merit  in  gas  turbine  applications 
where  low  Reynolds  numbers  combine  witti  high 
acceleration  levels  to  give  extensive  blending 


regions  between  laminar  and  turbulent  flow.  In 
such  regions  the  law  of  the  wall  does  not  hold 
so  the  question  of  the  value  of  the  additive 
constant  does  not  arise.  Further  since  in  some 
turbine  problems  the  sublayer  may  comprise  the 
whole  boundary  layer,  the  neglect  of  the  convec¬ 
tive  terms  in  the  Couette  approximation  is 
clearly  unacceptable . 

Of  the  sublayer  transport  models  proposed , 
the  most  commonly  used  in  calculation  schemes  is 
that  due  to  Van  Driest  (Ref.  16.151)  who  suggested 
that  the  mixing  length  in  the  wall  region  be 
written 
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where  is  a  damping  factor  defined  by 
I.O-e«p(-yVA*) 


16.4  (27) 

and  A*^  is  a  coefficient  which  could  be  given 
the  physical  interpretation  as  the  thickness 
of  the  sublayer  when  expressed  in  law  of  the 
wall  coordinates 
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It  turns  out  that  Che  sublayer  damping  factor 
is  a  critical  parameter  in  obtaining  accurate 
heat  transfer  and  wall  friction  predictions. 

Other  suggestions  for  the  sublayer  damping 
factor  have  been  given  by  Mellor  (Ref.  16.156) 
and  McDonald  and  Fish  (Ref.  16.58).  The 
differences  in  the  various  suggestions  are  i 
matters  of  detail  and  are  not  worth  dwelling 
on  here.  Probably  Che  most  significant  items 
in  the  damping  factor  are  the  definitions  of 
the  normal  distance  y"*"  and  the  value  ascribed 
to  the  Van  Driest  coefficient  A"*".  In  the 
definition  of  y'*’  given  above  Che  local  shear 
stress  T  has  been  used,  as  seems  proper. 
Frequently  however,  this  local  strnss  is 
approximated  by  the  wall  value  t„,  and  aside  from 
being  unnecessary  In  a  direct  numerical  scheme 
the  approximation  of  the  local  stress  by 
the  wall  stress  leads  to  obvious  difficulty 
near  separation  where  t„  •>  0.  Some  authors, 
for  example  Cebecl  (Ref.  16.165)  have  proposed 
to  remedy  the  situation  by  reverting  to  the 
Couette  flow  approximation  replacing  t  by 
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As  was  pointed  out  above  there  is  considerable 
experimental  evidence  that  Eq.  16.4(29)  is  not 
particularly  accurate  near  a  wall  and  there  is 
little  ground  (except  numerical  instability) 
for  not  using  the  total  stress  in  the  definition 
of  y^. 


The  second  item  of  importance  is  the 
Van  Driest  coefficient  A"*^  (equivalent  parameters 
arise  in  the  formulations  of  Mellot  (Ref.  16.156) 
.and  McDonald  and  Fish  (Ref.  16.58)).  For 
boundary  layer  flow  over  a  smooth  impermeable 
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wall  the  coefficient  is  usually  given  a  value 
around  27.  Unfortunately  the  Van  Driest  coefficient 
is  known  to  vary.  For  instance  Van  Driest  suggested 
that  the  effect  of  surface  roughness  could  be 
modeled  by  varying  A"*"  such  that  when  k"*",  defined 
by 


16.4  (30) 


with  a  constant  pressure  zero  transpiration 
value  of  24  for  A"*"  Is  adopted,  and  where 
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with  k  the  rms  roughness  height,  exceeds  A"*", 
the  sublayer  would  be  erradlcated.  A  simple 
preliminary  formulation  embodying  this  feature 
has  been  Implemented  by  McDonald  &  Fish  (Ref. 

16.58)  and  Crawford  and  Kays  (Ref.  16.201). 

It  is  noted  however  that  Van  Driest 's 
original  suggestion  of  eradicating  the  sublayer 
does  not  account  for  the  observed  continued 
effect  on  the  flow  for  roughness  heights  k"*^ 
in  excess  of  27.  In  terms  of  the  law  of  the  wall 
additive  constant,  B,  this  continues  to  decrease 
by  very  significant  amounts  as  the  roughness 
height  k"*"  Increases  beyond  27.  In  order  to  model 
this  effect  either  a  shift  In  the  effective 
wall  location  or  a  capacity  of  the  roughness 
to  enhance  the  turbulence  production  (or  both) 
must  be  postulated.  Although  Incorporated  into 
the  formula  of  McDonald  and  Fish,  the  turbulence 
production  capability  of  wall  roughness  clearly 
merits  much  additional  study.  As  given  by 
Crawford  and  Kays  (Ref.  16.201)  there  does  not 
seem  to  be  any  mechanism  to  reduce  B  as  k^ 

Increases  beyond  27  in  their  formulation. 

Insofar  as  pressure  gradients  and  wall 
transpiration  are  concerned  numerous  workers 
have  observed  the  need  to  vary  A'*'  in  order  to 
match  Che  experimental  results  e.g.,  Cebecl 
(Ref.  16.165).  It  is  noted  however  that  if  the 
local  stress  t  Is  used  in  the  definition  of  y"*"  as 
opposed  to  the  wall  value  t„,  the  required  variation 
of  A'*'  is  lessened.  Indeed  both  Herring  and  Mellor 
(Ref.  16.69)  and  Kreskovsky,  Shamroth,  and 
McDonald  (Ref.  16.200)  in  published  and  unpublished 
studies  were  able  to  satisfactorily  predict  the 
behavior  of  a  wide  range  of  boundary  layers  in 
strong  variable  pressure  gradients  for  both 
transpired  and  Impermeable  walls,  without  resort¬ 
ing  to  varying  the  equivalent  of  A^  in  their 
formulations.  This  capability  was  attributed  to 
the  use  of  the  local  stress  in  the  definition  of 
y'*'.  Huffman  and  Bradshaw  (Ref.  16.150)  found 
that  even  when  the  local  stress  was  used  ,  A"*"  was 
observed  to  vary  when  the  stress  gradient 
v„/p„u^3T/3y  exceeded  -5xlO~3.  In  any  event 
if  the  wall  stress  is  used  to  define  y'*'  then  A'*' 
must  be  allowed  Co  vary.  Kays  and  Moffat 
(Ref.  16.81)  suggest  on  the  basis  of  the 
extensive  studies  at  Stanford  the  empirical 
relationship 
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where 

0"7|  V*  iO.O  otherwise  a-90 
b"4.25  p*  <  0  0  otherwise  b-2  0 
C'lO.O  p*  <  0  0  otherwise  c  •  0  0 


The  Stanford  group  have  Incoroorated  the 
foregoing  suggestion  into  an  extensively 
modified  version  of  the  Patankar-Spaldlng  finite 
difference  boundary  layer  scheme  (Ref.  16.201) 
and  achieved  comparable  results  to  Herring  and 
Mellor  (Ref.  16.69). 

The  question  of  relaminarlzlng  boundary 
layers  is  also  treatable  within  the  mixing 
length  framework  if  the  suggestion  of  Launder 
and  Jones  (Ref.  16.80)  is  followed  and  A"*" 
obtained  by  Integration  of  the  differential 
equation 


dA* 

d«' 


(A*- a;,)/c 
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and  C  is  a  constant  whose  value  has  been  found 
by  trial  and  error  to  be  about  4.  A^q  is  the 
local  equilibrium  value  of  A"*"  which  would  be 
obtained  from  a  relationship  such  as  Eq.  16.4(31). 
Launder  and  Jones  subsequently  abandoned  this 
formulation  in  favor  of  a  multi-equation  model 
of  turbulence  which  will  be  discussed  subsequently. 


16.4.3.4  The  Heat  Transfer  Coefficient 


Turning  now  to  the  turbulent  transport  of 
heat  with  the  usual  thin  boundary  layer  approxi¬ 
mations  only  the  turbulent  heat  transfer 
correlation  -v'T'  assumes  Importance.  If 
Prandtl's  formulation  Eq .  16.4  (1)  is  retained 
for  consistency  with  the  momentum  transfer 
analysis  then  cne  ratio  of  the  turbulent  heat 
transfer  correlation  to  the  Reynolds  shear  stress 
is  simply 

— 
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which  from  the  definition  of  the  eddy  viscosity 
v-j*  may  be  written 


16,4  (36) 


so  that  if  an  eddy  dlffusivlty  of  heat  is 


IntrodMced 


v'T* 
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the  turbulent  Prandtl  number  is  arrived  at  as 


16.4  (38) 
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which  In  Prandtl's  formulntlon  would  be  a 
constant . 


Although  It  Is  quite  feasible  to  deduce  a  three 
(or  more)  layer  model  for  the  heat  transport 
correlation  in  an  analogous  fashion  to  the  algebraic 
Reynolds  shear  stress  models,  It  has  long  been  felt 
that  the  mechanism  resulting  In  the  turbulent 
transport  of  momentum  would  be  the  same  mechan¬ 
isms  at  play  In  the  turbulent  transport  of  heat  so 
that  the  turbulent  Prandtl  number  would  Indeed  take 
on  values  close  to  unity.  Initial  boundary  layer 
calculations  performed  using  this  assumption  of 
unit  turbulent  Prandtl  number  resulted  in  very 
good  agreement  with  available  data.  Subsequent 
measurements  by  a  number  of  different  authors 
e.g.,  Meir  and  Rotta  (Ref.  16.40)  and  Simpson, 
Whllten  and  Moffat  (Ref.  16.137)  for  instance, 
have  all  confirmed  that  indeed  the  turbulent 
Prandtl  number  takes  on  values  close  to  unity 
in  the  turbulent  boundary  layer.  Nonetheless, 
in  spite  of  the  experimental  uncertainties 
involved  in  making  such  measurements  at  the 
present  time,  the  results  of  the  differing 
investigations  are  fairly  consistent  in  showing 
values  of  the  turbulent  Prandtl  number  in  excess 
of  one  near  the  wall  and  falling  below  one  in  the 
wake-like  region  of  the  boundary  layer.  This 
has  led  a  number  of  authors  to  suggest  distri¬ 
butions  of  turbulent  Prandtl  number  for  use  in 
performing  turbulent  boundary  calculations. 

For  instance.  Pal  and  Whitelaw  (Ref.  16.138)  used 

P,  .  l.7S-l.25y/S 
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however  they  found  that  by  a  large  margin  best 
predictions  of  a  film  cooled  boundary  layer  were 
obtained  with  the  old  assumption  of  unit  turbulent 
Prandtl  number.  Kays  and  Moffat  (Ref.  16.81)  on 
the  other  hand  obtained  reasonable  predictions 
with  a  constant  turbulent  Prandtl  number  but 
recommended  a  variation  with  y"*"  if  an  accurate 
detailed  temperature  profile  were  to  be  desired. 
Hopefully  in  the  future  improved  techniques  of 
making  time  resolved  temperature  measurements  in 
turbulent  boundary  layers  will  clarify  this 
situation. 

16.4.3.5  Extensions  to  Three  Dimensions 


dimensions.  The  closing  assumption  is  now  that 
the  eddy  viscosity  is  a  simple  isotropic  scalar 
l.e.,  its  magnitude  is  indenendent  of  direction 
so  that  one  obtains  for  the  stresses 
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Thus  as  in  two  dimensions  the  description 
of  the  three-dimensional  Reynolds  stresses  can 
be  poor  when  the  mixing  length  assumptions  are 
inadequate.  However,  in  addition,  in  three 
dimensions  the  assumption  that  the  eddy  viscosity 
is  an  isotropic  scalar  results  in  the  shear 
stress  direction  being  that  of  the  mean  rate  of 
strain.  Experimental  evidence  shows  that  in  many 
cases  this  is  at  best  a  crude  assumption  but 
probably  no  worse  than  the  assumption  of  a  well- 
behaved  mixing  length  or  eddy  viscosity  and 
according  to  Nash  and  Patel  the  calculations 
are  not  overly  sensitive  to  the  direction  of 
the  shear  stress.  In  the  foregoing  the  generali¬ 
zation  of  mixing  length  formula  to  three  dimensions 
has  been  given  and  the  extension  of  the  conven¬ 
tional  two-dimensional  eddy  viscosity  models, 
which  usually  only  differ  in  the  outer  wake-like 
region  in  any  event,  are  obtained  similarly 
i.e. , 


16.4  (44) 

where  the  free  stream  velocity  Ug  in  two  dimen¬ 
sions  has  simply  been  replaced  by  the  free  stream 
velocity  vector  parallel  to  the  wall  vg.  As  in 
two  dimensions  the  wall  similarity  scale  is 
based  upon  the  resultant  stress  l.e., 
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and  the  three-dimensional  displacement  thickness 
is  defined 


The  usual  boundary  sheet  approximations  in 
three  dimensions  result  in  two  Reynolds  stresses 
making  their  appearance  in  the  axial  and  cross 
stream  momentum  equation  (see  for  instance  Nash  & 
Patel  (Ref.  16.107)) 

_  4u 
T,/p  .  -77  +  v-j- 
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The  natural  extension  of  the  previously  described 
algebraic  stress  models  to  three  dimensions  is 
to  take  the  eddy  viscosity  in  three  dimensions 
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Cebecl  et  al.,  (Ref.  16.102)  have  in  fact 
constructed  a  three-dimensional  boundary  layer 
prediction  scheme  using  an  eddy  viscosity 
formulation  which  has  been  generallze'd  in  the 
aforementioned  manner  from  the  two-dimensional 
model  used  by  Cebecl  and  Smith  (Refs.  16.68  and 
16.73).  Cebecl's  initial  results  are  quite 
encouraging.  Wheeler  and  Johnson  (Ref.  16.97) 
examined  three  different  three-dimensional 
shear  stress  models  including  an  eddy  viscosity 
model  similar  in  many  respects  to  that  used  by 
Cebecl  (only  the  viscous  sublayer  differed 
as  Wheeler  and  Johnson  elected  to  fit  a  three- 
dimensional  law  of  the  wall  profile).  In  general 
Wheeler  and  Johnson  concluded  that  there  appeared 
to  be  a  fairly  large  class  of  three-dimensional 
flows  which  could  be  quite  well  predicted  by  a 
direct  numerical  method  using  even  the  very 
simple  description  of  the  Reynolds  stresses 
obtained  from  the  isotropic  eddy  viscosity  model. 


where  i  is  assumed  to  be  a  scalar  and  have 
exactly  the  same  form  as  that  used  in  two 
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16.4.3.6  Summary  of  Algebraic  Stress  Models 

Even  a  cursory  glance  through  the  literature 
will  show  the  quite  remarkable  accuracy  and  range 
of  predictions  possible  with  these  very  simple 
models  of  turbulence.  Notable  objections  to 
mixing  length  and  eddy  viscosity  such  as  the 
fact  that  different  outer  layer  prescriptions  of 
the  mixing  length  are  required  for  differing 
types  of  flow  operationally  causes  little 
difficulty  since  the  required  typical  value  for 
that  category  of  flow  Is  known  In  advance. 
Difficulties  with  the  transverse  velocity  gradient 
disappearing  at  some  point  other  than  where  the 
shear  stress  goes  through  zero  also  can  be 
circumvented,  as  for  Instance  was  done  In  the 
film  cooling  studies  of  Pal  and  Whltelaw 
(Ref.  16.138).  Real  problems  arise  with  these 
models  when  substantial  variations  In  the  outer 
layer  values  of  mixing  length  or  eddy  viscosity 
are  required  during  the  course  of  development 
of  one  particular  shear  layer  and/or  no 
convenient  scale  of  length  for  the  flow  can 
readily  be  determined. 

16.4.4  One  Equation  Turbulence  Models 

There  are  two  major  defects  In  algebraic 
stress  models,  one  being  chat  practical  flows 
can  arise  where  Che  changes  In  the  turbulent 
structure  cannot  keep  pace  with  Che  changes  In 
mean  velocity,  the  ocher  being  that  In  many 
turbulent  flows  no  convenient  turbulent  scale 
of  length  Is  present.  One  equation  turbulence 
models  are  aimed  at  Che  turbulence  lag  problem. 

In  using  one  equation  turbulence  models  It  Is 
usual  to  suppose  chat  a  well-defined  length 
scale  such  as  Che  boundary  layer  thickness  6 
Is  present  and  therefore  such  models  are  of 
necessity  restricted  to  flows  where  such  a 
scale  exists.  Turning  once  again  to  Prandtl's 
constitutive  relationship,  Eq,  16.4  (1),  it  will 
be  seen  Chat  the  turbulent  dlffusloned  flux  Is 
supposed  related  to  some  turbulent  scale  of 
length  t  and  a  turbulent  velocity  scale 
where  ^  Is  the  turbulence  kinetic  energy.  A 
number  of  one  equation  models  then  have  concen¬ 
trated  on  solving  a  transport  equation  for  Che 
turbulence  kinetic  energy,  which  can  be  derived 
by  manipulating  the  Navler-Stokes  equations, 
whilst  retaining  the  existing  Prandtl  formula¬ 
tion  so  that  effectively  a  transport  equation 
for  the  eddy  dlffuslvlcy  Is  constructed. 
Alternatively  an  entirely  empirical  equation  for 
the  transport  of  the  eddy  dlffuslvlcy  can  be 
formulated  such  as  was  done  by  Nee  and  Kovasney 
(Ref.  16.164),  Lastly,  as  an  alternative  to 
both  of  Che  preceding,  the  structural  equilibrium 
hypothesis  of  Townsend  (Ref.  16.167)  can  be 
recalled  and  In  this  framework  It  Is  then  only 
necessary  to  predict  the  turbulence  kinetic 
energy  to  obtain  the  turbulent  dlffuslonal  flux 
of  Interest  since  with  this  hypothesis  all 
correlations  scale,  however  a  'dissipation 
length'  now  enters  the  problem.  Prandtl's 
constitutive  relationship  Is  bypassed  In  the 
structural  equilibrium  approach  as  is  the  local 
gradient  transport  hypothesis  It  embodies.  An 
example  of  the  structural  equilibrium  approach 
Is  to  be  found  In  the  work  of  Bradshaw  and 
Ferriss  (Ref. 16.77).  If  the  entirely  empirical 
transport  equation  Is  omitted  from  further 
consideration  and  most  Investigators  prefer 
where  possible  to  work  with  a  rigorously  based 
equation,  the  concensus  seems  to  be  chat  the 
turbulence  kinetic  energy  equation  is 


the  most  suitable  single  equation  characterizing 
the  Reynolds  stress.  Mellor  and  Herring  (Ref. 
16.173)  dispute  this  however,  arguing  that  the 
Reynolds  shear  stress  equation,  also  derived 
by  straightforward  manipulation  of  the  Navler- 
Stokes  equations.  Is  the  'correct'  equation, 
embodying  as  it  does  the  transport  of  the 
Reynolds  shear  stress  directly.  However,  at 
the  outset  of  this  particular  development  In 
turbulence  modeling  the  turbulence  kinetic 
energy  equation  on  a  term  by  term  basis  was 
much  better  understood  than  the  Reynolds  shear 
stress  equation  and  hence  the  selection  of  the 
energy  equation  for  development. 

In  general  the  various  rigorous  'transport' 
equations  are  formed  from  the  Instantaneous 
Navler-Stokes  equations  written  In  the  form  of 
fluctuating  components  by  subtracting  out  the 
averaged  Navler-Stokes  equations.  The 
resulting  set  may  be  regarded  as  equations 
governing  the  fluctuating  components  of  velocity. 
The  various  single  point  correlations  may  then 
be  formed  by  taking  appropriate  moments  of 
the  fluctuation  equations  and  averaging. 

Boundary  layer  approximations.  If  valid,  may 
then  be  Introduced.  The  turbulence  kinetic 
energy  equation  derived  In  the  foregoing  manner 
can  be  written  in  a  three-dimensional  Cartesian 
coordinate  system  in  incompressible  'boundary 
sheet'  flow,  (see  Nash  and  Patel,  Ref.  16.107)  as 


d  uq^  d  7q‘  d  wq^  _  dC  _  dw 
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the  viscous  term  appearing  above  is  the  sum 
of  the  dissipative  and  diffusive  effects  of 
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where  the  gradients  in  kinetic  energy  are 
normally  negligible  except  close  to  a  wall  when 
the  second  derivative  with  respect  to  y  may  be 
Important,  and  can  readily  be  retained  without 
difficulty.  Now  In  order  to  proceed  further 
it  Is  necessary  to  relate  the  higher  order 
correlations  appearing  In  Eq.  16.4(47)  to  the 
lower  order  correlations  and/or  the  mean  flow. 
This  process  Is  termed  the  'closure  problem', 
and  subsequently  the  more  commonly  used 
strategies  to  effect  this  closure  will  be 
discussed. 


Common  to  most  approaches  based  on 
Eq.  16.4(47)  Is  the  treatment  of  the  viscous 
energy  dissipation  terms  in  the  energy  equation 
and  the  appeal  here  is  to  the  well-known 
observation  that  at  high  Reynolds  numbers  the 
rate  of  energy  dissipation  is  controlled  by  the 
essentially  Invlscld  turbulent  motion  supplying 
the  energy  which  cascades  to  the  smaller 
dissipative  scales  of  Che  motion.  Dimensional 
analysis  then  suggests  that  the  viscous  terms, 
represented  by  t,  can  be  written 
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and  L  once  again  Is  a  turbulence  length  scale 
(prescribed)  and  Is  some  constant.  If  at  this 
point  an  appeal  Is  made  to  Prandtl's  constitutive 
relationship  and  the  length  scale  L  Is  prescribed 
as  for  the  algebraic  stress  models,  it  only 
remains  to  set  values  for  the  various  constants 
to  close  the  system  (normally  the  pressure 
velocity  correlation  gradient  Is  neglected). 
Usually  these  constants  are  derived  by  forcing 
the  system  to  return  the  mixing  length  values 
when  the  convective  and  diffusive  terms  in  the 
kinetic  energy  equation  can  be  neglected. 

Detailed  values  of  the  various  constants  are 
given  In  the  book  by  Launder  and  Spalding 
(Ref.  16.163). 

As  an  alternative  to  adopting  Prandtl's 
constitutive  relationship  and  the  gradient 
transport  hypothesis  It  embodies,  Townsend's 
structural  similarity  arguments  can  be  cited 
to  yield 
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where  'a'  could  also  be  some  prescribed  function 
of  the  turbulent  length  scale  L  and  hence  y/6  but 
in  application  Bradshaw  and  Ferriss  (Ref.  16.77), 
Nash  (Ref.  16.74)  and  McDonald  and  Camarata 
(Ref.  16.56)  all  chose  the  simple  expedient  of 
setting  'a'  to  a  constant  value  (.15).  At  this 
point  two  further  quantities,  the  turbulent 
diffusive  term  and  the  turbulent  length  scale 
appearing  in  the  expression  for  the  dissipation 
remain  to  be  specified.  Insofar  as  the  former 
Is  concerned  Bradshaw  and  Ferriss  (Ref.  16.77) 
suggested 
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where  qj^AX  maximum  value  of  the  turbulence 

kinetic  energy  In  the  boundary  layer  at  that 
particular  strearawlse  location.  This  quantity 
qMAX  Introduced  as  a  scale  of  the  velocity 
responsible  for  the  bulk  transport  (as  opposed 
to  gradient  transport).  G  Is  a  dimensionless 
function  of  normal  distance  in  the  boundary 
layer.  Townsend  (Ref.  16.167)  postulates  a 
slightly  different  form,  used  by  Nash  (Ref. 
16.74). 
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thus  ensuring  the  transport  is  always  down  the 
gradient  of  It  Is  likely  that  both  gradient 

and  bulk  diffusion  of  kinetic  energy  are  present 
in  turbulent  boundary  layers  and  In  various 
situations  one  or  the  other  may  dominate.  At  Che 
present  time  the  situation  Is  unclear  and  the 
arguments  for  both  forms  are  given  by  their 
respective  advocates  in  the  appropriate 
references.  Future  study  will  doubtless 
clarify  the  matter  and  for  moment  the  issue  is 
sidestepped  with  the  observation  that  boundary 
layer  predictions  are  not  unduly  sensitive  to 
Che  assumptions  made  concerning  diffusion  of 
turbulence  kinetic  energy. 

The  ocher  Item  of  specifying  Che  turbulent 
dissipation  length  scale  Is  now  taken  up  and  here 
again  the  proposition  Is  Chat  this  scale  Is  a 
unique  function  of  position  In  the  boundary  layer. 


As  with  the  other  Prandtl  type  formulations  a 
convenient  method  of  estimating  this  length  scale 
is  given  by  considering  equilibrium  flows  where 
convection  and  diffusion  are  negligible  in 
comparison  to  production  and  dissipation  of 
turbulence  kinetic  energy,  leading  to  the 
observation  that  the  dissipation  length  should 
have  a  very  similar  (but  invariant)  form  to  the 
mixing  length  distribution  In  an  equilibrium 
boundary  layer.  This  led  McDonald  and  Camarata 
(Ref.  16.56)  to  fit  the  dissloation  length  by 
a  relationship  similar  to  Eq.  16.4(17)  notably 
incorporating  the  constant  Cj  and  defining 
the  dissipation  scale  as  L  •  t/C^  where 

16.4  (53) 

and  the  damping  factor  is  defined  as  before. 
McDonald  and  Camarata  further  chose  to  integrate 
the  turbulence  kinetic  energy  equation  normal 
to  the  wall  to  remove  the  necessity  for  modeling 
the  turbulent  diffusion  process.  The  closing 
assumption  in  this  case  was  that  It  was  then 
assumed  that  the  usually  defined  mixing  length 
could  be  described  by  formulae  such  as  Eq.  16.4(17) 
but  now  it  was  possible  to  regard  the  outer  layer 
value  of  the  mixing  length,  the  .094  referred 
to  previously,  as  a  free  parameter  whose  value 
Is  determined  by  the  turbulence  kinetic  energy- 
equation. 

All  In  all  the  one  equation  models  as 
outlined  above  have  performed  at  least  as  well 
and  usually  better  by  varying  degrees  than  the 
algebraic  stress  models  described  earlier. 

A  key  Ingredient  to  their  success  has  been 
the  fact  Chat  they  represent  a  very  modest  and 
In  the  main,  physically  plausible  extension, 

(indeed  perturbation  might  be  better)  to  the 
algebraic  stress  models.  Two  powerful  capabili¬ 
ties  the  one  equation  models  do  possess  over  the 
algebraic  stress  models  of  particular  note  in 
turbumachinery  applications  are  firstly  Che 
ability  to  reflect  the  observed  lag  in  turbulent 
boundary  layer  response  to  severe  pressure 
gradients  being  applied  or  removed.  Secondly  use  of 
the  turbulent  kinetic  energy  equation  with  a  nonzero 
free  stream  value  allows  the  free  stream  turbulence 
to  enter  the  prediction  in  a  natural  manner  (see 
Fig.  16.10  and  Eq.  16.1.(66)).  Examples  of 
the  range  and  power  of  one  equation  models  are 
to  be  found  in  the  predictions  presented  in 
Bradshaw  and  Ferriss  (Ref.  16.77),  Patel  and 
Nash  (Ref.  16.127),  Nash  (Ref.  16.74),  McDonald 
and  Kreskovsky  (Ref.  16.3)  and  Briley  and 
McDonald  (Ref.  16.194).  The  ability  of  Che 
Townsend  structural  equilibrium  approach  to 
avoid  zero  shear  stress  when  the  mean  velocity 
gradient  goes  through  zero,  not  possible  using 
the  Prandtl  constitutive  relationship  is  certalnlv 
attractive  but  in  most  of  the  boundary  layer 
studies  performed  to  date  it  has  not  been  a 
crucial  feature.  An  exception  could  arise  in 
the  film  cooling  studies  where  the  Townsend 
approach  would  eliminate  the  need  for  the 
simple  ad  hoc  modification  to  the  algebraic 
stress  model  predictions  such  as  that  used  by 
Pal  and  Vhitelaw  (Ref.  16.13R). 

One  notable  feature  of  the  one  equation 
models  which  has  not  yet  been  mentioned  concerns 
the  effect  of  low  Reynolds  numbers.  Glushko 
(Ref.  16.176),  McDonald  and  Fish  (Ref.  16.58), 
and  Jones  and  Launder  (Ref.  16.177)  suggested 


that  the  structural  coefficient  used  to  close  the 
turbulence  kinetic  energy  equation  would  exhibit 
dependence  on  a  turbulence  Reynolds  number 


where  I  is  the  previously  Introduced  turbulence 
length  scale.  A  very  similar  alternative 
Reynolds  number  can  be  obtained  by  using 
(^)l/2  In  place  of  (-u* v'  If  this  length 

scale  is  supposed  related  to  the  conventional 
mixing  length  then  the  turbulence  Reynolds  number 
is  simply  the  ratio  of  the  eddy  viscosity  to 
the  actual  viscosity.  Using  only  the  assumption 
that  the  local  conditions  obtained  In  Townsend’s 
structural  equilibrium  state  would  also  depend 
on  the  turbulence  Reynolds  number,  i.e., 

-Jv  •  a-f(R^)q* 

16.^  (55) 

McDonald  and  Fish  were  able  to  model  both  forward 
and  reverse  transition  as  it  is  influenced  by 
free  stream  turbulence  wall  roughness  and  pressure 
gradients.  McDonald  and  Fish  (Ref.  16.58)  argued 
that  the  mean  strain  effect  on  'a*  would  for  the 
flows  of  interest  still  be  negligible  compared 
to  the  R-j-  effect.  The  functional  dependence  of 
the  structural  coefficient  ’a’  on  the  turbulence 
Reynolds  number  R-p  is  given  in  Ref.  16.58  and 
was  somewhat  contrived  being  chosen  to  have  the 
correct  asymtotic  limits  of  0  and  1  but  with  the 
variation  in  between  selected  judiciously  to 
result  In  good  agreement  with  the  observed 
dependence  of  forward  transition  Reynolds  number 
on  free  stream  turbulence  intensity.  In  spice  of 
this  the  selected  dependence  survived  intact  to 
give  very  reasonable  predictions  of  boundary 
layer  relaminarizacion  as  a  function  of  pressure 
gradient,  see  for  instance,  McDonald  and  Fish 
(Ref.  16.58).  Subsequently  it  was  found  chat  the 
effect  of  convex  curvature  in  Inhibiting  the 
forward  transition  process  was  reasonably  well 
accounted  for  in  this  model  If  Bradshaw's 
(Ref.  16.147)  suggestion  for  the  effect  of 
curvature  on  Che  dissipation  length  L  were 
adopted.  The  destabilizing  effect  of  concave 
curvature  was  not  well  predicted  with  this  model 
however . 

Three  observations  are  probably  appropriate 
at  this  point.  The  first  is  chat  the  heat 
transfer  to  a  turbine  airfoil  is  one  of  the  major 
turbomachlne  boundary  layer  problems  and  this 
problem  is  dominated  by  low  Reynolds  number 
effect  such  as  forward  and  reverse  transition. 
Consequently  unless  the  boundary  layer  analysis 
can  account  in  some  plausible  manner  for  these 
phenomena  as  they  are  influenced  by  free  scream 
turbulence  and  streamwise  acceleration  the  entire 
analysis  would  be  of  little  use  to  design 
engineers.  Secondly  the  alternatives  to  the 
adoption  of  turbulence  Reynolds  number  effect 
on  Llie  structural  coefficient  are  either  to 
abandon  the  problem  ns  too  difficult  or  to 
attempt  to  correlate  the  location  of  tlic  initiation 
and  extent  of  the  transition  region  as  it  Is 
observed  to  vary  with  Reynolds  number  pressure 
gradient  and  free  stream  disturbances.  There  is 
evidence  that  a  unique  correlation  of  this  type 
would  exist  since  it  is  observed  iliat  for  riie 
moderate  to  high  levels  of  free  stream  turbulence 
typical  of  turbon)ac}}inery  the  overall  energy 


level  of  Che  broad  band  free  stream  disturbances 
seems  to  characterize  the  transition  process 
at  a  given  Reynolds  number.  If  desired,  the 
suggested  a-Rj  relationship  can  be  thought  of  as 
a  particularly  simple  means  of  Implementing 
precisely  this  type  of  empirical  correlation. 

Thirdly  a  number  of  authors  (see  for  instance 
Kays  and  Moffat  (Ref.  16.81)  for  a  discussion) 
have  suggested  a  parameter  such  as  R-j  might  at 
least  characterize  the  relaminarlzation  phenomenon 
such  that  in  general  when  Ry  fell  below  about 
33  the  turbulent  motion  would  die  out.  The 
suggested  variation  of  the  structural  coefficient 
with  R-j-  reflects  this  concept  but  rather  than 
have  an  on-off  switch  the  functional  relationship 
adopted  assures  a  smooth  transition  and  a  rate 
controlled  change  in  the  structure  which  is 
quantitatively  in  accordance  with  that  observed. 
Bearing  in  mind  these  three  points,  it  is  felt 
that  while  a  contrived  a-Rj  relationship,  such 
as  that  suggested  by  McDonald  and  Fish  (Ref.  16.58), 
although  at  present  unsupported  by  direct  experi¬ 
mental  evidence  and  doubtlessly  a  gross  oversimpli¬ 
fication  of  the  physical  phenomena  at  play,  does 
introduce  a  degree  of  realism  into  the  predictions, 
without  which  the  analysis  would  be  almost  worthless 
for  detailed  turbine  blade  design  purposes.  Some 
ideal  of  the  complexities  Involved  may  be  obtained 
from  Fig.  16.11. 

In  the  context  of  the  multi-equation 
models  to  be  discussed  subsequently  a  number  of 
authors  e.g.,  Jones  and  Launder  (Ref.  16.177) 
and  Donaldson  (Ref.  16.143)  have  postulated 
a  turbulence  Reynolds  number  dependence  of 
various  parameters.  In  his  one  equation  model 
Glushko  (Ref.  16.176)  proposed  a  series  of 
parameters  varying  with  the  turbulence  Reynolds 
number,  again  with  little  direct  experimental 
support.  In  any  event  Glushko's  model  has 
not  been  as  extensively  tested  or  developed 
as  chat  of  McDonald  and  Fish  (Ref.  16.58),  which 
from  the  results  of  Kreskovsky,  Shamroth  and 
McDonald  (Ref.  16.200)  can  be  seen  to  perform 
quite  well  over  a  verv  wide  range  of  flows.  It 
is  to  be  expected  chat  the  dissipation  process 
would  exhibit  a  very  marked  effect  on  turbulence 
Reynolds  number  such  that  'L*,  the  dissipation 
length,  would  also  depend  on  the  turbulence 
Reynolds  number.  Glushko  (Ref.  16.176)  and 
Hanjallc  and  Launder  (Ref.  16.180)  indeed 
make  specific  suggestions  as  to  the  form  of  this 
Reynolds  number  dependence.  McDonald  and  Fish 
(Ref.  16,58)  while  recognizing  that  such  an 
effect  was  probably  present,  pointed  out  that 
in  their  one  equation  formulation  the  ratio  of 
turbulence  length  scale  to  dissipation  length 
appears,  so  that  unless  the  dissipation  length 
scale  L  decreased  with  Reynolds  number  much, 
faster  than  the  turbulence  length  scale  (an 
unlikely  event)  the  low  Reynolds  number  effect 
on  dissipation  would  not  have  a  significant 
effect  on  their  predictions,  provided  that 
* /L  <<  1.0  at  low  Reynolds  numbers.  No  matter 
which  approach  is  favored,  that  of  postulating 
an  effect  onlv  on  c!ie  structural  coefficient 
'a'  or  an  effect  onlv  on  the  dissipative  process, 
or  both,  the  postulated  dependence  can,  at 
present,  onlv  be  obtained  bv  the  indirect 
process  of  attempting  to  duplicate  r.easured 
flow  development,  ru-arlv  experimental  guidance 
Is  required. 
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16.4,5  Two  Equation  Turbulence  Models 

There  is  one  major  defect  in  the  one  equation 
models  in  current  use,  this  being  the  need  to 
specify  a  turbulent  length  scale.  If  continued 
use  of  Prandtl's  constitutive  relationship  is  made 
in  the  one  equation  models,  the  argument  can  also 
be  valid  that  the  use  of  the  mean  gradient 
further  preserves  the  defect  of  zero  correlation 
at  the  point  o*’  zero  mean  gradient.  This  point 
will  not  be  pursued  here  but  it  is  noted  that 
in  a  number  of  flows  of  practical  interest  no 
convenient  shear  layer  thickness  can  be 
identified,  for  example  in  can  or  annular 
combustors.  In  the  two  equation  system  the 
additional  equation  is  aimed  at  providing  a 
differential  equation  for  some  turbulence 
quantity  which  can  be  related  to  a  turbulent 
scale  of  length,  thus  eliminating  the  need  to 
directly  specify  some  shear  layer  thickness 
upon  which  the  turbulence  length  scale  can  be 
based.  The  idea  has  a  great  deal  of  merit  but 
unfortunately  at  present  much  of  this  work  is 
still  relatively  preliminary  and  cannot  be 
confidently  used  by  design  engineers.  It  is  to 
be  expected  that  this  state  of  affairs  will  be 
improved  upon  in  the  near  future  however  ,  in 
view  of  the  potential  of  two  equation  models 
some  outline  of  the  present  status  will  be 
given. 

With  few  exceptions  the  choice  of  one  of 
the  two  equations  has  been  the  turbulence 
kinetic  energy  equation  which  performed  so  well 
in  the  single  equation  system.  The  choice 
of  second  equation  has  exhibited  a  great  deal 
of  variety,  although  the  chosen  dependent 
variables  have  generally  been  associated  more 
or  less  directly  with  some  turbulent  length 
scale.  Heuristic  transport  equations  also 
have  made  their  reappearance,  justified 
persuasively  on  the  grounds  that  so  little 
is  known  about  how  to  model  the  various 
correlations  appearing  in  the  rigorous 
equations  that  one  might  as  well  use  a  heuristic 
transport  equation.  Such  arguments  have  led 
Bradshaw  (Ref.  16.198)  and  Saffman  (Ref.  16.199) 
to  propose  heurlstlcally  a  dissipative  length 
scale  transport  equation  on  the  one  hand  and 
a  psuedo-vorticity  transport  equation  on  the 
other.  Criticism  of  the  speculative  nature  of 
the  various  hypothesis  required  to  convert  the 
various  rigorous  equations  Into  length  scale 
transport  equations  or  their  equivalent  is 
certainly  justified.  At  this  point  in  time 
little  in  the  way  of  experimental  support,  or 
even  Insight,  is  available  to  Justify  many 
of  the  suggestions.  Be  that  as  It  may,  it 
seems  probable  that  as  the  store  of  experi¬ 
mental  information  on  the  structure  of  turbu¬ 
lence  is  Increased  an  Improvement  in  the 
modeling  of  the  terms  in  the  rigorous 
equations  will  result.  Heuristic  transport 
equations  which  cannot  eventually  be  related 
to  some  rigorous  transport  equation  seem 
destined  to  a  limited  lifetime.  In 
seeking  to  remedy  the  lack  of  experimental 
support  on  the  detailed  modeling  assumptions 
required  to  close  the  rigorous  equations,  an 
effort  is  usually  made  to  ensure  that  certain 
well-known  results,  usually  concerning  the 
decay  of  isotropic  turbulence,  are  reproduced 
by  the  modeled  equations.  Again  this  process 
on  the  surface  seems  very  reasonable  but 
as  argued  by  Bradshaw  the  wide  disparity 
between  isotropic  and  shear  flow  turbulence 


confuses  this  issue  dramatically. 


Of  the  two  equation  models  proposed  to  date 
only  the  Jones-Launder  model  (Ref.  16.177) 
and  the  Saffman-Wllcox  model  (Ref.  16.199)  have 
been  developed  to  any  great  extent.  Earlier  or 
alternative  two  equation  models  such  as  those 
developed  by  Ng  (Ref.  16.171)  based  on  an  even 
earlier  proposal  of  Rotta  (Ref.  16.179)  or  the 
suggestion  of  Spalding  (Ref.  16.178),  have  not 
as  yet  demonstrated  any  clear  superiority  and 
according  to  Launder  are  slightly  more  complicated. 
In  his  critical  review  Reynolds  (Ref.  16.170) 
cautions  against  the  use  of  the  Saffman-Wllcox 
model  as  an  engineering  tool  at  present  in  view 
of  the  extreme  sensitivity  of  the  predictions  to 
both  the  wall  and  free  stream  boundary  conditions. 
To  date  most  success,  measured  in  terms  of 
satisfactory  predictions  obtained  without  changing 
the  empirical  constants,  has  been  obtained  using 
a  modeled  form  of  the  equation  governing  the 
dissipation  of  turbulence  kinetic  energy.  The 
reader  then  would  be  recommended  to  choose  from 
the  two  equation  model  shopping  list  described 
by  Launder  and  Spalding  (Ref.  16.163),  for 
Instance,  one  model  based  upon  the  turbulence 
kinetic  energy  and  the  dissipation  of  turbulence 
kinetic  energy.  Caution  must  still  be  advocated 
however  since  clearly  the  use  of  an  eddy  viscosity, 
albeit  derived  from  Prandtl's  constitutive 
relationship,  still  suffers  from  the  observed 
discrepancy  of  zero  stress  not  occurring  at  zero 
mean  gradient.  Further  the  known  anisotropy 
of  the  eddy  viscosity,  so  Important  in  three- 
dimensional  flows,  is  at  present  missing  from 
these  models.  Clearly  much  remains  to  be  done 
on  these  multi-equation  models  before  they  can 
be  used  with  confidence  by  design  engineers. 

The  extension  of  capability  which  these  models 
offer,  however,  does  lend  encouragement  to 
their  continued  development.  At  this  point 
further  discussion  of  turbulence  models  will  be 
discontinued  since  beyond  this  point  the  topic 
becomes  even  more  controversial. 

16.5  Concluding  Remarks 

At  the  request  of  the  editor  I  would  like 
to  conclude  this  section  with  some  observations 
about  the  audience  that  I  had  hoped  to  reach. 

I  would  also  like  to  add  some  personal  comments 
on  the  contents  of  the  section  now  that  it  has 
been  completed;  completed  that  is,  in  the  sense 
that  there  is  no  longer  any  time  to  Include 
additional  material! 

First,  insofar  as  the  hoped  for  audience 
was  concerned,  the  model  I  had  in  mind  grew  out 
of  my  rather  long  and  fruitful  (at  least  on 
my  part!)  association  with  the  engineers  at 
Pratt  &  Vfnltney  (Aircraft).  The  educational  level 
of  these  engineers  was  generally  at  the  masters 
or  doctoral  level  In  mechanical  engineering. 

Often  they  were  faced  with  the  very  difficult 
task  of  evaluating  new  or  advanced  fluid  mech¬ 
anics  technology.  If  following  the  evaluation 
they  deemed  it  attractive,  thev  then  had  to 
further  .develop ,  validate  and  ultimately  to 
transfer  the  technology  into  the  design  svstem, 
that  It  might  usefully  impact  the  end  product. 

The  understanding  and  prediction  of  general  turb¬ 
ulent  'boundary  layers'  has  the  potential 
of  greatly  assisting  in  the  turbomachlnerv  design 
process,  and  consequently  was  and  is  a  topic  of 
considerable  Interest  to  these  engineers. 
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The  literature  on  the  subject  Is  not  turbomachinery 
biased,  however,  and  sometimes  methods  or  approaches 
were  explored  which  had  hereditary  traits  which 
either  precluded  successful  application  to  turbo¬ 
machinery  problems  or  preordained  certain  very 
unfortunate  limitations.  It  was  In  part  with  the 
goal  of  helping  the  Industrially  based  engineers  to 
become  'selective  shoppers'  In  the  evaluation  phase 
of  their  work  that  this  section  was  Initiated.  It 
was  further  hoped  that  the  section  would  be  of 
assistance  to  new  recruits  to  the  subject  to  help 
bridge  the  gap  between  graduate  level  courses 
and  the  current  areas  of  Interest  of  chose  Involved 
in  evaluation,  development,  validation  and 
Implementation  of  viscous  flow  prediction  schemes. 

Concerning  the  actual  material  presented,  in 
retrospect  It  seems  clear  that  too  much  effort  was 
spent  on  the  two-dimensional  Integral  boundary  layer 
procedures.  This  occurred  partly  because  the  subject 
Is  relatively  secure  and  partly  because  I  poorly 
budgeted  the  time  I  had  available  to  write  the 
whole  section.  A  much  better  allocation  would  have 
been  to  reduce  the  emphasis  on  Integral  procedures 
and  Include  some  discussion  on  wake  flows.  Although 
I  did  not  intend  to  Interpret  the  section  I  was 
requested  to  prepare  as  one  dealing  exclusively  with 
boundary  layers,  over  the  years  I  had  not  detected 
any  great  Interest  by  the  engine  manufacturers  In 
wake  flows,  and  hence  their  omission  from  the  section. 
More  recently  It  appears  that  there  Is  interest  in 
wake  controlled  problems  and  this  area  will  grow 
In  Importance.  A  very  encouraging  contribution 
to  this  near  wake  problem  has  recently  been  made 
by  Pope  and  Whltelaw  (Ref.  16.208).  Insofar  as 
three-dimensional  flows  are  concerned,  I  regret 
not  having  more  time  available  to  develop  the 
relationship  between  what  my  colleagues  and  I  term 
'classical  secondary  flow  theory'  as  described  by 
Hawthorn  and  Horlock,  and  the  extended  boundary 
layer  equations  discussed  In  the  text.  Such  a 
relationship  does  exist  and  Its  exploration  and 
further  development  may  provide  the  key  to  under¬ 
standing  the  observed  complex  intra-blade  or  stator 
boundary  layer  flows. 

Having  touched  on  the  major  omissions  and 
offering  my  apologies,  I  close  by  promising  to  try 
to  do  better  with  the  second  edition. 
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Fig.  16.1  Compressible  Turbulent  Velocity  Defv  Jt  Profiles  on  a  pouqh  Surface 

with  Heat  Transfer,  M  is  the  free  stream  Mach  numi>«*r,  k  is  the  rough¬ 
ness  height,  u*  is  Van  Driest's  (Ref.  16.2^)  transf  rme-l  vr>ifirity  and 
A*  is  Clauser*s  thickness  scale,  Fq.  IF. 1(7). 

Figure  is  taken  from  Chen  (Ref.  16. 3«''). 
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17.0  INTRODUCTION 

This  Chapter  begins  with  qualitative  descrip¬ 
tions  of  axial-flow  compressor  geometry  and  of  some 
of  the  features  of  the  flow  in  this  form  of  turbo¬ 
machine.  The  purpose  of  these  sections  is  to  de¬ 
velop  a  working  understanding  of  the  specialized 
terminology  associated  with  compressor  aerodynamics 
and  aeromechanics.  Subsequent  sections  discuss  the 
elements  of  axial-flow  compressor  design,  including 
design  objectives,  the  requirements  for  a  design 
system,  and  the  characteristics  of  typical  current 
and  developing  design  methods.  Finally,  a  brief 
outline  of  the  quantitative  status  of  axial-flow 
compressor  technology  is  given.  This  is  done,  not 
to  guarantee  the  prompt  obsolescence  of  the  Chapter, 
but  to  provide  baseline  data  and  illustrate  trends. 

Like  most  of  the  other  subjects  covered  in  the 
specialized  Chapters  of  these  volumes,  the  axial- 
flow  compressor  has  a  tremendous  literary  back¬ 
ground.  This  Chapter  should  be  a  book,  but  since 
it  is  not,  readers  should  consult  the  Bibliography 
in  Sec.  (17.9).  These  references  cover  a  broad 
range  of  topics  and  points  of  view,  and  each  one 
makes  a  contribution  to  real  axial-flow  compressor 
technology,  which  is  the  only  kind  worth  writing 
about . 


17.1  AXIAL-FLOW  COMPRESSOR  NOMENCLATURE  AND 

TERMINOLOGY 

All  gas  turbine  propulsion  systems  must  have 
a  compressor  component  which  develops  some  or  all 
of  the  pressure  rise  specified  by  the  system  cycle. 
Shaft  work  for  the  compression  process  is  supplied 
by  the  turbine  component  of  the  system.  In  some 
system  cycles,  the  compressor  unit  is  divided  into 
sections  driven  by  separate  shafts,  and  identified 
by  descriptive  names  such  as  fan ,  low-pressure  com¬ 
pressor  ,  intermediate- pres sure  compressor  and  high- 
pressure  compressor.* 

17.1.1  MERIDIONAL  PLANE  FM  PASSAGE  TERMINOLOGY 

Three  axial-flow  compressor  units  from  current 
aircraft  gas  turbine  engines  are  shown  in  the  sec¬ 
tional  views  of  Figures  17.1.1,  17.1.2,  and  17.1.3. 
In  each  case,  the  section  shown  is  one  intersected 
by  a  plane  including  the  rotational  axis  of  the 
engine.  This  section  is  known  as  a  meridional 
plane  section.  The  compressor  units  of  Figures 
17.1,1,  17.1.2,  and  17,1.3  are  described  as  axial- 
flow  compressors  because  the  through-flow  direction 
of  the  working  fluid  is  approximately  parallel  to 
the  rotational  axis. 

Figure  17.1,1  shows  a  single-shaft  compressor 
for  a  turbojet  engine.  This  compressor  has  eight 
stages  with  each  stage  consisting  of  one  rotating 
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Figure  17.1.1.  Meridional  plane  seitions  ol  turhoj*.*!  engine  an<.i  oimipressor  iReJ.  l/.l.l-.J). 


Words  or  |>hrases  underscored  LhroughouL  Llu'  LexL 
are  significant  terms  lor  c».-»mpressor  designers. 
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LOW-PRESSURE  SECTION  (FAN  AND  LOW-PRESSURE  COMPRESSOR) 


HIGH-PRESSURE  SECTION 


Figure  17.1.2.  Meridional  plane  section  of  a  two-spool  turbofan  engine  (Ref,  17.3). 


FAN  AND  LOW-PRESSURE  COMPRESSOR 


HIGH-PRESSURE  COMPRESSOR 


Figure  17.1.3.  Meridional  plane  section  of  high  bypass  ratio  turbofan  engine  (Ref.  17. A). 


(rotor)  row  and  one  stationary  (stator)  row  of 
blades.  Each  blade  (/igure  17.1.4)  is  made  up  of 
Individual  alrfoi 1  sections  "stacked"  on  an  axis 
so  as  to  produce  a  prescribed  flow  field.  The 
first  stage  in  Figure  17.1.1  has  a  row  of  inlet 
guide  vanes.  The  function  of  this  type  of  row  is 
to  set  up  a  design  d..stributlon  of  velocity  vectors 
at  the  first  rotor  entrance,  in  some  compressor 
units  one  or  more  rows  of  stationary  blades  (exit 
guide  vanes)  may  be  used  at  the  outlet  of  the  last 
stator  row  to  establish  a  desired  flow  pattern  at 
the  exit  of  the  compressor. 

Figure  17.1.2  shows  a  two-shaft  (two-spool) 
compressor  in  a  turbofan  engine.  In  this  case  a 
three-stage  fan  and  six-stage  low  pressure  compres¬ 
sor  section  are  driven  by  the  low-pressure  section 
of  the  turbine,  while  the  seven-stage  high-pressure 
compressor  is  driven  by  the  high-pressure  turbine 


section  through  a  separate  shaft.  The  fan  has  in¬ 
let  guide  vanes.  Note  that  there  is  a  splitter  in 
the  flow  passage  Just  downstream  from  the  rotor  of 
the  third  fan  stage.  This  splitter  separates  the 
core  flow  into  the  low-  and  high-pressure  compres¬ 
sor  sections  from  the  by-pass  flow  in  the  outer 
duct, 

A  two-spool  compressor  for  a  large  turbofan 
engine  is  shown  in  Figure  17.1.3.  The  fan,  low- 
pressure  compressor  and  high-pressure  compressor 
have  one,  four  and  eleven  stages,  respectively. 

In  this  case  the  fan  has  no  inlet  guide  vanes. 

In  order  to  clarify  additional  compressor 
terminology.  Figure  17.1.3  shows  a  meridional 
section  of  a  three  stage  fan  at  a  larger  scale. 

The  rotor  and  stator  rows  are  installed  in  an 
annular  flow  passage.  The  outer  or  tip  casing 
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The  hub-tip  ratio  for  a  specific  stage  is  usually 
defined  as  the  numerical  ratio  of  the  hub  diameter 
to  the  tip  casing  diameter  taken  at  the  leading 
edge  of  the  rotor  row  for  the  stage.  The  term 
aspect  ratio  is  frequently  used  in  describing  com¬ 
pressor  blade  rows,  but  the  definition  may  vary  from 
one  case  to  another.  Typically,  the  aspect  ratio 
might  be  defined  as  the  ratio  of  an  average  blade 
span  to  an  axial  projection  of  the  blade  row  length 
or  chord  at  the  hub. 

17.1,2  BLADE-TO-BLADE  FLOW  AND  CASCADE  NOMENCLA¬ 
TURE  AND  TERMINOLOGY 

We  now  recognize  Chat  Che  flow  through  an 
axial-flow  compressor  is  an  internal  flow  through 
an  annular  flow  path,  where  the  flow  is  influenced 
by  both  rotor  and  stator  blade  rows.  The  blades 
are  generally  non-uniform  in  the  spanwise  direction, 
and  consist  of  stacked  airfoil  sections  as  shown  in 
Figure  17.1.4.  We  might  expect  chat  these  individ¬ 
ual  airfoil  sections  would  exhibit  some  of  the  same 
behavioral  characteristics  as  isolated  airfoils, 
and  they  do.  They  are  subject  to 
forces,  they  stall .  they  generate 


lift  and  drag 
boundary  layers . 


Figure  17.1.5.  Meridional  plane  section  of  three-stage  axial-flow  fan  (Ref.  17.5). 


wall  holds  Che  stator  blade  rows.  The  inner  or 
hub  ends  of  the  stator  blades  are  joined  by  circum¬ 
ferential  shrouds  which  make  up  a  part  of  the 
annulus  boundary  at  the  hub.  The  rotor  rows  are 
in  this  case  installed  in  rotor  disks  so  chat  Che 
hub  profile  is  made  up  of  alternate  rotating  and 
stationary  wall  segments.  In  some  compressors  Che 
rotor  blades  are  installed  in  a  built  up  series  of 
disks  and  rings  making  up  a  continuous  rotating  hub 
wall  for  the  flow  path.  In  the  latter  case  there  is 
a  c learance  between  the  ends  of  Che  stator  blades  and 
the  hub,  just  as  there  is  normally  a  tip  clearance 
at  the  rotor  outer  radius.  Occasionally,  a  rotating 
shroud  is  used  at  the  rotor  tips,  but  more  frequently 
part-span  shrouds  or  dampers  are  used  at  a  location 
along  the  rotor  span  between  Che  hub  and  tip 
(Figures  17.1.2  and  17.1.3).  If  shrouds  or  dampers 
are  used,  the  principal  function  is  aeromechanlcal, 

Co  limit  the  amplitude  of  blade  yibration.  They 
are  not  likely  to  be  an  asset  in  an  aerodynamic 
sense.  The  number  of  blades  In  each  rotor  and  sta¬ 
tor  row  is  specified  in  the  aerodynamic  and  aero- 
mechanical  design  of  the  unit.  Each  blade,  just  as 
an  isolated  airfoil,  has  a  chord  length  and  span. 

The  chord  (axial  projection  only  is  seen  in  the 
meridional  plane)  may  vary  between  the  hub  and  tip 
and  the  span  normally  varies  between  the  entrance 
and  exit  of  a  given  blade  tow  because  of  design 
variations  in  fluid  density  and  velocity  levels. 


wakes,  and  under  some  circumstances  shock  waves. 
They  frequently  possess  dihedral  and  act  as  swept 
airfoils.  However,  the  blades  operate  under  con¬ 
ditions  unlike  the  typical  isolated  airfoil  case. 
They  are  located  near  other  airfoils,  both  in  the 
circumferential  and  axial  directions,  and  they  are 
influenced  by  these  adjacent  bodies.  They  are 
bounded  at  both  ends  by  walls  which  may  be  station¬ 
ary  or  moving  with  the  blades.  In  all  rows  except 
the  first,  the  airfoils  operate  in  an  unsteady 
flow,  where  both  the  velocity  magnitude  and  direc¬ 
tion  fluctuate.  Most  Important,  the  airfoil  rows 
in  the  compressor  produce  a  significant  flow  de¬ 
flection  and  change  in  the  thermodynamic  state  of 
the  fluid.  Rows  are  generally  designed  so  as  to 
behave  as  diffusers,  with  an  increase  in  static 
pressure  from  the  upstream  to  the  downstream  flow 
region. 

To  aid  in  the  discussion  of  blade  row  charac¬ 
teristics,  consider  a  cylindrical  surface  at  con¬ 
stant  radius  r  from  the  rotational  axis  of  the 
compressor  stage  of  Figure  17.1,6.  If  this  surface 
la  developed  on  a  plane  the  intersection  traces  of 
Che  blades  produce  two  lattices  or  cascades  of  air¬ 
foil  sections.  There  is  no  reason  to  believe  that 
the  flow  in  a  compressor  would  follow  the  cylindri¬ 
cal  surface  of  Figure  17,1.6  and,  in  fact,  the  real 
paths  followed  by  fluid  particles  are  much  more 
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Figure  17.1.6.  Compressor  stage  with  cascade  inter¬ 
section  trace  in  developed  cylindri¬ 
cal  surface. 


both  annular  and  plane  cascade  test  facilities.  In 
an  annular  cascade  facility,  blades  are  installed 
in  an  annulus,  just  as  in  a  real  compressor,  so  that 
the  infinite  character  of  the  blade  row  in  a  real 
machine  is  correctly  modeled.  In  a  plane  or  linear 
cascade,  a  finite  number  of  blades  are  Installed  in 
a  flow  passage  with  a  rectangular  cross-section 
as  shown  in  Figure  17.1.7.  In  both  annular  and 
plane  cascades,  measurements  are  made  upstream  and 
downstream  from  the  blade  row  with  the  row  arranged 
geometrically  so  that  it  is  exposed  to  an  entrance 
flow  similar  to  that  found  in  a  compressor  blade 
row.  When  reference  is  made  to  cascade  data  in  the 
literature,  the  data  may  have  been  obtained  in 
either  an  annular  or  plane  cascade,  but  it  is  a 
fact  that  the  vast  majority  of  cascade  data  has 
originated  in  plane  cascade  facilities. 

Figure  17.1.8  shows  a  plane  cascade  of  air¬ 
foils  with  some  important  geometric  and  flow  vari¬ 
ables.  Blades  of  a  uniform  blade  section  geometry 
are  aligned  at  the  blade  setting  angle  or  stagger 
angle  y  with  respect  to  the  cascade  axis.  The 
cascade  axis  corresponds  to  the  axial  direction  in 
the  compressor.  The  blades  are  equally  spaced  at 
a  distance  s,  called  the  gap  or  blade  spacing.  The 
cascade  has  a  solidity  o,  defined  as  the  ratio  of 
blade  chord  to  blade  spacing,  c/s.  Although  the 
three  variables--blade  section  geometry,  blade 
setting  angle  and  solidity--completely  define  the 
plane  cascade  geometry,  there  are,  of  course,  a 
very  large  number  of  subsidiary  variables  required 
to  describe  the  blade  section  geometry.  Many  of 
these  have  important  effects  in  determining  the 
flow  field  in  a  cascade. 


complex.  Nevertheless,  the  concept  of  an  airfoil 
cascade  is  not  only  conveniertt  for  the  purpose  of 
introducing  compressor  nomenclature,  but  it  also  is 
the  basis  for  historically  and  currently  signifi¬ 
cant  models  of  the  flow  in  compressors  and  turbines. 

In  both  computation  and  experimentation  it  has 
been  common  practice  to  follow  the  flow  through 
axial-flow  compressors  as  if  it  followed  axisymmet- 
ric  paths.  In  the  earliest  axial-flow  Configurations 
these  paths  were  assumed  to  by  cylindrical,  but 
more  recently  have  become  more  complex  surfaces  of 
revolution  which  change  radius  in  an  attempt  to 
follow  the  flow  more  accurately.  The  validity  of 
these  paths  will  be  discussed  in  more  detail  later, 
but  in  any  case  they  define  a  cascade  array  of  air¬ 
foil  sections  by  their  intersections  with  each  blade 
row. 

For  many  years  the  flows  through  compressor 
blade  rows  have  been  simulated  experimentally  using 


The  plane  cascade  test  facility  is  really  a 
special  form  of  wind  tunnel.  In  cascade  experi¬ 
ments  compressor  blade  row  flow  fields  are  simulated 
by  varying  or  controlling  the  relative  inlet  flow 
angle  pj,  the  upstream  Mach  number  Mi,  Che  Reynolds 
number  and/or  the  upstream  turbulence  properties. 
Changing  the  angle  for  a  constant  blade  setting 
angle  changes  the  angle  of  incidence  i  (or  angle 
of  attack)  by  an  equal  amount. 

Downstream  boundary  conditions  may  be  varied 
to  control  the  axial  velocity  x  density  ratio  ( AVDR) 
or  the  static  pressure  ratio  across  the  cascade, 
because  these  exit  parameters  affect  the  cascade 
blade  surface  pressure  distributions  and  the  two 
cascade  performance  parameters  which  are  of  most 
interest  in  design.  These  dependent  variables  are 
the  downstream  fluid  flow  angle  P2  e  measure  of 
the  loss  in  total  pressure  across  the  cascade.  The 
parameters  most  commonly  used  to  quantify  these 
measurements  are  the  gap-averaged  deviation  angle 


SUCTION 


Figure  17.1.7.  Schematic  layout  of  a  plane  cascade  test  section  for  transonic  flow  conditions. 
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Figure  17.1.8a.  Blade  section  geometry  and  cascade  terminology. 


Figure  17.1.8b.  Blade  row  geometry  and  cascade 
terminology. 

6  and  the  gap-averaged  total-pressure  loss  coeffi¬ 
cient  Su.  Averaging  methods  used  have  an  effect  on 
measured  cascade  performance,  as  does  the  location 
of  the  measuring  station  with  respect  to  the  cascade 
tral ling-edge  line. 

There  is  disagreement  about  the  value  of  cas¬ 
cade  data  in  design,  and  there  Is  some  factual 
basis  for  a  negative  view  of  cascade  experiments. 
However,  cascade  results  represent  an  Important 
part  of  the  data  base  In  most  design  systems  and 
new  cascade  data  continue  to  appear  In  the  litera¬ 
ture  on  a  regular  basis. 


Figure  17.1.9  is  a  typical  plot  representing 
the  results  of  a  series  of  subsonic  plane  cascade 
experiments.  The  fact  that  the  loss  coefficient 
rises  at  both  ends  of  the  incidence  angle  range 
clearly  shows  that  flow  separation  and  stall  are 
present  in  cascade  flow  fields.  These  cascade 
experiments  were  run  under  two-dlmensloual  flow 
conditions  (AVDR  =  1.0)  and  with  a  constant  en¬ 
trance  Mach  number  Mj^.  Some  additional  conments 
on  cascade  results  will  be  made  later  in  this  Chap¬ 
ter,  especially  in  connection  with  the  effects  of 
Mach  number  and  blade  row  geometry. 

17.2  CHARACTERISTICS  OF  THE  FLOW  IN  AXIAL-FLOW 
COMPRESSOR  CONFIGURATIONS 

17.2.1  VELOCITY  DIAGRAMS,  ENERGY  TRANSFER,  PATH 
LINES  AND  STREAMLINES 

It  is  essential  to  clearly  understand  velocity 
component  diagrams  and  their  use  in  describing  the 
annulus  flow  field.  This  Is  a  good  time  to  consider 
these  diagrams  and  their  relation  to  the  complete 
flow  field. 


At  each  point  and  at  each  Instant  of  time  In 
the  compressor  flow  field,  a  velocity  vector  V  ex¬ 
ists.  We  will  generally  use  a  cylindrical  coordi¬ 
nate  system  with  the  coordinates  r  measured  from 
the  rotational  axis,  0  measured  from  an  arbitrary 
meridional  plane  (with  the  positive  0  direction  in 
the  direction  of  rotor  rotation)  and  x  measured 
parallel  to  the  rotational  axis  from  an  arbitrary 
r,  0  plane.  In  this  coordinate  system,  V  =  function 
{*.  r,  9,  t)  and  for  any  point  and  time  we  can  de¬ 
termine  velocity  components  V^,  Vo  and  Vy.  We  can 
also  define  a  meridional  plane  velocity  component 


as  the  resultant  of  and  Vj.  We  will  call  this 
meridional  plane  velocity  V_. 


Because  we  will  work  with  rotating  blades,  it 
is  necessary. to  consider  both  absolute  velocities 
and  velocity  components  measured  relative  to  points 
on  rotating  blades.  For  example.  If  we  wanted  to 
study  the  fluid  velocity  relative  to  the  leading 
edge  point  A  on  the  rotor  of  Figure  17.2. ia,  we 
would  subtract  the  local__rotor  velocity  U  from  the 
absolute  fluid  velocity  V  to  get  the  relative  velo¬ 
city  Wft. 
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Figure  17.1.9.  Example  see  of  experimental  plane  cascade  data. 


The  relative  velocity  at  any  point  has  components 
Wjj,  Wg  and 


W 


r 


=  V 
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A  typical  velocity  diagram  for  a  rotor  leading  edge 
point  such  as  A  is  shown  in  Figure  17.2.1a  as  it 
would  appear  in  a  plane  tangent  to  the  meridional 
velocity  component  at  A.  If  a  particle  entering 
the  rotor  at  A  followed  a  path  such  that  it  left 
the  rotor  at  B  and  continued  through  the  stator  row 
along  the  path  C-D  (for  convenience  all  points  are 
rotated  from  their  actual  circumferential  locations 
into  the  meridional  plane  shown),  velocity  diagrams 
could  also  be  constructed  at  B,  C  and  D  as  in 
Figure  17.2.1a.  The  four  diagrams  are  combined  in 
a  single  composite  stage  velocity  diagram  in  Figure 
17.2.1b,  showing  the  effect  of  the  passage  and 
blades  on  fluid  particles  following  a  path  line 
A-B-C-D. 


For  a  fluid  particle  of  mass  6m  passing  through 
a  rotor  row  from  A  to  B  (see  Figure  17.2.1a,  the 
energy  transferred  as  work  done  on  the  fluid  by  the 
blades  is  given  by  Euler's  turbine  equation 


-  V9.A>  '  «”'V9,B 


(17.2,1) 


Figure  17.2.1a.  Velocity  diagrams  for  flow  along  Eq.  (17.2.1)  is  a  consequence  of  the  law  of  conser- 

path  line  A-B-C-D  in  a  compressor  vation  of  angular  momentum  (see  Sec.  17.5).  If  we 

stage.  want  to  use  this  equation  to  determine  energy  trans- 


Figure  17.2.1b.  Combined  velocity  diagram  for  flow  along  path  line  A-B-C-D  in  a  compressor  stage. 


fer  or  work  done  on  6m  by  the  rotating  blades,  we 
must  know  the  exit  point  B  for  6m  as  well  as  the 
entrance  point  A.  Determination  of  this  point  by 
computation  or  by  experiment  is  no  trivial  matter 
and  is  a  part  of  the  flow  modeling  problem. 

In  the  total  flow  passing  through  a  rotor,  each 
fluid  particle  will  experience  an  energy  transfer 
governed  by  Eq.  (17.2.1)  for  the  points  correspond¬ 
ing  to  A  and  B  at  which  it  enters  and  leaves  the 
rotor.  There  is  no  reason  why  the  work  done  on 
fluid  passing  through  the  rotor  at  the  tip  cannot 
differ  from  the  work  done  on  fluid  particles  cross¬ 
ing  the  rotor  at  other  locations.  In  fact,  there 
is  no  reason  why  subsequent  particles  entering  the 
rotor  at  A  should  experience  the  same  energy  trans¬ 
fer  rate  as  our  original  6m,  because  they  may  leave 
at  points  other  than  B  or  at  different  values  of 
Vp  due  to  an  unsteady  or  non-axisymnetric  real 
flow. 


In  Spite  of  our  doubts  about  the  real  flow, 
to  gain  a  simplified  qualitative  understanding  of 
the  performance  of  a  compressor  blade  row  or  stage, 
let  us  assume  that  the  flow  A-B-C-D  in  the  stage 
of  Figure  17.2.1  is  steady  and  representative  of 
the  entire  flow  across  that  stage.  The  airfoils 
encountered  by  the  flow  are  represented  by  cascades 
of  blades  similar  to  those  already  shown  in  Figure 
17.1.6,  We  will  consider  the  rotor  to  have  a  con¬ 
stant  angular  velocity  so  that  the  rotor  blade 
speed  will  be  a  constant  at  a  given  radius.  We 
will  vary  the  meridional  velocity  component,  simu¬ 
lating  a  variation  in  the  stage  flow  rate.  The 
sequence  of  stage  operating  conditions  is  represent¬ 
ed  in  Figure  17.2.2  by  velocity  diagrams  and  by  a 
plot  of  total  pressure  rise  against  flow  rate  for 
three  flows,  1,  2  and  3.  For  each  of  the  three 
flows  is  assumed  to  remain  constant  along  A-B-C-D. 
Some  features  to  note  are  as  follows: 


a  great  deal  until  the  losses  begin  to  increase 
rapidly.  The  stage  performance  shows  this  effect 
as  a  higher  stage  total  pressure  rise  at  lower  flows. 
However,  good  aerothermodynamic  common  sense  tells 
US  that  there  will  be  limits  to  this  trend.  If  the 
airfoils  stall,  there  will  be  large  thermodynamic 
losses  and  the  total  pressure  rise  trend  will  be 
reversed. 


1.  As  the  flow  varies  the  angle  of  incidence 
on  the  rotor  blade  airfoils  will  vary,  with  the 
highest  angle  of  incidence  at  Che  lowest  flow.  For 
excessive  angles  of  Incidence  cascade  airfoils  will 
stall  (unacceptable  flow  separation  occurs).  Com¬ 
pressor  blade  rows  will  also  stall  at  extreme  angles 
of  attack,  and.  Just  as  cascades  do,  they  operate 
most  effectively  at  moderate  angles  of  attack  and 
leas  effectively  at  high  and  low  values.  This  was 
shown  in  Figure  17.1.9. 

2.  The  energy  transfer  rate  as  measured  by 
the  change  in  Vg  across  the  rotor  (U  is  nearly 
constant)  increases  with  decreasing  flow  rate. 

This  assumes,  as  Figure  17.1.9  showed,  that  Che 
deviation  angle  for  the  rotor  exit  does  not  change 


Figure  17.2.2.  Trends  in  stage  velocity  diagrams 
and  performance  with  changes  in 
flow  rate. 

To  aid  in  the  interpretation  of  Figure  17.2.2, 
it  might  be  helpful  for  readers  to  write  some  sim¬ 
ple  steady,  one-dimensional  energy,  continuity  and 
momentum  equations  for  the  flow  A-B-C-D,  consider¬ 
ing  the  effect  of  work  done  by  the  blades  on  fluid 
total  enthalpy  and  how  this  might,  in  turn,  affect 
the  total  pressure  changes  from  A  to  B  and  from  C 
to  D  if  the  flow  were  isencropic,  or  if  it  were 
non-isentroplc .  Draw  an  enthalpy-entropy  diagram 
to  represent  the  processes. 
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In  the  axial-flow  compressor,  work  is  done  on 
the  fluid  only  through  the  action  of  the  rotating 
blade  rows,  and  this  transfer  of  energy  results  in 
an  Increased  level  of  fluid  stagnation  or  total 
enthalpy.  An  Increase  of  total  pressure  also  re¬ 
sults  in  each  rotor  row,  with  this  increase  depen¬ 
dent  on  the  losses  or  irreversibility  associated 
with  the  flow  process  as  well  as  on  the  energy 
transfer.  In  the  stator  rows  no  energy  is  trans¬ 
ferred  as  work  and  there  can  only  be  reduced  values 
of  total  pressure  because  of  irreversibility.  Sta¬ 
tic  pressure  levels  may  increase  or  decrease  in 
either  rotor  or  stator  row  flows,  but  the  predomi¬ 
nant  design  intent  is,  naturally,  to  develop  signi¬ 
ficant  static  pressure  level  increases  in  each  stage. 
This  aspect  of  blade  row  design  is  important  and 
will  receive  substantial  attention  in  later  sec¬ 
tions.  It  is  important  to  observe  that  in  con¬ 
structing  combined  velocity  diagrams  like  those 
of  Figures  17.2.1b  and  17.2.2  for  a  stage,  we  are 
beginning  to  think  about  path  lines  (such  as 
A-B-C-D)  as  streamlines,  and  in  layout  of  Che  blade 
rows  as  cascades,  we  are  thinking  in  terms  of  axi- 
symmetric  stream  surfaces.  When  this  extension  of 
terminology  is  made,  the  requirement  for  steady 
flow  should  be  recalled  and  understood.  Subsequent 
sections  in  this  Chapter  and  many  important  refer¬ 
enced  publications  use  the  terms  "streamline," 
"stream  tube"  and  "stream  surface."  The  assumption 
of  a  steady  relative  and/or  absolute  flow  as  a  part 
of  the  development  of  a  flow  model  is  generally  in¬ 
volved  when  these  terms  are  used  and  it  should  be 
remembered  in  evaluating  any  analysis. 

17.2.2  PERFORMANCE  OF  AXIAL-FLOW  COMPRESSORS 

17.2.2.1  DESIGN  POINT  FLOW  FIELD  CHARACTERISTICS 

We  will  now  turn  to  a  qualitative  discussion 
of. the  real  flows  in  axial-flow  compressors.  At 
the  same  time  we  will  develop  further  terminology 
and  additional  concepts  useful  in  flow  field  anal¬ 
ysis  and  in  experimental  research  and  development. 

A  compressor  geometry  is  usually  specified 
initially  for  operation  at  a  design  point.  This 
means  that  it  is  configured  so  that  it  will  de¬ 
velop  a  design  value  of  exit  to  entrance  pressure 
ratio  with  a  predicted  value  of  thermodynamic 
efficiency  at  a  design  value  of  shaft  rotational 
speed,  while  a  design  value  of  mass  flow  rate 
exists  in  each  stage.  Flow  rate  may  vary  from  one 
stage  to  the  next  bacause  of  by-pass  arrangements 
or  extraction  of  flow.  All  of  the  design  require¬ 
ments  are  associated  with  a  particular  working  fluid 
and  with  design  values  of  total  pressure  and  total 
temperature  distribution  at  the  compressor  section 
inlet.  At  the  design  point,  the  flow  path  dimen¬ 
sions  are  fixed  and  the  blade  rows  are  arranged  so 
as  to  produce  an  ordered  distribution  of  fluid  ve¬ 
locities  and  properties  through  the  compressor. 

In  other  words,  the  design  point  velocity  diagrams 
are  specified.  However,  the  real  design  point  flow 
field  must  be  recognized  as  extremely  complex. 

Every  row  following  the  first  sees  an  entering  flow 
which  is  unsteady.  The  flow  is  viscous,  and  in  al¬ 
most  all  modern  compressors  the  flow  is  compressible 
with  regions  of  both  supersonic  and  subsonic  local 
flow.  Boundary  layers  develop  on  blade  surfaces 
and  on  the  hub  and  tip  annulus  walls.  The  annulus 
boundary  layers  are  called  end-wall  boundary  layers. 
Local  regions  of  laminar,  transitional  and  turbulent 
boundary  layer  flow  may  exist,  accompanied  by  separ¬ 
ation  of  flow  from  the  blades  or  end  walls.  Both 
blade  surface  and  end-wall  boundary  layers  are  gen¬ 
erally  three-dimensional  in  character.  The  flow 


throughout  the  annulus  is  in  fact  normally  three- 
dimensional  in  nature.  Secondary  flows  are  gener¬ 
ated,  which  have  been  widely  discussed,  but  which 
are  difficult  to  predict  for  design  purposes.  The 
real  flow  is  by  no  means  axisymmetric . 

It  must  be  recalled  that  all  of  the  above  com¬ 
plexities  are  associated  with  the  design  operating 
point.  Away  from  the  design  point  the  configura¬ 
tion  must  operate  in  a  flow  field  matching  neither 
the  annulus  shape  nor  the  angular  settings  of  the 
stacked  airfoils  which  form  the  blades, 

17,2.2.2  Equilibrium  performance  maps 

To  demonstrate  that  axial-compressor  flows 
are  not  beyond  redemption  in  a  real  situation. 

Figure  17.2.3  shows  what  is  called  an  equilibrium 
performance  map  for  an  eight-stage  fixed-geometry 
compressor.  The  performance  parameters  used  are 
discussed  in  Chapter  6.  They  are  more  or  less 
traditional  in  nature.  The  experimental  performance 
of  the  compressor  was  measured  at  several  constant 
values  of  equivalent  rotational  speed  (corrected  to 
standard  sea-level  compressor  inlet  conditions). 

At  each  rotational  speed  the  mass  flow  rate 
was  varied  between  two  limits.  The  upper  limit 
was  close  to  the  maximum  obtainable  at  that  speed. 
The  lower  limit  was  fixed  by  the  existence  of  an 
aerodynamic  instability  common  to  all  compressor 
types  and  known  as  surge .  The  character  of  surge 
is  associated  with  the  nature  of  the  compressor 
geometry,  and  with  aerodynamic  and  geometric  bound¬ 
ary  conditions  imposed  upon  it  by  the  installation 
arrangement  and  by  the  flow  field  (e.g,,  inlet 
geometry,  downstream  struts  or  flow  control  devices, 
inlet  flow  nonuniformity).  Surge  is  manifested  by 
large-scale  flow  Instability,  often  with  pulsating 
reversal  of  flow  involving  the  entire  unit.  In  an 
aircraft  engine  application,  compressor  surge  may 
produce  highly  disturbing  acoustic  evidence  (vio¬ 
lent  bangs).  Individual  surge  points  at  the  var¬ 
ious  rotational  speeds  define  a  surge  line  which 
is  universally  considered  as  a  boundary  for  accept¬ 
able  compressor  operation  in  an  aircraft  engine. 

Surge  occurs  only  when  one  or  more  blade  rows 
in  the  compressor  are  operating  so  that  flow  separa¬ 
tion  or  stall  occurs  ir  the  flow  field.  However, 
one  or  more  blade  rows  may  be  stalled  without  the 
occurrence  of  surge.  Stall  in  a  blade  row  is 
unique  in  a  number  of  respects,  and  especially  in 
the  fact  that  zones  of  flow  separation  propagate 
from  blade  to  blade  in  the  annulus,  resulting  in 
a  phenomenon  known  as  rotating  stall. 

Contours  of  constant  adiabatic  efficiency* 
are  plotted  in  Figure  17.2,3.  These  contours  show 
that  the  thermodynamic  quality  of  compressor  per¬ 
formance  is  reduced  significantly  when  the  compres¬ 
sor  operates  at  flows  and  rotational  speeds  other 
than  the  design  values. 

The  equilibrium  performance  map  for  a  fixed 
geometry  compressor  is  a  classical  example  of  the 
use  of  dimensional  analysis  and  the  principles  of 
similitude.  However,  as  plotted,  It  presents  some 
possibility  for  misinterpretation.  First,  the 
plotting  parameters  mV9’/6  and  N/VThave  been  inten- 

This  efficiency  is  defined  as 


(»20  -  »0)is 

■  <»20  -  »oLct 

and  the  subscripts  20  and  0  refer  to  compressor 
exit  and  inlet  measuring  stations,  respectively. 
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Figure  X7.2.3.  Equilibrium  performance  map  for  an  eight-stage  axial-flow  compressor  (Ref,  17,6). 


tionally  simplified  to  report  performance  of  a  sin¬ 
gle  compressor  geometry  at  entrance  conditions  cor¬ 
responding  Co  standard  sea-level  temperature  and 
pressure.  These  modified  parameters  are  not  dimen¬ 
sionless.  They  are,  respectively,  proportional  to 
Mach  numbers  associated  with  the  throughflow  com¬ 
ponents  of  velocity  and  with  the  velocities  of 
points  on  the  rotating  blades. 

Second,  the  map  does  not  define  the  effect  of 
Reynolds  number  changes  or  of  entrance  turbulence 
parameter  changes  on  performance.  These  parameters 
are  dynamic  similarity  variables  and  can  have  sub¬ 
stantial  effects  on  the  map. 

Third,  the  map  is  based  on  a  single  working 
fluid  (air)  and  would  be  modified  for  other  fluids 
with  a  different  specific  heat  ratio  (y)  or  molecu¬ 
lar  weight.  Finally,  the  map  Is  based  on  uniform 
values  of  fluid  properties  and  velocities  at  the 
compressor  entrance.  Distorted  or  unsteady  entrance 
conditions  change  surge  lines  and  other  mapped  per¬ 
formance  values. 

No  one  should  forget  that  when  relatively  minor 
geon.etric  changes  in  a  compressor  take  place,  for 
example  when  tip  clearances  change  or  when  blade 
surfaces  are  abraded  or  damaged,  the  alterations  in 
the  compressor  performance  may  not  be  minor  in  terms 
of  the  effect  on  engine  specific  fuel  consumption 
or  thrust. 

17,2.3  VARIATIONS  ON  THE  BASIC  PERFORMANCE  MAP 

Figure  17,2.^  is  a  simplified  performance  map 
which  shows  two  aspects  of  equilibrium  compressor 


EQUIVALENT  WEIGHT  FLOW,  m  Ve/6,  PERCENT  DESIGN 


Figure  17,2.4.  Example  of  axial-flow  compressor 
map  showing  effect  of  inlet  flow 
distortion  and  rotating  stall 
region  (Ref .  17.7). 

performance  not  included  in  Figure  17.2.  J.  First, 
the  ma^.  shows  the  general  effect  on  the  compressor 
surge  line  caused  by  non-uniform  inlet  flow  (inlet 
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distortion).  The  significance  of  this  effect  can 
be  seen  in  terms  of  the  estimated  engine  operating 
line  superimposed  on  the  map.  Not  shown  are  possi¬ 
ble  adverse  effects  of  inlet  distortion  on  the  con¬ 
stant  N/V?  lines  and  on  compressor  efficiency. 

Figure  17.2.4  also  defines  regions  at  low 
rotational  speeds  in  which  rotating  stall  occurs 
in  the  entrance  stages  of  the  compressor.  Although 
we  have  not  yet  looked  into  the  background  of  ro¬ 
tating  stall  we  will  need  to  determine  why  any  forms 
of  stall  occur  in  the  entrance  stages  at  low  speeds 
and  why  rotating  stall  appears  to  be  tolerated  by 
aerodynamicists.  We  can  at  least  see  that  measure¬ 
ments  are  made  in  the  presence  of  rotating  stall 
and  this  indicates  some  toleration  level  greater 
than  that  for  surge. 


each  blade  row  are  those  that  the  designer  speci¬ 
fied.  Although  we  do  not  know  a  great  deal  about 
the  mechanics  of  this  specification  of  the  flow 
field,  we  do  know  about  velocity  diagrams  and  can 
understand  that  the  designer  must  specify  design 
point  velocity  diagrams  at  the  entrance  and  exit 
to  each  blade  row.  Extending  this  line  of  reason¬ 
ing,  it  is  obvious  that  each  stage  must  have  a 
design  point  flow  rate,  pressure  ratio  and  efficien¬ 
cy  which  in  combination  with  the  other  stages  will 
give  the  overall  compressor  design  point  performance. 
To  describe  this  situation,  we  say  that  the  stages 
are  matched  to  function  at  certain  operating  points 
when  the  complete  machine  is  at  its  design  point. 
Studies  related  to  changes  in  the  operation  of  the 
individual  stages  in  a  multistage  compressor  are 
frequently  called  stage-matching  studies. 


Figures  17.2,3  and  17.2.4  do  not  show  another 
class  of  performance  phenomena  which  frequently  cre¬ 
ates  problems  in  compressor  development  and  opera¬ 
tion.  These  are  the  aeromechanical  or  aeroelastic 
phenomena  known  as  flutter.  Figure  17.2.5  shows  in 
schematic  form  some  general  regions  on  a  compressor 
map  in  which  specific  varieties  of  flutter  are  en¬ 
countered.  Blade  vibration  amplitudes  in  flutter 
have  frequently  caused  catastrophic  compressor 
failures.  We  need  to  understand  flutter  so  that 
mechanisms  for  its  elimination  can  be  applied  where 
possible,  or  so  that  we  can  limit  its  occurrence 
to  zones  on  the  map  where  the  compressor  will  not 
operate  when  installed  in  an  engine. 


Although  Individual  stage  performance  could 
be  plotted  using  the  same  parameter  forms  used  for 
multistage  maps,  we  generally  find  that  these  stage 
plots  for  matching  purposes  are  plotted  as  shown  in 
Figure  17.2.6.  The  parameters  used  (0,  i|f  and  r|) 
are  historically  related  to  the  parameters  used  for 
fans  and  blowers  in  which  the  flow  is  approximately 
at  a  constant  density  (incompressible  flow).  At 
this  point  we  must  note  that  a  plot  with  single  i|f-0 
and  1^-0  curves  such  as  in  Figure  17.2.  6  does  not 
adequately  represent  Mach  number  or  Reynolds  number 
effec*:s  on  stage  performance. 


SUPERSONIC 


Figure  17.2,5.  Schematic  compressor  map  showing  boundaries  for  four  types  of  blade  flutter 
(Ref.  17.8). 


17.2.4  INDIVIDUAL  STAGE  CHARACTERISTICS 

Recalling  Figurr  17.2,3  as  a  performance  para¬ 
meter  plot  showing  some  of  the  features  of  off- 
design  operation  for  an  eight-stage  axial-flow  com¬ 
pressor,  we  might  examine  briefly  what  the  individ¬ 
ual  stages  are  doing  in  a  multistage  compressor  as 
it  runs  at  various  locations  on  its  overall  map. 
Naturally  we  might  expect  or  hope  that  when  a  mul¬ 
tistage  compressor  operates  at  its  design  point 
flow  rate  and  rotational  speed,  each  stage  would  be 
running  under  favorable  aerodynamic  conditions. 
Ideally,  this  would  mean  that  the  velocity  diagrams 
and  properties  of  the  fluid  entering  and  leaving 


For  a  fixed-geometry  multistage  compressor,  a 
good  qualitative  understanding  of  off-design  perfor¬ 
mance  can  be  gained  by  considering  the  three  stage 
plots  of  Figure  17.2,  7  ,  Remember  that  we  are  as¬ 
suming  that  when  confronted  with  a  given  value  of 
0,  the  entrance,  "middle"  and  exit  stages  will  each 
follow  the  curves  shown,  regardless  of  what  other 
stages  are  doing.  In  other  words,  we  are  neglect¬ 
ing  some  elements  of  the  interaction  of  stages.  The 
three  stages  are  assumed  to  be  matched  so  as  to  op¬ 
erate  at  the  points  marked  A  on  Figure  17.2.  7  when 
the  multistage  compressor  is  at  its  design  point. 
Under  these  conditions,  in  the  fixed-geometry  com¬ 
pressor  each  stage  will  develop  exit  levels  of 
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Figure  17.2.6.  Example  of  assumed  stage  perfor¬ 
mance  characteristics  used  in 
stage-matching  study  (Ref.  17.9). 

pressure,  density  and  velocity  such  that  the  down¬ 
stream  stage  will  be  at  its  point  A. 

Now  suppose  that  the  compressor  operates  at  a 
point  B  which  is  at  a  rotational  speed  substantially 
lower  than  the  design  value.  It  is  evident  that  at 
any  value  of  0  the  pressure  increase  across  any 
stage  will  be  reduced  because  is  reduced  in  the 
V  parameter.  This  in  turn  means  that  no  stage  can 
develop  its  design  density  rise.  However,  the 
annulus  area  variation  through  the  compressor  is 
based  on  the  design  point  rate  of  fluid  density 
rise.  The  result  will  be  to  force  the  level  of 
through-flow  velocity  up  in  the  exit  stages  so  that 
0  will  be  higher  than  design  values,  with  a  tendency 
toward  a  limiting  maximum  at  low  rotational  speeds. 
The  entrance  stages  will  in  turn  be  forced  to  oper¬ 
ate  at  lower  than  design  0,  with  a  tendency  toward 
unstable  (stalled)  operation  at  low  speeds.  This  is 
why  the  performance  map  of  Figure  17, 2. A  showed  a 
rotating  stall  zone  at  low  N/W  values.  The  trends 
will  be  reversed  at  rotational  speeds  greater  than 
design  (point  C,  Figure  17,2,  7),  with  the  exit 
stages  moving  toward  stall  and  the  entrance  stages 
moving  toward  a  maximum  limiting  flow  coefficient 
0.  This  is  one  reason  why  Figure  17.2, S  shows  a 
region  of  supersonic  stalled  flutter  at  high  rota¬ 
tional  speeds. 


17.3  AERODYNAMIC  DESIGN  OBJECTIVES  FOR  AXIAL-FLOW 
COMPRESSOR  UNITS 

As  an  introduction  to  a  discussion  of  design 
systems  for  axial-flow  compressors,  we  should  state 
some  criteria  for  a  good  design.  To  do  this  in  a 
logical  way,  we  might  look  again  at  the  equilibrium 
performance  characteristics  shown  in  Figure  17.2.3, 
The  first  goal  of  a  design  system  should  be  to  gen¬ 
erate  a  compressor  geometry  which  will  produce  the 
design  point  total  pressure  ratio  when  the  design 
point  mass  flow  rate  exists  in  each  stage  of  the 
compressor.  These  design  point  values  are  develop¬ 
ed  in  the  course  of  selection  of  the  best  propul¬ 
sion  system  cycle  parameters  for  the  aircraft  ap¬ 
plication.  Because  each  compressor  section  is 
driven  by  a  turbine  component,  the  rotational  speed 
at  the  compressor  design  point  must  be  consistent 
with  the  aerodynamic  and  aeromechanical  design  re¬ 
quirements  of  the  turbine.  Design  point  pressure 
ratio,  flow  rate  and  rotational  speed  must  be  assoc¬ 
iated  with  an  acceptable  if  not  superior  level  of 
compressor  thermodynamic  efficiency  and  with  ade¬ 
quate  surge  margin.  Surge  margin  is  a  measure  of 
the  location  of  any  operating  point  with  respect  to 
the  surge  line  at  a  given  rotational  speed  and 
should  be  sufficient  so  that  no  engine  transient 
will  force  the  compressor  into  surge. 

However,  while  design  point  performance  is  a 
primary  consideration,  Figure  17.2.3  and  earlier 
chapters  remind  us  chat  the  design  operating  point 
for  the  compressor  is  only  reached  after  starting 
and  accelerating  the  complete  engine,  and  that 
propulsion  system  operation  may  call  for  extended 
periods  of  performance  at  locations  on  the  equili¬ 
brium  performance  map  which  are  substantially  dif¬ 
ferent  from  the  design  point.  Furthermore,  trans¬ 
ient  system  operation  may  create  additional  devia¬ 
tion  from  normal  compressor  operating  points.  In 
terms  of  Figure  17.2,3,  engine  operation  may  be 
expected  to  require  the  compressor  to  run  within 
a  band  of  flows  and  pressure  ratios  at  any  rota¬ 
tional  speed.  In  fact,  the  performance  map  itself 
will  be  altered  by  changes  in  parameters  such  as 
tip  clearance  and  compressor  entrance  flow  distri¬ 
bution.  The  compressor  design  process  must  there¬ 
fore  develop  a  compressor  geometry  (and  possible 
variable  compressor  geometry)  which  demonstrates 
the  following  characteristics: 

1.  stable  aerodynamic  and  aeromechanical 
operation,  including  sufficient  surge 
margin  and  no  excessive  blade  or  disk 
vibrations  for  all  potential  operating 
conditions  in  the  system  installation; 

2.  acceptable  thermodynamic  efficiency  for 
all  expected  operating  conditions; 

3.  acceptable  noise  generation  characteris¬ 
tics  . 

Subject  to  these  constraints  the  compressor  config¬ 
uration  should  be  designed  for 

U.  the  maximum  possible  mass  flow  rate  per 
unit  frontal  area; 

5.  the  highest  possible  average  pressure 
ratio  per  stage;  and 

6.  minimum  values  of  axial  stage  length  and 
number  of  blades  specified  for  each  row.* 

*Objectlves  4,  5  and  6  may  not  apply  in  a  few  design 
cases.  If  the  compressor  is  very  small  in  size, 
manufacturing  limits  on  geometry  (e.g.  blade  di¬ 
mensions)  may  force  the  design  of  a  compressor 
larger  than  the  minimum  that  aerodynamic  criteria 
alone  would  allow. 
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Figure  17.2.7.  Trends  in  stage  performance  for  axial-flow  compressor  operating  at  off-design  con¬ 
ditions  (Ref.  17.10). 


These  characteristics,  of  course,  lead  to  the 
minimization  of  compressor  unit  weight  and  cost. 
Axial-flow  compressor  configurations  for  aircraft 
propulsion  systems  have  demonstrated  good  and  im* 
proving  characteristics  measured  against  the  six 
objectives  listed,  but  they  have  cetaaiaed  very 
expensive,  primarily  because  of  the  complex,  some¬ 
times  variable  geometry  required  to  realize  the 
best  possible  performance. 

17.4  ELEMENTS  OF  A  COMPRESSOR  DESIGN  SYSTEM- 
TECHNICAL  REQUIREMENTS 

Consideration  of  the  required  elements  of  a 
compressor  design  system  leads  directly  to  the  def¬ 
inition  of  more  detailed  requirements  for  flow  field 
models  and  for  aeromechanlca 1  models  of  the  blading 
and  other  flow  path  components.  Based  on  the  objec¬ 
tives  listed  in  Sec.  17.3  we  can  see  that  at  a  mini¬ 
mum  the  design  system  must  include  the  following. 

1,  A  procedure  for  determining  potentially 
satisfactory  flow  path  geome  ries  capable 
of  stable  and  efficient  operation  at  the 
design  flow  rate  and  at  a  rotational  speed 
acceptable  to  the  turbine  and  mechanical 
system  designers,  with  the  procedure  suffi¬ 
ciently  quantitative  to  permit 

•  specification  of  annulus  dimensions 
throughout  the  compressor 

•  selection  of  blade  row  geometric 
parameters  such  that  design  point 
velocity  diagrams  and  fluid  property 
distributions  are  realized  at  accept¬ 
able  efficiencies  (low  blade  row 
thermodynamic  losses) . 

2.  Procedures  for  predicting  the  flow  field 
throughout  the  compressor  at  the  design 
point,  with  emphasis  on  details  of  the 
flow  within  the  blade  rows,  so  that  forces 
acting  on  the  blades  may  be  computed  and 
so  that  potential  aerodynamic  problem 


areas  may  be  located  (e.g,  blade  sections 
with  excessive  adverse  pressure  gradients). 

3.  Methods  for  predicting  compressor  perfor¬ 
mance  at  off-design  flows  and  rotational 
speeds  and  with  non-design  entrance  fluid 
properties  and  flow  distributions. 

4.  Stress  analysis  techniques  to  verify  the 
stress-strain  characteristics  of  blade 
row  geometries,  disks  and  shrouds. 

5.  Aeroelastlc  analysis  methods  to  ensure 
that  blades,  disks  and  shrouds  will  not 
be  subject  to  unexpected  flutter  or  other 
vibrational  effects  at  potential  compressor 
operating  points. 

In  subsequent  sections  we  will  refer  to  these 
parts  of  the  complete  design  system  by  the  follow¬ 
ing  terminology: 

1.  preliminary  design 

•  hub-to-tip  passage  design 

•  blade  row  geometry  selection 

2.  design  analysis 

3.  performance  prediction 

4.  stress  analysis 

5.  aeroelastlc  analysis 

Figure  17.4,1  is  a  possible  design  system  flow 
diagram  which  indicates  an  order  of  procedure  and 
most  probable  iterations.  However,  compressor  de¬ 
sign  is  likely  to  remain  in  some  ways  an  artistic 
endeavor  for  many  years  to  come,  and  as  a  result 
it  will  be  highly  "specialist  dependent"  with 
"local  philosophy"  in  each  competing  organization. 

In  terms  of  the  flow  diagram,  this  artistic  special¬ 
ist  activity  enters  the  picture  mainly  at  the  pre¬ 
liminary  design  level,  where  past  experience  in  com¬ 
pressor  deve lopment--inc luding  memories  of  perfor¬ 
mance  maps  and  of  mechanical,  fabrication  and 
aeroelastlc  prob lem8--has  a  large  influence  on  the 
choices  which  produce  candidate  geometries  for 
further  study. 
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Figure  17.^. 1,  Compressor  design  system  flow  chart. 


17.5  CONTENT  OF  CURRENT  AND  DEVELOPING  DESIGN 
SYSTEMS- -THE  TECHNOLOGY  BASE 

The  previous  sections  reviewed  the  objectives 
and  component  parts  of  a  design  system.  Our  next 
step  will  be  to  outline  in  more  detail  the  strategy 
followed  in  setting  up  a  series  of  computational 
models  for  the  flow  as  required  by  the  various 
phases  of  design.  In  this  process  the  significant 
aerodynamic  and  aeromechanica 1  problems  and  limits 
encountered  in  axlai-flow  compressor  design  will 
be  described. 

The  design  and  development  process  Is  not 
just  a  matter  of  deriving  a  set  of  equations  and 
a  technique  for  solution.  It  requires  access  to 
a  significant  amount  and  variety  of  experimental 
data  in  correlated  form,  which  will  aid  in  the 
estimation  of  1)  the  flow  turning  and  loss  charac¬ 
teristics  of  the  multiple  cascades  of  airfoils 
encountered  in  the  various  blade  rows,  2)  the 
growth  of  boundary  layers  on  the  flow  passage  walls, 
and  3)  the  proximity  of  operating  conditions  to 
possible  regions  of  aerodynamic  and  aeromcchanical 
trouble.  In  most  cases  it  demands  constant  access 
CO  experimental  Installations  such  as  plane  or 


annular  cascade  tunnels,  single-stage  and  stage 
group  test  units,  and  model  or  full-scale  multi¬ 
stage  compressor  experimental  facilities.  While 
the  experimental  support  for  a  design  task  was 
intentionally  omitted  from  the  discussion  of  the 
requirements  for  a  design  system,  the  nature  of  the 
necessary  experimental  base  will  be  referred  to 
frequently  in  this  section. 

An  overwhelming  array  of  background  literature 
exists  on  the 'development  and  evaluation  of  flow 
models  and  associated  computational  methods  for 
turbomachinery.  There  is  no  possibility  of  condens¬ 
ing  the  content  of  the  literature  in  the  present 
chapter.  There  is  a  possibility  that  we  can  briefly 
describe  and  compare  the  important  technical  fea¬ 
tures  of  the  most-used  models  and  methods. 

17.5.1  GENERAL  COMMENTS  ON  FLOW  MODELS 

17.5.1,1,  FLOW  FIELD  MODELS--STEADY  AND  ADIABATIC 
FLOW,  CONTINUOUS  FLUID  MEDIUM 

In  axial-flow  compressor  design  and  analysis 
the  working  fluid  Is  almost  invariably  «ind  without 
disetiRSion  assumed  to  behave  as  a  continuous  medium. 


allowing  us  to  use  as  sources  for  equations  the 
standard  texts  on  the  subject  of  fluid  mechanics. 
Existing  flow  field  models  for  design  and  design 
analysis  cases  almost  always  are  based  on  a  line 
of  reasoning  which  views  the  flow  relative  to  each 
blade  row  as  steady  and  adiabatic.  While  this 
assumption  contradicts  obvious  physical  facts^  it 
has  been  essential  in  order  to  reach  quantitative 
solutions,  and  fortunately  many  of  these  solutions 
have  been  quantitatively  acceptable.  Only  a  few 
design  analysis  studies  have  approached  the  unsteady 
flow  model  problem  in  a  realistic  way,  and  even 
fewer  have  seriously  attacked  the  computational 
aspect  of  these  unsteady  flow  models.  In  the  fol¬ 
lowing  subsection  we  will  deal  almost  exclusively 
with  design  system  components  using  adiabatic , 
steady  or  time-average  relative  flow  field  assump¬ 
tions  . 

17.5.1.2  STREAMLINES,  STREAM  SURFACES,  STREAM  TUBES 

The  process  of  development  of  mathematical 
models  for  the  flow  field  in  axial-flow  turboma¬ 
chines  is  often  based  on  the  concepts  of  stream¬ 
lines  ,  stream  surfaces  and/or  stream  tubes  in  the 
flow  path.  These  lines,  surfaces  or  tubes  have 
been  generally  handled  aerodynamically  and  mathe¬ 
matically,  as  if  they  were  the  paths  of  fluid  par¬ 
ticles  or  conduits  through  which  specific  fluid 
particles  could  be  followed.  In  order  for  stream¬ 
lines  and  path  lines  to  coincide  in  a  flow,  the 
flow  must  be  steady.  Although  we  often  make  addi¬ 
tional  restrictive  assumptions  about  stream  lines 
and  surfaces,  the  steady  flow  assumption  is  the 
most  common. 

There  has  been  no  lack  of  recognition  in  the 
past  that  the  streamlines  and  surfaces  in  an  axial- 
flow  compressor  or  turbine  would  be  geometrically 
complex  even  if  the  steady  flow  assumption  is  made. 
In  relatively  recent  times  the  most  widely-refer¬ 
enced  recognition  of  this  complexity  is  found  in 
the  analyses  of  C.-H.  Wu,  His  work  brought  the  Idea 
of  Si  and  S?  stream  surfaces  into  the  working  vo¬ 
cabulary  of  the  compressor  specialist.  Wu  formu¬ 
lated  equations  for  relative  flows  on  families  of 
hub-to-tip  ($2)  surfaces  between  and  within  blade 
rows  and  for  the  relative  flows  on  families  of 
periodic  blade-to-blade  (S^)  surfaces  both  between 
and  inside  blade  rows.  These  intersecting  families 
of  surfaces,  shown  schematically  in  Figure  17.5.1, 
were  proposed  as  a  means  for  computation  of  the 
turbomachine  flow  field  by  an  iterative  process. 

and  $2  surfaces  have  been  discussed  in 
many  publications  on  flow  modeling  and  in  many 
reports  and  papers  in  which  quantitative  results 
of  flow  field  computations  have  been  presented. 
Readers,  however,  should  be  very  cautious  in  their 
study  of  any  of  these  analyses  because  the  vast 
majority  do  not  determine  or  compute  on  true  or 
S2  surfaces  but  only  on  approximations  to  these 
surfaces . 

In  the  case  of  blade-to-blade  (Sj^)  flows, 
frequent  use  is  made  of  the  idea  of  assumed  axl- 
symmetric  stream  surfaces  or  stream  tubes.  These 
lead  to  simplified  but  not  simple  equation  formu¬ 
lation  and  add  credibility  to  the  thinking  which 
justifies  the  use  of  ’‘circumferentially-averaged” 
velocities  and  fluid  properties  in  hub-to-tip  flow 
model  equations. 

For  hub-to-tlp  computations,  the  flow  (when 
computed  Inside  blade  rows)  is  often  handled  as  if 
it  took  place  on  a  “mean  stream  surface"  between 


Figure  17.5.1.  and  $2  surfaces  in  blade-to- 
blade  flow  passage  (Ref.  17.11), 

blades.  When  used,  this  mean  surface  is  supposed 
to  be  representative  of  the  family  of  $2  surfaces 
inside  the  channel  formed  by  adjacent  blades. 

Based  on  the  preceding  discussion,  one  should 
examine  every  proposed  compressor  flow  analysis  to 
reveal  whether  it  is  based  on  axisymmetric  or  true 
$1  equation  formulation,  and  on  whether  it  works 
with  a  true  $2  surface,  a  mean  surface  or  in  a 
meridional  plane.  In  the  end  we  should  remember 
that  none  of  the  above  is  more  than  a  simulation 
of  the  real  flow  because  of  the  equation  forms 
assumed.  In  almost  every  case  where  the  hub-to-tip 
and  blade-to-blade  solution  surface  idea  is  utilized 
(whether  or  not  the  surfaces  are  $2  ^nd  Si  stream 
surfaces),  the  result  is  what  should  be  called  a 
quasi-thref  dimensional  or  pseudo-three-dimensional 
flow  field  method, 

17.5.1.3  EFFECTS  OF  VISCOSITY  AND  COMPRESSIBILITY 

The  effects  produced  by  fluid  viscosity  in 
real  compressor  flow  fields  are  included  In  the 
flow  models  used  for  preliminary  design  and  design 
analysis  in  a  variety  of  ways.  Because  these  real 
fluid  effects  are  the  ultimate  source  of  irreversi¬ 
bility  in  the  compression  process  they  must  be  sim¬ 
ulated  or  modeled  in  some  fashion  in  the  flow  field 
computation  process.  It  is  essential  in  preliminary 
design  to  set  quantitative  limits  on  aerodynamic 
parameters  which  will  guarantee  that  viscous  and 
compressibility  losses  will  not  be  excessive,  and  it 
is  necessary  in  design  analysis  to  be  able  to  esti¬ 
mate  these  effects  as  a  function  of  aerodynamic 
parameters  associated  with  the  flow  field. 

The  sources  of  losses  or  thermodynamic  irre- 
ver  Ability  effects  observed  in  compressor  config¬ 
urations  are  not  different  than  those  found  in  any 
other  viscous,  compressible  internal  flow.  As 
already  noted,  three-dimensional  boundary  layers 
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form  on  blade  surfaces  and  on  the  hub  and  tip  and 
wall.  Complex  shear  flows  occur  in  the  corners 
(where  blades  meet  end  walls)  and  at  the  tip  radial 
clearances  (between  rotors  and  stators  and  the  end 
wall).  Wakes  develop  downstream  of  blade  row  trail¬ 
ing  edges,  and  vorticicy  is  generated  because  of 
circulation  gradients  along  the  blade  span  and  un¬ 
steady  flow  at  the  entrance  to  most  blade  rows. 

All  of  these  effects  of  viscosity  lead  to 
continuous  and  cumulative  increases  in  entropy 
along  the  paths  followed  by  fluid  particles,  if 
we  assume  the  existence  of  streamlines  and  stream 
surfaces,  we  should  allow  for  entropy  increases 
in  the  flow  direction  in  a  consistent  way. 

In  most  contemporary  compressors  absolute  or 
relative  velocities  are  sufficiently  high  so  that 
regions  of  relative  sonic  flow  occur  on  the  surfaces 
of  blades.  In  many  contemporary  compressors  the 
velocities  relative  to  rotor  and/or  stator  blade 
rows  are  supersonic  along  at  least  a  portion  of 
the  blade  span.  These  configurations  are  called 
transonic  compressors .  In  some  compressors  ve¬ 
locities  relative  to  the  rotor  and/or  stator  blade 
rows  have  been  supersonic  along  Che  entire  span  of 
the  blade  at  entrance  and/or  exit.  These  configu¬ 
rations  are  called  supersonic  compressors.  Shock 
wave  patterns  developed  in  all  of  these  cases  are 
complex  in  shape  and  are  sources  of  losses,  as  are 
all  shock  waves.  At  Che  same  time  the  shock  wave 
field  interacts  with  boundary  layers  and  influences 
their  development.  Once  again  the  situation  calls 
for  consistent  accounting  for  entropy  increase  in 
Che  direction  of  flow. 

When  we  study  methods  for  modeling  the  flow 
field  in  a  compressor  flow  path,  we  will  often  see 
a  strategy  for  formulation  which  is  to  some  extent 
controversial.  The  level  of  controversy  is  reduced 
somewhat  by  the  fact  that  the  strategy  seems  to 
work.  In  all  real  flows  there  are  local  shear 
stresses  acting  on  all  individual  fluid  particles. 
These  shear  stresses  are  recognized  and  modeled, 
for  example,  in  the  Navier-Stokes  equations  of 
motion.  As  we  follow  an  Individual  particle  along 
its  path,  from  a  blade  row  entrance  to  the  exit, 
the  shear  stresses  acting  on  it  at  any  particular 
point  may  be  quite  small  compared  to  the  other 
Influences  on  its  motion.  However,  If  we  look  at 
the  cumulative  thermodynamic  effect  of  shear 
stresses  along  a  path  line  between  the  entrance 
and  exit  of  a  blade  row,  we  can  measure  a  signifi¬ 
cant  irreversibility.  Readers  will  see  evidence 
of  a  double-standard  approach  when  viscous  terms 
are  dropped  from  the  equation  of  motion,  but  the 
terms  are  effectively  reintroduced  by  using  entropy 
gradients  in  flows  as  a  means  of  accounting  for  an 
accumulating  irreversibility  along  path  lines. 

17,5.1.4  SPECIFIC  EFFECTS  OF  BLADE  ROW  AND  PASSAGE 
GEOMETRY  ON  THE  FLOW  FIELD 


Another  frequently  misunderstood  or  misrep¬ 
resented  influence  on  design  and  design  analysis 
flow  models  for  turbomachines  are  the  force  tenns 
in  the  equations  of  motion.  In  a  typical  textbook 
set  of  component  equations  of  motion  for  cylindrical 
coordinates,  x,  r,  and  9,  one  might  find 
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These  equations  are  usually  considered  xn  fluid 
mechanics  to  model  the  flow  of  an  inviscid,  com¬ 
pressible  and  continuous  fluid  medium.  The  Fx  r  y 
terms  are  body  force  components;  for  example, 
those  due  to  the  influence  of  a  gravitational  force 
field.  In  turbomachine  flow  models,  however,  an 
F-component  term  may  be  used  to 

1.  simulate  the  viscous  or  "dissipation" 
effects  in  the  flow  field,  and 

2.  repres^^nt  a  distributed  force  field  in 
the  flow,  which  accounts  for  the  effects 
on  the  flow  due  to  blade  forces  (because 
blades  have  camber  and  lean  or  dihedral 
there  can  be  components  in  x,  r  and  0 
directions) , 

For  hub-to-tip  surface  solutions  inside  blade 
rows  the  computation  model  should  account  for  phys¬ 
ical  blockage  of  the  flow  path  by  the  blades  as  well 
as  for  effective  blockage  by  boundary  layers  on  the 
blade  surfaces.  At  the  blade  ends  and  on  the  pas¬ 
sage  walls  between  rows,  effective  blockage  due  to 
end-wall  and  corner  flows  should  be  recognized.  The 
mechanism  for  accounting  for  effective  blockage  will 
vary  with  the  nature  of  the  flow  model. 


17.5.2  EQUATIONS 

Upon  the  initial  assumption  of  a  continuous 
fluid  medium,  we  can  recognize  the  existence  of  a 
number  of  mathematical  formulations  of  physical 
laws  that  may  be  the  basis  for  models  of  the  real 
How  in  turbomachines,  and  specifically  in  axial- 
flow  compressors.  The  physical  laws  are 

1.  conservation  of  mass, 

2.  conservation  of  linear  and  angular  momen¬ 
tum, 

3.  first  law  of  thermodynamics, 

4.  second  law  of  thermodynamics. 

These  are  supplemented  for  any  working  fluid  by 

5.  equations  of  state, 

6.  relationships  between  thermodynamic  prop¬ 
erties  of  a  pure  substance, 

7.  relationships  between  the  flew  field  ve¬ 
locities  and  velocity  gradients  and  the 
shear  stresses  in  the  fluid. 


Table  17.5.1  gives  some  equations  based  on 
these  laws  and  other  relationships.  In  the  case 
of  some  of  the  differential  equations,  component 
equations  are  written  for  a  cylindrical  coordinate 
system.  Table  17,5.1  will  serve  as  a  reference  for 
subsequent  sections. 

The  second  law  of  thermodynamics,  of  course, 
enters  into  the  parameters  which  measure  irreversi¬ 
bility  or  losses  in  the  flow  field  and,  since  in 
classical  thermodynamics  the  property  entropy  Is 
derived  as  a  consequence  of  the  second  law,  the 
law  enters  into  the  formulation  of  the  Gibbs  rela¬ 
tion  Eq.  (17.5.  11). 


17-15 


iA.iiiifc  I-,  I  ’,111 


2 


6/9 


AD-ftl52  757  COST  REDUCTION  IN  VERTICRLLV  RELATED  INDUSTRIES: 

INTEGRATION  VERSUS  NONLINEAR  PRICINGCU)  RAND  CORP  SANTA 
MONICA  CA  H  C  OUIRNBACH  HAV  83  RAND/P-6839 


UNCLASSIFIED 


F/G  5/1 


NL 


MICROCOPY  RESOLUTION  TEST  CHART 

KMJONAV.  BURtAU  Of  S1ANDAROS-1963-A 


p 


T«ble  17.5.1.  Reference  Equations 


From  the  law  of  conservation  of  momentum  for  steady  flow 
In  an  inertial,  cylindrical  coordinate  system,  local 
shear  stresses  neglected.  At  any  point  in  flow  field 
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From  the  law  of  conservation  of  momentum  for  steady  flow 
measured  relative  to  a  cylindrical  coordinate  system  ro* 
tatlng  at  angular  velocity  uu  about  x  axis;  At  any  point 
in  flow  field 


I  =  H  -  Ui(rVg)  -  h  +  Y  -  «u(rVg)  (17.5.5) 

From  the  law  of  conservation  of  mass  for  steady  flow  in  a 
cylindrical  coordinate  system:  At  any  point  in  flow  field 

or 


Equations  of  state  for  fluid  media  are  avail¬ 
able  In  the  usual  mathematical  or  tabular  fonm. 

The  relationships  between  velocities,  velocity  gra¬ 
dients  and  fluid  shear  stresses  are  subjects  which 
cannot  be  covered  here,  but  which  are  discussed  In 
Chapters  3,  4  and  16. 

17.5.3  PERFORMANCE  LIMITING  FLOW  PHENOMENA— DESIGN 
LIMIT  PARAMETERS 

Design  limit  parameters  provide  a  quantitative 
basis  for  predicting  the  conditions  under  which  un¬ 
acceptable  blade  row  or  overall  performance  will 
occur.  They  are  needed  In  preliminary  design  as 
arbitrary  stop  signs  In  setting  up  a  geometry-flow 
field  combination,  and  they  are  used  In  design  anal¬ 
ysis  to  estimate  the  degree  of  risk  associated  with 
a  particular  flow  pattern.  In  terms  of  design  sys¬ 
tem  objectives  we  would  like  to  establish  the  fol¬ 
lowing: 

1.  whether  any  form  of  aerodynamic  or  aero- 
mechanlcal  Instability  will  occur  anywhere 
In  the  performance  range  of  the  compressor 
as  the  result  of  a  design  decision,  and 
parameters  which  will  permit  estimation  of 
the  margin  of  safety  between  any  operating 
point  and  the  nearest  unstable  condition, 

2.  values  of  parameters  Influencing  mass  flow 
per  unit  frontal  area  that  may  be  utilized 
In  design  to  realize  high  specific  mass 
flow  rates  without  adversely  affecting 
other  elements  of  compressor  performance, 

3.  quantitative  values  of  parameters  which 
will  determine  the  maximum  stage  pressure 
ratios  which  can  be  realized  at  specified 
efficiency  levels,  and  which  will  allow  us 
to  estimate  the  thermodynamic  Irreversibil¬ 
ity  associated  with  specified  combinations 
of  blade  row  geometry  and  flow  field  con¬ 
ditions. 


From  the  law  of  conservation  of  mass  for  a  fixed  control 
volume  and  steady  flow; 


(pV-dA)  =  0 


(17.5.8) 


for  region  of  control  surface 


These  are  not  three  unrelated  problems.  For  exam¬ 
ple,  a  decision  made  In  design  which  will  lead  to 
high  stage  pressure  ratio  at  acceptable  efficiency 
for  a  given  stage  may  set  up  flow  conditions  which 
will  cause  that  stage  to  have  an  Inadequate  stall 
(Instability)  margin. 


m  = 


Historically,  limiting  aerodynamic  parameters 
In  axial-flow  compressors  have  been  of  four  funda¬ 
mental  types. 


From  the  first  law  of  thermodynamics  for  a  fixed  control 
volume  and  steady  flow; 
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From  the  law  of  conservation  of  angular  momentum  for  a 
fixed  control  volume  and  steady  flow,  component  equation 
for  x-axis 

^s  ■  fts  (PV-"**)  (17.5.10) 

Tg  =  sum  of  moments  about  x-axis  of  all  surface  forces 
acting  on  contents  of  control  volume 
Tg  -  sum  of  moments  about  x-axis  of  all  body  forces  act¬ 
ing  on  contents  of  control  volume 


For  a  pure  substance 


1.  Limits  related  to  aerodynamic  "loading," 
especially  to  the  generation  of  unaccept¬ 
able  losses  or  flow  Instability  by  possi¬ 
ble  blade  row  geometries,  and  to  the  pre¬ 
diction  of  proximity  of  an  operating  con¬ 
dition  to  regions  of  high  loss  or  Insta¬ 
bility. 

2.  Limits  related  to  the  generation  of  high 
losses  or  flow  Instability  as  the  result 
of  the  effects  of  compressibility. 

3.  parameters  related  to  the  limiting  of 
flow  rate  through  a  flow  path  element  as 
the  result  of  compressibility. 

4.  Limits  related  to  the  aeroelastlc  aspects 
of  compressor  blade  rows.  Including  pre¬ 
diction  of  the  occurrence  of  the  various 
flutter  regimes. 
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P 


(17  5  11)  first  three  of  these  will  be  briefly  dealt  with 

In  the  following  subsections.  The  aeroelastlc  11m- 
'  Its  are  considered  In  Chapter  22. 
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17.5.3.1  AERODYNAMIC  DESIGN  LIMITS  RELATED  TO 
EXCESSIVE  VELOCITY  DIFFUSION  RATES 

The  velocity  diagrams  discussed  earlier  in 
this  Chapter  were  used  to  aid  in  understanding  the 
functions  of  blade  rows  in  typical  compressor  con* 
figurations  and  to  point  out  that  some  familiar 
parameters  and  characteristics  of  the  flow  in  iso* 
lated  airfoil  technology  are  encountered  again  in 
the  technology  of  airfoil  cascades.  We  also  noted 
that  there  were  some  fundamental  differences  in 
these  technologies.  One  of  these  differences  is 
that  In  the  cascade  arrangements  utilized  in  com¬ 
pressors  and  turbines  there  is  generally  a  change 
in  static  pressure  level  between  the  flow  field 
upstream  and  the  flow  field  downstream  of  the  cas¬ 
cade.  In  compressors  we  expect  to  find  rows  in 
which  static  pressure  rises.  This  is  evident  in 
typical  velocity  diagrams  for  axial  flow  compressors 
(e.g.  Figure  17.2.1)  where  we  see  that  the  blade 
rows  act  as  diffusers  of  the  relative  fluid  velo¬ 
city.  Diffusers  are  flow  passages  in  which  the 
relative  velocity  decreases  from  entrance  to  exit 
while  the  static  pressure  level  increases.  Bound¬ 
ary  layers  in  excessive  adverse  (positive)  pressure 
gradients  separate.  This  is  the  cause  of  stalling 
of  isolated  airfoils  and  of  stalling  and  flow  in¬ 
stability  in  airfoil  cascades  (as  well  as  other 
diffusers).  It  might  be  well  to  recall  here  that 
in  fluid  mechanics  there  are  both  subsonic  diffusers 
and  supersonic  diffusers.  Both  have  the  same  func¬ 
tion,  but  the  geometries  are  significantly  differ¬ 
ent.  Both  subsonic  and  supersonic  diffusing  situa¬ 
tions  are  encountered  in  cemipressor  blade  rows. 
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which  are  not  equivalent  unless  *  13^^, 

Subsequently,  for  cases  in  which  compressor 
blade  rows  were  involved,  a  version  allowing  for 
flow  on  stream  surfaces  which  change  radius  between 
row  entrance  and  exit  was  developed. 
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In  all  of  these  definitions  the  final  term  is  a 
measure  of  blade  row  circulation. 

The  parameter  D  was  intended  to  provide  a 
quantitative  limit  for  diffusion  in  cascades  oper¬ 
ating  near  the  minimum- loss  angle  of  incidence.  It 
could  be  calculated  using  flow  velocities  readily 
available  from  design  point  velocity  diagrams. 
Through  the  years,  its  application  has  evolved  by 
extrapolative  thinking  to  include  situations  in 
which  it  Is  not  correct.  Alternative  parameters 
have  been  suggested  but  the  final  answer  is  not  in 
hand  and  the  ultimate  diffusion  limit  remains  a 
subject  for  research,  just  as  there  are  not  genuine¬ 
ly  definitive  design  limits  available  for  roost  other 
diffuser  cases. 


A  second  look  at  the  velocity  diagram  of 
Figure  17.2.1  shows  us  that  some  of  the  diffusion 
of  relative  flow  takes  place  in  these  cascades  be¬ 
cause  the  flow  is  deflected  (turned).  Velocity 
diffusion  is  increased  if  we  turn  the  flow  more 
(while  the  axial  velocity  remains  constant)  or  if 
we  reduce  the  axial  velocity  across  a  blade  row 
(with  a  constant  turning). 

There  should  now  be  no  question  about  the  fact 
that  higher  stage  pressure  ratios  will  be  relate^ 
to  Increased  diffusion  rates  across  blade  rows  and 
that  there  are  quantitative  limits  on  diffusion 
rates  which  In  turn  limit  stage  pressure  ratios. 

What  are  these  quantitative  limits?  A  lot  of  sug¬ 
gestions  have  been  made.  Some  are  simple  and  di¬ 
rect.  One  used  frequently  is  p2  -  Pj/Pi  -  Pi»  the 
static  pressure  rise  coefficient.  Another  is  the 
cxit/entrance  relative  velocity  ratio  (W2/Wi)rotor 
or  (V2/Vj^)gj^3^Qj..  A  slightly  less  direct  parameter 
which  has  been  widely  used  is  the  parameter  D.  This 
parameter  was  originally  developed  by  Seymour 
Lieblein  as  a  measure  of  the  diffusion  of  velocity 
on  the  suction  surfaces  of  cascades  of  blade  sec¬ 
tions  In  two-dimensional  flow.  The  equation  de¬ 
rived  was 

"v  V  -  V 

D  =  I  -  ^  - 2^  (17.5.12) 

Vi  2aVj 


All  oi  the  diffusion  or  blade* loading  limit 
parameters  mentioned  are  useless  without  numerical 
values  which  define  regimes  of  acceptable  and  un¬ 
acceptable  blade  row  performance.  Such  values  are 
established  by  correlation  of  experimental  blade 
row  performance  data  from  plane  cascades  or  from 
rotor  and  stator  blade  rows  in  compressors.  Such 
correlations  have  been  published  for  cascades  and 
blade  rows  by  the  National  Aeronautics  and  Space 
Administration  (NASA),  such  as  Figures  17.5.2  and 
17.5.3,  and  by  others  for  specific  compressor  test 
data  sets.  Generally  the  correlations  allow  esti¬ 
mation  of  an  expected  profile  total  pressure  loss 
coefficient  for  blade  rows  at  incidence  angles  in 
the  low-loss  region.  The  loss  parameters  used  are 
in  forms  such  as  iUcosP2/^'7  or  0*/c.  Although  the 
parameter  D  has  probably  been  the  most  widely  ac¬ 
cepted  blade-loading  parameter  for  preliminary  de¬ 
sign,  others  have  been  proposed  to  replace  or  sup¬ 
plement  it  in  design  analysis.  These  include  a 
second  Lieblein  parameter,  known  as  Dgq,  which  has 
been  utilized  in  both  design  analysis  and  off-design 
point  performance  prediction. 

In  the  regions  near  the  hub  and  tip  end  walls, 
Some  design  groups  prefer  to  use  the  static  pres¬ 
sure  rise  coefficient  (P2  -  Pj)/(Pj  -  Pj)  as  a 
limit.  This  parameter  is  considered  to  be  a  useful 
criterion  in  the  prediction  of  the  onset  of  "wall 
stall," 


Initial  application  to  rotating  blade  rows  used  two  17.5.3.2  INFLUENCE  OF  MACH  NUMBER  LEVELS  ON  AXIAL- 
definlng  equations  FLOW  COMPRESSOR  DESIGN 
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For  many  years  there  have  been  continuous 
(17,5.13)  trends  toward  higher  levels  of  Mach  number  in  axial- 
flow  compressor  blade  rows.  Figure  17. 5. A  shows 
one  reason  why  this  trend  exists.  The  figure  dem¬ 
onstrates  how  flow  rate  per  unit  frontal  area  (spe¬ 
cific  flow  rate)  for  a  compressor  stage  varies  with 
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Figure  17.3.2.  Variation  of  loss  parameters  with  diffusion  factor  at  reference  minimum^loss  inci¬ 
dence  angle  computed  from  low-speed-cascade  tests  of  NACA  65-{Aj_)10  cascade  blades 
(Ref.  17.12). 
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Figure  17.5.3.  Variation  of  loss  parameter  with  diffusion  factor  for  blade  sections  in  compressors 
operating  near  minimum-loss  incidence  angle  (Ref.  17.13). 


average  axial  Mach  number  and  hub-tip  ratio.  High 
flow  rate  per  unit  frontal  area  has  been  designated 
as  an  important  design  objective  because  of  the 
obvious  relationship  between  required  frontal  area 
and  component  weight.  The  gains  to  be  made  by 
increased  axial  Mach  number  and  by  decreased  hub- 
tip  ratios  are  evident  in  Figure  17.5.4. 


A  second  reason  for  the  trend  toward  higher 
Mach  number  levels  in  compressor  stages  develops 
from  the  design  objective  calling  for  Increased 
stage  pressure  ratios.  As  observed  previously,  the 
energy  transfer  in  a  compressor  stage  takes  place 
in  the  rotor  and  is  governed  by  the  Euler  turbine 
equation  which  represents  an  application  of  the 
law  of  conservation  of  angular  momentum,  Eq. 
(17.5.10),  to  a  stream  tube  at  constant  radius. 
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Figure  17. 5. A.  Compressor  specific  flow  rate  as  a  function  of  axial  Mach  number  and  hub-tip  radius  ratio. 


Figure  17.5.5.  Trends  in  low  hub-tip  ratio  stage  performance  with  rotor  tip  speed  and  loading  level. 

■  U  V  -  u  V  (17.5.16)  ally  results  in  Uo  Ui.  For  a  stream  surface  with 

om20, 210,1  IJj-U2 

In  an  axial-flow  compiessor  stage  the  change  In 

stream  surface  radius  between  the  points  where  a  jw  "  2  ’  '^a  (17.5.17) 

fluid  particle  entera  or  leaves  Che  blade  row  usu- 


Either  increased  U  or  increased  change  in  absolute  rotor  exit  and  the  absolute  Mach  number  approaching 
tangential  velocity  is  effective  in  increasing  en-  the  stator  row  were  subsonic.  This  encouraging 

ergy  transfer.  However,  we  have  just  discussed  the  performance  was  observed  under  flow  conditions  in¬ 

loading  limit  D,  which  includes  a  term  showing  the  volving  supersonic  relative  inlet  Mach  numbers  along 
direct  contribution  of  Vq  2  “  ^0  1  diffusion  only  part  of  the  rotor  span.  Subsequently,  stages 

rates.  Estimation  of  the*other  diffusion  limits  were  designed  to  operate  in  this  transonic  mode  and 

shows  that  the  change  in  V0^2  "  ^6*1  each  were  extremely  successful.*  The  key  features  of 

limit  in  a  similar  way.  Figure  17.5.5  shows  how  these  stages  were  the  selection  of  an  aerodynami- 

increased  blade  speed  and  increased  rotor  loading,  cally  desirable  blade  geometry  and  a  velocity  dia- 

as  measured  by  Liebleiu  s  diffusion  factor,  affect  gram  which  eliminated  inlet  guide  vanes  while 

the  pressure  ratio  available  from  a  stage.  The  limiting  blade  diffusion  loading, 

effect  of  increased  blade  speed  is  impressive.  The 

data  points  are  measured  values  for  single  stages.  transonic  compressor  design  concept  was 

a  dramatic  breakthrough,  which  can  be  seen  in 

The  problem  associated  with  high  blade  speed  proper  perspective  if  we  note  that  over  about  a 

values  has  several  facets.  First,  such  values  two-year  period,  limiting  relative  Mach  number  lev- 

lead  to  high  centrifugal  force  loadings  on  rotor  experimental  rotor  blade  rows  increased 

blades.  Second,  there  are  direct  relationships  from  about  0.75  to  about  1.2,  and  a  typical  research 

between  blade  speed  and  noise  generation.  The  inlet  stage  pressure  ratio  level  increased  from 

third  and  most  significant  aerodynamic  feature  of  about  1.25  to  1.5.  The  transonic  stage  concept  led 

the  problem  is  that  high  blade  speeds  are  likely  directly  to  lower  inlet  stage  hub-tip  ratios,  higher 

to  result  in  high  flow  Mach  numbers  measured  rela-  specific  flow  rates  and  higher  stage  pressure  ratios, 
tive  to  the  rotating  blades.  Suppose  that  we  con-  all  at  acceptable  efficiencies  and  with  acceptable 

sidcr  a  rotor  row  with  no  tangential  fluid  velocity  stability  characteristics, 

component  at  the  leading  edge.  The  relative  veloc¬ 
ity  would  be  While  the  story  of  the  transonic  compressor 

has  a  certain  romantic  flavor,  it  is  a  long  and 
difficult  one  beyond  the  first  "breakthrough"  years. 

(17.5.18)  Mach  number  levels  approaching  or  exceeding  1,0  at 
the  inlet,  within  or  at  the  exit  of  a  blade  row 
tend  to  be  associated  with  increased  thermodynamic 

(17.5.19)  losses,  particularly  so  at  incidence  angles  away 
from  the  minimum- loss  values.  Also  associated  with 
high  subsonic  and  all  supersonic  Mach  number  levels 

(17.5.20)  problem  of  blade-channel  "choking."  As  a 
result,  it  was  necessary  to  develop  models  for  the 
losses  due  to  shock  waves,  and  for  the  incorpora- 

The  objectives  of  high  mass  flow  per  unit  frontal  tion  of  both  shock  and  profile  losses  into  the 

area  and  high  pressure  ratio  per  stage,  both,  design  computation  method.  Furthermore,  the  higher 

therefore,  force  designers  to  move  in  the  direction  stage  pressure  ratio  levels  caused  more  rapid  pas- 
of  high  rotor  relative  Mach  numbers,  and  these  same  sage  area  changes  and  wall  curvature,  again  calling 
objectives  also  lead  to  high  values  of  absolute  changes  in  design  procedures, 

Mach  number  at  the  entrance  of  stator  blade  rows,  Mach  number  levels  in  axial-flow  compressor 

designs  have  increased  steadily  during  the  past 

The  potential  for  advanced  compressor  perfor-  25  years,  so  that  average  axial  Mach  number  levels 
mance  levels  associated  with  high  average  axial  0,60  to  0,70  at  the  first  rotor  entrance  are 

Mach  number  levels  and  high  rotor  blade  speeds  has  found  in  a  number  of  aircraft  engine  applications, 
been  understood  since  the  early  1940s,  and  since  accompanied  by  compressor  exit  Mach  numbers  as  high 

that  time  numerous  stage  configurations  utilizing  0.45,  Rotor  blade  tip  relative  Mach  numbers  have 

supersonic  Mach  number  levels  have  been  suggested,  been  increased  to  levels  from  1,4  to  as  high  as  2.0 
designed  and  tested.  Until  about  1950,  the  actual  in  experimental  stages.  This  has  required  extensive 

performance  levels  achieved  were  discouraging.  Most  use  of  special  blade  sections  and  detailed  consider- 

of  the  rotors  and  stages  involved  were  true  super-  ation  of  flow  field  control  in  the  region  of  the 

sonic  configurations,  with  relatively  high  hub-tip  blade  row.  Stator  blade  Mach  number  levels  have 

ratios  and  supersonic  relative  Mach  numbers  along  also  increased,  but  not  as  rapidly,  with  most  de- 

thc  entire  blade  span  in  rotors  and/or  stators  at  sign  values  in  the  high  subsonic  regime, 

the  design  point.  The  poor  performance  included 

low,  sometimes  disastrous  efficiencies  and  ver-  The  quantitative  effects  of  compressibility  on 

tical  pressure  ratio-flow  lines  at  design  rotational  blade  row  performance  have  been  studied  extensively 
speed.  On  the  other  hand,  experimental  subsonic  in  plane  cascades  and  in  compressor  rotor  and  stage 

rotors  and  stators  were  designed  to  operate  with  facilities.  As  a  result,  the  computation  of  losses 

high  blade  speeds,  but  with  inlet  guide  vanes  to  <lue  to  shock  patterns  has  been  enhanced  considerably 

reduce  the  level  of  inlet  Mach  number  at  the  tip  and  the  quantitative  understanding  of  the  effects  of 

to  "advanced"  subsonic  values.  Unfortunately,  incidence  angle,  blade  row  geometry  and  downstream 

these  stages  generally  used  blade  section  geometries  conditions  on  both  losses  and  passage  flow  rate  lim- 
and  design  velocity  diagrams  which  combined  to  its  has  been  improved.  Currently,  we  do  not  set 

produce  excessive  blade  diffusion  loading  and  poor  absolute  limits  on  Mach  number  levels  in  compressor 

stage  performance.  design,  but  we  do  consider  carefully  the  control  of 

Then  around  1950  the  observation  was  made  ^  ... 

simultaneously  in  several  countries  that  some  su-  In  the  United  States  the  early  transonic  compressor 

personic  stages  were  performing  very  well  at  ro-  studies  were  carried  out  by  the  National  Advisory 

tational  speeds  below  the  design  value.  These  Committee  for  Aeronautics  (NACA).  In  the  USSR  the 

stages  were  of  the  shock-in-rotor  type,  in  which  basic  studies  were  apparently  completed  in  the  Cen- 

the  design  relative  Mach  number  at  rotor  inlet  was  tral  Institute  for  Aerohydrodynamics  (TsAGI)  and  the 

supersonic  and  both  the  relative  Mach  number  at  Central  Institute  for  Aviation  Engines  (TsIAM). 


the  flow  field  and  the  magnitude  of  expected  losaea 
at  all  required  levels. 

17.5.4  FRELIHINAIIY  DESIGN 

In  preliminary  design  an  isnediate  confronta¬ 
tion  occurs  between  elegance  in  flow  modeling  and 
the  requirement  to  complete  the  design  task.  Sev¬ 
eral  approaches  are  possible.  Two  will  be  men¬ 
tioned. 

Suppose  that  you  were  given  the  task  of  de¬ 
signing  and  developing  an  axial-flow  compressor 
for  an  aircraft  gas  turbine  propulsion  system.  The 
given  design  point  information  might  Include  only 
the  following;  the  thermodynamic  state  of  the  work¬ 
ing  fluid  in  a  duct  upstream  from  the  compressor; 

Che  total  pressure  increase  required  from  this  loca¬ 
tion  Co  Che  compressor  exit;  snd  mass  flow  races  at 
the  compressor  entrance,  in  any  by-pass  ducts,  at 
extraction  points  and  at  the  exit,  A  table  of 
thermodynamic  properties  of  Che  working  fluid  should 
be  available,  and  there  will  probably  be  an  esti¬ 
mated  overall  efficiency  used  by  Che  cycle  analysts 
In  preliminary  system  studies.  As  suggested  by 
Figure  17.4.1,  an  early  step  should  be  to  ensure 
frequent  exchanges  of  Information  with  the  designers 
and  developers  of  other  components.  The  turbine 
shaft  rotational  speed  Is  Important  to  compressor 
designers  and  the  fluid  velocity  levels  and  patterns 
at  the  compressor  exit  will  be  a  major  concern  In 
combustor  design. 

All  that  Is  required  of  Che  compressor  design 
group  Is  a  geometry  meeting  objectives  which  we 
have  already  set  out.  The  only  remaining  question 
Is  how  and  where  to  start. 

17.5.4.1  INPUT  INFORMATION— FIRST  OUTPUT 

The  given  information  suggested  above  was  the 
following; 


•  compressor  entrance  flow  rate 

-  all  flow  races  bypassed  or  extracted 
from  the  configuration  with  the  total 
pressure  levels  Involved 

•  overall  total-pressure  ratio  for 
configuration 

-  total  temperature  at  compressor  en¬ 
trance 

-  total  pressure  at  compressor  entrance 

•  compressor  component  efficiency  or 
efficiencies  used  In  cycle  analysis 
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The  first  geometric  output  information  needed 
Includes  general  configuration  dimensions  and  a 
proposed  shaft  rotational  speed. 
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•  maximum  tip  diameter 

-  hub-to-tlp  diameter  ratio, 
first  stage 

-  shaft  rotational  speed 

-  estimated  number  of  stages 
required 

-  estimated  total  length  of 
bladed  compressor  flow 
path 


17.5.4.2  COMPONENT  SCALING  AS  AN  APPROACH  TO 
PRELIMINARY  DESIGN 

At  this  point  no  compressor  designer  should 
overlook  the  possibility  or  underestimate  the  ad¬ 
vantages  of  scaling  an  existing  compressor  geometry 
of  known  performance  to  meet  his  current  design 
goals.  Recalling  the  similarity  parameter  used  In 


It  is  easy  to  set  up  a  procedure  for  predicting  the 
geometric  scale  ratio  required  to  meet  any  flow  rt 
qulrement  If  a  specific  operating  point  to  be  scaled 
Is  picked  from  an  existing  performance  map.  It  will 
probably  not  be  easy  to  satisfy  all  of  the  equali¬ 
ties  needed  for  exact  similitude,  nor  will  it  always 
be  possible  to  find  an  existing  geometry  which  pro¬ 
duces  the  right  pressure  ratio  at  a  good  operating 
point.  However,  judicious  scaling  can  often  be 
supplemented  by  addition  or  deletion  of  stages  at 
Che  front  (e.g.  adding  "aero"  stages)  and  rear  of 
existing  multistage  geometries  and  by  other  geo¬ 
metric  modifications. 

There  are  dangers  In  scaling.  Aerodynamic, 
aeroelasclc  and  stress  considerations  are  all 
Involved,  and  numerous  examples  of  expensive  prob¬ 
lems  In  compressor  development  testify  to  the  need 
for  careful  analysis  of  all  these  areas  of  similar¬ 
ity. 

17.5.4.3  PRELIMINARY  DESIGN  BY  COMPUTATIONAL 
METHODS  USING  A  SIMPLE  FLOW  MODEL 

Geometric  scaling  and  related  techniques  for 
performance  modification  do  not  add  significantly 
Co  the  state-of-the-art,  and  aside  from  the  satis¬ 
faction  of  creating  a  genuinely  superior  compressor 
configuration  there  are  other  reasons  for  Che  de¬ 
cision  to  design  "from  scratch."  Even  though  we 
describe  flow  models  for  preliminary  design  which 
are  not  very  sophisticated.  It  should  be  understood 
that  real  skill  Is  necessary  In  selecting  parameters 
for  a  preliminary  design  study. 

From  the  input  and  first  geometric  output 
listed  In  Section  17.5.3,1,  as  well  as  the  design 
objective  list  of  Section  17.3,  we  can  see  that 
a  number  of  questions  will  be  answered  when  we 
set  target  levels  for  mass  flow  per  unit  frontal 
area  and  pressure  ratio  per  stage.  There  Is  no 
way  to  set  these  target  levels  except  on  the  basis 
of  past  experience  and  trends. 

In  the  case  of  mass  flow  per  unit  frontal  area, 
the  target  level  Is  generally  set  for  and  by  the 
first  stage.  Figure  17.5.4  shows  the  values  of 
equivalent  specific  flow  rate  attainable  for  various 
levels  of  average  axial  Mach  number  and  hub-tip 
radius  ratio  for  a  first  stage  rotor.  One  signifi¬ 
cant  point  demonstrated  by  Figure  17.5.4  Is  that 
there  are  only  small  gains  available  in  going  below 
hub-tip  ratios  of  about  0.3  and  above  axial  Mach 
number  values  of  about  0,7.  While  values  of  hub-tip 
ratio  of  0.4  and  below  and  Mgxlal.avg  Ri^eater  than 
0.6  are  connon  In  current  compressor  designs,  it 
will  become  evident  that  there  are  problems  created 
by  pushing  too  far  in  either  of  Che  directions 
leading  to  higher  specific  flow  rates. 

Setting  target  levels  for  pressure  ratio  per 
stage  requires  the  designer  to  make  additional  de- 
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clslons.  The  attainable  total-pressure  ratio  In  a 
given  stage  Is  a  function  of  the  energy  transfer 
In  the  rotor  of  that  stage  as  determined  by  Eq. 
(17.2.1)  for  each  fluid  particle,,  and  by  the  thermo¬ 
dynamic  losses  In  the  stage  uhlch  determine  hou 
much  of  the  energy  transfer  Is  converted  to  an  In¬ 
crease  In  total  pressure.  However,  total-pressure 
ratio  Is  not  In  Itself  a  completely  valid  goal. 

The  real  goal  should  be  to  realize  adequate  static 
pressure  rises  In  each  stage  so  that  excessive  ve¬ 
locity  Increases  across  stages  do  not  result.  In 
gas  turbine  applications  the  compressor  exit  Mach 
number  will  be  limited  by  combustor  design  require¬ 
ments  and  both  entrance  Mg^ial  avg  ^axlal  avg 
changes  from  stage  to  stage  must  be  Influenced  by 
this  limit. 

An  estimate  of  the  pressure  ratio  levels  which 
might  be  achieved  must  be  made,  and  experience-based 
plots  such  as  Figure  17.5.3  can  be  of  help  In  this 
regard.  This  figure  might,  for  example,  be  used  to 
select  several  possible  combinations  of  first  rotor 
tip  speed,  blade-loading  parameter  and  average  stage 
efficiency  to  be  studied.  These  selections  will  be 
only  trial  values,  subject  to  change  by  Iteration 
as  the  design  process  continues. 

Based  on  the  trial  values  of  [Maxlallavg* 
[■^ub/DtipJstage  1>  *^tlp  ^,10>  along  with 
the  given  design  point  conditions,  the  size  of  the 
compressor  and  Its  rotational  speed  can  be  estimated 
by  setting  rough  values  for  blade  row  aspect  ratios 
and  axial  row  spacing.  At  this  level  In  the  design, 
obvious  misfit  configurations  can  be  eliminated  by 
consultation  with  the  turbine  and  engine  configura¬ 
tion  Integration  groups.  If  all  trial  configura¬ 
tions  are  misfits,  some  accommodation  may  be  possi¬ 
ble  by  adding  Inlet  guide  vanes  or  by  other  strate¬ 
gies. 


Successful  first  output  configuration  combina¬ 
tions  may  be  used  as  partial  Input  to  a  less  empiri¬ 
cal  second  phase  of  preliminary  design  In  which  the 
first  real  use  of  our  flow  field  model  Ideas  takes 
place. 


The  overall  design  of  an  axial-flow  compressor 
requires  the  solution  of  an  Inverse  problem  In  aero¬ 
dynamic  s .  The  problem  Is  to  determine  the  compres¬ 
sor  geometry  for  a  proposed  flow  field.  In  real 
compressor  design  the  only  time  when  we  seriously 
work  on  the  problem  In  this  fashion  Is  at  the  pre¬ 
liminary  design  level.  We  do  this  In  a  restricted 
way  by  specifying  a  few  features  of  the  flow  field 
at  selected  calculation  locations  In  the  compres¬ 
sor,  usually  located  In  the  spaces  between  blade 
rows. 


The  computation  process  ordinarily  Is  based  on 
a  very  simple  form  of  the  radial  component  of  the 
equation  of  motion,  Eq.  (17.5.4),  on  the  principal 
of  conservation  of  mass,  Eq.  (17.5.8),  and  on  the 
use  of  Euler's  turbine  equation,  Eq.  (17.5.10), 
with  the  first  law  of  thermodynamics,  Eq.  (17.5.9). 
The  flow  is  assumed  steady,  adiabatic,  axisyrametric 
and  free  from  radial  gradients  in  entropy  at  any 
of  the  between  row  calculation  planes.  An  effi¬ 
ciency  level  Is  assumed  for  each  rotor  and  stage. 
Experience-based  estimates  are  made  for  tip  casing 
radius  variation  through  the  compressor,  blade  row 
loadings,  solidities  and  stage-to-stage  velocity 
variations.  Approximate  velocity  diagram  shapes 
are  set.  The  effect  of  stream  surface  shape  and 
curvature  is  omitted.  Even  under  these  much  over¬ 
simplified  conditions  the  differential  euqatlon 
governing  the  radial  variation  In  axial  velocity 
In  each  calculation  plane  is 
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This  equation,  along  with  conservation  of  mass, 
must  be  satisfied  by  iteration  in  each  calculation 
plane  throughout  the  compressor.  This  is  a  hub- 
to'tip  or  meridional  plane  solution  which  provides 
sufficient  input  to  allow  first  trial  blade  row 
geometries  to  be  determined. 

At  this  level  In  design,  correlated  cascade  and 
stage  blade  row  data  are  generally  used  for  blade 
selection.  Because  solidities  and  chord  lengths 


Figure  17.5.6.  Layout  of  compressor  blade  sections  on  conical  surface  through  stream  surface  Inter¬ 
section  radii  at  blade  row  leading  and  trailing  edge. 


were  escimated  for  the  meridional  plane  solution 
some  degrees  of  freedom  of  choice  have  been  elim¬ 
inated.  A  great  many,  however,  have  not.  These 
include  blade  section  geometry  (profile  shape, 
thicknesses  and  camber  line  shape)  and  Incidence 
angle. 

Computer  programs,  of  course,  exist  for  both 
meridional  plane  flow  field  equations  and  for  blade 
selection.  Blade  sections  are,  in  preliminary  de¬ 
sign,  usually  specified  on  conical  stream  surfaces 
as  shown  in  Figure  17.5.6. 

The  result  of  the  immense  array  of  choices 
made  and  a  significant  amount  of  computation  is 
a  rough  configuration  geometry  or  series  of  con¬ 
figuration  geometries  which  can  be  subjected  to 
the  initial  scrutiny  and  criticism  of  stress  ana¬ 
lysts,  aeroelasticians  and  engine  layout  designers. 
Any  approval  at  this  stage  can  be  only  tentative, 
because  the  flow  field  solution  is  almost  totally 
incomplete  within  the  blade  rows.  The  next  step  is 
design  analysis. 

17.5.5  DESIGN  ANALYSIS 

17.5.5.1  INPUT  AND  OUTPUT  INFORMATION 

The  inputs  to  the  design  analysis  phase  of 
overall  compressor  design  are  the  configuration 
geometries  generated  in  the  preliminary  design. 

This  represents  a  complex  and  extensive  collection 
of  information,  supplemented  by  the  same  design 
point  flow,  rotational  speed,  working  fluid  and 
compressor  entrance  condition  data  used  In  the  pre¬ 
liminary  design.  Now,  however,  the  result  for  each 
geometry  will  be  an  estimated  value  of  overall 
pressure  ratio  and  efficiency,  with  detailed  veloc¬ 
ity  and  fluid  property  discribucions  throughout  the 
configuration,  including  those  within  the  blade 
rows.  This  Information  is  used  to 

1.  determine  whether  the  configuration  geom¬ 
etry  when  operating  at  the  design  point 
will  be  capable  of  producing  the  correct 
input  flow  to  the  next  cycle  component, 

2.  locate  any  aerodynamlcally  dangerous  flow 
field  conditions,  such  as  regions  of  exces¬ 
sive  diffusion  rate  or  passage  choking,  and 

3.  provide  adequate  input  for  stress,  aero- 
elastic  and  acoustic  analysis. 

17.5.5.2  CURRENT  DESIGN  ANALYSIS  METHODS 

The  nature  of  design  analysis  output  require¬ 
ments  calls  for  a  much  more  inclusive  flow  model. 
These  models  are  so  detailed  in  content  that  the 
numerical  structure  of  a  solution  can  only  be  dealt 
with  by  large-scale  digital  computers. 

Most  design  analysis  methods  are  based  on  a 
loosely  coupled  combination  of  hub-to-tlp  flow  field 
equations  and  empirically-based  blade-to-blade  sur¬ 
face  row  performance  correlations.  The  hub-to-tlp 
solution  model  is  generally  based  on  adiabatic, 
steady  relative  flow  on  axlsymmetrlc  approximations 
to  stream  surfaces.  Computations  are  often  based 
on  equations  written  for  quasi-S2  surfaces.  Stream 
surface  geometry  (curvature,  lean,  slope)  are  com¬ 
puted  and  subjected  to  iteration.  Values  computed 
are  usually  projected  into  the  meridional  plane. 

The  equations  of  motion  for  fixed  coordinates,  Eq. 
(17,5.4),  or  relative  coordinates,  Eq.  (17.5.5), 
control  the  distribution  of  velocity  subject  to  the 
conservation  of  mass. 


Calculation  control  surfaces  may  be  radial  as 
in  Figures  17.5.7  and  17.5.8  or  non-radial  to  con¬ 
form  to  a  leading  or  trailing  edge  shape.  As  a 
result,  the  component  equations  of  motion  become 
complex  and  difficult  to  interpret  and  compare. 
"Body”  force  field  terms,  as  discussed  in  Section 
17.5.1,4,  are  encountered  inside  blade  rows. 

Equilibrium  equations  of  motion  for  a  radial 
calculation  surface  such  as  those  of  Figure  17.5.7 
may  be  as  simple  as 
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but  are  much  more  difficult  when  calculation  sur¬ 
faces  are  non-radial.  In  any  case,  the  solution 
of  the  equations  of  motion,  conservation  of  mass 
and  energy  transfer,  and  of  the  equations  resulting 
from  conditions  imposed  by  the  second  law  of  thermo¬ 
dynamics  is  iterative,  numerical  and  subject  to 
mathematical  problems  in  convergence  and  stability. 
The  iterations  related  to  stream  surface  shape  and 
curvature  often  must  be  subject  to  stability  control 
by  damping  adjustments. 

In  design  analysis,  because  the  complete  blade 
row  geometries  are  input,  both  analytical  and  empir¬ 
ical  procedures  for  estimating  cascade  performance 
are  potentially  useful.  Whatever  procedures  are 
used  must  predict  shock  and  profile  (diffusion  rate) 
losses  and  flow  angle  distributions  through  and 
downstream  of  each  stream  surface-cascade  intersec¬ 
tion.  This  is  also  an  iterative  process  because  of 
the  dependence  of  both  losses  and  downstream  flow 
angle  on  the  real  downstream  conditions  (see  Figure 
17.5.9).  A  final  problem  in  design  analysis  method 
development  and  application  is  in  the  treatment  of 
end-wall  flows.  In  this  region  the  typical  main 
channel  flow  model  assumptions  are  not  adequate, 
especially  with  regard  to  viscous  loss  accumulation. 
Several  auxiliary  end-wall  models  have  been  suggest¬ 
ed,  varying  from  simple  empirical  blockage  allow¬ 
ances  through  three-dimensional  boundary  layer  com¬ 
putation  methods. 

17.5,5.3  DEVELOPMENT  OF  ADVANCED  METHODS  FOR 
INTERNAL  FLOW  FIELD  COMPUTATION 

Recently,  serious  attempts  have  been  made  to 
develop  three-dimensional  internal  flow  field  com¬ 
putation  methods,  all  based  on  digital  computers  of 
large  capacity  and  high  speed.  Most  of  these  meth¬ 
ods  involve  modeling  of  viscous  effects,  including 
turbulent  shear  stresses.  Results  have  been  ob¬ 
tained  for  certain  geometries  and  flow  situations, 
which,  unfortunately,  do  not  correspond  to  those 
which  occur  in  axial-flow  compressors.  Over  a  time 
span  of  20  to  50  years,  it  seems  probable  that  mean¬ 
ingful  progress  will  be  made  in  realistic  problem 
situations.  However,  these  methods  will  no  doubt 
assist  in  the  design  analysis  process,  and  they 
may  help  to  guide  the  correlation  of  data  during 
the  interim. 

17.5.6  PERFORMANCE  PREDICTION 

Design  analysis  methods  as  defined  in  the 
previous  section  attempt  to  predict  the  compressor 
configuration  flow  field  for  the  design  operating 
point  only.  This  is  by  no  means  easy  because  the 
flow  model  and  numerical  methods  must  adapt  to 
some  degree  of  non-optimum  blade  section  operation. 
However,  if  in  design  analysis  a  significant  region 


Figure  17.5«7,  Meridional  plane  section  of  axial-flow  compressor  showing  axisyrranetric  stream 
surface  notation. 


of  separated  flow  was  Indicated,  the  calculation 
would  stop  until  geometric  adjustments  were  made. 

In  performance  prediction,  however,  the  priTO<ary 
objective  is  to  estimate  the  overall  compressor  unit 
performance  map,  including  the  surge  line,  and  this 
requires  capability  for  accommodating  flow  phenomena 
in  the  computation  system  which  are  not  easily  mod¬ 
eled.  Therefore,  it  is  not  easy  to  use  a  design 
analysis  flow  model  and  computation  system  for  gen¬ 
eral  performance  prediction. 

Current  performance  map  prediction  methods  are 
normally  based  on  one  of  two  simplified  approaches. 
The  first  is  "map  generalization,"  in  which  families 
of  performance  maps  are  correlated  on  a  non-dimen¬ 
sional  basis  so  that  similarity  methods  can  be  used 
for  proposed  compressor  geometries.  The  second  is  a 
stage  characteristic  "stacking"  method  using  approx¬ 
imate  stage  or  stage  group  performance  (see  Figure 
17.  J. 7)  as  a  starting  point.  Both  map  generaliza¬ 
tion  and  stage-stacking  procedures  are  relatively 
easy  to  apply,  but  are  inadequate  for  most  advanced 
configuration  applications  because  they  are  based 
on  past  experience. 


Over  a  period  of  several  years,  some  of  the 
current  design  analysis  methods  should  be  developed 
into  true  performance  prediction  systems.  This  will 
require  some  adjustments  to  the  flow  model  and  es¬ 
pecially  improved  capability  in  estimating  cascade- 
stream  surface  flow  turning  and  loss  for  nonoptimum 
entrance  and  exit  conditions. 

17.5.7  STRESS.  AEROELASTIC  AND  ACOUSTIC  ANALYSIS 

Flow  field  property  and  velocity  distributions 
from  the  design  analysis  phase  are  utilized  as  par¬ 
tial  input  to  stress  and  aeroelastic  evaluation 
methods.  During  recent  years  the  interaction  be¬ 
tween  "pure"  aerodynamic  analysis  and  "pure"  aero- 
elastic  predictions  has  become  better  understood 
and  as  a  result  genuine  progress  has  been  made. 
Reference  should  be  made  to  Chapter  22  for  more 
detailed  comments.  Compressor  acoustic  analysis 
is  covered  in  Chapter  24. 

17.6  COMPONENT  AND  CONFIGURATION  EXPERIMENTAL 
DEVELOPMENT 

A  high-quality  design  system  is  under  contin- 


COMPRESSOR  CENTERLINE 

Figure  17.5.8.  Calculation  control  surfaces  for  an  axial-flow  compressor  stage  with  computed  stream 
surface  shapes  (Ref.  17.14). 


Figure  17.5.9.  Comparison  of  cascade  experiments  and  rotor  blade  section  data  (Ref.  17.33). 

uous  development  and  one  of  the  primary  sources  of  accumulation  of  experimental  design  system  support, 
change  lies  in  the  base  of  experimental  information 

supporting  all  elemrnts  of  the  system.  We  have  As  advanced  and  exploratory  axial-flow  com- 

briefly  discussed  cascade  experimental  results  and  pressor  configurations  are  designed  and  evaluated, 

data  correlation.  We  have  seen  some  evidence  that  there  has  been  a  continual  requirement  to  upgrade 

rotor  and  stage  test  results  supply  important  ad-  test  facility  and  measurement  quality.  Plane  cas- 

justments  to  cascade  correlations  by  introducing  cade  test  section  design  has  been  improved  radically 

the  effects  of  rotation  (end-wall  relative  motion,  by  adding  new  flow  field  control  techniques  as  well 
adjacent  blade  section  influence  and  other  secondary  as  performance  measurement  strategy  for  both  sub¬ 
flow  features).  There  is,  in  fact,  an  awesome  sonic  and  supersonic  flow  regimes.  Open-  and  closed 
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Figure  17.6.1.  Compressor  test  facility. 


loop  rotor,  stage,  and  multistage  compressor  facil¬ 
ities  have  been  built  (see  Figure  17.6.1)  and 
equipped  with  extensive  instrumentation  to  reveal 
transient  and  unsteady  flow  phenomena. 

However,  the  greatest  direct  element  of  support 
for  compressor  design  systems  ccrnies  from  steady- 
state  or  time-average  flow  passage  measurements, 
both  between  blade  rows  and,  where  possible,  inside 
rows.  Review  of  any  preliminary  design  or  design 
analysis  method  will  quickly  demonstrate  the  depen¬ 
dence  of  the  method  on  correlated  experimental  in¬ 
formation. 

Because  a  compressor  unit  Installed  in  an  air¬ 
craft  engine  can  operate  over  only  a  limited  part 
of  its  performance  map  and  because  configuration 
adjustments  are  much  more  difficult  in  an  engine 
installation,  test  facilities  such  as  those  in 
Figure  17.6,1  are  used  directly  in  component  devel¬ 
opment  programs,  in  these  programs,  only  limited 
instrumentation  may  be  possible,  but  if  some  charac¬ 
teristics  of  stage  behavior  (frequently  only  casing 
static  pressure  patterns)  can  be  measured  along  with 
overall  performance,  significant  improvements  in 
performance  maps  can  often  be  made  by  rematching 
individual  stages  or  by  alterations  to  specific 
blade  row  geometries. 

17.7  AXIAL-FLOW  COMPRESSOR  PERFORMANCE  TRENDS 

Figures  17.7.1,  17.7.2  and  17,7,3  have  been 
included  to  show  in  a  very  limited  way  performance 
results  representative  of  recent  compressor  research 
and  development  activities.  They  also  give  a  quali¬ 
tative  idea  of  the  capabilities  and  limitations  of 
compressor  design  systems.  Reference  should  be  made 
to  Figures  17.3.4  and  17.5.5  as  the  performance  is 
reviewed  to  see  where  the  individual  units  fall  in 
relation  to  preliminary  design  choices. 

Figure  17.7.1  is  a  plot  of  measured  overall 
performance  for  a  single-stage  transonic  compressor 
design.  This  stage  had  a  rotor  entrance  tip  dia¬ 
meter  of  33.0  in.  and  a  hub-tip  ratio  at  the  rotor 
entrance  of  0,5.  No  guide  vanes  were  used. 
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Figure  17.7.1.  Overall  performance  of  single- 
stage  axial-flow  compressor  de¬ 
signed  to  operate  at  a  tip  speed 
of  1600  feet  per  second  (488  ra/s) 
(Ref.  17.15). 


0.70  0.80  0.90 
ISENTROPIC  EFFICIENCY 


Figure  17.7.2.  Predicted  and  measured  performance  characteristics  of  three-stage  axial-flow  compressor 
(Ref.  17.5). 


Figure  17.7.2  shows  the  predicted  and  measured 
performance  of  the  three-stage  axial-flow  compressor 
(fan)  previously  shown  in  the  meridional  plane  sec¬ 
tion  of  Figure  17.1.5. 

Figure  17.7.3  shows  performance  plots  for  a 
compressor  stage  with  variable  inlet  guide  vane 
geometry  and  variable  stator  blading  (meridional 
section  in  Figure  17.5.9).  The  two  maps  show  that 
significant  performance  changes  are  possible  with 
variable  blade  geometry.  This  stage  had  a  0.5  hub- 
tip  ratio  and  a  tip  diameter  of  36.5  in. 

In  multistage  compressors  the  trend  has  been 
and  is  toward  higher  flow  rates  per  unit  annulus 
area  and  higher  stage  pressure  ratios.  This  has 
been  true  partly  because  the  higher  tip  speeds 
associated  with  transonic  entrance  stages  are  also 
present  in  subsequent  stages.  This  leads  to  higher 
stage  pressure  ratios  for  a  given  blade  row  loading 
level.  Although  general  Mach  number  levels  decrease 
as  temperature  levels  rise  through  a  compressor, 
transonic  stage  operation  frequently  exists  in  sev¬ 
eral  stages  at  the  design  point. 

Continual  emphasis  has  been  placed  on  develop¬ 
ment  of  broad  range  stable  engine  core  compressors. 
Variable  geometry  blading  has  entered  many  config¬ 
urations,  and  other  geometric  techniques  such  as 
casing  treatment  (see  Figure  17.7.4)  have  been  in¬ 


troduced  into  both  core  and  fan  stages.  The  tech¬ 
nology  of  high  hub-tip  ratio  high-pressure  stages 
is  a  complex  and  difficult  research  area. 

Throughout  the  relatively  short  technological 
history  of  the  axial-flow  compressor,  the  most 
significant  overall  trends  have  been  toward  reduc¬ 
tion  of  size  and  cost  by  increasing  average  Mach 
number  levels  and  stage  pressure  ratios.  All  of 
the  configuration  maps  shown  in  this  chapter  have 
been  the  direct  result  of  attempts  to  advance  these 
trends.  Transonic  and  supersonic  compressor  devel¬ 
opment  have  demonstrated  that  there  are  certain  de¬ 
sign  features  common  to  most  successful  stages. 
These  are  summarized  in  Figure  17.7.5.  A  good  way 
to  review  the  content  of  this  chapter  would  be  to 
consider  these  features  and  to  justify  them  in 
terms  of  the  flow  parameters  and  phenomena  exposed 
herein. 
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Figure  17.7.4.  Schematic  of  one  form  of  compressor 
rotor  tip  casing  treatment. 
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Figure  17.7.5.  Design  characteristics  of  advanced  transonic  compressor  stages. 
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Some  specific  programs  of  continuing  and 
current  Interest  can  be  located  and  are  suninarlzed 
by  configuration. 
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Ref. 
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17.238-17.240 

NGTE  4-8tage  compressor 

Ref. 

17,241 

17.211  Volt,  C.  H.  Investigation  of  a  High- 
Pressure-Ratio  Eight-Stage  Axial-Flow 
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17.234  Morris,  A.  L.  and  Sulam,  D.  H.  High- 

Loading,  1800  Ft/Sec  Tip  Speed  Transonic 
Compressor  Fan  Stage,  II.  Final  Report. 
NASA  CR-120991.  1972, 
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R.  J.  Hlgh-Tlp-Speed,  Low-Loading  Tran¬ 
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1972. 
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Ref.  17.242-17.243. 
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Engineers,  pp.  -13.  1970. 

Experimental  development  of  compressors  and 

special  methods  for  performance  Improvement  are 

described  in  Ref,  17.244-17.250. 
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mance  of  Axial  Compressor  Stages  Having 


17-39 


Variable-Setting-Angle  Blade  Rous.  ASME 
Paper  76-GT-42.  1976. 

17.248  Kovach,  K.  and  Griffiths,  P.  R.  Engine 
Compression  System  Surge  Line  Evaluation 
Techniques.  Paper  presented  at  Third 
International  Symposium  on  Air  Breathing 
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17.249  Prince,  D.  C.,  Jr.,  Wisler,  D.  C.  and 
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GT-6.  1975. 


17.10  SYMBOLS  AND  NOTATION 


axial  velocity-density  ratio,  P2Vjj  i! 
PlVjj  for  blade  sections  in  cascade 
or  blade  row 

distance  toeasured  along  chord  line 
from  leading  end  of  section  camber 
line  to  maximum  camber  point  (Figure 

17.1.7) 

acoustic  velocity 

coordinate  of  maximum  camber  measured 
along  perpendicular  to  chord  line 
(Figure  17.1.7) 

chord  length,  length  of  straight  line 
connecting  leading  and  trailing  end 
points  of  camber  line  (Figure  17.1.7) 

diffusion  parameter  (Eq.  17.5.12  to 
17.5.15) 

diameter 

distance  of  maximum  thickness  location 
from  leading  end  of  section  camber  line 
(Figure  17.1.7) 

energy  transfer 

body  force 

local  gravitational  acceleration 
total  enthalpy 
static  enthalpy 
rothalpy  (Eq,  17.5.5) 

incidence  angle,  angle  between  inlet 
flow  direction  and  line  tangent  to 
blade  section  camber  line  at  leading 
edge 


leading-edge  radius  of  blade  section 
Mach  number 


T  T 

S 


mass  flow  rate 


rotational  speed  of  shaft 
total  pressure 


static  pressure 


heat  transferred 


passage  radial  location,  (r  - 
’'t  -  ’^h) 

radial  coordinate,  measured  from 
compressor  axis 

radius  of  curvature  of  stream  surface 
trace  in  meridional  plane  (Figure 

17.5.7) 

entropy 

blade  spacing  (Figure  17.1.8) 
temperature 

moments  of  forces,  see  Eq.  (17,5.10) 

turbulence  parameter 

trai ling-edge  radius  of  blade  section 


maximum  thickness  of  blade  section 
(Figure  17.1.7) 

blade  section  velocity 

velocity  in  fixed  coordinate  system 


velocity  relative  to  coordinate  system 
attached  to  rotor 

axial  coordinate 

angle  between  velocity  vector  and 
axial  direction 

stagger  angle,  angle  between  chord 
line  and  axial  direction  (Figure 

17.1.8) 

fluid  specific  heat  ratio 

deviation  angle,  angle  between  cascade 
exit  fluid  velocity  and  line  tangent 
to  section  camber  line  at  trailing 
edge  (Figure  17,1.8) 

ratio  of  total  pressure  at  compressor 
inlet  to  standard  sea- level  pressure 

angle  in  meridional  plane  between 
line  tangent  to  stream  surface  and 
axial  direction 

compressor  or  stage  efficiency 

circumferential  coordinate 

ratio  of  total  temperature  at  compres¬ 
sor  inlet  to  standard  sea-level  temper¬ 
ature 
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9* 

total  boundary- layer  momentum  thick¬ 
ness  at  section  trailing  edge 

F 

frontal  cross-section 

K 

angle  between  line  tangent  to  section 
camber  line  and  axial  direction  (Figure 

h 

hub 

17.1.8) 

1 

inlet 

fluid  d)aiamic  viscosity 

in 

inlet 

P 

fluid  density 

is 

isentropic 

a 

cascade  or  blade  row  solidity,  chord 

m 

meridional  component 

length /blade  spacing 

R 

rotor 

0 

flow  coefficient,  (V  /U) 

radial  component 

X  mean 

r 

q? 

blade  section  camber  angle,  i 
(Figure  17,1,8)  ^  ^ 

rel 

relative 

‘I* 

pressure  coefficient,  AH^  .  / 

y2  isentropic 

t 

tip 

^mean 

u 

blade  velocity 

jL 

average  total  pressure  loss  coefficient, 

■  Pi  17.1.8) 

X 

axial  component 

Subscript 

0 

circumferential  or  tangential  component 

1 

inlet  to  blade  row  (Figure  17.1.8) 

A,  B,  C,  D 

location  of  computing  station 

2 

exit  of  blade  row  (Figure  17.1.8) 

a,  b 

measurement  location 

1  to  20 

measurement  or  computing  station  loca¬ 

act 

actual 

tion 

ad 

adiabatic 

Superscript 

an 

annulus 

- 

vector  quantity 

CS 

control  surface 

- 

average 

ex 

exit 
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18.0  Introduction 

Few  devices  have  changed  so  drastically  during 
the  past  decade  as  the  aircraft  gas  turbine.  The 
changes  are  the  natural  result  of  improving  jet 
engine  performance  by  means  of  new  cycle  parameters 
or  configurations.  We  have  seen  In  Section  II  - 
Performance  that  such  advances  are  usually  tied  to 
increasingly  demanding  turbine  operating  conditions, 
including  higher  temperature,  pressure  and  output 
power  levels.  In  order  to  meet  these  requirements 
with  acceptable  cost,  weight  and  durability,  tur¬ 
bine  cooling  has  been  reduced  to  practice  and  the 
designer  has  sought  to  extract  as  much  work  as 
possible  from  each  stage  and.  Indeed,  from  each 
airfoil.  Because  these  cycle  changes  spring  from 
a  fundamental  thermodynamic  foundation,  there  is 
every  reason  to  expect  the  progression  to  continue 
into  the  next  century. 

A  curious  fact  is  that  no  comprehensive  review 
of  turbine  aerodynamic  technology  has  appeared 
since  Horlock  published  "Axial  Flow  Turbines"  in 
1966  (Ref.  (18.1)).  That  book  still  provides  an 
excellent  framework  for  the  study  of  aircraft  gas 
turbines,  and  we  shall  employ  many  of  the  concepts 
developed  there  in  what  follows.  The  main  purpose 
of  this  Chapter  is  to  describe  what  has  happened  to 
turbine  aerodynamics  during  the  past  decade.  Our 
remarks  are  largely  concerned  with  two  types  of 
knowledge:  first,  improved  understanding  of  famil¬ 
iar  but  complex  phenomena  (e.g,  transonic  flows  and 
transitional  boundary  layers)  and,  second,  infor¬ 
mation  regarding  areas  which  have  received  essen¬ 
tially  new  attention  (e.g.  cooling  flows  and 
endwall  flows). 

We  will  be  seen  to  have  a  bias  in  favor  of 
sophisticated  analysis  supported  by  realistic 
testing.  Our  experience  has  shown  us  that  the 
pressures  of  the  marketplace  have  made  these  tools 
not  only  desirable,  but  essential.  On  one  hand, 
cooling  has  driven  the  number  of  design  permuta¬ 
tions  to  the  point  where  correlations  based  on 
existing  data  cannot  provide  the  required  design 
information.  On  the  other  hand,  building  an  exper¬ 
imental  turbine  has  become  so  costly  and  time- 
consuming  that  a  modern  engine  development  program 
is  under  a  tremendous  handicap  if  the  initial  tur¬ 
bine  design  falls  short  of  the  mark.  Both  argu¬ 
ments  lead  to  the  conclusion  that  confident  anal¬ 
ysis  and  accurate  model  and  component  testing  are 
highly  desirable.  As  described  subsequently,  many 
important  advances  have  already  been  made,  and 
others  now  seem  likely.  Much  of  the  chance  has 
been  removed  from  turbine  design,  and  we  are  hope¬ 
ful  that  this  trend  will  continue. 

18.0.0  General  Trends 

The  leading  trends  in  turbine  technology  can 
be  illustrated  by  means  of  the  Information  con¬ 
tained  in  Table  18.0,1,  which  compares  the  Pratt 
and  Whitney  JT3D  and  JT9D  engines  operating  under 
sea-level,  hot-day,  take-off  conditions.  Both 
engines  were  designed  for  commercial  usage  and 
employ  similar  cycles,  but  were  developed  almost  a 
decade  apart. 

The  most  remarkable  feature  of  the  data  below 
is  that  the  high  pressure  turbine  (HPT)  inlet  tem¬ 
perature  rose  beyond  the  working  temperatures  of 
available  materials  during  the  period  in  question. 
This  required  the  extensive  use  of  cooling  air 
and  led  to  new  airfoil  shapes  capable  of  providing 
suitable  coolant  passages.  Meanwhile,  the  average 


stage  loading  coefficient  (l.e.  stage  specific 
work/wheel  speed  squared),  a  direct  measure  of  the 
associated  aerodynamic  difficulties,  remained 
essentially  constant.  One  is  led  to  the  conclusion 
that  the  HPT  designers  were  well  occupied  with  the 
novel  problems  of  cooling. 

Table  18.0.1 


Parameter 

JT3D 

JT9D 

Year  of  introduction 

1961 

1970 

Engine  bypass  ratio 

1 .45 

4.86 

Engine  overall  pressure  ratio 

13.6 

24.5 

Core  engine  flow  (Ib/sec) 

187.7 

272.0 

High  pressure  turbine 

Inlet  temperature  (*F) 

1  745 

2500 

Power  output  (HP) 

24,100 

71,700 

Number  of  stages 

1 

2 

Average  stage  loading  coefficient 

1  .72 

1.76 

Coolant  plus  leakage  flow  (%) 

2.5 

16.1 

Low  pressure  turbine 

Inlet  temperature  (®F) 

1410 

1600 

Power  output  (HP) 

31,800 

61 ,050 

Number  of  stages 

3 

4 

Average  stage  loading  coefficient 

1 .44 

2.47 

Coolant  plus  leakage  flow  (%) 

0.7 

1.4 

The  low  pressure  turbine  (LPT)  presents 

a  com- 

pletely  different  picture.  In  order  to  satisfy  the 
greatly  increased  demand  for  power  by  the  fan  with¬ 
out  either  increasing  the  wheel  speed  or  adding  a 
large  number  of  stages,  the  average  stage  loading 
had  to  be  increased.  In  fact,  if  the  JT9D  LPT  was 
based  upon  JT3D  aerodynamic  technology,  six  or 
seven  stages  would  be  required  to  replace  t:ie 
existing  four.  In  order  to  avoid  the  excessive 
corresponding  cost  and  weight  penalties,  LPT  design¬ 
ers  concentrated  on  applying  advanced  uncooled  tur¬ 
bine  aerodynamics. 

The  foregoing  examples  lead  to  a  key  point, 
namely  that  natural  forces  have  combined  to  drive 
turbine  aerodynamics  into  unexplored  and  uncertain 
territory.  This  has  Increased  the  risks  being 
taken,  and  increased  the  demand  for  methods  which 
help  assure  success.  The  remainder  of  this  Chapter 
is  largely  devoted  to  an  elaboration  of  our  current 
understanding  of  the  art. 

18.0.1  Related  Disciplines 

Although  this  Chapter  deals  principally  with 
aerodynamics,  we  feel  that  there  are  other  aspects 
of  turbine  design  of  equal  importance.  Since  tur¬ 
bines  are  expected  to  run  for  thousands  of  hours 
without  major  overhaul,  It  follows  that  they  cannot 
be  based  upon  aerodynamic  considerations  alone.  A 
successful  machine  results  only  from  a  highly  itera¬ 
tive  series  of  thoughtful  aerodynamic,  heat  trans¬ 
fer,  materials  and  structural  evaluations.  The  best 
solution  to  each  design  problem  effectively  couples 
respect  for  the  Important  factors  together  in  the 
correct  proportions. 

The  literary  history  of  turbines  Is  rather  out 
of  balance  in  this  regard,  the  overwhelming  emphasis 
having  been  upon  aerodynamics  until  the  most  recent 
times.  It  now  appears  that  this  situation  is  slowly 
changing  for  the  better,  largely  because  persistent 
development  difficulties  of  modern  machines  have 
shown  that  turbine  durabllttv  can  make  or  break  an 
engine  program.  References  (18.2),  (18.3)  and 


18-1 


I 


(18.4)  are  compilations  of  papers  reviewing  heat 
transfer,  high  temperature  materials  and  structural 
integrity,  respectively.  They  provide  a  good 
starting  point  for  those  wishing  to  pursue  these 
topics  further. 

A  deep  appreciation  of  these  sister  technol¬ 
ogies  is  essential  to  anyone  seriously  interested 
in  gas  turbine  design.  In  fact  several  specific 
examples  of  the  interaction  between  structures  and 
aerodynamics  will  be  found  in  Section  18.2. 

18.1  Turbine  Airfoil  Characteristics 

18.1.0  Introduction 

We  turn  now  to  a  somewhat  closer  look  at  the 
prevailing  turbine  aerodynamic  situation.  This  will 
be  done  by  means  of  well-known  airfoil  dimensionless 
parameters,  some  of  the  most  revealing  of  which  are 
gathered  together  in  Table  18.1.1.  The  JT3D  and 
JT9D  again  serve  as  examples  because  of  the  fair 
comparison  they  provide. 


Table  18.1.1 


Parameter 

JT3D 

JT9D 

High  pressure  turbine 

Exit  Mach  number 

0.7-1 .0 

0.6-0. 9 

Reynolds  number  (millions) 

0. 8-1.5 

0.9-2. 4 

Aspect  ratio  (span/chord) 

1 .7-2.6 

1 .0-2.2 

Turning  angle  (degrees) 

68-110 

70-111 

Maximum  thickness/axial  chord 

0.24 

0.27 

Low  pressure  turbine 

Exit  Mach  number 

0.6-0. 9 

0. 5-0.8 

Reynolds  number  (millions) 

0.34-0.87 

0.29-0.: 

Aspect  ratio  (span/chord) 

2. 0-4. 8 

2. 7-6.0 

Turning  angle  (degrees) 

36-97 

67-107 

Maximum  thlckness/axlal  chord 

0.15 

0.15 

This  information  should  immediately  convey  the 
message  chat  turbine  airfoils  have  unique  geomet¬ 
rical  characteristics.  In  conventional  terms  they 
would  be  called  chick,  highly  cambered  and  stubby. 
This  means  that  they  will  exhibit  a  wide  variety  of 
fluid  phenomena  and  are  not  especially  susceptible 
to  many  classical  analytical  approaches. 

This  impression  will  be  confirmed  by  the  fol¬ 
lowing  remarks  regarding  aerodynamic  parameters. 

18.1.1  Mach  Number 

When  high  subsonic  or  low  supersonic  exit  Mach 
numbers  are  found  in  combination  with  airfoils  of 
large  thickness  and/or  deflection,  local  regions  of 
supersonic  flow  (sometimes  called  bubbles)  will 
often  be  found  on  the  suction  (or  convex)  surface. 
This  is  evidently  the  case  for  several  HPT  and  LPT 
airfoils  of  Table  18.1.1,  and  one  can  safely  pre¬ 
sume  that  Che  trend  will  be  toward  higher  exit  Mach 
numbers  and  greater  turning  angles  in  order  to 
increase  stage  work.  There  are,  in  fact,  several 
"transonic"  (i.e.  subsonic  inlet,  supersonic  exit) 
turbine  airfoils  already  in  service,  a  good  example 
being  the  inlet  guide  vane  of  the  JT15D,  and  the 
maximum  JT9D  turning  angles  have  already  been 
exceeded . 

Predicting  the  behavior  of  "mixed"  (i.e.  partly 
subsonic,  partly  supersonic)  flows  around  cascaded 
airfoils  is  not  any  easier  chan  it  is  for  isolated 
airfoils,  and  the  consequences  of  mistakes  can  be 
unacceptably  severe . 


18.1.2  Reynolds  Number 

A  convenient  reference  point  here  is  that  nat¬ 
ural  transition  occurs  on  a  flat  plate  at  a  Reynolds 
number  of  about  two  million.  This  might  lead  to  the 
conclusion  that  the  turbine  airfoils  of  Table  18.1.1 
are  dominated  by  laminar  flow,  but  Chat  would  be 
wrong.  One  of  the  main  reasons  for  this  is  that 
they  are  immersed  in  an  extraordinarily  turbulent 
environment,  the  turbulence  level  being  in  the  range 
of  3  -  20%.  The  disturbances  are  initially  gener¬ 
ated  in  the  combustion  process,  and  any  tendency  to 
decay  is  resisted  by  the  boundary  layers  and  wakes 
produced  by  the  successive  rows  of  airfoils.  Large 
pressure  gradients,  particularly  adverse  ones  ap¬ 
pearing  near  the  trailing  edge  on  the  suction  sur¬ 
face,  also  exert  a  strong  effect  on  boundary  layer 
transition. 

An  Intense  competition  therefore  often  takes 
place  along  the  suction  surface  between  Reynolds 
number,  turbulence  level  and  pressure  gradient  over 
the  state  of  the  boundary  layer.  The  result  is 
difficult  to  predict  in  advance,  but  crucial  to  both 
the  aerodynamic  and  thermal  performance  of  the  air¬ 
foil.  It  is  even  frequently  found  that  there  are 
long  stretches  which  do  not  resemble  either  purely 
laminar  or  fully  turbulent  behavior,  and  are  best 
thought  of  as  extended  transition  regions. 

Ample  evidence  of  these  effects  exists  in  the 
open  literature.  For  example,  Hebbel  (Ref,  (18.5)) 
and  Kiock  (Ref.  (18.6))  have  carried  out  classical 
experiments  which  demonstrate  the  sensitivity 
of  turbine  airfoils  to  suction  surface  boundary 
layer  behavior.  Much  of  what  we  now  know  began 
with  their  fine  research. 

The  data  of  Table  18.1,1  show  that  the  Reynolds 
number  has  Increased  in  the  HPT  and  decreased  in  the 
LPT  with  time.  Since  these  were  due,  respectively, 
to  increasing  engine  overall  pressure  ratio  and 
increasing  bypass  ratio,  the  future  will  probably 
offer  more  of  the  same. 

18.1.3  Endwall  and  Leakage  Flows 

The  above  remarks  apply  to  that  part  of  the 
flow  which  can  be  described  in  two-dimensional 
terms.  A  very  important  part  of  turbine  aerodynamic 
behavior,  however,  is  governed  by  three-dimensional 
effects.  These  latter  flows  generally  lead  to  lost 
performance  or  inefficiency,  and  therefore  require 
special  mention. 

Passage  endwall  flows  are  one  of  the  most 
common  forms  of  three-dimensional  flows  found  in 
turbines.  They  are  caused  by  the  blade-to-blade 
pressure  difference  which  the  mainstream  flow  im¬ 
presses  upon  the  endwall  boundary  layer,  and  result 
in  an  unrecoverable  skewing  of  the  exit  plane 
velocity  field.  As  the  airfoil  aspect  ratio  is 
reduced,  endwall  flow  effects  occupy  an  increasing 
portion  of  the  span  and  must  therefore  become  more 
significant.  Table  18.1.1  reveals  that  higher 
cycle  temperatures  and  pressures  have  acted  to 
reduce  the  aspect  ratio  of  HPT  airfoils.  The 
effect  of  increasing  Inlet  temperature  has  been 
to  require  a  longer  airfoil  chord  in  order  to 
provide  sufficient  coolant  flow  passage  area. 

The  effect  of  increasing  inlet  pressure  has  been 
to  reduce  the  necessary  through-flow  area  and, 
correspondingly,  the  span.  When  the  aspect 
ratio  nears  unity,  as  it  has  in  the  JT9D  HPT. 
the  endwall  flow  assumes  equal  importance  with  the 
mainstream  flow,  and  the  boundary  layer  approach 
breaks  down. 
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Similar  remarks  can  be  made  for  leakage  or 
clearance  effects.  Since  clearances  have  minima 
which  are  independently  determined  by  manufacturing 
tolerances,  and  are  harder  to  maintain  in  the  more 
hostile  environments,  they  have  a  relatively  greater 
impact  on  the  shorter  airfoils  of  high  pressure 
ratio  machines.  Leakage  losses  have  become,  in 
fact,  a  determining  factor  in  turbine  engine 
development. 

18.1.4  Conclusion 

One  clear  message  emerges  from  the  foregoing 
facts;  turbine  design  simultaneously  Involves  most 
of  those  things  that  aerodynamicists  have  learned 
to  dread.  This  includes  at  least  transonic,  tran¬ 
sitional  flow  over  thick,  highly  chambered  cascaded 
airfoils  in  the  presence  of  strong  turbulence  and 
three-dimensional  effects.  Contrast  this  with  the 
recent  comments  of  the  authoritative  A.  M.  0.  Smith 
(Ref.  (18.7))  regarding  high-lift  isolated  air¬ 
foils,  "That  is  not  to  say  chat  nearly  all  problems 
have  been  solved,  but  to  a  certain  extent  the  re¬ 
maining  problems  amount  to  just  irritating  details." 
In  this  context  our  modern  machines  seem  intent 
upon  overwhelming  us  with  irritating  details. 

18.2  Design  Considerations 

18.2.0  Introduction 

At  this  point  in  our  development  it  will  be 
profitable  to  stand  back  and  view  the  actual  design 
approach  and  procedure  so  chat  the  various  advances 
can  be  appreciated  in  their  proper  context.  In 
this  regard  the  work  by  Horlock  (Ref-  (18.1))  is  an 
excellent  starting  point.  He  has  provided  a  concise 
derivation  and  description  of  the  relationships 
between  stage  loading  coefficient,  flow  coefficient 
(axial  velocity/wheel  speed),  reaction,  turning  and 
Che  velocity  triangles  in  general.  In  addition,  he 
has  Included  a  discussion  of  structural  considera¬ 
tions  such  as  the  centrifugal  tensile  stress  at 
blade  roots  (blade  pull  stress)  and  the  hoop  stress 
due  to  centrifugal  loading  on  rotor  disks.  These 
derivations  will  not  be  repeated  here.  The  reader 
who  is  unfamiliar  with  these  terms  would  profit 
greatly  by  examining  that  work. 

The  designer  has  before  him  the  Cask  of  satis¬ 
fying  certain  requirements  and  remaining  within 
certain  constraints  while  meeting  or  exceeding  his 
performance  goal.  The  requirements  are  generally 
specified  by  Che  cycle  and  they  include,  for 
example,  producing  a  given  power  at  given  values 
of  inlet  pressure,  temperature  and  mass  flow.  The 
constraints  stem  from  many  different  sources  in¬ 
cluding  structural,  mechanical  and  aerodynamic 
considerations.  They  could  Include  limits  on  rotor 
blade  pull  stress,  disk  rim  speed,  airfoil  maximum 
thickness  and  trailing  edge  thickness,  flow  turning 
and  Mach  number.  The  performance  goal  that  must  be 
met  is  efficiency.  Thus,  while  satisfying  the 
requirements  the  designer  must  consider  a  multitude 
of  configurations  in  order  to  establish  the  trends 
which  lead  to  maximum  efficiency.  When  the  final 
design  emerges  it  Is  invariably  true  that  the 
performance  is  limited  as  a  direct  result  of  one 
or  more  of  the  constraints.  With  this  in  mind  we 
shall  briefly  consider  several  typical  and  commonly 
occurring  design  constraints.  In  particular, 
attention  will  be  given  to  the  way  In  which  struc¬ 
tural  constraints  can  bring  about  limitations  on 
the  blade  tip  and  disk  rim  speeds  and  hence  on  the 
stage  loading  coefficient.  Following  this  a  brief 
description  of  the  design  system  itself  shall  be 
presented.  Among  other  things  the  Importance  of 
the  aerodynamic  loss  system  shall  be  discussed. 


18.2.1  Design  Constraints 

The  material  limitations  of  maximum  allowable 
blade  pull  stress  and  disk  stress  are  not  difficult 
to  appreciate.  What  shall  become  clear  is  that 
these  stresses  can  pose  severe  restrictions  on  the 
aerodynamicist  in  his  selection  of  a  flowpath  and 
consequently  they  can  have  a  direct  impact  on  the 
ability  to  reach  the  goal  efficiency.  As  shown  by 
Horlock  (Ref.  (18.1))  the  blade  pull  stress  is 
proportional  to  the  product  of  flowpath  annulus 
area  and  shaft  speed  squared.  The  disk  stress  is 
proportional  to  the  disk  rim  velocity  squared. 

Thus,  three  variables  that  the  designer  has  at  his 
disposal  in  configuring  a  stage  consistent  with 
these  two  constraints  are  the  annulus  inner  and 
Outer  radii  and  the  shaft  speed.  He  would  look  at 
various  combinations  of  these  variables  (and  others, 
such  as  reaction)  that  lead  in  the  direction  of 
Increasing  efficiency.  In  the  design  of  a  high 
pressure  turbine  it  is  frequently  true  that  the 
search  for  higher  efficiency  places  the  design  on 
the  limit  of  allowable  blade  pull  stress.  The 
reason  for  this  is  the  desire  to  minimize  the  stage 
loading  factors  (by  raising  the  wheel  speed)  and 
the  Mach  number  level  (by  increasing  the  annulus 
area).  In  addition,  if  the  shaft  speed  is  specified 
by  compressor  requirements  the  designer's  freedom 
is  considerably  restricted.  In  the  ultimate  case 
It  can  occur  that  with  a  specified  shaft  speed  the 
highest  achievable  efficiency  occurs  when  both 
blade  pull  and  disk  stresses  are  at  their  limiting 
values.  In  this  case  there  is  only  one  flowpath 
that  can  satisfy  all  the  constraints  simultaneously 
and  the  highest  efficiency  the  turbine  can  reach 
has  been  limited  by  the  structural  and  mechanical 
constraints. 

Although  low  pressure  turbine  design  is  seldom 
hampered  by  these  stress  considerations,  the  shaft 
speed  is  frequently  limited  to  a  very  low  value 
because  of  restrictions  on  fan  tip  speed.  Further, 
the  maximum  diameter  of  the  turbine  may  be  limited 
by  restrictions  on  engine  size  and  weight.  The 
evolution  of  low  pressure  turbines  with  high  stage 
loading  coefficients  (see  Table  18,0,1)  is  a  direct 
result  of  these  constraints.  The  consequence  is  a 
trend  toward  airfoils  with  increased  turning, 
decreased  flow  acceleration  and  in  general  a  more 
severe  aerodynamic  environment. 

The  discussion  up  to  this  point  has  addressed 
the  Impact  of  constraints  on  the  flowpath  and  the 
velocity  triangles  but  there  are  also  constraints 
on  the  airfoil  design.  The  leading  and  trailing 
edge  diameters  must  be  large  enough  to  allow  the 
Incorporation  of  cooling  devices  as  necessary.  The 
airfoil  thickness  distribution  is  often  dictated  by 
the  necessity  of  allowing  room  for  internal  cooling 
devices  and  the  entire  spanwise  layout  of  an  airfoil 
may  be  dictated  by  the  need  to  Insert  and  withdraw 
these  devices.  It  is  only  a  slight  exaggeration  to 
say  that  many  cooled  airfoils  are  a  result  of  the 
best  aerodynamic  design  that  could  be  wrapped 
around  their  internal  cooling  devices. 

Although  only  a  very  few  of  the  constraints  on 
a  turbine  design  have  been  mentioned  here  it  should 
be  clear  that  they  can  have  a  profound  Impact  on 
the  final  configuration.  The  not  uncommon  miscon¬ 
ception  that  turbines  present  few  difficult  aero¬ 
dynamic  challenges  stems  in  part  from  a  lack  of 
appreciation  of  the  constraints  placed  upon  them. 

It  Is  the  constraints  that  have  brought  about  the 
need  for  advanced  analytical  design  tools. 
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18.2.2  The  Design  System 

Before  one  can  appreciate  the  Importance  of  an 
improved  analytical  capability  one  must  have  some 
appreciation  of  the  design  system  in  which  it  is 
incorporated.  The  system  is  a  sequence  of  different 
types  of  calculations  with  inputs  and  constraints 
from  various  sources.  It  is  a  sequence  in  that 
each  analysis  provides  input  to  the  next.  It  is 
also  an  iterative  sequence  in  that  the  results  of 
each  analysis  alter  inputs  used  earlier.  What  fol¬ 
lows  here  is  a  brief  summary  of  this  sequence.  A 
far  more  in-depth  discussion  of  a  modern  computer 
Interactive  turbine  design  system  has  been  pre¬ 
sented  by  Thomas  and  Piendel  (Ref.  (18.8)). 

The  initial  input  is  in  the  form  of  cycle 
performance  requirements.  These  would  typically 
Include  parameters  such  as  inlet  and  exit  pressures 
and  temperatures,  primary  and  secondary  (coolant) 
mass  flows  and  shaft  speeds.  The  constraints  at 
this  point  might  Include  for  example,  blade  pull 
stress,  airfoil  chord  and  trailing  edge  thickness. 
These  serve  as  input  to  the  meanline  analysis. 

The  meanline  analysis  provides  midspan  velocity 
triangles.  Preliminary  root  and  tip  velocity 
triangles  may  be  determined  with  an  assumption  such 
as  free-vortex  flow.  The  variables  include  the 
flowpath  definition,  blade  speed,  stage  work  and 
reaction.  Input  must  include  sufficient  information 
about  the  airfoil  geometry  such  that  the  various 
loss  systems  can  be  employed.  This  analysis  may  be 
carried  out  for  a  single  turbine  or  for  a  complete 
system  including  the  high  and  low  pressure  turbines 
and  the  exit  guide  vane.  As  mentioned  above,  the 
objective  of  the  analysis  is  to  point  out  the 
highest  performance  configuration  (flowpath  and 
velocity  triangles)  that  will  satisfy  the  cycle 
requirements  while  remaining  within  all  the  con¬ 
straints. 

The  performance  is  determined  by  the  loss 
system.  This  system  is  a  series  of  calculations 
and  correlations  which  determine  the  magnitude  of 
the  various  losses  (profile,  endwall,  parasitic  and 
cooling  loss)  based  on  the  aerodynamic  and  geometric 
input  provided.  The  problem  is,  for  example,  to 
make  an  accurate  estimate  of  the  profile  loss 
without  having  any  detailed  idea  of  the  airfoil 
contour  but  only  having  the  velocity  triangles, 
pitch,  chord  and  trailing  edge  thickness.  The  loss 
system  is  the  most  crucial  feature  of  a  meanline 
optimization  study.  An  an  example,  the  number  of 
stages  in  a  turbine  will  be  dictated  to  a  large 
degree  by  the  way  the  predicted  efficiency  responds 
to  variations  in  the  stage  loading  coefficient. 

These  efficiency  variations  are  dictated  by  the 
loss  system.  Thus,  a  loss  system  with  an  excessive 
penalty  for  higher  turning  will  cause  the  final 
configuration  tc  have  lower  stage  loading  coeffi¬ 
cients  and  hence  more  stages.  For  this  reason 
improvements  in  loss  systems  can  lead  to  significant 
changes  to  the  final  turbine  configuration.  Great 
care  must  be  exercised  to  insure  that  your  best 
aerodynamics  are  reflected  in  the  loss  system. 
Otherwise  they  need  never  appear  in  the  final 
configuration.  Results  of  the  meanline  analysis 
provide  up-dated  input  to  the  cycle  analysis.  They 
also  provide  input  to  the  streamline  analysis. 

The  streamline  analysis  is  a  two-dimensional 
axisymmetric  meridional  plane  solution  by,  for 
example,  streamline  curvature  or  martlx  inversion 
techniques.  It  brings  the  spnnwlse  variations  into 
the  design.  The  streamline  analysis  may  simply 
serve  as  a  refinement  of  the  results  of  the  mean¬ 


line  analysis  or  it  may  be  employed  in  place  of  the 
meanline  analysis  as  a  basic  optimization  tool  which 
includes  spanwlse  variations.  An  example  of  this 
approach  can  be  seen  in  the  work  by  Schlegel  et  al. 
(Ref.  (18.9)).  Regardless  of  the  way  it  is  employed, 
the  basic  virtue  of  the  streamline  analysis  is  that 
it  permits  one  to  eliminate  many  of  the  adverse 
effects  that  accompany  a  simple  free-vortex  design. 
The  large  radial  variations  of  reaction  that  occur 
in  a  free-vortex  design,  for  example,  can  be 
eliminated  by  "controlled-vortex"  design  (Ref. 
(18.10)).  The  result  is  that  the  difficulties  of 
very  low  reaction  (impulse)  blade  roots  and  the 
leakage  penalties  of  very  high  reaction  shrouded 
blade  tips  can  be  minimized.  The  results  of  the 
streamline  analysis  serve  as  input  to  further 
iterations  with  the  meanline  analysis  and  also  as 
input  to  the  airfoil  contour  design  calculation. 

Turbine  airfoil  contours  are  generally  uniquely 
designed  for  each  application.  This  is  a  major 
departure  from  the  approach  in  many  compressor 
designs  where  the  airfoils  are  selected  from  standard 
families  of  contours.  With  the  velocity  triangles 
dictated  at  each  radial  section  by  the  streamline 
analysis  and  a  first  estimate  of  the  gap/chord 
ratio  from  lift  coefficient  considerations  the 
objective  is  to  devise  a  contour  which  will  have  a 
pressure  distribution  with  desirable  boundary  layer 
characteristics.  One  aspect  of  turbine  airfoil 
design  that  simplifies  matters  is  that  flow  devia¬ 
tion,  and  hence  mass  flow,  can  be  determined  with 
sufficient  accuracy  from  the  geometry  of  the  airfoil. 
Thus  turbine  airfoil  design  is  a  matter  of  defining 
the  contour  that  will  most  efficiently  provide  the 
desired  lift. 

Two  approaches  are  currently  being  followed  in 
airfoil  design.  In  the  "direct"  approach  the 
contour  is  defined  and  the  pressure  distribution  is 
determined.  In  the  "indirect"  approach  a  pressure 
distribution  is  specified  and  the  contour  is 
determined.  The  important  point  to  be  appreci¬ 
ated  is  that  accurate  and  fast  cascade  flow  cal¬ 
culations  are  becoming  increasingly  available  (e.g. 
Ives  and  Llutermoza  (Ref.  (18.11))). 

The  results  of  the  airfoil  design  serve  as 
Input  to  the  meanline  analysis  in  terms  of  updated 
profile  loss  estimates  and  to  the  heat  transfer, 
structural  and  mechanical  designers  for  all  of 
their  various  analyses. 

18.2.3  Summary 

The  turbine  design  sequence  is  a  highly  analyt¬ 
ical  procedure  aimed  at  the  objective  of  simulta¬ 
neously  satisfying  a  wide  variety  of  requirements 
and  constraints  while  optimizing  on  high  performance, 
low  weight  and  low  cost.  It  is  an  unusual  turbine 
which  is  not  pressed  hard  against  one  or  more  of 
the  imposed  constraints.  In  addition  the  basic 
configuration  of  the  turbine,  for  example  the 
number  of  stages,  will  be  largely  defined  by  the 
nature  of  the  aerodynamic  loss  system  used  to 
predict  efflciencv.  These  are  but  a  few  examples 
of  the  numerous  trade-offs  that  occur  during  a 
turbine  design.  The  trade-off  between  increased 
stress  and  higher  efficiency  is  only  one  example. 
Other  trade-offs  include:  (1)  reductions  in  airfoil 
solidity  which  cause  reductions  in  weight  and  the 
number  of  airfoils  (cost)  but  bring  with  them  the 
risk  of  flow  separation  and  reduced  efficiency  and 
(2)  increases  In  rotor  blade  cooling  which  can 
permit  Increased  operating  stress  levels  and  higher 
aerodynamic  performance  but  also  bring  about 
Increased  cooling  losses. 
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The  advances  in  technology  that  will  be 
discussed  in  following  sections  are  generally 
associated  with  either  moving  a  constraint  or 
reducing  the  penalty  associated  with  a  constraint. 
Advances  in  turbine  aerodynamics  have,  for  example, 
pushed  to  much  higher  values  the  historical  con¬ 
straints  on  maximum  turning  and  exit  Mach  number. 

The  result  has  been  much  higher  performance  in 
high  stage  loading  machines  chan  had  ever  been 
anticipated. 

18.3  Performance 

18.3.0  Introduction 

We  are  now  ready  to  examine  turbine  aerodynamic 
phenomena  in  detail.  The  attendant  complexities 
can  best  be  unravelled  by  organising  our  thinking 
about  the  factors  which  determine  performance  or 
efficiency.  This  approach  leads  directly  to  a 
comprehensive  framework  for  the  remainder  of  this 
Chapter. 

18.3.1  Uncooled  Turbine  Efficiency 

When  the  engine  cycle  calls  for  turbine  inlet 
temperatures  below  about  IdOCF,  airfoils  can 
usually  be  safely  manufactured  from  available 
materials  which  require  no  protective  cooling.  In 
such  cases  the  weight  flow  does  not  change  through¬ 
out  the  turbine.  If  the  working  fluids  are  taken 
to  behave  as  perfect  gases  with  constant  properties, 
some  useful  results  can  be  obtained  in  convenient 
algebraic  form.  Translation  to  real  gases  is,  of 
course,  required  for  any  actual  turbine  design,  but 
this  is  easily  accomplished  in  practice.  Effects 
of  changing  streamline  radial  location  can  also  be 
rigorously  included  in  these  formulations.  Since 
they  are  relatively  minor  for  axial  flow  machines 
and  unnecessarily  complicate  the  resulting  expres¬ 
sions  they  are  omitted  here. 

The  uncooled  ttirblne  is  best  thought  of  as  an 
open-cycle  machine  working  between  two  reservoirs 
of  different  total  pressure  levels.  Total  pressure 
and  total  temperature  levels  not  only  turn  out  to 
be  the  most  thermodynamically  meaningful,  but  are 
also  far  easier  to  measure  chan  static  properties. 

Application  of  the  first  and  second  laws  of 
thermodynamics  leads  directly  to  the  relation 


Since  the  entropy  only  rises  in  each  unit  process, 
then 
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This  reasoning  and  £q.  (18.3.1)  lead  to  the 
usual  conclusion  that  unit  process  entropy  increases 
must  be  held  to  a  minimum  in  order  to  maximize 
turbine  efficiency.  Finally,  since  in  each  unit 
process  the  total  temperature  remains  constant, 
then 
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80  that  entropy  Increases  and  total  pressure  losses 
go  hand-ln-hand. 

18.3.2  Cooled  Turbine  Efficiency 

The  same  reasoning  which  led  to  a  useful 
definition  of  thermodynamic  efficiency  for  uncooled 
turbines  can  be  applied  to  each  of  the  Individual 
streams  entering  a  cooled  turbine  for  the  same 
purpose.  Care  must  be  taken  to  provide  a  proper 
control  volume  completely  surrounding  the  turb:* 
and  all  inlet  and  outlet  flows  must  be  accounted 
for.  The  resulting  expression,  equivalent  to  that 
of  Eq.  (18.3.1),  Is 
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Even  though  the  turbine  appears  to  have  both 
steady  and  unsteady  flow  processes  taking  place 
when  viewed  from  any  single  frame  of  reference,  the 
path  traversed  by  each  particle  of  fluid  in  passing 
through  the  machine  can  be  thought  of  as  consisting 
of  a  series  of  steady  flow  processes  viewed  from 
appropriate  frames  of  reference.  Each  of  these 
sequential  steady  flow  processes,  viewed  in  its 
appropriate  frame  of  reference  (alternately  station¬ 
ary  or  rotating),  will  be  referred  to  here  as  a 
unit  process.  The  special  advantage  of  this  approach 
is  that  the  total  entropy  change  for  any  particle 
of  fluid  is  equal  to  the  sum  of  the  entropy  changes 
for  all  Che  unit  processes,  for  entropy  Is  a  state 
property  and  does  not  depend  upon  frame  of  reference. 


where  j  is  the  minimum  number  of  separate  streams 
necessary  to  describe  the  operation  of  the  turbine. 

Eq.  (18.3.4)  shows  that  the  thermodynamic  efficiency 
of  the  machine  in  question  is  entirely  dependent 
upon  the  total  entropy  changes  experienced  by  the 
individual  streams  while  traversing  the  turbine. 

This  is  a  satisfying  and  valuable  result.  Among 
other  things,  It  shows  that  Che  unit  process  reasoning 
still  applies,  and  that  each  stream  contributes  to 
inefficiency  in  proportion  to  its  mass  flux  and 
entropy  rise.  However,  as  was  previously  mentioned 
and  as  will  be  elaborated  upon  later,  the  entropy 
change  of  a  unit  process  now  also  includes  irre¬ 
versibility  due  Co  thermal  mixing. 

Specifically,  unit  process  entropy  changes  for 
each  of  the  J  separate  streams  are  given  by 


rather  than  by  Eq.  (18.3.3). 
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In  some  cases  Eq .  (18.3.4)  can  be  further 
simplified.  These  cases  require  that  the  inlet 
and  exit  total  pressures  are  each  uniform  over  the 
j  streams.  They  occur,  for  example,  when  the  exit 
flow  is  taken  Co  be  completely  mixed  and  Che  Inlet 


flow  either  comes  from  a  single  source  or  the 
turbine  Is  Included  as  part  of  a  full  accounting  of 
the  losses  which  take  place  after  the  compressor 
discharge  station.  The  corresponding  expression 
for  efficiency  becomes 


which  contains  some  useful  guidance.  First,  the 
denominator  reveals  that  the  temperature  of  ther¬ 
modynamic  significance  is  the  mass  average  value, 
regardless  of  the  distribution  between  streams. 
Second,  it  emphasizes  the  fact  that  all  of  the 
streams  passing  through  the  turbine  are  capable  of 
producing  work.  This  leads,  in  turn,  to  the  con¬ 
clusion  that  all  losses  experienced  by  all  streams 
coming  from  the  total  pressure  reservoir  to  the 
turbine  must  be  understood  and  considered  if  maxi¬ 
mum  efficiency  is  to  be  obtained.  These  losses 
include,  for  example,  those  generated  by  metering 
holes  and  slots  or  within  cooled  airfoils. 

Although  this  point  should  be  fairly  obvious,  it  is 
not  always  honored  in  practice. 

18.3.3  Total  Pressure  Loss  Breakdown 

By  now  it  should  be  clear  that  increases  in 
entropy  are  the  root  cause  of  inefficiency,  and 
that  they  occur  as  a  result  of  total  pressure  loss 
and  thermal  mixing  (see  Eq.  (18.3.5)).  The  entropy 
change  due  to  thermal  mixing  is  both  inevitable 
and  easily  calculated.  The  contribution  of  total 
pressure  loss,  on  the  other  hand,  is  neither  com¬ 
pletely  under  our  control  nor  easy  to  predict. 

The  designer  will  seek  to  minimize  total  pressure 
losses.  His  most  fruitful  avenue  of  approach  is 
through  an  understanding  of  the  phenomena  which 
generate  them. 

The  sources  of  total  pressure  or  aerodynamic 
losses  are  the  same  as  those  encountered  throughout 
fluid  mechanics.  They  include: 

a.  skin  friction  drag 

b.  pressure  or  form  drag 

c.  shock  losses 

d.  leakage 

e.  mixing 

Of  these  only  the  first  four  matter  in  uncooled 
turbines.  The  last  must  be  accounted  for  in  cooled 
turbines,  where  gases  of  considerably  different 
properties  are  irreversibly  mixed  together  (see  Eq. 
<18.3.5)). 

It  is  convenient  and  has  become  customary  to 
partition  the  losses  into  four  other  categories, 
namely: 

a.  profile 

b.  endwall 

c.  parasitic 

d.  cooling 


relative  importance  of  each  category  can  be  found 
in  the  following  table. 


Loss  Category 

Cooled  HPT 

Uncooled  LPT 

Profile 

35 

60 

Endwall  +  Parasitic 

35 

40 

Cooling 

30 

0 

Total 

100 

100 

Although  profile  losses  are  evidently  impor¬ 
tant,  it  is  clear  that  the  others  cannot  be  disre¬ 
garded.  The  surrounding  world  seems  to  have  over¬ 
looked  these  simple  facts,  for  the  bulk  of  turbine 
aerodynamic  research  has  been  aimed  at  profile 
design. 

The  above  information  has  been  used  to  shape 
the  remainder  of  this  Chapter.  Careful  attention 
is  given  to  each  category  of  loss,  cooling  losses 
also  being  dealt  with  in  Chapter  19. 

18.4  Profile  Aerodynamics 

18.4.0  Introduction 

Well  designed  airfoil  contours  are  an  essential 
feature  of  any  gas  turbine  that  is  to  reach  its  per¬ 
formance  goals,  not  to  mention  its  goals  in  weight 
and  cost.  The  vast  amount  of  effort  that  has  been 
expended  in  this  area  in  recent  years  is  an  indica¬ 
tion  of  the  recognition  of  this  fact.  To  say  that 
profile  design  is  simplified  by  the  generally  accel¬ 
erating  nature  of  the  flow  is  highly  misleading. 
Turbine  airfoils  do  have  strong  recompressions  and 
boundary  layer  separation  is  a  real  and  present 
problem  chat  must  be  addressed  in  every  design. 
Furthermore,  the  obvious  advantages  of  reduced 
weight  and  cost  that  can  be  achieved  with  highly 
loaded  (low  solidity)  designs  brings  pressure  to 
have  even  stronger  local  recompressions.  Keeping 
this  in  mind,  and  remembering  also,  as  mentioned 
earlier,  that  turbine  airfoils  can  be  thick,  highly 
cambered,  transonic  and  can  have  transitional 
boundary  layers  leads  one  to  the  conclusion  that 
the  design  of  good  turbine  airfoils  is  a  challenging 
and  difficult  task. 

18,4.1  Design  Approach 

At  the  outset  of  an  airfoil  design  the  veloc¬ 
ity  triangles  are  available  as  a  result  of  the 
streamline  analysis.  Included  in  them  are  the 
effects  of  the  anticipated  total  pressure  loss 
across  the  cascade  and  also  the  stream-tube  thick¬ 
ness  variations  (due  to  meridional  plane  streamline 
curvature  and/or  annulus  area  divergence).  In 
addition,  constraints  such  as  on  leading  and  trailing 
edge  diameters,  the  value  and  location  of  the  maxi¬ 
mum  or  minimum  thickness  and  others  may  have  already 
been  specified.  If.  for  example,  the  airfoil  is  a 
highly  stressed  (centrifugall v)  high  pressure  tur¬ 
bine  rotor  blade  it  will  be  necessary  to  taper  the 
airfoil.  This  will  require  an  airfoil  with  a  very 
thin,  low  solidity  tip  and  a  relatively  thick,  high 
solidity  root. 

The  first  step  in  the  airfoil  design  is  to  set 
the  cascade  throat  dimension  and/or  the  trailing 
edge  mean  camber  line  angle  in  order  to  provide  the 
proper  mass  flow  through  the  cascade.  In  subsonic 
flow  there  Is  no  unique  relationship  between  throat 
area  and  mass  flow  and  one  is  totally  dependent  on 
correlations.  The  work  by  Ainley  and  Mathieson  (Ref. 
(18.12))  Is  a  good  starting  point  in  this  area.  In 
transonic  flow,  once  the  cascade  is  choked,  the  simple 
one-dimensional  relationship  between  flow  area,  throat 


This  method  associates  losses  with  the  location  of 
their  production  rather  than  with  their  phenome¬ 
nological  origins.  A  rough  but  useful  Idea  of  the 
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area  and  Mach  number  can  be  applied  with  confidence. 
Care  must  be  taken  in  both  cases  to  properly  account 
for  things  that  can  alter  the  continuity  relation¬ 
ship  between  the  throat  and  downstream.  These  include, 
for  example,  total  pressure  loss,  mass  addition  and 
thermal  dilution.  With  an  estimate  on  the  solidity 
based  on  something  like  the  Zweifel  (Ref.  (18.13)) 
coefficient  a  first  guess  on  the  profile  contour  is 
made . 

The  potential  flow  calculation  is  then  executed 
keeping  in  mind  various  aerodynamic  requirements. 

There  will  be  a  neied  to  hold  down  the  maximum  suc¬ 
tion  (convex)  surface  Mach  number  in  order  to  reduce 
the  adverse  pressure  gradient  at  the  trailing  edge. 

In  transonic  flow  pains  must  be  taken  to  minimize 
the  effects  of  shocks  both  from  considerations  of 
shock  loss  and  impact  on  the  suction  surface  boundary 
layer.  One  final  requirement  might  be  related  to 
the  leading  edge  overspeeds  and  how  they  affect  per¬ 
formance  at  incidence. 

With  an  acceptable  potential  flow  a  boundary 
layer  calculation  may  be  carried  out.  The  aerodynamic 
requirements  here  include  avoidance  of  gross  separa¬ 
tion  and  possibly  that  the  region  of  laminar  flow  be 
as  long  as  possible.  The  boundary  layer  results  at 
the  trailing  edge  are  coupled  with  other  information 
(e.g.  trailing  edge  blockage)  and  a  wake  mixing  cal¬ 
culation  is  performed,  as  described  by  Stewart  (Ref. 
(18.14)),  to  determine  the  cascade  loss. 

An  extremely  useful  aspect  of  cascade  aerody¬ 
namics  is  chat  there  are  several  rules  to  which  the 
pressure  distribution  around  any  airfoil  designed 
for  a  specific  purpose  must  conform.  Portrayed  on 
Figure  18,1  are  the  pressure  distributions  for  two 
differently  shaped  cascade  airfoils  intended  to  accom¬ 
plish  the  same  purpose.  The  two  curves  will  have  at 
least  the  following  things  in  common: 

a.  The  static  pressure  equals  the  stagnation 
pressure  on  the  leading  edge  stagnation  point. 

b.  The  areas  circumscribed  by  the  curves  are 
equal  (to  the  circumferential  force  on  the  airfoil). 

c.  The  trailing  edge  pressure  approximates  the 
ultimate  downstream  static  pressure  (which  is  avail¬ 
able  from  prior  streamline  calculations). 

d.  There  is  a  minimum  pressure  point  along  the 
suction  surface  from  which  recomprossion  is  required 
to  reach  the  trailing  edge  (this  can  be  shown  to  be 
true  by  means  of  streamline  curvature  arguments  and 

is  due  to  the  generally  convex  shape  of  that  surface). 

The  last  point  is  crucial,  for  it  guarantees 
that  there  are  regions  within  every  turbine  where 
the  vulnerable  boundary  layer  must  "run  uphill." 

When  the  adverse  pressure  gradient  in  the  recompres¬ 
sion  region  is  sufficiently  large,  the  boundary  layer 
separates.  Tlie  profile  losses  are  tlien  controlled 
bv  pressure  or  form  drag  rather  than  skin  friction 
drag  .jnd  are  usually  unexpectedly  and  unacceptably 
1 arge . 

By  this  time  it  must  be  obvious  that  the  designt-r 
must  sometimes  reduce  tlie  trailing  edge  pressure  rise. 
Tliis  is  ac<  omp  1  i slicd  bv  altering  tlie  geomi.-tric-  shape 
of  till'  airfoil  and  checking  the  results.  Hie  two 
pressure  distributions  of  Figure  18.1  are  intended 
to  illustrate  the  beginning  and  en  1  of  suiaessi'ul 
i  ter.it  ive  se  irc  h  proc’ess.  The  reader  can  also  use 
Fiytire  18.1  to  understand  wfiv  ini  reusing  tlie  number 
of  airtoils  (which  reducc.'s  tlu-  c  i  rc  unsc  r  i '>c*d  area) 
or  in.reasinc  t!ie  airfoi!  reaction  (bv  l>»wi-riiu*  the 
t.xit  siatii  prc-ssiire)  ,iro  other  tricks  whicli  lan 
h.ln  rc.'dueo  the  stretigtli  ot  j  iu'  ro,  onpr*-ss  i.ui. 


This  entire  process  is  iterative  in  nature  and 
may  require  a  large  number  of  passes  before  a  suitablf 
contour  is  defined  satisfying  all  (or  most)  of  the 
aerodynamic  requirements.  It  should  be  noted  here 
that  this  iteration  could  be  altered  significantly 
by  a  "synthesis'*  or  "indirect"  analysis.  In  this 
case  the  pressure  distribution  is  specified  and  the 
contour  is  computed  from  it.  The  discussion  in  the 
following  section  will  be  limited  to  the  "direct" 
approach  since  it  has  been  the  main  focus  of 
attention  in  the  literature. 

18.4.2  Potential  Flow 

The  progress  during  the  past  decade  in  the  area 
of  potential  flow  in  cascades  has  been  remarkable. 

For  flows  which  are  compressible  but  subsonic  a  large 
number  of  fast,  versatile  and  accurate  calculations 
are  now  available.  The  works  by  Katsanis  and  McNally 
(Ref.  (18.15))  and  Van  den  Braembussche  (Ref.  (18.16)) 
give  ample  evidence  of  this  progress.  The  state-of- 
the-art  today  Is  such  that  one  is  even  able  to  perform 
detailed  analysis  on  the  leading  edge  flow  (Katsanis 
and  McNally  (Ref.  (18.17)))  to  determine  the  impact  of 
incidence  on  the  leading  edge  ov'or.speed. 

In  the  area  of  transonic  cascade  flow  progress 
has  been  equally  remarkable.  The  complicated 
nature  of  these  flows  is  illustrated  in  Figure 
18.2.  The  pressure  distribution  and  the  locations 
of  the  sonic  lines  and  shocks  are  shown  schematically 
for  several  Mach  numbers.  At  an  exit  Mach  number 
of  0.7  the  flow  is  ever\’where  subsonic.  As  the 
back  pressure  is  lowered  (holding  the  inl’et  flow 
angle  and  total  pressure  fixed)  the  area  within  the 
pressure  distribution  (i.e.  the  work  prodiuing 
tangential  force)  increases  until  at  an  exit  Mach 
number  of  0.9  there  is  a  thin  supersonic  region 
with  a  sonic  line  extending  from  35  to  75"'  axial 
cliord.  This  type  of  flow  is  typical  of  a  large 
number  of  existing  gas  turbines.  As  the  back 
pressure  is  further  lowered  the  exit  Mach  number 
passes  through  1.0.  Near  this  condition  several 
things  happen.  The  inlet  Mach  number,  which  has 
been  increasing  up  to  this  point,  reaches  an 
asymptotic  upper  limit  and  will  not  respond  to 
further  reductions  in  back  pressure.  In  addition, 
the  sonic  line,  which  has  expanded  across  the 
throat  and  moved  forward  on  the  suction  surface, 
also  reaches  an  asvmptotic  position.  At  this 
condition  the  sonic  line  is  highly  kiirved.  Ibis  is 
a  result  of  the  relatively  higli  loading  on  this 
airfoil.  With  lower  loading  on  the  airfoil  (higher 
solidity)  the  area  within  the  pressure  distribution 
would  he  reduced.  The  suction  surface  would  havu 
gone  through  sonic  velocity  further  alt  and  the 
sonic  line  would  have  come  nearly  straiglit  ai  ros'^ 
the  throat.  t\s  the  back  pressure  is  lurther  rediued 
tiu'  pressure  distribution  on  the  pressur*.-  surfare 
and  most  of  the  suction  surface  remains  unclianged. 

What  is  occurring  is  tliat  a  shock  has  lorv'ed  V'anvi- 
ting  from  near  the  trailing  edge  and  retie*  tine  ot f 
the  suction  surface.  As  the  Marh  number  j in.  reased 
this  shock  moves  further  aft  leavinv;  t  Sie  t  lew 
upstream  of  it  unchanged.  The  rondition  when  i!ie 
sliock  reaches  the  trailing  edge  is  reierreu  to  as 
"limit  loading"  sinee  the  fvirce  mi  the  airtoil  has 
reached  a  maximum.  This  conditi  ’n  .  orr*  sov^nds  tn 
an  exit  axial  M.ich  number  '!  and  hen.  ^  the  b  4.  k 

pressure  can  be  reduced  no  turtfier. 

As  one  would  expeot ,  the  prodictien  of  (  r  in- 
s«uiic  cascade  flows  has  i.icced  betiind  that  sub¬ 
sonic  flows.  Tresent  Iv,  iu'Wi’Ce?',  tiier*  ira  i  r 

«'!  analyses  whii*h  ar^.  .iviilabK  .  A  ti  -'e  rvirchinv: 
approadi  lias  (>iiM1  followed  b.  '!*;>, !  •>  r 


and  by  Delaney  and  Kavanagh  (Ref.  (18.19)).  The 
results  often  seem  too  good  to  be  true,  as  the 
portions  of  McDonald's  work  contained  in  Figures 

18.3  and  18.4  will  attest.  As  a  matter  of  fact, 
these  flows  can  be  so  complex  that  the  experimental 
data  shown  there  was  considered  suspect  until  later 
verified  and  clarified  by  the  analysis.  In  recent 
work,  such  as  Ref.  (18.11)  and  Ref.  (18.20),  confor¬ 
mal  mapping  and  relaxation  techniques  have  been 
applied  to  achieve  equally  remarkable  results. 

The  present  status  of  turbine  cascade  potential 
flow  analysis  is  that  the  problems  that  existed  ten 
years  ago  have  been  for  the  most  part  solved. 

Although  there  are  still  a  number  of  areas  being 
worked  in  transonic  cascade  flow,  they  are  in  the 
detail,  or  quality,  of  the  results  and  not  in  the 
basic  computational  capability.  Unfortunately,  many 
of  the  missing  details  are  intimately  tied  to  the 
near  wake  flov^;  and  can  therefore  only  be  predicted 
by  a  viscous  analysis. 

18.4.3  Boundary  Layer 

Another  area  of  aerodynamics  that  has  seen 
great  advances  during  the  past  ten  years  has  been 
boundary  layer  theory.  The  gains  in  understanding 
of  the  various  phenomena  and  the  analytical  modeling 
of  them  has  drawn  together  into  a  rational  system 
vluit  had  earlier  been  a  large  quantity  of  unex¬ 
plained  and  confusing  data.  It  is  becoming  in¬ 
creasingly  clear  that  the  wide  variations  in  cascade 
performance  which  had  been  previously  attributed  to 
the  basic  nature  of  the  velocity  triangles  and 
overall  cascade  parameters  (e.g.  solidity)  can  now 
be  explained  in  detail  by  boundary  layer  analysis. 

The  very  large  losses  conventionally  associated  with 
high  turning  can  to  a  great  extent  be  avoided  by 
proper  airfoil  design  and  boundary  layer  analysis. 

In  order  to  understand  this  more  clearly  let  us 
consider  the  pheaor-'.na  occurring  In  a  cascade 
profile  boundary  layer. 

The  pressure  distribution  in  Figure  18.5  is  not 
necessarily  a  good  one  from  a  performance  point  of 
view  but  it  will  serve  as  an  example.  Let  us  con¬ 
sider  the  suction  surface  boundary  layer.  It 
starts  at  the  stagnation  point  (0)  as  laminar  and 
begins  to  accelerate  strongly  around  the  leading 
edge  circle.  Leaving  the  circle  the  flow  goes  into 
a  strong  reconpression  as  a  result  of  the  leading 
edge  overspeed.  This  recompression  may  cause  the 
boundarv  layer  to  separate  at  (1)  and  to  form  a 
bubble  which  may  undergo  transition  and  reattach 
fully  turbulent.  The  very  large  penalties  associ¬ 
ated  with  large  incidences  occur  when  this  overspeed 
is  sufficiently  strong  such  that  the  bubble  cannot 
reattach.  Assuming  that  the  bubble  has  reattached 
(fuliv  turbulent)  the  boundary  laver  accelerates 
strongly  at  (2)  and  may  undergo  relaminarization,  or 
reverse  transition,  by  point  (3).  The  boundary 
laver  continues  to  accelerate  douTi  to  the  minimum 
pressure  (4)  and  there  tl*e  final  recompression 
begins.  At  this  point  several  things  may  occur.  The 
boundarv  laver  may  undergo  transition.  It  mav 
sep. irate  to  form  a  bubble  which  reattaches  fully 
turbulent  nr  it  mav  not  reattach  at  all.  If  the 
h(>undarv  layer  does  reattaih  it  will  proceed  all  the 
wav  tn  tlie  trailing  edge  Cb)  or  will  undergo  turbu- 
It'iU  separatic'n  (withnut  reat  tachnent )  at  point  (5) 
hetb'fe  it  reaches  the  trailing  edge.  A  similar  story 
an  ea^ilv  be  imagined  for  the  pressvire  surface 
boundarv  l/iver  but  witl-xnit  the  final  recompression. 
K'r  a  civen  lascade  «of  airfoils  this  sequence  of 
events  (  ,-jn  be  altered  greatly  by  variations  in  Rey- 
U'-Kls  number,  Macii  number,  free  stream  turbulence 


and  incidence.  Also,  for  a  given  set  of  flow  condi¬ 
tions,  the  sequence  of  events  can  be  altered  by 
relatively  small  variations  in  the  airfoil  design. 

It  is  this  latter  point  which  makes  it  difficult  to 
construct  a  truly  universal  loss  system.  In  a  mean¬ 
line  analysis  the  detailed  contour  does  not  exist 
yet  and  hence  some  assumptions  must  be  made  in  the 
construction  of  the  loss  system.  An  analytical  loss 
system  migiit,  for  example,  be  based  on  the  assump¬ 
tion  of  boundary  layers  which  are  fully  turbulent  at 
all  points.  An  experimentally  based  loss  system  can 
be  misleading  unless  the  tests  are  carefully  con¬ 
trolled  and  the  results  properly  analyzed  and  gener¬ 
alized.  The  significance  of  this  latter  point 
cannot  be  overemphasized.  In  Figure  18.6  the 
variations  with  Reynolds  number  of  the  normalized 
performance  of  a  number  of  cascades  from  various 
sources  is  illustrated.  As  would  be  expected  from 
the  complicated  sequence  of  events  that  can  occur  in 
a  cascade  boundary  layer  as  described  above,  no 
single  scaling  rule  appears  to  apply.  It  is  upon 
application  of  the  analyses  that  are  now  available 
that  the  situation  begins  to  become  clear. 

The  cascade  designer  has  at  his  disposal  two 
basically  different  approaches  to  the  boundary  layer 
calculation.  The  first  is  based  on  a  simplified  set 
of  equations,  correlations  and  criteria.  The  second 
is  based  on  a  more  fundamental  approach  which, 
although  more  complicated  and  time  consuming,  will 
provide  a  more  definitive  result.  As  an  example  of 
Che  first  type  of  approach  the  closed  form  integral 
boundary  layer  analysis  by  Dring  (Re.f.  (18.24))  is 
typical.  Although  it  is  presented  in  the  context  of 
a  turbulent  boundary  layer  it  car;  also  be  used  for 
laminar  flows  with  an  appropriate  clioice  of  con¬ 
stants.  Typical  of  the  many  conditions  used  in  the 
literature  to  correlate  the  occurrence  of  boundary 
layer  separation  is  the  following: 

l/n 

(-—  ) 

\  U  dS  /  (18.4.1) 

For  laminar  flow  n  =  1  and  Tggp  =  -0.1567  correspond 
to  the  Karman-Pohlhausen  solution  and  for  turbulent 
flow  n  =  4  and  Tgep  =  -0.06  correspond  to  the  Buri 
solution  (Ref.  (18.25)).  Similar  conditions  for  the 
occurrence  of  transition  and  relaminarization  have 
been  published  by  Dunham  (Ref.  (18.26))  and  by 
Launder  (Ref.  (18.27))  respectively.  Finally,  the 
work  of  Horton  (Ref.  (18.28))  and  Roberts  (Ref. 
(18.29))  provides  empirical  criteria  for  determining 
the  onset  and  size  of  separation  bubbles  as  well  as 
the  nature  of  the  boundary  laver  upon  reattachment, 
if  it  occurs.  With  an  analytical  arsenal  such  as 
this  even  the  complicated  boundary  layer  situation 
described  above  can  be  attacked. 

The  second,  more  fundamental,  approach  to  the 
analysis  of  turbine  airfoil  boundary  layers  is  com¬ 
posed  of  various  sopiust icated  solutions  of  the 
boundary  layer  equations  and  the  Navier-Stokes  equa¬ 
tions.  An  exhaustive  discussion  of  this  entire 
.area  of  computational  fluid  dynamics  is  presented  in 
Chapter  16.  Only  brief  mention  of  some  typical  work 
that  relates  to  the  prediction  of  airfoil  boundary 
layers  shall  be  related  here.  The  prediction  pro¬ 
cedure  of  McDonald  and  Fish  (Ref.  (18.30))  and 
Kreskovsky  et  al.  (Ref.  (18.31))  is  an  excellent 
example  of  the  high  quality  techniques  that  have 
been  perfected  in  recent  years.  This  single  com¬ 
putational  tool  provides  accurate  prediction  of 
laminar,  transitional  and  fully  turbulent  boundary 
layer  flow  as  well  as  relaminarization.  The  effects 
of  compressibility ,  Reynolds  number,  pressure 


It  can  be  shown  from  the  references  cited  above 
that  there  is  a  reduction  in  turbine  stage  efficiency 
of  approximately  1^%  for  every  percent  of  relative 
clearance.  Thus  it  is  an  unusual  unshrouded  turbine 
stage  which  is  not  giving  up  at  least  two  percent  in 
performance  to  this  mechanism.  This  powerful  impact 
has  led  turbine  designers  to  strive  for  minimal  clear¬ 
ances  as  well  as  to  minimize  the  penalty  occurring  for 
a  given  clearance.  This  and  other  endwall  loss  reduc¬ 
tion  schemes  are  discussed  in  the  following  section. 

18.5.6  Loss  Reduction  Devices 

As  a  result  of  the  powerful  Impact  endwall  loss 
mechanisms  have  on  turbine  performance  a  number  of 
attempts  have  been  made  to  reduce  these  penalties. 

Some  success  has  been  seen  in  these  attempts  but  it 
is  difficult  to  extrapolate  a  successful  device  from 
one  turbine  configuration  to  another.  There  is  the 
distinct  risk  that  a  loss  reduction  scheme,  if  im¬ 
properly  executed,  may  result  in  a  significant  loss 
increase.  With  this  in  mind  let  us  consider  a  few 
of  the  successes  that  have  been  reported. 

A  method  of  contouring  the  annulus  of  a  first 
vane  to  reduce  endwall  loss  has  been  presented  by 
Deich  et  al.  (Ref.  (18.63)).  Incorporation  of  this 
scheme  into  turbine  designs  has  produced  conflicting 
results.  Ewen  et  al.  (Ref,  (18.64))  applied  the 
scheme  to  a  small  axial  turbine  and  saw  a  remarkable 
improvement  in  performance.  The  results  of  Okapuu 
(Ref.  (18,65)),  however,  indicate  no  effect  on  per¬ 
formance  at  the  design  point  but  some  Improvement 
at  lower  pressure  ratios. 

Another  trial-and-error  approach  to  the  re¬ 
duction  of  endwall  loss  has  been  followed  by 
Prumper  (Ref.  (18.66)).  He  employed  boundary  layer 
fences  of  varying  size,  shape  and  location  in  an 
attempt  to  reduce  the  endwall  loss  in  an  annular 
cascade  of  first  vanes.  The  result  was  that  after 
testing  over  four  hundred  configurations,  an 
optimum  was  established  which  gave  a  significant 
improvement  in  performance.  The  underlying  physics 
and  its  universality,  however,  remain  to  be 
determined. 

The  area  of  unshrouded  rotor  tips  and  rubstrips 
has  also  received  considerable  attention.  Grooves 
and  recesses  have  been  cut  into  the  airfoil  tips  in 
an  attempt  to  make  them  behave  as  labyrinth  seals. 
Rubstrips  have  been  recessed  radially  in  an  attempt 
to  keep  them  in  a  low  flow,  separated,  environment, 
Rubstrips  have  also  been  made  out  of  honeycomb  in  an 
effort  to  reduce  the  running  clearance  as  well  as 
to  reduce  the  loss  for  a  given  clearance. 

Turbine  endwall  loss  reduction  is  at  this  point 
a  black  art  and  without  any  real  design  discipline. 

It  is  at  best  a  trial-and-error  approach  with  no 
guarantee  that  success  in  one  application  can  be  ex¬ 
trapolated  to  another  application.  The  underlying 
problem  is  the  basic  lack  of  understanding  of  the 
composite  of  the  numerous  mechanisms  that  go  into 
producing  endwall  loss. 

18.5.7  Conclusions 

At  this  point  the  conclusions  with  regard  to 
the  state-of-the-art  of  endwall  aerodynamics  rela¬ 
tive  to  that  of  profile  aerodynamics  must  be  obvious. 
Although  the  mechanisms  by  which  one  can  lose  total 
pressure  can  be  counted  on  the  fingers  of  one  hand, 
these  individual  effects  have  not  been  tied  together 
into  a  meaningful,  unified  picture. 


The  loss  correlations  that  have  been  derived 
are  at  best  inadequate.  Scatter  on  the  order  of 
100%  is  not  uncommon.  This  is  not  surprising  consi¬ 
dering  the  questions  of  net  and  gross  loss  and  the 
large  increase  in  endwall  loss  downstream  of  a  cas¬ 
cade.  Accurate  endwall  loss  correlations  may  even¬ 
tually  become  available  but  there  is  little  evidence 
of  it  today.  One  notable  exception  is  unshrouded 
rotor  tip  clearance  loss  which  appears  to  be  well 
within  the  realm  of  correlation. 

Analytical  attacks  on  the  problem  stem  from  a 
number  of  different  approaches.  Those  based  on  con¬ 
ventional  secondary  flow  and  three-dimensional  bound¬ 
ary  layer  arguments  are  at  present  inadequate. 

These  approaches  have  and  probably  will  continue  to 
contribute  to  our  understanding  of  the  situation 
but  the  ultimate  answer  is  probably  to  be  found  in 
the  fully,  or  quasi,  three-dimensional  numerical 
approach.  Although  still  in  its  infancy  this  approach 
has  the  potential  to  be  ultimately  successful. 

The  situation  today  is  that  design  control  does 
not  exist  and  that  the  trends  of  endwall  loss  with 
only  a  few  gross  parameters  can  be  predicted  with 
any  confidence. 

18.6  Parasitic  Loss 

18.6.0  Introduction 

In  the  present  context  the  term  "parasitic  loss" 
is  used  to  include  all  the  numerous  losses  arising 
from  flows  that  Leave  and/or  enter  the  mainstream 
flowpath  as  a  direct  result  of  gaps  or  clearances 
between  adjacent  pieces  of  hardware.  One ’distin¬ 
guishing  feature  of  parasitic  loss  relative  to  end- 
wall  loss  is  the  paucity  of  work  on  the  subject. 
Relative  to  all  o:her  sources  of  aerodynamic  loss 
parasitic  loss  has  received  the  least  attention  and 
yet,  as  shall  be  seen,  it  can  have  a  powerful  impact 
on  turbine  performance. 

18.6,1  Sources  and  Mechanisms 

Even  a  casual  inspection  of  any  typical  turbine 
will  reveal  a  surprisingly  large  number  of  gaps  and 
clearances  that  can  produce  parasitic  loss.  The 
only  type  to  receive  any  attention  at  all  in  the  lit¬ 
erature  is  the  tip  clearances  that  occur  on  shrouded 
rotors  (e.g.  Dunham  and  Came  (Ref.  (18.42))).  As 
illustrated  in  Figure  IS.IKa),  mainstream  air  can 
leave  the  flowpath,  flow  through  the  tip  (or  labvrinth) 
clearance  and  re-enter  the  flowpath.  The  loss  me¬ 
chanisms  include  the  throttling  as  the  flow  passes 
through  the  tip  seal  and  the  momentum  mixing  that 
occurs  as  the  leakage  flow  re-enters  the  mainstream 
flowpath.  The  driving  potential  for  the  leakage  flow 
is  the  static  pressure  drop  that  occurs  in  the  main¬ 
stream  between  the  inlet  and  exit  to  the  rotor  tip. 

An  aerodynamic  approach  to  minimizing  the  leakage 
flow  can  be  found  in  controlled-vortex  meridional 
plane  streamline  design.  The  reduction  in  tip  re¬ 
action  from  the  level  produced  by  free-vortex  design 
results  in  a  reduced  rotor  tip  static  pressure  drop. 
Thus  the  driving  potential  for  the  leakage  flow  is 
reduced.  Exotic  sealing  devices  are  also  emploved 
in  practice  to  minimize  the  leakage  flow. 

An  identical  and  equally  important  situation 
occurs  at  the  roots  of  stator  vanes.  The  presence 
of  the  rotor  shaft  beneath  them  necessitates  clear- 
.ances  and  sealing  devices  like  those  at  slirouded 
rotor  tips  (Figure  18.11(b)).  The  losses  pro¬ 
duced  by  vane  root  leakage  have  the  same  imp.ut  on 
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turbine  [u-rtormance  as  rotor  tip  leakage  losses. 

It  is  worchv  of  note  that  cent ro  1  lod-vortexing  can 
also  reduce  the  static  pressure  drop  across  the  vane 
rv.'ot  which  in  turn  reduces  these  leakage  flows. 

Another  type  or  leakage  flow  occurs  as  a  result 
v.a'  t'ne  gaps  between  the  platforms  of  adjacent  air- 
toils  in  a  row  (Figure  18.lUc)),  Mainstream  flow 
cun  enter  these  gaps  in  tlie  high  static  pressure 
region  towaid  the  iront  of  an  airfoil  row  and  then 
re-enter  the  m.iinstream  :  low'path  in  the  low  static 
pressure  region  at  the  aft  end  of  the  row.  Attempts 
to  minimize  these  flows  have  included  bonding  adja¬ 
cent  platforms,  mechanical  sealing  devices  and  also 
cot\!  arming  the  mechanical  design  of  the  gap  to  the 
pressure  gradients  in  the  flow  above  it  in  such  a 
way  as  to  minimize  leakage.  The  problem  has  upon 
occasion  been  completcLv  eliminated  by  making  the 
^.Midwall  platforms  out  of  continuous  hoops  and  then 
inserting  tlie  airfoil  profiles. 

Ihe  examples  of  parasitic  loss  discussed  above 
al!  !iaJ  in  comr.on  tlie  ract  that  they  were  driven  by 
-,a  i  nsi  rcu.  !  ilowpatii  pressure  differences.  This  is 
uot  ilwavs  tlie  case.  For  example,  the  cavities 
sur r.  v.:)d  i II,:  the  r-.'tor  disks  (Figure  18.11(d))  are 
liiiKed  r,  c  rile  mai  list  rtMi’i  bv  clearances  on  the  flow- 
put  a  uub.  ihese  clearunces  are  governed  by  the  mini- 
".u"  cup  lUu  essurv  to  prevent  a  rub  between  rotating 
ind  -tirionarv  fiurdwure  daring  transient  operation, 
ihe  r 'tut  in.:  vlisk  acts  like  a  pump  on  the  air  in  the 
■  ivii;  U'-  i  !’e.'.uit  o?  suriace  siiear  forces.  Tltis 
ii  . :  1  ;  causes  u  not  i  n.'^  i  gn  L  f  leant  dissipation  of 

r .  in  ailuition,  however,  this  higher  energv  air 
'■«  u  'ut  o:  t:-,e  cavitv  int<’  the  flowpath  where 
.  i  X  i  ;i  c.  ii'S'^e.^  oicur.  The  effect  is  to 
‘  '  :  ■  .'O  cnJwull  inuindarv  laver  entering  the  down- 

•Mu  1  r  V  ■  :  liri  i!'  und  hence  increase  the  endwall 
:  i  .  rcu.  riiu'  situation  is  further  compli- 
j'.  .  :  e  •rL-.ec.ce  .M  cooHng  air  deliberately 

!  ue  •,  ivitv  in  order  lo  protect  the 


As  mentioned  above,  however,  this  problem  is  compli¬ 
cated  by  interaction  of  the  thickened  endwall  bound¬ 
ary  layer  with  the  downstream  row  of  airfoils. 

18.6.2  Conclusions 

The  most  significant  advance  in  the  area  of 
parasitic  loss  is  that  the  nature  and  importance  of 
the  problem  is  becoming  appreciated.  Once  the  me¬ 
chanical  designer  has  done  his  best  to  minimize  clear¬ 
ances  it  is  up  to  the  aerodynamicist  to  do  the  best 
he  can  with  what  remains.  The  potential  for  success 
in  this  regard  is  clearly  evident  in  the  work  of 
Deich  et  al.  (Ref.  (18.68)).  In  this  example  large 
improvements  in  turbine  efficiency  were  gained  by 
using  endwall  platform  extensions.  They  had  the 
effect  of  forcing  the  air  entering  the  flowpath  at 
the  hub  to  have  an  axial  rather  than  a  radial  direc¬ 
tion.  The  point  is  that  even  with  the  clearances 
and  gaps  specified  there  are  often  aerodynamic  means 
bv  which  one  can  reduce  both  the  amount  of  leakage 
flow  and  the  loss  per  unit  leakage  flow. 

18.7  Structural  Excitation 

18.7.0  Introduction 

The  useful  life  of  a  turbine  airfoil  is  greatly 
affected  by  the  flow  in  which  it  is  immersed.  Both 
Che  thermal  stresses  (see  Chapter  19)  and  the  steady- 
state  gas  loadings,  for  example,  have  aerodynamic 
origins.  The  flow  is  also  responsible  for  airfoil 
vibratory  stresses,  the  least  publicized  consumer  of 
structural  endurance. 

Turbine  airfoils  ordinarily  fail  as  a  combined 
result  of  steady-state  and  cyclic  stresses.  Their 
interaction  can  be  quickly  appreciated  by  means  of 
the  Ooodman  diagram  (Figure  18.12),  a  commonly  used 
structural  design  device.  The  design  point  must 
lie  within  the  safe  region  in  order  to  be  found 
acceptable. 
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It  is  interesting  to  note  chat  no  methods 
now  exist  to  predict  the  magnitude  of  the  aerody- 
namioally  induced  vibratory  stresses.  Most  design¬ 
ers  simply  assume  that  they  will  not  exceed  values 
they  have  previously  experienced  because  they  have 
no  other  choice.  The  fact  that  many  engines  have 
had  to  employ  dampers,  inserts  and  ocher  fixes  in 
i'rder  to  reduce  cyclic  stresses  to  tolerable  levels 
shows  that  this  approach  is  not  entirely  satisfac¬ 
tory,  Premature  turbine  airfoil  failure  is  an  ex¬ 
pensive  and  dangerous  problem,  and  deserves  our  most 
serious  attention. 

Another  interesting  aspect  of  aerodynamic  vibra¬ 
tions  is  that  they  can  be  caused  in  two  entirely 
different  wavs,  as  described  below. 

18.7.1  Buf  f e t  ing 

An  airfoil  will  experience  buffet  stresses  when 
exposed  to  any  unsteadiness  in  the  surrounding  flow. 
The  xinsteadinoss  may  he  duo  lo  an  axially  propagating 
disturbance  (e.g,  coir.bustv-'r  turbulence  or  .afterburner 
transients),  but  the  most  important  effects  are 
usually  obtained  when  the  row  of  airfoils  cuts  through 
the  spatial  d i st urbanct's  (e.g.  wakes,  vortices  or 
potential  flow  field)  of  its  neighboring  rows. 

Bdeause  of  the  latter,  designers  carefully  avoid 
tuning  anv  n.ttural  airfoil  vibratory  mode  to  at  least 
thv  first  ten  orders  of  blade  passing  frequency  at  all 
■  'perat  i  nvi  ci'nd  it  i.'ns  . 
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gradients  and  freescream  turbulence  are  included  in 
the  analysis.  The  calculation  is  a  solution  of  a 
finite  difference  model  of  the  boundary  layer  equa¬ 
tions  with  an  integral  form  of  the  turbulence 
kinetic  energy  equation.  An  equally  rigorous  treat¬ 
ment  of  separation  bubbles  is  presented  by  Briley 
and  McDonald  (Ref.  (18.32)).  This  consists  of  a 
time  dependent  solution  of  the  Navier-Stokes  equa¬ 
tions  employing  the  McDonald-Fish  turbulence  model. 
The  intention  here  is  not  to  summarize  all  of  the 
work  in  the  computational  area  but  simply  to  point 
out  that  the  analytical  power  does  exist  for  the 
problems  at  hand. 

As  an  example  of  the  type  of  analytical  results 
that  have  been  produced  consider  Figure  18.7  from 
Ref.  (18.23).  The  variation  of  loss  with  Reynolds 
number  is  shown  for  a  cascade  and  the  effect  of  the 
nature  of  the  boundary  layer  is  demonstrated.  The 
transitional  boundary  layer  case  has  a  loss  level 
over  much  of  the  range  30%  below  the  fully  turbulent 
level.  The  incentive  is  clear  for  designing  air¬ 
foils  with  pressure  distributions  that  encourage  as 
much  laminar  and  transitional  flow  as  possible. 

The  conclusion  regarding  the  present  level  of 
understanding  and  predictability  of  the  boundary 
layers  on  gas  turbine  airfoils  is  that  the  cools  are 
now  available  to  do  reasonably  accurate  predictions. 
There  are,  however,  still  a  number  of  areas  in  need 
of  further  work.  One  of  the  examples  pointed  out  by 
Brown  and  Martin  (Ref.  (18.33))  in  their  review  of 
heat  transfer  predictions  is  chat  of  the  relatively 
subtle  and  competing  Influences  of  free-scream 
turbulence  and  favorable  pressure  gradient  on  the 
onset  of  transition. 

18.4.4  Wake  Mixing 

The  final  step  in  computing  cascade  performance 
is  the  wake  mixing  analysis.  This  is  a  conceptually 
straight-forward  control  volume  calculation  which 
establishes  the  uniform,  far  downstream  conditions 
once  the  conditions  have  been  specified  at  the  cas¬ 
cade  trailing  edge  plane.  Having  specified  the 
gapwise  variation  of  flow  properties  (static  pres¬ 
sure,  speed  and  direction)  in  the  potential  flow 
region  between  the  airfoils,  the  boundary  layer 
displacement  and  momentum  thicknesses  at  the  trailing 
edge,  and  finally  the  trailing  edge  blockage  and  base 
pressure  one  can  compute  exactly  the  far  downstream 
Mach  number,  flow  direction  and  ultimate  total 
pressure  loss  (Ref.  (18.14)).  This  type  of  analysis 
can  be  generalized  to  include  the  effects  of  trailing 
edge  discharge  of  cooling  air  (Ref.  (18.34)),  The 
feature  of  wake  flow  which  is  presently  not  at  all 
well  understood  is  the  base  pressure.  This  influence 
may  be  thought  of  as  a  form  drag.  For  most  cases 
the  trailing  edge  base  pressure  is  very  nearly  equal 
to  the  downstream  static  pressure.  Prust  and  Helon 
(Ref.  (18.35)),  however,  demonstrated  that  trailing 
edge  shape  can  have  a  pronounced  effect  on  airfoil 
performance.  The  fundamental  reason  for  the  effect 
was  that  the  base  pressure  was  varying  with  trailing 
edge  shape.  The  conclusion  from  their  work  is  that 
a  sharply  squared-off  trailing  edge  can  degrade  per¬ 
formance  significantly  by  lowering  base  pressure. 

The  advantages  of  rounded  trailing  edges  becomes 
apparent.  Another,  far  more  serious,  situation  that 
can  cause  a  lower  base  pressure  (increased  loss)  is 
high  exit  Mach  number.  MacMartin  and  Norbury  (Ref. 
(18.36))  report  base  pressures  40  to  50%  below  the 
downstream  static  pressure  for  exit  Mach  numbers 
between  1.0  and  1,3.  Base  pressure  levels  as  low  as 
this  have  a  major  Impact  on  the  transonic  perform¬ 
ance  of  turbine  cascades.  Until  a  basic  analysis  is 


devised  or  sufficient  experimental  data  is  amassed 
the  uncertainty  of  base  pressure  is  going  to  plague 
the  design  of  transonic  turbine  airfoils.  Evidence 
of  such  difficulty  can  even  now  be  seen  in  the  lit¬ 
erature.  In  Che  work  of  Waterman  (Kef.  (18.37)}  a 
surprisingly  large  increase  in  base  pressure  contri¬ 
buted  to  an  equally  significant  improvemenc  in  cas¬ 
cade  performance.  The  source  of  the  change  was  a 
relatively  subtle  change  in  the  airfoil  contour. 

The  conclusion  is  that  the  major  area  of  wake 
mixing  requiring  study  is  the  base  pressure  excur¬ 
sions  that  occur  in  transonic  flow.  The  problem  is 
further  complicated  by  the  fact  that  most  transonic 
airfoils  are  in  high  pressure  turbines  and  hence  are 
likely  to  have  trailing  edge  discharge  of  cooling 
air.  The  present  situation  is  simply  that  there  is 
no  design  control. 

18.4.5  Cascade  Testing 

During  the  years  prior  to  the  development  of 
the  analytical  capabilities  discussed  in  the  pre¬ 
ceding  sections  the  most  powerful  research  and  de¬ 
velopment  tool  available  to  the  turbine  aerodyna- 
micist  was  the  cascade  test.  The  types  of  informa¬ 
tion  that  could  be  produced  in  such  testing  include 
Che  airfoil  pressure  distribution,  loss,  surface 
flow  visualization  (to  indicate  separation  and  the 
:.aCure  of  the  boundary  layer)  and  schlieren  photo¬ 
graphs  (to  indicate  shock  locations).  A  large 
amount  of  parametric  testing  was  carried  out  with 
the  goal  of  improving  airfoil  performance  and 
developing  general  profile  loss  systems.  Cascade 
testing  is  still  used  today  as  a  basic  profile 
aerodynamic  research  tool.  The  value  of  the 
results,  however,  have  been  greatly  enhanced  by  the 
analysis  that  now  accompanies  them.  The  analysis 
has  helped  to  point  out  the  importance  of  running  a 
truly  controlled  test.  The  misleading  conclusions 
that  can  be  drawn  from  data  taken  without  proper 
simulation  of  variables  such  as  Reynolds  number, 
free-stream  turbulence  and  spanwise  streamtube 
divergence  can  be  made  clear  by  analysis  where  there 
is  a  far  greater  degree  of  control  over  the  indi¬ 
vidual  variables. 

Cascade  testing  today  focuses  on  those  areas  on 
the  fringes  of  aerodynamics  technology  where  analy¬ 
ses  are  either  being  developed  or  are  nonexistent. 
Transonic  aerodynamics  is  receiving  much  attention 
as  a  result  of  the  need  for  efficient  high  work  HPT 
stages.  The  specific  areas  include  the  trailing 
edge  shock  system  and  the  impact  of  the  'shock  on  the 
suction  surface  pressure  distribution  and  boundary 
layer.  Trailing  edge  base  pressure  is  also  receiv¬ 
ing  attention  in  that  it  has  direct  effects  on  both 
the  performance  and  the  shock  system.  Interest  in 
the  area  of  low  Reynolds  number  LPT  performance  has 
been  on  the  rise  as  a  result  of  trends  in  this 
direction  caused  by  higher  by-pass  ratio  engines. 

In  this  regime  the  rather  subtle  interactions  of 
Reynolds  number,  free-stream  turbulence  and  pressure 
gradient  are  under  study.  As  a  final  example  there 
is  the  area  of  spanwise  streamtube  divercence. 
Virtually  all  turbines  have  diverging  flow  paths. 

The  effect  of  this  divergence  on  a  high  turning  low 
reaction  airfoil  can  be  very  large.  There  are 
implications  on  both  the  potential  flow  and  the 
boundary  layer.  It  is  not  difficult  to  imagine  chat 
accurate  simulation  of  these  effects  is  extr^melv 
difficult  to  achieve. 

The  successful  execution  of  a  casroJi.'  tost  pro¬ 
gram  has  a  number  of  key  ingredients.  llu'  plun .’'-'H-no 
under  study  and  the  important  parameter'^  “usi  he 
defined  as  well  as  possible.  The  actual  c  is.  i 


test  situation  sliould  be  analyzed  to  raake  sure  it 
provides  an  adequate  simulation.  Before  the  test  is 
carried  out  analytical  predictions  oi  the  expected 
measured  results  sliould  be  available  for  immediate 
ci>mparison  with  test  results  as  they  become  avail¬ 
able.  In  terms  of  the  test  facility,  its  character¬ 
istics  should  be  well  understood  ahead  of  time.  For 
example,  inlet  distortions  not  only  in  the  total 
pressure  but  also  in  tiie  flow  direction  must  be 
documented  before  one  can  be^in  to  evaluate  airfoil 
performance.  Simple  flow  visualization  at  an  early 
stage  of  the  testing  can  provide  some  early  and 
frequently  startling  insight.  Finally,  the  impor¬ 
tance  of  a  high  accuracy,  dependable  data  system 
wicii  rapid  reduction  of  the  results  to  an  intelli¬ 
gible  form  cannot  be  overempliasized.  The  best 
clieck  on  data  is  an  immediate  comparison  with  the 
best  pred ic t ion  available. 

The  conclusion  is  that  cascade  testing  con¬ 
tinues  to  be  a  valuable  research  tool.  An  intim.ate 
marriage  between  testing  and  analytical  prediction 
tuily  serves  to  mutually  enhance  both. 

18.4.6  Cooling  Effects 

As  turbine  inlet  temperatures  have  risen  the 
need  for  increasingly  effective  airfoil  cooling  con¬ 
figurations  has  driven  the  turbine  designer  to  what 
are  referred  to  as  film  cooling  and  multi-hole 
cooling  schemes.  Both  are  discussed  at  length  in 
Chapter  19.  The  only  point  to  be  made  here  is  that 
these  cooling  schemes  have  a  first  order  effect  on 
airfoil  profile  performance.  In  b<'Ch  schemes 
cooling  air  is  brought  into  the  flow  field  through 
arrays  of  discharge  holes  in  tiic  airfoil  surface. 
U'lien  5  to  10/'.  of  the  flow  passing  through  a  cascade 
is  being  discharged  through  the  airfoil  surface  it 
is  not  surprising  that  performance  is  affected. 
Progress  in  understanding  these  effects  would  be 
facilitated  if  cascad"  loss  data  wore  reported  in 
their  entirety,  rather  chan  being  reduced  to  a 
single  elusive  parameter  (Ref.  (18.84)). 

The  impact  of  coolant  discharge  on  pressure 
distributions  under  most  circumstances  is  not  verv 
significant.  As  a  result  there  has  been  no  major 
analytical  effort  in  this  area.  It  would  not  be 
difficult,  howc'Vtr,  to  modify  any  one  of  the  numer- 
'’us  existing  potential  flow  calculations  to  include 
t'ne  effect  of  mass  addition. 

Far  and  away  the  major  influence  of  coolant 
d  i  si.  li.ir^e  on  cascade  perfi'rmant:e  is  as  a  result  of 
L.ital  pressure'  loss«‘s  due  to  mixing  of  the  coolant 
Hid  mainstream  fli'ws  and  alterations  to  the  nature 
V-)  f  the  bovindary  layer.  Both  effects  are  described 
in  :’:()re  detail  in  CiiapCer  IM.  The  point  to  remember 
is,  li(»wover,  tii.it  cooling  losses  can  equal  or  exceed 
all  I'llu-r  '.Ml  t  r  ibut  i  ons  to  tiu'  [irofiK'  loss  of 
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During  the  past  ion  vears  turbine  prof  j  le  at-m- 
•.;','na"',ics  iia.s  passed  from  a  state  of  being  almost 
ontifilv  dopeoilent  on  a  relatively  small  b->dy  oi 
xp- •  r  i  "ion  t  a  I  data,  to  its  proseiU  oonditi-*n  of  h.'ing 
b-is.  d  almi'St  totall'/  on  a  fundamental  analvrieal 
s.'quiMUe  'if  desigii  p  forc'd  ur<' .  Alt'no»i>;h  tl.i*re  an-  a 
nui'M-'T  :'i  ar'iMs  still  badlv  in  nord  oi  .uionlion, 
ti;e  mai''ritv  of  thr-  :.>rmor  probu:-,  ari'as  .no-  now 
sijbi'.Tt  r  a  iiicb  do, to-  of  analvii-.il  .f.sipn  <’ontrol. 


16.3  Endwall  Aerodynamics 


18.  a .  (.)  I ni  riidiu  t  ion 


In  tlie  context  used  here  the  term  endwall 
aerodynamics  will  refer  to  all  the  complex  three- 
dimensional  flow  phenomena  occurring  in  the  hub  and 
tip  regions  ol  a  turbine  flowpath.  The  endwall  loss 
relating  to  leakage  and  other  such  flows  that  leave 
and/or  enter  the  flowpath  is  referred  to  separately 
as  parasitic  loss  and  shall  be  discussed  in  section 
18.6.  The  concern  of  the  present  section  is  the 
large  concentrat ion  of  loss  and  flow  distortion  that 
occurs  near  the  endwalls  of  both  shrouded  and  un¬ 
shrouded  turbine  airfoils. 

The  state-of-the-art  of  understanding  and  pre¬ 
dicting  endwall  aerodynamics  is  extremely  primitive 
relative  to  that  of  profile  aerodynamics.  Strongly 
three-dimensional  endwall  flows  occur  as  a  result  of 
the  interacting  effects  of  inviscid  and  viscous  flow 
mechanisms.  In  addition,  whereas  profile  loss  is 
purely  a  tunction  of  the  row  of  airfoils  in  question 
the  endwall  loss  will  depend  on  the  nature  of  the 
endwall  flow  entering  the  row  and  hence  it  depends 
on  tije  endwall  region  performance  of  all  of  the  up¬ 
stream  rows.  Thus  the  endwall  performance  of  each 
row  cannot  be  uniquely  related  to  the  geometry  of 
that  row.  For  this  reason  one  is  in  the  position  of 
having  to  consider  net  (that  generated  within  the 
airfoil  row)  versus  gross  (the  total  appearing  at 
t!ie  exit  plane)  loss.  With  this  rather  challenging 
situation  in  mind  wc  shall  now  consider  some  of  the 
developments  that  have  occurred  in  the  area  of  end- 
wall  aerodynamics  during  the  past  ten  years. 

18.3.1  Experimental  Evidenct- 

The  evolution  of  the  manner  in  which  investi¬ 
gators  have  studied  endwall  eterodynamics  reflects  an 
increasing  degree  «'f  respect  for  the  complexity  of 
the  probK-m.  At  the  outset  endwall  loss  was  meas¬ 
ured  downstream  oi  cascades  in  much  the  same  manner 
as  profile  loss,  that  is,  with  little  or  no  regard 
lor  the  incoming  endwall  boundary  layer.  Concern 
then  began  to  expand  toward  what  was  entering  the 
cascade  i.n  tl>e  endwall  as  well  as  what  was  exiting 
from  it.  An  extremely  fine  example  of  this  can  be 
seen  in  the  work  by  Armstrong  (Ref.  (18.38))  where 
the  exit  plane  loss  was  siiown  to  depend  stronglv  on 
the  nature  of  the  inlet  boundary  layer.  A  review  of 
cascade  data,  especially  that  including  the  effect 
of  inlet  boundary  layer,  has  been  given  by  Dunham 
(Ref.  (IH.lh)).  He  presented  a  composite  gross  loss 
rorrelatii>n  of  the  available  data  witli  an  inlet 
houndarv  layer  thickness  dependence  in  the  form 


f(  ]/o)  =  0.0053  +  0.07vS  y;' •  1 /c 


(18.5.1) 


rh..‘  scattt'r  in  tiu*  data,  ijowever,  is  rather  large. 
Siihseqm*nt  w.'rk  bv  fane  (Ref.  (18.40))  and  bv  Morris 
and  iloari.-  ( Ko  1  .  ii8,41))  Uad  them  ti'  a  function  in 

Ihf  fiTn 

M  l/c)  =  O.on  +  n.J94  ('i/c)  (18.5.2) 

l-'rms  1  e.ul  t>'  romdilv  similar  c^MicUisions  over 
t  lu-  ranee  ol  l  ii«--  bulk  of  thf  data  (0  <  ^  0.07). 

Iwi'  i'Lhor  important  p.'ints  art'  menti^'n*".!  in  these 
papers.  Thi*  t  iixt  is  that  t  lit  Iosm  continues  to 
risf  t-'T  a  disiaiu-.  vi.‘wnst  r<- am  o*'  i  }u-  cascade.  This 
risi*  cannot  b*-  explainisl  bv  i>ndwall  skin  tricti('n 
alcne.  llu-  '.ccond  i'xiiu  is  that  far  mere  success 
was  had  i'l  «  .>rrolatim'  t  bt  .  is.  adr  loss  (in- 


ni-,  tiu-  inift  .  ndwait  J'ss)  t  nan  in  c.^ r r»' 1  at  i ne 


the  net  loss  (inlet  loss  subtracted  out).  Both 
observations  severely  aggravate  the  problem  of 
trying  to  develop  a  reliable  endwall  loss  correla¬ 
tion  for  design  purposes.  As  an  example  of  this, 
when  Dunham  and  Came  (Ref.  (18.42))  examined  the 
performance  of  a  number  of  turbine  rigs  they  were 
forced  to  correlate  the  data  with  a  single  constant 
instead  of  a  function  of  inlet  boundary  layer 
thickness.  Such  boundary  layer  data  is  rarely 
available  in  a  turbine  environment.  The  constant, 
f  =  0.0334,  corresponds  to  a  correlation  for  net 
loss  since  it  is  based  on  turbine  performance. 

Hence  it  is  not  comparable,  even  in  magnitude,  to 
either  of  the  above  correlations  for  gross  loss. 

The  trend  toward  more  highly  detailed  testing 
is  proceeding  to  its  logical  next  step  in  that  now 
careful  studies  are  being  conducted  within  the  cas¬ 
cade  passage.  Examples  of  this  approach  are  the 
fine  works  by  Langston  et  al.  (Ref.  (18.43)), 

Garrick  (Ref.  (18.44))  and  Sjolander  (Ref.  (18.45)). 
With  these  studies  a  far  more  complete  appreciation 
of  the  truly  complex  nature  of  the  flow  has  been 
achieved.  As  an  example,  consider  the  flow  visuali¬ 
zation  of  the  endwall  limiting  streamlines  taken  by 
Langston  et  al.  (Ref.  (18.43)),  presented  in  Figure 
18.8.  As  the  boundary  layer  (6/c  as  0.1)  approaches 
the  cascade  a  horse-shoe  vortex  is  formed  on  the  end- 
wall.  It  is  similar  to  that  which  the  boundary 
layer  forms  in  front  of  a  circular  cylinder  but 
displaced  away  from  the  extension  of  the  mean  camber 
line  coward  the  pressure  (concave)  surface.  This 
displacement  is  a  result  of  the  potential  flow 
around  the  airfoil.  This  vortex  is  a  feature  pecu¬ 
liar  to  cascades.  It  would  not  be  found,  for  exam¬ 
ple,  in  a  simple  turning  duct.  One  leg  of  the 
vortex  preceeds  down  the  channel  while  the  ocher  is 
wrapped  around  the  leading  edge  and  is  carried  down 
Che  adjacent  channel.  The  result  is  that  in  some 
areas  the  limiting  streamlines  at  Che  wall  are 
flowing  in  the  opposite  direction  of  the  mainstream 
potential  flow  above  them.  This  is  particularly 
true  in  the  region  near  the  pressure  surface  just 
behind  the  leading  edge  circle.  Most  of  the  fluid 
in  the  inlet  boundary  layer  is  carried  to  the 
suction  surface  in  the  vortex.  It  reaches  the 
suction  surface  approximately  halfway  (axially) 
through  the  cascade.  The  endwall  region  in  the 
channel  between  the  airfoils  downstream  of  this  vor¬ 
tex  is  virtually  void  of  fluid  coming  from  the  inlet 
boundary  layer.  The  boundary  layer  in  this  region 
is  extremely  thin  (6/c  =s.002)  and  skewed  toward  the 
suction  surface.  The  fluid  swept  to  the  suction 
surface  forms  an  intense  vortex  which  has  a  first 
order  effect  on  the  pressure  distributions  both  on 
the  endwall  and  on  the  airfoil  suction  surface.  The 
unloading  that  occurred  in  work  by  Langston  et  al. 
(Ref.  (18.43))  is  shown  in  Figure  18.9.  The  flow 
into  the  suction  surface  -  endwall  corner  is  so 
strong  that  the  occurrence  of  corner  stall  (back 
flow)  in  turbine  cascades  is  highly  unlikely.  The 
entire  process  can  be  seen  clearly  in  Figure  18.10. 

At  a  station  just  downstream  of  the  leading  edge  the 
distortion  of  the  inlet  boundary  layer  due  to  the 
legs  of  the  horse-shoe  vortex  is  visible  (Figure 
18.10a).  By  midchord  the  bulk  of  the  inlet  boundary 
layer  has  been  swept  over  to  the  suction  stirface 
leaving  an  extremely  thin  endwall  boundary  layer 
behind  it  (Fig.  18.10b).  Near  the  trailing  edge 
plane  the  flow  has  moved  up  the  suction  surface  and 
a  vortical  motion  is  apparent  (Fig.  18.10c),  As  the 
vortex  proceeds  downstream  of  tlie  cascade  it  decays 
slowly  (relative  to  a  two-dimensional  wake)  and  in 
the  process  produces  significant  additional  loss. 


This  is  a  description  of  what  has  been  observed 
in  a  plane  cascade  with  a  collateral  (unskewed)  inlet 
boundary  layer.  In  a  turbine  environment,  however, 
the  inlet  boundary  layer  could  be  highly  skewed.  As 
pointed  out  by  Moore  and  Richardson  (Ref.  (18.46)) 
inlet  skew  can  have  a  favorable  effect  in  compressors 
where  it  tends  to  drive  the  low  momentum  boundary 
layer  fluid  away  from  the  suction  surface  and  toward 
the  pressure  surface  (opposing  the  endwall  flow). 

In  a  turbine  just  the  opposite  occurs.  The  inlet 
skewing  drives  the  Inlet  boundary  layer  fluid  toward 
the  suction  surface  and  as  a  result  enhances  the 
endwall  flow.  The  data  taken  by  Garrick  (Ref. 

(18.44) )  demonstrates  that  inlet  skewing  can  cause 
a  significant  increase  in  cascade  endwall  loss. 

Another  troublesome  feature  of  endwall  flows  is 
the  spanwlse  mixing  they  produce.  The  streamwise 
vortices  produced  near  the  endwalls  cause  strong 
mixing  of  incident  radial  profiles  of  total  pres¬ 
sure  and  total  temperature.  This  causes  problems 
both  in  the  axisymmetric  meridional  plane  stream¬ 
line  analysis  where  the  conventional  assumption  is 
chat  there  is  no  transport  between  stream  tubes, 
and  also  in  designing  rotor  blades  where  it  is 
desirable  to  have  a  particular  spanwise  temperature 
distribution  so  chat  the  highly  stressed  sections 
are  not  in  the  highest  temperature  flow  region. 

The  spanwise  mixing  is  very  intense  close  to 
the  endwall  due  to  the  vortices  discussed  above. 

Even  well  above  the  endwall,  however,  there  can 
also  be  relatively  strong  streamwise  vorticity. 

The  source  of  this  is  the  streamwise  vorticity  pro¬ 
duced  by  putting  relatively  weak  shear  flows  through 
high  deflection  cascades.  This  phenomenon  is  dis¬ 
cussed  in  the  following  section. 

18.5,2  Classical  Secondary  Flow  Analysis 

The  aspect  of  endwall  aerodynamics  to  first 
receive  analytical  attention  was  secondary  flow, 
inviscid  rotational  flows  produce  a  streamwise  com¬ 
ponent  of  vorticity  when  tliey  are  put  through  a  de¬ 
flection.  The  original  work  bv  Squire  and  Winter 
(Ref,  (18,47))  and  the  classic  by  Hawthorne  (Ref. 

(18. 45) '  provide  ample  clear  evidence  of  the  nature 
of  this  phenomenon.  Tljc  theory  of  secondary 

has  been  generalized  by  Hawthorne  (Ref.  (18.49))  to 
laclude  the  effects  of  stratified,  compressible 
fluids  in  a  rotating  frame  of  reference.  This  is 
an  essential  feature  when  ''onsidering  secondary  flow 
effects  in  turbine  rotor  blade  passages.  The  recent 
work  by  Game  and  Marsh  (Ref.  (18.30))  presents  a 
simple  derivation  not  only  of  tlie  distributed  sec¬ 
ondary  vorticity  but  also  of  the  trailing  filament 
and  shed  vorticitv.  Taking  the  normal  assumptions  of 
secondary  flow,  most  notably  that  it  doesn’t  alter  the 
primary  flow,  Belik  (Kef.  08.3!))  pi;r!i>rmed  a  verv 
thor-nigh  parametric  analvsis  of  sccvnularv  flow  losses. 
In  tills  inviscid  analvsis  tiic  kinetic  enerev  of  the 
rel.Ttive  secondary  motion  was  taken  to  be  lost. 

His  analysis  included  variations  in  the  inlet  ve¬ 
locity  profile  shape,  velocitv  triangles,  ispect 
rati«‘'  and  soliditv.  Tiu’  results  sju.wed  rcmarkablv 
good  qualitative  agreement  witii  endwall  loss  dat  i 
from  a  number  ot  sonrics.  In  .m  eltort  to  provide 
a  more  generally  .ipplit-ahle  analvsis  Stuart  and 
Iletherington  (Ref.  (I8.SJ))  devised  a  method  whicit 
permitted  a  strong  coupling  between  tlie  primary  and 
secondary  flows.  The  result  w.is  that  severe  dis¬ 
tortions  of  the  Bernoulli  surfaces  ,ovild  be  accounted 
for. 


Classical  secondary  flow  analysis  has  the  po-* 
tential  of  being  helpful  in  understanding  spanvise 
mixing  in  that  viscosity  may  not  necessarily  have 
a  strong  role  away  from  the  endwalls.  In  light  of 
the  complex  viscous  nature  of  the  endvall  flow  des¬ 
cribed  earlier  it  would  seem  optimistic  to  expect 
this  mechanism  to  make  anything  more  than  a  rela¬ 
tively  small  contribution  to  the  total  endwall  loss 
picture . 

18.5.3  Endwall  Boundary  Layer  Analysis 

The  application  of  boundary  layer  theory  to  the 
endwall  problem  in  turboraachinery  has  followed  two 
distinctly  different  paths.  The  first  consists  of 
tangentially  averaging  the  annulus  boundary  layer 
equations*  and  then*  with  additional  approximations, 
following  the  growth  of  the  boundary  layer  axially 
through  the  machine.  The  work  by  Mellor  and  Wood 
(Ref.  (18.53))  is  an  example  of  this  approach.  This 
method  has  met  with  some  success  in  compressor  ap¬ 
plications  where  the  solidity  is  high  and  the  turn¬ 
ing  is  low  relative  to  turbines.  Owing  to  the  very 
strong  cross-flows  and  the  large  gapwlse  variation 
in  the  endwall  boundary  layer  in  a  turbine  cascade* 
it  would  appear  that  the  gap-averaged  approach  offers 
little  hope. 

The  second  approach  consists  of  solving  the 
three-dimensional  boundary  layer  equations  over  the 
cascade  endwall.  Nager  (Ref.  (18.54))  presented  a 
study  of  the  momentum- integral  form  of  the  equations 
which  was  not  limited  to  weak  cross-flows.  This  work 
was  applied  to  the  case  of  a  turbine  cascade  endwall 
boundary  layer  by  Dring  (Ref.  (18.55)).  The  flow- 
path  between  the  cascade  airfoils  was  treated  as  a 
duct.  In  this  way  the  complexity  of  the  leading  edge 
flow,  most  notably  the  horse-shoe  vortex,  was  avoided. 
The  solution  gave  qualitatively  reasonable  predic¬ 
tions  of  the  endwall  flow  In  that  for  the  case  pre¬ 
sented  the  incoming  limiting  streamlines  (on  the 
endwall  surface)  reached  the  suction  surface  at  an 
axial  location  approximately  halfway  through  the  cas¬ 
cade.  The  predicted  losses,  however,  were  generally 
well  below  the  measured  values.  Booth  (Ref.  (18.56)) 
extended  this  approach  to  Include  the  effects  of  com¬ 
pressibility.  His  loss  calculation  Included  an  addi¬ 
tional  effect  due  to  the  displaced  Inviscld  flow. 

For  several  first  vane  test  cases  his  predictions 
were  also  significantly  below  measured  loss  values. 
Carrlck  (Ref.  (18.44))  applied  the  general  Integral 
method  of  Smith  (Ref.  (18,57))  to  the  cascade  endwall 
problem.  Steps  were  taken  to  include  a  degree  of 
periodicity  in  the  boundary  layer  ahead  of  the  cascade 
leading  edge  but  not  to  the  extent  necessary  to 
account  for  the  complex  nature  of  the  flow  observed 
by  Langston  et  al.  (Ref,  (18,43)).  Even  more  power¬ 
ful  three-dimensional  boundary  layer  analyses  are 
available  (e.g,  Nash  and  Patel  (Ref.  (18.58)))  but 
one  must  keep  in  mind  that  many  aspects  of  the  turbine 
endwall  flow  do  not  satisfy  the  basic  boundary  layer 
approximations.  The  horse-shoe  vortex,  the  back-flow 
region  behind  it  and  the  alterations  to  the  two- 
dimensional  pressure  distribution  are  features  beyond 
the  scope  of  boundary  layer  analysis. 

18.5.4  Three-Dimensional  Flow  Analysis 

The  recent  availability  of  larger  and  faster 
computational  facilities  has  made  possible  the  fully 
three-dimensional  flow  analysis.  This  area  of  com¬ 
putational  fluid  dynamics  is  described  at  length  in 
Chapter  16.  Attention  here  shall  be  restricted  to  an 


example  of  such  a  calculation  as  it  has  been  applied 
to  the  turbine  cascade  endwall  flow  problem.  The 
calculation  by  Waterman  (Ref.  (18.37))  and  by  Water¬ 
man  and  Tall  (Ref.  (18.59))  is  a  fully  viscous 
solution  of  the  three-dimensional,  incompressible 
fluid  flow  equations.  The  calculation  was  ex¬ 
ecuted  for  several  geometrically  complex  first  vane 
annular  cascades.  The  full  equations  were  "split" 
into  separate  equations  containing  the  viscous  and 
pressure  effects.  The  viscous  equation  was  made 
parabolic  by  the  assumption  that  the  strearawise 
diffusion  terms  are  negligible.  This  permitted  a 
standard  marching  solution  with  each  step  containing 
a  solution  of  the  elliptic  in-plane  equation.  The 
equation  containing  the  pressure  effects  is  fully 
elliptic  and  is  solved  by  relaxation.  It  includes 
a  displacement  effect  due  to  the  viscous  equation. 

By  this  means  a  coupling  has  been  achieved  between 
the  viscous  and  inviscid  phenomena.  The  advantages 
over  the  inviscid  secondary  flow  and  viscous  boundary 
layer  analyses  become  clear.  Although  there  are 
many  features  of  the  analysis  that  one  might  argue 
about,  the  fact  remains  that  this  approach  has  the 
potential  to  account  for  more  of  the  observed  fea¬ 
tures  of  turbine  endwall  flows  than  any  other  approach 
currently  available. 

18.5.5  Unshrouded  Rotor  Tip  Leakage 

The  clearance  between  the  tip  of  a  turbine  blade 
and  the  outer  air  seal,  or  rubstrip,  has  long  been 
recognized  as  a  source  of  large  turbine  inefficien¬ 
cies.  Every  effort  is  made  to  reduce  this  clearance 
mechanically.  However,  as  a  result  of  mechanical 
and  thermal  transients,  eccentricities  and  other 
reasons  the  running  clearance  on  most  gas  turbine 
rotor  tips  is  between  1  and  5%  of  the  blade  span.  In 
turbines  where,  for  cycle  reasons,  the  flow  area  is 
to  be  varied  a  similar  situation  occurs.  A  relatively 
simple  means  of  varying  flow  area  is  to  rotate  the 
vanes  about  a  radial  axis.  The  resulting  mechanical 
configuration  can  have  clearances  between  the  airfoil 
and  the  flowpath  annulus  at  both  the  root  and  the 
tip.  Thus,  as  many  as  three  clearances  can  be  pre¬ 
sent  in  a  single  turbine  stage.  The  topic  of  clearance 
losses  in  shrouded  rotors  is  discussed  in  Section 
18,6.  This  mechanism  is  included  under  parasitic 
loss  since  it  involves  flow  which  leaves  and  re-enters 
the  flowpath. 

The  Impact  of  these  clearances  on  turbine  per¬ 
formance  has  been  under  continuous  study  for  years. 

This  source  of  endwall  loss  has  a  unique  feature 
which  makes  it  relatively  easy  to  study  experimen¬ 
tally.  That  is,  that  the  clearance  in  a  rig  or  cas¬ 
cade  test  can  usually  be  easily  varied  and  the  impact 
of  clearance  on  performance  can  be  isolated.  The 
result  is  that  there  Is  a  large  body  of  cascade  and 
rotating  rig  data  available  (e.g.  Refs.  (18.60), 
(18.61),  and  (18.62))  which  permits  one  to  construct 
a  relatively  accurate  correlation  of  performance 
penalty  as  a  function  of  relative  clearance  and  other 
variables.  A  simple  order-of-magnitude  study  will 
indicate  that,  except  for  very  small  clearances,  the 
flow  in  a  clearance  gap  is  dominated  by  the  pressure 
difference  across  an  airfoil  and  not  by  the  viscous 
effects  in  the  gap.  For  this  reason  the  effects  of 
relative  wall  motion,  as  in  the  case  of  a  rotor  tip, 
are  usually  weak.  Hence  a  correlation  based  on  rotor 
tip  data  would  be  expected  to  be  adequate  for  the 
prediction  of  variable  area  vane  clearance  losses 
where  there  is  no  relative  wall  motion. 
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18.7.2  Flutter 


Under  some  conditions  a  row  of  airfoils  operat¬ 
ing  in  a  completely  uniform  flow  can  enter  into  a 
spontaneous  (or  self-excited)  oscillation  known  as 
flutter.  The  motion  is  sustained  by  net  energy  ex¬ 
tracted  from  the  uniform  flow  during  each  vibratory 
cycle,  the  observed  frequency  generally  corresponding 
to  one  of  the  lower  blade  or  coupled  blade/disk 
natural  frequencies . 

The  outstanding  feature  of  flutter  is  that  the 
accompanying  stresses  are  usually  much  higher  than 
was  allowed  for  in  the  design,  and  the  life  corres¬ 
pondingly  reduced. 

Very  little  is  said  or  written  about  turbine 
flutter,  leaving  the  impression  that  it  never  occurs. 
Perhaps  the  thick,  heavy  turbine  parts  do  not  seem 
capable  of  responding  to  the  wind  in  that  manner. 
These  impressions  are,  however,  incorrect,  and  tur¬ 
bines  can  and  do  flutter.  Our  experience  indicates, 
in  fact,  that  turbines  behave  much  like  compressors 
in  the  sense  that  flutter  should  be  anticipated 
whenever  the  reduced  natural  frequency  (flow 
velocity/axial  chord  x  blade  natural  frequency) 
approaches  unity.  If  that  is  the  case,  we  may 
immediately  conclude  that  the  trend  towards  higher 
flow  velocities  may  also  increase  the  probability 
of  flutter.  We  would  also  conclude  that  this 
source  of  airfoil  structural  excitation  is  worthy 
of  study. 

18.8  Stage  Performance 
18.8.0  Introduction 

The  time  has  come  for  us  to  face  the  crucial 
questions  about  turbine  aerodynamic  design.  Have 
reliable  means  been  found  for  increasing  efficiency? 
If  so,  what  approaches  have  been  most  fruitful,  and 
have  they  been  fully  exploited?  What  are  the  most 
promising  future  directions? 

One  solid  measure  of  our  control  over  turbine 
aerodynamics  is  stage  performance.  Since  each  stage 
is  affected  by  many  of  the  phenomena  previously  dis¬ 
cussed,  it  challenges  the  totality  of  the  knowledge 
of  the  designer. 

18.8.1  The  Limits  of  Uncooled  Stage  Performance 

We  are  indeed  fortunate  that  Smith  (Ref. 
provided  a  1965  benchmark  against  which  uncooled  tur¬ 
bine  efficiency  progress  can  be  gauged.  Smith  used 
existing  single  stage  data  to  establish  efficiencv 
contours  on  a  stage  loading  coefficient  -  flow 
ficiant  chart,  based  on  mean  flow  conditions  and 
mean  wheel  speed.  The  chart  reveals  that  there  is 
a  maximum  efficiency  that  can  be  obtained  at  anv 
given  stage  loading.  When  the  locus  of  these  points 
Is  plotted  on  an  efficiency  -  stage  loading  c.-)ef- 
ficient  chart  (see  the  lower  curve  on  Figure  18.131, 
the  upper  bound  for  possible  turbine  performance  is 
established.  Please  note  that  Smith's  data  were 
corrected  to  zero  tip  leakage  and  that  most  of  his 
stages  had  axial  entry,  which  gives  them  the  somewh.it 
artificial  benefit  of  about  2?  in  efficiency. 

A  particularly  interesting  aspect  of  the  Smith 
contour  in  Figure  18.13  is  the  rapid  decrease  of 
stage  efficiency  with  increasing  stage  loading  coef¬ 
ficient.  With  data  like  this  In  hand  it  is  small 
wonder  that  designers  hesitated  to  venture  much  be¬ 
yond  a  stage  loading  coefficient  of  2. 


The  upper  curve  in  Figure  18.13  represents  our 
best  estimate  as  to  where  the  boundary  stands  today. 

It  is  based  primarily  upon  data,  yet  supported  by 
considerable  analysis  and  experience.  Special  note 
should  be  taken  of  the  fact  that  the  data  are  from 
stages  with  non-axial  inlet  flows  and  realistic 
clearances,  trailing  edge  thicknesses,  platforms,  and 
sealing  arrangements.  Comparison  of  these  curves 
leads  to  two  major  conclusions.  First,  earlier 
methods  are  perfectly-  adequate  for  designing  lightly 
Loaded  stages  (stage  loading  coefficient  ■  2). 

Second,  the  penalty  associated  with  highly  loaded 
Stages  (stage  loading  coefficient  '  2)  is  consi¬ 
derably  less  than  previously  thought.  Special 
note  should  be  taken  of  the  apparent  flatness  of 
the  presently  recognized  boundary.  This  has  madt^ 
it  possible,  in  fan-drive  turbines  for  example,  to 
trade  several  stages  for  only  a  few  points  of 
efficiency,  as  was  done  in  the  case  of  the  JT9I). 

These  Improvements  are  neither  accidental  nor  beyond 
the  grasp  of  any  serious  designer,  and  open  the  door 
to  many  possib i 1 it ies  once  considered  forbidden.  We 
will  describe  below  some  of  the  methods  which  have 
contributed  to  these  advances, 

18.8.2  Control  led -Vortex  Aerodynamics 

Turbine  aerodynami.  design  systems  originally 
used  a  free-vtirtex  ca  1  cu  1  a t  ion  procedure  largelv 
because  of  its  mathematical  simplicity.  Vnfortun- 
atelv,  free-vortex  designs  exhinij  an  undesirablt' 
radial  d i st r  ibut  i.m  of  rotor  rt-ao t  i  on .  Rotor  reac¬ 
tion  decreases  from  tip  to  in  such  u  turbine 

and  can  even  bect>m‘>  negative  at  the  roct.  Small 
root  reactions  .an  make  it  extremelv  difficult 
to  contour  a  nassace  which  remains  attached.  Large 
blade  tip  reirtion.s  lead  to  t'xcessi\’e  leakage'  losses 
in  shrouded  maef*  int-s  . 

i*uring  the  mid-s  i  xr  i  es  it  became  abundantly 
clear  faat  a  ; undament  i  i  harrier  to  designing  effi¬ 
cient.  highlv  loaded  St  iices  was  flow  separation  in 
the  low  real  ij.«n  regi.in  o?  tiu’  rotor  blade  root. 

Not  onlv  did  this  i  au'^e  large  localized  losses,  b\ 
cl\e  unexpe..tcd  hl.o  kagv  ups,*t  the  intended  flow 
pattern  a.Toss  mu.ri  .-i  i;a-  urfoi]  span.  In  this 
manner  a<lditi  'na'.  1  apoear  awav  from  the  wall, 

as  well  <is  ill  -.ubs.  .,ucnt  r  'ws  ot  a  m.ulti-stage 
machine. 

This  ieac  t'-  a  s^-arv  f.  *.r  f  U-w  patterns  which 
w.uild  alleviaix  : ue  nrblem.  For ; una t e 1 v ,  stream¬ 
line  I  al.-ul.it  io'i  •'r•■^  .  iarx-s  v.  re  alreauv  available 
t>'  pM.-rmit  the  dt-sicr.  .'t  turbines  with  .areiall" 
tail'.-red  radial  c  i  - 1  r  i  nu  t  i  a”.s  rea-iion.  ''‘vsti’"- 

atis-  ini’.vti'u!  .‘i  ‘Ve.;  su  ;  u- 

t{  u>  He.  r.  a->.-d  r  -  'l  rt.a  ti.-n  iit.tinc  thi  -i;  c'- 
vist  'w  rk  ‘A  r' i''-  .1  •  re  la  the  w  'rk  j 

it  I  :k-  r  •  t  .  i.  >  "  t  :  rn  i  w  j  -  r  -  ,  . ;  r  t  .1 .  ]  e  ,  e  ;•">  i  1 1 

i  I  uat  i-«n  :  r  a  it  to.  tip,  wu.  rt,-  a.:.:  i  t  .  on.t  ; 

Work  ■  in  -'e  wit.i':!  i  u  i  t .  mo:,  uon- 

•  '•nst  int  w.-r.<  ra  hims  have  •.•ore  t.'  o.  knew”',  i" 

.  ont  r  '  I  1  •d- V  -  rt t.  \  t  ui  h  io.ev  . 

ihe  su.  .  es',  '!  tuis  apvro.i  h  has  hi-t-n  .c' ;  v. 

d. s  i.-ont  f  d  e- ••  hv-rran  it  il.  ‘Kej.  I'-.loii.  ,^•,'... 

l-'fi’crar  the',  (ier.vi'^t  r  it  ed  ,i  iiigiuv  lo.ivle.i,  .vitr  .!e.j- 
V.'rtex  turhini-  stage  wiHku  .  ons  i  dera!' ;  v  r  ii  sed  tiu 
elfiv-ien.v  standard  t  -  Ra.s  ,u  a  st.ici.'  iding  .eei- 
tiiient  of  i.-h  iFigure  In  a:i. 'titer  pro.T.i:- 

t  hev  compared  i  -'nt  rol led- vor t  ex  and  l ree-ver t  l  x 
stages  under  exa^tlv  t!ie  same  c.^nditi-'iis  .ntd  ri‘\iicej 
a  l.h'  gain  in  efli.  ien<  v  at  .i  stage  1  idin.-  e. 
fi..  iiTit  oi  l.M.  ihev  repeatedlv  found  tiien  : ‘..it 

e. int re  1  1  ed-vort ex  (iesign  lead  ti'  better  perirr-aiue 
aeross  tin-  entire  span  'Figure  Ib.l-i*'',  There  veas 
no  indication  that  .in  unusual  iv  distorted  exit 


condition  will  be  produced  in  a  multistage  controlled- 
vortex  turbine  due  to  the  stacking  up  of  nonuniform 
work  profile  effects.  This  is  due  to  the  relatively 
small  change  in  each  stage,  relative  to  a  free- 
vortex  design,  and  the  improved  efficiency  near  the 
endwalls  which  actually  results  in  an  Improved  tem¬ 
perature  distribution.  In  addition,  an  analysis  of 
the  actual  flow  distribution  has  shown  that  the 
controlled-vortex  stage  has  less  tendency  to  force 
the  flow  away  from  the  endwalls,  and  measurements 
have  shown  that  the  flow  per  unit  area  is  more  uniform 
than  for  the  free-vortex  stages. 

18.8.3  Some  Related  Considerations 

The  above  remarks  are  not  intended  to  imply  that 
the  rest  is  now  easy.  On  the  contrary,  many  other 
techniques  must  be  brought  to  bear  in  order  to  in¬ 
sure  continuing  progress.  Some  of  them  will  be  dis¬ 
cussed  in  this  Section. 

Correct  airfoil  contouring  has  already  been 
mentioned  frequently,  and  certainly  affects  achiev¬ 
able  stage  performance.  As  loading  increases,  even 
the  midspan  airfoil  section  becomes  more  and  more 
difficult  to  design.  Once  gross  separation  occurs, 
the  aerodynamic  losses  become  prohibitively  high,  and 
nothing  approaching  the  upper  stage  efficiency  limit 
can  be  reached.  Successful  design  of  highly  loaded 
stages  is  best  accomplished  with  the  combined  help 
of  controlled-vortex  flow  patterns  and  good  airfoil 
contouring  methods. 

Small  gas  turbines  have  special  problems  of 
their  own,  one  of  the  outstanding  being  the  excessive 
endwall  flow  losses  which  accompany  their  low  aspect 
ratio  airfoils.  In  fact,  as  cycle  temperatures  and 
pressures  increase,  this  situation  is  spreading  to 
bigger  machines.  As  we  have  seen  so  often,  the  large 
disturbances  near  the  endwalls  upset  the  entire  flow 
field  and  scrip  the  designer  of  his  ability  to  con¬ 
trol  Che  outcome.  One  method  for  dealing  with  this 
situation  might  be  to  reduce  the  endwall  loss  and 
cross-flows  at  the  walls  by  reducing  Che  turning 
and  work  done  there.  This  can  be  thought  of  as 
controlled-vortex  aerodynamics  of  a  different  sort. 
Midspan  turning  must,  of  course,  be  slightly  Increased 
in  order  to  maintain  constant  work  extraction.  In 
this  way  performance  would  be  Improved  both  by  doing 
more  of  the  work  in  the  more  efficient  region  of  the 
airfoil  and  by  unloading  the  endwalls.  This  notion 
was  put  to  the  test  by  Schlegel  et  ai.  (Ref.  (18.9)) 
with  excellent  results.  The  design-point  perfor¬ 
mance  of  a  research  turbine  stage  revealed  a  1.2% 
efficiency  improvement  over  the  baseline  stage  which 
it  directly  replaced.  Furthermore,  the  flow  field 
behaved  much  more  in  accordance  with  the  design  in¬ 
tent  in  the  research  stage. 

One  may  freely  speculate  that  the  very  best 
turbines  of  the  future  will  contain  all  of  the  ideas 
described  above.  This  was  distinctly  the  case  of 
Welna  and  Dahlberg  (Ref.  (18.70)  and  Figure  18.13), 
in  which  these  approaches  were  combined  and  applied 
in  a  straight-forward  way  to  their  turbine.  It 
should  be  particularly  borne  in  mind  that  they  ex¬ 
ceeded  the  ambitious  goal  of  their  program  on  the 
first  try.  Better  testimony  on  behalf  of  modern 
metliiuls  can  hardly  be  expected. 

Not  all  ideas  are  good  ones,  however.  Many 
tricks  have  been  proposed  and  tried  through  the  years 
with  no  success.  Among  these  are  various  schemes 
which  tilt,  lean,  sweep,  bow,  serrate,  place  in 
tandem,  or  slit  turbine  airfoils,  none  of  which  has 
demonstrated  superior  performance . 


It  is  difficult  if  not  hopeless  to  attempt  to 
define  an  efficiency  boundary  for  cooled  stages 
because  the  number  of  degrees  of  freedom  is  so  large. 
Furthermore,  the  lack  of  completeness  and  consist¬ 
ency  of  reported  results  has  made  it  difficult  to 
establish  an  adequate  data  base.  Suffice  it  to  say 
that  the  best  aerodynamics  are  applied  to  maintain 
cooled  stage  performance,  and  yet  a  stage  efficiency 
of  even  less  than  85%  might  be  adequate  in  some  high 
temperature  applications. 

18.9  Looking  Ahead 

It  is  already  clear  that  the  future  holds  many 
opportunities  and  challenges  for  gas  turbine  tech¬ 
nology.  We  shall  briefly  outline  some  of  the  out¬ 
standing  expected  developments  in  this  section,  as 
well  as  their  meaning  to  turbine  aerodynamics. 

The  most  exciting  new  concept  in  propulsion 
technology  is  the  variable  cycle  engine  (VCE).  Pro¬ 
viding  sufficient  flexibility  to  flowpath  geometry 
will  enable  the  VCE  to  continuously  match  its  char¬ 
acteristics  to  the  needs  of  the  airframe  while  in 
flight.  The  large  gains  of  system  performance 
offered  by  the  VCE  make  Its  development  within  this 
century  almost  certain.  In  fact,  several  propulsion 
companies  have  already  modified  existing  engines  In 
order  to  gain  early  experience  with  the  VCE  concept. 

An  essential  ingredient  of  the  VCE  is  the  vari¬ 
able  area  turbine  (VAT).  As  presently  conceived,  the 
VAT  will  replace  one  or  more  rows  of  fixed  airfoils 
with  rows  of  airfoils  which  can  be  adjusted  by  rota¬ 
tion  about  a  radial  axis.  In  this  manner,  the  tur¬ 
bine  operating  map  can  be  continuously  altered  to 
suit  the  immediate  needs  of  the  engine.  Although 
the  early  attempts  to  capitalize  on  this  concept 
are  likely  to  be  confined  to  uncooled  turbine  stages, 
progression  into  the  cooled  stages  seems  inevitable. 

The  reader  can  well  Imagine  what  these  new 
degrees  of  freedom  mean  to  the  turbine  designer. 

Each  VAT  will  have  to  meet  Its  aerodynamic  and  heat 
transfer  goals  over  a  wide  range  of  flow  conditions. 
Continuously  changing  cascade  geometry,  as  well  as 
marked  increases  in  incidence  angle  and  Reynolds 
number  variation,  will  make  great  demands  upon  our 
design  systems. 

We  may  also  rest  assured  that  the  progression 
to  higher  temperature  and  bypass  ratio  engines  will 
continue  throughout  the  century.  During  this  period 
we  can  expect  the  stoichiometric  limit  for  hydrocar¬ 
bon  fuels  (about  3600®F)  to  be  reached  and  bypass 
ratios  to  double  or  triple.  As  far  as  the  turbine 
is  concerned,  this  continues  the  trends  already  dis¬ 
cussed  In  this  Chapter.  A  thorough  understanding 
of  all  facets  of  turbine  aerodynamics  will  be  es¬ 
sential  to  the  orderly  and  successful  development 
of  such  machines. 

The  turbine  will  ultimately  become  involved  in 
the  movement  towards  quieter  engines.  As  the  other 
components  are  made  more  and  more  silent,  the  noise 
floor  of  the  engine  will  tend  to  become  set  by  tur¬ 
bine  noise,  and  acoustical  tools  tailored  specifi¬ 
cally  for  turbines  will  be  required. 

The  turbine  exit  guide  vane  (EGV)  diffuses  and 
removes  the  swirl  from  the  turbine  exit  flow.  Since 
the  EGV  must  often  carry  structural  loads  or  contain 
fuel  and  oil  lines,  it  can  resemble  a  very  low 
aspect-ratio  compressor  airfoil.  Because  exit  swirl 
increases  with  stage  loading,  the  EGV  will  become  a 
limiting  design  factor  and  attract  increased  atten¬ 
tion. 
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As  fuel  consumption  becomes  an  increasingly 
critical  item,  performance  will  increase  in  importance 
relative  to  engine  cost  and  weight.  To  the  turbine 
designer  this  means  pushing  the  limits  of  aerodyna*- 
mics  and  reaching  efficiencies  near  95%. 

The  above  remarks  lead  to  a  rather  simple  con¬ 
clusion.  Our  appetite  for  reliable  turbine  aero¬ 
dynamic  prediction  techniques  will  only  grow  as  the 
years  go  by.  There  is  every  reason  to  concentrate 
on  their  successful  development  and  to  exploit  them 
as  they  become  available. 

The  gas  turbine  is  one  of  the  most  demanding 
machines  we  know.  It  embodies  a  combination  of 
power,  precision  and  endurance  which  is  at  least 
awesome.  But  our  modern  devices  are  not  the  result 
of  a  single  technological  leap  or  revolutionary 
breakthrough.  They  are  the  product  of  simultaneous 
application  of  many  small  advances,  and  a  lot  of 
hard  work.  Research  has  played  an  important  role  in 
this  unfolding  drama,  and  has  much  to  offer  in  the 
future. 

Rather  than  being  the  docile,  well-behaved 
devices  of  our  mythology,  turbines  have  become  the 
b6te  nolr  of  many  recent  development  programs.  Our 
course  is  Inextricably  set  so  that  this  will  continue 
to  occur.  But  the  struggle  against  former  limits 
has  brought  success  again  and  again,  and  the  future 
holds  more  of  the  same.  For  turbine  designers, 
these  are  the  good  old  days, 
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18.12.0  jymbols 
c  true  airfoil  chord 

Cp  specific  heat  at  constant  pressure 

f  function 

m  mass  flow 

n  exponent 

P  total  pressure 

q  dynamic  head 

s  specific  entropy 

5  airfoil  surface  distance 

T  total  temperature 

U  freestream  velocity 

r  ratio  of  specific  heats 

r  boundary  layer  dimensionless  parameter 

6  boundary  layer  thickness 

6^  boundary  layer  displacement  thickness 

6^  boundary  layer  momentum  thickness 

A  unit  process  change  (exit-inlet) 

r,  thermodynamic  efficiency 

V  kinematic  viscosity 

I  summation 

18.12.1  Subscripts 
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i  inlet 

j  stream  number 

sep  separation 
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19.0  Introduction 


High  turbine  inlet  temperatures  have  signifi¬ 
cant  advantages  for  aircraft  gas  turbine  engines. 

The  reasons  for  these  advantages  have  been  discussed 
in  Ch.  7.  Engine  manufacturers  have  recognized  this 
for  some  time  and  have  been  continuously  increasing 
turbine  inlet  temperature,  especially  during  the 
last  fifteen  years.  Figure  I9.0.I  illustrates  this 
trend. 

A  vital  part  of  going  to  high  turbine  inlet 
temperatures  is  the  technology  of  turbine  cooling. 
This  was  recognized  by  some  almost  from  the  incep¬ 
tion  of  the  first  turbojet  engine.  Cooling  studies 
were  first  performed  in  the  itO's  and  many  investiga¬ 
tions  were  carried  on  in  the  50's.  Around  i960, 
turbine  cooling  was  first  used  in  a  commercial  air¬ 
craft  engine  (Ref.  I9.I).  Since  that  time,  there 
has  been  a  very  rapid  rise  in  turbine  inlet  tempera¬ 
tures,  which  has  placed  an  even  greater  emphasis  on 
turbine  cooling. 

The  turbine  inlet  temperature  trend  shown  in 
Fig.  19.0.1  has  been  made  possible  not  only  by  tur¬ 
bine  cooling  but  also  by  continuous  Improvements  in 
high  temperature  materials.  Figure  19.0.2  shows  the 
trend  in  improvements  in  rotor  blade  materials.  As 
can  be  seen,  materials  improvements  have  played  and 
will  continue  to  play  an  important  part  in  the  in¬ 
creasing  turbine  inlet  temperature  trend.  The  ma¬ 
terials  shown  in  Fig.  19.0.2  are  nickel -based 
alloys  used  for  stators  and  rotors.  A  similar  fig¬ 
ure  could  be  shown  for  cobalt-based  alloys  which  are 
used  to  a  more  limited  extent  in  stator  vanes  and 
uncooled  rotor  blades.  Many  other  t5rpea  of  materials 
have  been  proposed  for  use  in  turbines.  Examples  of 
these  are  refractory-metal  alloys  and  ceramics.  Al¬ 
though  much  research  has  been  performed  on  these  ma¬ 
terials,  they  have  yet  to  receive  widespread  utiliza¬ 
tion.  In  this  chapter  on  turbine  cooling  the  nickel- 
or  cobalt -based  alloys  are  presumed  to  be  used. 

The  cooling  flows  currently  required  on  new 
aircraft  engines  are  very  large,  of  the  order  of 
20j  of  the  compressor  discharge  flow.  This  large 
quantity  of  flow  has  two  effects  which  tend  to 
reduce  the  advantages  of  high  turbine  inlet  tempera¬ 
ture.  The  first  is  that  the  air  used  for  cooling 
reduces  the  capability  of  the  turbine  to  drive  the 
compressor  because  of  the  lower  temperature  at  which 
it  enters  the  turbine.  The  second  is  that  the  cool¬ 
ing  air  mixes  with  the  mainstream  turbine  air  and 
causes  aerodynamic  losses.  Both  these  effects  are 
strong, and,  therefore,  vigorous  steps  are  taken  to 
minimize  them  by  minimizing  both  the  quantity  of 
cooling  air  and  the  aerodynamic  penalty  associated 
with  that  quantity  of  cooling  air  which  is  used. 

The  technical  question  addressed  in  this  chapter 
is;  how  to  maintain  turbine  durability  while  mini¬ 
mizing  the  quantity  of  cooling  air  and  the  aero¬ 
dynamic  losses  associated  with  it. 

In  the  above  discussion  reference  was  made  to 
turbine  inlet  temperature.  There  appears  to  be 
some  disagreement  on  the  definition  of  this  term  in 


the  industry,  but  in  this  chapter,  consistent  with 
the  other  chapters,  the  turbine  inlet  temperature 
will  always  refer  to  the  average  combustor  exit 
temperature  into  the  first  stator  vane. 

19.1  Cooling  Design  Problem 

19.1.1  Modes  of  Thermal  Failure 

There  are  several  modes  of  turbine  failure 
which  are  associated  with  turbine  cooling.  These 
are  oxidation/corrosion/erosion,  creep,  and  thermal 
fatigue.  Cxidatiori/oorrosion/eroslon  occurs 
because  of  chemical  and  particulate  attack  from  the 
hot  turbine  gases.  The  materials  used  for  parts 
exposed  to  turbine  gases,  when  used  at  a  tempera¬ 
ture  commensurate  with  the  other  modes  of  failure, 
cannot  survive  this  mode  of  attack  for  very  long 
unless  coated  with  special  high  temperature  coat¬ 
ings.  These  coatings,  in  general,  provide  a  layer 
of  aluminum  oxide  on  the  surface  to  prevent  chemi - 
cal  attack.  Beyond  this  the  method  of  control  is 
to  limit  the  maximum  surface  temperature  on  the 
part. 

Creep  occurs  as  a  result  of  prolonged  exposure 
of  materials  to  high  stresses  at  high  temperatures. 
This  is  a  particularly  acute  problem  on  rotating 
turbine  blades  which  are  highly  stressed.  This 
mode  of  failure  is,  in  general,  controlled  by 
limiting  the  average  temperature  of  a  turbine  blade 
and  thus  the  average  creep.  Creep  also  occurs  as  a 
local  problem  in  airfoils,  and  this  mode  of  failure 
is  controlled  by  limiting  the  local  temperature 
within  an  airfoil. 

Thermal  fatigue  occurs  as  a  consequence  of 
repeated  cycling  through  high  thermal  stresses. 
These  stresses  are  large  enough  to  cause  local 
plastic  deformation  in  each  cycle.  As  a  result, 
failure  can  result  in  relatively  few  cycles  (of  the 
order  of  thousands  rather  than  hundreds  of  thou¬ 
sands).  The  problem  is  the  most  severe  in  highly- 
cooled  airfoils,  which  must  operate  through  rapid 
transients  of  the  order  of  several  seconds.  The 
different  parts  of  the  airfoils  respond  at  differ¬ 
ent  rates  to  the  transients  and  suffer  large  ther¬ 
mal  stresses  as  a  result.  Thermal  stresses  are 
minimized  by  consideration  of  the  overall  cooling 
distribution,  mass  distribution  within  the  airfoil 
(which  sets  thermal  response'),  and  the  interior 
geometrical  configuration. 

In  addition  to  creep  and  thermal  stress  as 
separate  entities,  there  is  a  combined  effect  of 
the  two  acting  together.  Airfoils  which  incur 
high  cyclic  thermal  stresses  as  well  as  prolonged 
exposiu’e  at  high  temperatures  and  high  .stresse.s 
fail  before  failure  would  occur  if  each  mode  were 
to  act  alone.  This  is  called  creep 'thermal 
fatigue  failure  and  is  a  mode  of  failure  receiving 
increasing  attention  in  turbine  design. 


19-1.2  Thermal  Environment 

The  combustion  gases  enter  the  turbine  in  a 
nonuniform  manner.  A  typical  distribution  of  tem¬ 
perature  coming  out  of  an  annular  burner  is  shown 
in  Fig.  19. 1.1.  The  distribution  is  random  in  a 
circumferential  direction  but  has  some  degree  of 
order  in  the  radial  direction.  The  randomness  of 
the  temperature  distribution  causes  the  design  of 
first  stator  vanes  to  be  designed  for  the  majcimum 
temperature  (hot  spot)  coming  out  of  the  burner. 

This  maximum  temperature  is  generally  a  specified 
burner  design  parameter.  Typically,  in  a  2500  F 
turbine  inlet  temperature  engine  the  hot  spot  may 
be  3000  F.  The  rotating  structure  may  be  designed 
for  an  average  temperature  in  the  circumferential 
direction.  The  radial  distribution  of  the  circum¬ 
ferentially-averaged  temperature  is  typically  as 
shown  in  Fig.  19.1.2.  This  profile  tends  to  occur 
naturally  because  burner  cooling  air  reduces  tem¬ 
peratures  at  the  endwalls .  In  addition  to  this 
natural  tendency,  the  burner  is  generally  specif¬ 
ically  designed  to  produce  such  a  profile  to  ease 
the  turbine  cooling  problem  by  reducing  blade  root 
and  endwall  cooling  requirements.  This  profile  is 
also  the  feature  which  causes  the  small  degree  of 
order  in  temperature  out  of  the  annular  burner  in 
the  radial  direction. 

The  first  stator  vanes  are  exposed  to  the 
highest  turbine  temperatures  (including  the  hot 
spot  from  the  burner).  The  first  rotating  blade 
row  is  exposed  to  a  somewhat  lower  temperature 
because  of  circumferential  averaging,  dilution  of 
turbine  gases  with  first  stator  vane  cooling  air, 
and  relative  velocity  effects.  The  second  stator 
vane  is  exposed  to  a  lower  temperature  because  of 
cooling  ail  dilution,  work  extraction  from  the 
turbine  gases  and  a  small  amount  of  radial  mixing, 
which  dilutes  the  hot  spots.  The  turbine  tempera¬ 
ture  decreases  in  a  like  manner  through  each  air¬ 
foil  row. 

19.1.:  Cooling  Air  Supply 

The  cooling  air  to  cool  the  turbine  is  bleed 
air  from  the  compressor.  A  typical  cooling  system 
is  shown  in  Fig.  19.1.3.  The  first  stator  vane  is 
fed  by  compressor  discharge  air  which  has  bypassed 
the  combustor.  This  is  because  the  first  stator 
vane  requires  a  very  high  supply  pressure.  The 
first  rotor  blade  is  also  fed  by  compressor  dis¬ 
charge  air.  However,  this  air  is  accelerated 
through  a  row  of  nozzles  pointed  in  the  direction 
of  rotation.  The  effect  of  this  is  to  reduce  the 
amount  of  work  to  pump  the  cooling  air  and  to  reduce 
the  cooling  air  temperature  within  the  blade.  The 
second  stator  vane  and  second  rotor  blade  are  also 
cooled  by  compressor  discharge  air  in  this  case, 
tut  in  general  these  airfoils  can  be  fed  from  com¬ 
pressor  bleed  air  farther  up  the  compressor.  This 
helps  engine  performance  because  of  reduced  com¬ 
pressor  work  requirements  and  reduced  cooling  air 
temperature . 

!''an:/  variations  on  this  delivery  system  are  in 
use  today.  The  basic  principle  is  to  deliver  the 
required  cooling  air  pressure  at  the  minimum 


temperature  possible.  By  clever  design  there  is 
great  potential  in  this  area  for  improving  engine 
performance.  For  example,  it  has  been  proposed  in 
some  applications  to  cool  the  cooling  air  with  fan 
air  through  a  heat  exchanger.  This  would  reduce 
the  requirement  for  cooling  flow  but  would  add 
complexity  and  weight. 

The  cooling  air  delivery  system  also  performs 
another  function.  The  cavities  adjacent  to  the  gas 
path  are  not  directly  cooled,  but  are  kept  at  low 
temperatures  by  being  surrounded  by  cool  air.  This 
air  is  furnished  by  the  cooling  air  delivery  system 
through  controlled  leakages  from  the  delivery  sys¬ 
tem.  An  Interesting  thought  is  that  the  cooling 
air  is  often  around  lOOC  F.  One  does  not  normally 
think  of  cooling  with  air  which  is  that  hot. 

In  this  chapter,  only  air  cooling  of  turbines 
will  be  considered.  There  are  obviously  many  other 
ways  to  cool  turbines  such  as  heat  pipes,  water, 
fuel,  etc.  These  are  of  some  Interest  for  aircraft 
applications  but  by  far  the  greatest  practical 
interest  is  in  air  cooling.  Since  air  cooling  is 
the  method  of  greatest  interest,  this  chapter  will 
not  address  other  methods  of  cooli.ng. 

19.1.^  Cooling  Design  Methodology 

The  cooling  design  process  is  by  necessity  an 
iterative  one.  The  designer  starts  by  either  being 
given  or  assuming  certain  life  requirements  on 
oxidation/corrosion/erosion,  creep,  thermal 
fatigue,  and  creep/thermal  fatigue.  Simultaneous¬ 
ly  he  is  given  a  mission  under  which  these  life 
requirements  must  be  met.  An  initial  aerodynamic 
design  up  to  and  including  airfoil  contours  and 
cooling  air  flows  and  temperatures  is  also  given. 
The  last  two  quantities  are  generally  closely  esti¬ 
mated  from  past  design  practices.  The  designer  can 
usually  decide  from  past  experience  w.hat  type  of 
cooling  will  be  necessary,  convective  or  film  cool¬ 
ing,  on  each  surface  to  be  cooled.  At  this  point 
the  detailed  design  problem  begins.  The  process  is 
one  of  analysis  and  not  one  of  synthesis,  so  the 
designer  must  first  lay  out  a  configuration. 

Having  done  this,  he  must  then  analyze  it  to 
determine  life  and  cooling  penalties,  and,  in 
general,  he  must  do  this  several  times,  modifying 
the  design  each  time. 

To  determine  metal  temperature  and  thus  life 
he  must  consider  three  aspects  of  the  problem. 

The  first  is  the  heat  load  to  the  surface  from 
the  mainstream  gas.  This  will  be  convection 
through  a  viscous  boundary  layer  or  through  a 
film  cooling  layer.  The  second  is  the  convective 
cooling  of  the  part  by  the  coolant  within  the 
interior  of  the  part.  The  third  is  the  thermal 
conduction  and  absorption  within  the  part.  The 
de.slgner  calculates  the  metal  temperatures  taking 
account  of  each  of  the  above  considerati ons , 
utilizing  whatever  tools  he  has  available.  1;. 
going,  through  this  he  |.enerally  finds  that  he  must 
request  relief  from  : ome  of  the  initial  constraints 
on  airfoil  shape  or  cooling  flows  because  sf'  prac¬ 
tical  fabrication  ,.on.  ilerat  ions  ,  or  because  he 
simply  cannot  cool  the  part  adequately  under  the 
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given  conditions.  During  this  time,  a  continuous 
re-evaluation  of  the  penalties  caused  by  the  cool¬ 
ing  air  is  also  made.  After  several  configura¬ 
tions  are  laid  out  and  analyzed,  the  designer 
generally  can  'home  in'  on  a  design  which  meets 
most  or  all  of  the  original  criteria. 

In  the  following  sections  the  required  informa¬ 
tion  to  calculate  heat  loads,  internal  convective 
cooling,  and  cooling  penalties  are  discussed.  Itiey 
are  discussed  in  a  way  that,  hopefully,  a  designer 
new  to  the  field  might  see  what  information  is 
available  in  the  literature  and,  perhaps  more  impor¬ 
tant,  determine  what  additional  information  is 
required  to  execute  successful  designs. 

19.2  Airfoil  Cooling 

19.2.1  Convective  Cooling 

19.2.1.0  Introduction 

The  simplest  way  to  cool  airfoils  is  by  convec¬ 
tive  cooling.  In  this  process  the  air  is  brought  in 
at  the  root  or  tip  of  the  airfoil  then  discharged  at 
the  other  end  of  the  airfoil  or  through  the  trailing 
edge.  This  method  of  cooling  is  quite  efficient  and 
is  always  used  where  it  is  adequate  to  cool  the 
airfoils.  Cutaway  views  of  two  convectively  cooled 
airfoils  are  shown  in  Fig.  19.2.1. 

At  this  point  it  is  useful  to  introduce  a 
definition.  The  average  cooling  effectiveness  for 
an  airfoil  is  defined  by 


where  the  average  temperature  of  the  airfoil. 

A  value  of  cooling  effectiveness  of  one  is  the  maxi¬ 
mum  possible  and  a  value  near  zero  represents  little 
or  no  cooling.  The  required  average  cooling  effec¬ 
tiveness  is  the  strongest  parameter  determining 
methods  of  cooling  and  quantities  of  cooling  air. 

Convective  cooling  is  used  where  average 
ccoline  effectiveness  levels  required  are  less  than 
about  C.5.  This  limitation  exists  for  two  reasons. 
The  first  is  that  the  air  supply  pressure  is  limit¬ 
ed  and  much  higher  effectiveness  would  only  be 
possible  with  higher  supply  pressures.  The  second 
is  that  with  high  effectiveness  levels  and  convec- 
•■ive  cooling  the  temperature  gradients  tend  to  get 
very  large  and  aggravate  thermal  stress  problems. 

19.2.1.1  Airfoil  Heat  Transfer  Coefficients 

In  ga::  ‘urbines  ‘he  heat  transfer  coefficients 
to  the  airfoils  are  very  high  and  the  conductivities 
of  the  materials  are  fairly  low.  This  ccmblnation 
makes  it  imperative  that  the  heat  transfer  coeffi¬ 
cient  dlstrlbuticn  over  a  whole  airfoil  be  known  in 
great  detail  .  ne  cannot  depend  upon  conductivity 
*0  smooth  out  errors  in  distribution. 


The  heat  transfer  coefficient  distribution  to 
an  airfoil  is  typified  in  Fig.  19.2.2.  At  the 
stagnation  point  the  heat  transfer  coefficient  is 
very  high.  Its  level  can  be  correlated  as  the  heat 
transfer  coefficient  to  the  stagnation  point  of  a 
cylinder  in  cross  flow  with  an  effect  of  free 
stream  turbulence,  which  raises  its  level.  On  the 
concave  or  pressure  side  of  the  airfoil  the  bound¬ 
ary  layer  almost  always  trips  to  turbulent  flow  and 
attains  a  heat  transfer  coefficient  level  corre¬ 
sponding  to  a  low  Reynolds  number  turbulent  flow. 

On  the  convex  or  suction  side  of  the  airfoil  the 
boundary  layer  often  is  first  laminar  with  an 
effect  of  free  stream  turbulence,  then  goes  through 
a  gradual  transition  from  laminar  to  turbulent  flow 
The  gradual  transition  appears  to  occur  because  of 
very  high  pressure  gradients,  which  tend  to  force 
the  boundary  layer  to  stay  laminar.  The  curvature 
of  the  airfoil  also  tends  to  maintain  laminar  flow. 

■nie  heat  transfer  coefficient  distribution  to 
an  airfoil  is  calculated  utilizing  two-dimensional 
boundary  layer  theory.  The  pressure  distribution 
within  the  cascade  is  first  calculated  using  an 
inviscid,  two-dimensional,  compressible,  numerical 
solution.  Such  solutions  have  become  readily 
available  within  the  past  few  years.  The  boundary 
layer  is  then  calculated  in  a  manner  described  in 
Ch.  16.  The  pressure  distribution  and  heat  trans¬ 
fer  coefficient  distribution  calculated  from  bound¬ 
ary  layer  theory  for  a  typical  airfoil  are  shown  on 
Fig.  19.2.3.  The  heat  transfer  coefficient  distri¬ 
bution  thus  calculated,  although  by  no  means  exact, 
is  reasonably  valid  except  for  the  stagnation  point 
and  the  laminar  region  on  the  suction  side.  There 
the  heat  transfer  coefficient  distribution  must  be 
increased  by  a  factor  of  1.2  to  1.8  to  account  for 
the  effects  of  free  stream  turbulence  mentioned 
above.  The  very  high  levels  of  the  heat  transfer 
coefficient  distribution  in  this  example  are 
typical  of  modern  turbines. 

The  two-dimensional  calculations  have  inherent 
drawbacks  because  of  three-dimensional  effects, 
which  are  present  to  varying  degrees  of  importance. 
For  example,  the  two-dimensional  calculation 
assumes  that  the  gas  is  at  a  constant  total  temper¬ 
ature.  Because  of  secondary  flows  and  consequent 
radial  mixing  the  gas  temperature  at  a  given  radial 
location  tends  to  change  as  it  goes  through  an  air¬ 
foil  row.  This  effect  is  fairly  strong  and  is 
generally  not  calculable  to  any  degree  of  accuracy. 
There  are  also  radial  flows  in  boundary  layers 
caused  by  the  radial  pressure  gradients.  However, 
there  is  some  theoretical  evidence  (Huile,  Ref. 
19.2)  that  radial  boundary  layer  flews  do  not 
significantly  affect  heat  transfer.  Near  the  tips 
of  unshrouded  airfoils  a  significant  amount  of 
radial  flow  occurs  because  of  leakage  over  the  tip. 
This  effect  is  strong  and  not  well  quantified. 

In  addition  to  three-dimensional  flow  effects, 
radiation  plays  a  part  In  the  heat  transfer.  This 
effect  Is  generally  limited  to  the  leading  edge  of 
the  first  stator  vanes.  Beyond  that,  convection 
effects  far  outweigh  radiation  effects. 
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19 <2. 1.2  Impingement  Cooling  at  the  Leading  Edge 

The  airfoil  external  heat  transfer  coefficient 
distribution  discussed  In  the  last  section  must  be 
counterbalanced  with  a  comparable  heat  transfer 
coefficient  distribution  on  the  Inside  of  the  air¬ 
foil.  At  the  leading  edge  the  high  heat  transfer 
coefficient  Is  often  counterbalanced  with  Impinge¬ 
ment  cooling.  Figure  19.2.4  shows  how  this  Is 
achieved  In  an  airfoil.  This  method  of  cooling  has 
been  recognized  for  some  time  as  being  highly  effec¬ 
tive  and,  therefore,  has  received  much  attention 
from  researchers.  As  a  result,  a  large  quantity  of 
data  and  correlations  are  available  In  the  litera¬ 
ture.  Of  the  rather  large  quantity  of  literature, 
only  two  works  will  be  discussed  here.  Chupp,  et 
al.  (Ref.  19.3)  measured  and  correlated  the  heat 
transfer  In  the  geometry  shown  In  Fig.  19.2.5.  They 
correlated  the  heat  transfer  coefficient  over  the 
leading  edge  radius  region.  They  also  obtained 
Information  on  the  distribution  of  the  heat  trans¬ 
fer  coefficient.  The  average  and  stagnation  point 
Nusselt  numbers  were  correlated  by: 

=  0.63  Re°-'^  (d/p)°-5  (d/L)°-^ 

(19.2.2) 

exp  [-1.27  (V<i)(d/p)°-5  (d/L)^-^] 


^'^stag  ’  (d/p)°‘® 

0  k  (19.2.3) 

exp  [-0.85  (l/d)  (d/p)  (d/L)  ‘  ] 


where  d  Is  the  characteristic  dimension  In  the 
Nusselt  numbers  and  Reynolds  number  and  the 
Impingement  hole  velocity  Is  the  characteristic 
velocity  In  the  Reynolds  number.  The  thermal 
conductivity  Is  evaluated  at  the  average  of  wall 
and  coolant  temperature  and  the  viscosity  Is  eval¬ 
uated  at  the  coolant  temperature.  The  range  of 
variables  tested  were : 

3,000  <  Re  <  15,000 

0.006  In.  <  d  <  0.026  In. 

0.0312  ln.<  p  <  0.125  In. 

0.040  In.  <  L  <  0.094  In. 

0.006  In.  <  i  <  0.160  In. 

The  distribution  away  from  the  stagnation  point  la 
shown  on  Fig.  19.2.6.  This  distribution  was  found 
to  be  relatively  Independent  of  (d/p)  and  Re. 

Metzger,  et  al.  (Ref.  19.4)  performed  a  more 
complete  Investigation  In  that  they  correlated  more 
geometric  variables.  Their  geometry  Is  shown  In 
Fig.  19.2.7,  which  In  a  gross  way  approximates  most 
of  the  geometric  variables  In  an  airfoil  design. 

Of  particular  Interest  In  the  work  of  Ref.  19.U  are 
the  effects  of  a  small  leading  edge  radius.  Small 
Internal  leading  edge  radii  tend  to  occur  In  air¬ 
foils  because  of  requirements  to  design  small 


external  leading  edge  radii  to  give  good  aero¬ 
dynamic  performance  and  thick  leading  edge  walls 
to  prevent  overly  rapid  thermal  response  to  tran¬ 
sients.  Their  correlations,  unfortunately,  are  not 
easily  put  Into  a  simple  form.  Their  correlations 
have  the  functional  form  of 


St  =St  (Re,  p/d,  r/b,  i/b,  2H/L,  2r/L)  (19.2.4) 

8,V6  S.V6 

where  St^^g  Is  based  on  Impingement  hole  velocity 
and  where  Re  Is  a  Reynolds  number  based  on  twice  an 
equivalent  slot  b  and  on  Impingement  hole  velocity. 
The  reader  Is  referred  to  the  original  work  for  the 
correlations.  This  work  measured  only  average  heat 
transfer  coefficients  over  the  region  2f  rather 
than  local  heat  transfer  coefficients,  but  fortunate¬ 
ly  these  are  generally  adequate  for  airfoil  design. 

19.2.1.3  Impingement  Cooling  at  Midchord 

High  levels  of  heat  transfer  coefficients  are 
desirable  In  the  midchord  region,  as  well  as  the 
leading  edge.  This  is  often  accomplished  with 
impingement  cooling,  as  shown  in  Fig.  19.2.8.  This 
is  similar  in  some  respects  to  impingement  cooling 
at  the  leading  edge,  but  is  different  In  two  major 
aspects.  The  radius  of  curvature  of  the  impinge¬ 
ment  surface  approaches  Infinity,  and  the  spent 
impingement  air  causes  a  strong  cross  flow. 

Kercher  and  Tabakoff  (Ref.  19.5)  performed 
experiments  on  impingement  with  cross  flow  on  a 
flat  plate.  They  correlated  the  data  with  the 
relationship 

”“x  =  (19.2.5) 

where 

Nu^  =  local  Nusselt  number  with  the 

Impingement  hole  diameter  d  as  the 
characteristic  length 

Re  =  Reynolds  number  based  on  the  mass 

velocity  through  the  hole  and  on 
Impingement  hole  diameter 

Pr  =  Prandtl  number 

i  =  length  from  impingement  hole  to  wall 

p  =  hole  pitch  (square  arrays) 

=1)^1®  sre  empirically  determined 
parameters. 

All  properties  are  evaluated  at  the  avers ~e  temper¬ 
ature  of  wall  and  coolant.  The  range  oi  variables 
tested  was : 

l<I/d<  4.8 

332  <  Re  •'  3.7  X  10“ 


3.1  <  p/(l<  12.5  and  obtained  heat  transfer  and  friction  factor 

correlations.  The  reader  is  referred  to  the 

Colladay  (Ref.  19.6)  has  taken  the  correlations  of  original  work  for  the  correlations. 

Ref.  19.5  for  5^,  ?g,  and  m  and  presented  them  in 

the  following  form:  19.2.1.5  Trailing  Edges 


The  aerodynamic  requirement  for  thin  trailing 
(19.2.6)  edges  makes  it  very  difficult  to  cool  the  trailing 
edge  by  convective  cooling  unless  the  coolant  air 
ejects  through  the  trailing  edge.  One  way  in  which 
this  is  accomplished  is  shown  in  the  airfoils  of 
Fig.  19.2.1.  In  these  airfoils  the  two  halves  of 
the  trailing  edge  are  held  together  with  pins  which 
{19.2.7)  are  commonly  called  pedestals.  These  pins  serve 
two  purposes.  They  structurally  hold  the  airfoil 
together,  and  they  augment  the  heat  transfer.  Halls 
(Ref.  19.8)  reports  the  use  of  the  correlation  from 
Grimison  (Ref.  19.9)  for  tube  banks 


where  aj^,  ag,  a^,  bj^,  bg,  bj,  and  cp  are  given 
in  TABLE  19.2.1  and 

=  cross  flow  mass  velocity 

Gh  =  impingement  hole  mass  velocity 


TABLE  19.2.1 

IMPINGEMENT  COOLING  CORRELATION  (Ref.  19.6) 


Coefficient 

Reynolds  Number 
300  to  3000 

Reynolds  Humber 

3000  to  30000 

“1 

-0.0015 

0.0025 

bl 

0.0428 

0.0685 

Cl 

0.5165 

0.5070 

a. 

0.0126 

0.0260 

bp 

-0.5106 

-0.8259 

C2 

-0.2057 

0.3985 

0.4215 

0.4696 

b3 

0.580 

0.965 

19. 2.1.4  Roughened  Walls 

Another  technique  which  is  commonly  used  to 
obtain  high  heat  transfer  coefficients  is  to  place 
fins  normal  to  the  coolant  flow  path.  Such  a  cool¬ 
ing  scheme  is  shown  in  Fig.  19.2 .9.  Little  data 
are  available  in  the  literature  for  the  exact 
geometries  used  in  airfoils,  but  data  for  circular 
pipes  are  available  and  may  be  applied  utilizing 
the  concept  of  a  hydraulic  diameter.  For  example, 
Webb,  Eckert,  and  Goldstein  (Ref.  19.7)  investi¬ 
gated  the  ffeometry  shown  in  Fig.  I9.2.IO  with  the 
range  of  parameters 

0.01  <  e/d  <  0.04 
10  <  n/e  •  to 


where 

0.7  <  Fa  <1.2 

and  where  the  reference  velocity  is  on  the  minimum 
flow  area  and  the  reference  dimension  is  the  pedes¬ 
tal  diameter.  Coolant  properties  are  evaluated  at 
the  average  temperature  of  wall  and  coolant.  In 
Ref.  19.9)  Fg  is  correlated  as  well  as  the  friction 
factor  for  in-line  and  staggered  tube  .banks. 

Another  way  to  get  the  coolant  out  of  the 
trailing  edge  is  to  use  drilled  holes.  These  are 
normally  calculated  using  standard  pipe  heat 
transfer  correlations  and  an  entry  length  correc¬ 
tion  term.  This  technique  cannot  achieve  as  high 
effectiveness  as  pedestals  can,  but  nevertheless  is 
often  used  where  a  high  degree  of  trailing  edge 
cooling  is  not  required. 

19.2.1.6  Flow  Distribution 

In  airfoil  internal  cooling  design  one  of  the 
most  important  parameters  is  the  flow  distribution. 
The  calculation  of  flow  distribution  is  generally 
performed  through  the  use  of  one -dimensional 
branched  circuits.  These  circuits  account  for 
friction,  expansion-contraction  losses,  area 
change,  heating  and  rotation.  The  necessary 
correlations  for  each  of  the  pressure  loss  mecha¬ 
nisms  come  from  the  data  and  correlations 
discussed  above. 

A  quick  look  at  airfoils  such  as  in  Fig. 

19.2.1  will  lead  one  to  question  the  acceptability 
of  such  a  simple  model  of  the  flow.  In  a  complex 
flow  situation  (which  seen*  to  be  almost  every 
airfoil)  it  is  found  to  be  useful  to  back-up  the 
one -dimensional  flow  calculations  with  model  test¬ 
ing.  Two  types  of  models  are  often  used.  The 
first  is  a  large-scale  (lOX)  plastic  model  of  the 
airfoil  to  determine  regions  of  low  flow  through 
the  use  of  water  flow  and  dye  injection.  The 


second  Is  also  a  large-scale  model  but  made  of  sheet 
metal.  The  model  is  placed  in  a  steam  bath  and 
instrumented  with  heat  flux  sensors.  Cooling  air  is 
passed  through  the  model  at  low  velocity  and  local 
heat  transfer  coefficients  are  measured.  Neither  of 
these  two  modeling  techniques  is  completely  satis¬ 
factory  because  they  do  not  account  for  rotation 
and  compressibility.  Yet,  they  are  found  to  be 
useful  in  that  they  often  point  out  local  problem 
areas  which  would  undoubtedly  fail  had  they  not  been 
detected  and  corrected.  The  one-dimensional  branched 
circuit  analysis,  when  used  with  physical  model 
testing,  gives  a  reasonably  good  account  of  itself. 
Airfoils  designed  using  these  techniques  tend  to 
behave  adequately  close  to  design. 

19.2.1.7  General 


In  the  discussions  which  fo.’low,  the  problem 
of  film  cooling  will,  for  the  mos.  part,  be  divided 
into  two  parts.  The  first  will  be  to  determine  the 
adiabatic  wall  temperature  in  the  presence  of  a 
film  but  without  convective  cooling.  This  will  be 
called  film  temperature.  Film  temperature  is 
correlated  in  terms  of  film  effectiveness.  In 
general,  two  types  of  film  effectiveness  definitions 
are  useful,  local  and  lateral-average.  Local  film 
effectiveness  is  defined  by 

T  -  T  (2,x) 

Hf  "  -  (19.2.10) 

6  c 

and  lateral  average  film  effectiveness  by 


In  the  above  discussions  the  general  types  of 
convection  cooling  have  been  discussed.  There  are, 
of  course,  many  variations  on  the  detailed  geomet¬ 
ries  and  no  attempt  has  been  made  to  cover  them  all. 
The  correlations  which  have  been  presented  are  from 
the  open  literature.  In  most  cases,  manufacturers 
of  gas  turbines  have  further  proprietary  data  from 
which  airfoils  are  designed.  These  data  are 
generally  more  directly  focused  on  the  range  of 
geometries  and  flow  variables  required  for  air¬ 
foils  . 

Improvements  in  computational  methods  for 
viscous,  turbulent,  compressible,  three-dimensional 
flows  are  being  made  at  a  rapid  pace.  It  is  con¬ 
ceivable  that  these  will  some  day  replace  the  one¬ 
dimensional  branched  circuit  analyses  currently 
used.  However,  because  of  the  geometric  complexity 
of  the  internal  flows,  it  is  thought  that  the  one¬ 
dimensional  branched  circuit  analyses  will  be  used 
for  some  time  to  come. 

19.2.2  Film  Cooling 
19.2.2.0  Introduction 

With  the  levels  of  cooling  supply  pressures 
generally  available  in  turbines  it  becomes  very 
difficult  to  convectively  cool  airfoils  at  average 
cooling  effectiveness  values  greater  than  about  0.5. 
When  the  turbine  gas  temperature,  coolant  tempera¬ 
ture,  and  allowable  metal  temperature  require  a 
higner  effectiveness  level,  film  cooling  is 
utilized . 

The  general  concept  of  film  cooling  is  shown 
in  Fig.  19.2.11.  A  layer  of  coolant  air  is  placed 
over  the  airfoil,  which  serves  to  insulate  the  air¬ 
foil  from  the  hot  turbine  gases.  Because  the  cool¬ 
ant  mixes  with  the  turbine  gases,  the  film  is  not  a 
very  effective  method  of  cooling  by  Itself.  How¬ 
ever,  when  it  is  combined  with  convective  cooling 
from  the  inside  of  the  airfoil,  it  is  a  very  effec¬ 
tive  method  of  cooling  airfoils. 


T  -T 
g  c 


The  second  part  will  be  to  determine  the  heat 
transfer  coefficient  based  on  the  film  and  airfoil 
temperature  difference  as  the  driving  potential. 
Some  workers  have  chosen  to  utilize  instead  an 
overall  heat  transfer  coefficient  with  the  differ¬ 
ence  between  the  mainstream  gas  temperature  and 
the  airfoil  temperature  as  the  driving  potential. 
This  method  of  describing  film  cooling  will  also 
be  discussed,  but  only  for  one  type  of  film 
cooling,  multihole  film  cooling. 

19.2.2.1  Slot  Cooling 

Research  in  film  cooling  started  at  least 
thirty  years  ago.  Wieghardt  (Ref.  19.10)  measured 
film  temperature  from  a  two-dimensional  slot  on  a 
flat  plate  during  the  Second  World  War.  Since  that 
time  many  others  have  measured  film  temperature. 
Goldstein  (Ref.  19. ll)  gives  an  excellent  review  of 
the  work  up  to  1971 . 

An  approach  used  by  many  workers  to  correlate 
slot  film  cooling  is  the  heat  sink  or  entrainment 
model.  This  model  is  shown  in  Fig.  19.2.12.  In 
this  model  the  mainstream  air  is  assumed  to  be 
entrained  into  a  film  layer.  In  the  simplest  form 
of  the  model,  which  is  described  here,  the  entrain¬ 
ment  Wgj  is  assumed  to  progress  as  in  a  boundary 
layer  without  film  cooling.  Furthermore,  the  air 
in  the  boundary  layer  is  assumed  to  be  at  a  uniform 
temperature  corresponding  to  the  mixed  mean 
temperature  of  the  entrained  air  and  film  cooling 
air.  A  seventh  power  velocity  profile  is  normally 
used  to  calculate  the  entrained  flow.  In  each  of 
the  different  versions  of  the  model  a  choice  must 
be  made  for  the  origin  of  the  boundary  layer.  This 
is  an  Important  variable  near  the  slot  but  becomes 
less  so  further  downstream.  A  typical  result  is 
given  in  Ref.  I9.II  for  a  flat  plate  low  velocity 
boundary  layer  starting  at  such  a  location  that 
Wge  equals  W^  at  the  injection  point.  The  result 
i  s 
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.  _  1 
f  1  +  0.249  f 0-8 


where 


The  three-dimensionality  of  the  flow  field 
(19*2,12)  causes  some  questions  in  calculating  heat  flaxes  to 
airfoils.  Normally  one  wishes  to  calculate  the 
lateral -average  heat  flux  where  the  wall  temperature 
is  uniform  in  the  lateral  direction.  To  do  this  one 
should  calculate 


f  =  (Vms)  r  Re] 


-0.25  (19.2.13) 


q(x)  =  - 


1  eP 


h(z,x)[Tf(z,x)  -  T„(x)]  dz 


(19.2.1**) 


and  Re  is  based  on  coolant  mass  velocity,  viscosity, 
and  slot  height.  This  simple  model  compares  favor¬ 
ably  with  a  lot  of  data  as  is  shown  in  Ref.  19.11. 
Other  workers  such  as  Goldstein  and  Haji-Sheikh 
(Ref.  19.12)  have  proposed  more  sophisticated  models 
which  account  for  the  effects  of  the  blowing  on  the 
entrainment  and  the  distribution  of  temperature 
within  the  boundary  layer. 

The  heat  transfer  coefficient  under  a  slot  film 
has  been  shown  by  Hartnett,  Birkebak,  and  Eckert 
(Ref.  19.13)  to  be  very  close  to  that  which  would 
occur  without  blowing  except  near  the  slot  at  high 
blowing  rates.  This  feature,  which  is  found  to  be 
common  in  many  applications  of  film  cooling,  is 
one  of  the  reasons  dividing  the  problem  into  an 
adiabatic  wall  temperature  and  heat  transfer 
coefficient  is  useful. 

19.2.2.2  Rows  of  Holes 

Slots  are  not  often  used  on  airfoils  because  of 
thermal  stress  and  mechanical  design  considerations. 
High  thermal  stresses  are  caused  by  the  fact  that 
the  airfoil  just  upstream  of  a  slot  becomes  very  hot 
while  just  downstream  of  a  slot  it  becomes  very  cold. 
The  mechanical  design  problem  of  slots  is  caused  by 
the  difficulty  in  holding  the  airfoil  together  at 
the  slot,  especially  in  the  presence  of  the  high 
thermal  stresses.  An  approach  which  is  commonly 
used  is  to  substitute  rows  of  holes  for  slots . 

These  tend  to  solve  both  problems  because  the  metal 
between  holes  relieves  thermal  gradients  and  stress¬ 
es  and  holds  the  airfoil  together. 

Rows  of  holes  tend  to  solve  some  problems  but 
they  do  so  at  the  expense  of  others.  The  film 
effectiveness  is  lower  in  general  than  from  a  slot 
and  the  flow  fields  are  more  difficult  to  predict 
or  correlate.  Much  of  the  film  cooling  work  in 
the  literature  in  recent  years  has  addressed  these 
problems .  Some  of  this  work  will  be  discussed 
here. 

The  flow  from  a  row  of  holes  is  very  much 
three-dimensional.  This  can  be  seen  in  Figs. 

19.2.13  and  I9.2.1U.  Liess  (Ref.  19.1**)  obtained 
the  oil  trace  flow  visualization  of  Fig.  19.2,13. 

It  can  be  seen  that  the  flow  from  each  cooling 
hole  maintains  its  identity  for  a  long  way  down¬ 
stream  as  it  goes  from  left  to  right,  Ericksen 
(Ref.  19.15)  obtained  the  film  effectiveness  data 
in  Fig.  19.2.14  for  the  same  geometry  (details 
shown  on  Fig.  19.2.15).  It  can  be  seen  that  the 
film  does  not  become  uniform  until  a  distance  some¬ 
what  greater  than  4o  diameters  downstream. 


where  h(z,x)  and  Tf(z,x)  are  local  values  of  heat 
transfer  coefficient  and  film  temperature.  This 
would,  of  course,  necessitate  a  rather  extensive 
data  base  which  is  expensive  and  time  consuming  to 
obtain.  Fortunately,  the  problem  is  minimal  in 
practice,  because  h(z,x)  is  generally  a  weak  func¬ 
tion  of  z  and  may  be  taken  out  of  the  integral. 

Then,  Eq.  (19.2.14)  reduces  to 

q'(x)  =  h(x)  [  Tf(x)  -  T„(x)l  (19.2.15) 

From  Eq.  (19.2.15)  it  can  be  seen  that  the  lateral- 
average  heat  flux  may  be  calculated  from  correla¬ 
tions  for  lateral -average  rather  than  local  film 
temperature. 

A  great  deal  of  understanding  of  rows  of  holes 
film  cooling  has  been  gained  by  Eckert  and  coworkers 
(Refs.  19.15-19*18)  at  the  University  of  Minnesota. 
They  worked  extensively  on  the  geometry  shown  in 
Ftg.  19.2.15  on  a  flat  plate  at  low  velocities. 
Because  of  the  large  amount  of  information  generated 
by  them  on  this  geometry,  rows  of  holes  film  cooling 
will  be  discussed  largely  from  their  work  and  from 
the  work  of  Liess  (Ref.  19-14)  who  tested  the  same 
geometry.  This  will  eliminate  the  geometric 
variables  of  hole  spacing  and  orientation  and, 
hopefully,  provide  clearer  insight  into  the  film 
cooling  process.  With  the  exception  of  Ref.  19.17, 
all  of  the  work  in  Refs.  19. 14-19. 18  was 
performed  at  coolant  to  mainstream  density  ratios 
close  to  one.  For  brevity,  this  will  not  be  men¬ 
tioned  again,  but  this  parameter  is  an  important 
one  as  is  shown  in  Ref.  19.17. 

Figure  19.2.16,  showing  data  from  Goldstein, 
et  al.  (Ref.  I9.16),  illustrates  one  of  the  common 
features  of  film  cooling  from  rows  of  holes.  As 
the  coolant  to  mainstream  mass  flux  ratio  M 
increases  the  effectiveness  first  increases, 
reaches  a  maximum  at  a  mass  flux  ratio  of  0.5,  and 
then  decreases.  This  maximum  is  attributed  to 
penetration  of  the  jet  into  the  mainstream  as 
opposed  to  laying  down  on  the  surface.  The  effect 
is  strongest  near  the  row  of  holes  and  very  weak 
far  downstream. 

Pedersen  (Ref.  19.17)  investigated  the  effect 
of  coolant  density  in  this  same  geometry.  His  data 
for  lateral -average  effectiveness  at  a  downstream 
location  of  10  diameters  is  shown  in  Fig.  19.2.17. 
The  same  general  shape  of  the  effectiveness  curve 
can  be  seen  here  as  in  Fig.  19.2.16.  As  the 
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coolant  to  mainstream  density  ratio  increases, 
however,  the  maximum  effectiveness  increases. 
Reference  19,17  Interprets  the  data  to  give 
maximum  effectiveness  at  a  value  of  coolant  to 
mainstream  velocity  ratio  (U(,/U„)  of  approximately 
0.4.  Ericksen,  Eckert,  and  Goldstein  (Ref.  19-18) 
proposed  a  model  for  film  effectiveness  based  on  a 
point  heat  sink  located  at  some  distance  above  the 
surface.  Reference  19-17  used  the  argument  that 
the  distance  above  the  surface  of  the  heat  sink 
should  be  a  function  of  the  coolant  to  mainstream 
momentum  flux  ratio  I  and,  using  the  above  model, 
proposed  a  correlation  of  the  form 


’’f/M  =  f(I) 


(19.2.16) 


for  its  data  at  constant  Ug  and  hole  diameter.  His 
data  at  a  distance  10  diameters  downstream  are  shewn 
in  Fig.  19.2.18.  The  correlation  is  reasonable 
except  at  large  (Pj,/Pg).  This  may  be  related  to  the 
fact  noted  in  Ref.  19.17  that  at  values  of  (U^/Ug) 
below  0.45  a  change  in  the  character  of  the  flow 
seems  to  occur.  At  values  of  (Uc/Ug)  below  0,45  the 
jet  has  the  characteristic  of  appearing  to  remain 
attached  to  the  wall  and  being  Independent  of  I, 
whereas  above  that  value  of  (U(,/Ug)  the  Jet  appears 
to  penetrate  the  mainstream  further  and  appears 
controlled  by  I.  This  is  about  the  same  velocity 
ratio  mentioned  above  for  penetration  to  occur.  It 
does  appear  somewhat  surprising  that  the  penetration 
condition  should  be  controlled  by  velocity, but  this 
effect  also  appears  in  data  of  others.  As  of  this 
time,  no  further  generalization  on  the  effect  of 
(Pc/Pg)  has  appeared  in  the  literature. 

The  variables  of  coolant  to  mainstream  mass 
flux,  density,  and  momentum  flux  ratios  appear  to  be 
the  strongest  parameter  affecting  film  cooling. 
However,  there  are  other  variables  of  varying 
degrees  of  importance  and  levels  of  confirmation. 
Ericksen  (Ref.  19.15)  and  Liess  (Ref.  19.14)  have 
measured  the  effect  of  the  ratio  of  the  displace¬ 
ment  thickness  of  the  inlet  boundary  layer  to  the 
hole  diameter.  They  agree  that  there  is  a  signifi¬ 
cant  effect  and  that  the  thinner  boundary  layer  has 
a  higher  film  effectiveness.  They  differ  in  that 
Ref.  19.15  finds  that  effectiveness  on  the  hole 
centerline  increases  with  decreasing  boundary  layer 
thickness  to  a  value  of  4*/D  as  low  as  O.O6, 
whereas  Ref.  19.14  finds  that  lateral -average 
effectiveness  reaches  a  maximum  value  at  5*/D 
around  0.2.  References  19.14  and  19.15  both 
indicate  that  free  stream  Reynolds  number  UgD/vg 
appears  at  most  to  be  a  weak  variable.  Reference 
19.14  indicates  that  free  stream  Mach  number  is  not 
an  important  variable  either.  It  also  finds  that 
an  accelerating  pressure  gradient  reduces  film 
effectiveness  at  low  coolant  to  mainstream  mass  flux 
ratios  (<  1.0)  but  does  not  have  as  strong  an  effect 
at  high  mass  flux  ratios  (>  1.0). 

The  heat  transfer  coefficient  does  not  differ 
greatly  from  that  which  would  occur  without  film 
cooling.  In  the  same  geometry  discussed  above, 
Ericksen  (Ref.  I9.I5)  shows  that  the  heat  transfer 
coefficient  does  not  vary  hardly  at  all  up  to  a 


coolant  to  mainstream  mass  flux  ratio  of  0.5  and 
at  2.0  differs  by  only  27  percent  from  the  no 
blowing  case.  Other  than  at  the  leading  edge  of  an 
airfoil  the  coolant  to  mainstream  mass  flux  ratio 
is  generally  below  2.0. 

The  geometry  discussed  above  is  useful  because 
of  the  many  features  of  film  cooling  which  have  been 
demonstrated  for  it.  However,  it  is  seldom,  if 
ever,  used  in  actual  practice  for  film  cooling.  The 
reason  that  it  is  not  widely  used  is  that  the  over¬ 
all  effectiveness  is  too  low.  In  general,  closer 
hole  spacing  and/or  multiple  rows  of  holes  are 
utilized  to  obtain  the  high  levels  of  film  effec¬ 
tiveness  required.  Metzger  and  Fletcher  (Ref. 

19.19)  measured  high  effectiveness  values  with 
close  spacing  of  holes  (pitch  to  diameter  ratio 
equal  1.55)  on  a  flat  plate  at  low  velocities. 
Lander,  Fish,  and  Suo  (Ref.  19.20)  also  measured 
high  film  effectiveness  from  a  double  row  of  holes 
on  an  airfoil  in  a  cascade,  as  shewn  in  Fig. 

19.2.19.  It  should  be  noted  that  the  coolant  to 
mainstream  total  temperature  ratio  T^/T^g  was  0.53 
to  give  coolant  to  mainstream  density  ratio 
similarity  with  engines  in  the  experiments  of  Ref. 
19.20.  Muska,  Fish,  and  Suo  (Ref.  19.21)  also 
showed  very  high  effectiveness  on  a  flat  plate 
from  double  rows  of  holes  at  pitch  to  diameter 
ratios  of  2.0  and  low  blowing  rates.  Goldstein, 
Eckert,  and  Burggraf  (Ref.  19.22)  showed  that  by 
flaring  the  holes  of  the  single  row  of  holes 
geometry  of  Fig.  19.2.15  a  significant  increase  in 
film  effectiveness  can  be  achieved. 

In  addition  to  film  effectiveness  data. 

Ref.  19.20  obtained  heat  transfer  coefficient 
data  for  the  double  r<w  of  holes  geometry  as  shown 
in  Fig.  19.2.20.  These  data  lead  to  two  conclu¬ 
sions.  First,  the  presence  of  holes  in  the  airfoil 
will  likely  lead  to  rapid  transition  of  the  bound¬ 
ary  layer  to  turbulent  flow.  Second,  the  effect 
of  blowing  on  the  heat  transfer  coefficient  is  not 
large.  This  latter  conclusion  reinforces  the 
results  from  flat  plates . 

Total  airfoils  generally  cannot  be  adequately 
cooled  with  just  a  single  or  double  row  of  holes. 
Additional  film  cooling  is  required  from  another 
row  or  double  row  of  holes.  An  example  of  this  is 
shown  on  Fig.  19.2.21  where  there  is  film  cooling 
at  the  leading  edge  plus  additional  film  cooling 
from  two  additional  sets  of  double  rows  of  holes. 
Reference  I9.2I  shows  that  the  effect  of 
multiple  rows  of  holes  may  be  determined  in  an 
additive  manner  first  suggested  by  Sellers 
(Ref.  19.23)  for  slots.  In  this  method  the  main¬ 
stream  temperature  downstream  of  the  first  set  of 
rows  of  holes  is  taken  to  be  the  film  temperature 
from  the  film  cooling  at  the  leading  edge.  The 
mainstream  temperature  for  all  subsequent  down¬ 
stream  rows  is  calculated  in  a  similar  manner. 

Then  behind  the  nth  set  of  holes 
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where  is  equal  to  rero  and 
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where  T^fj  is  the  lateral -everagefUm 
effectiveneaa  from  the  1th  get  of  film  cooling 
holea.  nila  has  been  ahcwn  to  be  valid  down 
to  apaclngs  of  l6.7  bole  diameters. 

The  thermal  design  of  film  cooled  airfoils 
must  account  for  both  the  effects  of  film  cooling 
and  the  effects  of  convective  cooling.  Fortun 
nately  for  the  designer,  the  convective  cooling 
Information  developed  for  purely  convectively- 
cooled  airfoils  is  directly  applicable  and  is, 
therefore,  somewhat  straightforward.  However,  the 
data  in  the  literature  for  film  effectiveness  are 
not  anywhere  near  being  adequate.  At  the  present 
time,  in  addition  to  the  data  in  the  literature, 
one  must  obtain  data  in  cascades  for  geometries 
very  close  to  that  whlcn  will  be  used.  In  per¬ 
forming  these  tests  one  must  simulate  Reynolds 
number,  Mach  number,  coolant  to  mainstream  den¬ 
sity  ratio,  and  coolant  to  mainstream  flow  ratio. 
Turbulence  effects  must  also  be  simulated  in 
some  manner.  The  literature  discussed  above  can 
be  used  for  guidance  in  these  tests. 

This  procedure  to  obtain  information  for 
film  cooling  assumes,  as  in  convective  cooling, 
that  a  two-dimensional  solution  is  valid.  The 
shortcomings  of  a  two-dimensional  approach  have 
already  been  discussed  for  convectlvely-cooled 
airfoils  and  those  arguments  can  be  equally 
applied  to  film  cooling.  There  may  be  a 
difference  in  that  the  effects  of  rotation  may  be 
different  in  film-cooled  airfoils  because  of  the 
thickness  of  the  film  cooling  layers.  In  spite 
of  the  shortcomings  of  the  two-dimensional 
approach,  it  has  been  successfully  applied  to 
airfoil  design.  This  is  evidenced  by  the  success¬ 
ful  design  of  film-cooled  turbines  in  the  2500  F 
class . 


19.2.2.3  Multihole  Film  Cooling 


useful  to  demonstrate  this  and  to  show  the  relative 
effects  of  film  cooling  and  convective  cooling  for 
multihole  film  cooling.  This  model  considers  a 
small  chordwise  region  where  the  film  effectiveness, 
gas  side  heat  transfer  coefficient,  and  metal  tem¬ 
perature  take  on  lateral-average  values.  The  model 
is  shown  in  Fig.  19.2.23.  It  can  be  shewn  that  a 
local  cooling  effectiveness  {  defined  below  can  be 
calculated  from 


Tg  -  _  T1f+  T1c(F/St  - 

Tg  -  To  1  +  n^(F/St+Tij.) 


(19.2.18) 


where 


r  Ahhh+Aihj^  1 

Tic  =  1-expf- 


W^c 


c*-? 


(Convective  effec¬ 
tiveness) 


(19.2.19) 


T  -Tf(x) 

At  *  *  ’•  (Lateral-average  film 

effectiveness) 


(19.2.20) 


St  - -  (External  Stanton  number  ( 19  *2 .21) 

based  on  Tj.  and  Tj,) 

w  ^ 

F  - ^ — ('5^)  (Coolant  mass  flux  (19.2.22) 

parameter) 


In  airfoils  it  is  usually  found  that 

0.2  <  T)g  <  0.6 

and  where  the  unblcwn  heat  transfer  coefficient  is 
used  in  the  Stanton  number 

1  <  F/st  <  5 


In  regions  where  very  high  effectiveness  is 
required  (  >0.60)  multihole  film  cooling  becomes 
desirable.  Multihole  film  cooling  differs  from  rows 
of  holes  film  cooling  in  that  the  geometry  is  one  of 
a  uniform  array  of  holes  rather  than  of  rews  of 
holes  and  the  holes  tend  to  be  smaller.  An  example 
of  multihole  film  cooling  can  be  seen  in  Fig. 
19.2.22.  This  type  of  film  cooling  is  treated 
separately  from  rows  of  holes  film  cooling  because 
the  analytical  modeling  for  it  is  rather  different 
and,  in  fact,  is  more  similar  to  that  for  transpi¬ 
ration  cooling  discussed  later  in  19.2.5. 

Both  the  film  effectiveness  and  the  overall 
heat  transfer  coefficient  ap-.oaches  will  be 
discussed  for  multihole  film  cooling.  Both  methods 
have  their  adherents  and  the  available  literature 
is  somewhat  evenly  divided  between  them.  The 
literature  will  first  be  discussed  from  the  film 
effectiveness  viewpoint. 

As  in  all  methods  of  film  cooling,  convective 
cooling  is  an  Important  part  of  multihole  film 
cooling.  A  simple  one -dimensional  model  by  Mayle 
and  Camarata  (Ref.  19.2U)  has  been  found  very 


The  results  of  Eq.  (19.2.18)  are  shewn  on  Fig. 
19.2.24  for  two  values  of  F/St.  The  significant 
contribution  of  convective  cooling  in  both  these 
oases  can  be  readily  seen.  Furthermore,  it  can  be 
seen  that  convection  is  wore  important  when  F/St 
is  larger. 

As  in  rows  of  holes  film  cooling,  the  film 
effectiveness  part  of  the  model  is  the  more  diffi¬ 
cult  problem.  Figure  19.2.25  shows  a  geometry 
tested  at  low  speeds  on  a  flat  plate  by  Mayle  and 
Camarata  (Ref.  19.25).  They  have  reported  local  as 
well  as  lateral  average  film  effectiveness  data  ttr 
this  geometry.  Lebrocq,  Launder,  and  Pridden  (Ref. 
19.26)  and  Launder  and  York  (Ref.  19.27)  have  also 
reported  film  effectiveness  data  for  similar  arrays 
of  holes  on  a  flat  plate  at  lew  velocities,  but  in 
their  work  the  holes  were  normal  to  the  surface  or 
angled  directly  to  the  rear.  In  Ref.  19.26  a  non- 
staggered  array  was  also  tested.  The  work  in  Ref. 

19.25  was  performed  at  a  coolant  to  mainstream 
density  ratio  near  one,  while  the  work  in  Refs. 

19.26  and  19.27  was  performed  at  several  values  of 
this  density  ratio. 
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Several  interesting  features  of  the  flow  for 
this  type  of  film  cooling  are  shown  in  Fig.  19.2.26. 
The  figure  on  the  top  indicates  a  strong  spanwise 
variation  in  film  effectiveness  even  at  a  far  down¬ 
stream  location.  The  figure  on  the  bottom  indicates 
a  strong  chordwise  buildup  in  lateral-average  film 
effectiveness  in  the  downstream  direction.  At  a 
chordwise  distance  of  100  the  buildup  of  film 
effectiveness  flattens.  This  is  interpreted  in 
Ref.  19-25  as  the  region  where  mixing  of  the  jets 
with  the  mainstream  just  balances  the  replenishment 
of  cooling  air  in  the  film.  This  feature  is  more 
prominent  at  lower  values  of  M  and  less  at  higher 
values  of  M.  Another  feature  is  the  slow  drop  off 
in  effectiveness  at  the  end  of  the  hole  array. 

This  can  add  significantly  to  airfoil  cooling, 
especially  near  the  trailing  edge  where  it  is 
difficult  to  place  film  cooling  holes. 

limited  success  was  achieved  in  Ref.  19.25  in 
modeling  the  film  effectiveness  utilizing  a  heat 
sinK  model  proposed  by  Ramsey,  Goldstein,  and 
Eckert  (Ref.  19.28)  for  single  holes  and  the  addi¬ 
tive  film  model  of  Ref.  19.23.  In  this  case  the 
model  of  Ref.  19*23  was  applied  on  a  spanwise 
local  basis  rather  than  on  an  average  basis  as 
described  above  for  rows  of  holes  film  cooling. 

It  was  also  found  in  Ref.  19.25  that  there 
appeared  to  be  an  optimum  hole  density.  Decreases 
in  the  pitch  to  diameter  ratio  from  ll*  to  10  to  8 
formed  a  small  but  definite  optimum  for  film 
effectiveness  at  a  pitch  to  diameter  ratio  of  10. 
This  is  very  important  to  the  manufacturers  of 
turbines,  who  do  not  wish  to  drill  a  very  large 
number  of  holes . 

References  19.26  and  19*27  show  similar 
results  for  holes  normal  to  the  surface  and  angled 
directly  to  the  rear.  In  Ref.  19.26  it  is  argued 
from  velocity  profile  measurements  that  staggered 
arrays  of  holes  are  superior  to  in-line  arrays  and 
from  direct  data  that  holes  arlgled  to  the  rear  are 
superior  to  normal  holes.  In  Refs.  19*26  and 
19*27  effects  of  coolant  density  were  also  measured. 
The  effects  of  coolant  density  were  found  to  be 
similar  to  that  for  rows  of  holes  film  cooling. 

The  higher  density  coolant  caused  higher  film 
effectiveness  with  maximum  effectiveness  at  levels 
of  coolant  to  mainstream  velocity  ratio  similar  to 
tha*  for  rows  of  holes  film  cooling.  In  Ref.  19*27 
it  was  found  that  accelerating  the  flow  increased 
the  film  effectiveness  locally  behind  the  holes  but 
tended  *o  decrease  the  ef I ectiveness  in  the  lateral 
iirection.  They  also  found  that  free  stream  turbu¬ 
lence  decreased  film  effectiveness  in  accelerating 
flows  but  did  not  in  constant  velocity  flows.  These 
latter  two  phenomena  were  explained  in  terms  of 
transition  of  the  coolant  Jet  flow  from  laminar  to 
turbulent  flow.  In  practice,  the  Reynolds  number  ol 
the  coolant  holes  is  such  that  the  coclant  jets  are 
generally  already  turbulent.  Thus  any  effects  of 
acceleration  and  turbulence  which  might  be  found  on 
a  turbine  airfoil  would  require  further 
rationalization. 


Heat  transfer  coefficients  were  also  measured 
and  reported  in  Ref.  19.25.  It  was  found  there 
that  the  effects  of  blowing  were  stronger  than  for 
a  similar  value  of  M  in  rows  of  holes  film  cooling. 
The  effects  were  to  Increase  the  heat  transfer 
coefficients  with  increasing  mass  flux  of  coolant 
and  decreasing  hole  pitch.  The  levels  were  as  high 
as  2.5  times  greater  than  for  a  flow  without 
blowing  at  a  pitch  to  diameter  ratio  of  8  and  a 
value  of  M  of  1.5.  Furthermore,  the  Stanton  number 
for  a  given  geometry  reached  a  value  independent  of 
streamwlse  location  when  the  blowing  parameter  F 
was  greater  than  0.007.  In  this  region  they 
correlated  the  Stanton  number  of  Eq*  (19*2*21)  with 


St  =  0.038  (D/p)  M 


0.28 


(19.2.23) 


At  lower  values  of  F  the  Stanton  number  monatonic- 
ally  approached  the  unblown  Stanton  number. 

The  heat  transfer  data  of  Ref.  19*25  are  for 
the  lateral -average  case  with  the  coolant  and  main¬ 
stream  temperatures  equal.  The  use  of  a  lateral 
average  may  well  be  questioned  when  the  effect  of 
blowing  on  the  heat  transfer  coefficient  is  so 
strong,  but  at  the  present  time  there  is  little 
else  in  the  literature. 

Choe,  Kays,  and  Moffat  (Ref.  I9.29)  have 
taken  the  approach  of  a  reduced  heat  transfer 
coefficient  concept.  They  have  defined  a  parameter 
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T  -T 

= 

6  m 


(19*2  .21+) 


where  is  a  lateral-average  metal  temperature. 
For  the  case  of  low  velocity  flows  and  small  tem¬ 
perature  differences  and  thus  small  property 
variations.  Ref.  19*29  shows  that  the  linearity  of 
the  energy  equation  gives 


St  =  st(e=o)  -  e  |st(e=o)  -  st(e=i)j  (19*2*25) 

Where  St  is  based  on  (Tg  -  T^j). 

Then,  since  the  Stanton  number  is  linear  with  9  , 
the  Stanton  number  can  be  measured  at  two  values 
of  0,and  all  values  of  Stanton  numbers  can  then  be 
calculated.  Furthermore,  the  adiabatic  wall 
temperature  can  be  found  from  the  relationship 


’  =  1 
'f  9(St=0) 


(19*2*26) 


where  Uj-  is  the  lateral -average  film  effectiveness 
of  a  good  conductor.  Metzger,  Takeuchi,  and 
Kuenstler  (Ref.  19.30)  ha  e  defined  a  similar 
parameter  but  In  their  work  the  metal  ‘empera- 
tiire  is  a  lateral  and  chordwi se -average  temperature. 
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This  viewpoint  on  the  problem  of  multihole 
cooling  is  quite  interesting  in  that  heat  transfer 
coefficients  to  an  airfoil  may  be  generalized  from 
limited  data.  The  major  drawback,  however,  is  the 
required  linearity  of  the  energy  equation.  It  is 
not  at  all  clear  how  one  calculates  the  film 
effectiveness  when  the  coolant  to  mainstream 
density  ratio  is  around  two  (creating  non¬ 
linearity  in  the  energy  equation)  as  it  often 
ia  in  airfoil  design. 

Choe,  Kays,  and  Moffat  (Ref.  19.31)  have  shown 
how  the  reduced  heat  transfer  concept  might  reach 
greater  application.  They  have  shown  that  a  two- 
dimensional  boundary  layer -type  analysis  is  capable 
of  calculating  the  Stanton  number  in  the  presence 
of  multihole  cooling.  Some  empirical  input  is 
required  but  certainly  no  more  than  correlations 
for  multihole  adiabatic  wall  temperature. 

The  current  status  of  multihole  film  cooling 
in  engines  is  somewhat  behind  rows  of  holes  film 
cooling.  There  is  much  fundamental  data  available 
in  the  literature  but  there  is  little  application 
in  service  engine  design.  Much  the  same 
recommendations  must  be  made  here  as  for  rows  of 
holes  film  cooling,  if  one  wishes  a  multihole 
film-cooled  airfoil.  An  airfoil  close  to  the 
actual  design  must  be  tested  in  a  cascade  with 
Reynolds  number,  Mach  number,  and  coolant  to 
mainstream  density  ratio,  and  coolant  to  mainstream 
flow  ratio  similarity  to  engine  conditions.  The 
effect  of  engine  turbulence  must  also  be  modeled  in 
some  way.  Questions  raised  because  of  rotating 
effects  are  the  same  as  for  rows  of  holes  film 
cooling. 

Special  design  problems  appear  on  this  type  of 
airfoil  because  of  the  multiplicity  of  small  holes 
in  the  surface.  The  large  number  of  holes  cause  an 
especially  difficult  flow  distribution  problem 
which  must  be  solved  for  each  design.  Also  there 
is  a  high  cost  associated  with  the  large  number  of 
holes.  Another  problem  is  that  the  small  holes  are 
suspected  to  be  more  prone  to  plugging  from  dirt  in 
the  cooling  air.  In  spite  of  these  problems,  the 
relatively  high  cooling  effectiveness  achievable 
with  multihole  cooling  makes  it  an  attractive  cool  - 
ing  scheme  for  very  high  temperature  engines . 

19.2.3  Leading  Edge  Film  Cooling 

Airfoils  which  require  film  .cooling  generally 
require  it  over  the  whole  airfoil  including  the 
leading  edge.  The  leading  edge  region  is  especially 
difficult  to  cover  with  a  film  because  the  film  must 
be  established  at  the  stagnation  point,  the  exact 
location  of  which  is  not  known.  To  cover  the 
leading  edge,  large  quantities  of  cooling  air  are 
introduced  through  rather  densely  packed  holes. 
Examples  of  leading  edge  film  cooling  holes  are 
shown  in  Figs.  19.2.21  and  19.2.22.  Because  of  the 
large  quantities  of  cooling  air  it  might  be  thought 
that  the  cooling  mechanism  is  purely  film  effective¬ 
ness.  However,  this  is  not  necessarily  so.  The 
one -dimensional  model  of  19.2.2  is  equally  valid 


here  and  can  be  used  to  determine  the  relative 
importance  of  film  and  convective  effectiveness. 

At  the  leading  edge  the  parameter  F/St  is  calcu¬ 
lated  to  be  large  if  hg  is  assumed  to  be  of  the 
same  order  as  without  blowing.  Then  from  the 
arguments  of  19.2.2  the  convective  effectiveness 
is  seen  to  be  very  important.  The  exact  levels  of 
fig  in  the  region  of  leading  edge  film  cooling  are 
not  known,  but  some  results  reported  in  the  litera¬ 
ture,  discussed  in  the  next  paragraph,  confirm  that 
convective  cooling  is  very  important  in  leading 
edge  film  cooling. 

Hirokl  and  Katsumata  (Ref.  19.32)  obtained 
data  on  a  four  row  leading  edge  geometry.  They 
tested  a  leading  edge  where  they  had  impingement 
on  the  inside  as  well  as  film  cooling  holes  and  a 
leading  edge  where  they  had  just  the  film  cooling 
holes.  They  performed  these  tests  on  models  made 
of  conductive  materials.  Their  results  are  shown 
in  Fig.  19.2.27.  It  can  be  seen  that  the  leading 
edge  with  impingement  is  definitely  superior  to 
that  without  impingement.  Because  of  the  use  of 
conductive  models,  a  large  amount  of  convective 
cooling  must  have  occurred  in  both  models  because 
of  convective  cooling  within  the  holes.  The 
additional  effect  of  impingement  convective  cool¬ 
ing,  as  shown  in  Fig.  19.2.27,  is  indicative  of  the 
importance  of  convective  cooling  in  leading  edge 
film  cooling.  Unfortunately,  there  is  very  little 
other  data  published  in  the  literature  on  leading 
edge  film  cooling.  Thus  a  designer  without 
unpublished  information  must  rely  again  on  testing 
to  gain  design  data. 

One  other  feature  of  leading  edge  film  cooling 
should  be  noted.  The  film  formed  at  the  leading 
edge  persists  to  the  trailing  edge  of  the  airfoil. 
This  is  shown  in  Ref.  19.21.  The  level  of  film 
effectiveness  decreases  from  the  leading  to  the 
trailing  edge  as  one  might  expect.  However,  its 
presence  is  important  to  airfoil  design  and  should 
not  be  discounted. 

19. 2. U  Aerodynamic  Losses  of  Film  Cooling 

The  efficiency  of  a  cooled  turbine  can  be 
thought  to  be  determined  by  a  series  of  entropy 
production  processes  (called  unit  processes)  as  is 
pointed  out  in  Ch.  I8.  Eq.  18.3.5  shows  that  there 
are  two  contributions  to  entropy  production  in  a 
unit  process,  the  changes  in  the  total  temperatures 
and  the  changes  in  the  total  pressures  of  the  coolant 
and  mainstream  flows.  In  a  unit  process  each  of  these 
properties,  total  temperature  and  total  pressure, 
are  defined  in  terms  of  the  appropriate  reference 
frame,  rotating  or  stationary.  If  one  considers  a 
unit  process  to  be  across  a  row  of  airfoils,  the 
total  temperature  changes  can  be  readily  calculated 
from  the  energy  equation.  However,  the  total  pres¬ 
sure  changes  cannot  be  so  readily  calculated.  Thus, 
to  calculate  cooled  turbine  performance  a  method  is 
required  to  calculate  the  total  pressure  changes. 

This  is  generally  reported  in  terms  of  the  decrease 
in  the  total  pressure  of  the  main-stream  which  is 
herein  called  the  total  pressure  lo.ss. 


There  is  a  significant  total  pressure  loss 
associated  with  injecting  cooling  air  into  the  hot 
turbine  flow.  The  present  state  of  the  art  is  that 
the  loss  cannot  be  completely  calculated  from  first 
principles.  However,  a  simple  mixing  model  has  been 
shown  to  be  reasonably  accurate  by  Hartsel  (Ref. 

In  this  model  it  is  assumed  that  the  coolant 
does  not  in  any  way  affect  the  pressure  distribution 
on  the  airfoil.  Furthermore,  it  does  not  interact 
with  the  boundary  layer,  and  thus  the  skin  friction, 
on  the  airfoil.  The  model  is  one  where  the  coolant 
mixes  with  some  portion  of  the  mainstream,  called 
the  mixing  layer,  in  a  one-dimensional  manner.  The 
losses  are  calculated  within  the  mixing  layer  from 
the  leading  to  the  trailing  edge,  being  accumulated 
to  the  trailing  edge.  At  the  trailing  edge  plane 
the  two  mixing  layers  (suction  and  pressure  side) 
are  mixed  with  the  mainstream  unaffected  flow  at  the 
average  trailing  edge  static  pressure.  This  flow 
is  then  mixed  with  the  viscous  boundary  layers  and 
any  trailing  edge  coolant  flow  in  a  one -dimensional 
manner  which  also  accounts  for  trailing  edge  blockage. 
Each  of  the  mixing  calculations  are  performed  using 
simple  control  volume  arguments.  In  addition  the 
losses  within  the  mixing  layer  for  each  coolant  flow 
are  calculated  using  the  one  dimensional  linearited 
relationship 
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where  all  quantities  are  evaluated  at  the  point  of 
injection.  It  is  not  at  all  obvious  what  fraction  of 
the  total  mainstream  flow  Wg  shotild  be.  However,  in 
Ref.  19.33  Wg  was  varied  from  3  to  30  percent  of  the 
total  mainstream  flow  and  very  little  effect  on 
loss  was  found.  Figure  19.2.2S  from  Ref.  19.33 
shows  the  results  of  this  analysis  compared  to  the 
data  of  Frust,  Schum,  and  Szanca  (Ref.  19.3^). 

The  comparison  is  made  on  the  basis  of  airfoil 
efficiency,  which  is  defined  in  Ref.  19.33  as  the 
ratio  of  the  actual  kinetic  energy  of  the  total  flow 
to  that  which  would  occur  if  the  coolant  and  the 
mainstream  air  each  isentropically  expanded  to  the 
same  itrwnstream  static  pressure.  The  corroboration 
is  ,-ood  especially  at  coolant  flow  rates  equal  to 
or  .-reater  than  design  conditions.  One  might 
ijuestion  the  data  and  the  analysis  at  coolant  flow 
rates  below  design  conditions  where  the  airfoil 
efficiency  does  not  approach  the  uncooled  airfoil 
efficiency.  The  data  is  exemplary  of  cascade 
data  where  the  coolant  flow  is  supplied  from  a 
single  source  to  several  regions  of  different  static 
pressures  on  an  airfoil.  At  flow  rates  and  thus 
supply  orossure.'^  bolow  design  conditions,  mainstream 
:  .  enter-  i;.-,  ■_:.e  airfoil  in  regions  of  high 

'■:r:  •a*;:  r-'-'csures  ,  while  coolant  continues 

-j  fl  sw  oi;'  ir,  regions  of  low  airfoil  static 
pre.ssures.  The  outflow  of  coolant  can  cause  total 
pr'-ss  .sf  .OSS  even  when  the  net  coolant  flow  is  zero. 


Ihe  analysis  of  Hef.  19.33  is  similar  to  others 
In  “1-0  industry.  At  this  point,  it  does  not  appear 
‘hw  •l-.e  effect  of  film  cooling  on  skin  friction 
sen  IS-  sr  ps-rTy  taken  into  account  but  the  mixing 


effect  seems  to  account  for  much  of  the  loss.  Ibe 
important  end  result  of  this  is  that  it  gives 
guidance  to  the  designer  on  the  optimum  location  for 
film  cooling  holes.  It  is  apparent  from  Eq. 

(19.2.27)  that  film  cooling  near  the  stagnation 
point  and  on  the  pressure  side  of  airfoils  where 
the  Mach  numbers  are  low  will  give  small  total 
pressure  losses,  whereas  film  cooling  on  the  suction 
side  near  the  throat  where  Mach  numbers  are  high  will 
give  high  total  pressure  losses. 

It  is  quite  often  argued  that  trailing  edge 
ejection  of  coolant  flow  will  reduce  aerodynamic 
losses  by  filling  in  the  wake.  The  works  of 
Anderson,  Heiser,  and  Jackson  (Ref.  19.35)  and 
Anderson  and  Heiser  (Ref.  19.36)  have  shown  analyti¬ 
cally  and  experimentally  that  Eq.  19-2.27  can  be 
used  to  approximate  the  behavior  of  trailing  edge 
ejection  in  the  absence  of  gross  changes  i.’.  the  main¬ 
stream  flow  (e.g. ,  base  pressure)  by  the  coolant 
flow.  Close  examination  of  Eq.  19-2.27  will  show 
that  with  fixed  geometry  and  temperatures  the  total 
pressure  loss  caused  by  the  coolant  flow  will  first 
rise  with  coolant  flow  rate,  reach  a  maximum,  then 
decrease  with  coolant  flow  rate  to  zero  and  become 
negative  (total  pressure  gain).  This  occurs 
because  the  velocity  (and  thus  the  total  pressure) 
of  the  coolant  must  continually  increase  with 
coolant  flow  rate.  The  characteristic  of  reducing 
total  pressure  loss  with  high  coolant  flow  rates 
is,  unfortunately,  of  little  practical  value. 

Although  the  total  pressure  loss  of  the  mainstream 
may  be  reduced  to  zero  or  negative  values  in  this 
way,  the  entropy  generation  of  the  coolant  and  the 
mainstream  considered  together  as  in  Eq.  18.3.^ 
causes  losses  in  efficiency  because  of  the  high 
coolant  total  pressures  required  for  high  coolant 
flow  rates.  It  is,  of  course,  possible  that  the 
mainstream  flow  might  be  affected  by  the  trailing 
edge  ejection,  especially  the  base  pressure.  As 
discussed  in  Ch.  I8,  any  changes  in  base  pressure 
would  have  a  strong  effect  on  total  pressure  losses. 
However,  there  have  been  no  reports  in  the  litera¬ 
ture  showing  variations  in  base  pressure  caused  by 
trailing  edge  ejection  of  coolant  flow.  From  these 
arguments,  it  appears  at  the  present  time  that 
trailing  edge  ejection  of  coolant  flow  causes  a  net 
loss  in  overall  turbine  performance.  Similar  argu¬ 
ments  can  be  applied  to  all  other  film  cooling  flows. 


1'0.2.5  Transpiration  Cooling 

Transpiration  cooling  is  considered  by  many  to 
be  the  ideal  cooling  method.  In  this  method  coolant 
is  introduced  through  a  porous  wall,  so  that  it  con- 
vectively  cools  the  porous  wall  to  the  maximum 
theoretical  limit  and  also  film  cools  it  with  well 
distributed  low  velocity  coolant.  This  type  of 
cooling  is  amenable  to  analysis  and  has  received 
much  attention  from  a  theoretical  bo.indary  layer 
approach.  As  a  result,  transpiration  cooling  can 
be  considered  calculable  by  the  boundary  layer 
methods  of  Ch.  16. 
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Transpiration  cooled  airfoils  have  reached 
the  stage  of  having  been  extensively  tested  in 
turbines.  Most  of  the  tests  on  transpiration- 
cooled  turbine  airfoils  have  been  conducted  on  air¬ 
foils  fabricated  from  woven  wire  cloth  which 
simulates  a  transpiration  surface.  Moskowitz  and 
Lombardo  (Ref.  19.37)  have  run  such  airfoils  for 
several  hours  at  2751  F  turbine  inlet  temperature. 

In  spite  of  the  desirability  of  the  cooling 
method,  transpiration-cooled  airfoils  have  not 
received  widespread  acceptance  and  utilization. 

The  reasons  for  this  are  mostly  structural  in 
nature.  Porous  metals  are  generally  not  strong 
enough  to  make  viable  airfoils.  The  woven  wire 
described  above  is  stronger  but  is  still  difficult 
to  manufacture  into  good  aerodynamic  shapes  with 
adequate  smoothness.  There  is  also  a  large  amount 
of  surface  area  on  the  metal  which  causes  oxidation 
to  be  a  problem, which  must  be  offset  with  lower 
metal  temperatures.  In  spite  of  these  problems, 
there  are  still  strong  proponents  of  transpiration- 
cooled  airfoils,  and  with  effort  they  may  yet  prove 
their  case. 

19.3  Endwall  Cooling 

19.3.0  Introduction 

The  endwall  regions  shown  on  Fig.  19.3.1  are 
generally  exposed  to  a  lower  gas  temperature  than 
the  corresponding  airfoils,  as  was  discussed  in 
19.1.2.  In  the  past  when  the  turbine  inlet 
temperature  levels  were  low  enough,  the  temperature 
profile  could  be  so  shaped  that  no  endwall  cooling 
was  required.  However,  as  gas  temperatures  have 
Increased,  cooling  has  become  required  on  the  end- 
walls.  This  is  a  particularly  difficult  area  to 
cool  because  of  the  complex  flow  fields  near  the 
endwalls . 

The  environment  for  each  of  the  endwall 
regions  is  somewhat  different.  The  stator  plat¬ 
forms  must  accept  a  random  temperature  distribution, 
just  as  stator  vanes  must.  The  stationary  shroud 
around  blade  tips  is  exposed  to  a  similarly  random 
temperature  field,  which  is  further  described  by 
blade  tip  pas.sing.  In  addition  the  stationary 
shroud  is  exposed  to  a  gas  with  a  decreasing  total 
temperature  because  of  work  being  performed  on  the 
rotor.  The  rotor  platform  receives  the  benefit  of 
an  average  temperature  because  of  the  rotation. 


secondary  cross  flows.  These  cross  flows  are 
caused  by  vorticity  in  the  mainstream  inlet  flow 
and  by  viscous  effects  within  the  passage.  Blair 
(Ref.  19.38)  has  published  what  is  probably  the 
most  detailed  experimental  data  on  stator  endwalls. 
He  measured  film  effectiveness  and  heat  transfer 
coefficients  for  a  first  stator  vane  passage.  The 
tests  were  run  on  a  single  passage  at  large-scale 
low-velocity  flow  conditions.  The  results  are  shown 
in  Figs.  19.3.2  and  19.3.3. 

The  effect  of  film  cooling  from  an  upstream 
slot  is  Shown  on  Fig.  19.3.2.  The  most  interesting 
feature  of  Fig.  19.3.2  is  that  the  cross  channel 
flow  drives  the  film  away  from  the  pressure  surface 
so  strongly  that  little  of  the  upstream  slot  film 
goes  very  far  down  the  channel  near  the  pressure 
surface.  For  this  reason  film  cooling  of  stator 
platforms  must  utilize  further  replenishment  within 
the  channel. 

The  heat  transfer  coefficient  distribution  ir. 
shown  in  Fig.  19.3.3.  As  one  might  expect  the  heat 
transfer  coefficient  is  highest  where  the  velocity 
is  the  highest.  In  Ref.  19.38  an  attempt  was  made 
to  rationalize  the  heat  transfer  coefficient  distri¬ 
bution  in  terms  of  the  airfoil  heat  transfer  coeffi - 
cient  distribution.  The  results  indicated  that  the 
level  of  the  heat  transfer  coefficient  distribution 
on  the  endwall  is  close  to  that  on  the  airfoil 
forming  the  passage.  Louis  (Ref,  19.39)  obtained 
heat  transfer  coefficient  data  on  stator  platforms 
in  a  turbine  operating  under  transient  blowdown 
conditions.  His  data  were  less  detailed  than  that 
in  Ref.  19.38  because  of  the  small  size  of  his  tur¬ 
bine,  but  he  did  measure  heat  transfer  coefficients 
at  several  locations  on  a  stator  platform.  His  data 
had  similar  trends  to  that  of  Ref.  19,38.  He  also 
made  an  attempt  at  an  analysis  of  the  heat  transfer 
coefficient.  In  spite  of  his  efforts  and  that  of 
Ref.  19.36,  the  problem  of  heat  transfer  to  the 
endwalls  must  be  considered  beyond  analysis  at  this 
time. 


Little  other  data  exist  in  the  literature  on 
stator  platforms.  Hopefully,  more  is  forthcoming  to 
clarify  the  heat  transfer  picture  in  this  complex 
flow  region. 

19.3.2  Stationary  Shrouds 


Much  of  the  literature  on  turbine  cooling  has 
consisted  of  work  on  turbine  airfoils.  That  which 
has  appeared  on  the  endwall  region  is  very  limited. 
There  are  some  data  available  in  engine  manufac¬ 
turing  companies,  but  again  less  so  than  on  air¬ 
foils.  At  the  present  time,  the  state  of  the  art 
is  such  that  an  endwall  cooling  configuration  is 
designed  by  some  relatively  crude  design  process, 
after  which  the  configuration  must  be  tested  and 
modi fied. 

19.3.1  Stator  Platforms 


Very  little  data  have  been  published  on  sta¬ 
tionary  shroud  heat  transfer.  Reference  19. 39  has 
reported  data  from  the  same  blowdown  turbine  fa¬ 
cility  mentioned  in  the  previous  section.  Very  high 
heat  transfer  coefficients  near  the  leading  edge  of 
the  blade  row  which  then  tapered  off  rapidly  in  the 
axial  direction  were  measured.  The  data  did  not 
appear  amenable  to  analysis.  The  reported  heat 
transfer  coefficients  were  based  on  the  tempera¬ 
ture  into  the  blade  row.  Therefore,  at  least  some 
of  the  drop  in  the  reported  heat  transfer 
coefficients  might  be  attributed  to  work  being 
performed  by  the  blade. 


The  stator  platforms  are  subjected  to  strong 
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stationary  shrouds  may  require  film  cooling  at 
high  turbine  inlet  temperatures.  Little  data  are 
available  in  the  literature  on  this  type  of  cooling. 
The  data  required  are  very  difficult  to  obtain 
because  credible  data  must  be  obtained  in  a 
rotating  turbine.  Reference  19. has  obtained 
a  limited  amount  of  data  for  this  cooling  problem 
but  it  is  difficult  to  ascertain  the  generality  of 
the  information. 

19.3 *3  Rotating  Platforms  and  Shrouds 

At  lovjer  temperatures  most  turbines  have 
rotating  shrouds  for  aerodynamic  performance 
reasons.  At  higher  temperatures  where  shroud  cool¬ 
ing  might  be  required,  however,  the  designer 
generally  chooses  to  relieve  blade  stress  problems 
caused  by  rotating  shrouds  by  eliminating  them. 

Thus  rotating  shroud-  heat  transfer  is  only  of  small 
interest.  The  platforms  at  the  blade  roots, 
however,  require  some  cooling.  This  problem  has 
i-eceived  the  least  attention  because  of  several 
factors  which  tend  to  diminish  the  problem. 

The  first  is  that,  like  the  stator,  the  gas 
temperature  has  a  profile  such  that  the  platform 
sees  a  lower  temperature  than  the  rotor  blade.  The 
second  is  that,  like  the  rotor  blade,  the  rotor 
blade  platform  tends  to  see  an  average  temperature 
rather  than  a  local  temperature.  The  third  factor 
is  that,  the  relative  total  temperatures  incident 
on  a  given  rotor  platform  are  lower  than  that 
incident  on  the  corresponding  vane  platform  because 
of  vane  cooling  air  dilation  and  relative  velocity 
effects.  Thus  only  at  very  high  turbine  inlet 
temperatures  is  rotor  platform  cooling  required. 

At  present,  there  appears  to  be  no  published  data 
on  this  cooling  problem.  The  only  recourse  appears 
to  be  to  apply  stator  vane -type  data  and  analyses 
*0  design  rotor  blade  platforms.  :>ince  only  meatier 
data  are  available  in  the  literature  for  stator 
vane  platforms,  this  is  not  all  that  easy  to  do. 
There  is,  of  coarse,  the  remaining  question  of 
whether  the  effects  of  rotation  are  significant  on 
the  endwalls. 

19 Conclusions 

The  state  of  the  art  in  turbine  cooling  is 
that  turbines  with  inlet  temperatures  of  the  order 
of  2bOO  F  can  be  successfully  designed.  This  is 
seen  mo.st  dramatically  by  observinr  that  gas 
turbine  engines  in  this  tempera+ure  class  are 
operating  successfully  in  commercial  operation.  In 
the  above,  the  open  literature  data  and  analyses 
which  form  the  background  for  the  design  of  such 
engines  have  been  discus.'^ed.  A  point  which  has  be«i 
mentioned  several  times  but  is  worth  repeating  is 
that,  in  addition  to  open  literature,  much  data  and 
analyses  exist  which  are  proprietary  to  engine 
'Companies.  Without  this  additional  .nformatdon,  it 
i’  questionable  whether  these  engines  could  have 
been  successfully  built. 

The  state  of  the  art  in  airfoil  profile  con¬ 
vective  cooling  is  probably  the  most  advanced  with 
relatively  accurate  designs  currently  possible. 


Much  of  the  information  for  this  appears  in  the 
open  literature.  The  state  of  the  art  in  film 
cooling  is  net  as  far  advanced.  Enough  design 
information  exists  so  that  successful  turbines  can 
be  built  utilizing  film  cooling,  but  a  certain 
amount  of  testing  after  design  is  required  to  assure 
adequate  airfoil  life.  The  actual  design  data  for 
this  do  not  appear  in  the  open  literature,  although 
much  background  information  does  appear.  Transpir¬ 
ation  cooling,  which  intuitively  appears  to  be  the 
most  efficient  means  of  cooling,  has  not  achieved 
great  success.  This  appears  to  be  more  because  of 
structural  reasons  than  for  cooling  reasons.  The 
endwalls,  which  fortunately  require  less  cooling, 
are  several  years  behind  airfoils  in  cooling 
technology.  Because  of  the  complexity  of  endwall 
flows,  this  will  probably  always  be  so. 


19.5  References 

10.1  Holland,  M.  J.:  baympi;-  993  Turbine 
Tooling,  AGAHl-  Conf,  Proc .  No,  73.  I'G’'"'. 

19.2  Huile,  K.  R.:  A  Theoretical  Ftudy  of 
Three -bimens ional  Compressible  Turb  ilen* 
Boiindary  Layers  on  Rotating  burfaces  in 
Tu»'bomachtnery ,  Phi'  Theris,  M.I.T.,  107b. 

10,-  bhupp,  R.  K..  H.E  McFadden,  K.  W., 

and  Brown,  T.  R.:  Evaluation  of  Internal 
Heat  Transfer  T.-,t-:'ficients  for  Impingement 
Cooled  Turbine  Airfoils,  J.  of  Aircraft, 
Vcl,  1'  ,  No.  i,  May-.Tune  10^0,  pp.  203- 
709. 

10, )i  Metzger,  I;.  E.,  Baltzer,  R.  T.,  and 
Jenkins,  C.  W.:  Impingement  Ceding 
Performance  in  Cas  Turbine  Airfoils 
Including  Effects  of  leading  Edge  bharp- 
ness,  ACME  J.  of  Eng.  for  Fewer,  July  1072, 
pp.  219-729. 

10. Korcher,  P.  M.  and  Tabakoff,  W.:  Heat 
Transfer  by  a  b.quare  Array  of  Hound  Air 
Jets  Impinging  Perpendicular  to  a  Flat 
b.urface  Including  the  Effect  of  b.pent  Air, 
AbME  -T.  of  Eng.  for  Power,  ,Ian.  I070, 
pp,  73-07. 

]0.t.  Colladay,  R.  7.:  Turbine  Cooling,  NAbA 
b.P-To<-.,  Vol.  3.  Ch. 

lu.7  Webb,  R.  I.,  Frkert  ,  E,  h.  b.,  and 

Collstein,  K.  -d:  Heat  Transfer  and 
Friction  in  'lube.-  with  Repeated -Hi  b 
Roughness,  Int,  .  of  Heat  and  fdasn  Trans., 
Vol,  1'*,  pf-rgamnn  FYess,  T'l’l,  pp.  '01- 
'  1  ^ 

I'*.-'*-  Halls,  (1.  A.:  Nos;-,le  Cuide  Vane  Cooling  - 
The  bVate  <>r  Mu*  Ard  ACARl  I'onf.  lYr  c , 

Ho.  73, 


10-lR 


I'l.i)  Grimison,  E.  C.:  Correlation  and 

ntilization  of  New  Data  on  Flow  Resistance 
and  Heat  "ransfer  for  Cross  Flow  of  Cases 
over  Tube  Banks,  Trans.  ACME,  Vol .  ‘59, 

1937,  p?.  s83-59‘*. 

I  '.Ij  Wieghardt,  K.:  AAF  Translation  No. 
:-'-TC-919-RE,  I9U6. 

1  ).l]  Goldstein,  R.  J.;  Film  Cooling  Advances 
in  Heat  Trans.,  Vol.  7,  Academic  Press, 

1970,  pp.  321-379. 

:  oils'eiri,  R.  .J.  and  Ha.i i -Chelkh ,  A.: 

lYeitotion  of  Film  Cooling  Effecti  veness  , 

1  1.  7  Cemi-Tnt  'i.  Cymp.,  Tokyo,  1907, 

pp. 

19.1;  Hartri..-1,  .T.  P.,  Birkebak,  R.  C.,  and 
' sker* ,  F.  R.  C.;  International 
levelopmentr  in  Heat  Transfer,  Part  IV, 

A. 'HE.  New  York,  1991,  p.  (->82. 

19.1!*  I,ie.s.:,  C.:  Film  Cooling  with  Ejection 

from  a  Row  of  Inclined  Circular  Holes, 

An  Experimental  Study  for  the  Application 
to  Gas  Turbine  Blades,  Tech.  Note  97, 
von  Karman  In.stltute  for  Fluid  Dynamics, 
fiar.  1973. 

F.ricksen,  V.  L. ;  Film  Cooling  Effective¬ 
ness  and  Heat  Transfer  with  Injection 
Through  Holes,  NASA  CR-72991,  Aug.  I97I. 

19. 1'-  Goldstein,  R.  •!.,  Eckert,  E.  R.  G., 

Ericksen,  V.  1,.,  and  Ramsey,  J.  W.:  Film 
Cooling  Following  Injection  Through 
Inclined  Circular  Tubes,  NASA  CR-72612, 

19f'.9. 

19.17  Pedersen,  D.  R.:  Effect  of  Den.sity  Ratio 
on  .Film  Cooling  Effectiveness  for  Injection 
Through  a  Row  of  Holes  and  for  a  Porous 
Slot,  PhD  Thesis,  Univ.  of  Minn.,  Mar. 

1972. 

19. IH  Ericksen,  V.  L.,  Eckert,  E.  R.  G.,  and 

Goldstein,  R.  J.:  A  Model  for  the  Analysis 
of  the  Temperature  Field  Downstream  of  a 
Heated  Jet  Injected  into  an  Isothermal 
Crossflow  at  an  Angle  of  90°,  NASA  CR- 

72‘k70,  1971. 

IG.IU  Metzper,  D.  E.  and  Fletcher,  D.  D.: 

.''irfa.ce  Heat  Transfer  Immediately 
Flown, -treara  of  Flush,  Non -Tangential 
Frjjection  Holes  and  Clots,  J.  of  Aircraft, 
Vol.  c,  No.  1,  Jan,  1971,  pp.  33-38. 

F.ander,  R.  E.,  Fish,  R.  W.,  and  Fluo,  M.: 
External  Heat  Transfer  Distribution  on 
:-ilm  Cooled  Turbine  Vanes,  J.  of  Aircraft  , 
Vol.  9,  No.  10,  Oct.  1972,  pp.  707-7lii. 

i,,.2i  Mij..ka,  J  W.,  Fish,  R.  W.,  and  Suo,  M:  The 

Additive  Nature  of  Film  Cooling,  A3ME  J.  Eng. 
for  Power,  Vol.  90,  Oct.  1976,  pp.  ‘i‘^7-k6U, 


19.22  Goldstein,  R.  J.,  Eckert,  E.  R.  ani 
Eiirggraf,  F.:  Effects  of  Hole  Geometry  and 
Density  on  T-.ree  Timensional  Film  Coolinr, 
Int.  J.  of  Heat  and  [■lass  Tran.-.,  Vol.  17, 
Pergamon  Press,  1979,  pp.  ‘s':'’; - 'F'T. 

19.23  Cellerr,,  J.  P. ;  Gaseous  Film  Ccolinr  with 
Multiple  Injection  .itations,  AiAA  J.,  Vol. 

1,  Wo.  9,  Dec.  l'Ji9,  pp.  91^1 -?1^<  . 

19.24  Mayle ,  R.  E.  and  Caraarata,  :•■  .  J.  :  Heat 
Transfer  Investigation  for  Multihole  Air¬ 
craft  Turbine  Blade  Cooling,  AKAP1-TR-7F- - 
30,  June  1973. 

19.25  Mayle,  R.  E.  and  Camarata,  K.  J.:  Multi- 
hole  Cooling  Film  Effecti  yene.-s  and  Hea- 
Transfer,  ACME  J.  of  Heat  Iran.-.,  Nov. 

1975,  pp.  534-53^. 

19.26  leBrocq,  P.,  launder,  E.  E.  ani  Prildin, 

C.  H.:  Discrete  Hole  Injection  as  a  Means 
of  Transpiration  Cooling,  iVoc.  Tnsi.  of 
Mech.  Enpr.-,.,  Vol.  137,  l-,'73,  pp.  17-?‘, 

19.27  Launder,  B.  E.  and  York,  J.:  Di.crete- 
Hole  Cooling  in  the  Presence  of  !-'rec-.'trc-am 
Turbulence  and  .9  rong  Favorable  lYe.'s  ire 
Gradient,  Int.  J.  of  Heat  and  M.a.-:-  Trans . , 
vol.  17,  r.-rcamon  Press,  107;.,  pp.  ivo-.- 
1409. 

1‘9.28  Ramsey,  J.  W,,  Goldstein,  R,  ani 

Eckert,  E,  K.  G,;  A  l-todel  for  Analysi-  of 
the  Temperature  Distribution  with  Inject  ion 
of  a  Heated  Jet  into  an  "‘otherma]  Flow, 
Heat  Trans.  1970,  Elseuiar  Pub., 

Amsterdam,  1Q70. 

19.29  Choe,  H.,  Kays,  W.  M.,  and  Moffat,  R.  ; 
The  Guperpositicn  Approach  to  Film  Cooling, 
ACME  Paper  74 -VIA  i'HT-27 ,  1974. 

19.30  Metzger,  !>.  E.,  Takeuchi,  Ii.  I.,  ani 
Kuenstler,  P.  A,:  Mffect.iveness  a>id  Heat 
Transfer  with  Full -Cove  rat-e  i-'llm  Cooling, 
ASMS  Paper  Vj-CT-lH,  1973. 

19.31  Choe,  H.,  Kays,  W.  M.,  and  Moffat,  R.  .1.; 
The  Turbulent  Boundary  Layer  on  a  Full- 
Coverage  Film-Cooled  surface;  An  Experi¬ 
mental  Heat,  Transfer  F.tudy  wit.h  Normal 
Injection,  Report  No.  HMT-22,  Thermo- 
sciences  Div.,  Dept,  of  Mech.  Fng., 
Gtanford  t'niv.,  May  I^vh. 

19.32  Hirokl,  T.  and  Katruraata,  I.:  Design  and 
Experimental  Gt jdies  of  Turbine  Onoling, 
ASME  Paper  74-GT-30,  1974. 

19.33  Harts.e]  ,  J.  K.:  Prediction  of  Effects  of 
tdas.s.  Transfer  Cooling  on  t.he  Blade  Row 
Efficiency  of  Turbine  Airfoils.  AIAA  Taper 
72-11,  Jan.  1972. 


19-3**  Prust,  H.  W.,  Schum,  H.  J.,  und  Szanca, 
E.  M.:  Cold  Air  Investigation  of  a 
Turbine  with  Transpiration-Cooled  Stator 
Blades,  I.  Performance  of  Stator  with 
Discrete  Hole  Blading,  NASA  TM  X-EOgU, 
1970. 


19.35  Anderson,  L.  R.,  Heiser,  W.  H.,  and  Jackson, 
J.  C.:  Axisymmetrlc  One -Dimensional 
Compressible  Flow  Theory  and  Applications, 
AGUE  Paper  70-GT-62,  May  1970. 

19.36  Anderson,  L.  R.  and  Heiser,  W.  H.; 

Systematic  Evaluation  of  Cooled  Turbine 
Efficiency,  ASME  Paper  69-GT-63,  Mar.  I969. 


impingement  coolant  hole  diameter  or 
internal  coolant  hole  diameter 


film  cooling  hole  diameter 

roughness  height  in  Fig.  19.2.IO 

half  the  heat  transfer  region  in 
Fig.  19.2.7 


coolant  mass  flux  parameter  of 
Eq.  (19.2.22) 


empirical  parameter  of  Eq.  (19.2.9) 


19.37  Moskowitz,  S.  L.  and  Lombardo,  S.:  2750 

Degree  F  Engine  Test  of  a  Transpiration 
Air-Cooled  Turbine,  ASME  J,  of  Eng.  for 
Power,  April  1971,  pp.  238-248. 


19.38  Blair,  M.  F.:  An  Experimental  Study  of 
Heat  Transfer  and  Film  Cooling  on  I/irge 
Scale  Turbine  Endwalls,  ASIC  J.  of  Heat 
Trans.,  Nov.  1974,  pp.  524-529. 


19.39  Louis,  J.  F.;  Heat  Transfer  in  Turbines, 

AFAPL-TR-75-107,  Sept.  1975. 


h(z,x) 


cross  flew  mass  velocity 


impingement  hole  mass  velocity 


local  heat  transfer  coefficient 


heat  transfer  ce>efficlent 
(independent  of  z) 

local  gas  side  heat  transfer 
coefficient  in  Pig.  19. 3. 3 

lateral -average  gas  side  heat 
transfer  coefficient  in  Eq.  (19.2.21) 


coolant  hole  heat  transfer  coefficient 


19.6  Nomenclature 


constants  given  in  TABLE  19.2.1 


gas  side  surface  area 


inside  surface  area 


Ah  coolant  hole  surface  area 

2  2 

b  equivalent  slot  width.  E  d  or  IT  D 

’  IT  p  77  p 

bj.bp.b^  constants  given  in  TABI£  19.2.1 


axial  chord 


coolant  specific  heat 
approach  gas  specific  heat 


mainstream  gas  specific  heat 


constants  given  in  TABI£  19.2.1 


inside  heat  transfer  coefficient 

leading  edge  dimension  in  Fig.  19.2.7 

coolant  to  mainstream  momentum  flux 
ratio 


impingement  hole  to  impingement  point 
distance 


leading  edge  implngesient  dimension  in 
Figs.  19.2.5  and  I9.2.7 

empirically  determined  parameter  of 
Eq.  (19.2.5) 

coolant  to  mainstream  mass  flux  ratio 
Mach  number 

wall  roughness  ring  spacing  in 

Fig.  19.2.10 

average  Nusselt  number  based  on 
characteristic  dimension  as  used 


A-VM 


^’^stag 

stagnation  point  Nusselt  number  based 
on  characteristic  dimension  as  used 

«g 

Nu^ 

local  Nusselt  number  based  on 

«ge 

characteristic  dimension  as  used 

P 

center -to -center  hole  spacing 

X 

^tg 

mainstream  total  pressure 

x’ 

*Ptg 

mainstream  total  pressure  loss 

Pr 

Prandtl  number 

2 

q 

heat  flux 

9 

q(x) 

lateral -average  heat  flux 

Y 

r 

leading  edge  radius  In  Fig.  19*2.7 

Re 

Reynolds  number  with  characteristic 

s* 

dimension  and  velocity  defined  as  used 

c 

s 

slot  height 

\ 

St 

Stanton  number  defined  as  used 

Stave 

average  Stanton  number  defined  as  used 

9 

Tc 

coolant  supply  total  temperature 

^ce 

coolant  total  temperature  at  exit  of 
coolant  hole 

Tf(z.x) 

local  film  temperature 

Pe 

Tf(x) 

lateral -average  film  temperature 

Te 

mainstream  gas  total  temperature 

mainstream  gas  adiabatic  wall  tempera¬ 

5l 

s 

ture  (also  low  velocity  gas  static  and 
total  temperature) 

Se 

Tm 

temperature  of  metal  defined  as  used 

Ta(x) 

temperature  of  metal  (independent  of  z) 

fie 

■^tg 

mainstream  gas  total  temperature 

Re 

% 

f 

film  layer  average  total  temperature 

1 

Uc 

coolant  velocity 

? 

Ue 

cascade  approach  velocity 

"g 

mainstream  gas  velocity 

Wc 

coolant  flew  rate 

mainstream  mass  flow  mixed  with  film 
cooling  air  for  aerodynamic  losses 

mainstream  mass  flow  entrained  In  film 
cooling  boundary  layer 

surface  distance  In  streamwlse 
direction 

surface  distance  In  streamwlse 
direction  from  effective  starting  point 
for  boundary  layer 

surface  distance  In  lateral  or  spanwlse 
direction 

angle  of  coolant  flow  from  mainstream 
flew 

ratio  of  specific  heats 

boundary  layer  displacement  thickness 

defined  by  Eq.  (19*2.13) 

convective  effectiveness  defined  by 
Eq.  (19.2.19) 

local  film  effectiveness 

lateral -average  film  effectiveness 

defined  by  Eq.  (I9.2.21i) 

coolant  viscosity 

approach  gas  viscosity 

mainstream  viscosity 

mainstream  kinematic  viscosity 

empirically  determined  parameter  of 

Eq.  (19.2.5) 

empirically  determined  parsuneter  of 

Eq.  (19.2.5) 

coolant  density 

approach  gas  density 

mainstream  gas  density 

local  cooling  effectiveness  defined  by 
Eq.  (19.2.18) 

average  cooling  effectiveness  defined 
by  Eq.  (19*2.1 ) 


19-17 


TURBINE  INLET  TEMPERATURE-OF 


HEAT  TRANSFER  COEFFICIENT 

BTU/HRFT^.op 


!:o'i  11'- !  ■-■■i  Wall.';  in  Airl'oilr. 


Figure  IP. P.13  Oil  Traces  of  Film  Cooling  from  a 
Row  of  Holes  (Ref.  19. 1>*) 


Pc 

-^.0.85 

■  0  44  X  106  <•  /d.0,149 


.-igure  19.2.1lj  Spanwise  Film  Effectiveness  from  a 
Row  of  Holes  (Ref.  19.15) 


y. cure  19.2.11  Film  Cooling 


Figure  19.2.15  Film  Cooling  Geometry 


F'lMire  IP. 2. 12  Entrainment  Model  for  rilm 
Cooi; nn 


LATERAL-AVERAGE  FILM 

effectiveness,  Hf 


COOLANT  TO  MAINSTREAM  MASS  FLUX  RATIO,  M 


Figure  19.2.16  Effect  of  Blowing  Rate  on  Centerline 
Film  Cooling  Effectiveness  (Ref. 10.16) 


COOLANT  TO  MAINSTREAM  MASS  FLUX  RATIO,  M 

Figure  19.2.17  Effect  of  Coolant  Density  on  Film 
Effectiveness  (Ref.  19.17) 


UJ 

> 

< 


X 

□ 

8.06 

O  13.70 

A 

2b 

0 

40.99 

^  62.10 

25  54 

0.4  0,6  0.8  1  0 


COOLANT  TO  MAINSTREAM  MASS  FLUX  RATIO.  M 


Figure  Film  CocJing  I-Tfect i veness  -n 

an  Airfoil  with  a  P<•^ub^e  R'w  '••T  Holes  i'Hef. 


SURFACE  distance  FROM  LEADING  EDGE-INCHES 


0.01  0.02  0.03  0.05  0.08  0.1  0.2  0.3  0.5  0.8  1  2  3  5  8  10 


COOLANT  TO  MAINSTREAM  MOMENTUM  FLUX  RATIO,  I 

Firure  19.2,18  Correlation  of  Film  Effectiveness 
with  Coolant  to  Mainstream  Momentum  Flux  Ratio 
(Ref.  19.17) 


Figure  19.2.20  Heat  Transfer  Coefficient  under  Film 
Cooling  (Ref.  19.20) 


Figure  19.2.21  Film  Cooled  Airfoil  with  Multiple 
Rows  of  Holes 


LOCAL  COOL 


0  0.2  0.4  0.6  0.8  1.0  0  0.2  0.4  0.6  0.8  1.0 


CONVECTIVE  EFFECTIVENESS,  ij,, 

Figure  19.2.21+  Effects  of  Convective  and  Film 
Effectiveness  on  Cooling  Effectiveness 


5  STHEAMWISE  DISTANCE  IN  HOLE  DIAMETERS,  g 
p/D-10,  M-1.0,  VPg-I.OS 

Figure  19.2.26  Film  Effectiveness  from  Multihole 
Cooling  (Ref.  19.25) 


■e- 

ui 


0.4  0.6  0.8  1  2  3  4 


COOLANT  FLOW,  PERCENT  OF  ENGINE  FLOW 


Figure  19.2.2?  Cooling  Effectiveness  of  Leading 
Edge  Film  Cooling  (Ref.  19.32) 


RATIO  OF  COOLANT  TO  MAINSTREAM  FLOW 

Figure  19.2.28  Comparison  of  Data  For  Cooled 
Cascade  Efficiency  with  Mixing  Analysis  of 
Eq.  19.2.27 


Figure  19.3.1  Endwall  Regions 


M  -  0.75 


film  COOLING 
SLOT  LOCATION 

_ _ U, 

T. 


Figure  19.3.2  Endwall  Film  Cooling  Data 
(Ref.  19.38) 


Figure  19.3.3  Endwall  Heat  Transfer  Distribution 
(Ref.  19.38) 


Chapter  20 


TURBOPROPULSION 
COMBUSTION  TECHNOLOGY 


Robert  E.  Henderson 
AF  Aero  Propulsion  Loborotory 

and 


William  S.  RIozowski 
AF  Aero  Propulsion  Laboratory 
(Currently  at  Exxon  Research  and 
Engineering  Company) 


TABLE  OF  CONTENTS 


20. U. 1.2  Exhaust  Content 


20-15 


CHAPTER  20  TURBOPROPULSION  COMBUSTION 


Page 

20.0  INTRODUCTION  20-1 

20.1  COMBUSTION  SYSTEM  DESCRIPTION/DEFINI-  20-1 
TIONS 


20.1.1 

Types 

20-1 

20.1.2 

Size 

20-2 

20.1.3 

Combustor 

Conf igurat ions 

20-3 

ro 

o 

Flovpath  Terminology 

20-3 

COMPONENT  CONSIDERATIONS 

20-3 

20.2.1 

Combustion  Syster:.  Demands 

20-3 

20.2.1.1 

Combustion 

Efficiency 

20-U 

20.2.1.2 

Overall  Pressure 

Loss 

20-i4 

20.2.1.3 

Exit  Temperature 
Profile 

20-5 

20.2.1.U 

Combustion 

Stability 

20-6 

20.2.1.5 

Ignition 

20-6 

20.2.1.6 

Size /Weight /Cost 

20-6 

20.2.1.7 

Durability/ 

Reliability/ 

Maintainability 

20-7 

20.2.1.8 

Eixhaust  Emissions 

20-7 

20.2.2 

Design  Factors 

20-7 

20.2.2.1 

Inlet  Diffuser 

20-8 

20.2.2.2 

Dome  and  Snout 

20-9 

20.2.2.3 

Liner 

20-9 

20.2.2.U 

Fuel  Injection 

20-10 

20.2.2.5 

Ignition 

20-12 

20.2.2.6 

Materials 

20-12 

DESIGN 

TOOLS 

20-13 

20.3.1 

Combustor 

Modeling 

20-13 

20.3.1.1 

Empirical 

20-13 

20.3.1.2 

Combined  Empirical/ 
Theoretical 

20- 1 U 

20.3.1.3 

Theoret ical 

20-11 

20. 3.2 

Combus  t i on  Di a^nos  t i cs 

'  t 

F'lTUBE 

REaUIREMEN': 

rs 

20.1*,1 

Hlxhaust  Finissions 

r 

20. U. 1.1 

Problem  De f i n i t i on 

20.L.1.3 

Emission 

Characteristics 

20-17 

2O.U.I.I4 

Minimization  of 
Emissions 

20-19 

20. U. 2 

Future  Jet  Fuels 

20-21 

20. U. 2.1 

Fuel  Effects  on 
Combustion  Systems 

20-21 

20.1). 2. 2 

Combustion  System 
Design  Impact 

20-23 

20. 1.3 

Design  and  Perfomance 
Advancements 

20-23 

20.1). 3-1 

High  Mach  Combustor 
(HMC) 

20-23 

20.1). 3.2 

Advanced  Diffusion 
Techniques 

20-21) 

20.1). 3. 3 

Shingle  Liner 

20-21) 

CONCLUSIONS 

20-2U 

REFER  QICES 

20-26 

LIST  OF  ILLUSTRATIONS 
CHAPTER  20  TURBOPROPULSION  COMBUSTION 


20.1.1  Combustor  Types  20-1 

20.1.2  T63  Turboprop  Engine  with  Can 

Combustor  20-1 

20.1.3  J33  Turbojet  Engine  with  Can 

Combustors  20-2 

20.1. L  J79  Cannular  Combustor  20-2 

20.1.5  TF39  Annular  Combustor  20-2 

20.1.6  WR19  Turbofan  Engine  20-2 

20.1.7  JT9D  Annular  Combustor  20-2 

20.1.8  TFE  731  Turbofan  Engine  With 

Reverse-Flow  Combustor  20-3 

20.1.9  Main  Combustor  Airflow  Distribution  20-3 

20.2.1  Pressure  Loss  Correlation  20-5 

20.2.2  Radial  Temperature  Profile  at 

Combustor  Exit  20-6 

20.2.3  Combustion  Stability  Characteristics  20-6 

20.2.1*  Ignition/Relight  Envelope  20-6 

20.2.5  Component  Identification  20-7 

20.2.6  Diffuser  Design  and  Performance 

Characteristics  20-9 

20.2.7  Contemporary  Diffuser  Designs  20-9 

20.2.8  Combustor  Dome  Types  20-9 

20.2.9  Combustor  Cooling  Techniques  20-10 

20.2.10  Liner  Cooling  Characteristics  20-11 

20.2.11  Fuel  Injection  Methods  20-11 

20.2.12  Pressure  Atomizing  Fuel  Injector  20-11 

20.2.13  Spark  Ignitor  20-12 


20.3.1  Empirical  Combustion  Efficiency 
Correlation 

20.3.2  Prediction  of  Combustion 


Efficiency  Using  0-Parameter  20-11* 

20.3.3  Effect  of  Primary  Zone  J  on  Inlet 

Temperature  Factor  20-11* 

20.3.1*  Combustor  Model  Computational  20-11* 

Schematic 

20.1*.l  CO  and  HC  Idle  Qnlsslons  20-17 


20.1*. 2  Correlation  of  Current  Engine  NO 

Emissions  with  Combustor  Inlet  ^  20-l8 

Temperature 

20.1*.  3  Dependence  of  Sea  Level  Standard 
Day  MO  Emissions  on  Compressor 
Pressure  Ratio  of  Current  Engines  20-10 

20 


20.1*.l*  Dependence  of  NO  Emission  on  Flight 


Mach  Number  20-19 

20.1*. 5  Staged  Premix  Combustor,  JT9D 

Engine  20-19 

20.1*. 6  Ideal  Effectiveness  of  Water 

Injection  for  NO^  Control  20-20 

20.1*. 7  Effect  of  Residence  Time  and  ((i  on 

Nitrogen  Oxide  Emissions  20-20 

20.1*. 8  Overall  Scheme  for  Alternate  Jet 

Fuel  Development  Program  20-21 

20.1*. 9  Liner  Temperature  Correlation 

for  Many  Combustor  Types  20-22 

20.1*. 10  Smoke  Emission  Dependence  on 

Hydrogen  Content  20-22 

20.1*. 11  Fuel  Bound  Nitrogen  Conversion 
to  NO  in  an  Aircraft  Gas 
Turbine  Combustor  20-23 

20.1*. 12  Effect  of  Lean  Operation  on 

Combustor  Fuel  Sensitivity  20-23 

20.1*. 13  HMC  With  Advanced  Bleed 

Diffuser  20-23 

20.1*. lit  Swirl  Burning  HMC  20-21* 

20.1*.  15  Vortex  Controlled  Diffuser  20-21* 

20.1*.l6  Shingle  Liner  Combustor  20-21* 

20.5.1  Annular  Combustor  Development 

Trends  20-25 

20.5.2  FI 01  Annular  Combustor  20-25 

20.5.3  Catalytic  Combustor  Efficiency  20-25 


LIST  OF  TABLES 

CHAPTER  20  TURBOPROPULSION  COMBUSTION 


20.2.1  Contemporary  Combustor  Size,  Weight 

and  Cost  20-7 

20. I*. 1  Engine  Combustion  Products  20-l6 


CHAPTER  20 


TURBOPROPULSION  COMBUSTION 


20 ■ 0  INTRODUCTION 


The  evolution  of  aircraft  gas  turbine  combustor 
technology  over  the  past  forty  years  has  been  ex¬ 
tremely  impressive.  While  the  combustion  system  was 
the  primary  limitation  in  development  of  the  first 
aircraft  gas  turbine  in  1939  (Ref  20.1),  the  com¬ 
plexity  and  hardware  costs  associated  with  current 
rotating  engine  components  (compressor  and  turbine) 
now  far  exceed  that  of  the  combustion  system.  Re¬ 
cent  developments,  however,  have  once  again  caused 
significant  shifts  in  development  emphasis  toward 
combustion  technology.  New  concepts  and  technology 
Improvements  will  be  necessary  to  satisfy  recently 
legislated  exhaust  pollutant  regulations.  Moreover, 
future  emphasis  on  engines  which  can  utilize  fuels 
with  a  broader  range  of  characteristics  are  expected 
to  require  additional  combustor  technology  develop¬ 
ment  . 

Beyond  these  externally  imposed  requirements  are 
the  combustion  system  performance  improvements 
necessary  to  keep  pace  with  new  engine  developments. 
Further  reductions  in  combustor  physical  size  and 
weight  are  expected  to  continue  as  firm  require¬ 
ments.  Performance  improvements,  especially  with 
respect  to  engine  thrust/weight  ratio  and  specific 
fuel  consumption,  will  require  higher  combustor 
temperature  rise,  greater  average  turbine  inlet 
temperatures,  and  closer  adherence  to  the  design 
temperature  profile  at  the  turbine  inlet.  High 
performance  designs  must  also  permit  greater  Mach 
number  operation  within  and  around  the  combustor  to 
reduce  pressure  drop  and  minimize  the  physical  size 
of  compressor  exit  diffuser  hardware.  Costs  (both 
initial  and  operating)  must  be  minimized,  as  recent 
experiences  with  high  temperature  engines  have  con¬ 
firmed  the  necessity  to  consider  reliability  and 
maintenance  aspects  of  life  cycle  cost  as  well  as 
performance  and  fuel  consumption. 

The  purpose  of  this  chapter  is  to  introduce  the 
reader  to  the  hardware  aspects  of  aircraft  gas  tur¬ 
bine  main  burners;  fundamental  aspects  have  been 
addressed  in  Chapter  15,  and  afterburners  are  to  be 
discussed  in  Chapter  21.  A  number  of  reference  texts 
(Ref  20.2  -  20.6)  have  been  published  which  address 
various  aspects  of  turbopropulsion  combustion  in  a 
detailed  manner.  In  particular,  reference  20.6  cites 
more  than  TOO  reports  and  technical  articles  on  the 
topic  of  turbopropulsion  combustion.  The  balance  of 
this  chapter  will  discuss  the  following  four  topics: 
a)  description  of  various  hardware  types  and  defini¬ 
tion  of  all  terras  of  importance,  b)  review  of  param¬ 
eters  pertinent  to  performance,  c)  discussion  of 
tools  available  to  the  combustor  designer,  and  d) 
review  of  the  future  requirements  of  exhaust  emis¬ 
sion  reduction,  achievement  of  greater  fuel  flex¬ 
ibility,  and  advancement  of  burner  performance. 

20.1  COMBUSTION  SYSTEM  DESCRIPTION/DEFIIIITIO.IS 

In  order  to  fully  appreciate  and  comprehend 
contemporary  turbopropulsion  combustor  design 
philosophy,  a  number  of  general  design  and  per¬ 
formance  terms  must  be  understood.  The  purpose  of 
this  section  is  to  acquaint  the  reader  with  common¬ 
ly  used  combustion  nomenclature  which  will  be  uti¬ 
lized  throughout  this  chapter.  A  brief  description 
and/or  definition  of  combustion  system  types,  sizes, 
configurations,  and  flow-path  terminology  is  giver,  in 


the  following  subsections. 


20.1.1  Types 


Turbine  engine  combustors  have  undergone 
continuing  development  over  the  past  lO  years  re¬ 
sulting  in  the  evolution  of  a  variety  of  basic 
combustor  configurations.  Contemporary  combustion 
systeits  .may  be  broadly  classified  into  one  of  the 
three  types  schematically  illustrate!  in  Figure 
20.1.1. 


CANNIII  AR  T  YPf 


Figure  20.1.1  Combustor  Types 


a.  Can:  A  can  combustion  system  consists 
of  one  or  more  cylindrical  combustors  each  contained 
In  a  combustor  case.  In  the  small  T-63  turboshaft 
engine  of  Figure  20.1.2,  a  single  combustor  can  is 
used  while  larger  propulsion  systems  use  a  multi- 
can  assembly  in  an  arrangement  designed  to  provide 
a  continuous  annular  gas  flow  to  the  turbine 
section.  The  combustion  system  of  the  J33  engine 
illustrated  in  Figure  20.1.3  is  representative  of 
such  multican  systems. 


Figure  20.1.2  i63  Turcoprcp  ungir."?  .n';'.:".  '"ir. 
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Figure  20.1.9  Main  Combustor  Airflow  Distribution 


a.  Primary  Air:  This  is  the  combustion  air 
introduced  through  the  dome  or  headplate  of  the  com¬ 
bustor  and  through  the  first  row  of  liner  air  holes. 
This  air  mixes  with  incoming  fuel  producing  the 
approximately  stoichiometric  mixture  necessary  for 
optimum  flame  stabilization  and  operation  (see 
discussion  on  combustion  stabilization  in  Section 
15-li  of  Chapter  15). 

b.  Intermediate  Air:  To  complete  the 
reaction  process  and  consume  the  high  levels  of 
primary  zone  CO,  H*,  and  unburned  fuel,  intermediate 
air  is  introduced  through  a  second  row  of  liner 
holes.  The  reduced  temperature  and  excess  air  cause 
CO  and  concentrations  to  decrease  (see  the 
chemical  kinetic  and  equilibrium  relationships 
presented  in  Section  15 •!  of  Chapter  15)- 

c.  Dilution  Air;  In  contemporary  systems, 
a  large  quantity  of  dilution  air  is  introduced  at 
the  rear  of  the  combustor  to  cool  the  high  tempera¬ 
ture  gases  to  levels  consistent  with  turbine  design 
limitations.  The  air  is  carefully  used  to  tailor 
exit  temperature  radial  profile  to  ensure  acceptable 
turbine  durability  and  performance.  This  requires 
minimum  temperatures  at  the  turbine  root  (where 
stresses  are  highest)  and  at  the  turbine  tip  (to 
protect  seal  materials).  However,  modern  and  future 
combustor  exit  temperature  requirements  are  necessi¬ 
tating  increased  combustion  air  in  the  primary  and 
intermediate  zones;  thus,  dilution  zone  air  flow  is 
nev7essarily  reduced  or  eliminated  to  permit  these 


i.  Cooling  Air:  Cooling  air  must  be  used 
to  protect  the  combustor  liner  and  dome  from  the 
hish  radiative  and  convective  heat  loads  produced 
within  the  co.'nhu.'-itor.  This  air  is  normally  intro¬ 
duced  through  the  liner  such  that  a  protective 
blanket  or  film  of  air  is  formed  between  the  com-- 
busticn  gases  and  the  liner  hardware.  Consequently, 
this  airflow  should  no*,  directly  affect  the  com¬ 
bustion  process.  A  detailed  discussion  of  the 
vari-ous  design  techniques  employed  to  cool  the 
combustor  liner  is  given  in  20.2.2.3. 


20.2  coMPQ::K:rr  considerations 

20 . 2 . ]  Combustion  System  Demands 

During  the  part  several  yea»*P,  significant 
'^ngin'''  P"rr"man'''e  gain"  have  required  advancements 
In  *:  irb  'j  rop-ilr. i  rn  c  jr.rvirD.  ion .  Advanced  strategic 


and  tactical  aircraft  propulsion  systems  utilize 
main  burners  with  the  operational  flexibility  to 
accept  broad  variations  in  compressor  discharge 
pressure,  temperature  and  airflow  while  providing 
an  acceptable  exit  temperature  profile  with  minimum 
pressure  loss  and  near-perfect  combustion  efficiency. 
Furthermore,  heat  release  rates  and  combustor  tem¬ 
perature  rise  capabilities  have  significantly  in¬ 
creased  and  will  continue  to  progress  toward  stoi¬ 
chiometric  exit  temperature  conditions. 


A  broad  list  of  combustion  system  per-  Subscript  3  represents  the  combustor 

formance  and  design  objectives  is  required  of  all  entrance  condition 

new  combustors  as  they  enter  development.  Although 

this  list  can  be  quite  lengthy,  the  more  important  Combustion  efficiency  {n  )  can  also  be  determined 

requirements,  some  of  which  were  alluded  to  above,  from  the  concentration  levels  of  the  various  ex- 

are  given  below:  haust  products.  A  description  of  the  combustion 

efficiency  calculation  based  on  exhaust  product 

Performance  Objectives  chemistry  is  given  in  Section  15.^  of  Chapter  15. 


High  combustion  efficiency  (  100^)  at  all 
operating  conditions. 

Low  overall  system  total  pressure  loss. 

Stable  combustion  at  all  operating 
conditions. 

Reliable  ground-level  ignition  and 
altitude  relight  capability. 


Design  Objectives 


Minimum  size,  weight,  and  cost. 


Combustor  exit  temperature  profile 
consistent  with  turbine  design  require¬ 
ment  s . 


.  Low  stressed  structures. 


Effective  hot  parts  cooling  for  long 
life. 


Good  maintainability  and  reliability. 


Minimum  exhaust  emissions  consistent 
with  current  specified  limitations 
and  regulations. 


A  number  of  these  demands  will  be  discussed  in 
more  detail  in  the  following  subsections. 


20.2.1.1  Combustion  Efficiency:  In  that 
propulsion  system  fuel  consumption  has  a  direct 
effect  on  aircraft  system  range,  payload  and  operat¬ 
ing  cost,  it  is  imperative  that  design  point  com¬ 
bustor  efficiency  be  as  close  to  100^  as  possible. 
Combustion  efficiency  at  the  high  power/high  fuel 
consumption  conditions  of  take-off  and  cruise  is 
always  near  100^  (usually  greater  than  99. 

However,  off-design  efficiency,  particularly  at 
idle,  can  be  in  the  low  nineties.  With  the  advent 
of  chemical  emission  controls  and  limitations, 
this  parameter  becomes  of  particular  significance 
during  low  power  operation.  For  example,  combustion 
efficiencies  at  off-design  conditions,  such  as  idle, 
must  now  exceed  98.5/5  to  satisfy  limitations  on 
exhaust  carbon  monoxide  and  unburned  hydrocarbons. 


As  discussed  in  Chapter  15,  combustion 
efficiency  can  be  defined  in  a  number  of  equation 
forms : 


Combustion  efficiency  can  be  empirically 
correlated  with  several  aerothermodynamic  parameters 
such  as  system  pressure,  temperature,  reference 
velocity  temperature  rise.  Two  examples 

of  such  correlations  will  be  discussed  in  20.3.1.1. 

20.2.1.2  Overall  Pressure  Loss:  The  com¬ 
bustion  system  total  pressure  loss  from  the  com¬ 
pressor  discharge  to  the  turbine  inlet  is  normally 
expressed  as  a  percent  of  compressor  discharge 
pressure.  Losses  of  5  -  8!^  are  typically  encoun¬ 
tered  in  contemporary  systems.  Combustion  system 
pressure  loss  is  recognized  as  necessary  to  achieve 
certain  design  objectives  (pattern  factor,  effective 
cooling,  etc.),  and  can  also  provide  a  stabilizing 
effect  on  combustor  aerodynamics.  However,  pressure 
loss  also  impacts  engine  thrust  and  specific  fuel 
consumption.  A  Ife  increase  in  pressure  loss  will 
result  in  approximately  a  1%  decrease  in  thrust  and 
a  .5  -  •15%  increase  in  specific  fuel  consumption. 
Consequently,  design  goals  for  pressure  loss  repre¬ 
sent  a  compromise  among  the  above  factors. 

Overall  pressure  loss  is  the  sum 
of  inlet  diffuser  loss,  combustor  dome  and  liner 
loss,  and  momentum  loss  resulting  from  combustor 
flow  acceleration  attendant  with  increased  gas 
temperature  (see  Chapter  15,  Section  15.3).  Since 
many  aspects  of  combustor  performance  are  dependent 
on  airflow  t\irbulence  generated  within  the  com¬ 
bustor  (which  in  turn  depends  on  liner  pressure 
drop),  rapid  and  complete  burning  of  the  fuel  and 
air  is  strongly  influenced  by  the  extent  of  pres¬ 
sure  drop  experienced  as  air  is  introduced  into 
the  combustion  zone. 

Combustion  system  pressure  drop 
can  be  expressed  in  terras  of  three  different  loss 
parameters:  fractional  pressure  loss,  inlet 
velocity  head  loss  and  refej’ence  velocity  head  loss. 


*  That  velocity  at  the  reference  plane,  or  plane 
of  maximum  cross  section,  within  the  combustor 
under  flow  conditions  corresponding  to  T..  Values 
of  reference  velocity  range  from  15- ?0  meters  per 
second  for  contemporary  combustor  designs. 


a.  Fractional  Loss — Overall  com¬ 
bustor/diffuser  pressure  loss  is  most  commonly  ex¬ 
pressed  as  the  fractional  loss  defined  as: 


AP 


where 


--3-^14-  (20.2.3) 

"3 

AP  =  P^  -  P^  =  Pressure  Drop 

P^  =  Compressor  discharge  total  pressure 

Pj^  =  Turbine  nozzle  inlet  or  combustor 
exit  total  pressure 


This  loss  generally  increases  with  the  square  of 
the  diffuser  inlet  Mach  number. 


b.  Inlet  Velocity  Head  Loss — 
This  loss  coefficient  is  given  in  terms  of  inlet 
velocity  head.  It  expresses  losses  in  a  manner 
which  accounts  for  the  additional  difficulties  in 
designing  for  minimum  pressure  loss  as  inlet 
velocities  are  increased.  Inlet  velocity  head 
loss  is  defined  as: 


wliere:  P  =  Compressor  discharge  total 
^  pressure 

P^  =  Combustor  e:<it  total  pressure 

q  =  Dynamic  pressure  at  the  compres- 
^  sor  discharge 

c .  Reference  Velocity  Head  Loss — 
This  loss  coefficient  is  expressed  in  terms  of 
reference  velocity.  It  represents  a  measure  of 
the  pressure  loss  normalized  by  a  term  which 
accounts  for  difficulties  associated  with  high 
combustor  volumetric  flow  rates.  Reference 
velocity  head  less  is  defined  as: 


*r 

-3— u- 

- 
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wiicro : 
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Combustor 
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r 


Dynamic  pressure  corresponding 
to  Vj, 


The  relationship  between  frac¬ 
tional  pressure  loss  (or  overall  pressure  loss)  and 
reference  velocity  head  loss  is  shown  in  Figure 
20.2.1  as  a  function  of  reference  Mach  number. 


Figure  20.2.1  Pressure  Loss  Correlation 


20.2.1.3  Exit  Temperature  Profile;  A 
third  performance  parameter  relates  to  the  tempera¬ 
ture  uniformity  of  the  combustion  gases  as  they 
enter  the  turbine.  In  order  to  ensure  that  the 
proper  temperature  profile  has  been  established 
at  the  combustor  exit,  combustion  gas  temperatures 
are  often  measured  by  means  of  high  temperature 
thermocouples  or  via  gas  sampling  techniques  em¬ 
ployed  at  the  combustor  exit  plane.  A  detailed 
description  of  the  thermal  field  entering  the 
turbine  both  radially  and  circumferentially  caj:i  be 
determined  from  this  data.  A  simplified  expression 
called  pattern  factor  or  peak  temperature  factor 
may  be  calculated  from  this  exit  temperature  data. 
Pattern  factor  is  defined  as: 

T  —  T 

Pattern  Factor  »  max  avg  (20.2.6) 

T  -  T. 
avg  in 

where:  T  =  Maximum  measured  exit 

temperature  (local) 

T  =  Average  of  all  temperatures  at 
exit  plane 

T.  =  Compressor  discharge  average 

temperature 

Contemporary  combustors  exhibit 
pattern  factors  ranging  from  0.25  to  0.U5.  Pattern 
factor  goals  are  based  primarily  on  the  design  re¬ 
quirements  of  the  turbine  first-stage  vane  which 
requires  low  gas  temperatures  at  both  the  hub  and 
tip  of  the  turbine  —  areas  where  high  stresses 
an(3  protective  seals  require  cooler  gas  temperavures . 
Consequently,  a  pattern  factor  of  0.0  is  not  re¬ 
quired  ♦  Durability  considerations  require  high 
temperature  rise  combustors  to  provide  combustor 
exit  temperature  profiles  corresponding  to  pattern 
factors  in  the  0.15  to  0.25  range.  One  will  note 
that  although  pattern  factor  is  an  important  com¬ 
bustor  design  parameter,  it  describes  the  possible 
thermal  impact  on  the  turbine  and  is  an  important 
factor  in  matching  the  combustor  and  turbine  com¬ 
ponents  . 


Although  pattern  factor  defines 
the  peak  turbine  vane  inlet  gas  temperature,  the 
shape  of  the  combustor  exit  temperature  radial 
profile  is  the  critical  factor  control  1  turbine 
blade  life.  Figiire  r).2.2  illustrates  typical 


20-5 


radial  profile  characteristics  and  their  attendant 
relationship  with  pattern  factor.  By  proper  con¬ 
trol  of  dilution  air,  the  combustor  exit  tempera¬ 
ture  field  is  tailored  to  give  the  design  pattern 
factor  and  radial  profile  consistent  with  turbine 
requirements . 


AT  Local/AT  Av«ragt 


Figure  20.2.2  Radial  Temperature  Profile  at 
Combustor  Exit 


20.2.1.i*  Combustion  Stability:  Combustion 
stability  is  defined  as  the  ability  of  the  com¬ 
bustion  process  to  sustain  itself  in  a  continuous 
manner.  Stable,  efficient  combustion  can  be  upset 
by  the  fuel-air  mixture  becoming,  too  lean  such 
that  temperatures  and  reaction  rates  drop  below  the 
level  necessary  to  effectively  heat  and  vaporize 
the  incoming  fuel  and  air.  Such  a  situation  causes 
blowout  of  the  combustion  process.  An  illustration 
of  stability  sensitivity  to  mass  flow,  velocity 
and  pressure  characteristics  as  a  function  of 
equivalence  ratio  is  given  in  Figure  20.2.3.  These 
trends  can  be  correlated  with  the  perfectly  stirred 
reactor  theory  described  in  Section  15.3  of  Chapter 
15. 


Figure  20.2.3  Combustion  Stability  Character¬ 
istics 


20.2.1.5  I/^nition :  Ignition  of  a  fuel- 
air  mixture  in  a  turbine  engine  combustor  requires 
inlet  air  and  fuel  conditions  within  flammability 
limits,  sufficient  residence  time  of  the  potential¬ 
ly  burnable  mixture,  and  the  location  of  an  ef¬ 
fective  ignition  source  in  the  vicinity  of  the 
burnable  mixt'ure.  Each  of  these  factors  has  been 


discussed  from  a  fundamental  standpoint  in  Section 
15.^  of  Chapter  15-  Reliable  ignition  inthe  com¬ 
bustion  system  is  required  during  ground-level 
startup  and  for  relighting  during  altitude  wind¬ 
milling.  The  broad  range  of  combustor  inlet  tem¬ 
perature  and  pressure  conditions  encompassed  by 
a  typical  ignition/relight  envelope  is  illustrated 
in  Figure  20.2.^.  It  is  well  known  that  ignition 
performance  is  improved  by  increases  in  combustor 
pressure,  temperature,  fuel-air  ratio,  and  ignition- 
source  energy.  In  general,  ignition  is  impaired 
by  increases  in  reference  velocity,  poor  fuel 
atomization,  and  low  fuel  volatility.  A  more  ex¬ 
tensive  discussion  of  the  ignition  source  itself 
is  deferred  to  20.2.2.5. 


Figure  20.2. U  Ignition/Relight  Envelope 


20.2.1.6  Size,  Weight,  Cost:  The  main 
combustor  of  a  turbine  engine,  like  all  other  main 
components  must  be  designed  within  constraints  of 
size,  weight,  and  cost.  The  combustor  diameter  is 
usually  dictated  by  the  engine  casing  envelope 
provided  between  the  compressor  and  tui'bine  and  is 
never  allowed  to  exceed  the  limiting  diameter  de¬ 
fined  for  the  engine.  Minimization  of  combustor 
length  allows  reduction  of  engine  bearing  require¬ 
ments  and  permits  substantial  reductions  in  weight 
and  cost.  Advancements  in  design  technology  have 
permitted  major  reductions  in  combustor  length. 

With  the  advent  of  the  annular  combustor  design, 
length  has  been  reduced  by  at  least  50^-  when  com¬ 
pared  to  contemporary  cannular  systems. 

While  reductions  in  both  size 
and  weight  have  been  realized  in  recent  combustor 
developments,  the  requirement  for  higher  operating 
temperatures  has  demanded  the  use  of  stronger, 
higher  temperature  and  more  costly  combustor 
materials  (to  be  discussed  in  20.2.2.6).  TJever- 
theless,  the' cost  of  contemporary  combustion  systems 
including  ignition  and  fuel  injection  assemblies 
remains  at  approximately  2  -  U  percent  of  the 
total  engine  cost.  A  tabulation  of  the  approximate 
size,  weight,  cost  and  capacity  of  some  contemporary 
combustion  systems  is  given  in  Table  20.2.1. 
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Naturally,  the  final  cost  of  any  component  is  sig¬ 
nificantly  affected  by  the  level  of  production. 


TABLE  20. 

Contemporary 

Combustor  Size, 

Weight,  and 

Cost 

TF39 

Annular 

TF4i 

CanniUar 

m 

Cannular 

JT9D 

Annular 

T83 

Can 

Mass  Flow  (Design  Point) 

Air  Flow,  Ib/sec 

178. 

135. 

162. 

242. 

3.3 

Kg/sec 

81. 

61. 

74. 

110. 

1.5 

Fuel  Flow,  Ib/hr 

12,850. 

9,965. 

8,350. 

16,100. 

235. 

Kg/hr 

5,329. 

4,520. 

3,788. 

7,303. 

107. 

Size 

Length,  in 

20.  T 

16.6 

19.0 

17.3 

9-5 

cm 

52.6 

42.2 

48.3 

43.9 

24.1 

Diameter,  in 

33.3 

5.3/24.1* 

6.5/32.0* 

38.0 

5.4 

cm 

84.6 

13.5/61.2 

16.5/81.3 

96.5 

13.7 

Weight,  lb 

202. 

64. 

92. 

217. 

2.2 

kg 

92. 

29. 

98. 

1.0 

Cost,  $ 

42,000. 

17,000. 

11,300. 

80,000. 

710. 

*  Can  Diameter/Annulus  Diameter 


20.2.1.7  Durability.  Maintainability^  Re- 

liability:  A  principal  combustor 
design  objective  is  to  provide  a  system  with  suf¬ 
ficient  durability  to  permit  continuous  operation 
until  a  scheduled  major  engine  overhaul,  at  which 
time  it  becomes  cost  effective  to  make  neces$ary 
repairs  and/or  replacements.  In  the  case  of  the 
main  burner,  durability  is  predominantly  related 
to  the  structural  and  thermal  integrity  of  the 
dome  and  liner.  The  combustor  must  exhibit  good 
oxidation  resistance  and  low  stress  levels  at  all 
operating  conditions  if  durability  is  to  be  achieved. 

A  maintainable  component  is  one 
that  is  easily  accessible,  repairable  and/or  re¬ 
placeable  with  a  rainimiom  of  time,  cost,  and  labor. 
Vhile  most  combustor  liners  can  be  weld  repaired, 
if  damaged  or  burned,  turbine  removal  is  required 
for  replacement  of  combustors  in  many  cases.  Con¬ 
sequently,  a  burner  life  consistent  with  the 
planned  engine  overhaul  schedule  is  a  primary 
objective.  Combustor  cases  and  diffuser  sections 
require  minimal  maintenance  and  fuel  nozzles  and 
ignitors  can  generally  be  replaced  and/or  cleaned 
with  minimal  effoi't. 


20.2.1.8  Exhaust  Emissions:  With  the 
advent  of  environmental  regulations  for  aircraft 
propulsion  systems,  the  levels  of  carbon  monoxide, 
unburned  hydrocarbons,  oxides  of  nitrozen,  anr: 
smoke  in  the  engine  exhaust  become  important . 
Naturally,  the  environmental  constraints  directly 
impact  the  combustion  system — the  principal  source 
of  nearly  all  pollutants  emitted  by  the  engine. 
Major  changes  to  combustor  design  philosophy  have 
evolved  in  recent  years  to  provide  cleaner  opera¬ 
tion  at  all  conditions  without  serious  compromise 
to  engine  performance.  A  detailed  discussion  of 
the  exhaust  emissions  area  is  offered  in  Section 
20.U.1. 

20.2.2  Eactors 

The  turbine  engine  combustion  system  con¬ 
sists  of  three  principal  elements — the  inlet  dif¬ 
fuser,  the  dome  and  snout,  and  the  inner  and  cuter 
liners.  In  addition,  two  important  subcomponents 
are  necessary — the  fuel  injector  and  the  ignitor. 
These  elements  are  illustrated  in  Figure  20.2.5. 
This  section  will  describe  each  of  these  items  and 
will  conclude  with  a  materials  summary. 


Reliability  can  be  defined  as  the 
probability  that  a  system  or  subsystem  will  per¬ 
form  satisfactorily  between  scheduled  maintenance 
and  overhaul  periods.  Component  reliability  is 
highly  dependent  on  the  aircraft  mission,  geo¬ 
graphical  location,  and  pilot  operation  since  these 
factors  strongly  affect  the  actual  combustor 
temperature-pressure  enVironinent  and  cyclic  history 
of  the  components.  In  that  the  combustor  has  vir¬ 
tually  no  moving  parts,  its  reliability  is  strongly 
related  to  fuel  nozzle  and  ignitor  performance. 
While  Fouling  and  carboning  of  these  subcomponents 
are  common  causes  for  engine  rejection,  these 
problems  are  relatively  easy  to  correct  through 
normal  inspect  and  replace  field  maintenance  pro¬ 
cedures  . 
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Figure  2''/.2.5  Component  Tdentificatior. 


20.2.2.1  Inlet  Diffuser:  The  purpose  of 
the  combustor  inlet  diffuser  is  to  reduce  the  mean 
velocity  of  the  air  exiting  the  compressor  and  de¬ 
liver  it  to  the  combustion  chamber  as  a  stable,  uni¬ 
form  flow  field  recovering  as  much  of  the  dynamic 
pressure  as  possible.  Compressor  discharge  air 
velocities  range  from  90-I8O  meters  per  second;  con¬ 
sequently,  before  this  high  velocity  air  is  allowed 
to  enter  the  combustor,  it  must  be  diffused  to  levels 
consistent  with  the  stable,  low  pressure  loss,  high 
efficiency  requirements  of  contemporary  combustors. 
Additionally,  this  resulting  flow  field  must  be  intro¬ 
duced  in  a  relatively  non-distorted  manner  to  ensure 
uniform  flow  distribution  to  the  combustion  chamber. 
The  diffuser  must  accomplish  this  by  effectively  con¬ 
trolling  boundary  layer  growth  and  avoiding  flow 
separation  along  the  diffuser  walls  while  minimizing 
length  and  overall  size.  A  balance  must  be  found 
betweei.  (a)  designs  with  increased  size  and  com¬ 
plexity  and  their  attendant  performance  penalties, 
and(b)  short-length,'  rapid  divergence  designs  which 
have  inherent  flow  non-uniformity  and  separation 
problems.  Hence,  the  inlet  diffuser  represents  a 
design  and  performance  compromise  relative  to  re¬ 
quired  compactness,  low  pressure  loss  and  good  flow 
uniformity. 

A  number  of  performance  parameters 
are  commonly  used  to  describe  a  diffuser  and  its 
operation. 

a.  Pressure  Recovery  Coefficient 
(Cp) — This  is  a  measure  of 
the  pressure  recovery  efficiency  of  the  diffuser 
reflecting  its  ability  to  recover  dynamic  pressure. 

The  coefficient  is  defined  as  the  ratio  of  static 
pressure  rise  to  inlet  dynamic  head: 


c .  Kinetic  Energy  Distortion 
Factor  (a) — This  factor  Is 
a  measure  of  the  radial  non-uniformity  of  the  axial 
flow  velocity  profile.  The  distortion  factor  is 
defined  as: 

a  =  '(u^/2)updA  (20.2.10) 

a _ 

(V^/2)VpA 


where:  V  = 

Mean  flow  velocity 

u  = 

Local  axial  velocity 

P  = 

Density 

A  = 

Cross-sectional  area  of  duct 

A  factor  of  1.0  is  equivalent  to  a  flat  one¬ 
dimensional  velocity  profile  (l.e.  plug  flow); 
turbulent  pipe  flow  has  a  factor  of  approximately 

1.1. 

In  addition,  a  number  of  design 
parameters  are  often  utilized  to  predict  diffuser 
performance . 

a.  Area  Ratio  (A^)— This  is  the 
ratio  of  the  exit  to  inlet  areas  of  the  diffuser 
and  defines  the  degree  of  area  change  for  a 
particular  design. 


r  =  P  _  n 

“p  S2  •  SI 
2g 

Where ;  P 


(20. 2. T) 


S2 

"si 

pVi^ 

2g 


=  Exit  static  pressure 
=  Inlet  static  pressure 

=  Inlet  dynamic  pressure 


For  the  ideal  flow  situation;  i.e.,  full  dynamic 
pressure  recovery,  C  can  be  expressed  in  terms 
of  area  ratio:  ^ 

2 

(20.2.8) 


where:  A^  =  T.-et  cross  sectional  area 
Aj  =  Exit  cross  sectional  area 

b .  Pressure  Recovery  Effectlve- 
ness — This  parameter  describes 
the  ability  of  a  diffuser  design  to  achieve  ideal 
recovery  characteristics.  Hence,  it  is  the  ratio 
of  the  actual  to  the  ideal  pressure  recovery  co¬ 
efficient  : 


b.  Length-to-Height  Ratio  (L/H)  — 
This  is  the  ratio  of  diffuser  length  (entrance  to 
exit)  to  the  entrance  or  throat  height  and  serves 
as  a  sizing  parameter. 

c .  Divergence  Half-Angle  ( B ) — 
This  is  equivalent  to  one-half  the  equivalent  cone 
angle  of  the  diffuser  and  describes  the  geometric 
divergence  characteristics  of  the  diffuser  walls. 

Figure  20.2.6  relates  area  ratio,  length- to-height 
ratio  and  divergence  half-angle  to  pressure  re¬ 
covery  effectiveness. 


Figure  20.2.6  Diffuser  Design  and  Performance 
Characteristics 
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Early  inlet  diffuser  designs 
were  cf  of  the  smooth  curved  wall  or  contoured 
wall  designs.  Because  of  the  wide  variations  in 
flow-field  characteristics  exiting  the  compressor, 
however,  the  curved  wall  diffuser  cannot  always 
provide  uniform,  non-separated  flow  at  all  operating 
conditions.  This  can  become  a  critical  problem  in 
the  short  length  diffusers  required  of  many  current 
systems.  Consequently,  a  trend  toward  dump  or 
combination  curved  wall  and  dump  diffuser  designs 
is  occurring.  Although  this  design  results  in 
somewhat  higher  pressure  losses,  it  provides  a 
known  and  constant  point  of  flow  separation,  the 
dump  plane,  which  prevents  stalled  operation  at 
all  diffuser  entrance  conditions.  Figure  20.2.7 
illustrates  these  contemporary  designs. 


CUIVEO  WALL  DIFfUSER 
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Figure  20.2.7  Contemporary  Diffuser  Designs 


The  design  procedures  commonly 
employed  to  develop  a  specific  diffuser  configura¬ 
tion  involve  the  use  of  a  combination  of  experi¬ 
mentally  generated  performance  maps,  empirical 
equations,  and  analytical  models.  Most  available 
performance  maps  were  generated  for  two  -dimensional 
straight  wall  and  conical  diffusers,  the  most 
notable  source  being  the  work  of  Klein  and  his 
associates  (Ref.  20. T).  Until  recent  years, 
empirical  results  such  as  those  illustrated  in 
Figure  20.2.6  have  been  used  in  the  development  of 
annular  diffusers.  However,  with  the  advent  of 
improved  numerical  methods  and  high  speed  computers, 
a  number  of  improved  two-dimensional  and  three- 
dimensional  analytical  models  are  now  being  de¬ 
veloped  which  more  accurately  describe  the  flow- 
field  characteristics  of  the  annular  diffuser 
design.  Such  progreims  will  provide  improved 
analysis  of  pressure  loss  characteristics  inlet 
velocity  profile  effects  and  the  influence  of 
turbulence  level  on  diffuser  performance. 

The  need  for  high  performance  in 
short  compact  diffusers  takes  on  increasing  im¬ 
portance  as  future  engine  operating  conditions 
become  more  and  more  severe.  An  advanced  compact 
diffuser  design  which  provides  improved  boundary 
layer  control  and  greater  pressure  recovery  is 
described  in  20.1*. 3.2. 

20.2.2.2  Dome  and  Snout — At  the  front  of 
the  combustion  chamber  is  the  snout  and  dome  where 
air  and  fuel  are  initially  introduced.  The  snout 
is  actually  a  forward  extension  to  the  dome  dividing 


the  incoming  air  into  two  streams — one  directly 
entering  the  primary  zone  of  the  combustor  through 
air  passages  in  the  dome,  the  other  entering  the 
annulus  around  the  combustor.  The  snout  also 
improves  diffusion  by  streamlining  the  combustor 
dome,  permitting  a  larger  diffuser  divergence  angle 
and  providing  reduced  overall  diffuser  length.  The 
dome  plate  contains  provisions  for  receiving  the 
fuel  injector  and  maintains  its  alignment  during 
operation.  Combustor  domes  are  of  two  basic  types — 
bluff-body  and  swirl  stabilized  as  illustrated 
in  Figure  20.2.8.  Early  combustors  like  the  J79 
(Figure  20.1.U)  generally  fall  into  the  bluff-body 
class  wherein  the  high  blockage  dome  plate  estab¬ 
lishes  a  strong  wake  region  providing  primary  zone 
recirculation.  In  effect,  the  bluff-body  dome  inter¬ 
acts  with  the  first  row  of  primary  zone  air  holes 
to  establish  this  strong  recirculation  region.  Most 
contemporary  combustors,  however,  utilize  the  swirl- 
stabilized  dome.  With  this  design,  the  fuel-injector 
is  surrounded  by  a  primary  air  svirler.  The  air 
swirler  sets  up  a  strong  swirling  flow  field  around 
the  fuel  nozzle  generating  a  centralized  low  pres¬ 
sure  zone  which  draws  or  recirculates  hot  combustion 
products  into  the  dome  region.  As  a  result,  an  area 
of  high  turbulence  and  flow  shear  Is  established  in 
the  vicinity  of  the  fuel  nozzle  finely  atomizing 
the  fuel  spray  and  promoting  rapid  fuel-air  mixing. 


Figure  20.2. D  Combustor  Dome  Types 


20.2.2,3  Liner ;  The  liner  provides 
containment  of  the  combustion  process  and  allows 
introduction  of  intermediate  and  dilution  air 
flow.  Contemporary  liners  are  typically  of  sheet- 
metal  braze  ar.d  welded  construction.  The  liner  is 
mounted  to  tht  combustor  dome  and  generally  sus¬ 
pended  by  a  support  and  seal  system  at  the  turbine 
nozzle  entrance  plane.  Its  surface  is  often  a 
system  of  holes  of  varying  sizes  which  direct 
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primary,  intermediate,  dilution,  and  liner  eooling 
air  into  the  combustion  chamber.  While  combustion 
gas  temperatures  may  be  in  excess  of  2500°K,  the 
liner  is  protected  by  a  continuous  flow  of  cool 
air  (at  approximately  compressor  exit  temperature 
levels)  and  maintained  at  temperatures  less  than 
1200°K. 


The  liner  must  be  designed  with 
high  structural  integrity  to  support  forces  result¬ 
ing  from  pressure  drop  and  must  have  high  thermal 
resistance  capable  of  continuous  and  cyclic  high 
temperature  operation.  This  is  accomplished 
through  utilization  of  high  strength,  high  tempera¬ 
ture  oxidation-resistant  materials  and  effective 
use  of  cooling  air.  Depending  upon  the  temperature 
rise  requirements  of  the  combustor,  20-50  percent 
of  the  inlet  airflow  may  be  utilized  in  liner 
cooling.  A  number  of  cooling  techniques  are 
illustrated  in  Figure  20.2.9. 
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Figure  20.2.9  Combustor  Cooling  Techniques 


a.  Louver  Cooling — Many  of  the 
early  Jet  engine  combustors  used  a  louver  cooling 
technique  in  which  the  liner  was  fabricated  into 
a  number  of  cylindrical  panels.  When  assembled, 
the  liner  contained  a  series  of  annular  air  passages 
at  the  panel  intersection  points,  the  gap  heights 

of  which  were  maintained  by  simple  wiggle-strip 
louvers.  This  permitted  a  film  of  air  to  be  in¬ 
jected  along  the  hot  side  of  each  panel  wall  pro¬ 
viding  a  protective  thermal  barrier.  Subsequent 
injection  downstream  through  remaining  panels 
permitted  replenishment  of  this  cooling  air  bound¬ 
ary  layer.  Unfortunately,  the  louver  cooling  tech¬ 
nique  did  not  provide  accurate  metering  of  the  cool¬ 
ing  air  which  resulted  in  considerable  cooling 
flow  nonuniformity  with  attendant  variations  in 
combustor  exit  profiles  and  severe  metal  tempera¬ 
ture  gradients  along  the  liner. 

b.  Film  Cooling — This  technique 
is  an  extension  of  the  louver  cooling  technique  but 
with  machined  injection  holes  instead  of  louvers. 
Consequently,  airflow  metering  is  more  accurate 
and  uniform  throughout  the  combustion  c’-'amber. 

Most  current  combustors  use  thi  ooling  technique. 
However,  increased  operating  ga^  Lemperatures  of 
future  combustors  will  result  in  less  air  for  cool¬ 
ing  and  more  advanced  cooling  techniques/materials 
will  be  required. 


c.  Convection/ Film  Cooling — This 
relatively  new  technique*  permits  much  reduced 
cooling  air  flow  (15  -  25  percent)  while  providing 
high  cooling  effectiveness  and  uniform  metal  tem¬ 
peratures.  It  is  particularly  suited  to  high 
temperature  rise-  combustion  systems  where  cooling 
air  is  at  a  premium.  The  convection/film  cooled 
liner  takes  advantage  of  simple  but  controlled  con¬ 
vection  cooling  enhanced  by  roughened  walls  while 
providing  the  protective  boundary  layer  of  cool  air 
at  each  cooling  panel  discharge  plane.  Although 
somewhat  similar  in  appearance  to  the  louver  cooled 
liner,  the  confection/film  coolant  passage  is  sev¬ 
eral  times  greater;  more  accurate  coolant  metering 
is  provided  and  a  more  stable  coolant  film  is 
established  at  the  panel  exit.  Principal  disad¬ 
vantages  of  this  design  are  somewhat  heaver  con¬ 
struction,  increased  manufacturing  complexity 

and  repairability  difficulties, 

d.  Impingement/Film  Cooling — This 
cooling  technique  is  also  well  suited  to  high 
temperature  rise  combustors.  When  combined  with 
the  additional  film  cooling  feature,  impingement 
cooling  provides  for  excellent  thermal  protection 
of  a  high  temperature  liner.  Its  disadvantages, 
however,  are  similar  to  those  of  the  film/convection 
liner — heavier  construction,  manufacturing  com¬ 
plexity  and  repairability  difficulties. 

e.  Transpiration  Cooling —  This 
is  the  most  advanced  cooling  scheme  available  and 
is  particxilarly  well-suited  to  future  high  tem¬ 
perature  applications.  Cooling  air  flows  through 
a  porous  liner  material,  uniformly  removing  heat 
from  the  liners  while  providing  an  excellent  thermal 
barrier  to  high  combustion  gas  temperatures.  Both 
porous  (regimesh  and  porolloy)  and  fabricated 
porous  transpiring  materials  (Lamilloy**)  have  been 
examined  experimentally .  Fabricated  porous  materials 
tend  to  alleviate  plugging  and  contamination  prob¬ 
lems,  inherent  disadvantages  of  the  more  convention¬ 
al  porous  materials. 

Figure  20.2.10  shows  the  axial 
thermal  gradient  characteristics  of  each  of  the 
liner  designs  discussed  above  as  a  function  of 
relative  liner  length.  As  can  be  seer.,  transpira¬ 
tion  cooling  offers  better  temperature  control 
and  uniformity  than  any  other  cooling  technique. 

20.2.2.U  Fuel  Injection — Basically  four 
methods  of  fuel  introduction  are  currently  used  or 
proposed  for  future  use.  These  techniques--pres- 
sure  atomizing,  air  blast,  vaporizing,  and  premix/ 
prevaporizing — are  discussed  below  in  increasing 
order  of  complexity.  Each  of  these  is  illustrated 
in  Figure  20.2.11. 

a.  Pressure  Atomizing— Most  con¬ 
temporary  combustion  systems  use  pressure  atomizing 
fuel  injectors.  They  are  relatively  simple  in  con¬ 
struction,  provide  a  broad  flow  range  and  can  provide 
excellent  fuel  atomization  when  fuel  system  pres¬ 
sures  are  high.  A  typical  pressure  atomizing  fuel 
injector  is  illustrated  in  Figure  20.2.12.  At  least 
five  different  design  concepts  or  variations  are 
included  in  this  category:  simplex,  duplex,  dual 


*  Patent  Pending — Patent  Application  Numbers  SN 
8x6,26*4  &  SN  298,143*+,  titled  "Combustion  Liner" 

••Developed  by  Detroit  Diesel  Allison,  Div  of  GMC, 
Patent  Number  3,58*4,9X2,  titled  "Laminated  Porous 
Material,"  13  June  1971. 
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orifice,  variable  area,  and  slinger.  These  devices 
typically  utilize  high  fuel  pressure  (about  500 
psi  above  combustor  pressure)  to  achieve  fine  fuel 
atomization.  The  slinger  design,  although  a  pres¬ 
sure  atomizing  type,  is  very  different  from  the  con¬ 
ventional  fuel  nozzle  in  that  the  fuel  is  injected 
through  small  holes  in  the  rotating  turbine  shaft. 
The  high  centrifugal  forces  imparted  to  the  fuel 
provide  atomization.  Slinger  systems  are  used  in 
several  small  engine  combustors — the  WR19  of 
Figure  20.1.6  is  one  such  system.  The  principal 
disadvantages  of  the  pressure  atomizing  systems  are 
the  propensity  for  fuel  system  leaks  due  to  the 
inherently  high  fuel  pressures  required,  potential 
plugging  of  the  small  fuel  orifices  by  contaminants 
entrained  in  the  fuel,  and  increased  difficulty  in 
achieving  low  smoke  levels  when  fuel  system  pres¬ 
sures  are  low. 
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Figure  20.2.10  Liner  Cooling  Characteristics 


h.  Airhlast — A  number  of  modern 
combustor  designs  achieve  fuel  atomization  and 
mixing  through  use  of  primary  zone  air  momentum. 
Strong  swirling  motion,  often  accompanied  by  a 
second  counter  swirl,  causes  high  gas  dynamic 
shear  forces  to  atomize  liquid  fuel  and  promote 
mixing.  Low  fuel  injection  pressures  (50  -  200 
psi  above  combustor  pressure)  are  utilized  in 
these  schemes,  .'-izkalla  and  Lefeuvre  (Ref  20.8, 
20.9)  describe  airblast  atomizer  spray  character¬ 
istics  relative  to  air  and  liquid  property  in¬ 
fluences.  In  addition,  the  development  of  a 
specific  airblast  atomizer  for  gas  turbine  applica¬ 
tion  is  discussed  in  Reference  20.10. 

c.  Vaporizing:  A  number  of 

vaporizing  fuel  injection  systems  have  been  de¬ 
veloped;  perhaps  the  meet  common  is  the  ’’candy- 
cane"  vaporizer.  In  this  design,  fuel  and  air 
are  introduced  into  a  cane-shaped  tube  immersed  in 


the  combustion  zone.  Diaring  operation,  the  heat 
transferred  from  the  combustion  region  partially 
vaporizes  the  incoming  fuel,  while  the  liquid/vapor 
fuel  within  the  tube  provides  thermal  protection 
for  the  tube.  It  is  generally  agreed,  however,  that 
fuel  vaporization  is  very  much  incomplete  in  this 
type  vaporizer  and  is  considered  by  many  to  be  merely 
an  extension  of  the  airblast  principles  described 
above.  This  design  is  simple  in  construction,  in¬ 
expensive,  and  can  operate  with  low  fuel  injection 
pressures.  The  resultant  fuel-air  mixture  burns 
with  low  flame  radiation  reducing  liner  heat  loads. 
This  design,  however,  has  certain  serious  short¬ 
comings:  poor  ignition  and  lean  blowout  character¬ 
istics,  vaporizer  tube  durability  problems  during 
low  fuel  flows,  and  slow  system  response  time. 
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Figure  20.2.11  Fuel  Injection  Methods 


Figure  20.2.12  Pressure  Atomizing  Fuel  Injector 


d.  Preralx/Prevaporizlng — The 
advent  of  gas  turbine  emission  regulations  has  re¬ 
sulted  in  increased  interest  in  premix/prevaporizing 
fuel  injection.  In  this  technique,  fuel  is  intro¬ 
duced  and  premixed  with  the  incoming  air  prior  to 
introduction  to  the  combustion  zone.  The  design 
intent  is  to  provide  a  uniform,  low  equivalence 
ratio,  fully  mixed  field  of  vaporized  fuel  in  the 
combustion  region.  As  a  result,  low  smoke  and 
chemical  emissions,  low  flame  radiation,  improved 
fuel-air  uniformity  in  the  combustion  region  and 
virtual  elimination  of  hot-spot  burning  occurs. 
Potential  problem  areas  with  this  system  include 
incoiiq>lete  fuel  vaporization,  danger  of  flashback 
through  or  auto  ignition  of  the  fuel-air  pre¬ 
mixture  upstream  of  the  combustor  dome  plate  with 
resulting  damage  to  the  combustor  hardware,  poor 
lean  olowout  characteristics,  and  difficulty  with 
ignition  and  altitude  relight.  Staged  combustion, 
utilizing  a  pilot  zone  with  a  relatively  conven¬ 
tional  stoichiometric  design,  is  often  proposed  as 
a  method  of  overcoming  stability  and  ignition  dif¬ 
ficulties. 

20.2.2.5  Ignition:  Ignition  of  the  cold 
flowing  fuel-air  mixture  can  be  a  major  combustor 
design  problem.  Nearly  all  conventional  combustors 
are  ignited  by  a  simple  spark- type  igniter  similar 
to  the  automotive  spark  plug.  Turbine  engine  ig¬ 
nition  energies  are  typically  U  to  12  Joules  with 
several  thousand  volts  at  the  plug  tip.  Figure 
20.2.13  illustrates  a  typical  spark  type  igniter. 


Each  combustion  system  is 
generally  fitted  with  two  spark  igniters  to  pro¬ 
vide  system  redundancy.  Potential  ignition 
system  problems  include  spark  plug  fouling  with 
carbon  or  fuel,  plug  tip  burn-off,  electrode 
erosion  with  time  and  corona-discharge  losses 
along  the  ignition  system  transmission  lines  under 
high  altitude,  low  pressure  conditions. 

During  engine  start-up,  the  flame 
must  propagate  from  can-to-can  in  a  cannular  com¬ 
bustion  system  via  cross-fire  or  inter-connector 
tubes  located  near  the  dome  of  each  can .  The 
large  cross-fire  ports  of  the  J79  are  readily 
visible  in  Figure  20.1.U.  The  cross-fire  region 


must  be  designed  to  Insure  rapid  and  complete 
flame  propagation  around  the  combustion  system. 
Without  proper  cross-firing,  a  "hung  start"  can 
occur  wherein  only  one  or  two  combustors  are  ig¬ 
nited.  This  condition  of  poor  flame  propagation 
can  also  occur  in  annular  combustors.  In  either 
case,  severe  local  gas  temperatures  (high  pattern 
factor)  are  generated  which  can  thermally  distress 
the  turbine. 

Although  the  spark  igniter  is  the 
most  common  ignition  source  in  use  today,  a  number 
of  other  ignition  or  ignition-assist  techniques  have 
been  employed:  the  torch  igniter,  oxygen  injection, 
and  the  use  of  pyrophoric  fuels.  The  torch  ignitor, 
a  device  combining  the  functions  of  fuel  injection 
and  spark  ignition,  is  extremely  reliable  and  per^ 
mits  a  wide  ignition  envelope.  However,  it  is 
more  complex  and  costly  and  increases  maintaina¬ 
bility  problems  relative  to  conventional  ignition 
systems.  Oxygen  injection  assists  ignition  by 
lowering  minimum  ignition  energy  requirements.  It 
is  especially  applicable  to  facilitating  altitude 
relight.  The  use  of  pyrophoric  fuels  provides  per¬ 
haps  the  most  positive  ignition  source  available. 
Pyrophorics  will  react  spontaneously  in  the  presence 
of  oxygen  and  provide  excellent  altitude  relight 
capability.  Unfortunately,  pyrophoric  fuels  are 
extremely  toxic  and  create  special  handling  and 
logistics  problems.  Consequently,  these  factors 
have  limited  its  use  as  a  viable  ignition  technique. 

20.2.2.6  Materials:  The  selection  of 
proper  materials  is  a  critical  element  in  combustion 
system  design  for  component  structural  integrity. 
Materials  which  possess  high  stress  tolerance,  good 
oxidation  and  corrosion  resistance,  and  the  ability 
to  withstand  the  broad  cyclic  aero-thermal  loads  im¬ 
posed  by  the  engine  during  its  operation  are  re¬ 
quired.  Several  high  strength  alloy  materials  are 
used  in  combustors  today,  the  selection  of  which 
is  generally  based  on  the  projected  operating  en¬ 
vironment  of  the  propulsion  system.  This  section 
will  highlight  a  few  of  the  more  common  combustor 
materials  in  use  today. 

a.  Hastelloy  X — Hastelloy  X  is 

a  nickel-base  alloy  strengthened  in  solid  solution 
by  chromium  and  molybdenum.  It  is  the  most  common 
combustor  liner  material  in  use  today.  Its 
formability  is  good,  its  machinability  is  difficult 
but  not  impractical  and  its  weldability  and  brazing 
characteristics  are  good.  Hastelloy  X  exhibits 
good  strength  and  oxidation  properties  in  the 
10lt0°K  to  lll»0°K  metal  temperature  range.  Most 
combustors  with  Hastelloy  X  liners  are  designed  to 
operate  at  metal  temperatures  of  1090°K  to  1120°K. 

b.  Haynes  I88;  Haynes  Alloy  I88 
is  a  wrought  solid,  solution  strengthened,  cobalt- 
base  alloy  applicable  to  static  parts  operating  at 
temperatures  up  to  1370°K.  It  can  be  readily 
formed  and  welded.  Its  oxidation  resistance  is 
good"  although  protective  coatings  are  required  for 
applications  above  1250‘’K,  and  like  Hastelloy  X, 
its  machinability  is  difficult  but  not  Impractical. 
It  is  finding  increased  applicability  in  the  newer 
combustion  systems  where  liner  metal  temperatures 
of  llUo°K  to  1230°K  arf  ?cessary. 

c.  TD  Nickel:  This  super  alloy 

is  a  non-heat-treatable,  high  nickel  alloy  strength¬ 
ened  by  dispersion  of  fine  ThO  particles  in  a 
nickel  matrix.  This  alloy  maintains  useful 
strengths  at  temperatures  up  to  llt20°K.  Its 
oxidation-erosion  resistance  is  inferior  to 
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Hastelloy  X  or  Haynes  l88  and  requires  protective 
coatings  for  applications  above  1220°K.  Its 
machinability  and  fomability  are  good.  Fusion  and 
resistance  welding  of  this  material  can  be  difficult; 
however,  its  brazeability  is  considered  good.  TD 
Nickel  offers  considerable  promise  in  future  high 
temperature  liner  applications  where  metal  tem¬ 
peratures  greater  than  1250'’K  may  be  common.  Cur¬ 
rent  material  costs  and  the  need  for  protective  coat¬ 
ings,  however,  have  generally  precluded  serious 
consideration  of  TD  Nickel  in  contemporary  com¬ 
bustion  systems.  Further,  advanced  liner  cooling 
techniques  have  succeeded  in  maintaining  metal 
temperatures  at  levels  consistent  with  the  Hastelloy 
X/Haynes  l88  material  capabilities. 

Significant  advancements  in 
super  alloy  technology  are  required  to  meet  future 
high  temperature  rise  combustor  requirements.  New 
materials  well  beyond  the  capability  of  TD  Nickel 
will  be  necessary.  Improved  coatings  may  provide 
part  of  the  solution  if  developed  with  long  life 
and  improved  high  and  low  cycle  fatigue  capabilities. 
Ceramics  and  advanced  thermal  barrier  and  coating 
materials  may  also  find  a  role  in  future  combustor 
design. 


20.3  DESIGN  TOOiJS 


involves  a  selection  of  the  appropriate  design  and 
aerothermodynamic  parameters  which  have  been 
empirically  found  to  influence  the  performance  (e.g. 
combustion  efficiency)  of  a  particular  combustor 
design.  Each  of  the  non-dimensionalized  parameters 
or  ratios  are  acted  upon  by  appropriate  "Influence" 
coefficients  or  exponents,  the  value  of  which  re¬ 
flects  the  degree  of  importance  of  a  particular 
parameter.  Since  these  influence  terms  are  usually 
derived  from  test  data  obtained  from  combustors 
which  generally  represent  the  same  basic  design 
family,  a  major  change  in  design  philosophy  can 
require  the  definition  of  a  new  set  of  influence 
factors.  Consequently,  this  modeling  approach 
works  well  on  specific  combustor  designs  for 
which  there  is  a  broad  base  of  technical  data.  Un¬ 
fortunately,  it  cannot  be  arbitrarily  used  as  a 
general  design  tool.  One  example  of  an  empirical 
correlation  model  is  illustrated  in  Figure  20.3.1. 

In  this  model,  combustion  system  efficiency  is  de¬ 
fined  as  a  function  of  the  more  important  com¬ 
bustor  design  and  performance  parameters.  As  can 
be  seen,  the  model  is  written  in  general  form  and 
a  tabulated  listing  of  appropriate  coefficients 
and  exponents  is  provided  to  permit  the  computation 
of  combustion  efficiency.  Again,  these  influence 
terms  are  empirically  based  and  were  derived  from 
a  bank  of  combustor  data  representative  of  a 
particular  class  of  combustors. 


The  complexity  of  the  aerothermodynamic  and 
chemical  processes  occurring  simultaneously  in  the 
combustor  prevent  a  purely  analytical  approach  to 
component  design  and  performance  prediction. 
Insufficient  capability  to  accomplish  measurements 
of  Importance  within  the  combustor  has  precluded 
all  but  the  most  basic  understanding  of  practical 
gas  turbine  combustion  processes.  As  a  result, 
one  has  had  little  choice  but  to  formulate  new 
designs  largely  on  the  basis  of  personal  or 
orgemizational  experience.  Continuation  of  this 
approach  to  combustor  design  for  high  temperature 
sophisticated  systems  under  development  today  and 
in  the  future  would  be  extremely  costly  and  time 
consuming.  The  turbine  engine  industry  can  no 
longer  afford  to  conduct  component  development 
activities  on  a  generally  empirical  basis.  Hence, 
significant  R&D  programs  are  now  being  directed 
toward  developing  improved  analytical  design  pro¬ 
cedures  reinforced  by  more  powerful  measurement 
diagnostics. 

20.3.1  Combustor  Modeling 

The  principal  objective  of  the  combustion 
system  model  is  to  analytically  describe  and 
predict  the  performance  characteristics  of  a 
specific  system  design  based  on  definable  aero¬ 
dynamic,  chemical,  and  thermodynamic  parameters. 
Many  modeling  approaches  describing  the  flow 
field  and  characteristics  of  a  particular  com¬ 
bustion  system  have  evolved  over  the  past 
twenty  years.  Early  models  were  almost  entirely 
empirical  while  the  newest  models  currently  under 
development  are  based  more  on  fundamenteil  prin¬ 
ciples.  Improved  computer  availability  and 
capability  as  well  as  more  efficient  numerical 
techniques  have  had  a  significant  Impact  on 
combustion  modeling  by  permitting  the  more  com¬ 
plex,  theoretically-based  approaches  to  be  con¬ 
sidered. 


20.3.1.1  Qnplrlcal:  The  empirical  model 
utilizes  a  large  body  of  experimental  data  to 
develop  a  correlation  often  using  multiple- 
regression  analysis  techniques.  Such  an  approach 
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A  second  empirical  correlation 
employed  by  some  combustor  designers  today  defines 
a  reaction  rate  parameter  (8)  based  on  the  "burning 
Velocity"  theory  of  Lefebvre  (Ref  20.11).  The  6- 
parameter  is  given  in  Figure  20.3.2.  The  resulting 
correlation  establishes  the  relationship  between 
combustor  efficiency,  operating  condition  and  geo¬ 
metric  size.  One  can  see  that  efficiency  is  not 
only  a  function  of  airflow,  inlet  pressure,  and 
inlet  temperature,  but  also  is  strongly  dependent 
on  combustion  zone  fuel-air  ratio.  Herbert  (Ref 
20.12)  estimated  the  effect  of  equivalence  ratio 
on  reaction  rate  by  the  following  equation; 


b  =  220  (/2  +  In  ,V1.03),  (20.3.1) 

Where  ♦  is  prljnary  zone  equivalence  ratio.  A 
graphic  illustration  of  the  above  expression 
(Figure  20.3.3)  describes  the  variation  of  b  with 
primary  zone  equivalence  ratio.  Hence>  to  achieve 
maximum  efficiency,  a  primary  zone  fuel-air  ratio 
of  0,067  (♦  *  1)  should  be  used.  • 
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Figure  20. 3*2  Prediction  of  Combustion  Efficiency 
Using  9 — Parameter 


Primary  zone  equivalence  ratio-^ 


Figi.ire  20.3.3  Effect  of  Primary  Zone  on  Inlet 
Temperature  Factor 


20.3.1.2  Combined  Empirical/Theoretical: 

More  complex  theoretical  descriptions  of  combustion 
must  be  incorporated  into  combustor  models  to  allow 
predictions  based  on  hardware  design  details. 

Physical  models  of  important  combustion  processes 
(i.e.,  a  "perfectly  stirred  reactor"  primary  zone) 
combined  with  available  empirical  analyses  result 
in  hybrid  models.  A  number  of  two-dimensional 
models  have  been  developed  in  recent  years  ranging 
from  the  perfectly-stirred  reactor  plug  flow  models 
(?ef  20.13)  to  the  more  complex  axisyrametric  com¬ 
bustor  flow-field  calculations  which  account  for 
heat,  mass,  and  momentum  transfer  between  fluid 
streams  and  include  chemical  reaction  kinetic 
effects  (P.ef  20. ll,  20.13).  One  such  axisymmetric 
stream  tube  model  was  developed  by  Pratt  Sr  Whitney 
Aircraft  in  support  of  an  A*r  Force-sponsored  com¬ 
bustor  program  (Ref  20.16).  Figure  20.3.^  is  the 
flow  chart  :)f  computational  stepo  for  this  analytical 
model  illustrating  the  increased  complexity  of  this 
proced'ure  wherein  both  theory  and  experiment  have 
been  integrated.  It  is  currently  being  used  as  an 
engineering  tool  for  both  current  and  advanced 
combustor  design  and  exhaust  emission  analyses. 

Another  more  recently  developed 
model  leans  even  more  heavily  on  combustion  theory 
and  advanced  numeri  cal  procedures.  Anasoulis  et  al 
(?ef  20.17)  developed  a  two-dimensional  computa¬ 
tional  procedure  for  calculating  the  coupled  flow 
ani  chemistry  wi^-.hin  both  cannular  and  annular 
combustors.  A  field  relaxation  method  is  used  to 
solve  the  *ime-average  Mavier-Stokes  equations  wi't.h 
coupled  chemistry  including  the  effe'-'ts  c-r  turbu¬ 
lence,  droplet  vaporization  and  burning.  Extensions 


to  the  three-dimensional  case  are  also  under 
development  permitting  more  accurate  descriptions 
of  the  recirculation  and  mixing  zones  of  the  com¬ 
bustor  . 


Figure  20.3.**  Combustor  Model  Computational 
Schematic 


20.3.1.3  Theoretical :  While  Reference 
20. IT  represents  a  significant  advancement,  the 
fully  theoretical  computerized  design  procedure  has 
not  yet  evolved.  A  building  block  approach,  how¬ 
ever,  has  been  envisioned  wherein  a  number  of  sub¬ 
models  (e.g.,  chemistry,  turbulence,  droplet  vapor¬ 
ization,  mixing,  etc.)  are  developed  independently, 
verified  experimentally  and  then  coupled  with  the 
other  submodels.  Each  coupled  submodel  set  would 
undergo  an  experimental  validation  process  before 
the  next  submodel  is  added  to  the  overall  analytical 
procedure.  The  ultimate  is  a  fully  theoretical 
description  of  all  reacting  flow  processes  enabling 
prediction  of  overall  combustor  performance  as  a 
function  or  basic  design  parameters.  Hence,  prior 
to  any  hardware  fabrication,  the  model  will  serve 
to  evaluate  the  proposed  combustion  system  design 
such  that  desired  objectives  will  be  met  with  a 
minimum  of  subsequent  hardware  iterations  and  fine 
tuning. 


20.3.2  Combustion  Diagnostics 

Development  of  valid  combustor  models  is 
hampered  by  difficulty  in  acquiring  data  for  use 
in  comparing  and  refining  analytical  solutions. 
Different  types  of  measurements  are  required  to 
validate  various  aspects  of  the  important  submodels; 
i.e.,  droplet  size  distribution,  turbulence  in¬ 
tensity,  etc.  In  addition,  improved  instrumentation 
will  be  required  to  aid  the  combustor  development 
process.  Such  equipment  would  provide  the  informa¬ 
tion  on  which  the  engineer  will  base  subsequent 
design  improvements  and  eventually  the  final  version. 

The  rapidly  growing  field  of  combustion 
diagnostics  will  play  an  increasingly  important 
role  in  satisfying  the  above  objectives.  Con¬ 
ventional  thermocouple  and  sampling  problems  have 
been  previously  utilized  to  study  combustion  pro¬ 
cesses  in  practical  systems.  However,  additional 
application  and  technique  refinements  are 
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necessary.  Further,  new,  laser-based  combustion 
diagnostic  measurement  equipment  can  be  expected 
to  play  an  important  role  in  the  future.  Tech¬ 
niques  such  as  laser  Raman  scattering  and  co¬ 
herent  anti-Stokes  Raman  scattering  hold  new 
promise  for  fundamental  studies  of  combustion 
processes  requiring  real-time  "point"  (=1  mm^) 
measurements  of  temperature,  concentration,  and 
velocity.  Other  simpler  methods  may  find  applica¬ 
tion  in  measurement  of  combustor  exit  temperature 
profiles  during  combustion  system  develojment. 

20. b  FUTURE  REQUIREMENTS 

The  aero-propulsion  combustion  community  is 
currently  confronted  with  two  new  and  difficult 
challenges:  reduction  of  exhaust  pollutant 
emissions  and  accommodation  of  new  fuels  which  will 
reduce  cost  while  increasing  availability.  The 
first  two  of  the  following  three  subsections  sum¬ 
marize  the  problems  and  current  state-of-the-art  in 
each  of  these  two  areas.  Further,  projected 
engine  technology  requirements  necessitate  advance¬ 
ments  in  combustion  system  design  techniques  and 
performance.  Section  20. b. 3  addresses  the  com¬ 
bustion  engineer's  task  in  this  area. 

20.b.l  Exhaust  Emissions 

20. b. 1.1  Problem  Definition:  In  recent 
years,  increased  citizen  concern  over  environmental 
issues  coupled  with  the  obvious  visible  smoke 
emissions  from  Jet  aircraft  has  brought  substantial 
public  attention  to  aircraft-contributed  pollution. 
As  airport  traffic  increased,  it  became  evident 
that  at  least  the  possibility  existed  that  pollutant 
emissions,  when  concentrated  in  the  local  airport 
environment,  could  result  in  ambient  levels  which 
exceed  allowable  limits.  Concern  within  the 
United  States  culminated  in  the  inclusion  of  ex¬ 
haust  emissions  from  aircraft  engines  in  the  con¬ 
siderations  of  the  Clean  Air  Act  Amendments  of 
1970  (Ref  20.18).  This  legislation  requires  that 
the  Environmental  Protection  Agency  (EPA)  assess 
the  extent  to  which  aircraft  emissions  affect 
air  quality,  determine  the  technological  feasibility 
of  controlling  such  emissions  and  establish  air¬ 
craft  emissions  standards,  if  necessary. 

The  resulting  EPA  assessment 
(Ref  20.19)  has  Indicated  the  necessity  to  regu¬ 
late  commercial  aircraft  emissions.  Currently, 

EPA  standards  (Ref  20.20)  apply  to  commercial  and 
general  aviation  but  not  to  military  aircraft.  The 
following  excerpt  from  EPA's  discussion  accompany¬ 
ing  the  final  announcement  of  the  aircraft  emis¬ 
sions  standards  (Ref  20.20)  summarizes  this  policy. 

In  Judging  the  need  for  the 
regulations,  the  Administrator  has  determined: 

(1)  that  the  public  health  and  welfare  is  en- 
danger'"-!  in  several  air  quality  control 
regions  by  violation  of  one  or  more  of  the 
national  ambient  air  quality  standards  for 
carbon  monoxide,  hydrocarbons,  nitrogen  oxides, 
and  photochemical  oxidants,  and  that  the 
public  welfare  is  likely  to  be  endangered  by 
smoke  emissions;  (2)  that  airports  and  air¬ 
craft  are  now,  or  are  projected  to  be  signif¬ 
icant  sources  of  emissions  of  carbon  monoxide, 
hydrocarbons,  and  nitrogen  oxides  in  some  of 
the  air  quality  control  regions  in  which  the 
national  ambient  air  quality  standards  are 
being  violated,  as  well  as  being  significant 


sources  of  smoke,  and  therefore  (3)  that  main¬ 
tenance  of  the  national  ambient  air  quality 
standards  and  reduced  impact  of  smoke  emissions 
requires  that  aircraft  and  aircraft  engines  be 
subject  to  a  program  of  control  compatible  with 
their  significance  as  pollution  sources,  Ac¬ 
cordingly,  the  Administrator  has  determined  that 
emissions  from  aircraft  and  aircraft  engines 
should  be  reduced  to  the  extent  practicable  with 
present  and  developing  technology.  The  stand¬ 
ards  proposed  herein  are  not  quantitatively 
derived  from  the  air  quality  considerations  . . . 
but.  Instead,  reflect  EPA's  Judgment  as  to  what 
reduced  emission  levels  are  or  will  be  practi¬ 
cable  to  achieve  for  turbine  and  piston  engines. 

Current  EPA  regulations  are  based 
on  reducing  aircraft  engine  emissions  during  their 
operation  below  3000  feet.  However,  an  additional 
potential  problem  has  been  associated  with  air¬ 
craft — the  possible  environmental  impact  of  high 
altitude  emissions  (Ref  20.21).  There  are  many 
mechanisms  by  which  this  might  arise:  (a)  emission 
of  water  vapor  and  carbon  dioxide  into  the  strato¬ 
sphere  may  cause  a  "greenhouse  effect."  (b)  sul¬ 
phur  compound  emissions  can  cause  particulate 
formation  which  would  cause  solar  radiation  to  be 
diverted  away  from  the  earth's  surface  reducing 
the  equilibrium  atmospheric  temperature,  and  (c) 
increased  concentrations  of  water  vapor  and  oxides 
of  nitrogen  due  to  emissions  into  the  stratosphere 
might  deplete  the  ozone  layer  and  allow  increased 
penetration  of  solar  ultraviolet  radiation.  Po¬ 
tential  problem  (a)  has  been  shown  not  to  be  sig¬ 
nificant.  Much  more  investigation  is  needed  con¬ 
cerning  (b)  and  (c),  however,  before  the  extent  of 
potential  stratospheric  environmental  problems  can 
be  suitably  defined. 

The  discussion  which  follows 
defines  the  exhaust  gas  content,  presents  engine 
emission  characteristics,  and  reviews  emissions 
control  technology. 

20. i. 1.2  Exhaust  Content:  Aircraft  engine 
exhaust  constituents  usually  considered  to  be  pol¬ 
lutants  are  smoke,  carbon  monoxide  (CO),  hydro¬ 
carbons  (HC),  and  oxides  of  nitrogen  (NO  )•.  The 
magnitude  of  emissions  depends  on  operating  mode 
and  engine  type.  The  combustion  products  are 
conveniently  organized  into  five  groups,  as  listed 
in  Table  20.1.1.  More  than  99  percent  of  the  ex¬ 
haust  products  are  in  the  first  two  categories, 
which  include  those  species  not  generally  con¬ 
sidered  to  be  objectionable.  The  last  three  cate¬ 
gories  contain  small  quantities  of  constituents 
and  are  dominated  by  the  principal  pollutants: 
hydrocarbons  (HC),  carbon  monoxide  (CO),  oxides 
of  nitrogen  (HO  ),  and  smoke.  Because  emissions 
characteristics^at  engine  idle,  nonafterburning 
high  power,  and  afterburning  operation  vary  sub¬ 
stantially,  columns  listing  composition  for  each 
of  these  operating  modes  are  given.  Note  that 
levels  given  in  Table  20.1.1  correspond  to  the 
turbojet  case  or  to  the  core  flow  only  in  the 
case  of  a  turbofan. 


*  Exhaust  nitrogen  oxides  are  in  the  form  of  both 
NO  and  NO  .  Collectively,  they  are  expressed  as 

NO  ^ 

x 


c  r 
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Fnglne  ComV ust ior.  Products 


Lev  Power  (Idle) 


Approxir.ate  Cancer,  tr  at  ion 

High-Power  (non  A3)  Cruise  (With  After- 


Group 

:  'OTe 

Srecies 

Ccricentration 

Concentration 

burner)  Concentration 

1. 

Air 

h\ 

TT^ 

TT^- 

73-762 

• 

2-, 

IT. 3-192 

13-lh.3“ 

0-1 32 

Ar 

.90 

.92 

.92 

2 . 

Products  of  Com¬ 

H^O 

l.ii-O.lO 

5-132 

plete  Combustion 

co„ 

d. 

\X-2.U% 

3-52 

5-132 

• 

3 . 

Products  of  Incom¬ 

t->r- 

50-2000  pprnv 

I-50  ppmv 

100- ''000  ppmv 

plete  Combustion 

Total  HC 

50-1000  ppmC 

1-20  ppmC 

100-1000  ppmC 

Partially 
Oxidized  KC 

25-500  ppmC 

1-20  ppmC 

<7 

5-50  ppmv 

5-100  ppmv 

100-1000  ppmv 

• 

Root 

.5-25  ppmv 

.5-50  ppmw 

.50-50  ppmw 

4 . 

Non-hydrocarbon 

so,,  so. 

1-5  ppmw 

1-1'^  ppmw 

1-30  ppmw 

Fuel  Components 

Metals, 

5-20  ppbw 

5-20  "obw 

5-20  ppbw 

Metal  Oxides 

5. 

Oxides  of  Nitrogen 

(\j 

0 

0 

5-50  ppmv 

50-500  ppmv 

IOO-6OO  ppmv 

• 

a.  Group  Air:  These  species 
pass  through  the  engine  unaffected  by  the  com¬ 
bustion  process  and  unchanged  in  chemical  com¬ 
position,  except  for  oxygen  depletion  due  to  fuel 
oxidation.  Argon  is  clearly  inert.  Although 
molecular  nitrogen  is  nearly  inert,  the  less  than 
0.01  percent  that  undergoes  ’’fixation"  to  its  oxide 
form  (Group  5)  is,  of  course,  extremely  important. 

b .  Group  2,  Products  of  Com¬ 
plete  Combustion:  V/ater  and  carbon  dioxide  are 
the  dominant  combustion  products  and  the  fully 
oxidized  forms  of  primary  fuel  elements,  hydrogen 
and  carbon.  It  is  the  formation  of  these  species 
that  releases  maxim-um  energy  from  the  fuel.  H  O 
and  CC^  are  not  generally  considered  to  be  air^ 
pollutants . 

t •  Grout  3,  Products  of  In- 
com.plete  Combustion:  Hydrogen  and  carbon  not  con¬ 
verted  to  water  or  carbon  dioxide  are  found  in 
compounds  categcrized  as  products  of  incomplete 
combustion.  The  importar.-;  species  in  this  group 
are  car:  on  monoxide,  unhurr.ed  and  partially 
ox  i  di  zed  hy dro '■'arbons  ,  molecular  hydrogen,  and 


T '  and  H?  emissions  contain  the 
largest  portion  of  unused  chem.ical  energy  within 
the  exnaust  during  idle  operation.  Combustion 
efficiency  at  this  operetin»:  condition  may  be 
calcula'-.'^d  from  exhaust  TT:  or.-i  ;;■"  con'-’f’ntration 
data.  At  higher  power  settings,  especially  with 
afterburiier  operati'n,  levels  may  also  sig¬ 
nificant!  y  c  0  n  t.  r  i  t  u  t  e  *  o  i  n  e  f  f  i  c  i  e  n  cy  .  Ex  h  n  u  s  *. 
hydrocarbons  are  usually  m*’-' a  sure-.:  as  total  hydro¬ 
carbons  as  specified  hy  the  EAP  App  1256  (Ref  .'^G.22). 
Although  it  is  well  /UiOWn  ’hat  the  toxicological 
and  smiOg-pro  luc  ing  potential  of  .differen*  hydro¬ 
carbon  types  varies  wi de  1  y ,  1  i 1  work  ha.-  beer, 
done  to  characterize  tio'-  i  i  n  t  b  u*  i  on  -'f  hvir  - 


carbon  types  in  trie  exhaust.*  Presently  available 
analytical  techniques  to  acco.’nplish  such  a  character 
ization  are  complex,  time  cons'jming,  expensive,  and 
of  unconfirmed  accuracy. 

A  si.milar  problem  exists  in 
quantifying  soot  emissions.  The  measurement  tech¬ 
nique  that  has  evolved,  AR?  ii79  (Pef  T?.2d),  dee 
not  directly  relate  to  exl;aust  visibility  cr  s-'ct 
concentration.  However,  Thampagne  (Ref  20.2^)  h.as 
developed  a  correlation  between  measured  ARP  ll”? 
smoke  namber  (SlO  dry  and  particulate  emissions. 
Efforts  to  measure  and  characterize  particulate 
emissions  directly  are  currently  in  progress. 
Complications  have  developed  bec:-?use  the  contribu¬ 
tion  of  condensed  hydrocarbons  in  the  exhaust  tc 
the  particulate  .measurem.ent  varies  greatly  wi'-'r. 
sampling  condi *: icn.s  .  Alth‘u»h  a  'echnicue  *  r 
determine  exhaust  ^co*  :  zr.centr.a’- ions  may  ever.*:  ual  ly 
be  developed,  characterioa- icr.  c*’  size  distribution 
appears  to  require  a  longer  range  effort. 


ecnnicue  *r 


'■-omponent  r- :  -:'.e  e-iem.or.*.  ri .  c  o.mr's  i*  . :  n 

based  fuel  is  predomir.an*  ly  hy  ir  :».*er,  a 
Tf  its  tra^^e  componen*  r .  ou-f.r  i" 

Most  of  tho  sulfur  ii,  *  :\e  rx':.'-.  .z*  I  .•  i 
form,  probuMy  as  culf..r  'ioxiie.  li 
(P.ef  20.30'i  and  Ti  ;7,r..:-r  ^  Eof  *1  '  ;.a 
the  ratio  -"f  t.  •  T‘.  Is  fr.-m  : 

case  of  heavy.' -duty  s*.  :  .uvu'y  nr..:  .lire 

turbines.  The  ‘■•'♦a!  '•-om-u:;*  f  zulf.jr 
oompeunds  is  iirer-ly  rela**^;  ’  .  u:.  : 

from,  fuel  sulfur  ■'cn'*'ont.  Th*’'-  se.’ 01.: 


"v  J  e  1 

i  .•'.ar'bcr. . 
m.''r*.  abundant  . 

nr:  o.x  j  .i  i  oe  i 
ann  ■;  and  Hi  it 
e  found 
'^.lu  in 
aft  ^tas 
r.  '••■xhaus’- 
a  1  cu,  abl  c- 
oct  abun.iant 


^Existing  .la* a  car.  be 
(Ref  20.21),  Troth  ani 
and  levins  (Ref 
and  Kit  zrr.an  and  Ti'nhy  ( 
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trace  component  of  non-hydrocarbon  fuel  in¬ 
volves  metals.  It  is  expected  that  these  elements, 
which  may  be  either  natural  components  of  the  fuel 
or  additions  to  it,  appear  in  the  exhaust  as  metal 
oxides.  Further,  it  is  generally  expected  that 
these  species  are  particulates  and  often  found  with 
the  soot. 

e.  Group  5,  Oxides  of  Nitrogen: 
Although  the  ratio  of  NO  to  NO^  emitted  by  aircraft 
gas  turbines  may  shift  with  operating  conditions,  NO 
will  eventually  be  converted  to  NO^  in  the  atmosphere 
and  subsequently  participate  in  smog  formation 
chemistry.  Some  attention,  however,  must  be  paid  to 
the  influence  of  time  delay  required  for  atmospheric 
NO^  formation  and  the  subsequent  effect  on  smog 
fomation.  Stratospheric  NO  and  NO^  emissions  are 
generally  thought  to  have  equally  detrimental  ef¬ 
fects. 

As  stated  above,  product  species 
are  usually  measured  in  terms  of  their  volume 
(or  sometimes  mass,  especially  for  condensed  phases) 
fraction  in  the  product  sample.  Occasionally,  the 
suffix  "dry”  or  *  wet"  is  appended,  according  to 
whether  or  not  the  water  is  removed  before  analysis. 

A  more  useful  and  unambiguous  method  of  reporting 
exhaust  emissions  from  gas  turbines  has  proved  to 
be  the  use  of  an  emission  index  which  represents 
the  ratio  of  the  pollutant  mass  to  the  fuel  con¬ 
sumption.  A  commonly  used  dimension  is  grams  of 
pollutant  per  kilogram  of  fuel.  Conversion  of 
volume  fraction  measurements  to  emission  indices 
requires  assignment  of  molecular  weights,  which 
is  not  difficult  for  a  single  compound  category, 
but  may  lead  to  confusion  for  categories  consisting 
of  more  than  one  compound.  It  is  conventional  to 
report  oxides  of  nitrogen  (NO  )  as  though  they  were 
entirely  NO^.  Similarly,  the^oxides  of  sulfur 
(SO  )  are  usually  reported  as  SO^.  Hydrocarbon 
meaiureraents  usually  lead  to  a  volumetric  fraction 
related  to  a  single  hydrocarbon  compound;  e.g., 
parts  per  million  equivalent  hexane  (or  methane, 
propane,  carbon  atom,  etc.).  In  reducing  these 
measurements  to  an  emission  index,  a  hydrogen- 
carbon  ratio  of  two  is  usually  assumed. 

20. U. 1.3  Engine  Ehissions  Chracteristics : 
Processes  that  influence  pollutant  formation  occur 
within  both  the  main  burner  and  afterburner.  Con¬ 
ditions  under  which  combustion  occurs  in  these  two 
systems  are  extremely  different,  and  studies  of 
emissions  from  the  main  burner  and  augmentor  are 
generally  treated  separately. 

a.  Main  Burner  Emissions: 

Carbon  monoxide  and  hydrocarbon  emissions  are  a 
strong  function  of  engine  power  setting.  As  thrust 
is  increased,  the  combustion  system  experiences 
greater  inlet  temperature  and  pressure,  as  well 
as  higher  fuel-air  ratio.  The  increased  fuel 
flow  results  in  improved  fuel  atomi cation  and  higher 
combustor  inlet  temperature  provides  more  rapii 
vapor i zat ion .  Chemical  reaction  rates  responsible 
for  CO  and  HC  consumption  are  sharply  inf'rease-d  by 
higher  flame  temperatures  resulting  from  the  itreat- 
er  fuel-air  ratio  (See  Section  15'1  of  Chapter  l‘>). 
Each  of  these  changes  tends  to  decrease  tlie  rate? 
at  which  HC  and  C.O  are  emitted.  Ccnset^u'^nMy ,  ♦he 
relationship  between  an  engine's  emissi-'-.n  '^f  HC  and 
CO  (or  combustion  ineff ic iency )  and  power  renting 
indicates  a  sharply  decreasing  trend.  Idle  CO 
and  HC  emissions  far  exceed  that  nt  o-her  enrin** 
conditions.  A  correlation  of  idle  '"C  and  riydr^'- 
carbon  emissions  for  a  r/omber  of  encinf-:-  vin  b»- 
established  by  nlo^ting  tliese  vnlu^T  ar-  a  furvM'Ti 


of  combustor  inlet  temperat’ore ,  Figure  SO.ii.l 
illustrates  the  trends  that  can  be  obtained. 


Figure  20.^4.!  CO  and  HC  Idle  Emissions 


As  discussed  in  Chapter  lii', 
combustion  efficiency  can  be  related  to  exhaust 
content.  In  the  case  of  idle  operation,  the  in¬ 
efficiency  is  predominantly  due  to  CC  and  Hf. 

The  idle  CO  and  HC  emission  index  value:,’  car. 
be  related  to  combustion  inefficiency  by  the 
following  equation: 

1  -  =  [0.232  (EI)^q  +  (EDjjJ  .X  12'^ 

(2C.U.1) 

where:  n,  =  Combustion  efficiency 

D 

1  -  =  Combustion  inefficiency 

(El).  =  Emission  index  o'"  scecies  i. 

Oxides  of  nit.-'ogen  emission 
levels  are  greatest  at  high-power  operating  con¬ 
ditions.  The  predominant  i.'O  forming  chemic-al 
reaction  is: 

::,  +  0  :io  +  !{  1 2  - .  i ^ ' 

C 

It  is  usually  assumed  th.at  '.10  forma*  ion  isHcs 
place  in  rericn?  of  the  ccr.bu5*-:'r  v:»re 
atoms  are  rrc-.-erl  a*  ‘h^^ir  equil  itri'um.  r';- 

ti'''n.  ?ea.'*lon  ani  .rvy^er.  a*  or. 

cent  ration  are  »->:*  y  :  er.pera* -.re  seno:':  iveu 
NO  : produced  only  in  *he  hitrheot  ♦emper'a*  ;r*' 

(  near-St s>ichiomet  r  ic  ’  e  "mbus  t  i  on  ::~r.Oc  .  A: :. 
the  striichiome*riv''  fl'une  *  emperat  oirr-  iz  b.-rer: 
on  combustor  temperature  \  a  f,;:.'*;::;  of 

compressor  pressure  ratio  and  fl:»r:.t  s:ee:'  -x::- 
of  nitrogen  emissicr.-'  “ar.  be  cxTe-*e:  '  ir. -r-  '  '■ 
subs'^an*  ial  iy  wi  *h  pO'V<^r  ‘  *1  r.g . 
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design  has  little  apparent  effect  on  NO  emission 
is  noteworthy.  This  implies  that  mixing  and 
quenching  processes  within  combustors  operating  with 
rich  (0>1.O)  primary  zones  are  strikingly  similar; 
the  temperature  effect  alone  controls  the  NO  emis¬ 
sion  rate.  No  strong  fuel  effects  are  apparent 
from  existing  data.  However,  it  has  been  shown 
that  fuel-bound  nitrogen  is  readily  converted 
(50  to  100  percent)  to  NO  in  both  stationary 
and  aircraft  turbine  combustors  (Ref  20.33  -  20.36). 
Should  aircraft  fuel-bound  nitrogen  levels  be  in¬ 
creased  in  the  future  because  of  changing  fuel  re¬ 
quirements,  fuel-bound  nitrogen  could  become  a 
significant  problem  (See  Section  20. U, 2). 


COMBUSTOR  INLET  TEMPERATURE  (»F) 

200  400  600  800  1000 


COMBUSTOR  INLET  TEMPERATURE  (»K) 


20. **.2  Ccrrelation  of  "'urrent  Engine  M2 
Emissions  with  Combust^'r  Inlet 
Temperature 


The  dependence  of  emission 
'r.  c'mbustor  inlet  temperature  is  reflected  in  a 
relat i onship  with  cycle  pressure  ratio  at 
condi*  ions  and  with  cycle  pressure  ra*''*' 
^  f.Irnt  Mach  number  at  altitude.  Figure  20.- 
i y ictr ates  -he  r-^lat  1  onshir  between  NO  eraissio 
'c;  i  •y'le  p^e^sure  ra-i''  at  ;-ea  level  static 


hydrogen  fragments  can  form  carbon  particulates 
which  eventually  result  in  smoke  emission.  The 
process  by  which  carbon  particulates  are  formed 
is  known  to  be  very  pressure  sensitive.  Combustor 
designers  have  been  successful  in  tailoring  the 
burner  to  avoid  fuel-rich  zones,  thus  substantially 
reducing  smoke  levels.  The  current  generation  of 
engines  (JT9D,  CF6,  RB211)  has  nearly  invisible  ex¬ 
haust  trails.  The  techniques  resulting  in  these 
improvements  will  be  highlighted  in  a  subsequent 
subsection. 


b.  Afterburning  Engines:  Rela¬ 
tively  little  information  is  available  regarding 
emission  during  afterburner  operation.  General 
trends  in  existing  data  indicate  possibly  signifi¬ 
cant  levels  of  CO  and  HC  at  the  exhaust  plane, 
especially  at  the  lower  afterburner  power  settings 
(Ref  20.37  -  20.1il).  However,  Lyon  (Ref  20.^1)  has 
confirmed  that,  at  sea  level,  much  of  the  CO  and 
HC  is  chemically  reacted  to  CO  and  H«0  in  the 
exhaust  plume  downstream  of  the^exhaust  plane. 

These  downstream  reactions  have  been  shown  to  con¬ 
sume  up  to  935  of  the  pollutants  present  at  the 
exhaust  plane.  The  extent  of  these  plume  reactions 
at  altitude  is  uncertain.  Although  lower  ambient 
pressures  tend  to  reduce  chemical  reaction  rates, 
reduced  viscous  mixing  and  the  exhaust  plume  shock 
field  tend  to  increase  exhaust  gas  time  at  high 
temperature  and  thus  reduce  the  final  emission  of 
incomplete  combustion  products. 


COMPRISSOR  rR€$SUR€  RATIO 

Pigure  20.«.3  Dependence  of  Sea  Level  Standard 

Day  NO  Emissions  on  Compressor  Pres¬ 
sure  Ratio  of  Current  Engines 


NO  emission  during  afterburner 
operation  expressed  an  FI  basis  is  lower  than 
during  non-afterburning  operation  because  of  re¬ 
duced  peak  ria.me  temperatures  in  the  afterburner. 
The  value,  unier  sea-level  conditions,  is  approxi¬ 
mately  2  -  ?  g'kg  fuel  (Ref  20.1*2).  At  altitude, 
it  is  p'xre-*t"i  that  the  emission  index  would  be 
“^r  less 
an  FT  ^ 

(Fef 
si^ni  :’i 
i.'- 


Vi 


.in  ♦ 


Du'-'t  burners  are  expected  to  have 
abrut  during  altitude  operation 

tsT.iie  the  total  NO  emission  is  not 
influenced  by  plume  reactions,  there 
n  that  conversion  of  ilO  to  occurs 
ne  afterburner  and  in  the  pl'urae 


br.oke  or  oarbon  particle  emissions 
..p.Pjr-o;  by  -he  u.-u''  'f  an  afterburner  (Ref  OC.Ul). 

an  af- erburner  are  not  conducive 
"arb.-'n  tar*i-'le  f'lr.a-ion,  but  s,  •'*  from  the 


main  burner  may  be  oxidized  in  the  afterburner* 
thus  resulting  in  a  net  reduction. 


FLIGHT  MACH  NUMBER 

Figure  Dependence  of  IIO  Emission  on  Flight 

Mach  Number 


20.h.l,U  Minimization  of  c^lggions: 
Previous  discussions  of  emissions  levels  concerned 
existing  engines.  Control  technology  may  reduce 
emissions  from  these  baseline  levels  by  varying 
degrees.  The  fundamental  means  by  which  emissions 
may  be  reduced  are  discussed  in  this  section. 

a.  Smoke  Emission:  Technology 
to  control  smoke  emission  is  well  in  hand  and  it 
would  appear  that  futur*e  engines  will  continue  to 
be  capable  of  satisfying  the  future  requirement 

of  exhaust  invisibility.  The  main  design  approach 
used  is  to  reduce  the  primary  zone  equivalence 
ratio  to  a  level  where  particulate  formation  will 
be  minimized.  Thorougli  mixing  must  be  accomplished 
to  prevent  fuel-rich  pockets  which  would  otherwise 
preserve  the  smoke  problem,  even  with  overall  lean 
primary  zone  operation.  This  must  be  done  while 
maintaining  other  combustor  performance  character¬ 
istics.  Airflow  modification  to  allow  leaner 
operation  and  airblast  fuel  atomization  and  mixing 
have  been  employed  to  accomplish  these  ob.iectives. 
However,  ignition  and  flame  stabilization  are  the 
most  sensitive  parameters  affected  by  leaning  the 
primary  zone  and  must  be  closely  observed  during 
the  development  of  low  smoke  combustors. 

b.  and  CO  Qnission:  To 
prevent  smoke  formation,  the  primary  zone  equiv¬ 
alence  ratio  of  conventional  combustors  at  higher 
power  operation  must  not  be  much  above  stoichio¬ 
metric— this  leads  to  much  lower  than  stoichio¬ 
metric  operation  at  idle  where  overall  fuel-air 
ratios  are  roiu^hly  one-third  of  the  full-power 
value.  Inefficient  idle  operation  may  be  improved 
by  ntimerous  methods.  The  objectives  in  each 
technique  are  to  provide  a  near-stoichiometric 
zone  for  maximum  consumption  of  hydrocarbons 


while  allowing  sufficient  time  within  the  inter¬ 
mediate  zone  (Wliere  0  -  t.5)  allow  for  h' 
cons'unption. 

To  achieve  increased  ic, ‘all zed 
fuel-air  ratio,  dual  orifice  nozzles  are  fre¬ 
quently  applied  to  modify  fuel  spray  patterns  at. 
idle.  Attempts  to  impi’OV'e  fuel  atomization  also 
provide  decreased  idle  HC  and  CO  thrcugn  mor*^ 
rapid  vap-orization  (Ref  20.13,^.  Ireader  local 
fuel-air  ratios  at  idle  can  also  'ne  aohievr-a  by 
increased  compressor  air  bleed  or  fuel  r.czzle 
sectoring.  In  this  case,  a  limitez  rcum.ber 

of  nozzles  are  fueled  at  a  greater  fuel  flow  rate 
Schemes  where  two  91°  or  one  181°  sector  is  fueie 
have  shown  significant  HC  and  reduction  'ref 
20.11). 

Advanced  approacr.es  make  use  of 
staged  i^ombustion.  The  first  stage,  being  the 
only  one  fueled  at  idle,  is  designed  for  peak 
idle  combustion  efficiency.  The  second  stage  is 
only  utilized  at  higher  power  conditions.  Tiiis 
main  combustion  zone  is  designed  with  a  primary 
motivation  toward  NO  reduction.  Significant  Hf 
and  CO  reductions  have  been  demonstrated  using  t\. 
staged  approach  (Ref  20. *^5  -  20. *30).  An  exa.mple 
of  such  a  design  is  shown  in  Figure 


Figure  20. U. 5  Staged  Premix  Combustor,  JT9D 
Engine 

c.  NO  Emission:  NO  has  been 
the  most  difficult  aircraft  engine  pollutant  to 
reduce  in  an  acceptable  manner.  Currently  avail¬ 
able  technology  for  reducing  NO _  emissions  con¬ 
sists  of  two  t.echtiiques  discussed  briefly  below. 

Water  injection  into  th^  com¬ 
bustor  primary  zone  has  been  found  tc  re  luce 
oxide-of-nitrogen  emissions  sigrdficantly  (up  tc 
30T).  Peak  flame  temperatures  are  substantially 
reduced  by  llie  water  injection  result  Ing  in  a 
sharp  reduction  in  NO  formation  rate.  Ir.  a 
number  of  cases  where  this  technique  has  been 
attempted,  however,  CO  emissions  have  increasel, 
although  not  prohibitively.  Figure  20.^.''’  shows 
the  relation  between  water  injection  rate  and  1' f 
reduction  (hef  20.51).  This  met.hod  is  not  fens-' 
ible  for  reducing  cruise  MO  because  the  water 
flow  required  to  attain  significant  abatement  is 
o*'  the  order  of  the  fuel-flow  rate.  In  additi'.ui, 
there  are  difficulties  with  engifie  durability, 
performance,  logistics,  and  economic  problems 
associated  with  the  cost  of  providing  necessary 
demineralized  water .  Consequently ,  t hcsf>  factors 
have  caused  this  technique  to  receive  negative 
evaluation  as  an  approach  toward  universal  re¬ 
duction  of  ground  level  MO  . 
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RATIO  OF  WATER  TO  FUEL  FLOW 

Figure  20. U. 6  Ideal  Effectiveness  of  Water  In¬ 
jection  for  NO^  Control 


A  second  method  that  has  been 
used  to  reduce  NO  emissions  Involves  airblast 
atomisation  and  rapid  mixing  of  the  fuel  with  the 
primary-zone  air  flow.  Much  literature  has  been 
generated  on  this  technique  (notably  the  NASA 
swirl-can  technology.  References  20.52  -  20.51*). 

One  engine,  the  FlOl,  used  in  the  B-1  aircraft, 
employs  this  principle.  In  the  case  of  the  FlOl, 
the  overall  combustor  length  was  shortened  from 
typical  designs  because  of  improved  fuel-air 
mixture  preparation.  As  a  result,  this  method  re¬ 
duced  both  ground-level  and  altitude  NO  emissions. 
Reductions  of  approximately  50  percent  Selow  the 
uncontrolled  case  (Figure  20. U. 3)  have  been  meas¬ 
ured. 


Advanced  approaches  to  the  re¬ 
duction  of  NO  can  be  divided  into  two  levels  of 
sophistication.  The  first  level  involves  staged 
combustors  like  that  shown  in  Figure  20. U. 5.  In 
this  case,  fuel  is  injected  upstream  of  the  main 
combustion  zone,  which  may  be  stabilized  by  a 
system  of  struts  (or  flameholders ) .  Residence 
time  in  the  premixing  zone  is  short  (i.e.,  high 
velocity  and  short  length)  because  of  the  possibil¬ 
ity  of  pre-ignition  or  flame  propagation  upstream. 

It  is  known  that  these  designs  provide  a  fuel-air 
mixture  far  from  ideal  premix/prevaporization. 

In  fact,  the  turbulence  and  nonuniformity  character¬ 
istics  of  this  system  are  probably  not  unlike  those 
of  conventional  combustors.  However,  since  the 
mixture  ratio  is  only  0.6  stoichiometric,  reduced 
NO  levels  result.  Reductions  of  up  to  a  factor 
of*3  have  been  achieved  (Ref  20.^5  -  20.50). 

Testing  the  advanced  techniques 
of  the  second  level — combustors  utilizing  pre¬ 
mixing  and  prevaporization  operating  at  equivalence 
ratios  below  0.6 — has  aimed  at  ultra  low  NO  emis¬ 
sion  levels.  These  fundamental  studies  hav?  been 
motiviated  by  efforts  to  reduce  automotive  gas 


turbine  emissions,  as  well  as  those  to  reduce 
stratospheric  aircraft  gas  turbine  emissions — 
the  pressure  ratio  of  the  automotive  engine  is  low 
with  the  absolute  pressure  level  being  similar  to 
the  aircraft  case  at  altitude.  Nevertheless,  inlet 
temperatures  are  high  in  the  automotive  case  be¬ 
cause  of  the  use  of  regenerators.  Ferri  (Ref  20.55X 
Verkamp,et  al.  (Ref  20.56),  Anderson  (Ref  20.57), 
Wade,  et  al.  (Ref  20.58),  Azelborn,  et  al.  (Ref 
20-59),  Collman,  et  al.  (Ref  20.60),  and  Roberts, 
et  ed.  (Ref  20.61)  have  published  results  that 
indicate  that  levels  below  1  g  HO./kg  fuel  can  be 
approached.  Anderson's  work  is  particularly 
thorough  in  discussing  fundamental  tradeoffs  with 
combustion  efficiency.  His  results  are  shown  in 
Figure  20.1*. 7.  Good  agreement  with  analytical 
model  results  indicates  that  useful  conclusions  may 
be  drawn  from  the  model  predictions.  These  pre¬ 
dictions  all  indicate  that  an  "emissions  floor"  of 
approximately  0.3  to  0.5  g/kg  fuel  is  the  limit  of 
NO^  emissions  reduction. 

T3  =  •00“ 


RESIDINCI  TIME  (miac) 

Figure  20. I*. 7  Effect  of  Residence  Time  and  ^  on 
Nitrogen  Oxide  Qnissions 


A  number  of  difficulties  asso¬ 
ciated  with  the  combustion  of  premixed/prevaporized 
lean  mixtures  can  be  alleviated  by  the  use  of  a 
solid  catalyst  in  the  reaction  zone.  Recent  de¬ 
velopments  to  construct  catalytic  convertors  to 
eliminate  automotive  CO  and  HC  emissions  have  in¬ 
creased  the  temperature  range  within  which  such  a 
device  might  operate.  Test  results  have  now  been 
published  that  apply  the  concept  of  catalytic 
combustion  to  aircraft  gas  turbine  combustors 
(Ref  20.62  -  20.69).  The  presence  of  the  catalyst 
in  the  combustion  region  provides  stability  at 
lower  equivalence  ratios  than  possible  in  gas-phase 
combustion.  This  is  due  to  the  combined  effect  of 
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heterogeneous  chemical  reactions  and  the  thermal 
inertia  of  the  solid  mass  within  the  combustion 
zone.  The  thermal  inertia  of  the  catalytic  com¬ 
bustor  system  has  been  calculated  to  be  more  than 
two  orders  of  magnitude  greater  than  in  the  gas- 
phase  combustion  system.  NO  reductions  up  to 
factors  of  100  seem  to  be  poisible  using  the  cata¬ 
lytic  combustor  approach. 

20. h. 2  Future  Jet  Fuels 

Between  1973  and  1976,  the  cost  and  avail¬ 
ability  of  aircraft  jet  fuels  have  drastically 
changed.  Per-gallon  Jet  fuel  costs  have  more 
than  tripled  for  both  commercial  and  military  con¬ 
sumers.  In  addition,  fuel  procurement  actions 
have  encountered  difficulties  in  obtaining  de¬ 
sired  quantities  of  fuel,  even  though  significantly 
reduced  from  1972  consumption  levels .  These  de¬ 
velopments  have  encouraged  Initial  examinations 
of  the  feasibility  of  producing  Jet  fuels  from  non¬ 
petroleum  resources  (Ref  20.70  -  20.72). 

Although  economics  and  supply  are  primarily 
responsible  for  this  recent  interest  in  new  fuel 
sources,  projections  of  available  world-wide  petro¬ 
leum  resources  also  Indicate  the  necessity  for  seek¬ 
ing  new  means  of  obtaining  Jet  fuel.  Regardless  of 
current  problems,  the  dependence  on  petroleum  as 
the  primary  source  of  Jet  fuel  can  be  expected  to 
cease  sometime  within  the  next  half  century  (Ref 
20.73). 

If  the  general  nature  of  future  aircraft 
(size,  weight,  flight  speed,  etc.)  is  to  remain 
similar  to  today's  designs,  liquid  hydrocarbons  can 
be  expected  to  continue  as  the  primtu-y  propulsion 
fuel.  Liquified  hydrogen  and  methane  have  been 
extensively  studied  as  alternatives  but  seem  to  be 
practical  only  for  very  large  aircraft.  The  basic 
non-petroleum  resources  from  which  future  liquid 
hydrocarbon  fuels  might  be  produced  are  numerous. 

They  range  from  the  more  familiar  energy  sources  of 
coal,  oil  shale,  and  tar  sands  to  possible  future 
organic  materials  derived  from  energy  farming.  Some 
of  the  basic  synthetic  crudes,  especially  those 
produced  from  coal,  will  be  appreciably  different 
than  petroleum  crude.  Reduced  fuel  hydrogen  content 
would  be  anticipated  in  Jet  fuels  produced  from  these 
alternate  sources. 

Because  of  the  global  nature  of  aircraft 
operations.  Jet  fuels  of  the  future  are  likely  to 
be  produced  from  a  combination  of  these  basic  sources. 
Production  of  fuels  from  blends  of  synthetic  crudes 
and  natural  crudes  may  also  be  expected.  In  light 
of  the  wide  variations  in  materials  from  which 
world-wide  Jet  fuel  production  can  draw,  it  is  antic¬ 
ipated  that  economics  will  dictate  the  acceptance  of 
future  fuels  with  properties  other  than  those  of 
currently  used  JP-h,  JP-5,  and  Jet  A.  Much  additional 
technical  information  will  be  required  to  identify 
the  fuel  characteristics  which  meet  the  following 
objectives : 

a)  Allow  usage  of  key  world-wide  resources 
to  assure  availability. 

b)  Minimize  the  total  cost  of  aircraft 
system  operation. 

c)  Avoid  major  sacrifice  of  engine  per¬ 
formance,  flight  safety,  or  environmental  Impact. 

A  complex  program  is  necessary  to  establish 
the  information  base  from  which  future  fuel  specifica¬ 


tions  can  be  derived.  Figure  20. U, 8  depicts  the 
overall  nature  of  the  required  effort.  Fuel 
processing  technology  will  naturally  be  of  primary 
importtuice  to  per  gallon  fuel  costs.  The  impact 
of  reduced  levels  of  refining  (lower  fuel  costs) 
on  all  aircraft  system  components  must  be  deter¬ 
mined.  These  Include  fuel  system  (pumps,  filters, 
heat  exchangers,  seals,  etc.),  and  airframe  (fuel 
tank  size  and  design,  impact  on  range,  etc.)  con¬ 
siderations  as  well  as  main  burner  and  afterburner 
impacts.  In  addition,  handling  difficulties  (fuel 
toxicity)  and  environmental  impact  (exhaust  emis¬ 
sions)  require  evaluation.  The  oversdl  program 
must  be  integrated  by  a  system  optimization  study 
intended  to  identify  the  best  solution  to  the 
stated  objective, 

20, A. 2.1  Fuel  Effects  on  Combustion 
Systems:  Future  fuels  may  affect  combustion  system/ 
engine  performance  through  changes  in  hydrogen  con¬ 
tent,  volatility,  viscosity,  olefin  content,  fuel 
nitrogen,  sulfur,  and  trace  metal  content. 


Figure  20. It, 8  Overall  Scheme  for  Alternate  Jet 
Fuel  Development  Program 


Fuel  hydrogen  content  is  the 
most  important  pa.rameter  anticipated  to  change 
significantly  with  the  use  of  alternate  fuels. 

In  particular,  fuels  produced  from  coal  would 
be  expected  to  have  significantly  reduced  hydro¬ 
gen  content.  In  most  cases,  reduction  in  fuel 
hydrogen  content  would  be  due  to  increased  con¬ 
centrations  of  aromatic-type  hydroceu-bons  in  the 
fuel.  These  may  be  either  single  ring  or  poly¬ 
cyclic  in  structure.  Experience  has  shown  that 
decreased  hydrogen  content  significantly  in¬ 
fluences  the  fuel  pyrolysis  process  in  a  manner 
which  results  in  increased  rates  of  carbon 
particle  formation.  In  addition  to  increased 
smoke  emission,  the  particulates  are  responsible 
for  formation  of  a  luminous  flame  where  black- 
body  radiation  from  the  particles  is  a  predominant 
mode  of  heat  trsinsfer. 

Significantly  Increased  radiative 
loading  on  combustor  liners  can  result  from  de¬ 
creased  fuel  hydrogen  content.  Increases  in  liner 
temperature  translate  into  decreases  in  hardware 
life  and  durability.  Figure  20. h. a  illustrates 
the  sensitivity  of  combustor  liner  temperature 
to  hydrogen  content.  The  following  non-dimensional 
temperature  parameter  is  used  to  correlate  these 
data  (Ref  20. 3**.  20.71*  -  20.77)  representative  of 
older  engine  designs. 
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The  numerator  of  this  expression  represents  the  in¬ 
crease  in  combustor  liner  temperature,  T  ,  over 
that  obtained  using  the  baseline  fuel  (14.5^^  hydro¬ 
gen  JP-U),  This  is  normalized  by  the  dif¬ 

ference  between  T  and  combustor  inlet  tempera¬ 
ture,  T  .  It  was  round  that  data  obtained  using 
different  combustors  could  be  correlated  using  this 
parameter.  It  should  also  be  noted  that  the 
parameter  is  representative  of  the  fractional  in¬ 
crease  (over  the  baseline  fuel)  in  heat  transfer 
to  the  combustor  liner. 
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Figure  20. i*. 9  Liner  Temperature  Correlation  for 
Many  Combustor  Types 

Because  combustor  design  differences 
play  an  important  part  in  determining  engine  smoke 
characteristics,  differences  in  emission  are  not 
correlatable  in  the  same  manner  as  combustor  liner 
temperature.  However,  results  obtained  using  a  75^^ 
single  combustor  rig  (Ref  20. 3^^)  are  illustrative 
of  the  important  trends  (see  Figure  20. ^.10).  Sig¬ 
nificantly  increased  smoke  emission  was  determined 
wi^h  decreased  hydrogen  content  for  each  condition 
tested.  Trends  between  smoke  emission  and  hydi'ogen 
content  are  similar  for  each  combustion  condition. 

Ir. creased  absolute  smoke  emission  between  the  39‘i°K 
and  combustor  inlet  temperature  conditions  is 

attributable  tc  increased  pressure  and  fuel-air 
ra*ic.  Althcut?:n  a  further  small  inv'rease  might  be 
‘=*xrected  for  the  convlit  i  m.  because  of  higher 

press'U'e,  f  he  lower  fuel-air  /’ativo  reruired  to  main- 
talr,  the  IfOO'^K  exhaust  temperature  results  in  a 
lower  absolute  sr.oke  emission. 

Volatility  affects  the  rate  at 
which  liquil  fuel  introduced  in^c.  the  •’ ->•  car. 
vapcrir.e.  Since  important  neat  release  processes 
io  not  ocr’ur  until  £:as  phase  reactions  take  place, 
r'^  iucticn  of  vol  at  il  i  t.y  shortens  the  time  for  chem¬ 
ical  reaction  witiiin  tne  combustion  sysiem.  In  the 
aircraft  enrine  th.is  can  result  in  difficulty  in 
rr.'un  i  or  h It  i  ^  uie  ign 1 1  1  carat  i  1  i '  y  ,  reduced 

c  :mhust  or  F  tabi  1  i  t;.' ,  i  r^Tear-ed  emi  so. i  one  o  t‘  ■•irb-o-r. 
monoxide  {  “i'd  ;  and  hy  I?”.  I'arr".  t.c  ii:’',  n:.d  're* 
ac'^ociatel  1^-.;  ; rl  oc'  ! effi  'v.  M'c’e  , 


carbon  particle  formation  is  aided  by  the  forma¬ 
tion  and  maintenance  of  fuel-rich  pockets  in  the 
hot  combustion  zone.  Low  volatility  allows  rich 
pockets  to  persist  because  of  the  reduced  vapor¬ 
ization  rate.  Again,  increased  particulates  can 
cause  additional  radiative  loading  to  combustor 
liners  and  more  substantial  smoke  emissions. 


HYDROGEN  CONTENT  (%) 


Figure  20. ^.10  Smoke  Emission  Dependence  on 
Hydrogen  Content 


The  desired  formation  of  a  finely 
dispersed  spray  of  small  fuel  droplets  is  ad¬ 
versely  affected  by  viscosity.  Consequently,  the 
shortened  time  for  gas  phase  combustion  reactions 
and  prolonging  of  fuel-rich  pockets  experienced 
with  low  volatility  can  also  occur  with  increased 
viscosity.  The  ignition,  stability,  emissions, 
and  smoke  problems  previously  mentioned  also  in¬ 
crease  for  higher  viscosity  fuels. 

Olefin  content  is  known  to  in¬ 
fluence  fuel  thermal  stability.  Potential  prob¬ 
lems  resulting  from  reduced  thermal  stability  in¬ 
clude  fouling  of  '‘i 1-fuel  heat  exchangers  and 
filters,  and  plugging  of  fuel  metering  valves  and 
nozzles.  No  negative  effect  of  fuel  olefin  con¬ 
tent  on  gas  phase  combustion  processes  would  be 
expected . 

The  effect^ of  increased  fuel- 
bound  nitrogen  is  evaluated  by  determining!  the 
additional  MO  emission  occurring  when  nitrogen  Is 
present  in  the  fuel  and  calculating  ‘rhe  percent  of 
fuel  nitrogen  conversion  to  M ''  necessa'’y  t:  cri.io-.- 
this  increase.  The  baseline  retr.']>>,L*T;  fuels  uoei 
in  this  study  had  riear  zero-  :vmv'  f  i 

nitrogen.  Ri^sults  prt'sentoj  in  Fi'ui'e  I  ' .  -  .  1 1 
indicate  the  importance  of  •  vuri -ib.er  .  First, 
as  comtus‘’or  inlet  temperature  is  increase:,  ^cn- 
vero;-.'i.  is  reiU''ed.  Tecuiily.  no  f  .el  -  C' ■ 
nitrotJ'eri  'cncfn*  n*  i  ••no  -i.-.,-  ir.cr-  ■.  :r.’er,:i  : 

av'iil'if'ie  ivL'i.*,'  f  u*  .  on'!.’  •  vni.'’,  ’.a: 

fi’ui*:'-’  a  •.•urri‘'»''.y  oeasuri  r..-*  rr.':!:  d  '  _ 


petroleum  fraction  used  for  Jet  fuel  production  is 
nearly  void  of  sulfur-containing  compounds.  Al¬ 
though  syncrudes  from  coal  or  oil  shale  would  be 
expected  to  contain  higher  sulfur  levels,  it  is 
not  likely  that  the  current  specification  limit  of 
0.h%  would  be  exceeded  with  the  processed  Jet  fuel. 
Because  of  the  way  in  which  future  Jet  fuels  are 
expected  to  be  produced,  trace  metals  are  also 
expected  to  continue  to  be  present  at  low  concentra¬ 
tions  (less  than  1  ppmw).  Should  higher  levels 
appear  possible,  the  serious  consequences  (deleterious 
effects  on  turbine  blades)  would  Justify  additional 
expense  for  removal. 
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ation  intended  to  address  future  turbopropulsion 
performance  requirements.  The  High  Mach  Com¬ 
bustor  (HMC)  is  an  advanced  system  design  concept 
for  substantially  increase!  perfonna.nce  relative 
to  contemporary  systems.  The  Vortex  Controlled 
Diffuser  (VCD)  is  an  improved,  lew-loss  boundary- 
layer  bleed  diffuser  which  supports  the  needs  of 
both  current  and  future  combustion  systems.  The 
shingle  liner  is  an  advanced  concept  combining 
new  design  features  for  both  improved  structural 
and  thermal  durability. 


cO.U.3«l  High  Mach  Combustor  (HMC): 

The  HMC  is  an  advanced  combustor  design  concept 
required  to  meet  the  needs  cf  the  High  Thru-Flow 
Propulsion  System  (HTFPS).  The  HTFPS  is  an  ad¬ 
vanced  technology  engine  designed  for  high  per¬ 
formance,  light-weight  and  low  cost.  It  will 
utilize  a  variable-geometry  compressor,  a  high 
entrance  Mach  number,  high  temperature  rise  com¬ 
bustor  and  a  variable-geometry  turline  and  ex¬ 
haust  nozzle.  As  a  result,  the  combustor  must 
be  capable  of  accepting  entrance  flow  fields  at 
Idach  numbers  nearly  twice  that  of  contemporary 
systems  but  at  virtually  the  same  pressure  loss 
levels.  Two  approaches  may  be  taken  to  meet  these 
technology  requirements:  (1)  slow  the  combustor 
entrance  Mach  number  to  conventional  levels  by 
an  advanced  diffusion  system  (bleed,  dump,  or 
staged  diffuser)  and  utilize  contemporary  com¬ 
bustor  technology^  or  (2)  design  the  combustor 
to  accept  the  high  velocity  flow  field  by  use  of 
swirl  combustion  techniques.  A  cross-section  of 
a  bleed  HMC  is  illustrated  in  Figure  20.ii.l3 
while  a  high  velocity  swirl  burning  concept  is 
illustrated  in  Figure  20,U.lU. 


Figure  20.ii.ll  Fuel-Bound  Nitrogen  Conversion  to 
NO  in  an  Aircraft  Gas  Turbine 
CoJSbustor 


20.h,2*2  Combustion  System  Design  Impact: 
Although  in  the  early  stages  of  assessment,  it  ap¬ 
pears  certain  that  future  combustion  system  designs 
will  be  significantly  influenced  by  the  changing 
character  of  fuel  properties  as  alternate  energy 
sources  are  tapped.  Designs  that  acconunodate  lower 
hydrogen  content  fuels  with  good  combustor  liner 
durability  and  low  smoke  emission  while  maintainirg 
the  customary  level  of  combustion  system  performance 
must  be  developed. 


Lean  primary  zone  combus'  ion 
systems,  which  are  much  less  sensitive  to  fuel 
hydrogen  content,  will  comprise  a  major  approach  to 
utilizing  new  fuels.  Low  s.moke  combustor  designs 
have  been  shown  to  be  much  less  sensitive  to  fuel 
hydrogen  content  variations.  Figure  20. ^.12  compares 
the  correlation  for  older  designs  (Figure  20. 
with  results  for  a  newer,  smokeless  combustor  design, 
the  (R«=f  20.Tfi).  Current  research  on  stag'=*d 
combustion  systems  (See  20.I4.I.U)  will  further  con¬ 
tribute  toward  achieving  the  goal  of  leaner  burning 
while  maintaining  desired  system  performance.  Gone 
of  these  designs  have  demonstrated  very  low  sensitiv¬ 
ity  ‘o  fuel  type  (Ref  20.7RK  These  extremely  im¬ 
portant  developments  provide  encouragement  that  future 
fuels  of  lower  hydrogen  content  mn  be  accommodated 
while  main*  uLr.ing  acceptable  emissions  character- 

i  5  t  i  r« . 


? ' . u  Desigr.  an  1  Porformunce  Advancements 

Tje  foilowin»r  subsection  briefly  a.sdre.^sos 
throf-  n.’w  lesign  c>:'ncopts  currently  unif-r  ''•nrid'-’r¬ 


Figure  20.1*.lU  Swirl  Burning  HMC 


2‘;.^.3.2  Vortex  Controlled  Diffuser  (VCI. ) : 
The  VCT  is  a  compact  boundary-layer-bleed  combustor 
inlet  diffuser  designed  to  effectively  diffuse  both 
conventional  and  high  Mach  number  flow  fields  while 
providing  good  pressure  loss  and  flow  stability  in  a 
very  short  length  (relative  to  contemporary  diffu¬ 
sion  systems).  The  VCD  was  Initially  investigated  at 
Cranfield  Institute  of  Technology  by  Adkins  (Bef 
20.79).  The  basic  VCD  geometry  and  nomenclature 
are  defined  in  Figure  20.t.l5.  Inner  and  outer  VCD 
bleeds  flow  from  the  primary  duct  exit  providing 
high  pressure  recovery  and  low  pressure  loss.  The 
VCD  advantages  are  principally  (ll  short  diffuser 
length,  (2)  high  pressure  recovery,  (3)  design 
simplicity  and  (t)  stable  flow  provided  by  the  vor¬ 
tex  retaining  fences.  This  concept  offers  con¬ 
siderable  promise  and  is  expected  to  find  its  way 
into  a  wide  range  of  future  propulsion  system 
applicat  ions .  Extended  development  of  the  has 
beer,  sponsored  by  the  Air  i-'orce  and  conducte  i  a"  'he 
Detroit  Diesel  Allison  Division  of  C.MC. 
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The  liner  is  basically  an  impingement  cooled 
segmented  -design  as  illustrated  in  Figure  20.i*.l6. 
The  outer  shell  serves  as  the  structural  or  load 
carrying  portion  of  the  combustion  system  and 
provides  impingement  cooling  for  the  inner  seg¬ 
ments  or  shingles.  As  a  result,  the  shingles 
provide  an  effective  thermal  barrier,  protecting  the 
highly-stressed  outer  shell.  The  shingle  liner  is 
particularly  well  suited  to  high  temperature  rise 
combustor  operation  where  ocling  airflow  is  at  a 
premiuT. .  Additionally,  the  shingle  concept  offers 
impr-vA-i  liner  life  due  to  its  thermally  relievea 
mechar.i  -al  design  aspec*  and  the  pcssihi>ity  of  im¬ 
proved  maintainability,  as  low-ccst  ”thrcw-away” 
segments  may  be  employed.  The  Shingle  Liner  de¬ 
velopment  was  sponsored  by  the  !<avy  and  conducted 
by  tne  General  Electric  Company.  It  is  presently 
being  considered  for  both  near-term  and  future 
rropuasi  rr.  system,  application. 


Fig-^e  2C.L.16  Shingle  Liner  Combustor 
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As  discur'sed  earlier,  the  turbine  engine  com¬ 
bustion  system  has  undergone  an  evolutionary 
development  process  over  the  past  forty  years 
beginning  with  long,  bulky,  can-type  com¬ 
bustors  (i.e.,  the  J33  shown  In  Figure  20.1.3) 
and  progressing  to  the  compact,  high  temperat'jre 
rise  annular  combustors  of  today’s  newest 
turbopropulsion  systems.  In  recent  years,  sig¬ 
nificant  technological  advancements  have  been 
realized  in  both  combustion  system  design  and 
performance.  With  respect  to  the  important  de¬ 
sign  parameters  of  combustion  efficiency  and 
stability,  pressure  loss,  combustor  size,  and 
pattern  factor,  the  annular  combustors  recently 
developed  have  provided  substantial  Lmprovements. 
Further  improvements  in  these  parameters  will  be 
required,  however,  if  propulsion  system  demands 
of  the  future  are  to  be  met. 

In  the  vital  area  of  durability,  improvements 
in  liner  design  and  cooling  have  added  sub¬ 
stantially  to  the  maintainability  and  durability 
aspects  of  the  combustor  at  a  time  when  system 
operating  pressures  and  temperatures  are  on  the 
rise.  Figure  20.5.1  illustrates  the  technological 
improvements  realized  in  the  10  -  15  years  since 
annular  combustors  where  introduced.  For  example, 
the  continued  drive  for  reduced  cost,  improved 
fuel  economy  and  design  compactness  and  simplicity 
has  led  to  the  compact,  high  temperature  com¬ 
bustor  of  the  FlOl  engine  (developed  for  the 
B-1  Bomber)  illustrated  in  Figure  20-5.2.  This 
combustor  is  a  low  pressure  loss  (5.lS),  high 
heat  release  (T.S  x  10”  BTU/hr/atm 'ft  )  design 
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employing  an  improved  low  pressure  fuel  in¬ 
jection  systan,  a  machined-ring  high  durability 
liner  and  a  simple,  cast,  low-loss  inlet  dump 
diffuser.  Relative  to  other  contemporary  com¬ 
bustion  systems,  the  FlOl  is  the  most  advanced 
annular  design  developed  to  date  and  introduces 
a  new  family  of  compact,  high  temperature  systems 
for  fighter,  bomber,  and  transport  applications. 


Figure  20.5.1  Annular  Combustor  Development 
Trends 


Figure  20.5*2  FlOl  Annular  Combustor 


Future  aircraft  propulsion  requirements  call 
for  primary  combustors  capable  of:  (l)  accepting 
greater  variations  in  compressor  discharge  pressure, 
temperature  and  airflow,  (2)  producing  heat  release 
rates  and  temperature  rise  which  will  ultimately 
approach  stoichiometric  levels,  and  (3)  providing 
high  operational  reliability  and  improved  com¬ 
ponent  durability,  maintainability,  and  repair- 
ability.  In  addition,  the  new  requirements  dis¬ 
cussed  in  Section  20. — exhaust  emissions  and  fuel 
flexibility — must  be  addressed. 

It  is  only  possible  to  speculate  on  new 
concepts  which  might  be  employed  in  the  next 
quarter  century  in  aero-propulsion  combustion. 
Nevertheless,  such  an  effort  is  worthwhile  as  the 
reader  ms.y  gain  an  appreciation  for  the  wide  range 
of  opportunity  and  flexibility  which  remains  avail¬ 
able  to  the  combust ir-.n  system  desif^ner.  Two  new 
concepts,  catalytic  combustion  and  nhotoch^^mical ly- 
assisted  combu.sticn,  will  he  highligntei  below. 


Catalytic  combustion  involves  the  use  of  a 
heterogeneous  catalyst  within  the  combustion  zone 
to  increase  the  energy  release  rate  (Ref  20.62  - 
20.69).  Fuel  and  air  are  premixed  at  low  equivalence 
ratios,  often  below  the  lean  flammability  limit, 
and  passed  through  a  catalytically-coated,  ceramic 
honeycomb  structure.  Due  to  the  combined  effect 
of  heterogeneous  chemical  reactions  and  the 
thermal  inertia  of  the  solid  structwe,  this 
concept  can  be  utilized  to  achieve  stable,  ef¬ 
ficient  combustion  outside  the  normal  flammability 
limits  of  gas-phase  systems  (Ref  20.62  -  20.69). 
Typical  experimental  results  are  chown  in  Figure 
20-5.3.  The  benefits  of  lean  combustion  (low 
radiative  emission,  decreased  tendency  for  turbine 
inlet  temperature  non-uniformities,  reduced  smoke 
and  NO  formation)  provide  significant  potential 
payoff^  Applications  in  both  main  burners  and 
afterburners  are  likely.  The  promising  concept 
of  a  porous  flameholder  with  low  pressure  drop  is 
under  investigation.  Such  a  device  would  provide  a 
means  of  stabilizing  combustion  flows  that  reach 
fined  flame  temperatures  in  excess  of  flameholder 
material  limitations. 


Figure  20.5*3  Catalytic  Combustor  Efficiency 


A  second  new  concept  utilizes  either  ultra¬ 
violet  light  sources  or  plasmas  to  stabilize  or 
promote  combustion  processes.  .Recent  studies 
have  confirmed  the  possibility  of  photochemical 
ignition  where  a  pulse  of  'ultraviolet  light  (from 
an  arc  discharge)  is  used  to  dissociate  molecular 
oxygen  and  provide  ignition  a'  lower  temperat'ures 
and  with  lower  energy  input  than  in  the  case  of 
a  spark  ignition  source  (Ref  20.80,  50. 3l).  Other 
investigations  have  confirmed  the  capability  of 
plasma  jets  in  supplying  reactive  species  to 
stabilize  and  improve  the  efficiency  of  combustion 
flows  (Ref  20.82).  The  payoff  of  these  two  con¬ 
cepts  can  be  flame  stabilization  without  flame- 
holding  devices — c-n  "optical  flameholder”  with 
zero  pressure  drop.  Such  a  device  would  further 
promote  the  feasibility  of  practical  lean  com¬ 
bustion  . 

While  the  example  concepts  described  above 
are  in  their  infancy  and  may  not  find  eventual 
practical  application  in  the  turbopropulsion  field, 
they  are  illustrative  of  future  combustion  tech- 
nology  devei- -pnent s .  As  the  combustor  designer  is 
confronte'i  with  the  new  repiirements  of  t:;e  future, 
especially  exhaust  emissions  and  fuel  flexibility , 
new  concepts  like  these  will  play  an  important  role 
in  problem  r.olutior..  hr.rineers  in  the  aero- 
propulsion  comhusticn  ■' omr. •  ;r.  1  ty  will  cer'’,air.ly  en¬ 
joy  challeriges  vit.n  the  p- if' i  1  i  *  y  for  1  ve 


solutions  as  the  next  quarter  century  unfolds. 
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21.0  INT  RODUC  TION 


The  simple  gas  turbine  cycle  can  be  de¬ 
signed  to  have  good  performance  characteristics 
at  a  particular  operating  or  design  point.  How¬ 
ever,  a  particular  engine  does  not  have  the  ca¬ 
pability  of  producing  a  good  performance  for 
large  ranges  of  thrust,  and  this  inflexibility  can 
lead  to  problems  when  the  flight  program  for  a 
particular  vehicle  is  considered.  For  example, 
many  airplanes  require  a  larger  thrust  during 
take-off  and  acceleration  than  they  do  at  a 
cruise  condition.  Thus,  if  the  engine  is  sized 
for  take-off  and  has  its  design  point  at  this  con¬ 
dition,  the  engine  will  be  too  large  at  cruise. 
The  vehicle  performance  will  be  penalized  at 
cruise  for  the  poor  off  design  point  operation 
of  the  engine  components  and  for  the  larger 
weight  of  the  engine.  Similar  problems  arise 
when  supersonic  cruise  vehicles  are  considered. 

The  afterburning  gas  turbine  cycle  was  an 
early  attempt  to  avoid  some  of  these  problems 
and  afterburners  or  augmentation  devices  were 
first  added  to  aircraft  gas  turbine  engines  to 
increase  their  thrust  during  take-off  or  for 
brief  periods  of  acceleration  and  supersonic 
flight.  The  devices  make  use  of  the  fact  that 
the  maximum  gas  temperature  at  the  turbine 
inlet,  in  a  gas  turbine  engine,  is  limited  by 
structural  considerations  to  values  less  than 
half  the  adiabatic  flame  temperature  at  the  stoi¬ 
chiometric  fuel-air  ratio.  As  a  result,  the  gas 
leaving  the  turbine  contains  most  of  its  original 
concentration  of  oxygen.  This  oxygen  can  be 
burned  with  additional  fuel  in  a  secondary  com¬ 
bustion  chamber  located  downstream  of  the  tur¬ 
bine  where  temperature  constraints  are  relaxed. 
The  increased  total  temperature  produced  at  the 
nozzle  by  this  additional  heat  addition  results  in 
an  increased  exit  velocity  and  thrust. 

The  advantage  of  using  the  afterburning 
gas  turbine  engine  cycle  is  that  the  weight  of 
the  augmented  engine  is  much  less  than  the 
weight  of  a  turbojet  engine  which  can  produce 
the  same  maximum  thrust.  This  advantage  is 
partially  offset  by  the  low  thermal  efficiency 
of  the  augmented  turbojet  cycle  which  is  char¬ 
acterized  by  values  of  specific  fuel  consumption 
which  are  much  higher  than  those  for  the  gas 
turbine  cycle.  However,  when  the  afterburner 
is  used  for  a  small  part  of  a  flight,  the  weight 
reduction  is  more  important  than  the  increase 
in  fuel  consumption. 

In  the  middle  1960's,  an  augmented  gas 
turbine  engine,  the  General  Electric  GE4,  was 
selected  as  the  cycle  to  be  used  on  the  Boeing 
supersonic  transport.  It  was  an  afterburning 
turbojet  engine  and  the  afterburner  was  used 
not  only  during  take-off  or  transonic  accelera¬ 
tion  but  also  during  the  Mach  2.7  cruise.  At 
these  speeds,  afterburning  is  required  even 
during  cruise  to  obtain  a  reasonable  air- spe¬ 
cific  thrust. 

Finally,  with  the  advent  of  the  turbofan 
engines  in  the  late  1960's,  and  the  Variable 
Cycle  Engines  in  the  1970's,  the  afterburner 
must  be  viewed  as  one  of  an  increasing  number 
of  devices  which  can  be  used  to  enhance  the 


flexibility  of  the  basic  gas  turbine  cycle.  The 
aim  of  these  systems  is  to  optimize  engine 
performance  over  the  widest  possible  range  of 
operating  conditions.  Augmentation  can  be  used 
in  both  fan  and  core  streams.  In  some  flight 
regimes  afterburning  in  the  bypass  air  stream 
alone  is  advantageous  and  in  others,  where 
maximum  augmentation  is  required,  afterburn¬ 
ing  in  both  bypass  and  core  engine  exhaust 
streams  is  desirable.  Under  some  circum¬ 
stances  mixing  fan  and  core  engine  exhaust 
streams  prior  to  afterburning  may  produce  a 
large  enough  performance  gain  to  more  than 
offset  total  pressure  losses  and  increased  engine 
weight  associated  with  the  mixing  process. 

An  afterburner  for  the  gas  turbine  engine 
cycle  is  very  similar  to  a  ramjet  engine.  Gas 
leaving  the  turbine  is  diffused,  liquid  fuel  is 
added  through  fuel  injection  tubes  or  rings,  the 
combustion  process  is  initiated  in  the  wakes  of 
a  number  of  flame  stabilizers,  and  heat  is 
added  along  flame  surfaces  spreading  from 
these  stabilization  positions.  Nozzles  with 
variable  area  throats  are  necessary  to  accom¬ 
modate  the  large  total  temperature  changes 
produced  by  afterburning. 

These  elements  of  the  afterburner  are 
illustrated  in  Figure  21.0.1  for  the  turbojet 
cycle  and  in  Figure  21.0.2  for  the  turbofan 
cycle.  The  turbojet  engine  is  a  sketch  of  the 
General  Electric  J79  engine  and  the  turbofan 
engine  is  a  sketch  of  the  Pratt  and  Whitney 
FlOO  engine.  In  the  latter  case,  afterburning 
is  accomplished  without  mixing  core  and  fan 
streams  and  the  inner  contour  of  the  nozzle  is 
shown  in  closed  (11)  and  open  (12)  positions. 

In  both  engines,  a  combustion  chamber  liner 
with  an  air  cooling  passage  is  used  to  protect 
the  outer,  pressure  vessel  wall  from  heat 
transfer  by  convection  and  radiation. 


Figure  21.0.1  Sketch  of  General  Electric 

J-79  afterburner.  ( 1 )  Turbine 
nozzles,  (2)  Turbine  blades, 
(3)  fuel  injection  rings,  (4) 
three  annular  V-gutter  flame 
holders,  (5)  afterburner  case, 
(6)  perforated  liner,  (7)  and 
(8)  primary  and  secondary 
nozzle  flaps,  and  (9)  diffuser 
inner  cone. 


Figure  21.0.2  Pratt  and  Whitney  FlOO-PW-lOO 
augmented  turbofan  engine.  (1) 
Three  stage  fan;  (2)  bypass  air 
duct;  core  engine  compressor 
(3),  burner  (4),  and  turbine  (5); 
(6)  fuel  injectors  for  core  en¬ 
gine  gas  stream;  (7)  fuel  in¬ 
jectors  for  bypass  air  stream; 
(8)  flame  stabilizer  for  after¬ 
burner;  (9)  perforated  after¬ 
burner  liner;  (10)  afterburner 
case;  nozzle  closed  to  minimum 
area  (11)  and  opened  to  maxi¬ 
mum  area  (12). 


To  illustrate  typical  afterburner  operating 
conditions,  performance  curves  are  shown  in 
Figure  21.0.3  for  a  turbofan  engine,  the  Pratt 
and  Whitney  TF30  engine.  This  engine  is  simi¬ 
lar  to  that  shown  in  Figure  21.0.2  and  the 
core  and  turbine  gas  streams  are  not  mixed. 

The  specific  fuel  consumption  SFC  and  thrust 
F  are  shown  as  ratios  of  their  values  to  their 
values  with  no  afterburning  and  as  a  function 
of  afterburner  fuel-air  ratio.  Afterburner  to¬ 
tal  pressure  ratio  and  combustion  efficiency 

are  also  given.  The  two  curves  on  each 

plot  correspond  to  operating  altitudes  of  about 
12  km  and  14.  6  km  and  a  flight  Mach  number 
of  1.4.  Flow  conditions  at  afterburner  entrance 
for  the  core  stream  and  for  the  two  altitudes 
were  for  the  core  stream:  Total  pressure  of 
1.05  and  0.69  atm,  total  temperatures  of  about 
900°  k  for  both,  inlet  velocities  of  180  and  230 
meter/sec;  for  the  fan  stream:  Total  tempera¬ 
ture  was  about  400°  k.  At  these  conditions, 
thrust  augmentation  of  about  60  percent  can  be 
achieved  at  a  cost  of  an  increase  of  120  percent 
in  specific  fuel  consumption.  Performance  de¬ 
creases  as  altitude  is  increased.  Note  that  the 
afterburner  total  pressure  ratio  with  no  heat 
addition  is  about  0.94;  the  6  percent  loss  repre¬ 
sented  by  this  ratio  accounts  for  some  diffusion 
loss  in  addition  to  the  flame  holder  drag  losses. 

For  this  engine,  fuel  is  injected  through 
orifaces  with  diameters  of  about  0.  15  cm  in  a 
number  of  concentric  rings  of  fuel  injection 
tubes  which  are  similar  to  those  shown  in  Fig¬ 
ure  21.0.2.  Afterburner  fuel-air  ratio  is  in¬ 
creased  by  adding  fuel  first  to  the  core  flow 
near  the  interface  between  the  core  flow  and 
fan  air  stream,  then  to  the  fan  air,  and  finally 
to  the  rest  of  the  core  flow.  Because  the  fan 
air  contains  the  most  oxygen  and  the  lowest 
temperature,  afterburning  in  the  stream  pro¬ 
duces  the  largest  performance  gain.  However, 
the  low  temperature  of  this  stream  makes 
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Afterburner  performance  char¬ 
acteristics  for  the  TF30-P-3 
engine.  Engine  characteristics: 
IT  =  17,  V  '  =  2.  1,  bypass 

ratio  a  =  1.0,  flame  holder 
blockage  0.3  8,  Flight  Mach 
number  1.4.  Solid  curves  are 
for  an  altitude  of  12  km  and 
dashed  curves  for  14.6  km. 

Data  from  Reference  21.1. 


vaporization  of  the  fuel  and  hence  afterburning 
most  difficult.  The  addition  of  fuel  in  the  order 
suggested  here  first  produces  a  high  tempera¬ 
ture  at  the  outer  edge  of  the  core  stream  where 
it  can  act  as  a  pilot  for  the  fan  air  combustion 
process.  The  rapid  fall  in  combustion  efficien¬ 
cy  at  14.  6  km  and  for  low  fuel-air  ratios  is  due 
to  the  problem  of  burning  in  the  cold  fan  streams 
where  vaporization  of  the  fuel  is  very  poor. 

The  purpose  of  this  chapter  is  to  discuss 
the  engineering  information  available  concerning 
afterburner  components  and  to  indicate  some 
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current  design  practices.  Because  of  the  au¬ 
thor's  interests,  some  problem  areas  will  be 
more  thoroughly  described  than  others.  Sec¬ 
tion  21.10  contains  references  to  review  ar¬ 
ticles  which  discuss  a  number  of  subjects  con¬ 
cerning  afterburners  which  are  omitted  here. 


21.1  DIFFUSER 

The  heat  which  can  be  added  to  a  compres¬ 
sible  flow  in  a  constant  area  duct  before  choking 
occurs  and  the  pressure  loss  which  accompanies 
this  heat  addition  depend  on  the  Mach  number  of 
the  flow  entering  the  burner.  As  the  inlet  Mach 
number  decreases,  the  maximum  heat  addition 
increases  and  the  total  pressure  loss  decreases. 
In  addition,  the  flame  stabilization  process  be¬ 
comes  more  difficult  as  gas  speed  increases. 
Hence,  it  is  desirable  to  use  as  low  a  value  as 
possible  for  the  burner  inlet  Mach  number  and 
a  diffuser  is  used  between  the  turbine  exit  plane 
and  the  afterburner  itself. 

The  minimum  Mach  number  at  the  burner 
inlet  is  usually  fixed  by  the  requirement  that 
the  diameter  of  the  afterburner  section  of  the 
engine  not  exceed  that  of  the  engine  components 
located  upstream  of  the  afterburner.  This  lim¬ 
itation  arises  from  the  desire  to  minimize  the 
drag  of  the  engine  due  to  frontal  area  and  noz¬ 
zle  exit  area,  and  the  desire  to  minimize  the 
weight  of  the  afterburner  itself. 

The  desire  to  minimize  weight  also  results 
in  the  requirement  that  the  diffuser  be  kept  as 
short  as  possible  without  producing  flow  separa¬ 
tion  from  the  inner  body.  Relatively  large  di¬ 
vergence  angles  can  be  used  because  the  block¬ 
age  of  the  flow,  produced  by  the  flame-  holder 
and  fuel  injection  systems,  reduces  the  tendency 
of  the  flow  to  separate  from  the  diffuser  cone. 
Finally,  the  general  problem  of  producing  a 
steady,  uniform  and  unseparated  flow  at  the 
diffuser  outlet  is  often  complicated  by  the  pre¬ 
sence  of  a  large  swirl  component  in  the  gas 
leaving  the  turbine  (15  -  20  percent  tangential 
component)  and  the  interaction  of  this  swirling 
flow  with  struts  required  to  support  the  rear 
engine  bearing. 

In  augmented  turbofan  engines  in  which 
the  two  gas  streams  are  to  be  mixed  before 
afterburning  is  initiated,  the  diffuser  is  usually 
combined  with  the  mixer.  For  example,  the 
fan  stream  and  core  streams  can  be  ducted  to¬ 
gether  to  form  a  series  of  adjacent  radial  slots 
with  fan  air  and  core  air  in  alternate  slots. 

This  geometry  has  the  advantage  that  mixing 
will  occur  in  a  distance  much  smaller  than  re¬ 
quired  with  the  undisturbed  annular  geometry 
shown  in  Figure  21.0.2.  By  keeping  cross  sec¬ 
tion  areas  of  each  stream  almost  constant,  pres¬ 
sure  losses  in  mixers  of  this  type  can  be  mini¬ 
mized. 


21.2  FUEL  INJECTION,  ATOMIZATION  AND 
VAPORIZATION 

The  goal  of  the  fuel  injection  system  is 
to  produce  a  specified  distribution  of  fuel  vapor 
in  the  gas  stream  entering  the  afterburner.  In 
most  engines,  fuel  is  introduced  in  a  staged 
manner  so  that  heat  addition  rate  can  be  in¬ 
creased  gradually  from  zero  to  the  desired 


value.  Because  ignition,  flame  stabilization  and 
flame  spreading  are  easiest  to  achieve  when  the 
fuel-air  ratio  is  close  to  the  stoichiometric 
value,  staging  is  usually  produced  by  adding 
fuel  to  successive  annular  stream  tubes  so  that 
the  mixture  ratio  in  each  tube  is  nearly  stoi¬ 
chiometric.  Each  stream  tube  has  its  own  set 
of  fuel  injectors  and  control  system  which  can 
be  activated  independently.  For  example,  see 
the  six  injectors  used  in  the  FlOO  engine  shown 
in  Figure  21.0.2. 

The  most  remarkable  fact  concerning  the 
fuel  system  for  afterburners  is  their  simplicity. 
In  many  engine  systems,  fuel  is  supplied  to  a 
circular  tube  which  lies  with  its  axis  perpen¬ 
dicular  to  the  gas  stream.  Fuel  is  injected 
into  the  gas  through  small  diameter  holes  lo¬ 
cated  in  the  sides  of  the  tube  such  that  the 
liquid  jet  enters  the  gas  stream  in  a  direction 
perpendicular  to  the  undisturbed  flow  direction. 
The  liquid  jet  penetrates  some  distance  into  the 
gas  stream  before  its  momentum  is  dissipated. 
During  this  penetration  process,  the  air  stream 
tears  the  jet  apart  and  produces  droplets  with 
diameters  of  micron  size.  Heat  transfer  from 
the  hot  gas  stream  then  vaporizes  the  droplets. 

Given  the  wide  range  of  values  of  mass 
flows  of  fuel  required,  it  is  remarkable  that 
reasonably  thorough  mixing  of  the  fuel  with  the 
air  can  be  achieved  with  this  simple  injection 
system.  In  some  recent  engines  efforts  are 
being  made  to  use  simple  variable  area  injec¬ 
tion  ports  which  may  possibly  give  better  pre¬ 
paration  of  the  fuel-air  mixture. 

The  whole  area  of  fuel  penetration,  atom¬ 
ization  and  vaporization  is  not  well  understood 
from  first  principals  and  one  of  the  time  con¬ 
suming  parts  of  an  afterburner  development 
program  is  to  determine  the  optimum  distribu¬ 
tion  of  locations  for  injector  tubes,  injector 
ports  and  port  diameters.  In  the  following 
paragraphs  a  very  brief  analysis  is  made  of 
several  aspects  of  the  fuel  injection  problem 
with  the  aim  of  illustrating  some  of  the  impor¬ 
tant  scaling  parameters  rather  than  of  furnish¬ 
ing  design  procedures. 

Penetration.  The  trajectory  of  a  fluid 
jet  injected  into  a  high  speed  air  stream  can  be 
crudely  analyzed  by  treating  the  boundaries  of 
the  jet  and  resulting  droplet  stream  as  a  solid 
body  and  applying  continuity  and  momentum  con¬ 
servation  laws.  The  force  applied  to  the  sur¬ 
face  of  the  stream  tube  in  the  direction  of  the 
flow,  see  sketch  of  Figure  21.2.1,  will  be  pro¬ 
portional  to  the  dynamic  pressure  of  the  gas, 

p  V  ^/2,  and  some  cross  sectional  area,  say 
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w  X  h.  Here  w  is  an  average  width  and  h  is 
the  penetration  distance.  This  force  must  be 
balanced  by  the  momentum  flux  of  the  injectant 
stream  with  mass  flux  rh..  If  we  assume  that 

I 

the  fluid  is  accelerated  to  a  velocity  v^  at  the 

exit  of  the  control  volume  and  that  it  enters 
with  no  momentum  flux  in  the  direction  of  flow, 
the  force  balance  gives: 

p  V  ^  (w  h)  rh.v 
or  j  or 

so  that 


with  the  volume- median  droplet  diameter  de¬ 
fined  as 


Figure  21.2.1  Schematic  for  Estimate  of 
Penetration  Distance. 


The  actual  penetration  distance  is  obtained  by 
assuming  w  «  d.  and  rh^  «  (7Tdj^/4)p.vy  it  is 
given  by: 


Note  that  the  denominator  of  Equation  21.2.1 
is  proportional  to  the  mass  flux  of  air  through 
the  region  fed  by  the  injector.  Thus,  if  the 
injector  flow  rate  is  changed  in  order  to  keep 
h  fixed  (as  some  other  parameter  such  as 
flight  altitude  is  varied),  the  overall  fuel-air 
ratio  in  the  stream  tube  fed  by  the  injector  will 
be  held  fixed. 

Recent  experimental  work  by  Schetz  and 
Padhye,  Reference  21.2,  suggests  that  an  anal¬ 
ysis  of  this  type  does  predict  a  reasonable  de¬ 
pendence  of  penetration  distance  h  on  the  dy- 

2.  .  I  r-, 

namic  pressure  ratio  p.v.  /p  v  .  Penetration 
1  J  ^  ^ 

distances  of  lO's  of  diameters  can  be  achieved 
with  dynamic  pressure  ratios  between  one  and 
two. 

Atomization.  The  breakup  of  the  injected 
fuel  stream,  into  small  droplets  depends  on  the 
dynamic  pressure  parameters  listed  above,  and 
in  addition  on  the  viscosities  of  the  fuel  and  gas 
streams,  and  on  the  interfacial  tension  of  the 
fuel-gas  system.  The  physical  process  of  atom¬ 
ization  of  the  fluid  jet  probably  involves  the  pro¬ 
duction  of  waves  on  the  fluid-gas  interface,  the 
shedding  of  long  ligaments  of  fluid  as  the  waves 
break  and  then  the  breakup  of  the  ligaments  into 
droplets.  The  overall  process  is  sufficiently 
complex  that  no  model  or  set  of  scaling  param¬ 
eters  has  been  generally  accepted.  The  problem 
is  complicated  by  the  necessity  for  measuring 
and  describing  a  distribution  of  drop  sizes  rather 
than  a  single  drop  diameter. 

To  give  the  flavor  of  the  results  obtained 
in  experiments,  we  describe  the  results  of 
Ingebo  and  Foster  (Reference  21.1).  They  worked 


p  v  (w  h) 
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=  constant  (21,2.  1 ) 


where  n.  is  the  number  of  particles  with  diam¬ 
eter  D.,  They  found  that  depended  on  the 


injector  diameter  d^  and 
parameters,  a  Reynolds 


two  dimensionless 
number, 


Re  - 


based  on  the  gas  stream  velocity  v  ,  the  in- 

00 

jector  diameter  dj  and  the  liquid  density  and 
viscosity  and  and  a  Weber  number. 

We  =  o./p  V  ^d. 
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based  on  fuel  surface  tension  and  dynamic 
pressure  of  the  gas.  The  relationship  for 
found  by  these  authors  was 


(21.2.  2) 


For  a  gas  stream  with  a  speed  of  about 

200  m/sec.,  temperature  of  900°k  and  pres¬ 
sure  of  3  atm.  ,  and  a  gasoline  like  fuel  jet, 
the  Reynolds  and  Weber  numbers  for  a  milli-  , 
meter  diameter  injector  port  are  about  2  x  10^ 
.3 

and  10  respectively.  Using  these  values  in 
the  above  equation  we  find  as  40  microns. 

The  equation  given  above  indicates  that 
there  is  dependence  of  atomization  on  the 
injection  velocity  v^  but  there  is  an  inverse  1/4 

power  dependence  of  on  gas  stream  den¬ 

sity  and,  hence,  pressure.  Thus,  as  the  pres¬ 
sure  decreases,  droplet  diameter  will  increase 
slowly.  Finally,  is  proportional  to  the 

square  root  of  port  diameter  dy 

Evaporation.  The  evaporation  rate  of  the 
droplets  formed  in  the  injection  process  is  a 
strong  function  of  gas  and  droplet  temperature, 
and  the  relative  velocity  of  the  droplets  with 
respect  to  the  air.  For  most  conditions  of 
interest  to  us,  the  pressure  of  the  vapor  at 
the  surface  of  the  drop  will  be  close  to  the 
equilibrium  value  fixed  by  the  surface  temper¬ 
ature  of  the  drop.  Vapor  is  removed  from 
this  region  by  diffusion  and  forced  convection; 
and  the  heat  required  to  produce  the  evapora¬ 
tion  is  transferred  to  the  surface  by  conduc¬ 
tion  from  within  the  drop,  and  by  conduction 
and  forced  convection  from  the  gas  stream. 

The  drop  radius  and  the  temperature  distribu¬ 
tion  within  the  drop  will  be  functions  of  the 
time.  Transport  of  vapor  and  heat  occur  by 
diffusion  and  by  forced  convection,  and  both 
processes  may  be  either  laminar  or  turbulent. 

The  most  simple  situation  to  analyze  for 
this  complex  problem  is  the  case  in  which 


molecular  transport  processes  for  mass  and 
heat  are  dominant,  and  for  which  we  can  ignore 
temperature  changes  within  the  drop.  This  qua¬ 
sisteady  situation  is  most  likely  to  occur  for 
small  (e.  g.  ,  10^  diameter)  drops  moving  with 
a  small  velocity  with  respect  to  the  gas  stream. 
Under  these  conditions  we  can  show  that  the 
rate  of  change  of  mass  M  of  a  droplet  is 
given  by 


M  =  -4Trr(p^fi) 


(21.2.  3) 


Here  the  vapor  density  at  the  particle  surface 
has  been  normalized  by  p  ,  the  density  of  the 


gas 


stream  evaluated  at  T  . 

P 


The  second  and 


third  terms  on  the  right  hand  side  of  Equation 
21.2.5  are  almost  independent  of  pressure  and 
temperature.  (The  second  term  is  the  Lewis 
number.  )  However,  the  first  term  is  a  very 
strong  function  of  temperature  and  is  inversely 
proportional  to  pressure  because  the  gas 
density  is  proportional  to  P/T  .  Hence,  the 


above  equation  can  be  written  in  the  form 


where  r  is  the  droplet  radius,  and  p^  and  6 

are  vapor  density  and  diffusion  coefficient  at 
the  particle  surface.  Since  the  particle  mass 

is  (4/3)irr^p^, 

r^  _  Vf 

dt  -  p^ 

and  the  time  required  t^  for  complete  evapora¬ 
tion  of  a  particle  of  initial  radius  is 

‘e  =  'o^^<Pv*^Pf>  (21.2.4) 

Here,  the  denominator  is  the  value  averaged 
over  the  evaporation  time  of  the  droplet.  Clear¬ 
ly,  the  time  for  complete  evaporation  will  be 
much  longer  for  large  drops. 

The  term  in  the  denominator  of  the  above 
equation  is  a  strong  function  of  the  temperature 
and  in  order  to  determine  its  value,  an  energy 
balance  for  the  droplet  must  also  be  used.  The 
vapor  density  at  the  droplet  surface  p^  is  only 

a  function  of  temperature  and  since  fi  ==  1/P 
holds  roughly,  we  find  that  p^fi  will  be  propor¬ 
tional  to  1/P,  the  inverse  of  the  local  static 
pressure.  Thus,  as  the  pressure  in  the  region 
of  injection  falls,  the  time  required  for  evapora¬ 
tion  of  small  droplets  of  a  fixed  temperature 
will  decrease. 

For  the  simple  situation  under  investiga¬ 
tion  here,  the  energy  balance  reduces  to 


(T  -T  )  =  f  {T  }  /P  (21.2.6) 
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where  f  increases  exponentially  with  T^. 

If  P^  is  reduced,  e.  g.  ,  by  increasing  the 

altitude  at  which  the  engine  is  flying,  the  drop¬ 
let  temperature  must  adjust  to  satisfy  this 
equality.  Two  regimes  of  interest  can  be  de¬ 
fined.  In  the  first,  let  the  gas  temperature 
be  much  greater  than  the  particle  temperature. 
Then  a  drop  in  P^  must  be  accompanied  by  a 

drop  in  T^.  Because  of  the  strong  dependence 

of  f  on  T  ,  a  small  change  in  T  will  be  re- 
P  P 

quired  to  satisfy  the  equation.  Hence,  the  tem¬ 
perature  difference  (T  -  T  )  will  not  change  ap- 
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preciably,  and,  consequently,  the  conduction 
term  and  thus  the  evaporation  rate  will  not 
change  appreciably.  For  this  example,  the  in¬ 
crease  in  diffusion  coefficient  due  to  a  reduc¬ 
tion  in  pressure  is  offset  by  a  reduction  in  va¬ 
por  pressure  (due  to  reduced  Tp)  so  that  the 
vapor  diffusion  and  evaporation  rates  are  held 
almost  constant.  For  this  case  then,  the  evap¬ 
oration  time  te  of  Equation  21.2,4  will  not  be 
affected  directly  by  the  pressure. 

In  the  second  regime,  assume  that  T  is 

00 

almost  equal  to  T  .  Then,  when  P  is  caused 
p  oc 

to  drop,  the  small  change  in  T^  needed  to  bal¬ 
ance  Equation  21,2.6  will  make  an  appreciable 
difference  in  the  temperature  difference  (T^-  T^) 

Thus,  the  heat  transfer  rate  and  consequently 
the  evaporation  rate  will  increase  as  the  pres¬ 
sure  falls. 


-ML  =  q 

where  L  is  the  heat  of  vaporization,  (-M)  is 
the  rate  of  generation  of  vapor  and  <j  is  the 
heat  transferred  by  conduction  to  the  drop.  We 
can  show  that  q  is  given  by  4iTrk(T  -  T  )  where 
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k  is  coefficient  of  thermal  conductivity,  and  T 


the  drop,  and  the  temperature  of  the  drop. 
Given  these  results,  the  energy  balance  given 
above  reduces  to: 


C  T 
Pg  ^ 


(21.  2.  5) 


Note , 


is  an  exponential  function  of  T  . 


If  we  combine  the  simplified  results  pre¬ 
sented  above,  we  find  that  as  the  pressure  in 
the  afterburner  falls,  say  as  a  result  of  the 
increase  in  altitude  of  an  engine  operating  at  a 
fixed  Mach  number,  the  simple  injector  discus¬ 
sed  here  is  capable  of  supplying  the  required 
fuel  flow  to  the  appropriate  volume  of  space. 
However,  as  pressure  decreases,  the  droplet 
diameter  will  increase.  In  addition,  for  the 
first  vaporization  regime  discussed  above,  the 
evaporation  rate  will  be  independent  of  pressure 
but  will  decrease  rapidly  as  the  drop  radius  in¬ 
creases.  Hence,  the  effect  of  the  reduction  in 
pressure  will  be  to  increase  the  initial  diameter 
of  the  droplets  and  to  decrease  the  evaporation 
rate.  In  the  second  regime  the  effect  of  in¬ 
crease  in  the  initial  radius  of  the  drops  will  be 
offset  by  the  increase  in  diffusion  rates. 

Also  note  that  the  evaporation  rate  depends 
on  the  diameter  of  the  injector  part  dj.  It  is 
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clear  from  Equation  21.2.2  that  D^q  is  propor¬ 
tional  to  vSy  and  consequently  that  the  evapora¬ 
tion  time  given  in  Equation  21.2.4  is  directly 
proportional  to  d^.  Hence,  more  rapid  evapo¬ 
ration  could  be  achieved  by  using  injection  ports 
of  a  smaller  diameter.  However,  the  number 
and  location  of  the  injector  ports  would  need  to 
be  changed  to  keep  the  fuel  distribution  unchang¬ 
ed.  In  addition,  the  smaller  holes  would  be 
more  subject  to  blockage  by  dirt  and  pyrolized 
fuel. 

In  real  systems,  the  observed  effect  of 
a  pressure  decrease  is  that  combustion  effi¬ 
ciency  falls  off  badly  when  the  pressure  is  re¬ 
duced  below  some  limiting  value  which  is  often 
of  the  order  of  one  atmosphere.  This  pressure 
limit  is  a  major  limitation  on  the  operating 
range  for  an  afterburner. 


21.3  IGNITION 

The  fuel-air  mixture  produced  by  the  in¬ 
jection  process  has  a  flame  propagation  velocity 
which  is  much  less  than  the  gas  speed  in  the 
combustion  chamber.  Hence,  unless  sources 
of  continuous  ignition  are  present  in  the  chamber, 
the  burning  gas  ignited  by  a  temporary  process 
would  be  blown  out  of  the  engine  as  soon  as  ig¬ 
nition  stopped.  In  most  afterburner  systems, 
the  continuous  source  of  ignition  is  the  wake  of 
a  bluff  body,  (called  the  flame  holder),  held 
with  its  axis  perpendicular  to  the  flow.  Hot 
gas,  trapped  in  the  first  few  diameters  of  the 
flame  holder  wake,  mixes  with  the  combustible 
mixture  flowing  over  the  wake  and  acts  as  the 
source  of  ignition.  The  process  of  flame  sta¬ 
bilization  is  the  subject  of  the  next  section; 
here  we  will  describe  the  process  of  initiation 
of  the  stabilization  process.  This  ignition  pro¬ 
cess  need  only  start  the  stabilization  process 
and  may  then  be  turned  off.  Furthermore,  it 
has  been  found  that  once  the  stabilization  pro¬ 
cess  has  been  established  in  a  relatively  short 
length  of  flame  holder,  say  five  diameters,  the 
process  will  spread  to  the  rest  of  the  stabi¬ 
lizer  system  if  the  wakes  of  the  stabilizers  form 
a  continuous  pathway.  Finally,  fuel  is  usually 
added  in  sequence  to  a  number  of  annular  stream 
tubes  to  prevent  pressure  surges  during  after¬ 
burner  ignition  and  to  allow  modulation  of  the 
afterburner  thrust.  Hence,  once  one  region  is 
"lit  ",  it  can  act  as  a  source  of  ignition  for  ad¬ 
jacent  regions  when  fuel  is  added  to  them.  Thus, 
the  purpose  of  the  ignition  system  is  to  establish 
a  stabilized  flame  in  a  relatively  small  part  of 
the  flame  stabilizer  system.  The  bluff  body 
flame  holder  system  will  then  furnish  a  path  for 
further  spreading  of  the  stabilized  flame  as  ad¬ 
ditional  fuel  is  added. 

Three  general  systems  have  been  used. 
There  are  the  hot  streak  technique,  spark  or 
arc  ignition  and  the  pilot  burner  technique.  In 
the  hot  streak  system,  fuel  is  injected  for  a 
short  period  into  the  gas  stream  of  the  core 
engine  just  upstream  of  the  turbine.  The  com¬ 
bustible  flow  formed  by  this  process  produces 
a  very  hot  stream  of  burning  gas  which  is  posi¬ 
tioned  radially  to  coincide  with  the  primary 
fuel-air  injection  stream-tube  for  the  afterburn¬ 
er.  Combustion  occurs  in  this  stream  by  auto 
ignition  (because  of  the  high  temperatures  pres¬ 
ent  upstream  of  the  turbine)  and  the  flame  sta¬ 


bilization  process  is  initiated  when  the  hot 
burning  gas  fills  the  initial  wake- region  of  the 
flame  holders.  The  hot  streak  can  only  be 
maintained  for  a  brief  period  to  prevent  ther¬ 
mal  damage  to  the  turbine. 

Ignition  and  initiation  of  the  flame  stabi¬ 
lization  process  can  also  be  initiated  by  pro¬ 
ducing  a  high  energy  electric  arc  in  the  pri¬ 
mary  stream  tube.  Ignition  in  this  case  is 
usually  produced  by  placing  the  arc  in  a  region 
of  the  wake  of  the  flame  holder  system  which 
is  particularly  sheltered  and  which  may  have 
its  own  fuel  supply  system.  Stabilization  is 
initiated  locally  by  the  heat  from  the  arc  and 
spreads  by  the  mechanism  described  above. 

The  pilot  burner  system  is  similar  to  the 
arc  system  and  may  use  an  arc  to  initiate  com¬ 
bustion.  In  this  system,  a  small  can-burner 
similar  to  that  used  in  the  core-engine  prima¬ 
ry-burner,  is  located  in  the  primary  stream 
tube.  This  system  furnishes  a  continuous 
source  of  hot  combustion  products  which  act  in 
a  manner  similar  to  the  hot  streak  system  to 
start  the  stabilization  process  once  fuel  injec¬ 
tion  is  started. 

The  energy  required  to  initiate  the  flame 
stabilization  process  comes  primarily  from 
chemical  reactions  which  are  initiated  in  the 
premixed  fuel-air  stream  by  the  ignition  sys¬ 
tem.  At  present,  the  amount  of  energy  re¬ 
quired  (e.g. ,  joules  supplied  to  the  arc  dis¬ 
charge  or  total  mass  of  fuel  injected  into  the 
hot  streak)  to  achieve  ignition  cannot  be  calcu¬ 
lated  for  a  particular  design.  However,  some 
trends  can  probably  be  determined  by  examina¬ 
tion  of  experimental  results  concerned  with  ig¬ 
nition  of  flowing  streams  of  fuel-air  mixtures. 

Studies  with  various  sources  of  ignition 
Such  as  arcs,  hot  surfaces  and  hot  gas  streams 
indicate  that  the  energy  required  is  a  strong 
function  of  fuel-air  ratio,  fuel  properties,  the 
local  pressure  and  temperature,  and  the  resi¬ 
dence  time  of  the  combustible  gas  in  the  system. 
The  energy  required  is  smallest  for  mixture 
ratios  near  the  stoichiometric  value  and  in¬ 
creases  very  rapidly  as  the  mixture  ratio  is 
decreased  below  0.  5  to  0.  7  of  the  stoichiomet¬ 
ric  ratio.  Also,  it  decreases  as  pressure, 
temperature,  the  oxygen  mole  fraction  and  res¬ 
idence  time  of  the  flow  in  the  ignition  region 
increase.  The  exact  values  required  are  ver 
sensitive  to  the  particular  device  being  studied 
and  the  calculation  of  conditions  required  to 
produce  ignition  for  a  particular  system  cannot 
yet  be  carried  out  even  for  very  idealized  ex¬ 
perimental  conditions. 

Based  on  these  results,  one  expects  ig¬ 
nition  in  afterburner  systems  to  be  easiest  to 
achieve  in  gas  with  a  fuel-air  ratio  close  to 
the  stoichiometric  value,  in  the  most  sheltered 
regions  of  the  stabilization  system  where  resi¬ 
dence  times  are  longest,  and  when  pressures 
and  temperatures  are  highest. 

Ignition  is  usually  harder  to  achieve  than 
stabilization.  Because  velocities  and  tempera¬ 
tures  do  not  change  a  great  deal  at  tKe  after¬ 
burner  inlet,  the  primary  problem  for  after¬ 
burner  ignition  systems  is  the  high  altitude  re¬ 
light  problem.  The  difficulty  here  is  associ¬ 
ated  with  low  pressure  in  the  afterburner  which 
effects  both  the  preparation  of  the  fuel  (by  the 


injector  system)  and  the  ignition  process  direct¬ 
ly.  The  operating  regime  for  the  engine  is  of¬ 
ten  plotted,  as  shown  in  Figure  21.3.1,  on  an 
altitude  versus  Mach  number  map.  The  bound¬ 
ary  called  the  Ignition  curve  is  the  altitude  (i.  e.  , 
the  pressure)  limit  above  which  ignition  is  no 
longer  possible.  Afterburner  operation  above 
this  altitude  is  possible  (for  this  example)  if 
the  afterburner  is  ignited  at  a  lower  altitude. 


Flight  Mach  Number 


Figure  21,3.1  Flight  Envelope  for  an 
Afterburner. 


21.4  STABILIZATION  PROCESS 

The  purpose  of  the  flame  stabilization 
process  is  to  establish  a  continuous  source  of 
ignition  in  a  fuel-air  mixture  whose  velocity  is 
much  greater  than  the  turbulent  flame  speed 
for  the  mixture.  Laminar  flame  speeds  in  mix¬ 
tures  of  typical  hydrocarbon  fuels  with  air  heat¬ 
ed  by  partial  combustion  are  in  the  range  of  a 
few  meters  per  second.  If  the  flow  is  turbulent, 
this  speed  may  be  as  large  as  a  few  tens  of 
meters  per  second  although  the  meaning  of  the 
term,  turbulent  flame  speed,  is  poorly  defined. 
These  turbulent  speeds  are  still  much  less  than 
the  gas  speeds  encountered  in  the  flame  stabi¬ 
lization  region  of  afterburner  systems  where 
gas  speeds  of  hundreds  of  meters  per  second 
are  typically  encountered.  Hence,  a  continuous 
source  of  ignition  is  required  to  start  the  com¬ 
bustion  process.  Once  started,  the  combustion 
wave  can  spread  from  its  point  of  ignition 
across  the  fuel-air  mixture  produced  by  the  in¬ 
jection  system  in  a  wave  like  manner  similar 
to  the  propogation  of  an  oblique  shock  wave 
across  a  supersonic  flow. 

One  of  the  most  important  parameters  of 
the  stabilization  process  is  the  state  of  the  fuel 
in  the  fuel-air  mixture.  In  the  core  flow,  tem¬ 
peratures  are  high  enough  to  insure  that  most 
of  the  fuel  is  vaporized.  However,  in  the  fan 
stream,  temperatures  can  be  so  low  that  only 
a  small  fraction  of  the  fuel  will  be  vaporized 
and  the  stabilization  mechanism  will  have  the 
additional  job  of  vaporising  the  fuel  used  in  pro¬ 
ducing  a  stable  flame.  In  existing  systems  this 
problem  is  usually  avoided  by  starting  the  after¬ 


burning  process  in  the  core  stream.  The  hot 
gas  generated  in  the  core  is  then  used  to  sta¬ 
bilize  the  flame  in  the  fan  stream.  In  the 
first  part  of  the  following  discussion  we  will 
restrict  ourselves  to  the  vaporized  fuel  ex¬ 
ample. 

The  ignition  process,  usually  called  flame 
stabilization  in  afterburner  systems,  is  typical¬ 
ly  achieved  in  a  mixture  of  fuel  vapor  and  air 
by  allowing  hot  products  of  combustion  to  mix 
with  the  unburnt  fuel-air  mixture.  The  steady 
flow  of  hot  gas  required  for  this  process  is 
usually  obtained  by  setting  up  a  recirculating 
flow  of  burnt  material.  When  a  bluff  body 
flame  holder  is  used,  see  Figure  21.4.1a,  hot 
gas,  generated  by  the  recirculation  of  burning 
material  in  the  wake  of  the  bluff  body,  sup¬ 
plies  the  energy  and  the  mass  of  products  of 
combustion  required  to  ignite  the  unburnt  ma¬ 
terial  flowing  past  the  wake.  This  process  is 
described  and  analyzed  in  detail  in  the  follow¬ 
ing  sections. 


UNBURNT 

FLOW 


Figure  21.4.  1  Flame  Stabilization  Schemes  for 
Mixtures  of  Fuel  Vapor  and 
Air. 


The  processes  occuring  in  the  wake  of  the 
bluff  body  also  occur  in  the  wake  of  a  step  or 
in  a  wall  recess,  see  Figure  21.4.  lb  and  c. 

In  these  examples  heat  transfer  from  the  gas 
to  walls  of  the  cavity  reduces  the  gas  temper¬ 
ature  in  the  recirculation  zone  and  makes  sta¬ 
bilization  more  difficult. 

The  wake  region  required  to  produce  the 
recirculation  zone  described  above,  can  also 
be  produced  by  injecting  a  secondary  gas  stream 
into  the  unburnt  flow,  see  Figure  21.4.  Id  and 
e.  Again,  a  wake  region  with  strong  recircu¬ 
lation  is  formed  by  the  interaction  of  the  two 
streams.  In  these  examples  the  fluid  which 
enters  the  recirculating  wake  is  made  up  in 
part  of  the  injected  fluid.  Hence,  the  fuel-air 
ratio  of  the  recirculation  zone  gas  can  be  changed 
by  changing  the  fuel-air  ratio  of  the  injectant. 

We  shall  see  later  that  this  process  can  give 
us  a  powerful  control  over  the  stabilization  pro¬ 
cess. 

The  configurations  shown  schematically 
in  Figure  21.4.  1  can  be  used  in  either  axi- 
symmetric  or  two-dimensional  geometries. 

The  latter  configuration  is  the  most  common. 

The  performance  of  a  flame  stabilization 
system  is  usually  presented  in  the  form  of  a 
map  on  which  the  boundaries  of  a  stabilization 
parameter  are  given  as  a  function  of  fuel-air 
ratio.  An  elementary  map  of  this  type  is 
shown  in  Figure  21.4.2  where  the  velocity  at 
which  the  stabilization  process  fails  (called 
here  the  blowoff  velocity)  is  presented  as  a 
function  of  the  fuel-air  ratio  with  the  flame 
holder  scale  as  a  parameter.  The  experimen¬ 
tal  data  of  Haddock,  Reference  21.4  were  ob¬ 
tained  in  a  mixture  of  vaporized  gasoline  and 
air,  and  with  circular  cylinders  used  as  flame 
holders.  For  each  flame  holder,  flame  stabi¬ 
lization  was  found  to  be  possible  for  the  range 
of  values  of  fuel-air  ratio  within  the  curves 
shown  in  the  Figure.  For  example,  stabilization 
was  possible  with  the  1/2  inch  (1.3  cm)  diam¬ 
eter  cylinder  for  fuel-air  ratios  between  0.  70 
and  1.15  times  the  stoichiometric  value  when 
the  gas  speed  approaching  the  cylinder  was 
about  600  ft.  /sec.  (183  m/sec.  ).  As  the  gas 
speed  increased,  the  fuel-air  ratio  range  for 
which  stabilization  could  be  achieved  decreased 
and  the  peak  value,  about  740  ft.  /sec.  (226 
m/sec.)  occurred  for  values  close  to  stoichio¬ 
metric.  Flame  holders  with  diameters  between 
1/2  inch  (1.27  cm)  and  1/8  inch  (0.32  cm)  had 
clearly  turbulent  wakes  and  exhibited  similar 
behavior.  The  blowoff  velocities  increase  reg¬ 
ularly  as  holder  scale  increases. 

The  three  remaining  curves  are  for  holders 
with  laminar  wakes.  The  peak  blowoff  velocity 
for  these  examples  is  progressively  shifted  to¬ 
ward  fuel-air  ratios  greater  than  stoichiometric 
as  the  flame  holder  scale  is  reduced.  This 
behavior  is  a  result  of  a  molecular  diffusion 
process  which  usually  is  of  no  importance  in 
name  holder  systems  operating  in  gas  turbine 
engines.  However,  note  that  even  for  the  larg¬ 
est  flame  holder,  the  lean  stability  limit  is  well 
above  0,  5  of  stoichiometric  and  that  values  above 
0.  8  are  required  to  stabilize  flames  in  high 
speed  flows. 

It  is  clear  from  these  data  that  the  ve¬ 
locity  at  which  stabilization  can  be  maintained 


Fuel-Air  Ratio,  Fraction  of  Stoichiometric 

Figure  21.4.2  Stability  Limit  Curves  for  Cir¬ 
cular  Cylinders.  Data  from 
Haddock  (Reference  21.4).  Va¬ 
porized  Hydrocarbon  Fuel-Air 
Mixture  at  One  Atmosphere  and 
60°  C. 


is  a  strong  function  of  flame  holder  scale, 
fuel-air  ratio  and  wake  condition  (laminar  or 
turbulent).  Other  experiments  show  that  it 
also  depends  on  fuel  characteristics;  the  tem¬ 
perature,  pressure  and  oxygen  content  of  the 
unburnt  gas  stream,  and  on  a  number  of  geo¬ 
metric  factors  which  describe  the  flame  holder- 
duct  system.  The  nature  of  these  dependences 
and  their  origin  will  be  discussed  in  later  para¬ 
graphs  of  this  section.  Stability  limits  obtain¬ 
ed  with  the  other  systems  shown  in  Figure 
21.4.  1  follow  a  pattern  similar  to  that  de¬ 
scribed  above  when  mixtures  of  fuel  vapor  and 
air  are  used.  However,  when  a  large  fraction 
of  the  fuel  is  not  vaporized  the  picture  is  quite 
different. 

The  bluff  body  flame  stabilization  process 
which  occurs  in  fuel  vapor-air  mixtures  will 
be  treated  in  detail  in  Section  21.4.1.  Briefer 
descriptions  will  also  be  given  of  scaling  pa¬ 
rameters  for  stabilization  by  secondary  injec¬ 
tion  (illustrated  in  Figure  21.4.  Id)  and  of  bluff 
body  stabilizers  operating  in  unvaporized  fuel- 
air  mixtures. 


21.4.1  FLAME  STABILIZATION  BY  BLUFF 
BODIES  IN  PREMIXED  FLOW 

The  mechanism  of  flame  stabilization  by 
bluff  body  flame  holders  is  still  a  subject  of  some 
contention  and  the  mechanism  described  here  is 
that  developed  at  California  Institute  of  Technology 
by  F.  E.  Marble,  E.  E.  Zukoski,  and  a  number  of 
co-workers  at  the  Jet  Propulsion  Laboratory, 

C.  I.  T.  (E.  g.  ,  see  References  21.5  to  21.8.) 

This  approach  is  based  on  a  picture  of 
the  wake  of  a  two-dimensional  flame  holder 
shown  in  Figure  21.4.3.  Figure  21.4.3a  is  a 
photograph  taken  in  the  light  of  the  flame  of 
the  flame  stabilization  region  of  a  circular 
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cylinder.  The  line  of  sight  is  along  the  cylin¬ 
der.  The  sketch  of  Figure  21.4.3b  is  a  highly 
simplified  drawing  of  the  velocity  field  for  the 
same  region.  The  mixing  zones  are  illuminat¬ 
ed  in  (a)  by  light  from  the  combustion  process 
occuring  there.  Chemiluminescence  and,  hence, 
chemical  reaction  is  almost  absent  in  the  re¬ 
circulation  zone. 

We  divide  the  wake  of  the  flame  holder 
into  two  regions:  The  recirculation  zone,  a 
region  characterized  by  strongly  recirculating 
flow  and  the  mixing  zone  which  separates  the 
recirculation  zone  from  the  unburnt  mixture. 


(a) 


The  mixing  zones  on  either  side  of  the 
recirculation  zone  are  turbulent  regions  of 
very  strong  shear,  steep  temperature  gradi¬ 
ents  and  vigorous  chemical  reaction.  These 
regions  thicken  almost  linearly  and  their  junc¬ 
tion  forms  the  downstream  end  of  the  recircu¬ 
lation  zone. 

The  process  which  leads  to  the  formation 
of  a  self  propagating  chemical  reaction  takes 
place  in  the  mixing  zone.  This  region  is  fed 
by  turbulent  mixing  processes  with  cool  com¬ 
bustible  gas  from  the  approach  stream  and  with 
very  hot  burnt  material,  from  the  recirculation 
zone.  Thus,  if  no  chemical  reaction  were  pre¬ 
sent,  the  mixing  zone  gas  would  still  be  at  a 
high  temperature  at  the  inner  edge  (or  recir¬ 
culation  zone  side)  of  the  region.  Downstream 
of  the  end  of  the  recirculation  zone,  the  cool, 
unburnt  gas  continues  to  be  entrained  into  the 
wake,  but  no  more  hot  gas  is  added;  hence,  if 
no  chemical  reaction  were  present,  the  tem¬ 
perature  would  fall. 

Chemical  reaction  is  initiated  in  the  mix¬ 
ing  zone  by  heat  and  species  transfer  from  the 
hot  burnt  gases  to  the  unburnt  material.  The 
total  heat  and  species  transferred  to  any  par¬ 
ticle  of  unburnt  gas,  and  its  reaction  rate, 
will  largely  depend  on  the  time  this  particle 
spends  in  contact  with  hot  burnt  gas.  Thus, 
the  temperature,  species  concentration,  and 
consequently  the  local  chemical  reaction  rate 
of  unreacted  material  will  depend  strongly  on 
the  residence  time  of  this  unburnt  material  in 
the  mixing  zone. 


(b) 

Figure  21.4.3  Photograph  and  Sketch  of  the 
Flame  Stabilization  Region  of 
a  Circular  Cylinder  Used  as  a 
Bluff  Body  Flame  Holder, 


For  a  sufficiently  long  residence  time,  a 
chemical  reaction  will  be  started  in  the  mixing 
zone  flow  and  will  continue  as  this  gas  moves 
on  downstream  to  form  the  wake.  If  this  re¬ 
action  is  vigorous  enough  in  the  wake  region, 
then  the  quenching  action  of  the  continuing  en¬ 
trainment  of  cool  unburnt  gas  will  be  overcome 
and  a  propagating  flame  will  be  produced. 

It  is  reasonable  to  suppose  that  the  res¬ 
idence  time  of  unburnt  gas  m  the  mining  zone 
will  be  proportional  to  I-g  / where  v  is  a 

suitably  chosen  average  speed  in  the  mixing 

zone,  and  L  is  the  scale  of  the  recirculation 
e 

zone.  Hence,  when  the  velocity  of  the  flow 
increases,  v,  will  increase  proportionately  and 
the  residence  time  will  decrease.  When  the 
residence  time  is  too  short,  the  chemical  re¬ 
action  in  the  wake  will  be  quenched  and  no 
propagating  flame  will  be  stabilized.  Thus, 
flame  extinction  or  blowoff  occurs  due  lo  fail¬ 
ure  of  the  ignition  process  and  not  as  a  direct 
result  of  cooling  of  the  recirculation  zone  gas. 


The  temperature  of  the  recirculation  zone  gas 
is  typically  within  5  to  10  percent  of  the  adia¬ 
batic  flame  temperature  corresponding  to  the 
mixture  ratio  of  the  approach  stream  and  is  in¬ 
dependent  of  gas  speed,  and  the  flame  holder- 
duct  geometry.  Chemical  reaction  appears  to 
be  almost  complete  in  this  volume,  and  the 
residence  of  gas  is  5  to  10  times  the  time  re¬ 
quired  by  the  flow  at  the  cold  side  of  the  mix- 
ing  region  to  pass  over  the  recirculation  zone. 
This  long  residence  time  insures  that  if  any 
chemical  reaction  takes  place  in  the  wake  at 
all,  it  will  be  most  nearly  complete  in  the  re¬ 
circulation  zone. 


The  important  parameters  of  th^  system 
as  indicated  by  this  discussion  are:  v,  an  av¬ 
erage  gas  in  the  mixing  zone;  a  time  which 
characterises  the  period  required  to  achieve 
ignition  in  the  mixing  zone;  and  L^,  the  length 

of  the  recirculation  zone  which  is  effective  in 
igniting  the  mixing  zone.  The  dimensionless 
stability  parameter  of  interest  is  then  iv  '  / 

There  is  good  evidence  that  mixing  layer  flow 
fields  are  roughly  similar,  i.  e.  ,  have  similar 
velocity,  composition  and  temperature  fields. 
Thus,  if  we  compare  similar  systenis  \Kith  the 
same  chemical  parameters  but  under  diiferent 


fluid  dynamic  conditions,  our  stability  parameter 
must  take  on  a  particular  value  at  blov/off  con¬ 
dition,  i.  e.  , 


V  T 

L 


blowoff 


Because  of  the  similarity  of  the  turbulent 
mixing  zones  of  bluf£  body  flame  holders,  the 
parameters  and  v  used  in  this  expression 

can  be  replaced  without  loss  of  generality  by 
the  maximum  length  of  the  recirculating  flow, 

L,  and  the  unburnt  gas  speed  at  the  edge  of  the 
mixing  zone  V^.  Then  the  blowoff  condition 

given  above  can  be  rewritten  as: 


When  v/V-  and  L/L  can  be  assumed  to  be 
z  e 

constants  (for  similar  turbulent  mixing  regions), 
the  stability  criterion  becomes: 


^2" 

— j- —  =  constant 

at  the  flame  extinction  or  blowoff  condition. 

A  number  of  experiments  have  verified 
the  usefulness  of  this  relationship.  However, 
an  independent  calculation  of  the  characteristic 
chemical  time  t  has  not  been  developed  and 
consequently  it  is  necessary  to  experimentally 
determine  t  from  a  set  of  flame  blowoff  ex¬ 
periments.  In  these  experiments,  end  L 

are  determined  at  the  blowoff  state  and  ~  is 

obtained  from  t  a  L/V,  .  Given  this  defini- 
c  ^  ^ 

tion  the  flame  blowoff  criteria  is 


c 


blowoff 


1 


(21.  4.  1) 


In  this  formulation  the  unknown  constant  has 
been  absorbed  in  the  measured  quantity 

One  of  the  great  advantages  of  this  approach  is 
that  all  dependence  on  chemical  parameters  is 
naturally  lumped  in  and  all  dependence  on 

fluid  dynamic  parameters,  in 

VVTien  '  has  been  determined  experi- 
c 

mentally  for  a  single  duct-flame  holder  con¬ 
figuration,  and  for  the  desired  ranges  of  the 
chemical  parameters,  it  can  be  used  to  predict 
stability  limits  for  any  other  duct-flame  holder 
configuration  and  the  same  range  of  chemical 
parameters.  Thus,  is  a  scaling  parameter. 

A  number  of  experiments  with  a  wide 
range  of  flame  holder-duct  configurations  have 
shown  that  the  values  of  do  depend  on  a 

number  of  chemical  parameters  such  as  fuel 
type,  fuel-air  ratio,  gas  temperatures,  and 
degree  of  vitiation,  but  are  substantially  inde¬ 
pendent  of  the  geometry  and  scale  of  flame 
holder-duct  configuration  and  of  gas  speed  so 
long  as  the  flow  in  the  mixing  region  is  'urbu- 
lent.  A  few  typical  results  are  summarized  in 


Table  21.4.  1.  The  top  two  flame  holders  are 
circular  cylinders  with  their  axis  held  perpen¬ 
dicular  to  the  flow  and  the  latter  three  had 
cylindric  bodies  with  their  axis  parallel  to  the 
flow  and  several  types  of  axisymmetric  noses. 
The  third  body  is  the  t'  o-dimensional  analog 
of  the  fourth.  The  large  differences  in  the 
flow  field  produced  by  these  bodies  is  illustrat¬ 
ed  by  the  Schlieren  photographs  shown  in  Fig¬ 
ure  21.4.4.  Note  that  values  of  the  critical 
times  evaluated  at  the  stoichiometric  ratios  are 
about  the  same  regardless  of  geometry. 


rlane  '•olGer  .“C-.e'.ry 

D  Of  di 

).y'  X  13"“  Sec 

0 

;-©z:d: 

i.r 

^  11)  aesh  screen 

i/.'i 

.  .3  : 

mrum  d 

}-■  U 

2.70 

<I  1  D 

3/ 

:u. 

CZIZ^ 

3,L 

D.- 

Cl — 11^ 

,  /• 

I 

Table  21.4.1  Dependence  of  Ignition  Time 

Obtained  at  the  Stoichiometric 
Fuel-Air  Ratio  on  Flame  Holder 
Geometry  and  Gas  Speed. 


Figure  21.4.4  Spark  Schlieren  Photographs  of 
Flames  Stabilized  on:  (Upper) 
Circular  Cylinder  Received  from 
the  Side  and  (Lower)  on  .4.xi sym¬ 
metric  Body  With  .Axis  Parallel 
to  Flow.  The  Recirculation  Zone. 
Clearly  Outlined  in  Upper  Photo¬ 
graph,  Is  Not  \Tsible  in  the 
Lower. 
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In  addition,  for  flames  in  which  mixing 
length  similarity  does  not  hold,  values  of  de¬ 
termined  by  integration  of  local  velocity  measure¬ 
ments  along  a  path  in  the  mixing  zones  again  con¬ 
firmed  the  validity  of  this  approach.  For  ex¬ 
ample,  see  the  work  of  Broman,  Reference  21.8. 

The  fluid  dynamic  and  chemical  aspects 
of  the  stability  criterion  will  be  discussed  sep¬ 
arately  in  the  following  paragraphs. 


21.4.1.1  FLUID  DYNAMIC  PARAMETERS 

The  flame  stabilization  criterion  given 
above  in  Equation  21.4.  1  is  not  immediately 
useful  even  when  the  characteristic  T(-  is  known 
as  a  function  of  the  chemical  parameters  be¬ 
cause  the  recirculation  zone  length  L  and  the 
gas  speed  in  the  flow  over  the  wake  are 

not  simply  related  to  the  scale  of  the  flame 
holder  and  the  velocity  far  upstream.  To  il¬ 
lustrate  the  dependence  of  these  parameters  on 
other  fluid  dynamic  variables  we  will  discuss 
the  case  of  a  two-dimensional  flame  holder  of 
height  d  located  on  the  center  line  of  a  rect¬ 
angular  duct  of  height  H  and  subject  to  a  flow 
with  an  upstream  velocity  Vj.  We  need  to  con¬ 
nect  the  fluid  dynamic  parameters  used  in  our 
model  with  these  parameters  which  are  the  ones 
usually  specified.  These  two  sets  of  parame¬ 
ters  are  illustrated  in  Figure  21.4.5.  In  a 
formal  way  the  stability  criterion  can  be  writ¬ 
ten  as: 


Ic  c  /  l\(  L\fw\ 

H  ~\v  )\wj\Hj 


(21.4.2) 

Here  W  is  the  width  of  the  wake  near  the  down¬ 
stream  and  of  the  recirculation  zone.  Its  in¬ 
troduction  in  Equation  21.4.2  will  lead  to  a  use¬ 
ful  simplification  which  is  described  below. 

Also  and  are  the  values  of  velocity 

of  the  approach  stream  and  the  flow  past  the 
wake  evaluated  at  blowoff  condition. 


W^  H 
1/  1 


Figure  21,4.5  Sketch  of  Notation  Used  in 
Analy.sis  of  Stabilization. 


In  order  to  apply  the  criterion  we  need 
tf)  know  V.  /V.,  L/  W  and  W/H  as  functions 


of  the  blockage  ratio  d  /  H,  the  flame  holder 
geometry  and  the  usual  parameters  of  com¬ 
pressible  and  viscous  flows,  the  Reynolds  and 
Mach  numbers.  In  addition,  we  must  consider 
the  flame  holder  temperature  which  affects  the 
boundary  layer  on  the  holder  and  the  turbulence 
level  in  the  approach  stream.  In  the  following 
paragraphs,  the  effects  of  changing  d  /  H,  call¬ 
ed  the  blockage  ratio,  and  the  flame  holder 
geometry  will  be  considered  first,  and  later 
the  effects  of  Reynolds  number,  Mach  number, 
flame  holder  temperature,  and  turbulence  will 
be  described.  Note  in  some  Figures  D  replaces  d. 

Blockage  and  Flame  Holder  Geometry. 
Consider  again  the  flow  described  schematical¬ 
ly  in  Figure  21.4.5.  Note  that  the  flow  sep¬ 
arates  from  either  side  of  the  flame  holder 
and  that  the  wake  continues  to  spread  down¬ 
stream  of  the  holder  and  asymptotically  ap¬ 
proaches  a  width  W.  (We  will  find  later  that 
W  rather  than  d  is  the  most  useful  character¬ 
istic  scale  for  the  holder  in  this  problem.  ) 

The  flame  holder  and  its  burning  wake  block  an 
appreciable  part  of  the  cross  section  area  of 
the  duct  and  causes  the  unburnt  flow  to  accel¬ 
erate  to  a  higher  velocity,  V^. 

The  wake  width  is  a  critical  parameter 
since  it  not  only  affects  the  ratio  V^/Vj  but 

also  fixes  the  recirculation  zone  length  L. 

For  example,  the  width  of  the  mixing  zone  in¬ 
creases  almost  linearly  with  distance  along  its 
length.  This  spreading  rate  is  similar  to  that 
of  manv  other  two-dimensional  turbulent  shear 
layers  and  has  a  constant  width-to-length  ratio 
of  roughly  1/8.  At  the  downstream  end  of  the 
zone,  the  two  mixing  layers  occupy  the  entire 
width  of  the  wake  and  consequently  we  expect 
that  the  ratio  of  recirculation  length  to  wake 
width  L/W  should  be  close  to  4.  For  a  wide 
range  of  flame  holder  shapes  experimental  data 
lie  in  the  range: 


3.6  fi  (L  /  w)£  4 


Data  for  a  number  of  circular  cylinders 
which  illustrate  this  result  are  shown  in  Fig¬ 
ure  21.4.6.  Despite  the  strong  dependence  of 


-  wa  FLAME  holder  DlAMCTtR 
<  Vl6  r> 
t  1/4  -t> 


sol'O  points  represent  multiple 
Flame -HOLDER  arrangements 


Figure  21.4.6  Dependence  of  Recirculation 
Zone  Length  and  Wake  Width 
on  Flame  Holder  Blockage 
Ratio,  d  /  H. 


L/d  on  the  blockage  ratio,  values  of  L  /  W  are 
almost  constant  for  the  whole  range.  The  de¬ 
pendence  of  L/d  on  blockage,  shown  here,  is 
for  circular  cylinders;  and  in  general,  the  de¬ 
pendence  of  L/d  on  blockage  is  a  strong  func¬ 
tion  of  flame  holder  geometry.  However,  the 
spreading  of  the  mixing  zones  and  presumably, 
the  entrainment  in  the  mixing  zones  is  remark¬ 
ably  independent  of  the  shape  of  the  wake  region 
and  flame  holder.  This  simple  dependence  of 
recirculation  zone  length  on  wake  width  indi¬ 
cates  that  in  this  problem  (as  in  many  fluid 
dynamic  problems  involving  flows  over  bluff 
bodies),  the  wake  width  rather  than  flame  hold¬ 
er  scale  is  the  most  useful  measure  of  bluff 
body  scale. 

The  ratios  W/H  which  appear 

in  Equation  21.4.2  depend  on  flame  holder  ge¬ 
ometry  and  the  blockage  ratio.  A  simple  con¬ 
tinuity  argument  for  incompressible  flow  can 
be  used  to  estimate  the  velocity  change  if  we 
neglect  entrainment  in  the  mixing  layer.  Con¬ 
servation  of  mass  gives: 

pVj  H  =  pV2(H  -  W) 
or 

(V^/Vj)  =  1/(1  -  W/H)  (21.4.3) 

An  approximate  calculation  is  also  avail¬ 
able  which  allows  W/H  to  be  calculated  as  a 
function  of  geometry  and  blockage  ratio  for  a 
"V"  gutter  or  wedge  flame  holder  geometry. 
Consider  again  the  flow  shown  in  the  sketch  of 
Figure  21.4.5.  We  examine  an  incompressible 
and  inviscid  flow  over  a  wedge  shaped  body  of 
half  angle  a  and  treat  the  outer  boundary  of 
the  wake  as  a  streamline  which  separates  the 
unburnt  flow  from  a  stagnant  and  constant  pres¬ 
sure  wake.  The  wake  spreads  asymptotically 
to  reach  a  width  W.  In  the  region  where  W 
is  constant,  the  unburnt  flow  speed  reaches  a 
value  given  by  Equation  2 1 . 4.  3  and  the 

pressure  will  be  uniform  across  the  wake  and 
the  unburnt  flow.  Application  of  the  Bernoulli 
equation  shows  that  the  velocity  along  the  di¬ 
viding  streamline  must  be  constant  and  be  equal 
to  V^.  Values  of  W  /  H  can  be  computed  from 

this  model  by  a  simple  hodograph  transforma¬ 
tion.  Calculations  of  this  type  are  given  by 
Cornell  (Reference  2.9)  for  ^e  "V'  gutter 
flame  holder  geometry  with  0  s  a  s  90  .  Val¬ 
ues  of  W/H,  V-,  /  V  j  and  the  parameter 

(WVj/HV^)  which  appears  in  Equation  21.4.2 

are  given  in  Table  21.4.2  for  wedge  half  angles 
of  lb  and  90°  (a  flat  plate)  and  a  range  of 
blockage  ratios.  Note  that  values  of  W/d  de¬ 
crease  and  values  of  ^  ^  ^  i  i^^tease  as  flame 

holder  blockage  is  increased.  The  net  result 
is  that  the  parameter  (W/H)  * 

rather  broad  maximum  around  blockage  ratios 
of  0.5  for  the  30°  wedge  (half  angle)  and  0.3 
for  the  90  wedge  or  flat  plate. 

Wake  widths  and  velocity  ratios  deter¬ 
mined  from  this  simple  model  are  in  reason¬ 
able  agreement  with  values  obtained  experimen¬ 
tally  for  stabilized  flames.  The  excellent  mea¬ 
surements  obtained  by  Wright  (Reference  21.7), 
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Table  21.4.2  Dependence  of  Wake  Width  W, 
Edge  Velocity  V^,  and  a  Stabi¬ 
lity  Parameter  on  Blockage 
Ratio  d  /  H,  and  Wedge  Half 
Angle  Q. 

for  flat  plate  holder,  a  =  90°,  and  30°  are 
available  for  comparison.  Differences  in  val¬ 
ues  of  W/H  are  no  more  than  20  percent  and 
those  for  the  ratio  V^  ^  i  less  than  6  per¬ 
cent.  ^  ^ 

Given  data  or  calculations  of  this  type  and 
assuming  that  L  /  W  =  4,  all  of  the  parameters 
given  in  Equation  21.4,2  can  be  evaluated. 

The  experimental  results  of  Wright  and  values 
calculated  by  the  method  described  above  are 
presented  in  Figure  21.4.7  as  a  plot  of 
•c^Vj^/H  versus  the  blockage  ratio  B.  The 

agreement  between  the  data  and  calculated  val¬ 
ues  is  good  and  suggests  that  the  model  dis¬ 
cussed  here  is  correct. 

The  material  presented  above  in  Table 
21.4.2  and  Figure  21.4.7  shows  that  the  maxi¬ 
mum  values  of  the  stability  parameter 

(V  *  /  H)  are  close  to  one  for  the  15°,  30° 

Ic  c 

and  90°  half  angle  wedges.  We  can  show  that 
this  value  is  a  reasonable  estimate  for  all  two 
dimensional  flame  holders.  For  example,  if 
we  use  the  continuity  argument  presented  above 
for  Vj  /  V^,  and  our  rule  of  thumb  L  /  W  =  4 

we  can  rewrite  Equation  21.4.2  in  terms  of 
W/H  and  then  find  for  the  blowoff  criteria, 
the  relationship: 

(V,  '  /H)  r  4(W/H)  (J  -  U'/H) 

Ic  c 

Ul.  4.  4) 

Note  that  flame  holder  shape  does  not  appear 
here  explicitly.  However,  both  flame  holder 
geometry  and  blockage  ratio  enter  in  the  de¬ 
termination  of  (W/H).  Equation  21.4.4  is  a 
particularly  useful  and  interesting  result  be¬ 
cause  it  shows  the  importance  of  the  wake 
width  as  the  critical  parameter  (independent  of 
flame  holder-duct  geometry)  and  because  it 
allows  a  most  simple  starting  point  for  the  de¬ 
termination  of  the  holder  scale  which  maxi¬ 
mizes  the  stabilization  velocity  ,  .  The 

1  c 

function  (W/  H)  x  i  1  -  W  ^  Hi  clearly  ha?  a 
maximum  at  W/H  =  1/2.  For  small  (W  'H), 
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Figure  21.4.7  Dependence  of  Stability  Param¬ 
eter  on  Blockage  Ratio  B  and 
Flame  Holder  Geometry  for 
Wedges  With  Half  Angles  of 
30°  and  90°. 


Vj^  increases  almost  linearly  with  W.  How¬ 
ever,  as  W/H  approaches  1/2,  the  effect  of 
increasing  W  is  offset  by  the  increase  in 

produced  by  the  wake-blockage  effect.  For 
W/H  >  1/2,  the  blockage  effect  dominates  and 
blowoff  speed  decreases. 

The  optimum  wake  width  in  this  simple 
model  is  exactly  one  half  the  duct  height  and 
consequently  the  maximum  value  of  blowoff  ve¬ 
locity  which  can  be  achieved  for  any  flame  hold¬ 
er  geometry,  given  by 

V,  T 

„  °  =  1  .  (21.4.  5) 


Note  that  this  result  is  independent  of  flame 
holder  geometry  and  is  corroborated  by  the  ex¬ 
periments  described  above. 

We  can  also  examine  flows  over  axisym- 
metric  bodies  such  as  the  flame  holder  shown 
in  the  lower  half  of  Figure  21.4.3.  For  this 
geometry,  the  wake  width  W  and  body  diameter 
d  are  equal  and  consequently  the  recirculation 
i;one  length  is  4W  or  4d.  If  this  holder  is 
placed  on  the  axis  of  a  circular  duct  of  diarneter 
D,  and  the  blockage  is  defined  as  B  =  (d/D)^, 
the  stabilization  criterion  given  in  Equation 
21.4.2  becomes 

--  =  4/b1i  -  B)  . 


For  this  example  the  value  of  B  which  maxi¬ 
mizes  Vj  is  1/3  and 

V,  T 

°  =  1.54  .  (21.4.6) 

The  above  result  holds  for  any  axisymmetric 

flame  holder-duct  geometry.  In  the  general 

axisymmetric  case,  V,  is  attained  when  the 
Im 

wake  width  to  duct  diameter  ratio,  W/D  is 
1  /''^3~  =  0.  57.  It  is  interesting  to  note  that 
the  analysis  indicates  that  the  axisymmetric 
holders  will  allow  about  a  50  percent  greater 
value  of  approach  stream  velocity  than  the  two- 
dimensional  holders. 

In  summary,  for  the  two-dimensional 
case,  the  effects  of  blockage  and  flame  holder 
geometry  can  be  predicted  from  a  simple  mod¬ 
el.  Results  obtained  from  the  model  and  ex¬ 
perimental  work  show  that  blockage  effects  are 
very  important,  that  a  maximum  in  blowoff 
velocity  exists  as  flame  holder  scale  is  in¬ 
creased  in  a  duct  of  fixed  size,  and  that  this 
maximum  occurs  when  the  flame  wake  width  is 
about  50  percent  of  the  duct  height  for  all  two- 
dimensional  flame  holder  shapes.  Similar  con¬ 
clusions  hold  for  axisymmetric  shapes  except 
that  for  this  case  the  optimum  wake  width  is 
1/3  of  the  duct  diameter.  The  flame  holder 
scale  and  blockage  ratio  required  to  produce 
the  optimum  wake  width  depend  strongly  on 
flame  holder  geometry. 

Temperature.  Fuel-Air  Ratio  and  Vitia¬ 
tion.  Temperature  changes  have  little  observ- 
able  effects  on  wake  width  or  velocity.  How¬ 
ever,  a  large  increase  in  temperature  does 
result  in  a  reduction  in  recirculation  length. 

For  example,  doubling  the  unburned  mixture 
temperature  can  decrease  recirculation  zone 
length  by  15  to  20  percent.  Similar  changes 
are  observed  when  fuel-air  mixture  ratios  are 
changed  to  values  far  from  the  stoichiometric 
value. 

In  both  cases,  the  length  of  the  zone  de¬ 
creases  when  the  ratio  of  burned  to  unburned 
gas  density  \  increases.  This  trend  is  in 
agreement  with  trends  recently  observed  in 
spreading  rates  of  turbulent  mixing  regions 
formed  between  parallel  flows  with  different 
velocities  and  densities.  Experimental  investi¬ 
gation  of  this  simpler  problem  shows  that  if 
the  high  speed  stream  is  also  the  high  density 
stream,  an  increase  in  the  density  of  the  low 
speed, and  low  density  stream  will  increase  the 
spreading  rate.  In  our  case,  increasing  spread¬ 
ing  rates  of  the  mixing  layers  will  decrease  the 
length  of  the  recirculation  zone. 

For  a  given  temperature,  vitiation  of  the 
approach  stream  produces  a  reduction  in  oxy¬ 
gen  content,  which  results  in  a  reduction  in 
heat  release  and  consequently  an  increase  in  \. 
Again  the  effect  is  qualitatively  similar  to  an 
increase  in  approach  stream  temperature. 

Multiple  Flame  Holder  Arrays.  The  pre¬ 
vious  discussion  was  restricted  to  a  single 
flame  holder  placed  on  the  center  line  of  a  duct 
of  constant  height.  In  most  practical  situations, 
a  number  of  flame  holders  must  be  used.  W'hen 
these  are  arranged  in  a  single  plane  perpendicular 
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to  the  flow  direction  and  when  they  are  spaced 
so  that  each  holder  lies  on  the  center  line  of 
equivalent  ducts  of  equal  height,  the  above  anal¬ 
ysis  can  be  used  directly  to  estimate  stability 
limits  and  spreading  characteristics.  For  this 
case,  each  holder  is  treated  as  if  it  were  in  an 
isolated  duct.  E.  g.  ,  see  Figure  21.  4.  6  and  blow- 
off  data  of  Reference  21.  10. 

This  approach  gives  reasonable  results 
for  laboratory  scale  experiments  but  interactions 
do  occur  which  may  change  stability  limits  by 
5-10  percent.  One  effect  results  when  flame 
stabilization  fails  on  one  holder  in  a  multi-flame 
holder  array  slightly  before  the  others.  Failure 
of  one  stream  to  ignite  has  the  effect  of  reduc¬ 
ing  the  acceleration  of  the  flow  over  the  wake 
and  hence  of  reducing  the  velocity  of  the  flow 
past  the  wakes  of  the  other  holders.  Thus,  a 
partial  blowoff  can  occur  which  leaves  the  re¬ 
maining  holders  in  a  more  stable  configuration. 


turbulent  boundary  layer  on  the  flame  holder 
upstream  of  separation  and  high  levels  of  ap¬ 
proach  stream  turbulence  will  also  insure  that 
the  mixing  zone  will  be  turbulent. 

Transition  to  turbulence  in  the  wake  of  a 
circular  cylinder  used  as  a  flame  holder  is 
shown  in  Figure  21.4.8.  The  Schlieren  photo¬ 
graphs  are  taken  along  a  line  of  sight  looking 
down  on  the  plane  containing  the  undisturbed 
velocity  vector  and  the  flame  holder  axis.  At 
the  lowest  Reynolds  number  (top  pair  of  photo¬ 
graphs)  large  scale  vortices  are  present  and 
these  show  up  as  vertical  lines  in  the  left  hand 
picture.  However,  at  the  highest  Reynolds 
number  these  regular  features  axe  hidden  by 
small  scale  disturbances  which  we  assume  to 
be  evidence  of  turbulent  flow.  The  Reynolds 
numbers  examined  here  differ  by  a  factor  of 
less  than  two  and  the  change  in  the  appearance 
is  quite  striking. 


When  holders  are  spaced  irregularly  in 
either  lateral  dimension,  or  fore  and  aft,  pre¬ 
diction  of  the  wake  geometry  from  results  of 
tests  on  isolated  flame  holders  is  no  longer  pos¬ 
sible.  However,  our  modeling  ideas  are  still 
useful  in  a  qualitative  way.  For  example,  we 
would  expect  that  if  flame  holders  are  not  ar¬ 
ranged  in  a  plane,  the  disturbance  produced  by 
flow  over  the  downstream  flame  holders  will 
pinch  off  the  circulation  zone  of  the  upstream 
holder  unless  the  spacing  along  the  duct  axis 
is  greater  than  the  recirculation  zone  length. 
Similarly,  the  burning  wake  of  the  upstream 
holder  will  increase  the  effective  blockage  of 
the  downstream  holders  and  hence  reduce  their 
stability  limits. 

Reynolds  Number  and  Mach  Number  Ef¬ 
fects.  When  the  Reynolds  number  is  so  low 
that  the  mixing  layers  in  the  wake  of  the  flame 
holder  become  laminar  or  transitional  the  trans¬ 
port  processes  in  the  wake  change  drastically. 
Molecular  diffusion  becomes  important  and  the 
rule  of  thumb  for  L/W  is  no  longer  applica¬ 
ble. 


Measurements  made  in  systems  with  low 
approach  stream  turbulence  levels  have  shown 
that  the  transition  Reynolds  number  for  circular 
cylinder-flame  holders  is  in  the  range  I  to  4  x  10^ 
(see  Reference  21.6).  This  result  is  for  flame 
holders  cooled  to  approach  stream  temperature, 
and  the  Reynolds  number  is  based  on  upstream 
flow  properties;  R^  =  pjVjd/jij.  When  the 

flame  holder  is  allowed  to  reach  temperatures 
hotter  than  the  approach  stream,  gas  properties 
based  on  holder  temperatures  should  be  used. 
Some  effects  of  the  geometrical  shape  of  the 
holder  on  transition  is  expected. 


Transition  occurs  when  the  separated 
flame  holder  boundary  layers  become  turbulent 
very  close  to  the  separation  point,  and  up¬ 
stream  of  the  location  in  the  mixing  zone  where 
mixing  effects  or  combustion  can  heat  the  gas 
in  the  separated  layers.  Any  heating  will  in¬ 
crease  the  kinematic  viscosity  (which  is  rough¬ 
ly  proportional  to  temperatures  to  the  1.75 
power)  and  reduce  the  effective  Reynolds  num¬ 
ber.  When  the  flow  in  the  separated  boundary 
layers  remains  laminar  up  to  the  point  of  ap¬ 
preciable  heat  addition,  it  remains  laminar 
throughout  the  whole  recirculation  zone  and  re¬ 
gion  of  flame  spread.  The  development  of  a 


Reynolds  Number  2.  45  X  lo"^ 


Reynolds  Number  3.35  X  10** 


Reynolds  Number  4.  60  X  10^ 


Schlieren  Sensitive  Schlieren  Sensitive 

to  Horizontal  Den-  to  Vertical  Density 

sity  Gradients  Gradients 

Figure  21.4.8  Transition  to  Turbulence  in 

Recirculation  Zone  of  1.3  cm 
Cooled  Circular  Cylinder. 


Because  the  Reynolds  number  is  directly 
proportional  to  the  pressure  level  in  the  en¬ 
gine  (through  the  density  dependence)  the 
Reynolds  number  will  decrease  as  the  altitude 
increases.  Hence,  the  Reynolds  number  should 
be  evaluated  at  high  altitudes  to  insure  that  the 
transition  to  laminar  flow  described  here  does 
not  occur. 

When  appreciable  heat  is  to  be  added  in 
a  burner  of  constant  cross  section  area,  inlet 
Mach  numbers  of  about  0.  15  to  0.  25  must  be 
used  to  prevent  choking  due  to  heat  addition. 
Thus,  compressibility  effects  usually  are  not 
important  near  the  flame  holder  and  recircula¬ 
tion  zone. 
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However,  note  that  the  near  optimum  wake 
width  of  1/2  (for  the  two'dimensional  case),  the 
flow  area  is  reduced  by  a  factor  of  two.  Con¬ 
sequently  for  approach  stream  Mach  numbers  as 
low  as  =  0.3  we  would  get  sonic  speed  past 

the  recirculation  zone.  Measurements  of  Wright, 
(Reference  21.  7)  bear  out  this  prediction  and 
further  show  that  the  W/H  correlation  discus¬ 
sed  above  fails  when  the  Mach  number  past  the 
recirculation  zone,  M^,  is  greater  than  0.  8. 

Free  Stream  Turbulence.  The  effects  of 
free  stream  turbulence  can  be  described  only 
in  a  qualitative  manner.  As  the  intensity  of 
turbulence  increases,  the  recirculation  zone 
shortens  but  the  stabilization  criterion  in  its 

most  direct  form,  V,  T  /  L  =  1,  remains  valid 
2c  c 

even  when  recirculation  zone  length  is  reduced 
by  factors  of  2.  Thus,  turbulence  appears  to 
effect  the  rate  of  spread  of  the  mixing  layers 
without  changing  the  mechanism  of  stabilization. 


21.4.1.2  CHEMICAL  PARAMETERS 

The  dependence  of  on  chemical  param¬ 
eters  is  very  strong  and  unfortunately  much  less 
well  understood  than  the  influence  of  the  fluid 
dynamic  parameters.  Hence,  the  chief  use  of 
the  scaling  scheme  discussed  here  is  to  predict 
the  effect  of  changes  in  fluid  dynamic  parame¬ 
ters  for  fixed  chemical  parameters.  However, 
it  is  still  interesting  to  list  the  important  chem¬ 
ical  parameters  and  to  indicate  the  nature  of 
their  effects.  The  principal  parameters  are: 

Fuel  properties,  fuel-air  mixture  ratio,  approach 
stream  temperature  and  oxygen  concentration, 
and  approach  stream  pressure. 

The  dependence  of  the  critical  time  on 
fuel-air  ratio  and  fuel  type  is  illustrated  in 
Figures  21.4.9  and  21.4.10.  In  both,  is 

plotted  as  a  function  of  the  equivalence  ratio 
which  is  the  fuel-air  ratio  divided  by  the  stoi¬ 
chiometric  fuel-air  ratio.  In  Figure  21,4.9, 
values  are  presented  for  a  hydrocarbon  fuel 
vapor  with  a  molecular  weight  of  about  100.  A 
number  of  flame  holder  geometries  were  used 
to  obtain  this  data.  In  the  second  Figure,  a 
number  of  fuels  were  used  which  were  made  up 
of  this  hydrocarbon  plus  various  mass  fractions 
of  hydrogen.  Values  of  decrease  dramati¬ 
cally  as  the  fraction  of  hydrogen  increases. 

Also  note  that  increases  very  rapidly  for 

both  high  and  low  values  of  the  equivalence 
ratio. 

The  characteristic  time  is  also  a  sensi¬ 
tive  function  of  approach  stream  temperature 
and  oxygen  concentration.  In  general,  de¬ 
creases  rapidly  as  temperatures  increase  even 
when  this  increase  is  due  to  vitiation;  (i.  e.  ,  pre- 
burning  at  a  fuel-air  ratio  below  stoichiometric). 
However,  for  a  given  temperature,  t  ^  in¬ 
creases  as  the  oxygen  mass  fraction  decreases 
due  to  increasing  vitiation. 

The  critical  time  increases  as  pressure 
decreases  roughly  as  «  1/p  for  hydrocarbon 

fuels  of  high  molecular  weight.  E.  g.  ,  see  Ref¬ 
erence  21.  11.  A  similar  result  was  obtained  in 
small  scale  experiments  carried  out  with  hydrogen. 


Figure  21.4.9  Variation  of  Characteristic  Ig¬ 
nition  Time  t  with  the  Equiva¬ 
lence  Ratio. 


Figure  21.  4.  10  Effect  of  Fuel  Properties  on 
Characteristic  Time.  The  Pa 
rameter  is  Mass  Fraction  of 
Hydrogen  in  the  Fuel. 
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In  attempting  to  obtain  an  independent 
estimate  of  values  of  or  some  other  experi¬ 
mentally  determined  quantity  which  is  propor¬ 
tional  to  ,  we  have  examined  the  dependence 

of  a  time  based  on  the  ratio  of  the  laminar 
flame  thickness  6  to  laminar  flame  speed,  S. 

In  the  single  case  for  which  comparable  data 

were  available  values  of  6 /St  for  methane 

c 

were  computed  for  stoichiometric  fuel-air  ratio 
of  one  and  approach  stream  temperature  be¬ 
tween  300  and  400°K.  The  ratio  had  a  value 
close  to  one  for  the  whole  range  of  tempera¬ 
ture  examined.  Similarly,  values  of  the  ratios 
of  6/S  and  for  hydrocarbon  and  hydrogen 

fuels  are  about  10.  Thus,  6  /  S  may  be  a  use¬ 
ful  predictor  for  the  dependence  of  on  var¬ 


ious  chemical  parameters. 


Finally,  there  is  a  persistent  attempt  to 
relate  the  characteristic  stabilization  time  to 
a  thermal  ignition  time  (e.  g.  ,  Reference  21.12) 
or  a  global  reaction  rate  (e.  g.  ,  References 
21.  13  and  21.  14).  These  efforts  often  lead  to 
a  representation  for  t  which  is  similar  to  the 
reciprocal  of  a  reaction  rate: 


T 

C 


I 


cc 


.j.m  p  -n  (A  /  RT^)  y  0 


where  m  and  n  are  numbers  of  the  order  of 
one  or  two,  A  is  an  activation  energy  determin¬ 
ed  empirically,  R  is  the  universal  gas  constant, 
Ty  is  an  ignition  temperature  or  the  gas  temper¬ 
ature  in  the  recirculation  zone,  and  0  is  the 
equivalence  ratio  which  is  less  than  one,  the 
stoichiometric  value.  In  the  works  of  Solokhin 
and  Mironenko  (Reference  21.  13  and  21.  14), 
where  a  more  complex  expression  is  used,  the 
effective  values  of  the  parameters  are 


n«l  m»2.5  ^■2xl0^°k 


Although  the  dependence  on  temperature  and  pres¬ 
sure  by  this  approach  is  plausible,  the  use  of 
global  reaction  rates  and  the  application  of  this 
approach  to  processes  which  involve  chemical 
reactions  in  turbulent  mixing  regions  does  not 
have  a  sound  physical  basis  and  should  be  viewed 
as  a  sophisticated  form  of  curve  fitting. 

Because  of  our  lack  of  understanding  of 
the  chemical  parameters,  the  stabilization  cri¬ 
terion  is  only  useful  when  values  have  been 

determined  for  the  range  of  chemical  parame¬ 
ters  expected  in  practice.  However,  small 
scale  experiments  can  be  used  to  make  the  re¬ 
quired  determinations  and  some  physical  feel 
is  given  by  the  flame  speed  correlation  suggest¬ 
ed  above. 


21.4.1.3  ALTERNATE  SCHEMES 


to  correlate  a  body  of  experimental  results. 
Here  f  is  the  fuel-air  ratio,  d  is  the  flame 
holder  scale,  P  and  T  are  the  pressure  and 
temperature  of  the  approach  flow,  and  F  is  a 
function  of  the  fuel-air  ratio.  (For  example, 
see  the  work  of  Reference  21.  15.  )  The  values 
for  the  exponents  selected  by  various  authors 
to  correlate  their  data  have  the  ranges, 

0.  8  £  a  ^  2 

1/2  s  b  s  1 

1/2  sc  s  2.  5 


and  F  must  be  determined  experimentally. 


At  the  beginning  of  the  study  of  bluff  body 
flame  stabilizers,  there  was  great  confusion 
concerning  the  exponent  for  d  which  arose  be¬ 
cause  the  influence  on  the  recirculation  zone 
region  of  flame  holder  and  duct  geometry,  de¬ 
scribed  above,  was  not  fully  appreciated.  For 
example,  when  a  circular  cylinder  held  with  its 
axis  perpendicular  to  the  gas  stream  is  used 
as  a  flame  holder,  the  duct  walls  have  a  large 
effect  on  the  flame  holder  wake  width  even  when 
the  ratio  of  holder  diameter  to  duct  height  is 
as  small  as  1/50.  In  the  range  1/20  s  d/H 
s  1/4  and  in  a  duct  of  fixed  size,  the  wake 
width  and  hence  the  recirculation  zone  length 
scale  approximately  as  L  “  W  oc  Vd”  rather 
than  as  L  “  d.  This  square  root  dependence 
leads  to  a  value  of  the  exponent  b  of  1/2. 
Similarly,  if  cylinders  with  their  axis  parallel 
to  the  flow  are  used  as  flame  holders,  the 
wake  width  grows  linearly  when  d  is  increased 
in  a  duct  of  fixed  size.  There  is  an  effect  of 
blockage  in  this  example  too,  since  the  ratio 
V^/Vj  will  increase  with  d  due  to  blockage 


changes  but  this  Increase  depends  on 
2  *  ^ 

(1  -  (d/D)  )  and  hence  is  hard  to  detect 
when  d/D  <  1/4.  Hence,  in  this  example  the 
exponent  b  would  be  close  to  one.  Further 
confusion  arose  because  data  in  the  laminar 
and  turbulent  regimes  were  used  together  to 
determine  these  exponents. 


A  value  of  the  pressure  exponent  near  one 
is  a  typical  choice  and  for  the  temperature, 
values  still  range  between  1/2  and  2.5.  Thus, 
a  scaling  parameter  of  the  form  Vj^/Pd  is 

often  used  for  fixed  inlet  temperature.  When 
d  is  changed  by  scaling  the  entire  flame  holder- 
duct  system  this  parameter  gives  an  excellent 
correlation  -  as  we  would  expect  from  our  pre¬ 
vious  analysis.  A  correlation  of  this  type  is 
given  by  Hottel  et  al  (Reference  21.15).  How¬ 
ever,  note  that  this  correlation  is  only  useful 
in  general  if  d  characterizes  the  scale  of  the 
system;  if  d  is  changed  and  the  duct  height  is 
held  fixed,  the  correlation  will  fail  because  of 
the  effect  of  changes  in  blockage  on  recircula¬ 
tion  zone  length  and  the  velocity  ratio 


One  popular  alternate  scheme  for  scaling 
stabilization  phenomena  is  based  on  the  arbi¬ 
trary  use  of  a  dimensional  parameter  group  of 
the  form 

Vj^/P^d'^T*'  =  Fff) 


21,4.2  FLAME  STABILIZATION  BY  JETS 
IN  A  HOMOGENEOUS  STREAM 


The  process  of  flame  stabilization  in  the 
wake  of  a  gas  jet  is  similar  to  the  processes, 
described  above,  which  occur  in  the  wake  of  a 


bluff  body.  In  either  example,  a  region  of 
strong  recirculating  flow  is  created  by  a  physi¬ 
cal  obstacle  or  in  the  wake  of  interacting  jets 
in  which  hot  products  of  combustion  can  be 
trapped.  This  hot  gas  then  acts  as  a  steady 
source  of  ignition  for  the  oncoming  stream. 

In  the  case  of  flame  stabilization  by  gas  jets, 
two  new  features  are  added.  First,  the  size 
of  the  recirculation  zone  can  be  changed  by 
changing  the  rate  of  gas  injection.  Second,  the 
fuel-air  ratio  and  hence  the  temperature  of  the 
gas  in  the  recirculation  zone  can  be  changed 
by  changing  the  fuel-air  ratio  of  the  injectant. 
Because  the  stabilization  process  is  very  strong¬ 
ly  affected  by  changes  in  the  temperature  of  the 
recirculation  zone  gas,  having  an  independent 
control  on  this  parameter  will  allow  stabiliza¬ 
tion  at  fuel-air  ratios  far  below  which  could  be 
achieved  with  bluff  body  holders  which  produced 
the  same  sized  recirculation  zone.  The  advan¬ 
tages  of  these  two  features  are  offset  in  part 
by  the  performance  losses  and  the  mechanical 
problems  associated  with  supplying  the  gas  flow 
required  for  flame  stabilization,  and,  if  a  fuel- 
air  mixture  is  to  be  used,  the  problems  involved 
with  the  production  of  the  vaporized  fuel  and  the 
preparation  of  a  homogeneous  mixture  prior  to 
injection. 


we  have  assumed  that  the  injected  mass  flow 
(Pj^v.irdb)  enters  and  leaves  the  control  volume 

with  its  velocity  of  injection  v^.  (The  assump¬ 
tion  that  the  exit  velocity  is  Vj  and  not  a  value 
closer  to  Vj  is  certainly  questionable.  )  Given 
this  crude  balance,  we  find  that 


When  W  is  much  larger  than  the  thickness  of 
the  boundary  layer  on  the  center  body,  and  when 
W  is  much  smaller  than  the  duct  diameter  (so 
that  blockage  effects  can  be  ignored),  we  ex¬ 
pect  Cj  to  be  constant.  Consequently  the^  above 

equation  indicates  that  W  will  scale  as  q*  and 
when  Pj/Pi  and  the  geometric  parameters  are 
constant,  this  equation  reduces  to 


We  will  develope  a  crude  scaling  law  for 
one  example  of  this  type  of  system  and  will 
give  a  few  experimental  results  to  illustrate 
the  general  features  of  the  stabilization  process. 

The  flow  field  produced  by  axisymmetric 
injection  of  a  jet  into  a  cross  flow  is  shown  in 
the  sketch  of  Figure  21.4.  II.  The  jet  is  in¬ 
jected  through  an  annular  slot  of  width  b  in  the 


Figure  21.4.11  Schematic  for  Discussion  of 
Flame  Stabilization  by  a  Jet. 


wall  of  a  center  body  of  diameter  d  and  at  an 
,.ngle  I-  -  -  I  with  respect  to  the  oncoming  flow. 

In  this  model,  we  make  a  momentum  bal¬ 
ance  on  the  injectant  and  make  the  approxima¬ 
tion  that  the  drag  of  the  effective  body  produced 
by  injection,  see  dotted  contour  in  Figure  21.4.11, 
i.s  balanced  by  the  momentum  change  of  the  in¬ 
jectant.  Thus 

^'’I'^l^^d  ""  (p.v.Trdb)v.  (1  +  cos  9) 

Here,  the  drag  is  characterized  by  a  drag  coef¬ 
ficient  C  ,  which  has  a  value  around  one,  and  we 


W  ^  p.v.  “  rh. 

1  1  t 

where  rh^  is  the  mass  flow  of  injectant. 

Experiments  have  shown,  (E.  g.  ,  Refer¬ 
ence  21.  16)  that  the  length  of  the  recirculation 
zone  formed  by  this  injection  process  is  between 
one  and  two  times  the  width  of  the  region  and 
that  the  value  of  L/W  is  independent  of  q  but 
does  depend  on  the  injection  angle  9.  Hence, 

L  «  m.  will  hold  for  this  system  and  L  « 
for  the ‘more  general  case.  When  we  combine 
the  latter  results  with  the  scaling  law  for  W 
and  the  blowoff  criterion.  T  V,  /L  s  1,  we 

get  an  equation  for  the  blowoff  velocity: 

V,  «  l^h  *  (L/W){W/’-  ) 

ICC  C 

or 


when  the  densities  of  injectant  and  the  approach¬ 
ing  stream  are  equal.  The  terms  in  the  first 
square  bracket  on  the  right  hand  side  of  this 
equation  depend  on  the  angle  of  injection,  and 
those  in  the  second,  on  the  velocity  and  area 
of  the  injector.  If  the  geometry  and  chemical 
parameters  are  held  fixed  we  find  that  the 
blowoff  velocity  is  proportional  to  the  square 
root  of  the  injector  velocity  and  the  injector 
mass  flow  rate. 

As  an  example,  the  experiments  of 
Kosterin  et  al  (Reference  21.  16)  indicate  that 
flame  stabilization  in  a  stream  with  approach 
stream  speeds  of  about  100  m/sec.  and  a  fuel- 
air  ratio  near  1/2  of  stoichiometric  could  be 
achieved  with  values  of  q  near  50.  Mass  flows 
in  the  injector  were  less  than  1  percent  of  the 
approach  stream  flow  for  this  example.  In  ad¬ 
dition,  the  data  are  roughly  correlated  by 
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^Ic  which  agrees  with  the  above  analysis. 

The  gas  which  enters  the  recirculation 
zone  is  made  up  from  the  approach  stream  as 
well  as  the  injectant  stream  and  the  ratio  of 
these  two  mass  flow  rates  has  been  found  to 
be  independent  of  q  and  strongly  dependent  on 
the  injectant  angle.  For  example,  Kosterin  et 
al  (Reference  21.  16)  find  that  the  ratio  of  ap¬ 
proach  stream  to  injectant  entrainment  rates, 

E  is  about  6.  5  at  9  =  13  5°,  4.  0  at  90°  and 
r 

2.  5  at  180°  and  70°.  Thus,  the  mixture  ratio 
and  hence  temperature  of  the  recirculation  zone 
can  be  strongly  influenced  by  the  injectant. 

The  magnitude  of  this  effect  is  shown  be¬ 
low  in  Table  21.4.3  where  equivalence  ratio 
(the  fuel-air  ratio,  fraction  of  stoichiometric), 
in  the  approaching  stream  at  the  blowoff  condi¬ 
tion  (Jj^  is  shown  as  a  function  of  the  equiva¬ 
lence  ratio  in  the  injectant  stream  0^  when  the 

gas  speed  of  the  approach  stream  was  100  m/sec. 
In  this  example,  the  lean  blowoff  limit  of  the 
approach  stream  was  reduced  from  60  percent 
of  the  stoichiometric  fuel-air  ratio  to  40  per¬ 
cent  when  the  fuel-air  ratio  of  the  injectant 
fluid  was  increased  from  zero  to  120  percent 
of  stoichiometric.  The  quantity  0e  cal¬ 

culated  value  of  the  equivalence  ratio  in  the  re- 
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b  =  .  5  mm 
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0.  54 

.  54 

q  =  45 

1.  0 

0.  43 

,  51 

Kerosene  fuel 

1.  2 

0.  40 

.  51 

e  s  135° 

Table  21.4.3  Effect  of  Injectant  Equivalence 
Ratio  on  Equivalence  Ratio  of 
Main  Stream  at  Blowoff. 

circulation  zone  based  on  a  measured  value  of 

entrainment  ratio  E  ■  Note  that  0  is  almost 
r  e 

constant.  Hence,  we  are  again  led  to  believe 
that  the  recirculation  zone  temperature  which 
is  presumably  also  almost  constant  is  a  critical 
feature  in  the  ignition  process. 

Note  that  using  injectant  angles  with  smal¬ 
ler  values  of  E  will  increase  the  sensitivity  of 

the  equivalence  ratio  at  the  blowoff  condition  to 
changes  in  0^  but  at  the  same  time  will  change 

the  relationship  between  wake  width,  recircula¬ 
tion  zone  length  and  injectant  parameter  q. 

Large  scale  tests  of  a  complete  afterburn¬ 
er  system  which  used  two-dimensional  arrays 
of  jets,  of  the  type  discussed  here,  as  flame 
stabilizers  are  reported  in  Reference  21.  17. 
Good  stabilization  characteristics  and  afterburn¬ 
er  combustion  efficiency  were  achieved  with  a 
total  injectant  flow  rate  of  between  2  and  4  per¬ 
cent  of  the  total  flow  to  the  afterburner.  Total 
pressure  losses  associated  with  jet-flame  hold¬ 
er  systems  were  found  to  be  3  to  4  percent 
lower  than  corresponding  values  for  bluff  body 


systems  when  the  augmentation  was  zero.  The 
possibility  that  gains  can  be  made  in  reducing 
the  non- afterburning  total  pressure  loss  is  an¬ 
other  reason  for  pursuing  the  investigation  of 
this  system. 


21.4.3  FLAME  STABILIZATION  IN  A  HET¬ 
EROGENEOUS  FUEL-AIR  MIXTURE 

In  almost  any  afterburner  configuration 
the  weight  savings  to  be  made  by  reducing  all 
length  scales  in  the  system  will  insure  that  the 
fuel  injection  system  will  be  located  so  close 
to  the  flame  stabilizers  that  some  of  the  liquid 
fuel  will  arrive  at  the  plane  of  the  flame  hold¬ 
ers  in  an  unvaporized  state.  When  afterburners 
are  to  be  used  in  the  air  stream  of  a  fan  en¬ 
gine,  the  low  temperatures  of  these  streams 
will  greatly  increase  the  fraction  of  fuel  which 
is  not  evaporated.  For  example,  in  low  pres¬ 
sure  ratio  fan  engines  operating  at  high  alti¬ 
tudes,  present  day  jet  fuels  will  be  almost  com¬ 
pletely  in  the  liquid  state.  In  such  streams, 
the  flame  stabilization  system  must  produce 
some  vaporization  of  the  fuel  in  addition  to  act¬ 
ing  as  a  continuous  source  of  ignition. 

In  addition  to  these  low  temperature  prob¬ 
lems,  special  requirements  are  placed  on  the 
fan  stream  augmentation  system  (often  called 
a  duct  burner)  by  the  operating  characteristics 
of  the  fan.  The  fan  is  typically  a  low  pres¬ 
sure  ratio  device  and  a  relatively  weak  pres¬ 
sure  disturbance  propagating  upstream  from 
the  augmentor  can  push  the  fan  into  a  strong 
surge  or  stall.  Hence,  ignition  of  the  fan 
stream  augmentor  must  be  achieved  at  a  very 
low  overall  fuel-air  ratio  so  that  the  sudden  in¬ 
crease  in  total  temperature  (due  to  the  start  of 
afterburning)  will  not  interact  with  the  choked 
nozzle  to  produce  a  pressure  pulse  which  will 
cause  the  fan  to  stall. 

Common  Duct  System.  Under  conditions 
such  that  the  fuel  in  the  fan  stream  is  poorly 
vaporized,  the  simplest  system  is  the  engine  in 
wMch  afterburning  takes  place  in  a  common 
duct  with  fuel  injection  system  modulated  so 
that  combustion  starts  in  the  afterburner  in  the 
core  stream  where  high  temperatures  insure 
good  vaporization.  Some  of  the  hot  gas  pro¬ 
duced  by  afterburning  in  the  homogeneous  core 
stream  can  then  serve  to  support  the  flame  sta¬ 
bilization  process  in  the  fan-air  stream  and  to 
produce  vaporization  in  regions  where  the  fan 
and  core  streams  mix.  The  fan  engines  de¬ 
scribed  in  the  introduction  of  this  chapter  (e.g.. 
Figure  21.0.2  on  page  21-3)  uses  this  system. 

If  fan  air  is  to  be  burned  in  a  separate 
duct  where  this  support  is  not  available,  the 
flame  holder  must  operate  alone.  In  the  fol¬ 
lowing  paragraphs  we  will  give  a  qualitative 
picture  of  several  flame  stabilization  schemes 
for  this  second  and  most  extreme  example. 

Few  experimental  data  are  available  and  because 
the  process  is  complex,  systematic  experimen¬ 
tal  or  theoretical  treatment  of  this  important 
problem  is  lacking. 

Bluff  Body  Flame  Holders.  There  is  evi¬ 
dence  that  the  picture  of  the  bluff  body  stabili¬ 
zation  process,  described  above,  applies  in  most 
respects  to  bluff  body  stabilization  in  a  hetero¬ 
geneous  flow.  The  principal  difference  that 
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in  heterogeneous  flows,  fuel  vaporization  must 
take  place  during  the  stabilization  process  it¬ 
self.  This  can  occur  in  two  ways:  first  when 
liquid  fuel  drops  impinge  on  the  hot  flame  hold¬ 
er  and  second  when  fuel  drops  enter  the  mix¬ 
ing  zone.  In  either  case  the  fuel-air  ratio  in 
the  wake  will  be  fixed  by  local  conditions  in  a 
manner  similar  to  that  described  above  for  the 
gas  jets  when  a  fuel-air  mixture  is  used  as  the 
injectant.  In  this  case,  as  there,  the  fuel-air 
ratio  of  the  gas  entering  the  wake  appears  to 
be  the  dominant  factor  and  maximum  blowoff 
velocity  occurs  for  the  injection  conditions 
which  supply  the  recirculation  zone  with  a  stoi¬ 
chiometric  fuel-air  mixture.  Proper  design 
and  control  of  the  fuel  injection  system  can  be 
used  to  get  the  best  conditions  for  stabilization 
regardless  of  the  overall  fuel  flow  require¬ 
ments. 

The  process  of  fuel  vaporization  by  the 
flame  holder  involves  a  number  of  steps. 

First  the  fuel  droplets  must  be  captured  by  the 
flame  holder.  Capture  results  because  the 
droplets  cannot  exactly  follow  the  gas  stream 
lines;  as  the  gas  flows  over  the  flame  holder 
the  droplets  will  first  be  accelerated  toward  the 
holder  (region  (a)  of  the  sketch  shown  below) 


and  then  away  from  the  mixing  zone  at  region 
(b).  The  drift  rate  across  streamlines  will  de¬ 
pend  strongly  on  particle  size,  the  flame  hold¬ 
er  shape  and  the  velocity,  density  and  viscosity 
of  the  gas.  After  the  fluid  is  captured  on  the 
holder  its  residence  time  there  will  be  fixed 
by  a  balance  between  shear  forces  produced  by 
the  gas  stream,  and  the  shear  and  surface 
tension  forces  acting  between  the  liquid  film 
and  the  flame  holder.  If  too  thick  a  film  is 
formed  ablation  of  liquid  drops  from  the  down¬ 
stream  edge  of  the  holder  will  result.  If  va¬ 
porization  rates  are  high  the  holder  may  op¬ 
erate  in  a  dry  state.  Heat  transferred  between 
the  recirculation  zone  gas  and  the  liquid  film 
will  depend  on  the  usual  convective  parameters, 
and  hence  will  increase  with  the  speed,  tem¬ 
perature,  and  pressure  of  the  gas  in  the  re¬ 
circulation  zone,  and  again  will  depend  on 
flame  holder  geometry. 

Given  the  capture  and  heat  transfer  pro¬ 
cesses,  the  properties  of  the  fuel  will  then 
fix  the  rate  of  production  of  the  fuel  vapor  at 
the  flame  holder,  and  the  entrainment  of  vapor 
and  air  in  the  mixing  zones  will  fix  the  fuel- 
air  ratio  of  the  recirculation  zone  gas.  Ad¬ 
ditional  vaporization  of  fuel  droplets  entrained 
in  the  mixing  and  recirculation  zones  will  fur¬ 
ther  increase  the  fuel-air  ratio. 

When  the  capture,  heat  transfer  and  evap¬ 
oration  rate.-^  are  high,  the  fuel-air  ratio  in  the 
recirculation  zone  can  be  much  higher  than  in 
the  stream  approaching  the  flame  holder.  This 
difference  would  make  possible  ignition  and  sta¬ 
bilization  when  the  overall  fuel-air  ratio  is  far 
below  stoichiometric  and  hence  would  be  advan¬ 
tageous  during  start-up  of  the  augmentation 
process.  However,  when  the  overall  fuel-air 


ratio  is  increased  toward  the  stoichiometric 
value  (as  it  must  be  to  achieve  maximum  aug¬ 
mentation),  the  fuel-air  ratio  in  the  recircula¬ 
tion  zone  could  increase  to  values  far  above 
stoichiometric  and  a  flame  blowoff  on  the  fuel 
rich  side  would  occur.  Hence,  having  the  fuel- 
air  ratio  in  the  wake  larger  than  that  in  the 
flow  is  not  always  advantageous. 

It  is  clear  from  this  brief  qualitative  de¬ 
scription  that  the  fuel  injection  system  and  the 
fuel  capture  and  heat  transfer  rates  of  the 
flame  holder  must  be  carefully  controlled  over 
a  wide  range  of  operating  conditions  if  the  sim¬ 
ple  blviff  body  flame  holder  is  to  be  used  suc¬ 
cessfully.  In  general,  such  control  is  not 
possible  with  existing  injection  systems  over 
wide  operating  ranges. 

Flame  Stabilization  by  Jets.  A  second 
system  which  has  shown  promise  in  heteroge¬ 
neous  systems  is  the  aerodynamic  flame  holder 
or  gas-jet  holder  described  in  a  previous  sec¬ 
tion.  For  duct  burners,  this  system  is  per¬ 
haps  the  best  of  the  three  discussed  here  as 
far  as  its  flame  stabilization  properties  are  con¬ 
cerned.  However,  losses  and  mechanical  prob¬ 
lems  associated  with  the  system  may  make  its  use 
impractical.  (For  example,  see  Reference  21.  17.  ) 

Pilot  Burner.  A  third  system  suggested 
for  use  in  heterogeneous  fuel-air  mixtures  is 
a  piloted  burner.  A  small  part  of  the  after¬ 
burner  flow,  say  5  to  10  percent,  is  burned 
in  a  can-like  pilot  burner  (or  a  number  of  burn¬ 
ers)  at  the  stoichiometric  fuel-air  ratio.  The 
hot  gas  from  this  source  is  then  used  to  sup¬ 
port  stabilization  by  a  system  of  conventional 
flame  holders.  The  pilot  burners  require  sep¬ 
arate  fuel  injection  and  control  systems  to 
maintain  fuel-air  ratios  different  from  those  in 
the  main  flow.  Systems  of  this  type  can  be 
ignited  at  very  low  overall  fuel-air  ratios  (e.  g.  , 
Reference  21.  17)  and  low  pressure  levels. 
However,  larger  total  pressure  losses  are  pro¬ 
duced  by  this  system  both  with  and  without  aug¬ 
mentation. 

In  summary,  a  number  of  schemes  are 
available  to  produce  flame  stabilization  in 
heterogeneous  flows  under  conditions  suitable 
for  fan  engine  applications.  Although,  the  com¬ 
mon  burner  scheme  is  the  most  well  developed, 
the  aerodynamic  and  pilot  burner  schemes  offer 
advantages  which  are  worth  further  exploration. 

21.4.4  DISCUSSION 

The  model  used  above  to  describe  flame 
stabilization  in  homogeneous  fuel-air  streams 
by  bluff  bodies  has  the  advantage  of  cleanly 
separating  aerodynamic  and  chemical  features 
of  the  process.  The  influence  of  various  aero¬ 
dynamic  parameters  is  well  understood  from  a 
qualitative  point  of  view  and  many  features  can 
be  treated  in  a  quantitative  manner.  In  partic¬ 
ular,  the  dependence  of  stability  limits  on  the 
geometry  and  scale  of  the  flame  holder-duct 
system  is  now  clear. 

The  influence  of  the  various  chemical 
parameters  of  the  problem  are  much  less  well 
understood.  The  use  of  an  ignition  time  delay 
as  suggested  by  Mullins,  Solokhin  and  Kosterin 
to  describe  ignition  in  a  turbulent  mixing  zone 
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is  not  correct,  in  the  opinion  of  the  author. 

In  one  typical  version  of  this  approach 
(Solokhin,  Reference  21.14),  the  ignition  tinae 
is  calculated  from  a  global  model  of  the  chem¬ 
ical  reaction  rate,  and  the  chemical  concentra¬ 
tions  and  temperature  used  in  the  calcu  ation 
are  taken  from  a  mathematical  model  of  the 
mixing  zone  which  is  based  on  time  averaged 
measurements  of  these  parameters.  There 
are  three  problems  here.  Global  models  for 
reaction  rates  have  been  used  in  calculations 
of  laminar  flame  speeds  and  have  led  to  quali¬ 
tatively  useful  results.  However,  in  order  to 
obtain  quantitatively  accurate  predictions  it  has 
been  found  necessary  to  consider  detailed  chemi¬ 
cal  analyses  which  usually  involve  a  large  num¬ 
ber  of  reaction  steps,  reaction  rates  and  activa¬ 
tion  energies. 

A  second  and  perhaps  more  serious  prob¬ 
lem  arises  from  the  treatment  of  the  mixing 
layer.  The  model  used  by  Solokhin  pictures 
the  layer  as  a  region  in  which  the  temperature 
and  concentrations  change  smoothly  from  values 
corresponding  to  the  unburnt  mixture  on  one 
side  to  values  corresponding  to  the  products  of 
combustion  on  the  other.  This  is  the  result 
obtained  experimentally  with  instrumentation 
which  produces  time  averaged  values.  However, 
recent  experimental  developments  (e.  g.,  Roshko 
and  Brown,  Reference  21.  18)  suggest  that  the 
conditions  in  the  shear  or  mixing  layer  are 
quite  different.  Experimental  results  indicate 
that  large  scale  structures  predominate  in  the 
mixing  layer  and  consequently  that  gas  in  the 
layer,  at  a  given  instant  and  at  a  given  point 
has  a  high  probability  of  being  either  complete¬ 
ly  burned  or  unburned.  The  probability  of  find¬ 
ing  gas  with  a  temperature  or  concentration  of 
an  intermediate  value  is  small  even  at  the  center 
of  the  layer.  In  this  picture  of  the  flow,  chemi¬ 
cal  reactions  will  start  at  boundaries  between 
fully  burnt  and  unburnt  masses  of  gas  and  not 
in  a  uniform  mixture  of  burnt  and  unburnt  mate¬ 
rial.  Thus,  if  the  new  model  of  the  mixing 
layer  is  correct,  the  use  of  the  time  averaged 
values  of  temperature  and  composition  in  the 
calculation  of  chemical  reaction  rates  is  inap¬ 
propriate. 

Finally,  flame  stabilization  involves  more 
than  the  simple  ignition  process.  In  order  to 
stabilize  a  flame,  gas  ignited  in  the  mixing  lay¬ 
er  must  continue  to  burn  after  it  moves  past 
the  downstream  end  of  the  recirculation  zone. 
Thus,  the  heat  release  rate  in  the  mixing  zone 
gas  must  be  high  enough  to  overcome  the  quench¬ 
ing  effects  of  the  entrainment  of  unburnt  gas  in 
the  region  downstream  of  the  recirculation  zone. 

A  simple  ignition  model  is  probably  not  suffi¬ 
cient  to  describe  this  process. 

21.5  FLAME  SPREAD  IN  PREMIXED  AND 
HOMOGENEOUS  FUEL-AIR  MIXTURES 

In  this  section,  the  process  of  heat  addi¬ 
tion  after  flame  stabilization  has  been  achieved 
is  discussed.  Processes  occuring  in  a  premixed 
and  homogeneous  fuel-air  mixture  are  consider¬ 
ed.  The  term  homogeneous  is  used  here  to  de¬ 
note  mixtures  of  fuel  vapor  and  air  as  contrast¬ 
ed  with  heterogeneous  mixtures  by  which  we 
mean  mixtures  of  fuel  droplets  and  perhaps 
some  fuel  vapor  with  air.  The  combustion  in 


the  latter  fuel-air  system  is  important  in  duct- 
burner  systems  for  fans  but  will  not  be  discuss¬ 
ed  here.  (See  References  cited  in  Section  21.10.  ) 

Gi  en  the  flame  stabilized  in  a  duct,  we 
would  like  to  be  able  to  calculate  the  distance 
downstream  of  the  stabilizer  which  is  required 
to  achieve  a  selected  value  of  the  heat  release 
or  combustion  efficiency.  The  parameters  which 
may  influence  the  required  length  are:  (a)  Flow 
properties  (such  as  the  pressure,  temperature, 
and  oxygen  concentration;  the  fuel-air  ratio  and 
fuel  properties;  and  the  Mach  number,  velocity 
and  turbulence  level  of  the  unburned  stream). 
And,  (b)  Duct  parameters  (such  as  duct  height, 
flame  holder  geometry  and  blockage,  and  cross- 
section  area  changes  with  axial  distance). 

Unfortunately,  at  the  present  time,  we  can¬ 
not  predict  the  dependence  of  heat  release  rate 
in  a  combustion  changer  of  fixed  size  on  any  of 
these  parameters  from  basic  principles.  Indeed, 
our  understanding  js  so  poor  that  the  appropri¬ 
ate  dimensionless  parameters  have  not  been 
identified  or  agreed  upon.  However,  several 
fluid  dynamic  parameters,  the  Reynolds  number 
and  Mach  number,  are  used  to  characterize  the 
flow. 

Although  a  great  deal  of  experience  is 
available  which  can  serve  as  a  guide  for  a  new 
combustion  chamber  design,  a  large  and  expen¬ 
sive  development  effort  is  usually  required  to 
produce  a  satisfactory  configuration.  Conven¬ 
tional  wisdom  is  in  agreement,  for  example, 
that  an  increase  in  pressure,  temperature, 
oxygen  concentration,  and  turbulence  level  will 
increase  the  heat  release  rate  and  reduce  the 
combustion  chamber  length  required  for  high 
combustion  efficiency.  However,  quantitative 
measures  of  the  effects  to  be  expected,  given  a 
particular  change  in  a  parameter,  are  not  avail¬ 
able.  The  reason  for  this  is  that  the  combus¬ 
tion  process  is  turbulent  and  occurs  in  a  region 
of  strong  shear  and  large  axial  pressure  gradi¬ 
ent. 

General  features  of  the  flow  field  of  a 
typical  flame  are  shown  in  Figure  21.5.1.  In 
this  example  the  flame  is  stabilized  by  a  bluff 
body  placed  on  the  centerline  of  a  constant  area 
duct.  The  downstream  end  of  the  recirculation 
zone  is  about  one  tunnel  height  H  downstream 
of  the  flame  holder.  The  fuel  is  a  hydrocarbon 
which  produces  a  highly  visible  flame  and  the 
outer  boundaries,  shown  in  Figure  21.5.  la,  are 
based  on  time  exposure  photographs  taken  in  the 
light  of  the  flame  itself. 

Temperature  profiles  shown  in  the  lower- 
half  of  Figure  21.  5.  la  at  a  number  of  positions 
ejfhibit  a  sharp  initial  rise  from  the  cold  gas 
temperature  which  is  followed  by  a  very  small 
and  more  gradual  further  increase.  The  maxi¬ 
mum  values,  reached  at  the  centerline  of  the 
duct,  are  close  to  the  adiabatic  flame  tempera¬ 
ture.  The  two  boundaries  based  on  the  positions 
at  which  the  initial  temperature  rise  starts  and 
stops  are  also  shown  in  the  lower  half  of  Fig¬ 
ure  21.5.1b  and  they  contain  the  region  of 
strong  chemiluminescence  (shown  here  as  a 
dotted  region). 

Values  of  temperature  shown  here  are 
averaged  over  long  periods  of  time.  Time  re¬ 
solved  temperature  measurements  suggest  that 
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the  rapid  initial  rise  is  produced  by  averaging 
in  time  over  temperatures  which  fluctuate  rapid¬ 
ly  between  values  close  to  the  unburnt  and  burnt 
gas  temperatures. 
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(b) 


Figure  21.  5.  1  Flame  Stabilized  on  a  Two- 
Dimensional  Wedge  Flame 
Holder.  (a)  Temperature  and 
Velocity  Profiles  (b)  Schlieren 
and  Chemiluminescence  Bound¬ 
aries. 


Spark  Schlieren  photographs,  similar  to 
the  sketch  at  the  top  half  of  Figure  21.  5.  lb, 
support  this  picture.  They  indicate  that  the 
edge  of  the  flame  contains  distinct  vortex-like 
structures  which  produce  a  strongly  corrugated 
surface.  See  photographs  shown  in  Figures 
21.4.4  and  21.4.8.  Hence,  a  probe  located  in 
this  region  would  alternately  observe  hot  and 
cold  fluid.  The  scale  of  these  structures  grows 
slowly  with  increasing  distance  from  the  flame 
holder  and  typically  occupies  between  30  to  40 
percent  of  the  width  of  the  flame  W.  That  is, 
regions  of  strong  temperature  gradients  pene¬ 
trate  far  into  the  flame  front. 

Concentration  profiles  for  products  of  com¬ 
bustion  are  similar  to  the  temperature  profiles; 
and  regions  of  the  strong  chemiluminescence 
produced  by  combustion,  (the  dotted  region  in 
Figure  21.5.1b).  and  of  strong  ionization, 
concentration  and  temperature  gradients  almost 
exactly  coincide.  This  result  suggests  that 
the  sharp  boundaries  shown  in  the  Schlieren 
photographs  are  flame  fronts  and  that  their  posi¬ 
tions  are  restricted  to  the  region  of  sharp  tem¬ 
perature  rise. 

The  velocity  profiles  (shown  in  Figure 
21.  5.  la)  are  also  averaged  over  long  periods 
of  time,  and  they  show  less  steep  gradients 


than  the  temperature  profiles.  Near  the  flame 
holder  and  in  the  recirculation  zone,  the  time 
averaged  velocity  is  reversed.  The  centerline 
velocity  increases  rapidly  for  positions  farther 
downstream  and  exceed  the  unburnt  gas  speed  at 
positions  farther  downstream  than  1-1/2  duct 
heights.  This  acceleration  of  the  burnt  gas  is 
a  result  of  the  action  of  the  axial  pressure 
gradient,  produced  by  heat  addition,  on  the  high 
density  unburnt  gas  and  the  lower  density  burnt 
material.  The  axial  gradient,  which  is  uniform 
across  the  duct,  causes  the  lower  density  fluid 
to  accelerate  more  rapidly  than  the  high  density 
stream  and  thus  produces  the  hat  shaped  profile. 

In  summary,  the  flame  front  appears  to  be 
made  up  of  thin  regions  of  chemical  reaction 
which  are  rolled  up  into  vortex-like  structures. 
The  size  of  these  structures  grows  slowly  as 
the  axial  distance  increases  and  they  occupy 
between  30  to  40  percent  of  the  "flame  '  width. 
Strong  chemical  reaction  and  large  heat  release 
occur  in  the  shear  layers  which  form  the  bound¬ 
aries  between  streams  with  large  density  and 
velocity  differences. 

The  vortex-like  structures  lie  in  the  region 
of  strong  average  velocity  gradient.  This  sug¬ 
gests  that  they  are  related  to  the  large  scale 
structures  observed  in  two-dimensional  shear 
layers.  However,  the  vortex  pairing  observed 
without  combustion  has  not  been  observed  in 
spreading  flames. 

This  picture  of  the  spreading  flame  sug¬ 
gests  that  the  rate  of  consumption  of  unburnt 
fluid  in  the  spreading  flame  is  fixed  by  an  en¬ 
trainment  process  rather  than  by  a  simple  flame 
propagation  process  which  might  be  expected  to 
depend  at  least  weakly  on  molecular  transport 
properties.  Much  of  the  experimental  data  pre¬ 
sented  later  support  this  view.  The  primary 
problem  concerned  with  the  prediction  of  flame 
spreading  rates  is  the  determination  of  this  en¬ 
trainment  process.  At  the  present  time,  no 
satisfactory  physical  model  has  been  developed 
to  describe  it. 

In  the  remainder  of  this  section,  we  first 
review  experimental  information  concerning 
flame  spreading  rates  and  discuss  the  implica¬ 
tions  of  this  data  for  turbulent  entrainment  rates 
or  flame  speed.  We  then  describe  several  sim¬ 
ple  models  which  allow  a  reasonable  description 
of  the  dependence  of  some  of  the  fluid  dynamic 
parameters  on  the  heat  addition  from  the  flame. 
However,  even  these  restricted  models  remain 
incomplete  because  we  cannot  yet  prescribe  the 
entrainment  rate  of  the  turbulent  flame. 


21.5.1  SPREADING  RATES  OF  TURBULENT 
FLAMES 

The  quantity  which  the  afterburner  designer 
needs  to  know  is  the  manner  in  which  the  com¬ 
bustion  efficiency  of  a  burner  varies  with  the 
parameters  described  in  the  previous  paragraph. 
Unfortunately,  combustion  efficiency  is  difficult 
to  measure  accurately  and  has  not  been  the  sub¬ 
ject  of  detailed  investigations  under  conditions  in 
which  the  effects  of  changing  combustion  chamber 
parameters  were  clearly  isolated.  Instead,  a 
number  of  investigations  have  been  made  of  the 
spreading  rate  of  the  flame  front  and  then  con¬ 
clusions  regarding  the  more  applied  problem  of 


combustion  efficiency  have  been  drawn  based  on 
these  results.  See,  for  example,  Williams  et 
al  (Reference  El.  19),  Wright  and  Zukoski  (Ref¬ 
erence  21.20),  and  Solntsev  (Reference  21.21). 

There  are  a  number  of  problems  with 
this  approach.  First,  the  flame  is  observed 
to  have  a  finite  thickness,  which  may  be  as 
great  as  20  percent  of  the  duct  height  (e.  g.  , 
see  Figure  21.5.  1).  The  spreading  rate  and 
conclusions  drawn  from  it  will  depend  strongly 
on  which  surface  is  defined  as  the  flame  front. 
Further,  since  the  combustion  process  presum¬ 
ably  takes  place  within  this  thickness  any  inter¬ 
pretation  of  combustion  efficiency  which  is  based 
on  a  single  boundary  will  be  suspect. 

Secondly,  there  is  a  strong  interaction 
of  the  flow  with  the  heat  addition  process.  The 
strong  axial  pressure  gradient  produced  by  heat 
addition  produces  acceleration  in  the  unburnt 
fluid  which  produces  an  appreciable  curvature 
of  stream  lines  near  the  flame  front.  The  ac¬ 
celeration  and  curvature  can  have  important  ef¬ 
fects  on  the  interpretation  of  the  flame  width 
data. 


This  process  is  illustrated  by  the  two- 
dimensional  flow  shown  in  the  sketch  of  Figure 
21.5.2.  We  simplify  the  problem  by  assuming 
that  the  unburnt  flow  is  isentropic,  incompres¬ 
sible,  and  has  a  velocity  vector  which  is  almost 


Figure  21.5.2  Sketch  for  Calculation  of  Stream 
Line  Angle  at  Flame  Front. 


axial  and  almost  uniform.  Under  these  assump¬ 
tions  the  continuity  and  axial  momentum  equa¬ 
tions  can  be  written  for  the  unburnt  flow  as; 


3u  ^ 

3x  3y 


0  and 


pu  3u 
3x 


If  we  combine  these  and  make  use  of  the  approxi¬ 
mation  that  p,  u,  3u  /  3x  and  P  are  independent 
if  vertical  position  y,  we  can  solve  for  the  small 
angle  which  the  velocity  vector  V  makes  with 
respect  to  the  axis  at  the  flame  front: 


(25.1. 1) 


Here  Vj  is  the  gas  speed  far  upstream  of  the 
flame  holder,  Vj.  is  the  y  component  of  the 

velocity  at  the  flame  front  and  Cp  is  the  pres¬ 
sure  coefficient  defined  as: 


Cp=  (Pj-P)/ipjVj2 

The  ratio  (V  /Vj)  is  different  from  one  because 

of  the  velocity  change  produced  by  acceleration 
of  the  flow  around  the  flame  holder  and  then 
by  heat  addition. 

The  angle  a  is  the  angle  made  between 
the  flame  front  at  the  point  of  interest  and  the 
axis  of  the  duct.  It  can  be  obtained  from  the 
shape  of  the  flame  front  and  is  just 


a 


1  dW 
^  dx 


(25.  1.2  ) 


The  velocity  of  the  gas  normal  to  the 

flame  front,  u  ,  some  times  called  the  turbu- 
n 

lent  entrainment  velocity,  or  flame  speed  is 
given  by  V  sinp  and  p  can  be  obtained  from  the 
difference  between  angles  9  and  a.  That  is. 


u^  /  V  =  sin  (o  -  9) 


(25.  1.3) 


Thus,  to  calculate  u^  consistent  with  any 
choice  of  the  flame  front,  we  must  know  V/Vj 

and  both  angles  a  and  9.  In  many  situations 
in  which  turbulent  flame  spreading  is  consider¬ 
ed,  the  ratio  V/Vj  can  be  as  large  as  2  to  3 

and  the  angles  q  and  9  are  often  nearly  equal. 
Hence,  neither  of  these  effects  can  be  ignored 
a  priori. 

In  the  present  section  we  will  describe 
the  dependence  of  the  wake  width  on  a  number 
of  parameters  which  describe  the  combustion 
chamber  and  will  then  comment  on  the  impli¬ 
cations  of  these  results  with  regard  to  com¬ 
bustion  efficiency  and  the  turbulent  entrainment 
velocity. 

Flame  Spreading.  The  spreading  rate  of 
the  flame  is  a  very  strong  function  of  the  con¬ 
dition  of  the  flame.  When  the  flame  is  lami¬ 
nar,  the  flame  width  is  a  strong  function  of 
laminar  flame  speed  and  turbulence  level  in  the 
approach  stream.  E.g.,  Lefebvre  (Reference 
21.22),  and  Wohl  et  al  (Reference  21.23). 
However,  at  higher  speeds  and  Reynolds  num¬ 
bers,  the  flame  becomes  turbulent  under  the 
same  conditions  that  the  mixing  layers  become 
turbxilent  and  the  dependence  of  flame  shape  on 
molecular  transport  processes  becomes  negli¬ 
gible. 


This  transition  is  illustrated  by  the 
Schlieren  photographs  of  Figure  21.4.8  and  by 
the  data  shown  in  Table  21.5.1,  taken  from 
Thurston  (Reference  21.24).  He  examined 
flame  spreading  in  a  rectangular  duct  (about 
15  cm  by  7.5  cm  in  cross  section)  and  used 
several  cooled  circular  cylinders  as  flame 
holders.  The  data  of  this  table  show  the  wake 
width  and  velocity  ratios  measured  near  the 
downstream  end  of  the  recirculation  zone  (Sub¬ 
script  2)  at  about  4  cm  and  at  a  station  37  cm 
downstream  of  the  holder  (Subscript  3  7).  The 
outer  edge  of  the  flame  defined  in  schlieren 


21-23 


m/sec 

^2 

^1 

'^2 

H 

^7 

^1 

W 

37 

H 

30 

1.  09 

.  23 

1.  55 

.  40 

60 

1.  06 

.  22 

1.  34 

.  34 

80 

1.  06 

.  21 

1.31 

.  33 

100 

1.  05 

.21 

1.  29 

.  33 

120 

1.  04 

.21 

1. 27 

.  33 

140 

1.  04 

.21 

1. 27 

.  33 

Table  21.5.  1  Variation  With  Approach  Speed  of 
Velocity  Ratio  and  Wake  Width  at 
the  Downstream  End  of  Recircula¬ 
tion  Zone  (Sub  2),  and  at  3  7  cm 
(Sub  37)  from  Flame  Holder.  Duct 
About  15  cm  by  7.  5  cm  With  0.  32  cm 
Diameter  Cylinder  Spanning  the 
7.  5  cm  Dimension.  Stoichiometric 
Fuel-Air  Ratio. 


photographs,  and  averaged  through  its  bumpy 
surface  was  used  to  determine  the  wake  width. 
Total  and  static  pressure  measurements  were 
made  as  a  function  of  axial  position  and  the 
velocity  in  the  unburnt  flow  was  determined 
from  the  pressure  measurements. 

Note  in  Table  21.  5.  1  that  as  the  approach 
speed  Vj  is  increased  from  30  m/sec  (at  the 

beginning  of  the  transition  to  turbulence)  to  60 
m/sec,  the  wake  width  at  the  3  7  cm  station 
decreases  by  about  15  percent.  A  similar  dou¬ 
bling  of  speeds  to  120  m/sec  produces  a  much 
smaller  change.  Similarly,  at  x  =  37  cm,  the 
ratio  of  the  velocity  to  the  approach  stream 
speed  decreases  rapidly  at  first  and  then  ap¬ 
proaches  a  constant  value.  Further,  of  the  6 
percent  velocity  reduction  which  cccurs  as  the 
approach  speed  is  changed  from  60  to  120  m/sec, 
2  percent  is  evidently  caused  by  changes  which 
occur  in  the  neighborhood  of  the  recirculation 
zone,  e.  g.  ,  see  the  The  small 

changes  in  wake  width  and  velocity  ratio  ob¬ 
served  here  for  the  turbulent  flow  condition  are 
typical  of  measurements  obtained  in  the  turbulent 
regime  for  holder  sizes  in  the  range  0.  32  to  2.  54 
cm.  A  similar  transition  was  also  reported  in 
Reference  21.  19. 

The  spreading  rates  of  flames  stabilized 
on  bluff  body  flame  holders  operating  in  constant 
area  ducts  and  in  the  turbulent  regime  have  been 
determined  by  Wright  and  Zukoski  (Reference 
21.20),  as  a  function  of  the  approach  stream 
speed,  fuel-air  ratio,  temperature,  fuel  type  and 
flame  holder-duct  geometry.  Fortunately  for  the 
designer  of  afterburners,  the  observed  spreading 
rates  have  been  found  to  be  almost  independent 
of  these  parameters.  Typical  results  are  shown 
in  Figure  21.5.3  taken  from  (Reference  21.20). 

In  Figure  21.  5.3a,  the  dependence  of  wake 
width  on  fuel-air  ratio  is  shown.  In  this  range 
of  equivalence  ratios,  the  laminar  flame  speed 
for  a  typical  hydrocarbon  fuel  has  a  maximum 
near  an  equivalence  ratio  of  1.  10  and  would  de¬ 
crease  to  about  60  percent  of  the  maximum  value 
for  0  -  0.  75.  Similarly  for  the  temperature  in¬ 
crease  shown  in  Figure  21.5.3b,  the  laminar 
flame  speed  would  increase  by  factors  of  about 
2  or  more.  Finally,  the  laminar  flame  speed 
for  hydrogen-air  mixtures  is  of  the  order  of  10 


times  that  of  the  hydrocarbon  fuel  used  in 
these  tests.  Despite  these  changes  in  param¬ 
eters  which  produce  large  changes  in  laminar 
flame  speed,  little  change  is  observed  in  flame 
geometry.  The  lack  of  change  in  Figure 
21.5,3c  is  particularly  interesting. 
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Figure  21.5.3  Dependence  of  Flame  Width  on 
Fuel-Air  Ratio,  Approach 
Stream  Temperatures  and  F\iel 
Type.  Holder  is  a  1/8  Inch 
Circular  Cylinder  and  Width  is 
Measured  15  Inches  From  Hold¬ 
er. 

Similar  results  concerning  the  very  weak 
dependence  of  flame  geometry  on  approach 
stream  speed  and  fuel-air  ratio  are  reported 
by  Williams  et  al  (Reference  21.  19),  and  also 
by  Solntsev  (Reference  21,21)  who  carried  out 
experiments  in  much  larger  scale  apparatus. 
The  former  measurements  were  made  from 
schlieren  photographs  and  Solntsev  used  photo¬ 
graphs,  and  also  temperature,  oxygen  concen¬ 
tration  and  ion  density  profiles  to  determine 
the  widths.  Thus,  it  is  clear  that  the  mea¬ 
surements  described  above  are  general  and 
that  the  laminar  flame  speed  and  presumably 
other  molecular  transport  processes  are  not 
important  in  fixing  the  geometry  of  the  spread¬ 
ing  turbulent  flame. 

The  dependence  of  flame  geometry  on  the 
turbulence  level  of  the  unburnt  mixture  is  less 
clear.  The  experiments  of  Williams  et  al 
showed  a  very  w'eak  dependence  in  small  scale 
experiments  where  as  Solntsev  found  a  some¬ 
what  larger  dependence  and  he  suggested  that 
the  entrainment  rate  of  the  turbulent  flame  is 
proportional  to  the  turbulence  level  in  the  un¬ 
burnt  flow. 

Experiments  carried  out  by  Wright  (Ref¬ 
erence  21.7)  in  which  high  subsonic  speeds 
were  observed  in  the  flow  past  the  wake  in¬ 
dicate  that  the  Mach  number  does  not  have  a 
large  effect  on  flame  geometry  as  long  as  the 
local  Mach  number  is  belo'v  0,8. 
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No  experiments  have  been  reported  which 
deal  directly  with  the  pressure  dependence  of 
the  flame  spreading  phenomena.  A  number  of 
experiments  have  been  made  of  complete  after¬ 
burner  systems  in  which  pressure  effects  were 
examined  and  were  found  to  have  strong  ef¬ 
fects  on  combustion  efficiency  when  the  pres¬ 
sure  fell  below  a  limiting  value.  (See  Refer¬ 
ence  E1.15.  )  However,  since  the  complete 
system  was  involved,  it  is  not  clear  which 
process,  injection,  flame  stabilization  or 
flame  spreading,  was  responsible  for  the  drop 
in  efficiency  as  the  pressure  was  reduced. 

The  Reynolds  number  is  reduced  when  the  pres¬ 
sure  falls  and  the  velocity  is  held  fixed.  Such 
a  reduction  could  cause  a  transition  from  tur¬ 
bulent  to  laminar  flow  which  would  hava  a  very 
adverse  effect  on  flame  spreading  and  combus¬ 
tion  efficiency  as  well  as  on  the  flame  stabili¬ 
zation  process.  In  addition,  Hottel  et  al  (Ref¬ 
erence  21.15)  suggest  that  a  pressure  reduc¬ 
tion  would  also  reduce  the  turbulence  level  of 
the  approach  stream  and  that  this  will  result 
in  a  reduction  of  the  flame  spreading  rate. 


width  are  small  despite  the  change  in  blockage 
ratio  from  1/48  to  1/3. 

If  we  compare  the  flame  geometry  of  a  single 
flame  holder  in  a  duct  with  the  flames  produced  by 
two  holders  of  the  same  scale  located  in  the  same 
duct,  each  flame  width  of  the  latter  configuration 
will  be  slightly  smaller  than  that  of  the  single  hold¬ 
er.  However,  the  fraction  burned  will  be  greatly 
increased  at  a  given  distance  downstream  of  the 
holder.  Hence,  if  stabilization  problems  are  not  a 
limiting  constraint,  increasing  the  number  of  hold¬ 
ers  would  always  improve  combustion  efficiency. 

This  situation  is  illustrated  by  the  data  of 
Solntsev  (Reference  21.  21)  which  are  shown  in  the 
sketches  of  Figures  21.  5.  1  and  21.  5.  5,  and  in 
Table  21.  5.  2.  The  sketches  show  flame  boundaries 
and  temperature  profiles  for  two  flame  holder  con¬ 
figurations  placed  in  the  same  3  00  cm  high  duct. 

In  Figure  21.  5.  I,  th'’  holder  is  a  30°  half 
angle  wedge  with  a  mm  base  height;  in  Figure 
21.  5.  5,  three  30°  half  angle  wedges  are  used. 

Wake  widths  are  presented  as  a  fraction  of  the  duct 
height  and  for  a  number  of  axial  positions  in  Table 
21. 5.  2.  The  duct  height  used  in  present¬ 
ing  the  3  flame  holder  data  is  divided  by  3 
so  that  each  holder  is  charged  with  its 
equivalent  duct  height.  The  flame  fronts, 
for  the  three  holder  configurations  begin 
to  merge  near  x/H  of  1.  3  and  combustion 
is  complete  before  the  x/H  =2.8  station 
at  which  the  flame  width  of  the  single  hold¬ 
er  configuration  is  less  than  75  percent  of 
the  duct  height.  If  we  normalize  the 
wakes  widths  and  axial  positions  by  the 
height  of  the  duct  occupied  by  each  holder, 
i.e.  ,  by  300  mm  for  the  single  holder  and 
100  mm  for  the  three  holder  configura¬ 
tion,  the  systems  look  more  similar. 

Thus,  the  flames  occupy  about  65  percent 


Figure  21.5.4  Flame  Shapes  for  Flame  Holders 
of  Several  Sizes  in  a  Duct  of 
Fixed  Size,  V  =  300  ft/sec, 

0  =  1.0,  H  =  15  cm. 


The  dependence  of  flame  geometry  on 
flame  holder-duct  geometry  is  weak  and  com¬ 
plicated.  The  wake  width  at  a  given  distance 
downstream  from  flame  holder  in  a  duct  of  fix¬ 
ed  size  does  increase  slowly  as  the  flame  hold¬ 
er  scale  is  increased.  However,  at  distances 
greater  than  several  recirculation  zone  lengths 
of  the  larger  holder,  wake  widths  are  almost 
independent  of  holder  scale.  Thus,  an  increase 
in  blockage  for  a  flame  holder  of  fixed  size 
will  cause  a  slight  decrease  in  the  flame  spread¬ 
ing  rate. 

Data  which  illustrate  this  result  are  shown 
in  Figure  21.5.4  and  are  taken  from  Reference 
21.20.  Flame  boundaries  are  shown  for  flames 
stabilized  in  a  rectangular  duct  (15  cm  high  by 
7.  5  cm  wide)  for  five  cooled  circular  cylinders 
with  diameters  of  0.32,  0.63,  1.27,  2.54,  and 
5  cm.  The  outer  edge  of  the  flame,  determin¬ 
ed  from  schlieren  photographs  and  normalized 
by  the  duct  height  H  of  15  cm,  is  given  as  a 
function  of  axial  position  which  is  also  normal¬ 
ized  by  the  duct  height.  The  large  initial  dif¬ 
ferences  are  due  to  differences  in  the  width  of 
the  recirculation  zone,  discussed  earlier.  How¬ 
ever,  farther  downstream  the  boundaries  begin 
to  merge  and  at  x/H  of  5  the  differences  in  wake 


Figure  21.  5.  5  Sketch  of  Flame  Edge  and  Tempera¬ 
ture  Profiles  for  a  Three  Flame 
Holder  Array.  Reference  21.21. 
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Table  21.5.2  Comparison  of  Flame  Widths  for 
30°  Half  Angle  Wedge  Holders  in 
a  Duct  of  300  mm  'Height,  H. 
Subscript  (1):  One  Single  70  mm 
Holder;  Subscript  (3):  Three 
30  mm  Holders. 
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of  their  ducts  zit  a  station  one  equivalent  duct 
height  downstream  of  the  holder. 

Entrainment  Rates.  The  entrainment  rate 
of  the  flame  can  be  determined  from  knowledge 
of  the  flame  geometry  and  the  pressure  and 
velocity  field  produced  by  the  flame.  However, 
the  entrainment  rates  determined  by  this  meth¬ 
od  are  very  strongly  dependent  on  the  defini¬ 
tion  used  for  selection  of  the  flame  front  posi¬ 
tion  and  on  a  number  of  corrections.  To  il¬ 
lustrate  the  process,  we  show  a  set  of  calcu¬ 
lations  made  from  the  data  of  Thurston  (Ref¬ 
erence  21. 24). 

Consider  the  sketch  shown  above  in 
Figure  21.5.2  and  the  data  presented  in  Table 
21.5.3.  Values  of  experimental  parameters 
and  the  angles  a,  p  and  9  calculated  from  Equa¬ 
tions  21.5,1  and  21.5.2  are  presented  in  the 
Uible  for  three  flame  holders  of  diameter, 

D  and  a  range  of  approach  stream  speed.s, 

Vj.  Calculated  values  of  the  entrainment 
speed  are  given  in  the  last  column. 

The  entrainment  rate  per  unit  area  of  the 

flame  is  pu  which  we  showed  earlier,  see 
^  n 

Equation  21.5.3,  was  given  by 


Entrainment  Rate  =  pu^  =  pV  sin  (3 
and  when  ^  is  small 

Entrainment  Rate  =  pV'  (3 


One  interesting  result  shown  below  in  Table 
21.5.2  is  that  the  entrainment  angle  p  is  al¬ 
most  independent  of  approach  stream  speed  and 
flame  holder  blockage  when  the  flame  is  turbu¬ 
lent.  The  values  of  p  lie  around  0.  02  with  a 
scatter  of  at  least  .  005  or  25  percent.  Some 
of  the  data  used  to  calculate  values  of  p  =  a  -  9 
are  also  shown  in  the  table.  Examination  of 
the  quantities  shows  that  P  is  constant  despite 
substantial  changes  in  these  quantities  which  re¬ 
sult  from  changes  in  flame  holder  diameter  D. 
Note  also  that  p  changes  only  slightly  when  the 
speed  of  the  approaching  stream  is  increas¬ 
ed  by  a  factor  of  2. 

The  large  scatter  is  due  to  the  rather  ar¬ 
bitrary  definition  of  the  flame  width  W  and 


uncertainties  in  estimation  of  the  slopes  for  W 
and  Cp  which  appear  in  calculation  of  a  and  9. 
Notice  that  in  most  cases  the  velocity  vector  V 
is  turned  away  from  the  axis  through  an  angle 
9  which  is  roughly  half  of  a,  the  angle  between 
the  spreading  flame  front  and  the  axis  of  the 
duct.  Because  0  is  greater  than  the  angle  p 
for  many  of  the  conditions  presented  here,  we 
must  expect  large  errors  in  p  from  this  source. 
In  addition,  the  boundary  layers  growing  on  the 
walls  of  the  combustion  chamber  will  also  pro¬ 
duce  an  acceleration  of  the  flow  by  reducing 
the  effective  cross  section  area  of  the  duct  and 
hence  must  be  taken  into  account  in  calculating 
the  angle  9.  For  the  data  presented  in  Table 
21.5.2,  the  growth  of  the  displacement  thick¬ 
ness  on  the  top  wall  of  the  duct  would  decrease 
9  and  hence  increase  p  by  about  .  002  radians. 
Side  wall  boundary  layers  will  have  a  similar 
effect.  Hence,  we  expect  the  entrainment  ve¬ 
locity  for  those  experiments  is  about  .  025 
.  007  of  the  local  unburnt  gas  speed. 


The  entrainment  rate  can  also  be  obtained 
directly  from  the  flame  width  and  velocity  data 
by  a  different  mass  balance  technique.  The 
idea  here  is  to  measure  the  mass  flow  of  the 
unburnt  gas  outside  the  flame  as  a  function  of 
axial  position.  The  rate  of  change  of  this  flow 
rate  *^c  with  axial  position  can  then  be  used 
to  determine  the  entrainment  rate.  W'hen  a  is 
small,  the  entrainment  rate  per  unit  area  at  one 
side  of  the  flame  is  (- 1 /2 )(dm^- /dx)  and  it  can  be 
expressed  in  terms  of  the  total  mass  flow 
rh^  =  p  VjH  as: 


(3 


n 

V 


H 

2 


-1. 

dx 


Measurements  of  rh^  of  the  type  required  were 
carried  out  by  Thurston  (Reference  21.  24)  for  one 
of  the  experiments  reported  in  Table  21.  5.  2.  An 
estimate  of  p  based  on  the  above  equation  and 
Thurston's  data  was  0.  027  for  the  0.  32  cm  flame 
holder.  The  agreement  of  the  two  methods  is 
close  considering  all  the  uncertainties. 


The  entrainment  rate  of  a  turbulent  flame 
will  certainly  depend  on  a  number  of  parameters 
not  changed  in  the  experiments  described  here  and 
hence  this  value  for  p  cannot  be  viewed  as  having 
any  general  applicability.  However,  the  small 
rate  of  entrainment  is  of  general  interest  and 
probably  represents  the  lower  bound  of  values  for 
entrainment  in  a  low  turbulence  experiment. 


D 

cm 

'^l 

m/sec 

C  ,-7 

p3  7 

8C 

_ E 

9x 

1  /cm 

(H  -  W) 

2 

cm 

aw 

ax 

a 

0 

P 

u„/V 

u 

n 

m/sec 

.  32 

30 

1.  40 

.  040 

4.  6 

.  140 

.  070 

.  040 

.  030 

1. 4 

.  32 

60 

.  80 

.  020 

5.  0 

.  086 

.  043 

.  028 

.015 

1.2 

.  32 

120 

.  62 

.  016 

5.  1 

.  090 

.  045 

.  025 

.  020 

3.  1 

.  32 

140 

.  62 

.  016 

5.  1 

.  090 

.  045 

.  025 

.  020 

3.  6 

.  64 

60 

.  87 

,  015 

4.  9 

.  076 

.  038 

.  019 

.  019 

1.  6 

.  64 

120 

.  70 

.  013 

5.  0 

.  062 

.  03  1 

.  01 1 

.  020 

3.  1 

1.  27 

60 

1.  10 

.  014 

4.  h 

.  066 

.  033 

.  015 

.  018 

1.  6 

1.27 

120 

.  96 

.010 

4.  6 

.  0b5 

.  03  1 

.  012 

.  021 

3.  5 

Table  21.5.3  Parameters  Used  in  the  Calculation  of  Entrainnient  Velocity  for 

Stoichiometric  Fuel-Air  Ratio.  Data  from  Thurston  (Reference  21.24). 
Note,  No  Boundary  Layer  Correction  Has  Been  Made  for  d- 


I 

21.  S.  2  ONE-DIMENSIONAL  HEAT  RELEASE 

As  a  first  crude  approximation  for  the 
processes  occurring  in  the  combustion  chamber 
of  an  afterburner,  it  is  convenient  to  investi¬ 
gate  the  process  of  heat  addition  in  simple, 
one-dimensional  channel  flow.  The  calcula- 
^  tion  will  be  carried  out  with  the  assumption 

that  the  heat  is  added  uniformly  across  the 
channel. 

Differential  Relations.  The  aim  of  the 
calculations  is  to  illustrate  the  variation  of 
the  variables  as  heat  is  added;  of  particular 
I  interest  are  the  dependence  of  stagnation  pres- 

I  sure  and  Mach  number  on  the  stagnation  en¬ 

thalpy  or  temperature.  We  will  first  consider 
the  process  when  the  assumption  of  constant 
channel  area  is  made;  later,  expressions  in¬ 
cluding  the  variation  of  area  will  be  derived. 

Referring  to  Figure  21.5.2.3,  a  quanti¬ 
ty  of  heat  dH  is  added  between  two  control 
1  planes  separated  by  a  distance  dx.  It  is  as¬ 

sumed  that  no  change  in  the  initial  conditions, 
u,p,p,  T,M  is  invoked  by  this  addition  of  heat. 
Therefore,  the  flow  process  may  be  described 
by  the  laws  of  continuity,  momentum,  and 
energy  transport 


d(pu)  =  0 
(pu)du  +  dp  =  0 


u 


T 

M 


u  +  du 
p  +  dp 
p  +  dp 
T  +  dX 
M  +  dM 


Figure  21.5.6  One-dimensional  flow  of  gas 
with  infinitesimal  heat  addi¬ 
tion. 


C  dX  +  udu  =  dH  =  C  dX,  (21.5.4) 

P  P  t 

and  the  equation  of  state  for  a  perfect  gas, 
p  =  pRX  . 

Xhe  change  of  gas  velocity  accompanying  an 
addition  of  heat  may  be  found  by  eliminating 
the  temperature  variation  from  the  energy 
equation,  using  the  equation  of  state-. 

udu  C  X(^  -  =  dH  .  (21.5.5) 

P  P  P 

Now  computing  dp/p  =  -udu/RT  and  dp/p  = 
-du/u  from  the  momentum  and  continuity  equa¬ 
tions,  respectively,  it  follows,  upon  collecting 
and  rearranging  terms,  that 


du 

u 


2  dH 

•  -  C  T 

M  -  1  p 


(21.5.  6) 


The  result  indicates  that  the  variation  of  gas 
velocity  with  heat  addition  depends  critically 
upon  the  Mach  number  of  the  flow  at  the 
point  of  heat  addition.  The  velocity  increases 
with  heat  addition  for  subsonic  flow  and  de¬ 


creases  with  heat  addition  for  supersonic  flow. 
This  distiction  between  the  behavior  of  flow  at 
subsonic  and  supersonic  velocities  is  some¬ 
what  reminiscent  of  that  which  occurs  in  the 
behavior  of  the  velocity  during  a  contraction 
of  the  channel  cross-section  in  isentropic  flow. 

The  pressure  variation  may  be  computed 
directly  from  the  momentum  relation  as, 

udu  =  .  ia^  ^  ,  (21.  5.  7) 

y  P  ' 

and  employing  the  equation  (21.5.6)  for  the 
velocity  variation, 

^  +  YM^  /  dH  \  (21.5.8) 

P  M^-1  ^  C  T  ' 

P 

The  addition  of  heat  causes  a  drop  in  gas 
pressure  for  subsonic  velocities  which  becomes 
progressively  more  severe  as  the  Mach  num¬ 
ber  approaches  unity. 

The  static  temperature  is  found  by  writ¬ 
ing  the  logarithmic  derivative  of  the  equation 
of  state  as: 

dT  _  d£ 

X  "  p  ■  p 

and  substituting  for  terms  on  the  right  from 
continuity  and  momentum  equations,  t)tis  gives 


or,  substituting  from  (21.5.6)  for  the  velocity 
variation. 


/’yM^-l' 

\f  dH 

'U^-i , 

/x  X 

(21.  5.9) 


2  2 

Xhe  factor  ( yM  -1)/(M  -1)  exhibits  two 
changes  of  sign  because  the  numerator  and 
de^iominator  pass  through  zero  at  M‘  =  1  /  y  and 
M  =  1,  respectively.  So  long  as  M‘’<  1/y, 
the  temperature  rises  with  the  addition  of  heat, 
which  is  the  trend  naturally  to  be  expected. 
However,  as  the  Mach  number  increases,  but 
remains  in  the  range  I/y  <  <  1,  the  tem¬ 

perature  decreases  as  heat  is  added  to  the  gas, 
a  result  which  is  not  at  all  obvious  physically 
and  requires  a  bit  closer  investigation.  Fin¬ 
ally,  when  M>  1,  the  static  temperature  again 
increases  with  dH,  as  would  be  expected. 


Xhe  energy  equation  (21.5.4),  indicates 
the  proportion  of  a  heat  increment  dH  which 
appears  as  gas  enthalpy,  CpdX,  and  that  which 
appears  as  Icinetic  energy  of  mean  motion,  udu. 
Expressing  the  differentials  du  and  dX  in  terms 
of  dH  and  simplifying  the  result,  it  is  found 
that 


(Y 


dl^  (21.  5.  10) 
X 


increment  of  increment  of 
kinetic  energy  gas  enthalpy 
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so  that  a  portion 


) 


of  the  added  en¬ 


ergy  dH  is  devoted  to  increasing  the  kinetic 

/  1  -  v 

energy  of  the  gas,  while  a  portion  (  * — 5- 

^  1- 


appears  as  the  enthalpy  of  the  gas.  Now 
clearly,  as  the  Mach  number  increases,  the 
amount  of  heat  required  to  supply  the  kinetic 
energy  increases  until,  at  =  l/y,  the  en¬ 
tire  heat  addition  is  required  to  supply  the 
kinetic  energy  alone,  with  the  result  that  the 
gas  enthalpy  cannot  change.  Further  increase 
of  Mach  number  increases  the  kinetic  energy 
requirement  even  more,  so  that  a  portion  of 
it  must  be  furnished  by  the  gas  enthalpy  it¬ 
self,  As  a  consequence,  the  gas  tempera¬ 
ture  decreases. 


The  situation  is  clear  for  supersonic 
flow.  Here,  the  gas  velocity  decreases  as 
heat  is  added,  with  the  result  that  all  of  the 
heat  which  is  added,  plus  that  resulting  from 
kinetic  energy  reduction,  is  available  to  in¬ 
crease  the  gas  enthalpy.  The  enthalpy  in¬ 
crease  is 

r  j  +  (y  -  MM  "Ijj^  ^ 

^  M  -  1 


and  hence  is  in  excess  of  the  amount  sup- 
pliied.  Note  that  the  ratio  of  the  quantity 
of  heat  passing  to  kinetic  energy,  to  that 
passing  to  gas  enthalpy,  is  given  by 

kinetic  energy  increment  _  T  (  v  -  1 )  M^  ~|  , 
gas  enthalpy  increment  "I  j  j^2  J 

(21,  5,  11) 

and  hence  is  a  function  of  the  Mach  number 
alone. 

It  is  a  simple  matter  now  to  compute 
the  change  of  Mach  number  with  heat  addi¬ 
tion;  logarithmic  differentation  indicates  that 

dM  ^  ±  dT 

M  ■  u  ■  2  T 


or,  more  simply. 


Pt 


dH 
c  T. 
P  t 


(21,  5,  13) 


It  is  evident  that  stagnation  pressure  drops 
with  heat  addition  and  that  the  rate  depends 
very  strongly  on  the  Mach  number  at  which 
the  heat  is  added. 


The  results  derived  in  the  previous  para¬ 
graphs  concern  heat  addition  in  a  constant 
area  channel.  The  effect  of  simultaneous 
changes  in  area  and  total  gas  enthalpy  are 
also  of  interest  and  may  be  simply  derived  on 
the  basis  of  the  following  considerations.  Let 
the  Mach  number,  for  example,  be  considered 
to  be  a  function  of  both  area  and  stagnation 
temperature.  Then, 


dM 


( aM 

■  WT, 


t^ 


dTj,  + 


/3M\ 

\aAL 


dA 


However,  the  quantity  (9M/9T^)  is  obtained 
from  (21,5,12)  since  the  derivative  given  in 
the  latter  equation  was  obtained  with  the  area 
held  fixed.  Thus, 


(BM\ 


1  -  M 


Similarly,  the  quantity  (9M/9A)_  was  pre- 

^t 

viously  obtained  during  study  of  isentropic 
channel  flow,  and  is  given  by: 

-2, 


^9M\  (TA' 

V9A/_.  ~  \A  . 


1  +  ^  ^  ^  M*" 
1  -  M^ 


Therefore, 


“ym  1 

dM  _  /  1  (l+yM^)\/' dH',',  (  *  M^\dA 

^  „.^2jlcpT;  j.^2  )  A  , 


Combining  the  known  values  of  du/u  and 
dT/T  from  eqs,  (21,5,6)  and  (21,5,9),  the 
formula  for  dM/M  is  simply 


dM  W  I  +  y  M^  \  dH 

M  ""  2  \  ,  ,,2  /  C  T  • 

1-  M  p 


(21.  5.  12) 


It  is  clear  from  eq.  (21.5.  12)  that  heat  ad* 
dition  always  brings  the  flow  toward  a  Mach 
number  of  unity,  that  is.  heat  addition  re¬ 
sults  in  a  Mach  number  increase  for  sub¬ 
sonic  flow  and  a  Mach  number  decrease  for 
supersonic  flow. 


The  variation  of  stagnation  pressure  can 
now  be  simply  determined  by  taking  the  log¬ 
arithmic  derivative  of: 


p  V 


1  + 


and  substituting  for  the  appropriate  results 
given  above.  Then  it  is  found  that 


^  /(-y/2)M^  \  dH 

P, 


The  results  for  other  parameters  of  interest 
are: 


(21,  5,  14) 
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Use  of  these  equations  makes  possible  a  deter¬ 
mination  of  the  local  rate  of  changes  of  the 
various  parameters  when  both  heat  addition, 
dH,  and  area  change,  dA,  are  made.  Note, 
although,  that  dM/M,  dp/p,  dT/T,  dp/p  may 
be  held  constant  by  appropriate  matching  of  the 
variation  of  dH/c^T  and  dA/A.  For  example, 

if  dH/c  T  =  dA/A,  then  the  static  pressure  and 
P 

velocity  remain  constant.  However,  the  ratio 
dpj/p^  is  always  finite  and  negative. 

The  equations  cannot  be  used  in  general 
to  abstain  algebraic  solutions  for  the  flow  field 
in  a  duct  of  specified  area  variation  and  heat 
addition.  However,  they  can  be  used  in  numer¬ 
ical  calculations. 

Integrated  Relations.  The  equations  for 
heat  addition  in  constant  area  channel  flows 
can  be  integrated  to  give  the  changes  in  the 
variables  of  interest  which  occur  when  heat  is 
added  or  the  equations  for  conservation  of  en¬ 
ergy  momentum  and  mass  can  be  applied  di¬ 
rectly  across  the  heat  addition  zone.  The 
results  are: 


(2J.  5.  15) 


These  equations  are  also  discussed  in  Section 
2.17.3.  They  are  given  in  terms  of  and 
M2,  whereas  in  most  problems  of  interest, 

the  heat  addition  (AH/c  T,,)  and  M,  will  be 
pit  i 

the  specified  quantities.  Since  elimination  of 
M2  from  the  above  equations  is  algebraically 
complicated,  we  need  to  express  the  results 
numerically  in  order  to  obtain  a  directly  use¬ 
ful  form. 


2.  18)  of  one-dimensional,  isentropic,  channel 
flow. 


In  the  above  equations,  for  example, 

becomes  P^.,  '^^comes  P^*;  Mj  becomes 

M  and  M2  becomes  1.0.  Values  of  Pj/p^.*, 
p/p*,  T/T  ,  and  T^/T^*  are  given  in  Table 

(21.5.4)  as  a  function  of  initial  Mach  number 
M,  and  for  y  =  1.40.  The  variation  with  y 
is  small  in  subsonic  regions,  but  becomes  im¬ 
portant  when  M  >  1.5.  Also  note  the  rapid 
increase  in  p^/p^*  for  supersonic  speeds. 


The  table  or  a  plot  may  be  used  to  obtain 
solutions  of  problems  involving  uniform  heat 
addition  in  a  channel  of  constant  cross-section. 
Note  that  the  starred  quantities  are  functions 
of  the  initial  conditions,  e.g.,  T*  =  T* {M^,  T^^,  y], 

a.-’d  hence  vary  in  magnitude  as  M^  and  T^^ 

are  changed.  The  tabulated  values  can  be 
used  in  the  following  manner.  Assume  con¬ 
ditions  at  the  inlet  and  total  temperature  ratio 
across  the  burner  are  given.  Then: 


-21 

'2t 


3t 


3t 


X  «  T  * 
3t  2t 


2t 

'2t 


Since  a  constant  mass  flow,  constant  area 
burner  is  used. 


and 


T3t"  =  ''2t*  =  V 


But  if  is  specified,  found 

from  the  table  and  consequently 

can  be  evaluated.  Given  this  result,  the 
other  properties  at  (3)  can  be  determined. 
Consider  a  few  examples: 


Example  1:  Eet  Mj  =  0,2;  we  ask  how 

much  heat  can  be  added  to  the  flow  if  heat 
addition  is  limited  by  choking  the  flow.  Since 

the  final  Mach  number  is  one,  T,.  = 

t  max  t 

and  from  Table  21,  3. 1, 


'  i  -58 

\  Tj  /  ■  \  0.  173  55  /  '  • 

Thus,  the  total  temperature  of  the  flow  may 
be  increased  by  a  factor  of  5.8.  The  total 
pressure  ratio  across  the  area  of  heat  addi¬ 
tion  is: 


Ptl  .  _ L— 

\  ”  \  1,  2346  2 


0.  dl  , 


Pick  state  (1)  as  the  initial  condition 
corresponding  to  a  Mach  number  M  at  the 
start  of  heat  addition  in  a  constant  area  duct. 
Define  a  second  state,  denoted  by  a  super 
at  which  heat  addition  has  been  sufficient  to 
drive  the  Mach  number  to  one.  This  state 
is  to  be  used  as  a  reference  condition  in  a 
manner  analogous  to  the  A-^  state  (of  Section 


Example  2;  We  wish  to 
number  change  and  stagnation 
across  a  combustion  chamber 
and  =  4.  Then 


it 


_  lit  V' 

^21  '  V  "'^21 


determine 

pressure 

when 


4 


Mach 
ratio 
=  0.  2 
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TABLE  (21.5.4)  FRICTIONLESS,  CONSTANT-AREA  FLOW  WITH  CHANGE  IN 
;  STAGNATION  TEMPERATURE  (perfect  Gas,  y  =  1.4  exactly) 


r . 

r 

r 


r. 


p 


M 

T^/T. 

T/T- 

p/p" 

P/P* 

M 

Tj/T* 

T/T* 

p/p* 

Pj/P^ 

A 

.  02 

. 00192 

. 00230 

2. 3987 

1. 2675 

.  62 

. 83982 

.  93585 

1.  5603 

1.06821 

.  04 

. 00765 

. 00917 

2. 3946 

1. 2665 

.64 

. 86920 

.  95298 

1.  5253 

1.  06146 

.  06 

.01712 

. 02053 

2.  3880 

1.  2647 

.66 

. 87709 

.96816 

1. 4908 

1.  05502 

.  08 

. 03021 

. 03621 

2.  3787 

1. 2623 

.68 

. 89350 

.98144 

1.4569 

1, 04890 

.  10 

. 04678 

.  05602 

2.  3669 

1. 2591 

.  70 

.90850 

.99289 

1,4235 

1, 04310 

.  12 

. 06661 

. 07970 

2.  3526 

1.  2554 

.  72 

.92212 

1. 00260 

1. 3907 

1.03  764 

.  14 

. 08947 

. 10695 

2.  3359 

1.  2510 
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and 


‘3t 


2t 

Tt^-^ 


4  =  0.  17355  X  4  =  0.  695 


Then. 


M, 


1.  15 


The  Mach  number  corresponding  to  this  value 
0.  50.  Consequently,  M^  =  0.  50, 


of  Tj/T^ 
and 


3t 

^2t 


3t 


hi 

Pzt 


1.114 
1. 235 


=  0.  90 


Example  3:  The  total  temperature  of  a 

stream  is  to  be  increased  by  50  percent.  We 
wish  to  compare  the  total  pressure  loss  if  the 
heat  is  added  at  Mach  3.0  and  0.3.  For  the 
high  Mach  number  case, 


T  /T 
3t'  2t 


1.5 


h± 

P2t 


P3t^Pt* 

PzTV' 


1.  01 

3.42 


=  0.296  . 


For  the  low  Mach  number  case. 


Mj  =  0.  40 


and 


hi 

P2t 


1.  16 

1. 20 


=  0.  97 


Obviously,  supersonic  heat  addition  causes  a 
much  greater  reduction  in  total  pressure. 


therefore 


^3t/^r 


1.5  X  0.  654  =  0.  9M 


Thermal  Choking.  If  the  heat  addition  for 
Example  1  had  been  greater  than  (4.  STj^),  the 


,  f.  ■  1..  : 
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tables  give  no  solution.  This  is  a  result  of  the 
fact  that  as  heat  is  added  to  a  subsonic  flow  of 
constant  cross-sectional  area,  the  Mach  number 
approaches  unity.  If  more  heat  is  added,  the 
Mach  number  at  the  channel  exit  will  remain  at 
the  value  unity,  but  the  upstream  boundary  con¬ 
dition  must  change  so  that  the  ratio 

{Mj3]  corresponds  to  the  actual  heat  addition. 

For  example,  if  heat  addition  in  Example  1  had 
been  (5.32)Tj^,  then  +(5.32)Tj^,  or 

=  1/6.32  =  0.  158,  and  the  value  of  Mj 
would  drop  from  0.2  to  0.  19. 

21.5.3  TWO-DIMENSIONAL  HEAT  ADDITION 
CALCULATIONS 

In  this  section  we  want  to  calculate  the 
effect  on  the  flow  parameters  of  heat  addition 
from  a  spreading  flanne  in  a  constant  cross 
section  duct.  Although  the  calculations  are  ide¬ 
alized  they  give  a  more  realistic  picture  of  heat 
addition  than  the  one-dimensional  calculation  de¬ 
scribed  above.  We  start  with  a  brief  descrip¬ 
tion  of  flow  across  a  flame  sheet  and  proceed 
to  a  discussion  of  heat  addition  at  a  thin  flame 
which  is  spreading  across  a  constant  area  duct. 
Following  this  analysis,  a  brief  description  is 
given  of  the  effects  of  the  flame  holder  and  of 
compressibility.  Finally,  problems  involved 
with  calculation  of  the  flame  geometry  are  de¬ 
scribed  briefly. 

Flow  Across  a  Flame  Sheet.  Before  ex¬ 
amining  the  geometric  spreading  of  a  flame  in 
a  duct  it  is  interesting  to  examine  the  processes 
occuring  at  a  flame  front.  Consider  the  sketch 
of  Figure  21.5.7.  Unburnt  gas  with  velocity 
approaches  the  flame  front  which  makes  a 

small  angle  a  with  respect  to  the  axis  of  the 
combustion  chamber.  After  passing  through  the 
flame,  the  velocity  is  and  the  density  is  p  . 


Figure  21.5.7  Sketch  of  Velocity  Change  Across 
an  Infinitely  Thin  Flame. 


Subscripts  n  and  p  denote  components  of  veloc¬ 
ity  normal  and  parallel  to  the  flame.  We  can 
apply  the  continuity  equation  and  the  two  momen¬ 
tum  equations  to  determine  the  relationship  of 
the  vector  components  and  the  static  pressure. 

We  consider  an  incompressible  flow  and  re¬ 
place  the  energy  equation  with  the  statement 
that  the  density  ratio  X  =  pj^/p^  is  a  given  quan¬ 
tity.  The  three  equations  are: 

p  V  =  p,  V, 

'^c  cn  '^h  hn 


P  V"  +  P„  =  PuV,  +  P, 


(p  V  )V  =  (p.V,  )V. 

cn  cp  hn  hp 


These  equations  can  be  manipulated  to  give: 


hn 


ph 


V  =  V. 
cp  hp 


P  -  P,  /V 
c _ h  J  cn 


>  (21.5.16) 


P  V 
'^c  c 


2  n 


i 

\ 


The  total  pressure  loss  can  be  written  as: 


i  ("c  c 

(21.  5.  17) 


The  major  problem  which  arises  in  computing 
flame  spreading  is  that  values  of  the  normal 
velocity  of  the  cold  stream  cannot  be  predicted 
accurately.  However,  some  idea  of  the  order 
of  magnitude  of  the  static  pressure  difference 
can  be  obtained  if  we  select  a  value  for  \, 
say  0.25,  and  use  the  value  of  0.025  for 

V  /  V  .  (The  latter  value  is  that  determined 
cn  c 

from  experimental  data  in  Section  21.5.  1  where 
the  velocity  ratio  was  called  p  or  u^/V). 

With  these  assumptions  the  pressure  jump  is 

.3 

less  than  2x10  of  the  dynamic  pressure  in 
the  cold  gas.  If  a  laminar  flame  speed  were 

used.  V  /V  would  be  even  smaller  for  con- 
'  cn  c 

ditions  of  interest.  Hence,  we  are  justified  in 
ignoring  the  effects  of  the  pressure  rise  on  the 
flow  field  and  can  assume  that  the  static  pres¬ 
sure  across  the  entire  duct  is  constant  for  the 
afterburner  flow  field.  (However,  if  one  is  ^ 
interested  in  laminar  flame  shapes  (V  /  V  y" 

may  be  made  as  large  as  we  wish  and  the 
pressure  difference  clearly  cannot  be  ignored.  ) 

In  addition,  when  V  <  <  V  ,  the  magni- 
cn  c  ® 

tudes  of  the  velocity  vectors  and  will  be 

approximately  equal  to  the  parallel  velocity  com¬ 
ponent  and  hence  they  will  be  equal.  That  is: 

V  K  W  =  V  ,  «  V,  .  The  total  pressure 

c  cp  ch  h  ^ 

change  (see  Equation  21.5.17)  reduces  to 
(1  -  X)  or  ( 1  -  /  p^)  and  is  produced  by  the 

change  in  the  density  due  to  heat  addition. 

Hence,  the  velocity  and  pressure  jumps  which 
occur  at  the  flame  front  are  often  negligibly 
small.  Given  these  results,  the  .velocity  pro¬ 
file  chosen  tor  the  following  study  and  the  as¬ 
sumption  that  pressure  only  depends  on  axial 
position  are  reasonable. 
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Idealized  Flame  Spread.  The  effects  of 
adding  heat  to  a  one-dimensional,  compressible 
flow  in  a  constant  area  duct  have  been  discuss¬ 
ed  above.  In  this  section  we  will  investigate 
the  effect  on  the  flow  of  heat  addition  by  a 
flame  spreading  from  the  center  of  a  constant 
area  duct. 

To  simplify  the  analysis,  first  consider  a 
flame  developing  in  a  two-dimensional  flow  of 
an  incompressible  gas.  Because  the  entrain¬ 
ment  rate  of  a  turbulent  flame  is  not  known, 
we  are  interested  in  describing  the  pressure 
drop,  velocity  profile  and  width  between  flame 
fronts  as  a  function  of  the  fraction  of  the  gas 
which  has  been  burned.  Even  though  the  dis¬ 
tance  required  to  obtain  complete  combustion 
cannot  be  obtained  from  this  analysis,  the  total 
pressure  loss,  flow  acceleration  and  a  rough 
idea  of  the  resulting  velocity  profile  can  be 
obtained.  The  approach  used  here  is  taken 
from  that  of  Tsien  (Reference  21.25)  whose 
work  was  based  on  profiles  suggested  by  the 
experiments  and  calculations  of  Scurlock  (Ref¬ 
erence  21 .  19). 


heat  addition  at  the  flame  is  taken  into  account 
by  specifying  that  the  burnt  stream  density  pj^ 

is  constant  and  is  given  by  The  y  com¬ 

ponent  of  velocity  is  ignored. 

Continuity  and  momentum  equations  are: 

rwz 

Pc'^l”  =  K  **1 

Jo  (21.5.18) 


(Pj  -  P)H  .  2j 


pV^dy] 


f)-  rhjVj 


(21.  5.  19) 


Here  the  subscript  (1)  refers  to  conditions  for 
upstream  of  the  flame.  The  Bernoulli  equation 
for  the  unburnt  stream  is: 


Tsien  proceeded  by  using  an  integral  ap¬ 
proach.  He  specified  the  shape  of  the  velocity 
profile  in  terms  of  the  width  of  the  burned  re¬ 
gion  W  and  two  velocity  parameters.  These 
unknown  parameters  and  a  pressure  parameter 
were  found  as  functions  of  the  fraction  of  the 
mass  flow  which  is  burned  at  any  station  by  use 
of  integrated  forms  of  the  continuity  equation, 
and  the  Bernoulli  relationship  applied  to  the 
burned  and  unburned  streams.  We  use  a  sim¬ 
ilar  approach  but  apply  a  momentum  equation 
instead  of  the  Bernoulli  equations  for  the  burn¬ 
ed  gas,  and  use  a  slightly  more  complex  velocity 
distribution.  Since  the  burned  gas  flow  is  ro¬ 
tational  this  appears  to  be  a  more  satisfactory 
approximation.  Notation  and  velocity  distribu¬ 
tion  are  identified  in  Figure  21.5.8. 


^Pc'^l  ^1  =  ^Pc'^^  ^  (21.5.20) 


The  fraction  burned, 

/  rw/2 


(a  I 


(21.  5.  21) 


where  m  is  total  mass  flow  rate,  pjV^H. 
The  trapezoidal  velocity  profile  is: 


V  =  V^,  W/2  s  y  s  H/2 


V  =  V  +  (V*  -  V  )  (-^  -  y)  / 1 
c  c  c 


Figure  21.5.8  Notation  for  Ideal  Flame  Spread 
Calculation. 


We  have  chosen  to  use  the  trapezoidal  ve¬ 
locity  profile  shown  in  this  Figure.  The  axial 
velocity  in  the  unburnt  gas  is  constant  at  any  x 
station  and  is  V^;  the  velocity  in  the  burnt  gas 

rises  linearly  from  to  V*  over  a  distance 

H  6  at  the  edge  of  the  flame  and  is  constant 
with  value  V*  over  the  central  region  of  the 
burnt  gas.  The  static  pressure  P  is  assumed  to 
be  a  function  of  axial  position,  x,  alone  and 


(W/2  -  H  6)  s  y  s  (W/2) 


V  =  V*,  0  s  y  s  (W/2  -  H  6) 


(21.  5.22) 


The  unknowns  are  f,  W,  V  ,  V*,  and  P,  and 

c 

since  there  are  four  equations  we  can  solve  for 
four  of  them,  say  V^,  V*,  f,  and  P  as  a  func¬ 
tion  of  the  fifth,  the  width,  W.  The  parameter 
6  is  treated  as  a  fixed  fraction  of  duct  height 
H  and  must  be  specified.  It  is  included  here 
so  that  the  effect  of  the  velocity  profile  shape 
on  the  other  parameters  can  be  examined. 

The  solution  of  the  four  algebraic  equa¬ 
tions  which  result  from  the  substitution  of  the 
velocity  profiles  assumed  here  in  Equations 
21.5.18  to  21.5.21  is  straightforward  and  can 
be  expressed  in  terms  of  dimensionless  parame¬ 
ters  defined  as: 


t  '  (Pj  -  P  I 


-  s  V  /V, 
u  c  1 


(Zl.  5.  23) 


u  £  V*  /  V 


W/H 


)  (21.5.23) 


Ph^Pc 


f  =  fraction  burned.^ 

The  solutions  are: 

i/  =  (u^  -  1) 
f  =[l-u(l-Tl)] 
and  a  pair  of  equations  for  u  and  u  ; 

u(1+X6-ti)+T;*  (t)-6)X-1  =  0 


The  dependence  of  the  parameters  on  f 
is  shown  in  Figures  21.5.9  to  21.5.13  with  X 
and  6  as  parameters.  Consider  first  the  ef¬ 
fect  of  changing  the  profile  parameter  6.  Re¬ 
member  that  6=0  corresponds  to  a  square  ve¬ 
locity  profile  with  all  the  burned  fluid  moving 
with  speed  V*,  and  the  6  =  n/2  corresponds  to 
a  triangular  profile  with  a  linear  change  from 
velocity  at  the  flame  front  to  V*  on  the 

axis. 


The  dependence  of  the  pressure  drop  on 
fraction  burned  is  shown  in  Figure  21.5.9  with 
6  as  a  parameter.  The  pressure  drop  is  al¬ 
most  independent  of  6  for  this  example  and 
similar  results  were  obtained  for  values  of  the 
density  ratio  X  between  1/8  and  1/2.  A  simi¬ 
lar  result  is  obtained  for  the  cold  stream  ve¬ 
locity  u  and  walce  width  and  the  examples 


u^  (1/2  +  2/3  X6  -  n)  +  u*  (n  -  (4/3)  6  )X 


Numerical  solutions  are  found  by  speci¬ 
fying  values  for  6  and  X,  and  calculating  values 

of  u,  u  and  f  from  the  above  equations  for 
various  values  of  r|.  The  following  table  presents 
numerical  examples  to  illustrate  the  variation  of 
the  parameters  for  the  conditions  that  Pjj  ^  P^,  = 

0.  25  and  6  =  0.  1. 


*n 

f 

'1' 

u 

u 

.  2 

.  07 

.36 

1.  17 

1.  55 

.  3 

.  12 

.  59 

1. 26 

1.69 

.  4 

.  18 

.89 

1.37 

1.  88 

.  5 

.  25 

1.3 

1.  50 

2.  11 

.  6 

.  34 

1.  7 

1.  65 

2.  38 

.  7 

.  45 

2.  4 

1. 83 

2.  70 

.  8 

.  59 

3.2 

2.  05 

3.  08 

.9 

.  76 

4.  4 

2.  31 

3.  55 

].  0 

1. 0 

6.  1 

2.  66 

4.  15 

Table  21.  5.5  Dependence  of  Flame  Spread 
Parameters  on  Dimensionless 
Flame  Width,  n,  for  X  =  .  25 
and  6  =  0.  1. 

Note  that  the  fraction  burned  does  not 
reach  50  percent  until  the  flame  width  is  about 
75  percent  of  the  duct  height,  and  that  both  cold 
and  hot  streams  have  large  velocity  changes. 

The  velocity  increase  for  the  simple  one-dimen¬ 
sional  case  is  just  1/X  or  4.0  for  the  incom¬ 
pressible  when  6  =  0.  The  total  pressure  change 
along  the  central  stream  line  for  this  incom¬ 
pressible  case  is: 

APt/fPcVi^  =  -(l  +  X  (u*)^) 


Figure  21.5.9  Dependence  of  Normalized  Pres¬ 
sure  on  Fraction  Burned  and 
Hot  Steam  Profile  Parameter. 


shown  in  Figures  21.5.10  and  21.5.11  on  the 
following  page  for  6  =  0.  1  are  representative 
for  all  6  values.  The  velocity  profile  shape 
factor  6  was  found  to  have  very  little  effect 
on  these  parameters  and  we  can  conclude  that 
the  predicted  relationships  between  burned  gas 
wake  width  (nH),  the  cold  stream  velocity 

(V  /V,)  and  the  fraction  burned  f  will  be  rea- 
c  1 

sonably  accurate  regardless  of  the  real  velocity 
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Figure  21.5.11  Dependence  of  Cold  Stream 
Velocity  Ratio  on  Fraction 
Burned  with  Density  Ratio 
as  a  Parameter. 
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find  that: 


profile  in  the  burned  stream.  Of  course,  the 
choice  of  profile  parameter  will  have  a  large 
effect  on  the  value  of  maximum  velocity  in  the 
hot  stream.  An  example  of  this  dependence  is 
shown  in  Figures  21.  5.  12  for  X  =  1/8  and  in 
21.  5.  13  for  all  X's  and  small  6  values. 

The  strong  dependence  of  +  and  u  on  den¬ 
sity  ratio  is  to  be  expected  because  the  density 
change  fixes  the  fluid  acceleration.  The  weak 
dependence  of  ti  {f}  on  X  is  more  surprising. 

An  appreciable  chamge  in  X,  see  Figure  21.  5.  10, 
would  produce  only  a  few  percent  change  in  the 
fraction  burned.  For  example,  when  X  is 
changed  from  1/8  to  1/6,  values  of  f  corres¬ 
ponding  to  T)  =  0.4  change  from  0.  12  to  0.  15 
and  values  of  f  corresppnding  to  r)  =  0.  7  change 
from  0.37  to  0.39. 

Comparison  of  Figures  21.  5.  11  and  21.5.  12 
for  X  =  8  and  6  =  .  1  shows  the  rapid  acceleration  of 
the  hot  gas  as  compared  with  the  unburnt  stream. 
The  gas  speed  on  the  centerline  is  always  great¬ 
er  than  the  cold  flow. 


Figure  21.  5,  13  Dependence  of  Hot  Stream 

Central  Velocity  on  Fraction 
Burned  with  Density  Ratio  X 
and  Velocity  Profile  Factor  6 
as  Parameters. 


Effect  of  Flame  Holder.  We  can  easily 
extend  this  type  of  calculation  to  include  the 
effects  of  the  flame  holder  and  recirculation 
zone  on  the  flame  spreading  calculation.  For 
example,  consider  the  flow  shown  schematically 
in  Figure  21.5.14.  The  simple  triangular  ve¬ 
locity  profile  will  be  used  with  the  additional 
assumption  that  the  velocity  on  the  centerline  of 
the  flow  and  at  the  downstream  end  of  the  re¬ 
circulation  zone,  station  (2)  of  the  sketch,  is 
zero.  This  approximation  is  a  reasonable  one 
since  this  point  corresponds  to  the  rear  stagna¬ 
tion  point  of  the  recirculation  zone. 

Conditions  at  station  (2)  are  specified  when 
the  wake  width  there,  TI2H,  and  density  ratio  X 

are  chosen.  Combining  the  continuity  equation 
and  Bernouilli  equation  for  the  unburnt  flow,  we 


“2  =  1  /  [  1  -  -  X/2)] 

^2  =  <^’^>’^2"2 


^1- 


iPcVi 


^  =  <“2>'  -  1  =  ^2 


Conditions  at  an  arbitrary  point  downstream  of 
(2)  can  be  calculated  by  an  analysis  which  is 
identical  to  that  described  above.  Tabulated 
values  are  shown  in  Table  21.5.6  for  X=  0.25 
and  as  a  function  of  r|2,  the  flame  width  at 

station  (2).  Here  f2,  U2  and  are  the  frac¬ 
tion  burned,  the  cold  stream  velocity  ratio  and 
the  normalized  ^essure  difference  at  station 
(2),  and  Uj  and  u^*  are  the  cold  stream  and 

centerline  values  of  gas  speeds  at  station  (3) 

where  the  fraction  burned  is  one.  When 

TI2  =  0,  this  solution  reduces  to  that  described 

above  for  the  triangular  velocity  profile.  Val¬ 
ues  of  u  and  n  are  presented  in  Figures  21.5.  15 
and  21.5.  16  as  functions  of  the  fraction  burned 
and  with  X  =  0.25. 


Figure  21.5.14  Sketch  of  Spreading  Flame 
with  Flame  Holding  Region. 


Figure  21.5.  15  Dependence  of  u  =  V  /V,  on 

c  1 

Fraction  Burned  f  and  Flame 
Width  at  Recirculation  Zone. 
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Figure  21.5.  16  Dependence  of  Flame  Width 
n  on  Fraction  Burned  f  and 
Flame  Width  at  Recircula¬ 
tion  Zone.Ti^. 


At  low  values  of  f,  the  present  solutions 
differ  appreciably  from  the  simple  =  0  case. 

However,  for  values  of  the  fraction  burned  great¬ 
er  than  about  1/3  the  solutions  are  insensitive 
to  Ti^.  Hence,  the  overall  pressure  drop  and 


^^2 

^2 

'*2 

^2 

"3 

—  * 

'^3 

+3 

0 

0 

1. 00 

0 

2.  69 

5.  30 

6.28 

.  2 

.  04 

1.21 

0.  46 

2.  70 

5.  28 

6.32 

.  4 

.  08 

1.  54 

1.37 

2.  75 

5.  24 

6.  64 

.  5 

,  11 

1.78 

2.  17 

2.82 

5.  18 

6.99 

Table  21.5.6  Dependence  of  Conditions  at  Station 
(3),  Where  f  =  1,  on  Recirculation 
Zone  Width  For  6  =  v/2  and 

X  =  1/4. 


This  analysis  indicates  that  flame  holder 
blockage  effects  will  not  be  large. 

Effect  of  Compressibility.  Tsien  (Refer¬ 
ence  21.25)  earlier  carried  out  this  calculation 
for  the  triangular  velocity  profile  discussed 
above.  He  also  extended  the  calculation  to  in¬ 
clude  compressible  flows  in  which  density  changes 
in  the  unburnt  flow  must  be  considered.  The  as¬ 
sumption  is  made  that  the  density  in  the  burnt 
region  at  position  x,  is  uniform  and  equal 

to  X  (p  fx})  where  X  is  a  constant. 

c 

Values  of  the  parameters  for  the  spreading 
flame  discussed  above  were  calculated  for  the 
triangular  velocity  profile.  The  dependence  of 
the  width  of  the  burnt  region  ri  on  the  fraction 
burnt  f  is  almost  identical  to  that  obtained  here 
for  the  incompressible  case  as  long  as  no  chok¬ 
ing  occurred. 

For  large  enough  values  of  the  approach 
stream  Mach  number  M^,  Tsien' s  solutions  do 

not  reach  n  =  f  =  1  but  reverse  themselves. 

These  solutions  are  inadmissible  and  we  assume 
that  the  smallest  value  of  Mj  at  which  this  be¬ 
havior  is  observed  corresponds  to  the  "choking" 
limit.  Values  of  the  critical  inlet  Mach  number 
for  the  "choked”  flow,  M,  ,  were  calculated  by 

this  technique  and  are  compared  with  values 
fovmd  in  Section  21.5.2  for  inlet  Mach  number 
required  to  choke  the  flow  for  one-dimensional 
heat  addition  in  Table  21.5.7 


1/X 

^lc)2-dlm‘i‘ 

^lc)l-dim* 

^Ic)  1-dim’t 

(X  =  Tj/T^) 

(X-Tj/T^) 

(X  - 

2 

.  36 

.  34 

.38 

2.67 

.29 

.29 

.  32 

4 

.22 

.  22 

.  25 

8 

.  13 

.  15 

.  17 

*  Air  with  y  =  1 . 40 

Table  21.5.7  Comparison  of  Critical  Mach 
Numbers  Calculated  by  One- 
Dimensional  and  Two-Dimensional 
Techniques. 


acceleration  of  the  burnt  stream  at  station  (3) 
where  the  flow  is  completely  burned,  can  be 
estimated  with  reasonable  accuracy  from  the 
simple  ri^  =  0  case.  Changing  in  this  ex¬ 
ample  corresponds  to  changing  the  wake  width 
and  hence,  to  increasing  the  flame  holder  size 
in  a  duct  of  constant  height.  This  calculation 
suggests  that  flame  holder  size  or  blockage 
effects  will  not  be  very  strong  when  n  is  great¬ 
er  than  (1.5  n^).  Also  note  in  Table  21.5.6 

that  despite  very  large  differences  in  the  pres¬ 
sure  coefficient  at  station  (2),  differences 

in  values  of  are  no  more  than  10  percent. 

The  dependence  in  n  [f)  on  is  even  weaker. 


The  density  ratio  X  in  the  two-dimensional 
treatment  presented  here  is  the  density  ratio 
across  the  flame  (or  the  temperature  ratio  since 
the  static  pressure  change  across  the  flame  front 
is  small).  Critical  Mach  numbers  are  given  in 
the  Table  for  both  static  and  total  temperature 
ratios  across  the  one-dimensional  heat  addition 
region  described  earlier.  There  is  little  difer- 
ence  between  these  two,  and  also  between  the 
one-  and  two-dimensional  results.  Hence,  the 
one-dimensional  calculation  gives  as  good  an  ap¬ 
proximation  for  calculation  of  choking  as  the  more 
complex  two-dimensional  calculation, 

A  number  of  other  calculations  of  this  type 
have  been  made  (e.g.  ,  Fabri  et  al  (Reference 
21.26)  and  they  also  lead  to  predicted  values  of 
the  critical  Mach  numbers  which  are  close  to  the 
one-dimensional  values. 
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the  fraction  burned  at  any  station  x  will  decrease 
under  these  same  circumstances. 


Another  parameter  of  interest  is  the  total 
pressure  loss  associated  with  heat  addition. 
Calculations  based  on  the  two-dimensional  and 
incompressible  model  discussed  above,  predict 
mass  averaged  values  of  the  total  pressure  ratio 
across  the  burner  which  are  a  few  percent  high¬ 
er  than  the  one-dimensional  values  when  the 
triangular  velocity  profile  was  used  in  the  cal¬ 
culation.  Again,  the  simple  one-dimensional 
heat  addition  calc\ilation  appears  to  give  satis¬ 
factory  estimates. 

Burning  Rate.  We  can  use  the  ideas  de¬ 
veloped  in  several  of  the  proceeding  paragraphs 
to  illustrate  the  problems  associated  with  cal¬ 
culating  the  position  of  the  flame  front  in  a  duct. 
Consider  the  flow  shown  earlier  in  Figure 
21.5.7  to  be  a  small  part  of  the  spreading  flame 
shown  in  Figure  21.5.8.  Let  the  mass  flux  in 
the  burnt  flow  be  m^  and  total  mass  flux  be 

mj  =  p^VjH.  Then  continuity  of  mass  requires 

that: 

^  Jpc^cn\ 

dx  ”  Vcos  a/ 


If  the  flow  IS  turbulent  other  approaches  to 
describe  must  be  developed.  As  an  illustra¬ 

tive  example,  consider  the  following  analysis. 

We  start  by  considering  the  combustion  region  at 
the  edge  of  the  flame  as  a  turbulent  mixing  lay¬ 
er  with  unburnt  gas,  density  and  velocity  V^, 

on  one  side,  and  hot  combustion  products,  densi¬ 
ty  pj^  and  velocity  Vj^,  on  the  other.  Entrain¬ 
ment  rates  in  shear  layers  have  been  the  sub¬ 
ject  of  considerable  study  and  the  conventional 
wisdom  is  that  entrainment  rates  scale  as  the 

velocity  difference  or  as  (V.  -  V  )  in  this  ex- 

n  c 

ample.  Recent  studies  by  Brown  (Reference 
21.27),  and  Brown  and  Roshko  (Reference  21.  18) 
of  shear  layers  with  large  density  differences, 
e.  g.  ,  large  differences  in  pj^  and  p^,  have  led 

to  an  appreciation  of  the  importance  of  large 
scale  structures  in  the  mixing  region  and  the  in¬ 
fluence  of  the  density  ratio  in  fixing  entrainment 
rates.  Brown  suggests  that  the  entrainment  ve¬ 
locity  from  the  cold  stream  could  be  expressed 
as: 


Here,  the  (l/cos  a)  term  enters  because  the 
flame  front  length  corresponding  to  the  length 
dx  is  dx/cos  Q  and  the  factor  2  because  there 
are  two  flame  fronts.  We  have  defined  the 
fraction  burned  f  as  rh^/rh^,  (see  Equation 

21.5.23)  and  thus  the  previous  equation  becomes: 

In  order  to  proceed  further  in  a  simple 
way,  some  other  approximations  must  be  used. 
One  reasonable  one  is  that  a  is  small  enough 
that  cos  a  is  approximately  one.  With  this  ap¬ 
proximation  the  effects  of  flame  shape  on  f  are 
removed  from  the  calculation. 

In  addition,  information  concerning  the 
normal  velocity  component  must  be  supplied. 

If  the  flow  is  laminar,  (an  unlikely  event  for 

afterburners),  then  V  =  laminar  flame  speed  = 

'  cn 

S,  is  a  reasonable  supposition.  Then 

^  2S 

dx  ■  VjH 


Direct  use  of  Brown's  suggestion  leads  to 
entrainment  rates  which  are  within  a  factor  of 
two  to  three  of  those  presented  above  in  Table 
21.5.7  for  mixing  layer  experiments  in  which 
the  density  and  velocity  ratios  are  similar  to 
those  in  the  combustion  experiments  discussed 
above. 

The  axial  pressure  gradients  and  the  com¬ 
plicated  flow  at  the  duct  centerline  are  certainly 
not  anticipated  by  Brown's  model  and  may  be 
responsible  for  the  differences.  Errors  in  de¬ 
termination  of  experimental  values  for  entrain¬ 
ment  rates  may  also  be  responsible. 

Finally,  part  of  this  difference  may  also 
be  associated  with  the  definition  used  to  deter¬ 
mine  the  flame  front  and  with  the  effects  of  com¬ 
bustion  on  the  mixing  process.  The  similarities 
of  the  processes  of  entrainment  with  and  without 
combustion  appear  to  be  large  and  indicate  that 
approaching  the  determination  of  turbulent  flame 
speeds  or  entrainment  rates  from  this  point  of 
view  will  be  useful. 


and  integration  with  the  assumption  that  S  is 
constant  gives: 


Despite  differences,  it  is  interesting  to  cal¬ 
culate  spreading  rates  when  entrainment  rates 
are  given  by  an  ad  hoc  expression  of  the  form: 


x{f3 


If  we  define  the  position  at  wliich  the  combus¬ 
tion  is  complete,  i.  e.  ,  at  f  =  1,  as  x{l]  we 
get: 


2S 

Thus  as  the  initial  velocity  Vj  increases  or  the 

flame  speed  S  decreases,  the  length  required 
for  complete  combustion  will  increase.  Also, 


xjj-l 

H 


V  ^ 

P  =  =  (.  03)  -  1  (21.  5.  25) 

c  \  u  / 

where 

u*  -(v^*/v,)and  u  -(V^/Vj) 

The  dependence  on  density  is  ignored  here  and 
the  constant  .  03  was  picked  to  give  values  of 
P  of  .025  which  were  observed  experimentally 
for  X  =  1/8.  If  this  suggestion  is  followed, 
Equation  21.5.24  can  be  usefully  rewritten  as: 


df  _  ^/^cny^cV  1  \  u 

d*  ■  Iv^  Av,Ah/  "  A~/  H 


where  u  =  (V  /V  )  is  the  function  of  f  and  the 
c  1 

density  parameter  X  determined  in  proceeding 
paragraphs.  Integration  gives: 


2  x[f]  _ 
H 


t 

I 


df 


(p  {u*/u])u  {f,  X  } 


(21.  5.  26) 


phenomena  suggest  that  great  care  must  be  ex¬ 
ercised  in  using  the  results  of  this  type  of  cal¬ 
culation  outside  of  the  range  of  the  parameters 
used  in  fixing  the  constants  which  appear  in  the 
model  and  which  were  used  in  checking  the  ac¬ 
curacy  of  the  results. 


This  form  is  convenient  since  the  ratio(u  /u) 
which  appears  in  the  expression  for  p  is  a  very 
v’eak  function  of  f. 

The  results  of  carrying  out  the  integration 
are  presented  in  Table  21.  5.  8  where  the  changes 
in  several  parameters  are  shown  as  ti  =  W  /  H 
increases  from  .2  to  1.0  for  X  =  1/8  and 
6=0.  10.  The  orders  of  magnitude  for  values 
of  X  determined  here  agree  roughly  with  ex¬ 
perimental  values  for  0  ti  ^  0.  4.  When  we 
examine  the  influence  on  solutions  of  this  type 
of  changes  in  values  of  the  density  ratio,  we 
find  a  strong  dependence  on  density  ratio.  This 

dependence  arises  because  both  u*/u  and  u  de¬ 
crease  as  the  density  ratio  increases.  We  can 
see  from  Equations  21.5.25  and  21.5.26  that 
these  changes  cause  x{f}/H  and  x{W/H}/H  to 
increase.  However,  experimental  results  in¬ 
dicate  that  for  the  range  of  values  of  W/H  and 
f  examined  experimentally,  the  dependence  of 
flame  geometry  on  density  ratio  is  very  small. 


TI 

f 

u 

u 

P 

x/H 

0.  2 

.  04 

1.  73 

.  022 

0.9 

0.  4 

.  12 

1.  80 

.  023 

2.  2 

0.  6 

.  25 

1.  93 

.  024 

2.  7 

0.  8 

.  49 

2.  05 

.  027 

5.  4 

1.  0 

1.  00 

2.  16 

.  029 

7.  8 

Table  21.5.8  Variation  of  Spreading  Parameters 
with  Dimensionless  Flame  Width, 

Ti  for  X  =  1/8  and  6  =  0.  1 


Combustion  Efficiency  in  Full  Scale  Tests. 
The  previous  discussion  has  concerned  flame 
spreading  rather  than  combustion  efficiency.  A 
large  number  of  experiments  have  been  carried 
out  on  full  scale  systems,  in  which  combustion 
efficiency  has  been  measured  as  a  function  of 
parameters  such  as  the  inlet  temperature,  pres¬ 
sure,  velocity  and  fuel-air  ratio,  the  flame  hold¬ 
er  geometry,  and,  in  at  least  one  case,  the  com¬ 
bustion  chamber  length.  Typical  results  are 
presented  in  Reference  21.29,  Reference  21.30, 
and  Reference  21.1.  Because  the  injection  and 
vaporization  processes  as  well  as  stabilization 
and  spreading  processes  are  affected  by  chang¬ 
ing  the  inlet  conditions,  we  cannot  distinguish 
which  process  is  affected  by  the  changes. 


We  can  eliminate  this  discrepancy  by  re¬ 
placing  the  constant  .  03  which  appears  in  our 
definition  for  p  (Equation  21.5.25)  by  a  function 
of  X.  However,  we  currently  have  no  rational 
explanation  for  this  dependence  although  the 
work  of  Brown  (Reference  21.27)  indicates  that 
P  does  depend  on  X  in  a  mixing  layer. 

The  preceding  calculation  is  indicative  of 
the  types  of  simple  approaches  used  in  calcu¬ 
lation  of  the  geometric  features  of  turbulent 
flames.  Calculations  of  this  type  cannot  be 
taken  very  seriously  until  the  dependence  of 
Vcn  or  P  on  density  ratio,  turbulence  level, 
flame  width,  etc.  ,  has  been  established. 

Other  more  ambitious  schemes  have  been 
developed  to  calculate  the  complete  flow  field. 
For  example,  the  calculations  of  Spalding  are 
based  on  a  general  model  for  computing  turbu¬ 
lent  flows.  A  set  of  differential  equations  is 
developed  in  an  ad  hoc  manner  from  which 
turbulent  transport  parameters  can  be  deter¬ 
mined  as  part  of  the  general  solution  of  the 
equations  of  motion.  Combustion  phenomena 
are  included  by  assuming  infinitely  fast  re¬ 
action  rates  when  the  premixed  fuel-air  gas 
is  mixed  with  the  burnt  gas  at  the  flame  front. 
The  results  of  one  set  of  calculations  made  by 
Spalding  are  reported  in  Reference  21.28,  and 
they  do  agree  with  the  picture  reported  here 
of  the  dependence  of  flame  spreading  rates  on 
approach  stream  parameters.  However,  the 
infinite  reaction  rate  assumption  and  the  ad  hoc 
nature  of  the  treatment  of  the  turbulent  transport 


However,  Useller  (Reference  21.30)  has 
measured  the  effects  of  changing  combustor 
length  while  holding  the  other  parameters  con¬ 
stant.  Some  of  his  results  are  shown  in  Figure 
21.5.17  where  combustion  efficiency  ri^l^is  plotted 

as  a  function  of  combustion  chamber  length  down¬ 
stream  of  the  plane  of  the  flame  holder.  The 
flame  holders  were  1.5  inch  high  V-gutters  ar¬ 
ranged  in  two  concentric  rings  and  with  two 
crossed  gutters  on  diameters  serving  as  sup¬ 
ports.  Each  flame  holder  occupied  a  part  of 


0  1  2 
Combustor  Length 


Figure  21.5.  17  Dependence  of  Combustion  Ef¬ 
ficiency  on  Combustion  Cham¬ 
ber  Length.  Data  from  Refer¬ 
ence  2  1 .  30. 


duct  with  an  equivalent  duct  height  of  very 
roughly  10  cm.  The  actual  duct  diameter  was 
62  cm  and  the  inlet  velocity  was  170  m/sec. 
Note  that  all  three  curves  of  Figure  2  1.  5.  17 
have  a  well  defined  knee  for  chamber  lengths 
of  about  150  cm  and  that  a  further  increase  in 
combustor  length  has  little  effect  on  efficiency. 
Thus,  the  length  to  height  ratios  of  roughly  15 
are  required  to  approach  the  maximum  efficien¬ 
cy  and  this  ratio  is  unchanged  as  pressure  is 
dropped.  This  length  ratio  is  slightly  larger 
than  one  would  expect  from  the  smaller  scale 
flame  spreading  experiments  discussed  above. 
However,  the  complex  flame  holder  shape 
makes  direct  comparison  impossible.  As 
noted  above  the  effects  of  pressure  and  fuel- 
air  ratio  may  not  be  due  to  the  influence  of 
these  parameters  on  the  spreading  process. 


to  a  region  at  lower  pressure  than  the  combus¬ 
tion  chamber  when  afterburner  thrust  is  termi¬ 
nated.  The  resultant  flow  of  gas  cleans  out  the 
lines  and  leaves  them  empty.  However,  during 
the  afterburner  start-up  process,  these  lines 
must  be  filled  again  before  the  ignition  process 
is  initiated.  The  problem  here  is  that  in  order 
to  reduce  the  pressure  pulse  associated  with 
ignition,  the  initial  fuel  flow  rate  is  usually  set 
at  a  value  far  below  that  required  to  fill  the 
injector  rings  and  supply  lines  in  a  reasonable 
length  of  time,  i.  e.  ,  in  several  seconds.  Thus, 
the  control  system  must  be  designed  to  fill  the 
lines  at  a  high  flow  rate  and  then  to  stop  the 
flow  so  that  no  fuel  is  allowed  to  spill  into  the 
combustion  chamber  where  the  high  tempera¬ 
tures  in  the  core  stream  could  cause  auto  ig¬ 
nition. 


Summary.  Simple  one  and  two-dimension¬ 
al  calculations  are  available  which  allow  reason¬ 
ably  accurate  predictions  for  the  changes  in 
static  and  total  pressure,  and  velocity  across 
a  region  of  heat  addition  in  a  constant  area 
duct.  The  inlet  conditions  leading  to  choking  ’ 
can  also  be  predicted  with  reasonable  accuracy. 
However,  predictions  cannot  be  made  of  the 
combustion  chamber  length  required  to  produce 
a  given  level  of  combustion  efficiency  because 
the  entrainment  rate  at  a  turbulent  flame  front 
is  presently  not  understood. 

A  number  of  full  scale  tests  are  available 
but  because  all  components  are  subject  to  the 
same  changes  in  operating  parameters  it  is  not 
possible  to  determine  whether  or  not  changes  in 
the  spreading  process  produce  the  observed  per¬ 
formance  changes. 


21.6  NOZZLE  AND  FUEL  CONTROL  SYSTEMS 

The  afterburner  control  system  has  the 
primary  function  of  controlling  the  flow  of  fuel 
to  the  afterburner  and  of  keeping  the  pressure 
level  in  the  afterburner  at  the  desired  value  by 
controlling  the  nozzle  throat  area.  The  control 
system  is  also  responsible  for  carrying  out  the 
ignition  process  and  supplying  the  various  zones 
of  the  afterburner  injection  system  with  fuel  in 
the  proper  sequence  and  at  the  proper  rate  dur¬ 
ing  the  starting  sequence,  and  later  ,  during 
steady  operation  and  termination  of  thrust.  The 
control  must  be  able  to  receive  data  from  the 
core  engine  control  system  from  which  it  can 
determine  the  air  flow  rate  to  the  afterburner 
and  then  set  the  required  fuel  flow  rate  to  each 
injector  zone.  Although  inlet  temperature  and 
velocity  do  not  change  a  great  deal,  pressure 
levels  may  vary  by  factors  of  10,  and  thus  a 
wide  range  of  fuel  injection  rates  must  be  ac¬ 
commodated. 

In  addition  to  this  control  function,  the 
control  system  must  carry  out  a  number  of 
other  functions.  For  example,  the  fuel  lines 
and  injector  rings  which  are  within  the  after¬ 
burner  are  heated  to  high  temperatures  when 
the  afterburner  is  turned  off  by  convective  heat 
transfer  from  the  high  temperature  flow  from 
the  engine.  If  any  jet  fuel  is  left  in  these  tubes, 
the  high  wall  temperatures  may  cause  the  fuel 
to  decompose  and  produce  tar-like  deposits. 

These  deposits  can  clog  the  tubes  and  the  small 
diameter  injector  ports  in  the  tube  walls.  This 
problem  is  usually  avoided  by  venting  the  lines 


Another  important  function  of  the  after¬ 
burner  control  system  is  to  maintain  conditions 
at  the  turbine  and  fan  outlets  in  an  unchanged 
state  so  that  the  operation  of  these  components 
will  not  be  affected  by  the  afterburner.  This 
control  function  is  particularly  difficult  to  per¬ 
form  during  the  starting  and  stopping  transients. 
To  understand  this  problem,  examine  the  mass 
flux  equation  for  the  afterburner  nozzle  under 
steady  state  conditions  and  for  a  simple  turbo¬ 
jet  cycle.  The  mass  flux  at  the  throat  of  the 
nozzle  throat  can  be  written  in  terms  of  the 
total  pressure  and  temperature,  and 

the  nozzle  throat  area  A  ,  and  the  gas  con- 

n 

stant  and  specific  heat  ratio  R  and  y.  (E.  g.  , 
see  Section  2.  18  and  5.  11.  )  The  result  is: 


(21.  6.  1) 

If  we  call  the  fuel-air  ratio  f^^,  we  can  relate 

the  mass  flow  at  the  inlet  (Station  (5)  )  to  that 
at  the  nozzle  (Station  (7))  by: 


fuel 


(1  + 


(21.  6.  2) 


When  we  rewrite  Equation  21.6.  1  in  terms  of 
conditions  at  (5),  and  use  the  definitions 

7T  .  =  P-.yP-.  and  ^  =  T_./T  Equation 

ab  7t  5t  ab  7t  5t  ^ 

21.6.  1  can  be  stated  as: 


(21.  6.  3) 


Let  the  condition  for  which  the  afterburner 
fuel-air  ratio  is  zero  be  designated  by  a  sub 
zero  suffix.  Then,  if  conditions  at  Station 
(5)  are  held  fixed  by  the  control  system,  m^. 

will  be  a  constant  and  we  can  show  from 
21.6.2  and  21.0.3  that: 
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m_  m_  TT  , 

^  — I  =  (1  .  f  ,  )=—  A 

ab 


rh_  \ 

7  jo 


ab 


ab/c 


ab  Jo 


Consequently, 


n _  ^  /  ^ab)o\ 

n)o  \  ^ab  / 


Where  ^  \  =1.0  since  fuel  flow  and  conse- 

ab  !o 

quently  heat  addition  is  zero  when  the  afterburn¬ 
er  is  turned  off.  However,  tt  ,  )  is  not  one 

ab;  o 

since  flame  holder  drag  and  wall  losses  will 
always  reduce  the  total  pressure.  The  nozzle 
throat  area  required  to  keep  conditions  at  Station 
(5)  unchanged,  when  ab  *^ab  chang¬ 

ed  due  to  afterburning,  can  be  obtained  from 
Equation  21.6.4.  This  equation  is  only  approxi¬ 
mate  because  we  have  ignored  changes  in  y  and 
R  due  to  heat  addition,  non-uniform  velocity, 
etc . 


A  similar  analysis  can  be  used  for  a  fan 
engine  but  account  must  be  taken  of  differing 
conditions  in  the  fan  and  core  streams.  To  il¬ 
lustrate  the  changes  required  in  nozzle  throat 
area,  data  (taken  from  Reference  21.29)  are 
shown  in  Table  21.6.1  for  a  TF30-P-3  after¬ 
burner  with  an  inlet  pressure  of  about  one  atmos¬ 
phere.  Equation  21.6.4  is  applied  to  this  fan 
cycle  and  averaged  values  of  and  are 


^ab 

’'ab'^’^abjo 

A  JA 
nt  nt/o 

0.  0 

1.0 

1.  0 

1.0 

.  01 

1.  5 

.  98 

1.  26 

.  02 

1.90 

.  96 

1. 46 

.  03 

2,  30 

.  94 

1.  57 

.  04 

2.  50 

.  93 

1.  77 

Table  21.6.1  Variation  of  Nozzle  Throat  Area 

A  ,  and  Afterburner  Total  Pres- 
nt 

sure  and  Temperature  Ratios  with 

Afterburner  Fuel-Air  Ratio,  1  ,  . 

ab 

Data  from  the  TFiO-P-3  After¬ 
burner  (Reference  21.29). 

used  to  evaluate  the  area  changes.  For  an  after¬ 
burner  fuel-air  ratio  of  0.  005,  (typical  of  values 
used  for  ignition)  the  nozzle  area  must  be  still 
increased  by  about  13  percent  and  for  f  =  0.04, 
the  increase  is  nearly  80  percent.  The  change 
is  almost  totally  the  result  of  large  changes  in 

""  ,  .  Nozzle  area  changes  of  this  magnitude 
ab 

must  be  effected  within  5  to  10  sec<»ncis  to  keep 
the  duration  of  the  starting  transient  within  rea¬ 
sonable  limits.  The  nozzle  actuation  rate  is 
usually  the  slowest  and  hence  limiting  r<ite  in 
the  control  process. 

This  example  shows  that  large  changes  in 
the  nozzle  area  must  lie  cuntrollcfl  in  order  to 
maintain  unchanged  flow  con<litions  at  the  tur¬ 
bine  and  fan  exit  .stations.  Higli  precision  is 


also  required.  For  example,  it  is  clear  from 
Equation  21.6.  1  that  under  steady  conditions,  a 
10  percent  error  in  area  A^  must  be  balanced 

by  a  10  percent  error  of  opposite  sign  in 
when  rh.^  and  T.^^  are  held  fixed.  A  10  percent 
increase  in  and  would  often  be  sufficient 

to  stall  the  fan  stages  and  later  the  core  com¬ 
pressor  of  the  TF30  engine  examined  here. 

Hence,  control  of  the  exit  area  must  be  precise 
during  both  starting  transients  and  steady  state 
operation  of  the  afterburner. 

The  afterburner  control  system  can  be  or¬ 
ganized  in  a  number  of  ways  concerning  the  pri¬ 
mary  functions  of  fuel  flow  rate  and  nozzle 
throat  area.  One  common  technique  is  the  dou¬ 
ble  open-loop  system.  In  this  system  movement 
of  the  power  lever  by  the  pilot,  produces  a  de¬ 
mand  in  the  control  unit  for  a  fuel  flow  rate  and 
nozzle  exit  area.  The  control  system  changes 
fuel  flow  rates  and  nozzle  area  according  to 
specified  schedules  which  must  be  very  accurate¬ 
ly  matched  and  timed  to  avoid  an  excursion  in 
burner  pressure  levels  far  from  the  desired 
values.  As  the  term  "open  loop"  implies,  no 
feedback  control  is  used,  and  thus  dynamic  in¬ 
teraction  between  the  two  control  functions  and 
any  chance  for  control  system  instabilities  are 
eliminated. 

A  large  number  of  alternate  schemes  are 
possible  including  systems  involving  feedback. 

A  number  of  existing  systems  are  based  on  hy¬ 
draulic  control  systems  and  digital  systems  are 
currently  being  studied.  The  use  of  closed  loop 
systems  have  been  delayed  by  the  lack  of  fast 
response  transducers  which  can  perform  well  in 
the  high  temperataTe  environment  of  the  after¬ 
burner. 

In  the  selection  of  a  control  system,  the 
designer  must  choose  a  device  from  a  range 
bounded  on  one  side  by  the  very  complicated 
systems  which  attempt  to  get  the  highest  possi¬ 
ble  performance  with  the  shortest  delay  times 
in  all  engine  operating  modes,  and  on  the  other 
by  very  simple  systems  with  reduced  average 
performance  and  with  longer  delay  times.  See 
Reference  21.31  for  a  detailed  discussion  of 
control  systems  and  control  system  hardware. 

A  detailed  design  of  the  afterburner  or  any 
variable  area  jet  engine  .exhaust  nozzle  for  su¬ 
personic  flight  is  also  beyond  the  scope  of  this 
chapter.  A  general  discussion  of  this  subject 
is  given  in  References  21.32  and  21.33.  How¬ 
ever,  a  few  general  remarks  are  made  below- 
concerning  several  important  nozzle  design  prob¬ 
lems. 


The  afterburner  is  often  used  during  take¬ 
off  and  at  supersonic  speeds.  In  the  first  re¬ 
gime,  a  high  subsonic  or  sonic  exit  velocity 
may  be  desired  and  in  the  second,  a  supersonic 
exhaust  velocity  will  be  necessary.  Thus,  the 
exhaust  nozzle  must  be  capable  of  operating  both 
dS  a  convergent  and  as  a  conv'ergent-divergent 
nozzle.  This  can  be  achieved  in  a  simple  de¬ 
sign  l)y  several  tecliniques .  Consider  first  the 
system  illustrated  in  the  three  sketches  of  Fig¬ 
ure  2  !  and  de.se  ribcd  in  detail  in  the  cap¬ 

tion.  The  nozzle  consists  of  two  basically  co¬ 
axial  convergent  nn/z.les  which  are  desiuned  to 
have  variable  exit  •rcr,  The  primary  nozzle 
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(e.g,,  number  (3))  is  made  up  of  a  large  num¬ 
ber  of  overlapping  leaves  hinged  at  their  up¬ 
stream  end  and  sealed  against  each  other  to 
prevent  leaks.  Exit  area  variations  by  factors 
of  1.5  to  2  can  be  accomplished  with  this  type 
of  nozzle.  The  secondary  nozzle  (numbers  5, 

10  or  16)  is  a  variable  area  design  of  the  same 
type.  In  the  example  shown  here,  it  has  a  con¬ 
toured  inner  surface.  In  other  designs  it  may 
be  the  same  type  of  design  as  the  primary 
nozzle. 


The  primary  nozzle  is  responsible  for  fix¬ 
ing  the  throat  area  which  controls  the  primary 
or  afterburner  mass  flow  rate  and  the  secondary 
nozzle  is  used  to  fix  the  expansion  ratio  for  the 
nozzle.  The  primary  flow  separates  from  the 
downstream  lip  of  the  primary  nozzle  and  usually 
reattaches  to  the  secondary  nozzle.  Reattach¬ 
ment  is  not  necessary  in  the  subsonic  case  (see 
B)  but  is  necessary  in  the  supersonic  case  (see 
A)  if  the  secondary  nozzle  is  to  be  effective  in 
fixing  the  exit  area. 


(1)  (2)  (3)  (4)  (5)  (6)  (7) 


J 

_ I 

(A) 


Figure  21.6.1  Ejector  Nozzle  Configuration. 

(A)  Supersonic  nozzle  configuration  with  after¬ 
burning:  (1)  Secondary  flow,  (2)  Outer 

case  of  engine,  (3)  Moveable  primary 
nozzle  shown  at  maximum  area,  (4)  Pri¬ 
mary  flow,  effective  throat,  (5)  Moveable 
secondary  nozzle  shown  at  maximum  exit 
area,  (6)  Mixing  layer  between  primary 
and  secondary  streams,  and  (7)  Super¬ 
sonic  primary  flow. 

(f5|  Subsonic  nozzle  configuration  with  no 

afterburning:  ( >< )  Primary  noz/le  at  mini¬ 

mum  area,  fV)  Separation  point  of  external 
flfjw,  (10)  Secondary  nozzle  at  minimum 
area,  (11)  Sonic  primary  stream,  and 
(12)  Heeion  of  separated  flow  in  external 
flow. 

(C)  .Subsonic  nozzle  configuration,  no  afterburn¬ 
ing  'ind  blow  in  door  in  use:  (Ml  Tertiary 
flow  of  ambient  gas  intci  nozzle,  (14)  Blow 
in  door,  inflow  configuration,  (M)  Revers¬ 
ible  hinge/lalch,  (lb)  Moveable  secondary- 
nozzle,  and  (17)  Separation  point  of  ex¬ 
ternal  f  I  o  VC- . 


A  supersonic  nozzle  configuration  with 
maximum  primary  throat  area  is  shown  in  Fig¬ 
ure  21.6.  lA  and  a  sonic  jet  with  minimum  throat 
area  is  shown  in  B.  The  primary  nozzle  area 
changes  between  examples  (A)  and  (B)  by  a  fac¬ 
tor  of  about  two  and  the  expansion  ratio  for  case 
(A)  is  about  1 .  5. 

In  both  examples  (A)  and  (B),  a  secondary 
gas  stream  (number  1)  flows  between  the  outer 
and  inner  cases  of  the  engine.  This  flow  serves 
several  purposes  in  the  nozzle.  First  the  sec¬ 
ondary  gas  is  usually  much  cooler  than  the  pri¬ 
mary  and  hence  this  stream  can  act  as  a  film 
coolant  for  the  secondary  nozzle.  Second,  the 
secondary  flow  occupies  a  coaxial  region  about 
the  primary  flow  and  hence  can  be  used  to  de¬ 
termine  and  control  the  exit  area  of  the  primary 
flow'.  For  example  if  the  secondary  flow  of  Fig¬ 
ure  B  were  turned  off  the  effective  exit  area  of 
the  primary  stream  would  be  increased.  Finally, 
the  entrainment  of  fluid  by  the  shear  layer, 

(e.  g.  ,  see  number  (61),  removes  fluid  from  the 
cavity  between  the  secondary  and  primary  noz¬ 
zles.  If  no  secondary  flow  were  supplied  to 
compensate  for  this  effect,  a  strong  recirculat¬ 
ing  flow  would  be  set  up  to  supply  this  entrain¬ 
ed  material.  This  flow  would  reduce  the  nozzle 
thrust  coefficient,  increase  heat  transfer  rates 
and  contribute  to  the  unsteadiness  of  the  exhaust 
flow. 


The  motion  required  by  the  secondary  noz¬ 
zle  flaps  (numbers  (5)  and  (10))  to  accommodate 
the  area  changes  necessary  to  produce  optimum 
expansion  ratios  are  large  when  both  afterburn¬ 
ing  and  supersonic  flight  speeds  are  contemplat¬ 
ed.  Some  of  this  motion  can  be  avoided  by  use 
of  the  "blow  in  doors  shown  in  Figure  21.  ^.IC 
as  number  (14).  When  doors  of  this  type  are 
opened,  a  tertiary  flow  of  ambient  gas  can  enter 
the  nozzle  and  form  a  stream  coaxial  with  the 
secondary  and  primary  flows.  Control  of  the 
secondary  and  tertiary  streai  cS  can  again  change 
the  throat  area  of  the  primary  stream  and  hence 
reduce  the  motion  required  of  the  secondary 
nozzle  flaps.  The  blow  in  doors  can  also  be 
used  as  blow  out  doors,  i.  e.  ,  can  be  used  as 
part  of  the  control  system  to  dump  some  of  the 
secondary  flow  around  the  nozzle. 

The  sectmdary  flou-  is  u.sually  made  up  of 
air  used  to  cool  the  afterburner  walls  and  it 
may  also  be  drawn  from  the  combustion  chamber 
inlet  flow  or  as  far  forward  as  the  engine  inlet. 
Thi.s  ntizzle  is  called  an  ejoclor  nozzle  because 
the  primary  stream  can  be  u.sed  to  pump  a  low 
total  pressure  secondary  stream,  just  as  the 
primary  stream  of  an  ejector  pump  is  used  to 
actuate  a  sec<mdary  flow. 

A  second  nozzle  type,  shown  in  Figure 
21.t>.2,  does  not  use  the  ejector  to  minimize 
the  motion  tif  tin*  secondary  nozzle.  in  this 
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case  a  single  flap  (numbers  (6)  and  (8)  )  with 
two  hinged  joints  (numbers  (5)  and  (7)  )  forms 
the  nozzle  contour.  In  case  (A)  of  Figure 
21.6.2,  a  subsonic  outlet  is  formed  by  maxi¬ 
mum  inward  rotation  of  both  members;  in  (B), 
outward  rotation  of  both,  produces  a  larger 
throat  area  and  a  diverging  nozzle  at  the  exit. 
The  nozzle  is  again  constructed  of  overlapping 
leaves  which  must  be  sealed  against  each  other. 
The  throat  area  for  this  example  changes  by  a 
factor  of  about  2  and  the  exit  area  ratio  for  the 
supersonic  nozzle  is  about  1.5. 


(1)  (2)  (3)  (4)  (5)  (d)  (7)  (8)  (9) 


Ejector  nozzles  are  used  on  a  number  of 
engines  in  operational  use  in  the  1970's.  Ex¬ 
amples  are  the  General  Electric  TF30-P-3 
augmented  turbofan  engine  used  in  the  United 
States  Air  Force  Fill  airplane  and  the  Olym¬ 
pus  engine  used  in  the  Concord.  In  the  latter 
case  the  secondary  nozzle  flaps  are  also  used 
as  part  of  the  thrust  reverser  system.  (See 
Reference  21.34.) 

The  system  illustrated  in  Figure  21.6.2 
is  used  on  the  Pratt  and  Whitney  FlOO-PW-lOO 
augmented  turbofan  engine  used  in  the  United 
States  Air  Force  F-15  and  F-16  fighter  air¬ 
planes. 


21.7  COMPLETE  AFTERBURNER  SYSTEMS 

In  this  section  we  will  describe  design 
details  and  performance  for  a  typical  afterburn¬ 
er  system.  The  afterburner  selected  for  ex¬ 
amination.  the  standard  TF30-P-3  afterburner, 
is  shown  in  the  photograph  of  Figure  21.7.  1 
and  the  sketch  of  Figure  21.7.2.  The  material 
discussed  here  is  taken  directly  from  Reference 
21.29.  This  is  the  same  system  that  was  de¬ 
scribed  briefly  in  the  introduction.  Conditions 
in  the  fan  stream  at  the  afterburner  inlet  were 
a  velocity  of  about  95  m/sec  and  a  temperature 
of  about  390  k.  and  conditions  in  the  core  or 
gas  generator  stream,  were  about  220  m/sec 
and  875°  k  respectively.  The  bypass  ratio 
was  about  one  for  these  tests. 


Figure  21.0.2  Sketch  of  Nozzle  for  Pratt  and 

Whitney  F-lOO-PW-lOO  Augment¬ 
ed  Turbofan  Engine. 

(A)  Subsonic  nozzle  configuration;  (U  Engine 
case,  (2)  Cooling  passage,  (3)  Perforated 
cooling  liner,  (4)  Fixed  outer  cowl,  (5) 

Hinge  for  nozzle  contraction,  (b)  Nozzle 
contraction  member,  (7)  Hinge  for  nozzle 
expansion,  (8l  Nozzle  expansion  member, 
and  (9)  Moveable  outer  cowl. 

<B)  Supersonic  nozzle  configuration. 

Another  major  area  of  concern  for  nozzle 
designer.s  is  the  external  drag  of  the  nozzle  and 
aft  end  of  the  propulsion  pod  or  vehicle.  Large 
nozzle  exit  area  changes  are  required  to  accom¬ 
modate  afterburner  operation  and,  consequently, 
it  is  difficult  to  make  an  aerodynamic  design 
for  the  aft  end  of  the  engine  which  will  not  re¬ 
sult  in  excessive  drag  during  either  afterburning 
or  nc5n-afterburning  operation.  For  an  example, 
if  the  external  surface  i.s  fixed  to  accommodate 
the  maximum  nozzle  e.xit  area,  see  Figure  21.t  .  lA, 
a  l.iri:e  base  drag  will  occur  because  of  flow 
sc}>arati(jn  on  the  ’boat  tail'  of  the  noz.z.le  when 
a  smaller  exit  area  is  actually  used,  see  Fig- 
■are  2  1.  o.  IfL  The  flow  separation  shown  in  tB) 
prt;duces  a  significant  increase  in  drag.  Use 
(){  blow  in  door.s  of  Figure  (C)  reduce  the  re¬ 
quired  motion  of  the  secondary  nozzle,  and 
hence  decrease  the  boat  tail  angle,  and  the  size 
and  importance  of  the  separated  region.  E.  g.  , 
compare  <B)  and  (C).  A  similar  problem  a  rises 
for  the  nozzle  shown  in  Figure  21,6.2.  Drag 
from  this  source  and  other  sources  associated 
with  the  installation  of  engines  in  vehicles  or 
pods  is  an  important  problem  for  the  nozzle  de¬ 
signer. 


Figure  21.  7.  1  Photograph  of  Afterburner 

Flame  Holders  and  Fuel  Spray 
Rings,  from  Reference  21.29. 


The  flame  holder  system  consists  of  three 
rings  of  V-gutters  and  a  number  of  short  radial 
segments  of  V-gutters.  The  gutters  all  have 
an  included  angle  of  45  ;  the  outer  gutter  ring 
and  the  radial  gutters  attached  to  it  have  a 
height  of  5.  1  cm  and  the  inner  two  gutter  rings 
have  a  height  of  3.  o  cm.  The  outer  ring  is 
held  in  place  by  a  rod  assembly,  shown  in  the 
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Figure  21.7.2  Sketch  of  Afterburner  for  TF30-P-3  Augmented  Turbofan  Engine. 

(All  Dimensions  in  cm.;  Taken  Directly  From  Reference  21.29.) 


sketch,  and  the  ring  supports  18  radial  V-gutters 
(which  have  their  axis  lying  along  a  radius).  The 
inner  two  rings  are  supported  by  six  V-gutters, 
which  are  attached  to  the  diffuser  cone  and  are 
visible  in  Figure  21.  7.  1.  The  projected  area  of 
all  the  flame  holders  was  about  38  percent  of  the 
duct  cross-section  area  although  the  holders  do 
not  lie  in  a  single  plane.  The  combustion  chamber 
is  made  up  of  an  outer  shell,  which  is  the  pressure 
vessel  and  an  inner  shell  which  is  part  of  the  cool¬ 
ing  system.  The  inner  shell  is  perforated  at  its 
upstream  end  and  louvered  at  its  downstream  end. 
The  narrow  space  between  the  shells  acts  as  a 
cooling  passage;  the  pressure  at  the  upstream 
end  of  this  passage  is  high  enough  compared  to 
that  in  the  combustion  chamber  to  produce  a  flow 
of  cool  fan  air  through  the  passage  and  out  into 
the  combustion  chamber  through  the  holes  and 
louvers.  Flow  in  the  passage  cools  by  forced  con¬ 
vection,  and  flow  through  the  holes  and  louvers 
cools  by  a  film  cooling  effect.  The  holes  in  the 
upstream  section  also  have  been  designed  to  pro¬ 
duce  maximum  damping  of  acoustic  disturbances 
at  frequencies  for  which  combustion  instabilities 
have  been  observed  in  the  chamber. 

Fuel  is  injected  into  the  flow  through  seven 
fuel  spray  rings,  shown  in  both  Figures  21.7.  1 
and  21.  7.  2,  and  they  are  arranged  in  five  zones. 
Modulation  of  the  fuel  injection  system  is  accom¬ 
plished  by  an  integrated  afterburner-nozzle  control 
system  which  simultaneously  opens  the  nozzle  and 
increases  the  fuel  flow.  These  two  operations  are 
controlled  by  an  open  loop  hydraulic  control  mech¬ 
anism  which  has  no  feedback  information  concern¬ 
ing  afterburner  ignition  or  pressure  level.  In  the 
present  engine,  fuel  is  first  introduced  to  zone  1. 
Under  low  pressure  (i.  e.  ,  high  altitude)  operation 
fuel  is  injected  through  one  of  the  rings,  and  when 
the  pressure  level  is  above  124  N/cm^  the  second 
ring  is  also  used.  These  fuel  spray  rings  lie 
close  to  the  interface  between  the  fan  and  core 
gas  streams  and  the  fuel  is  primarily  injected 
into  the  core  or  gas  generator  stream.  If  Maxi¬ 
mum  Power  is  required,  the  control  system  will 
start  fuel  flowing  to  the  other  4  zones  at  intervals 
of  about  1-1/2  seconds. 

Zones  2,  3  and  4  are  single  ring  injectors 


which  feed  fuel  to  the  fan  stream.  They  are  placed 
close  to  the  radial  flame  holders  to  insure  a  supply 
of  liquid  fuel  to  the  flame  holders  which  is  then 
evaporated  and  fed  to  the  recirculation  in  the  man¬ 
ner  suggested  in  Section  21.  4.  3,  page  21-19. 

Zone  5  is  a  double  ring  which  supplies  the  core 
engine  exhaust  stream.  These  rings  are  placed 
about  65  cm  upstream  of  the  flame  holders  to  give 
the  fuel  time  (about  3  m/sec)  to  vaporize  before 
reaching  the  flame  stabilization  region. 

Each  of  the  three  flame  holder  rings  occupy  an 
equivalent  duct  with  a  height  of  about  15  cm  and  a 
length  of  about  175  cm.  Thus,  the  length  to  height 
ratio  is  very  roughly  12  but  this  interpretation  is 
complicated  by  the  presence  of  numerous  radial 
gutters.  Thus,  in  the  outer  region  which  has  many 
radial  holders,  this  ratio  is  much  larger. 

The  transient  processes  which  occur  during  a 
rapid  advance  of  the  throttle  from  Military  Power 
setting  to  Maximum  Power  setting  are  shown  on 
the  next  page  in  Figure  21.  7.  3  which  is  taken  di¬ 
rectly  from  Figure  9  of  Reference  21.29.  (The 
horizontal  axes  on  these  diagrams  is  the  time  in 
seconds.  )  The  position  of  the  power  lever  control¬ 
led  by  the  pilot  is  shown  in  Figure  21.  7.  3a,  the 
upper  diagram,  as  a  function  of  the  time.  It  is 
moved  forward  from  a  Military  Power  level  at 
time  zero  to  Maximum  Power  at  about  1.  4  seconds. 
The  nozzle  control  system  opens  the  nozzle  throat 
area  according  to  the  schedule  shown  in  Figure 
21.  7.  3b. 

The  total  fuel  flow  rate  to  the  afterburner  sys¬ 
tem  is  shown  in  Figure  21.  7.  3c.  Fuel  flow  starts 
at  about  0.  3  seconds  after  the  power  lever  is  moved 
to  Maximum  Power  and  ignition  of  the  zone  1  sys¬ 
tem  occurs  at  about  1.  6  seconds.  The  time  for 
ignition  is  deduced  from  the  first  rapid  increase  in 
static  pressure  at  the  nozzle  exit  (P.^)  shown  in  the 

sketch  of  Figure  21.7.  3d.  As  fuel  injection  into 
each  zone  is  started  the  overall  injection  rate, 
shown  in  (c),  increases.  The  particularly  large 
excursion  in  flow  which  peaks  at  about  2.  6  seconds 
is  an  artifact  of  the  measuring  system  and  does  not 
represent  an  increase  in  fuel  delivered  to  the  com¬ 
bustion  chamber.  It  is  caused  by  a  change  in  fuel 
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pumps  from  the  afterburner  hydraulic  pump,  used 
at  very  low  fuel  flow  rates,  to  the  main  afterburn¬ 
er  fuel  pump.  Note  that  the  maximum  fuel  flow  of 
the  afterburner  system  is  about  6000  kg/hr  where¬ 
as  that  of  the  core  engine  is  only  about  1200  kg/hr 
at  the  condition  discussed  here.  Ignition  of  each 
zone  is  indicated  by  the  pressure  cusps  which  ap¬ 
pear  in  the  nozzle  inlet  pressure,  see  line  (d). 

The  schedule  for  nozzle  area  changes,  shown  in 
line  (b),  lags  these  ignition  events  by  about  0.  2 
seconds  and  this  mismatch  produces  the  observed 
pressure  disturbances. 

For  this  particular  throttle  excursion  the 
only  pressure  pulse  which  could  cause  any  trouble 
at  the  fan  or  compressor  is  the  first  pulse  which 
starts  at  1.  6  seconds.  The  large  rise  in  nozzle 
inlet  pressure,  line  (d),  also  appears  at  the  fan 
exit  station,  line  (e).  This  excursion  increases 
the  fan  exit  pressure  above  the  steady  state  stall 
line  for  the  fan.  In  this  example,  the  transient 
nature  of  the  disturbance  kept  the  fan  from  stal¬ 
ling.  However,  the  disturbance  was  observed 
throughout  the  complete  compressor  system  as  a 
5-10  percent  excursion  in  pressure. 

The  steady  state  characteristics  for  this 
afterburner  are  shown  in  Figure  21.  7.  4  as  a  func¬ 
tion  of  afterburner  fuel-air  ratio  and  with  inlet 
pressure  as  a  parameter.  Afterburner  total  tem¬ 
perature  and  pressure  ratios  are  shown 

in  (A)  and  (B),  and  the  specific  fuel  consumption 
SFC  and  thrust  F  are  shown  as  ratios  of  their 
values  with  and  without  afterburning  in  (C)  and  (D). 
Finally,  the  combustion  efficiency  is  shown  in 
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Figure  21.7.3  Time  History  of  Engine  and 

Afterburner  Parameters  During 
Afterburner  Starting  Transient. 
Data  from  Reference  21.29. 
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Afterburner  Fuel-Air  Ratio 

Figure  21.7.4  Effect  of  Fuel-Air  Ratio  and  Pres¬ 
sure  on  Steady  State  Performance 
Parameters.  Reference  21.29 
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Figure  2 1.  7.  4  (E).  The  values  presented  here 
are  based  on  measurements  of  static  pressure 
at  Stations  (8)  and  (9)  of  Figure  21.7.  1,  total 
temperatures  at  Station  (8)  and  the  measured 
thrust  of  the  engine.  Hence,  the  values  are 
reasonable  estimates  but  they  are  not  the  re¬ 
sult  of  detailed  measurements  made  in  the  flow. 

The  latter  figure  also  shows  the  relation¬ 
ship  between  the  five  zones  and  the  afterburner 
fuel-air  ratios  which  can  be  achieved  when  each 
is  activated.  Thus,  when  zones  1  to  3  are 
operating,  fuel-air  ratios  between  0.  020  and 
0.  026  can  be  used.  However,  the  value 

=  0.  80  obtained  for  an  inlet  total  pressure 

of  0.  72  atm  and  a  fuel-air  ratio  of  0.  022  is  the 
overall  efficiency  and  is  not  associated  with  any 
particular  zone.  For  inlet  pressures  greater 
than  one  atmosphere,  combustion  efficiency  is 
uniform  and  greater  than  85  percent. 

Note  that  all  the  steady  state  parameters 
except  the  thrust  drop  off  rapidly  when  the  inlet 
pressure  falls  below  about  one  atmosphere. 

It  is  comforting  to  find  that  relatively  ef¬ 
fective  augmentation  systems  can  be  developed 
despite  our  lack  of  understanding  of  many  very 
important  features  of  the  fuel  preparation,  sta¬ 
bilization  and  flame  spreading  processes.  How¬ 
ever,  the  cost  of  developing  these  systems  is 
greatly  increased  by  our  ignorance. 


21.8  COMBUSTION  INSTABILITIES 

One  of  the  principal  problems  associated 
with  the  development  of  high  performance  aug¬ 
mentation  systems  is  the  suppression  of  large 
amplitude  pressure  oscillations  which  often  ac¬ 
company  the  combustion  process.  Disturbances 
of  this  type  are  called  combustion  instabilities 
and  most  appear  to  be  driven  by  a  coupling  be¬ 
tween  an  acoustic  oscillation  at  one  of  the  many 
resonant  modes  of  the  system  and  some  step  in 
the  heat  addition  process. 

The  range  of  frequencies  is  very  wide. 
Longitudinal  modes  with  frequencies  as  low  as 
50  to  100  hz  have  been  identified,  and  frequen¬ 
cies  for  radial  or  tangential  modes  can  be  as 
high  as  5000  hz.  The  frequency  spectra  of 
strong  oscillations  often  exhibit  5  to  10  har¬ 
monics  with  amplitudes  within  10  db  of  the  fun¬ 
damental  frequency.  Also  peak  to  peak  ampli¬ 
tudes  of  oscillations  as  large  as  50  percent 
of  the  average  pressure  are  observed  and  many 
systems  regularly  operate  with  oscillations  with 
an  amplitude  of  5-10  percent  of  the  average 
pressure. 

In  a  typical  situation,  the  amplitude  of 
the  oscillation  at  low  fuel-air  ratios  is  small 
and  grows  slowly  as  the  fuel-air  ratio  is  in¬ 
creased.  Finally,  near  some  critical  fuel-air 
ratio,  the  amplitude  grows  very  rapidly  to  a 
much  larger  value.  The  fuel-air  ratio  at  the 
critical  threshold  and  the  rapidity  with  which 
the  amplitude  of  the  disturbance  grows  after 
the  threshold  has  been  passed  often  depend  on 
the  combustor  inlet  velocity,  pressure  and  tem¬ 
perature. 

The  oscillations  reduce  the  life  of  com¬ 
bustion  chamber  apparatus  or  force  an  increase 


in  weight  to  obtain  a  given  life  expectancy.  Life 
of  components  is  decreased  because  of  fatigue 
produced  by  high  frequency  oscillating  forces  and 
by  increased  heat  transfer  which  often  accompan¬ 
ies  the  oscillations. 

In  analyzing  problems  of  this  type  it  is 
helpful  to  consider  the  energy  stored  in  a  mode 
of  oscillation  of  the  gas  in  the  afterburner  sys¬ 
tem.  This  energy  can  be  increased  by  a  num¬ 
ber  of  driving  mechanisms  and  it  can  be  decreas¬ 
ed  by  a  number  of  damping  or  attenuation  mech¬ 
anisms.  In  order  to  tune  the  driving  processes 
to  the  natural  resonant  frequencies  for  acoustic 
disturbances,  a  feedback  or  coupling  mechanism 
is  required.  A  steady  amplitude  is  reached  when 
the  attenuation  and  driving  processes  are  in  bal¬ 
ance.  In  the  following  discussion,  we  will  de¬ 
scribe  several  of  these  damping,  driving  and 
coupling  processes  but  will  not  attempt  to  give 
an  overall  description  of  a  stability  calculation. 

Damping.  There  are  a  number  of  damping 
terms  which  arise  at  the  inlet  or  inlets  and  out¬ 
let  to  the  cavity.  For  example,  when  a  travel¬ 
ing  acoustic  wave  impinges  on  a  nozzle,  reflect¬ 
ed  and  transmitted  waves  are  generated.  The 
energy  carried  through  the  nozzle  by  the  trans¬ 
mitted  wave  is  lost  from  the  cavity  and  repre¬ 
sents  a  loss.  Similar  losses  can  occur  at  the 
inlet.  However,  interactions  at  the  inlet  to  the 
afterburner  occur  at  interfaces  defined  by  turbine 
blades  (in  the  case  of  the  core  stream)  and  by 
compressor  blades  (in  the  case  of  the  fan  stream). 
Interaction  between  the  gas  flowing  through  these 
components  and  the  acoustic  disturbances  can 
produce  either  a  loss  or  gain  for  the  disturbance. 

Additional  sources  of  acoustic  damping  arise 
due  to  viscous  interactions  involving  boundary 
layers  on  the  walls  and  the  drag  forces  on  bluff 
bodies  such  as  flame  stabilizers,  fuel  injection 
rings  and  support  struts. 

In  addition,  resonators  built  into  combustion 
chamber  walls  can  be  used  to  greatly  increase 
damping  rates.  The  cooling  liner  sliown  in  Fig¬ 
ure  21.7.2  is  an  example  of  the  application  of 
this  technique  and  it  will  be  described  briefly 
here  because  this  technique  is  commonly  used  to 
control  high  frequency  disturbances.  The  liner 
has  been  perforated  in  the  region  close  to  the 
flame  stabilizers.  When  there  is  no  mean  flow 
across  these  holes,  a  pressure  oscillation  in  the 
combustor  and  close  to  the  liner  will  produce  a 
pressure  difference  across  the  holes  which  will 
drive  gas  from  the  combustion  chamber  into  the 
cooling  passage  when  the  combustor  pressure  is 
high,  and  suck  gas  back  into  the  combustion 
chamber  when  the  pressure  is  low.  This  pro¬ 
cess  feeds  energy  from  the  acoustic  mode  into 
the  kinetic  energy  of  the  gas,  which  flows  through 
the  openings,  and  which  is  subsequently  dissipated. 
This  process  removes  energy  from  the  acoustic 
mode  and  hence  represents  a  damping  of  the  os¬ 
cillation. 

The  rate  at  which  energy  is  removed  from 
a  particular  mode  of  oscillation  can  be  maximiz¬ 
ed  by  selecting  the  proper  hole  size  and  volume 
for  ^e  cooling  passage  associated  with  each  hole 
so  that  the  natural  frequency  for  the  cavity  is 
close  to  that  of  the  acoustic  mode.  For  example, 
Helmholtz  showed  that  a  cavity  with  a  narrow 
neck  had  a  natural  frequency  which  could  be 
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analyzed  approximately  by  treating  the  compress¬ 
ible  gas  in  the  cavity  as  the  spring,  and  the 
mass  of  gas  in  the  narrow  throat  as  the  mass 
in  a  spring-mass  system.  The  natural  frequen¬ 
cy  for  the  cavity  is  approximately  (^aYA/L^V^  ^ 

where  (a)  is  the  speed  of  sound,  A  is  the  cross 

section  area  of  the  neck,  L  is  the  effective 

e 

length  of  the  narrow  neck  (which  in  our  thin 
wall  case  is  roughly  the  hole  diameter),  and 
is  the  volume  of  the  cavity  associated  with 

each  hole.  By  proper  selection  of  A,  and 
we  can  design  the  cavity  so  that  its  natural 

frequency  is  close  to  the  frequency  of  the  com¬ 
bustion  instability,  and  thus,  maximize  the  en¬ 
ergy  loss  rate  or  the  damping.  Damping  can 
be  further  increased  by  allowing  fluid  to  flow 
from  the  liner  cooling  passage  into  the  combus¬ 
tion  chamber.  Fortunately,  this  flow  direction 
is  in  agreement  -with  that  required  to  produce 
the  best  cooling  effect. 

Perforated  cooling  liners  are  often  used 
successfully  to  suppress  high  frequency  oscil¬ 
lations.  However,  the  effectiveness  decreases 
for  frequencies  below  1000  hz,  and  devices  of 
this  type  are  almost  impossible  to  implement 
for  the  lowest  frequencies  encountered  in  aug¬ 
mented  turbofan  systems  because  of  constraints 
on  the  allowable  volume  of  the  cavity. 

A  number  of  numerical  computer  codes 
have  been  developed  to  analyze  acoustic  fields 
inside  cavities  of  arbitrary  shapes.  Resonant 
frequencies  and  damping  due  to  wall  friction 
effects  can  be  calculated  by  these  codes.  How¬ 
ever,  the  effects  of  regions  with  large  temper¬ 
ature  differences  and  high  Mach  numbers  have 
not  been  included  in  the  codes  yet.  A  discus¬ 
sion  of  calculations  of  this  type  is  given  in 
Reference  21.35  which  deals  primarily  with 
combustion  instabilities  in  solid  and  liquid  pro¬ 
pellant  rockets. 

The  physical  principals  required  to  for¬ 
mulate  the  description  of  the  acoustic  field  in  a 
cavity,  which  contains  a  gas  with  large  tem¬ 
perature  and  mean  flow  variations,  are  well 
understood  and  the  properties  of  the  acoustic 
field  can  be  calculated  as  accurately  as  requir¬ 
ed  (given  sufficient  effort  and  funds).  Most  of 
the  damping  characteristics  can  also  be  treated 
with  reasonable  accuracy  for  simple  modes  and 
combustor  configurations,  and  the  physical  pro¬ 
cesses  are  well  understood.  The  same  state¬ 
ment  cannot  be  made  for  the  driving  and  cou¬ 
pling  mechanisms  discussed  in  the  following 
paragraphs. 

Driving  Mechanisms.  Consider  a  one¬ 
dimensional  compressible  gas  stream  flowing 
in  a  constant  area  duct  and  let  heat  be  added 
uniformly  at  a  rate  6  over  some  finite  length 
of  the  duct.  The  heat  addition  process  will 
produce  an  acceleration  of  the  gas  and  a  drop 
in  the  pressure  according  to  the  relationships 
derived  in  Section  21.5.2.  However,  as  long 
as  is  independent  of  time,  no  acoustic  field 
will  be  produced. 

When  Q  has  a  periodic  component,  say 

Q  =  (Q„  +  6slr.'j)t)  and  6  «  Q  ,  a  pair  of  travel- 
o  o 

ing  acoustic  waves  will  be  generated,  and  one 


will  propagate  upstream  and  the  other  down¬ 
stream.  The  strength  of  the  waves  will  depend 

on  € ,  and  the  Mach  number  at  the  heat  ad- 
o 

dition  station.  If  these  waves  are  in  phase  with 
an  acoustic  disturbance  already  present  in  the 
duct,  the  fluctuating  heat  addition  will  drive  the 
disturbance,  i.  e.  ,  will  put  energy  into  the  acous¬ 
tic  mode. 

The  fluctuating  heat  input  rate  also  pro¬ 
duces  a  fluctuating  entropy  or  total  temperature 
in  the  gas  flowing  through  the  heater  which  is 
convected  downstream  with  the  flow.  Marble  and 
Candel  (see  the  review  in  Reference  21.36)  have 
pointed  out  that  acoustic  disturbances  are  creat¬ 
ed  when  a  flow  which  contains  periodic  entropy 
variations  of  this  type  passes  through  a  region 
which  contains  pressure  gradients.  Thus,  if  we 
place  a  nozzle  at  the  downstream  end  of  the  duct 
discussed  above,  acoustic  disturbances  will  be 
generated  at  the  nozzle  by  the  entropy  fluctua¬ 
tions  produced  farther  upstream  by  the  periodic 
variations  in  heat  input.  In  the  present  example, 
the  nozzle  will  generate  a  second  pair  of  travel¬ 
ing  waves,  one  of  which  will  move  upstream  and 
the  other,  downstream.  The  nozzle  will  also 
act  as  a  partial  reflector  of  the  traveling  waves 
produced  directly  in  the  heat  addition  process 
and  the  reflected  wave  will  also  move  back  up¬ 
stream.  Note  that  the  acoustic  disturbances 
travel  downstream  to  the  nozzle  at  a  velocity 
which  is  the  sum  of  the  local  speed  of  sound 
(a)  and  the  flow  speed  (u),  i.e.  ,  (u  +  a),  where 
as  the  entropy  fluctuations  are  carried  by  the 
flowing  gas  and  travel  at  a  speed  (u).  Hence, 
the  phase  difference  in  the  two  traveling  waves 
which  move  upstream  from  the  nozzle  will  de¬ 
pend  on  the  distance  between  the  heat  addition 
region  and  the  nozzle,  and  also  on  the  Mach 
number  of  the  flow.  If  the  phase  difference  is 
close  to  a  multiple  of  Z-n,  the  waves  originating 
at  the  nozzle  will  reinforce  each  other. 

In  summary,  any  fluctuation  in  heat  input 
rate  to  a  gas  flow  will  produce  acoustic  distur¬ 
bances  directly  and  also  variations  in  the  entro¬ 
py  of  the  flowing  gas.  When  these  entropy  vari¬ 
ations  are  convected  through  a  pressure  gradient 
a  second  acoustic  disturbance  is  produced.  The 
interaction  of  the  traveling  waves  produced  in 
this  process  will  depend  on  the  geometry  and 
Mach  number  of  the  flow. 

Coupling.  The  most  difficult  step  in  sta¬ 
bility  calculations  for  afterburner  systems  is  the 
description  of  the  process  by  which  acoustic  dis¬ 
turbances  interact  with  the  combustion  process 
to  produce  fluctuations  in  the  heat  input  rate. 

This  coupling  process  must  be  understood  before 
any  meaningful  stability  calculations  can  be  made. 

A  large  number  of  coupling  mechanisms 
are  present  in  the  afterburner  system.  These 
may  be  conveniently  grouped  under  the  heading 
of  fuel  preparation,  flame  stabilization,  and 
flame  spreading  mechanisms.  We  will  discuss 
briefly  a  few  of  these  processes. 

Acoustic  disturbances  can  interact  with 
each  step  in  the  fuel  preparation  process.  Thus, 
the  rates  of  fuel  injection,  atomization  and  va¬ 
porization  processes  can  each  be  affected  by  lo¬ 
cal  pressure  and  velocity  fluctuations.  For  ex¬ 
ample,  the  rate  of  fuel  flow  at  the  injector  ori¬ 
fice  is  proportional  to  the  square  root  of  the 
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pressure  drop  across  the  orifice  and  hence 
will  be  affected  by  fluctuations  in  gas  pres¬ 
sure  at  the  injector  due  to  an  acoustic  dis¬ 
turbance  in  the  duct.  The  fluctuations  in  mass 
flow  and  pressure  at  the  upstream  side  of  the 
orifice  produced  by  this  interaction  must  be 
treated  as  matching  conditions  which  will  spec¬ 
ify  the  non- steady  operation  of  the  whole  fuel 
feed  system.  (A  system  which  will  also  have  a 
set  of  resonant  frequencies.  )  If  for  simplicity 
we  examine  a  system  with  perfect  atomization 
and  vaporization,  the  resulting  fluctuation  in 
fuel  injection  rate  at  the  injector  will  produce 
a  fluctuation  in  fuel-air  ratio  at  the  flame  front 
after  a  time  delay  which  is  fixed  by  the  time  re¬ 
quired  for  the  fuel  to  be  carried  from  the  injec¬ 
tor  to  the  flame  front.  The  variation  in  fuel-air 
ratio  will  produce  a  fluctuation  in  the  heat  re¬ 
lease  rate  at  the  flame  front  and  when  the  acous¬ 
tic  disturbance  in  the  duct  is  in  phase  with  this 
variation  of  heat  release,  it  will  be  driven  by 
this  process.  If  the  two  disturbances  are  suf¬ 
ficiently  out  of  phase,  the  disturbance  in  the 
duct  will  be  damped.  Analysis  of  the  reaction 
of  feed  systems  to  pressure  oscillations  of  the 
type  described  here  are  presented  in  detail  in 
Reference  21.3  5. 

Several  coupling  mechanisms  associated 
with  the  flame  stabilization  region  have  been 
suggested  and  we  will  describe  one  of  these 
mechanisms  in  some  detail  to  illustrate  this 
class  of  coupling  processes.  This  discussion 
is  drawn  from  the  work  of  Marble,  Rogers  and 
Barker  presented  in  References  21.37  and 
21.38.  Consider  the  two-dimensional  flow 
shown  in  Figure  21.8.  1  and  assume  that  a 
strong  transverse  oscillation  is  present  down¬ 
stream  of  the  flame  holder.  The  smallest  res¬ 
onant  frequency  for  a  transverse  mode  is  that 
corresponding  to  a  plane  wave  moving  vertically, 
and  with  a  pressure  node  at  the  axis  and  a  maxi¬ 
mum  pressure  amplitude  at  the  walls.  (E.  g.  , 
Figure  21.8.  1C.  )  The  corresponding  fluctuation 
amplitude  for  the  vertical  velocity  is  also  shown 
in  this  Figure.  The  frequency  f  of  this  oscil¬ 
lation  will  be  f  =(a)/  2H,  where  H  is  the  height 
of  the  channel  andfa)is  an  average  speed  of 
sound  in  the  gas. 

In  this  flow,  the  strong  transverse  wave 
interacts  with  the  shear  layers  on  either  side 
of  the  flame  holder  to  produce  a  regular  train 
of  vortices  which  are  shed  alternately  from  each 
lip  of  the  flame  holder  in  the  manner  suggested 
in  the  sketch  of  Figure  21.  8.  lA .  Vortices  are 
shed  in  an  antisymmetric  mode  in  keeping  with 
the  antisymmetric  shape  of  the  velocity  and  pres¬ 
sure  perturbations,  and  they  grow  rapidly  as  they 
convect  downstream. 

The  coupling  mechanism  in  this  example 
appears  to  be  the  triggering  of  these  vortices 
which  in  turn  are  responsible  for  the  unsteady 
heat  addition  which  drives  the  oscillations. 

Marble  (Reference  21.  37)  suggested  that  the  vor¬ 
tices  sweep  unburnt  gas  deep  within  the  recircu¬ 
lation  zone  and  that  this  combustible  material 
will  burn  rapidly  after  a  short  time  delay.  In 
this  situation,  the  time  delay  associated  with 
the  entrainment  of  combustible  fluid  is  short, 
and  the  delay  is  primarily  fixed  by  the  chemical 
reaction.  The  entrained  material  will  start  to 
react  seconds  after  the  vortex  is  shed,  and 

the  heat  addition  rate  will  receive  a  sharp  pulse 
at  that  time.  When  is  close  to  an  integral 


Figure  21.8.  1  Sketches  Illustrating  the  Flame 
Front  Geometry  During  (A)  Un¬ 
stable  and  (B)  Stable  Combustion. 
(C)  Mode  Shapes  for  Perturba¬ 
tions  in  Pressure  (p')  and  Trans¬ 
verse  Velocity  (v')- 


multiple  of  the  period  of  the  r^onant  frequency  for 
the  acoustic  disturbance,  2H/(a)=  1  /  f,  the  oscilla¬ 
tion  will  be  driven.  In  the  present  case,  driving  at 
the  frequency  of  the  first  mode  was  strong  enough  to 
produce  a  large  amplitude  oscillation.  However, 
oscillations  at  higher  harmonics  were  not  observed. 

In  this  example,  the  instability  was  not  present 
at  low  values  of  the  fuel-air  ratio  and  started  at  a 
well  defined  value  when  the  fuel-air  ratio  was  in¬ 
creased.  This  threshold  value  0  was  found  to  vary 

s  ' 

with  mixture  temperature  and  fuel  type.  In  both  in¬ 
stances,  the  authors  were  able  to  predict  the  observ¬ 
ed  variations  in  (8^  by  using  the  model  suggested 

above.  In  making  these  predictions,  values  of  the 
delay  time  were  found  by  using  the  assumption 

that  scaled  with  the  characteristic  time  de¬ 
scribed  in  the  flame  stabilization  discussion  in  Sec¬ 
tion  21.4,1.2,  page  21-16.  Some  of  the  experimen¬ 
tal  values  of  used  in  this  process  are  shown  in 

Figure  21,  4.  10.  The  sharp  boundary  for  0^  is  a  re¬ 
sult  of  the  very  rapid  change  of  with  fuel-air  ratio 

which  is  inferred  from  the  variation  of  '  shown  by 

c 
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the  data  of  this  figure.  In  their  example  the 
resonant  frequency  was  about  4000  hz  which  sug¬ 
gests  that  Tj  should  be  close  to  0.  25  msec  (if 

the  heat  release  rate  rises  after  the  first  cy¬ 
cle  of  the  oscillation).  Thus,  values  of  t,  and 

d 

of  (see  Figure  21.4.10)  are  almost  equal. 

The  successful  application  of  perforated 
liners  for  the  suppression  of  high  frequency 
combustion  instabilities  has  very  often  involved 
the  use  of  liner  perforations  in  the  immediate 
neighborhood  of  the  flame  stabilization  region. 
This  suggests  that  the  flame  stabilization  region 
is  very  important  in  coupling  high  frequency 
disturbances  to  the  heat  addition  process  and 
that  one  important  mechanism  is  that  described 
above. 

Because  of  the  large  scale  inhomogenities 
which  are  present  in  the  flame  spreading  region, 
one  would  expect  that  coupling  between  heat  re¬ 
lease  and  acoustic  disturbances  would  be  possi¬ 
ble  in  this  region  too.  However,  no  experi¬ 
mental  evidence  for  such  processes  has  been 
developed  yet. 

Finally,  any  non-steady  heat  release  which 
occurs  in  the  combustor  will  react  with  the  noz¬ 
zle  to  produce  longitudinal  disturbances.  Note 
that  the  amplitude  of  these  disturbances  can  be 
very  large.  For  example,  for  wave  lengths 
which  are  long  compared  to  the  nozzle  inlet 
length  and  an  inlet  Mach  number  of  0.  8,  a 
total  temperature  fluctuation  with  an  amplitude 
of  10  percent  will  produce  an  upstream  propa¬ 
gating  wave  with  an  amplitude  of  about  5  per¬ 
cent  of  the  mean  pressure. 
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Role  of  Wake  Transition  in  the  Process 
of  Flame  Stabilization  on  Bluff  Bodies." 
Combustion  Researches  and  Reviews 
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posium  on  Aerothermochemistry 
west  University  Press,  1955. 


(21.7)  Wright,  F.  H.  "Bluff  Body  Flame  Stabi¬ 
lization:  Blockage  Effects.  "  Combus¬ 

tion  and  Flame,  Vol.  3,  p.  319,  1959. 


(21.8)  Broman,  G.  E.  and  Zukoski,  E.  E.  "Ex¬ 
perimental  Investigation  of  Flame  Stabi¬ 
lization  in  a  Deflected  Jet.  "  Eighth 
Symposium  (International)  on  Combus¬ 
tion.  p.  944.  The  Williams  and  Williams 
Company,  Baltimore,  1960. 


(21.9)  Cornell,  W.  G.  "The  Flow  in  a  Vee- 
Gutter  Cascade.  ”  Trans.  Amer.  Soc. 
Mech.  Engrs.  ,  1956,  78,  p.  573. 
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In  summary,  we  have  described  some 
of  the  aspects  of  the  combustion  instability  prob¬ 
lem  and  a  few  of  the  many  possible  driving, 
damping  and  coupling  mechanisms.  Given  the 
many  resonant  acoustic  modes,  the  many  possi¬ 
bilities  for  coupling,  the  high  rate  of  heat  re¬ 
lease  per  unit  volume  and  the  small  energy  re¬ 
quired  to  drive  a  large  amplitude  oscillation, 
it  is  surprising  that  any  afterburner  system 
operates  without  acoustic  disturbances. 
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21.  10  FURTHER  READING 

The  purpose  of  this  section  is  to  call  at¬ 
tention  to  a  few  reference  works  which  will 
give  the  reader  a  different  perspective  on  some 
of  the  material  covered  in  this  chapter  and,  in 
several  cases  to  provide  a  source  of  more  de¬ 
tailed  information.  The  reference  material 
discussed  here  is  listed  at  the  end  of  this  sec¬ 
tion. 

A  number  of  general  reviews  of  jet  pro¬ 
pulsion  systems  appeared  in  the  late  1950's 
and  early  1960's.  The  material  presented  in 
these  volumes  is  dated,  but  in  many  cases  is 
still  of  interest  today  and  still  covers  many 
topics  as  adequa’.ely  as  they  can  be  covered 
now.  Two  volumes  from  the  High  Speed  Aero¬ 
dynamics  and  Jet  Propulsion  series  are  of  in¬ 
terest.  Volume  12,  edited  by  Lancaster  con¬ 
tains  information  on  augmentation  systems  and 
also  ramjet  systems  which  are  pertinent. 
Volume  11,  edited  by  Hawthorne  and  Olson 
contains  a  series  of  articles  which  cover  all 
the  engine  components  and  includes  a  dis¬ 
cussion  of  flame  stabilization  in  heterogeneous 
flows.  A  brief  introduction  to  the  Soviet  work 
on  combustion  problems  in  gas  turbines  is 
given  in  the  translation  of  the  book  by  Zuyev 
and  Skubachevskii.  Material  relevant  to  after¬ 
burners  is  discussed  in  the  chapters  on  ramjet 
engines  and  reheat  combustion  chambers. 

A  good  report  on  current  diffuser  re¬ 
search  work  is  that  of  Dolan  and  Rundstadler. 
They  present  a  large  body  of  data  on  conical 
diffusers  which  covers  the  effects  of  inlet 
Mach  number  for  the  whole  subsonic  range, 
a  wide  range  of  inlet  boundary  layer  thickness, 
and  diffuser  geometry  including  area  ratio, 
length  and  divergence  angle. 

The  specific  problems  concerning  ignition 
in  afterburner  systems  are  not  treated  in  detail 
in  any  combustion  texts.  A  detailed  treatment 
of  a  number  of  experiments  concerned  with 
ignition  are  presented  by  Lewis  and  von  Elbe 
who  also  discuss  other  material  concerning 
flame  stabilization  and  flame  spreading. 

The  generation  of  fuel  sprays  and  their 
vaporization  and  combustion  is  still  a  topic  of 
vigorous  research.  Analytic  treatments  are 
available  in  the  text  by  Williams,  and  the 
Fourteenth  and  Fifteenth  Symposia  (Internation¬ 
al)  on  Combustion  contain  interesting  collec¬ 
tions  of  recent  papers  given  at  Sessions  on 
Heterogeneous  Combustion.  Beer  and  Chigier 
also  discuss  relevant  material  although  their 
chief  interest  is  in  industrial  furnaces  rather 
than  aircraft  engines. 

Alternate  views  of  the  flame  stabiliza¬ 
tion  process  are  presented  by  Lewis  and  von 
Elbe,  and  by  Beer  and  Chigier. 

Finally,  five  journals  are  particularly 
useful  sources  of  information.  These  are 
the  AIAA  Journal  of  the  American  Institute 
of  Aeronautics  and  Astronautics;  Combustion 
and  Flame,  (published  by  Elsevier,  New  York); 
and  Combustion  Science  and  Technology,  (pub¬ 
lished  by  Gordon  and  Breach,  New  York);  and 
translations  of  two  Soviet  journals:  Combus¬ 
tion,  Explosion  and  Shock  Waves,  (translated 
and  published  by  Consultants  Bureau,  New 


York);  and  Soviet  Aeronautics  (translated  and 

published  by  Elsevier,  New  York). 

Beer,  J.  M.  and  Chigier,  N.A.  Combustion  Aero¬ 
dynamic  s .  Halsted  Press  Division,  John  Wiley 
and  Sons,  Inc.  ,  New  York,  1972. 
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Fifteenth  Symposium  (International)  on  Combus¬ 
tion.  Held  at  The  Toshi  Center  Hall,  Tokyo, 
Japan,  August  25-31,  1974.  The  Combustion 
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Fourteenth  Symposium  (International)  on  Combus¬ 
tion.  Held  at  The  Pennsylvania  State  Univer¬ 
sity,  University  Park,  Pennsylvania,  August 
20-25,  1972.  The  Combustion  Institute, 
Pittsburgh,  Pennsylvania,  1973. 

Hawthorne,  W.  R.  and  Olson,  W.  T.  (Eds.  ) 

Design  and  Performance  of  Gas  Turbine  Power 
Plants .  Princeton  University  Press,  Princeton, 
New  Jersey,  I960. 

Lancaster,  O.  E.  (Ed.  )  Jet  Propulsion  Engines. 
Princeton  University  Press,  Princeton,  New 
Jersey,  1959.  (Volume  XII  High  Speed  Aero¬ 
dynamics  and  Jet  Propulsion. 

Lewis,  B.  and  von  Elbe,  G.  Combustion  Flames 
and  Explosions  of  Gases.  Second  Edition. 
Academic  Press,  Inc.  ,  New  York,  1961. 

Williams,  F.  A.  Combustion  Theory.  Addison- 
Wesley  Publishing  Company,  Inc.  ,  Reading, 
Massachusetts,  1965. 

Zuyev,  V.  S.  and  Skubachevskii,  L.  S.  Combus¬ 
tion  Chambers  for  Jet  Propulsion  Engines. 
(Translated)  The  MacMillan  Company,  New 
York,  1964. 


21-50 


chapter 


22 


AEROELASTICITY  AND 
UNSTEADY  AERODYNAMICS 


Franklin  O.  Carta 


United  Technologies  Research  Center 


22 


CHAPTEB  22  AEROELASTICITY  AND  UNSTEADY  AERODYNAMICS 


Franklin  0 .  Carta 

United  Technologies  Research  Center 
East  Hartford,  Conn. 

TABLE  OF  CONTENTS 

Page 

22.0  INTRODUCTION .  22-1 

22.1  OVERVIEW  OF  TURBOMACHINERY 

FLUTTER .  22-1 

22.1.1  DEFINITIONS  AND  CONCEPTS  .  22-1 

22.1.2  HISTORICAL  SKETCH .  22-2 

22.1.3  BRIEF  SURVEY  OF  TURBOMACHINERY 

FLUTTER  REGIMES .  22-2 

22.1.1*  ELEMENTARY  CONSIDERATIONS  OF 

AIRCRAFT  WING  FLUTTER .  22-1* 

22.1.1*.!  Equations  of  Motion .  22-1* 

22. 1.1*. 2  Theodorsen  Theory .  22-5 

22. 1.1*. 3  Simplified  Approach  to  Flutter  .  .  22-7 

22.1.5  FUNDAMENTAL  DIFFERENCES  BETWEEN 

TURBOMACHINERY  FLUTTER  AND  WING 
FLUTTER .  22-10 

22.1.5.1  Elementary  Vibration  Concepts  for 

Rotating  Systems  .  22-10 

22.1.5.2  Mass  Ratio,  Stiffness,  and 

Frequency  Differences  .  22-11 

22.2  UNSTEADY  AERODYNAMICS .  22-13 

22.2.1  FUNDAMENTALS  OF  UNSTEADY  THEORY 

FOR  ISOLATED  AIRFOILS .  22-13 

22.2.1.1  Incompressible  Flow .  22-13 

22.2.1.2  Compressible  Subsonic  Flow  ....  22-15 

22.2.1.3  Compressible  Supersonic  Flow  .  .  .  22-17 

22.2.2  UNSTEADY  THEORY  FOR  CASCADED 

AIRFOILS .  22-18 

22.2.2.1  Incompressible  Flow .  22-18 

22.2.2.2  Compressible  Subsonic  Flow  ....  22-22 

22.2.2.3  Compressible  Supersonic  Flow  .  .  .  22-23 

22.2.2.1*  Acoustical  Resonance .  22-27 

22.2.3  DYNAMIC  STALL  -  EMPIRICISM  AND 

EXPERIfffiNT .  22-29 

22.2.3.1  Historical  Background  for 

Torsional  Stall  Flutter .  22-29 

22.2.3.2  Two-Dimensional  Work  Per  Cycle 

and  Aerodynamic  Damping  .  22-31 

22.2.3.3  Dynamic  Stall  and  Stall  Flutter 

of  a  Pitching  Isolated  Airfoil  .  .  22-33 

22.2.3.1*  Unsteady  Cascade  Aerodynamics  at 

High  Incidence .  22-35 

22.3  STABILITY  THEORY  AND  APPLICA¬ 
TIONS  .  22-37 

22.3.1  COUPLED  BLADE-DISK-SHROUD  THEORY  .  22-38 

22.3.2  ROTOR  APPLICATIONS .  22-1*2 

22.1*  LIST  OF  SYMBOLS .  22-1*5 

22.5  REFERENCES .  22-1*8 

22.6  BIBLIOGRAPHY .  22-51 


22-1 
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East  Hartford,  Conn. 


22. C  INTRODUCTION 

The  object  of  this  chapter  is  to  acquaint  the 
reader  with  several  turbomachinery  flutter  problems 
confronting  the  design  engineer  and  to  suggest  some 
of  the  ways  in  which  the  designer  can  cope  with 
these  problems.  It  is  obvious  that  an  in-depth 
examination  of  the  problem  is  beyond  the  scope  of 
this  single  chapter,  and  the  reader  will  be  directed 
to  the  available  literature  for  more  details. 
Nevertheless,  an  attempt  will  be  made  to  approach 
this  exposition  from  the  point  of  view  of  the 
designer,  and  the  application  of  theoretical  or 
empirical  methods  to  overcome  design  barriers  will 
be  stressed  wherever  possible.  To  achieve  this 
end  the  problem  area  will  first  be  defined,  and 
following  this  the  reader  will  be  exposed  to  the 
basic  differences  between  wing  flutter  and  turbo¬ 
machinery  blade  flutter.  This  will  be  helpful 
in  establishing  tl<e  areas  in  which  elementary 
theories  can  be  used  to  explain  basic  principles, 
and  will  also  point  up  the  need  for  advanced 
theories.  Next,  a  brief  discussion  of  the 
unsteady  aerodynamics  of  isolated  airfoils  will 
lead  into  the  more  complicated  problems  involving 
cascaded  airfoils,  and  some  time  will  be  spent 
dealing  with  the  dynamic  stall  problem.  Finally, 
in  the  section  devoted  to  stability  theory,  the 
design  methodology  for  avoiding  flutter  will  be 
discussed.  Here  the  introduction  of  advanced 
unsteady  aerodynamic  theories  into  a  basic 
stability  theory  involving  energy  badance  will  be 
shown  to  provide  the  designer  with  some  of  the 
necessary  constraints  for  flutter-free  operation. 

It  should  be  emphasized  that  flutter  has 
never  been  a  "trivial"  problem.  Several  instances 
of  aircraft  flutter  have  been  documented  in  the 
first  chapter  of  Ref.  22.1,  with  the  earliest 
known  instance  occurring  during  World  War  I, 
indicating  that  flutter  is  not  a  newcomer  to  the 
hierarchy  of  aerodynamic  problems.  Nor  should  its 
severity  be  underestimated,  in  view  of  two  known 
instances  of  catastrophic  wing  failures  due  to 
flutter  on  passenger  aircraft  (c.l96o).  Tiurbo- 
machinery  flutter  is  not  so  well  documented  as 
aircraft  lifting  surface  flutter,  but  as  noted  in 
the  following  historical  overview,  has  been  known 
to  exist  since  the  initial  development  of  the 
turbor.achine.  Furthermore,  the  potential  for 
iar.age  to  aircraft  and/or  engine  is  very  real,  and 
ranges  from  individual  blade  failures,  to  the 
destruction  of  several  stages  (if  the  blades  can 
be  contained  within  the  case),  and  to  the  ultimate 
destruction  of  the  engine  support  struct'ure  or  the 
aircraft  itself  (if  the  blades  cannot  be  contained 
or  if  the  unbalanced  rotating  mass  cannot  be 


restrained  by  the  surrounding  structure).  Clearly, 
then,  this  is  a  problem  to  be  avoided  at  all  cost, 
and  it  is  to  this  end  that  the  following  sections 
are  directed. 

22.1  OVERVIEW  OF  TURBOMACHINERY  FLUTTER 

22.1.1  DEFlNITiaiS  AND  CONCEPTS 

In  general,  flutter  is  the  name  given  to  any 
self-excited  oscillation  of  an  eierodynamically 
lifting  surface.  The  phenomenon  is  characterized 
by  two  necessary  requirements:  1)  an  available 
energy  supply  (e.g.,  the  moving  airstream)  and 
2)  a  zero  or  negatively  damped  system.  Here  the 
word  "system"  applies  to  the  combination  of  the 
lifting  surface  and  the  airstream.  By  itself  the 
lifting  surface  is  a  system  with  positive  damping. 
The  inclusion  of  the  airstream  will  either  increase 
or  decrease  the  damping.  The  mechanism  whereby 
the  airstream  changes  the  damping  will  be  discussed 
in  detail  below. 

First,  however,  it  should  be  noted  that  there 
are  many  different  types  of  flutter  which  affect 
the  many  different  types  of  lifting  surfaces.  To 
name  but  a  few,  there  are:  1)  classical  coupled 
flutter  of  an  aircraft  wing  or  of  a  wing-aileron 
combination;  2)  single  degree  of  freedom  stall 
flutter  of  compressor  blades,  of  propeller  blades, 
or  of  helicopter  rotor  blades;  3)  coupled  flutter 
of  shrouded  compressor  blades.  These  few  examples, 
plus  all  of  the  other  possible  types  of  flutter, 
share  one  thing  in  common  —  the  joint  requirement 
of  an  available  energy  supply  and  a  zero  or  nega¬ 
tively  damped  system.  However,  there  axe  many  more 
differences  than  similarities,  and  a  different 
technique  is  often  required  to  deal  with  each  of 
the  various  types  of  flutter. 

Also  shared  by  all  flutter  phenomena  is  a 
dimensionless  parameter  called  the  reduced  frequency, 

(22.1.1) 

or  its  inverse,  the  reduced  velocity,  V/bm.  Here 
b  is  the  blade  semichord,  ui  is  the  frequency  of 
the  oscillation,  and  V  is  the  free  stream  velocity. 
As  will  be  seen  in  the  work  that  follows,  this 
parameter  appears  both  explicitly  and  implicitly 
in  the  governing  equations  for  unsteady  aerodynamics 
of  oscillating  airfoils,  and  also  plays  an  extremely 
important  role  in  the  empirical  relationships 
associated  with  dynamic  stall  and  stall  flutter. 
Therefore,  it  is  appropriate  to  begin  this  chapter 
with  a  brief  discussion  of  the  physical  meaning  of 


k.  Consider  an  airfoil  of  ohordlength  2b  oscil¬ 
lating  at  a  frequency  of  uj  =  2TTf  =  In/r  in  a  stream 
moving  past  it  at  a  velocity  V,  as  shovm  in 
Fig.  22.1.1  below.  A  sinusoidal  wake  will 


Fig.  22.1.1  Disturbance  Wavelength  of  an 
Oscillating  Airfoil 

be  formed  which  is  imbedded  in  the  free  stream  and 
hence  also  moves  relative  to  the  airfoil  at  a  ve¬ 
locity  V,  with  wavelength 

X  =  VT  =  (22.1.2) 

CJ  ^ 

If  we  divide  the  airfoil  chord  by  this  wavelength 
we  obtain 

2b  .  2bcj  _ 

X  ‘  27rV  '  TT 
or 


flutter  problem  in  these  early  days  of  compressor 
technology  occurred  in  the  bending  mode.  More 
recently,  though,  the  problem  of  flutter  near 
stall  has  shifted  from  the  bending  mode  to  the 
torsion  mode.  Most  of  this  newer  work  has  been 
done  privately  and  hence  has  gone  largely 
unreported.  In  i960,  Armstrong  and  Stevenson 
(Bef.  22.4)  corroborated  Shannon's  results 
and  cited  a  critical  value  of  k  <  0.8  for  torsional 
stall  flutter;  i.e.,  if  k  <  0.8,  or  if  V/bujj^  >  1.25, 
then  torsional  stall  flutter  is  possible.  Sisto, 
in  Ref.  22.5,  attributes  this  shift  from  bending 
flutter  to  torsion  flutter  to  the  progressive 
changes  which  have  occurred  in  the  mechanical  and 
aerodynamic  design  of  compressor  and  fan  blades. 

He  states  that  "the  trend  toward  transonic  stages 
and  supersonic  blade  tips  has  been  at  the  expense 
of  blade  thickness  and  has  been  accompanied  by  a 
rearward  movement  of  the  center  of  twist  along  a 
typical  blade  chordline.  For  example,  double 
circular  arc  airfoil  profiles  have  the  elastic 
axis  and  center  of  twist  both  at  midchord  as  opposed 
to  more  forward  locations  for  the  earlier  65-series 
profiles.  Supersonic  sections  of  the  so-called 
parabolic  or  'J  section'  variety  have  even  more 
rearward  twist  centers.  Higher  stagger  angles  and 
increased  solidities  have  been  other  concomitant 
parametric  trends  that  may  have  aggravated  the 
current  susceptibility  to  severe  torsional  stalling 
flutter." 


Thus,  at  low  reduced  frequency  (k  -  0.05)  the 
wavelength  is  very  large  relative  to  the  chord 
while  at  high  reduced  frequency  (k  a:  1)  the  wave¬ 
length  is  not  so  large  relative  to  the  chord. 

(Here  we  cannot  talk  about  the  wavelength  small 
relative  to  the  chord  because  even  at  the  largest 
values  of  reduced  frequency  encountered  in  practice 
the  wavelength  is  still  three  times  the  blade 
chord.) 

22.1.2  HISTORICAL  SKETCH 

In  the  early  days  of  compressor  technology, 
bending  flutter  near  the  surge  line  was  a  primary 
design  problem.  Because  it  occurred  near  stall 
it  was  universally  referred  to  as  stalling  flutter 
and  it  was  understood  that  the  phenomenon  occurred 
in  the  first  bending  or  flexural  mode  of  vibration. 
Pearson  (Ref.  22.2)  specifically  states  that 
stalling  flutter  in  the  torsion  mode  was  not  a 
problem.  A  great  deal  of  time  and  effort  was 
devoted  to  this  problem  and  a  large  number  of 
reports  were  written  by  British  authors  and  others 
(cf.  Bibliography).  Most  of  these  studies  dealt 
with  the  problem  phenomenologically  although  a 
few  attempted  to  explain  the  physical  nature  of 
stalling  flutter. 

As  early  as  19^5,  Shannon  (Ref.  22. 0)  found 
that  torsional  stall  flutter  of  comjressor  blades 
coijld  occur  for  values  of  the  reduced  frequency 
k  :  bx^/V  <  0.75,  based  on  blade  seir.ichord. 

(This  is  equivalent  to  a  reduced  velocity  v/bx-^ 

>  1.33.)  However,  as  stated  above,  the  primary 


The  several  flutter  phenomena  that  are  most 
likely  to  occur  in  turbomachines  are  discussed 
below. 

22.1.3  BRIEF  SURt'SY  OF  T’JP.BOM.ACHINERi  FLHTTE?. 
RE'.IMES 

A  typical  plot  showing  the  flutter  retion.t  on  a 
compressor  performance  nap  is  shown  in  Fi,;-.  22.1.2. 
The  sul'sonic  stall  flutter  ref'ion,  scl.e.natically 
shown  near  the  .surge  line  at  part  speed,  ear.  le 
regardei  as  representin'-  either  the  reniinr  mole  or 


‘■'-ip  .’howir.,-  riut'cr  :  ur.  in  r  i for 
i'our  I'yr'-.  -  ;ur‘ ■  o- 


the  torsion  mode.  An  equivalent  plot  of  the  flutter 
region  on  an  incidence,  Mach  number  diagram  is  shown 
in  Fig.  22.1.3.  Superimposed  on  this  plot  are  two 
possible  operating  lines  for  the  compressor.  At  idle 
the  incidence  angle  is  high  and  the  relative  Mach  num¬ 
ber  is  low,  while  at  full  speed  the  incidence  angle  is 
low  and  the  Mach  number  is  high.  Thus,  the  operating 
line  traverses  the  plot  from  lower  right  to  upper 
left.  It  is  seen  that  operating  line  no.  1  passes 
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Fig.  22.1.3  Schematic  Stall  Flutter  Map  with 
Hypothetical  Operating  Lines 


through  the  flutter  region  at  part  speed.  A  redesign, 
either  by  stiffening  the  blades  (increasing  b<ju)  or 
reducing  the  incidence,  has  the  effect  of  moving  the 
operating  line  down  and/or  to  the  left  relative  to 
the  flutter  region,  and  operating  line  no.  2  is  seen 
to  be  flutter  free. 


Choking  flutter  in  the  bending  mode  is  a  phenom¬ 
enon  wnich  has  received  relatively  little  attention 
in  the  published  literature.  It  is  mentioned  briefly 
in  Refs.  22.6  and  22.7  and  its  position  on  the  perfor¬ 
mance  map  is  also  shown  schematically  in  Fig.  22.1.2. 
It  usually  occurs  at  negative  incidence  angles  at  a 
part  speed  condition.  The  difference  in  the  flow  con¬ 
ditions  for  stall  and  choke  are  shown  schematically 
in  Fig.  22.1.1,  It  is  seen  that  in  the  stall  condi¬ 
tion  the  inlet  flow  can  expand  through  a  larger  in¬ 
passage  stream  area,  but  in  the  choked  condition  the 
inlet  flow  is  constrained  to  pass  through  a  smaller 


Fig.  22.1.4  Differences  Between  Stalled  Flow 
and  Choked  Flow  Through  a  Cascade 
(Schematic ) 


in-passage  stream  area.  Thus  it  is  possible  to  pro¬ 
duce  higher  in-passage  Mach  numbers,  sometimes 
exceeding  local  critical  values,  than  the  external 
velocities  would  indicate.  When  this  happens,  in¬ 
passage  shocks  can  form  which  can  either  cause  flow 
separation  or  can  directly  couple  adjacent  blades. 

In  either  case,  large  amplitude  oscillations  are 
then  possible. 

In  Ref.  22.6,  Carter  states  that  choking  flutter 
in  compressors  is  not  likely  to  be  a  problem  because 
the  operating  line  will  not  approach  the  choke  region. 
This  statement  was  written  in  the  early  1950's,  prior 
to  the  use  of  variable  geometry  (i.e.,  movable  sta¬ 
tors)  in  modern  compressors.  Thus,  although  one  would 
not  deliberately  run  an  engine  into  the  choke  region, 
it  is  possible  that  an  inadvertant  malfunction  of  the 
stator  control  might  cause  such  an  encounter.  It  is 
also  possible  that  choking  flutter  might  be  experi¬ 
enced  during  prototype  testing,  when  the  effects  of 
various  stator  positions  were  being  explored. 

In  view  of  the  meager  information  available 
on  this  subject,  it  will  not  be  discussed  at  length 
in  any  subsequent  section  of  this  chapter. 

It  will  be  shown  below  that  a  single  compressor 
blade  with  well-separated  frequencies  in  the  funda¬ 
mental  torsion  and  bending  modes  will  not  be  sus¬ 
ceptible  to  the  classical  coupled  flutter  sometimes 
encountered  on  aircraft  wings.  This  has  always 
been  true  for  practical,  unshrouded  compressor  blades 
mounted  on  reasonably  stiff  disks.  However,  with 
the  advent  of  fan  stages  and  necessarily  longer 
blades,  frequencies  in  the  two  fundam.ental  modes 
were  decreased.  This  had  the  effect  of  increasing 
the  reduced  velocity  parameter,  V/h-u,  which  is  equiva¬ 
lent  to  shifting  from  operating  line  no.  2  to  opera¬ 
ting  line  no.  1  in  Fig.  22.1.3.  Part  span  shrouds 
were  then  employed  in  the  United  States  (snubbers  or 
lacing  wires  in  Great  Britain)  to  introduce  additional 
bending  and  torsion  restraints,  which  increased  the 
single-degree-of-freedom  mode  frequencies.  Thus  the 
system  was  stiffened  and  the  operating  line  was  again 
shifted  from  position  1  to  position  2,  away  from 
single-degree-of-freedom  flutter. 

Unfortunately,  the  additional  part  span  con¬ 
straint  also  provided  an  additional  degree  of  free¬ 
dom  to  the  structure,  and  a  pseudo-disk  mode  was 
introduced  which  carried  the  blades  in  a  combined 
bending- torsion  mode,  automatically  coupled,  which 
could  extract  energy  from  the  airstream  and  sustain 
a  self-excited  flutter.  This  phenomenon  was  first 
described  in  Ref.  22,8,  and  a  detailed  analysis  will 
be  presented  in  a  later  section  of  this  charter.  A 
description  of  the  structural  dynamics  of  the  blade- 
disk-shroud  modes  will  be  found  in  Ref.  22.9. 
Fundamental  information  on  the  structural  dynamics 
problem  can  be  found  in  the  pioneering  work  of 
Campbell  or  in  the  later  analyses  of  Ehrich, 

Tobias  and  Arnold,  and  Ewins  (cf.  Bibliography). 

The  region  of  occurrence  of  this  phenomenon  cannot 
be  precisely  defined  on  the  compressor  map,  and 
hence  is  not  indicated  on  Fig.  22.1.2. 
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In  recent  years  supersonic  unstalled  flutter 
has  become  an  increasingly  important  factor  in  the 
design  of  high  performance  turbomachinery  fan 
blades.  This  flutter  occurs  at  a  supersonic  rela¬ 
tive  flow  but  at  a  subsonic  axial  flow;  i.e.,  the 
vector  sum  of  the  subsonic  sociej.  velocity  and  the 
rotational  velocity  is  a  supersonic  relative  veloci¬ 
ty  (see  Fig.  22.1.5).  Only  a  small  portion  of  the 
blade  row  has  been  schematically  shown  in  Fig.  22.1.5 
to  illustrate  the  complexity  of  the  flow  geometry. 


Fig.  22.1.5  Supersonic  Relative  Flow  Past  a 
Blade  Row  with  Subsonic  Leading 
Edge  Locus 

It  is  seen  that  because  the  axial  flow  Mach  number 
is  less  than  1,  Mach  waves  can  propagate  forward 
of  the  plane  of  rotation  (referred  to  here  as  the 
leading  edge  locus).  If  the  blades  are  fluttering, 
the  Mach  wave  positions  and  strengths  will  become 
variable,  and  constitute  an  unsteady  energy  path 
ahead  of  the  adjacent  blades  in  the  rotor.  It  is 
seen  that  the  internal  flow  geometry  is  also  very 
complicated,  involving  several  Internal  Mach  wave 
reflections  and  also  involving  the  influence  of 
a  portion  of  the  unsteady  wake  of  any  blade  on  the 
upper  adjacent  blade  near  the  trailing  edge. 

The  problem  has  manifested  itself  largely  in 
thin  fan  blades  operating  at  supersonic  relative 
flow  velocities  at  the  tip.  It  generally  occurs 
in  the  vicinity  of  the  operating  line  or  below,  so 
it  is  not  generally  categorized  as  a  stall  flutter. 
Furthermore,  its  intensity,  which  can  be  catastroph¬ 
ically  high,  diminishes  rapidly  as  one  traverses  a 
constant  speed  line  towards  higher  pressure  ratio. 


as  shown  in  the  boundary  of  Fig.  22.1.2.  A  more 
comprehensive  description  of  this  phenomenon  can 
be  found  in  Ref.  22.10.  Here  it  is  further  noted 
that  the  flutter  boundary  sets  a  real  limit  on 
high  speed  operation,  and  that  at  high  stress 
levels  all  blades  tend  to  flutter  at  a  common  fre¬ 
quency  with  a  constant  interblade  phase  angle  between 
blades.  Thus,  the  phenomenon  is  amenable  to  analy¬ 
sis,  using  the  coupled  flutter  energy  method  of 
Ref.  22.8  and  the  more  advanced  supersonic  aerody¬ 
namic  analysis  of  Refs.  22.11  and/or  22.12.  This 
has  been  successfully  implemented  as  part  of  the 
design  system,  and  as  stated  in  Ref.  22.10,  has 
provided  an  accurate  flutter  prediction  of  the 
unstalled  supersonic  flutter  boundary  for  high  speed 
rotor  blades . 

It  was  stated  earlier  that  supersonic  unstalled 
flutter  can  be  diminished  and  even  eliminated  by 
increasing  the  pressure  ratio  vdiile  traversing  a 
constant  speed  line.  However,  this  relief  has  its 
limitations  because  high  speed  operation  near  the 
surge  line  can  lead  to  a  supersonic  stalled  flutter, 
as  shown  by  the  boundary  in  Fig.  22.1.2,  Because 
this  flutter  is  associated  with  high  pressure  ratios, 
there  can  be  strong  shocks  present  within  the  blade 
passages,  and  in  some  circumstances,  ahead  of  the 
blade  row.  Hence,  supersonic  stalled  flutter  is  not 
amenable  to  analysis,  and  no  headway  has  been  made 
to  provide  a  reliable  prediction  technique  for  use 
in  a  compressor  design  system.  To  date,  only  limited 
data  are  available  for  empirical  predictions, 

22.1.4  ELEMENTARY  CONSIDERATIONS  OF  AIRCRAFT  WING 
FLUTTER 

In  pursuing  our  objective  here  of  dealing  with 
turbomachinery  flutter,  it  is  advantageous  to  discuss 
first  the  elementary  flutter  theory  for  aircraft  wings 
developed  by  Theodorsen  (Ref.  22.13).  Once  these 
elementary  considerations  are  understood  it  will  be 
possible  to  point  out  the  similarities  where  they 
exist,  and  to  identify  the  origins  of  the  differences 
between  aircraft  wing  flutter  and  the  various  types 
of  turbomachinery  flutter  to  be  discussed  below. 

22.1.4.1  Equations  of  Motion 

Before  launching  into  the  discussion  of  the 
equations  of  motion  of  an  oscillating  airfoil,  it 
is  useful  to  review  briefly  the  method  of  approach 
to  be  used  in  this  section.  We  shall  begin  with 
the  generalized  equations  of  motion,  using  unsteady 
aerodynamic  forcing  functions  on  the  right  hand  side 
that  have  not  yet  been  derived  (but  which  will  be 
derived  in  a  subsequent  section).  The  utility  of 
this  approach  will  lie  in  the  use  of  specific  aero¬ 
dynamic  functions  to  show  the  general  form  of  the 
right  hand  side,  and  to  use  this  general  form  to 
investigate  the  underlying  physics  of  the  problem  at 
a  relatively  early  point  in  the  development.  Later, 
in  subsequent  sections,  the  several  relevant  unsteady 
aerodynamic  theories  will  be  derived  Eind  their  use 
in  solving  turbomachinery-related  flutter  problems 
will  be  discussed. 
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Oie  equations  of  motion  of  a  classical,  two- 
dimensional  aircraft  wing  which  is  executing  a  com¬ 
bined  plunging  and  pitching  motion  in  a  moving  air- 
stream  (cf.  Fig.  22.1.6)  are  given  by 


aerodynamic  stiffness  term.  Actually,  this  is  not 
strictly  true  because  the  complex  Theodorsen  function 

C{k)=  F(k)+ iG(tO  (22.1,8) 


mbii  +  S^d +K|^bh  =  Oj^  (22.1.4) 

S^bh  +  i^S+KoarQ^  (22.1.5) 


where  h  and  or  are  the  dimensionless  displacements  in 
plunge  and  pitch.  (See  the  List  of  Symbols  for  the 
definitions  of  the  quantities  used  herein,  and  refer 
to  Ref.  22.1  or  the  texts  listed  in  the  Bibliography 
for  further  details  of  the  concepts  discussed  here. ) 


enters  into  certain  terms  of  the  ri^t  heud  side  and 
complicates  the  situation.  Nevertheless,  the  unsteady 
aerodynamic  terms  directly  affect  virtually  all  of 
the  terms  in  the  equations  of  motion.  It  will  be 
shown  below  that  this  is  accomplished  through  changes 
in  the  frequencies  of  the  natural  system  modes  that 
permit  the  two  modes  to  couple,  producing  flutter. 

22.1.4.2  Theodorsen  'Hieory 


In  1935  Theodorsen  published  his  now  famous 
theory  (Ref.  22.13)  which  laid  the  foundations  for 
modem  flutter  theory.  The  key  to  this  theoretical 
development  lay  in  the  way  in  which  vorticity  was 
shed  into  the  moving  wake  to  account  for  changes 
in  the  bound  vorticity  caused  by  a  sinusoidal  varia¬ 
tion  in  either  plunging  or  pitching  displacement. 

In  the  course  of  his  mathematical  development 
(later  verified  rigorously  by  Schwarz  in  Ref.  22.14) 
Theodorsen  derived  a  complex  circulation  function, 
C(k),  which  is  defined  above  in  Eq.  22.1.8  in  terms 
of  its  real  and  imaginary  parts,  and  which  is 
expressable  as  a  ratio  of  Hankel  functions. 


C{k)  = 


H.***(k) 

H‘*>(k)+iH“>(k) 


(22.1.9) 


Fig.  22.1.6  Airfoil  Coordinate  System 

There  are  many  possible  ways  to  express  the 
quantities  and  on  the  right  hand  sides  of  Eqs. 
(22.1.4)  and  (22.1.5).  For  the  sinqile  case  being 
considered  here,  it  is  easily  shown  (Ref.  22.13)  that 
the  generalized  forces  and  are  simply  the  two- 
dimensional  aerodynamic  lift  and  mcsnent,  and  are 
expressed  as  follows; 

=  L  =-7r/>b®  {"  '’“Y 

0^  =  M  =  wpb*  (oh  +  2  (1  +a)  C(k)^h 

-(l  +  a*)a  +  [a-i  +  2(i-a*)  ^22.1.7) 

X  C(K)^a  +  2|^+o)c(k)^a} 

Thus  it  is  seen  that  the  right  hand  sides  of  Eqs. 
(22.1.4)  and  (22.1.5)  are  also  dependent  on  the  dis¬ 
placements  and  their  derivatives.  As  a  first 
approximation,  it  is  possible  to  identify  the 
coefficients  of  the  second  derivatives  as  aerodyna¬ 
mic  inertia  or  mass  terms,  the  coefficients  of  the 
first  derivatives  as  aerodynamic  damping  terms,  and 
the  coefficient  of  the  angular  displacement  as  eui 


The  real  and  imaginary  parts,  F(k)  and  G(k)  are 
plotted  versus  k  in  Fig.  22.1.7,  and  a  phase  plane 
diagram  of  the  entire  function  is  shown  in  Fig. 
22.1.8. 


Fig.  22.1.7  Real  and  Imaginary  Parts  of  the 
Theodorsen  Circulation  Function 
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Fig.  22.1.8  Complex  Phase  Plane  Diagram  of 
Theodorsen  Circulation  Function 


The  quantities  Lj^,  L^,  and  are  taken  from  the 
report  by  Smllg  and  Wasserman  (Ref.  22.15)  in  which 
the  unsteady  aerodynamic  quantities  are  referred  to 
the  aerodynamic  center  of  the  airfoil  at  the  quarter 
chord.  Vfhen  the  pivot  axis  is  also  at  this  point, 
then  a  =  -1/2  and  Eqs.  (22.1.16)  and  (22.1.17)  are 
greatly  simplified.  Note  that  in  Ref.  22.15  the 
positive  lift  and  vertical  translation  are  both 
directed  dovmward,  whereas  in  the  present  instance 
only  the  vertical  displacement  is  positive  downward. 
This  accounts  for  the  negative  algebraic  sign  on  the 
right  hand  side  of  Eq.  (22.1.16) 


Theodorsen' s  method  of  solution  was  to  assume  a 
coupled  sinusoidal  motion  of  the  system  at  a  common 
(but  unknown)  frequency,  say  w,  and  then  seek  the 
values  of  V  and  .u  that  satisfied  the  equations  of 
motion,  Eqs.  (22.1.4)  and  (22.1.5).  Specifically, 
he  assumed  that 


i(wt+S) 


(22.1.10) 


(22.1.11) 


where  q  is  the  phase  angle  between  the  motions .  When 
these  quantities  were  inserted  into  the  left  hand  sides 
of  Eqs.  (22.1.4)  and  (22.1.5)  he  obtained 


2  2  2 
-w  mbh-  <jj  S^a  +  mbh  *  Q^' 

-  w*  Sgbh  -  w*  l^a  +  **  *  ^ 


after  previously  relating  the  stiffness  to  the 
natural  frequencies  of  the  separate  inodes, 


K  ^  s  w.  fn 
h  H 


(22.1.14) 

(22.1.15) 


A  similar  substitution  of  Eqs.  (22.1.10)  and 
(22.1.11)  into  the  right  hand  sides,  Eqs.  (22.1.6) 
and  (22.1.7),  and  a  great  deal  of  algebraic  manipu¬ 
lation  yields  the  following  results. 


Lr-wpbV  {L^h+  |l„-  (i  +  a)L^]a}  (22.1.16) 

M  *  (■^+o)Ljh  (22.1.17) 

+  |M„-(^  +  a)(M,+  0  +  (^+a)  lJo} 


L^=l-^C(K) 


i-i['-^2C(K)]-  4-C(k) 


M  =-^--4 

“a  8  k 


For  simplicity  in  the  present  application, 
rewrite  Eqs.  (22.1.16)  and  (22.1.17)  in  influence 
coefficient  form. 


L  =  Tr;pbaj  [A^h+Ago]  (22.1.19) 

M  :  TT^pb^cu*  [e^hd- B^a]  (22.1.20) 


where  all  of  the  unsteady  quantities  have  been 
gathered  together  into  four  quantities. 


A„=-  L..4 


(22.1.12)  *a‘ ~  >-0+ (j  +  o)  I 

(22.1.13)  “h*  (2 


(22.1.21) 


When  Eqs.  (22.1.19)  and  (22.1.20)  are  substituted 
into  Eqs.  (22.1.12)  and  (22.1.13),  then  after  con¬ 
siderable  algebraic  manipulation  we  obtain 


or,  more  simply,  using  the  notation  of  Ref.  22.16, 


Ah  d-  Ba  :  0 
Dh  d-  Ea  =  0 


(22.1.24) 


A  =  /x  I 


B^/iXgd-  Ag 


(22.1.25) 


-fe)l 


E  =  I 


and  where  y  is  the  mass  parameter. 


(22.1.18) 


is  the  c.g.  position  aft  of  the  elastic  axis, 

X„=|j  (22.1.27) 

and  is  the  radius  of  gyration  of  the  airfoil 
about  the  elastic  axis, 

(22.1.28) 


22.1.U.3  Simplified  Approach  to  Flutter 

Theodorsen's  theory  has  been  in  use  now  for 
approximately  forty  years  and  it  has  proved  to  be  a 
very  durable  theory  that  has  spawned  many  modifica¬ 
tions  and  extensions.  Within  the  limits  of  the 
assumptions  made  by  Theodorsen,  it  has  proved  to  be 
reasonably  accurate.  It  has  been  found  to  be 
amenable  to  solution  with  a  desk  calculator, 
although  moderately  time-consuming,  and  it  has  been 
possible  to  automate  it  without  difficulty  for 
solution  on  high-speed  digital  computers.  However, 
one  overriding  fact  becomes  apparent  to  anyone  who 
uses  this  theory.  It  is  virtually  impossible  to 
derive  any  physical  insight  into  the  flutter  mech¬ 
anism  from  its  direct  apnlication. 


Coupled  flutter  occurs  when  the  determinant  of 
the  complex  coefficients  in  Eq.  (22.1.24)  vanishes. 


A  B 
D  E 


=  0 


(22.1.29) 


This  equation  must  be  separately  satisfied  by  the 
vanishing  of  the  real  and  imaginary  parts.  These  two 
equations  are  all  that  are  needed  to  form  a  deter¬ 
minate  set  because  the  only  unknowns  in  the  system 
are  the  reduced  frequency,  k  =  buj/V,  and  the  fre¬ 
quency  ratio,  yX  =  The  procedure  used  by 

Theodorsen  was  to  select  a  series  of  values  of  k, 
substitute  them  into  the  real  and  imaginary  solu¬ 
tions  of  Eq.  (22.1,29)  and  solve  for  the  values  of 
v/^Twhlch  constituted  the  real  and  imaginary  roots 
of  the  determinant.  The  intersection  of  the  real 
and  imaginary  branches  of  the  curves  was  the  flutter 
point.  This  is  schematically  shown  in  Fig.  22.1.9* 


Fig.  22.1.9  Typical  Flutter  Solution  Using 
Theodorsen's  Method 


Fortunately,  it  is  possible  to  simplify  the 
unsteady  aerodynamic  quantities  to  varying  degrees 
and  obtain  flutter  solutions  which,  although  some¬ 
what  inaccurate,  possess  sufficient  simplicity  to 
reveal  much  of  the  underlying  physics  of  the  insta¬ 
bility.  A  particularly  lucid  survey  of  a  number  of 
simple  applications  is  found  on  pp.  258-277  of 
Ref.  22.17.  In  the  present  discussion  we  shall 
take  the  simplest  possible  approach  in  an  effort  to 
focus  on  the  specific  items  which  constitute  the 
major  differences  between  aircraft  wing  flutter  and 
compressor  blade  flutter.  In  this  section,  we 
shall  concentrate  on  developing  the  necessary  for¬ 
mulas  and  facts,  while  the  comparison  between  wing 
and  compressor  flutter  will  be  deferred  to  a  subse¬ 
quent  section. 

In  this  very  simple  approach,  consider  a 
single  degree  of  freedom  system  capable  of  torsional 
motion  only.  Actually,  this  is  equivalent  to  a 
study  of  the  torsional  mode  of  a  binary  system  with 
well  separated  modes.  To  this  end,  combine  Eqs. 
(22.1.5)  and  (22.1.7)  and  suppress  the  bending 
mode.  The  resulting  equation  is  given  by: 

*<0“  =  +  “2“  +  Mjfll  (22.1.30) 


where 

-vpb  (f  +a]  (22.1.31) 

irpb*  jo  -  1^  +  -  0*)  C(k)j  ^  (22.1.32) 

M3.2v^b"(^+o)c(K)^  (^^2.1.33) 


We  shall  continue  to  simplify  by  assuming  that 
k  is  very  small  and  therefore  the  system  can  be 
represented  by  the  quasi-steady  approximation  in 
which  the  normally  complex  circulation  function 
goes  asymptotically  to 
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lim 

k-'O  C(k)=  I  +  i  X  0 


(22,1.U2) 


(22.1. 3**)  C,=  -  T7)b*a(2a- i)^ 


with  this  additional  simplification,  remains  the 
same,  but  M3  “"e  approximated  by 

Mj  at  irpt^ a  (i-2a)^  (22.1.35) 


is  the  aerodynamic  damping,  and  where 


On 


(22.I.U3) 


M3  a  2 


7r/>b^(^  +a) 


(22.1.36) 


which  are  both  real.  Thus,  Eq,.  (22.1.30)  becomes  a 
simple,  second  order  differential  equation  with 
constant  coefficients 


(lj,-M,)oi-M^d  +(K^-Mj)a*0  (22.1.37) 


whose  solution  is 


a 


-  xt 


ae 


(22.1.38) 


is  the  square  of  the  natural  wind-on  frequency  of 
the  system.  In  the  second  form  of  Eq.  (22.1.U3) 
has  been  taken  from  Eq.  (22.1.U0),  and  in  Eq. 
(22.I.U2)  the  new  definition  of  aerodynamic  damping, 
Cj,,  has  been  introduced  as  a  positive  quantity  for 
convenience.  Actually,  the  value  of  is  uniigjor- 
tant  here  in  our  attempt  to  gain  physical  under¬ 
standing.  The  more  exact  value  of  the  aerodynamic 
damping  in  torsion  would  be  a  strong  function  of 
the  circulation  function,  C(k),  which  has  been 
neglected  in  the  present  analysis.  Furthermore, 
the  system  damping  for  the  coupled  modes  would  be 
all-important  in  determining  the  instability  point, 
and  this  is  beyond  the  scope  of  the  present  simpli¬ 
fied  analysis. 


where 


In  the  equations  just  derived,  is  the 

effective  inertia  in  pitch,  including  virtual  mass 
effects.  It  is  customary  (of.,  Ref.  22.16,  p.  69) 
to  define  critical  damping  in  terms  of  system  mass 
or  inertia  as 

Cc=  2(Ia-M,)Wa  (22.1.1*4) 


First  consider  the  zero  velocity  limit.  (Strictly 
speaking,  this  is  an  invalid  limit  for  this  equa¬ 
tion  since  we  have  already  assumed  that  k  »  bu*/V  is 
vanishingly  small.  It  is  obvious  that  this  assump¬ 
tion  is  incompatible  with  the  zero  velocity  limit. 
However,  our  physical  understanding  will  not  be 
altered  in  this  limit  because  the  same  terms  will 
vanish  here  as  would  vemlsh  in  the  case  of  nonvan¬ 
ishing  k.)  When  V-0,  both  and  vanish,  so 
Eq.  (22.1.39)  reduces  to 


and  to  define  the  dajiping  ratio  as 


C 


a. 


Z(la-  M|)"a 


Then  Eq.  (22.1.41)  becomes 


(22.1.45) 


X 


0 


=  ±iw„ 


(22.1.40) 


where  is  the  natural  torsional  frequency  of  the 
system  in  still  air.  When  V  ^  0,  Eq.  (22.1.39)  can 
be  rewritten  as 


X 


Cg 

2(Ia-M|) 


(22.1.41) 


where 


X=  -yw,  ±  iw^yi-y* 


(22.1.46) 


which,  when  substituted  into  Eq.  (22.1.38)  repre¬ 
sents  a  damped,  oscillatory  pitching  motion. 

The  most  important  thing  here  is  the  defini¬ 
tion  of  given  above  in  Eq.  (22.1.43).  When 
an:  Mg  are  inserted  from  Eqs.  (22.1.31)  and 
(22.1.36)  this  becomes 


■»  0)  V  Vb* 


(22.1.47) 
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For  our  purposes,  it  will  be  convenient  to  select  a 
midohord  pivot  axis,  a  =  0,  and  when  Eqs.  (22.1.26) 
and  (22.1.28)  are  used  this  equation  simplifies  to 


(22.1.55) 


ho 


-v/m  + 


irptr 


/xro*  + 0.125 


(22.1.1*8) 


Thus,  it  is  seen  that  as  the  velocity  increases 
from  zero,  the  square  of  the  frequency  decreases 
monotonically  as  the  square  of  the  velocity.  To 
put  this  in  sinqiler  terms,  the  presence  of  a  moving 
airstream  introduces  an  aerodynamic  spring  term, 

5,  into  Eq.  (22.1.1*3)  which  is  proportioneO.  to  the 
tch  displacement,  and  which  reduces  the  torsional 
stiffness  of  the  system.  Thus,  the  torsional  fre¬ 
quency  initially  decreases  as  the  velocity  increases. 

A  similar  but  slightly  more  elaborate  analysis 
of  the  bending  mode  will  now  be  performed.  A  com¬ 
bination  of  Eqs.  (22.1.1*)  and  (22.1.6)  with  the 
torsion  mode  suppressed  yields  the  result 


mbh  +  K  ^bh  =  L^h  +  L^b 

(22.1.49) 

.3 

L,  =  -irpt 

(22.1.50) 

Lj*  -2ir/)b®^  C(k) 

(22.1.51) 

Here  there  is  no  direct  aerodynamic  stiffness  term 
proportional  to  h  in  Eq.  (22.1.6).  Instead,  an 
aerodynamic  stiffness  effect  will  be  obtained  by 
retaining  the  complex  C(k)  function  in  the  analysis. 
Rewrite  Eq.  (22.1.49)  as 


is  the  natural  bending  frequency  of  the  sjfstcm  in 
still  air.  After  dividing  through  by  non  and 
using  Eq.  (22.1.26),  these  equations  .ylold  the 
result 


_  (V/btiholG 

M+l  J 

In  this  equation  G  is  the  imaginary  part  of  the 
Theodorsen  function  which  is  negative  for  all  values 
of  k,  and  it  is  seen  that  the  bending  frequency 
tends  to  increase  with  increasing  velocity  from  its 
still  air  value.  Thus,  as  the  velocity  increases, 
the  originally  well-separated  torsion  and  bending 
frequencies  approach  one  another,  as  shown  in  Fig. 
22.1.10,  in  which  the  frequency  is  plotted  versus 


(mb-L,)  h  -  Ljli  +  Kj^bh  =  0 


(22.1.52)  Fig.  22.1.10  Example  of  Frequency  Coalescence  at 

the  Flutter  Point 


assume  a  solution  having  the  form 

h  =  he“-h'  (22.1.53) 

and  upon  introducing  Eqs.  (22.1.8),  (22.1.50),  and 
(22.1.51),  Eq.  (22,1.52)  becomes 

(m+i7)b*)- 2Tr^bi<^'^  G  +  K|^=  0  (22.1.54) 

Note  that  for  the  no- flow  condition,  V  and  G  both 
vanish  and  where 


velocity.  A  comparable  plot  of  the  frequency 
versus  the  modal  damping,  taken  from  the  Pines 
analysis  of  Ref.  22.18  (see  also  pp.  269-274  of 
Ref.  22.17),  is  shown  in  Fig.  22.1.11,  Here  it  is 
seen  that  as  the  frequencies  first  depart  from 
their  no-flow  values  the  system  damping  in  each 
mode  initially  increases.  However,  when  the  fre¬ 
quencies  become  close  enough  the  damping  in  one  of 
the  modes  suddenly  decreases,  passes  through  zero, 
and  the  system  becomes  unstable.  Another  interpre¬ 
tation  is  that  when  the  two  frequencies  are  suffi¬ 
ciently  close  an  energy  exchange  between  the  two 
modes  can  take  place  and  if  the  conditions  arc 
favorable,  a  coupled  flutter  will  occur. 


Fig.  22.1.11  Effect  of  Frequency  Coalescence  on 
Modal  Damping 


Before  going  on  to  the  discussion  of  tiirbo- 
machinery  flutter,  it  should  be  reemphasiced  that 
this  section  has  used  extremely  simple  concepts  and 
does  not  purport  to  be  accurate.  Instead,  its  pri- 
.mary  purpose  has  been  to  attempt  to  introduce 
physical  moaning  into  an  otherwise  complicated  and 
sometimes  bewildering  mathematical  exercise. 


As  in  many  other  flexible  systems  involving 
continuously  distributed  mass  and  stiffness,  a 
turbomachine  blade  can  vibrate  in  an  infinity  of 
discrete,  natural  modes,  although  practically, 
only  the  lowest  several  modes  are  of  any  inter¬ 
est.  However,  even  here  there  will  be  an  added 
complication  relative  to  a  fixed-base  vibrating 
system  because  the  rotation  of  the  turbcxnachine 
causes  variations  in  both  mode  shape  and  fre¬ 
quency.  Only  the  latter  will  be  considered 
herein,  and  the  discussion  will  be  further 
restricted  to  the  relatively  simple  concept  of 
centrifugal  stiffening.  To  understand  this 
concept  as  it  applies  to  turbomachinery  blades, 
consider  first  the  rotation  of  a  chain  possessing 
no  inherent  (or  at-rest)  stiffness.  At  zero  rota¬ 
tional  speed  the  chain  will  hang  limply  from  its 
support,  but  under  rotation  (say,  about  a  vertical 
axis)  the  chain  will  be  raised  from  its  limp 
position  and  will  approach  the  plane  of  rotation 
as  the  rotational  speed  increases  (cf.  Fig. 
22.1.12) 


Fig.  22.1.12  Schematic  of  Rotating  Chain 


22.1.5  FI.INDAMENTAL  DIFFERENCES  BEWEEN  TUREO- 
MACHINERY  FLUTTER  AND  WING  FLlTli’ER 


In  this  section  we  shall  attempt  to  point  out 
the  differences  between  aircraft  wings  and  turbo¬ 
machinery  blades,  particularly  as  these  differ¬ 
ences  affect  the  flutter  experienced  by  these  con¬ 
figurations.  Certain  of  these  differences  will  be 
related  to  the  funJar.ental  discussions  in  the 
previous  section  while  other  differences  will  be 
newly  developed.  To  begin  with,  the  discussion 
will  center  on  some  pertinent  characteristics  of 
the  vibrations  of  rotating  systems.  Following 
this,  the  concept  of  the  frequency  shifts  in  both 
the  bending  and  torsion  modes  will  be  amplified 
and  extended. 

22.1.5.1  Elementary  Vibration  Concepts  for  Rota¬ 
ting  Gys terns 

rhe  object  of  this  discussion  is  not  to 
expound  on  vibration  theory.  It  is  assumed  that 
the  reader  already  has  an  adequate  grasp  of  the 
fundamentals  of  vibration  theory,  or  that  he  can 
refer  to  one  or  more  of  the  excellent  texts  on  the 
subject  (e.g.,  Refs.  22.19  or  22.20).  Instead, 
the  object  here  is  to  concentrate  on  one  or  two 
specific  concepts  that  are  unique  to  rotating 
machinery,  and  hence  are  germaine  to  the  turbo- 
machinery  flutter  problem. 


This  centrifugal  stiffening  effect  will  also 
cause  changes  in  the  frequency  of  vibration  of  the 
chain.  If  the  system  is  displaced  from  equili¬ 
brium  a  restoring  force,  equivalent  to  a  spring 
force,  will  be  imposed  on  each  element  of  the  chain 
and  will  tend  to  return  the  chain  to. its  equili¬ 
brium  position.  This  force  is  caused  by  the  lat¬ 
eral  displacement  of  the  radial  tension  vector, 
and  is  proportional  to  the  square  of  the  rotation 
speed,  n  (cf.  Ref.  22.19).  H  is  easily  shown  in 
Ref.  22.19  that  the  frequency  of  such  a  chain  is 
equal  to  Ci.  (Gee  curve  labled  =  0  in  Fig. 

22.1.13.) 


Fig.  22.1.13  Effect  of  Rotation  on  Frequency  of 
a  Flexible  Cantilever  Beam 
(Southwell's  Theorem) 


.">2-10 


FREQUENCY,  f  s  <j/2  n,  cps 


For  a  cantilever  blade  having  inherent  stiff¬ 
ness  and  hence  having  an  at-rest  frequency  of 
the  result  is  similar,  although  scmewhat  more 
complicated.  A  sljiqilification  is  afforded  by 
Southwell's  Theorem  (cf.  p.  270  of  Ref.  22. ig) 
which  states  that  the  natural  frequency  of  the 
system  is  approximately  equal  to 

(22.1.57) 


vdiere  u)]_  is  the  at-rest  frequency  and  W2  is  the 
frequency  due  solely  to  rotation.  For  the  general 
case  of  a  rotating,  flexible  beam  this  is  equiva¬ 
lent  to 

w  =  (22.1.58) 

which  yields  a  hyperbolic  relationship  between  u) 
and  n  for  lui  0,  as  shown  in  the  family  of  curves 
in  Fig.  22.1.13.  In  Eq.  (22.1.58)  6  is  of  order  1 
for  the  lowest  mode,  and  increases  in  magnitude  as 
the  mode  number  increases.  It  should  be  noted 
that  this  phenomenon  manifests  itself  primarily 
in  the  bending  (or  flatwise)  modes  and  has  vir¬ 
tually  no  effect  on  the  torsion  mode  frequency 
under  rotational  conditions. 

The  importance  of  this  type  of  behavior  lies 
in  the  multiple  sources  of  excitation  for  any 
rotating  system.  This  is  illustrated  in  Fig. 
22.1.14,  in  which  frequency  of  excitation  or 
vibration  is  plotted  versus  rotational  speed. 

First  consider  the  radial  lines  from  the  origin 
labeled  IE,  2E,  3E,  ...  .  These  lines  represent 


0  1000  3000  5000  7000 

ROTATIONAL  SPEED,  N  s  SOQ/tt  ,rpm 

Fig.  22.1.14  Excitation  Diagram  for  Rotating 
System 


the  loci  of  available  excitation  energy  at  any 
rotational  speed  for  1  excitation  per  revolution, 

2  excitations  per  revolution,  3  excitations  per 
revolution,  etc.  (Note  the  coordinate  intersec¬ 
tion  of  the  IE  line  at  6OOO  rpm  and  100  cps . ) 
Superimposed  on  this  diagram  are  three  lines 
labeled  IB,  IT  and  2B  viiich  are  hypothetical  plots 
of  the  first  bending,  first  torsion,  and  second 
bending  frequencies,  respectively.  In  this  hypo¬ 
thetical  plot,  the  designer  has  managed  to  keep 
the  first  bending  frequency  high  enough  so  that  it 
never  intersects  the  2E  line,  which  is  usually  the 
source  of  most  forced  vibration  energy.  If  such 
an  intersection  had  occurred,  the  rotor  blades 
could  be  scibjected  to  a  severe  2-per-rev  bending 
vibration  at  the  rpm  of  intersection,  sufficiently 
strong  to  cause  fatigue  failures  of  the  blades. 
Also  in  the  diagram,  the  designer  has  permitted  an 
intersection  of  the  first  bending  mode  line  with 
the  3E  line  at  approximately  2600  rpm.  If  this  rotor 
is  designed  to  idle  at  3000  rpm  and  has  a  maximum 
speed  of  7000  rpm,  then  the  designer  has  succeeded 
in  avoiding  all  integral  order  vibrations  over  the 
entire  operating  range. 

Note  further  in  this  diagram  that  the  first 
torsion  mode  which  is  unaffected  by  Southwell 
stiffening  and  is  therefore  a  horizontal  line, 
will  intersect  the  6e,  5E,  4e  and  3E  lines  as 
rotor  rpm  is  increased  from  idle  to  full  speed. 
This  could  conceivably  cause  trouble  for  a  rotor 
blade  operating  at  high  aerodynamic  load  at  part 
speed  (4e)  or  near  fxill  speed  (3E)  rpm.  Under 
Such  conditions  a  stall  flutter  could  occur  (cf. 
Section  22.3.2),  aggravated  by  an  integral  order 
excitation  in  the  vicinity  of  the  intersection 
with  the  integral  order  line.  Thus,  the  designer 
must  be  aware  of  the  existence  of  these  problems 
and  must  be  in  a  position  to  redesign  his  blading 
to  eliminate  the  problem. 

Finally,  the  second  bending  mode,  2B,  will 
encounter  excitations  at  all  integral  orders  from 
8-per-rev  to  5-per-rev  as  rpm  is  increased.  How¬ 
ever,  the  4-per-rev  excitation  will  be  avoided 
over  the  operating  range  of  the  rotor. 

The  reader  should  be  aware  that  only  a  simple 
example  has  been  demonstrated  here.  An  actual 
rotor  blade  system,  particularly  one  with  a  flexi¬ 
ble  disk  or  a  part-span  shroud,  will  also  experi¬ 
ence  coupled  blade-disk  or  blade-shroud  modes 
which  are  not  characterized  here,  and  which  are 
beyond  the  scope  of  the  present  discussion.  How¬ 
ever,  these  concepts  are  covered  adequately  in 
the  advanced  literature  dealing  with  such  coupled 
motions . 


22.1.5.2  Mass  Ratio,  Ctiffness,  and  Frequency 
Differences 

In  Section  22.1.4.3  we  described  the  coupled 
flutter  phenomenon  in  terms  of  frequency  coales¬ 
cence  of  the  two  fundamental  bending  and  torsion 
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modes.  It  was  shown  that  the  torsional  frequency 
would  decrease  with  increasing  velocity  (Eq. 
(22.1.48)),  and  that  the  bending  frequency  would 
increase  with  increasing  velocity  (Eq.  (22.1.56)). 
However,  the  extent  of  the  frequency  change  over 
the  operational  range  was  not  discussed.  This  is 
of  extreme  importance  in  deciding  whether  or  not 
a  given  system  will  be  susceptible  to  classical 
coupled  flutter.  (Note  that  these  frequency 
changes  are  aerodynamically  induced  and  are  not 
caused  by  rpm  changes . ) 

Refer  now  to  Eqs.  (22.1.48)  and  (22.1.56). 

It  is  seen  here  that  the  structural  and  geometric 
parameters  governing  the  frequency  changes  for  the 
two  modes  are  the  mass  and  inertia  ratios,  u  and 
and  the  stiffness  parameters,  bWoji  and 
biScQ,.  Before  we  can  examine  the  orders  of  magni¬ 
tudes  of  these  parameters  we  must  first  consider 
the  differences  in  the  structural  makeup  of  air¬ 
craft  wings  and  compressor  blades. 

The  traditional  subsonic  aircraft  wing  has  a 
built-up  section  consisting  of  a  box  beam  or  spar 
which  supports  a  stressed  skin  and  stringer  shell. 
It  is  usually  made  of  aluminum.  Hence,  much  of 
the  wing  consists  of  empty  space,  and  what  little 
metal  there  is,  is  relatively  lightweight.  Typi¬ 
cal  values  of  the  mass  and  inertia  ratios  for 
aircraft  wings  lie  in  the  ranges 

5  <  ft  <  20 
<  15 

(Of  course,  these  values  would  change  if  the  empty 
space  was  replaced  by  fuel. ) 

The  traditional  compressor  blade  is  a  solid 
forged  and  machined  blade  made  of  titanium  or 
steel.  It  may  have  a  cambered,  double  circular 
arc  profile,  and  an  average  thickness-to-chord 
ratio  of  5  percent.  If  it  is  made  of  titanium, 
the  blade  described  above  will  have  mass  and 
inertia  ratios  of  approximately 


ft  S  190 


If  it  is  made  of  steel,  this  same  blade  will  have 
mass  and  Inertia  ratios  1.7  times  larger  tlian  the 
values  just  cited. 


Another  factor  which  enters  into  the  situa¬ 
tion  here  is  the  inherent  stiffness  of  compressor 
blades  versus  the  inherent  flexibility  of  aircraft 
wings.  Although  the  wing  chord  is  many  times  the 
compressor  blade  chord,  the  compressor  blade  fre¬ 
quencies  are  often  many  more  times  the  wing  fre¬ 
quencies.  Thus  the  stiffness  parameters  boJo^^  and 
biuoh  a-t  least  the  same  for  blade  and  wing,  and 
quite  often  are  larger  for  the  blade  than  for  the 
wing.  This  is  another  way  in  which  the  blade 
frequency  change  with  velocity  is  smaller  than 
that  of  the  wing. 

There  are  many  additional  reasons  for  the 
observed  differences  between  wing  flutter  and 
blade  flutter.  Most  of  these  are  subtle  and  con¬ 
tribute  to  the  differences  in  minor  ways.  How¬ 
ever,  one  additional  difference  exists  which  makes 
a  major  contribution.  This  is  related  to  the 
pines  criteria  (cf.  Fig.  22.1.15,  taken  from  Ref. 
22.18)  that  (a)  no  flutter  exists  for  center  of 
gravity  (c.g.)  positions  forward  of  the  elastic 
axis  (e.a.),  and  (b)  if  the  c.g.  is  aft  of  the 
e.a.  and  if  the  aerodivtiamic  center  (a.c.)  is  for¬ 
ward  of  the  e.a.,  flutter  is  possible  only  if  the- 
frequency  ratio  is  less  than  some  specified 

amount  involving  these  locations  and  the  radius 
of  gyration.  In  most  aircraft  wings  the  e.a.  is 
quite  often  in  the  neighborhood  of  the  spar, 
between  25  and  40  percent  of  the  chord,  the  c.g. 
is  in  the  neighborhood  of  the  50  percent  chord 
location,  and  the  a.c.  is  at  the  25  percent  chord 
location  for  subsonic  flows.  Hence,  the  c.g.  is 
aft  of  the  e.a.,  the  a.c.  is  forward  of  the  e.a.. 


PINES  criteria: 


NO  FLUTTER  IF  c.g.  IS  FLUTTER  POSSIBLE  IF  c.g. 

FORWARD  OF  e.a.  IS  AFT  OF  e.a.,  IF  a.c.  IS 

FORWARD  OF  e.a.  AND  I F 

<  f  (GEOM.  r„) 

(Jee 


APPLIED  TO: 

COMPRESSOR  BLADE  AIRCRAFT  WING 


lo  a  first  approximation,  then,  the  inertia 
parameter,  \XTr^ ,  for  a  compressor  blade  is  of  the 
same  order  of  ma{^nitude  as  that  for  an  aircraft 
win,;.  However,  the  mass  parameter,  a,  for  a  cor.- 
presscr  blade  is  an  order  of  macnitude  (or  more) 
(jreat^jr  *har.  th.at  for  an  aircraft  win*;,  /bus,  vitn 
evor;,^.iiiru£  else  held  tli*-.-  sarie  in  i-!qs.  •  22  tuA 

(22.1.fC),  v;e  would  expect  roiu^hly  the  same  ohan»:e 
in  n,iy  with  V,  tut  a  much  smaller  chanfj:e  in  with 
V.  Under  those  c  irc-jr.stances ,  frequency  c:ales- 
cence  and  coupled  flu*  tor  would  *.  ahe  place  a*  a 
hit^ier  value  sf  7  for  a  con.prcssor  Hade  '..han  il 
Would  for  an  aircraft  whu*. 


MARGINAL  FLUTTER 
POSSIBILITY 


FLUTTER  POSSIBLE 
AS  ABOVE 


ri^t.  fc.l.i-  line.-  fritr-ria  Applied  lo  fompro;- oor 
rlade  and  Aircral't  Winp 


and  flutter  is  possible  if  the  frequency  criterion 
is  met.  In  contrast  to  this,  the  solid  compressor 
blade  usually  has  a  circular  arc  profile  vdiich  is 
symmetric  fore  and  aft.  Hence  the  c.g.  and  the 
e.a.  are  coincident  or  very  nearly  so  at  the  50 
percent  chord  location.  According  to  Pines,  no 
coupled  flutter  is  possible  if  the  c.g.  is  for¬ 
ward  of  the  e.a.,  no  matter  how  small  the  dis¬ 
tance.  Thus,  the  compressor  blade  with  coincident 
c.g.  and  e.a.  would  constitute  a  borderline  case 
between  flutter  and  no  flutter,  Eind  we  would 
expect  much  less  susceptibility  to  coupled  flutter 
in  such  a  configuration  than  we  would  in  an  air¬ 
craft  wing  with  conventional  separation  between 
the  e.a.  and  the  c.g. 

22.2  UNSTEADY  AERODYNAMICS 

Before  we  examine  the  unsteady  aerodynamics 
of  multiblade  systems  we  shall  look  briefly  into 
the  theory  for  isolated  airfoils.  We  shall  proceed 
from  the  simpler,  more  physical  view,  into  the  more 
complicated  analysis,  and  thereby  establish  some 
groundwork  for  further  study.  As  stated  earlier, 
the  scope  of  this  single  chapter  limits  us  to  an 
exposition  of  concepts  with  a  minimum  of  mathemati¬ 
cal  derivations,  and  the  reader  will  be  directed  to 
the  appropriate  sources  for  further  study.  The  no¬ 
tation  and  the  dimensionality  of  the  variables  will 
usually  remain  consistent  with  the  primary  source 
used  for  the  derivations. 

22.2.1  FUNDAMENTALS  OF  UNSTEADY  THEORY  FOR  ISOLATED 
AIRFOILS 


define  the  interfacial  condition  between  the 
fluid  and  the  body  in  motion.  For  a  prescribed 
mode  of  oscillation  Eq.  (22.2.1)  defines  the  known 
vertical  velocity  (or  downwash)  over  the  extent  of 
the  airfoil  chord. 


The  quantities  Yg  and  Vw  in  Fig.  22.2.1  are  the 
vorticity  per  unit  chord  in  the  vortex  sheet  over 
the  airfoil  chord  and  the  wake,  respectively.  Use 
of  the  Biot-Savart  law  yields  the  relationship 


*laM)  = 


(22.2.2) 


-I  ^  I  '• 

in  which  the  known  downwash  is  equal  to  an  integral 
of  the  unknown  chordwise  vorticity  distribution. 
However,  from  potential  flow  theory  it  can  be 
shown  that  the  chordwise  pressure  difference  dis¬ 
tribution  is  given  by 


AP(x.l)  .  -y^(K.t)-ik/V„(fJ)d£  (22.2.3) 

pV  -I 


Hence,  the  determination  of  the  unsteady  loads  on 
an  oscillating  airfoil  requires  the  successful 
inversion  of  the  integral  equation  (22.2.2). 

The  assumption  will  now  be  made  that  the  air¬ 
foil  is  oscillating  in  simple  harmonic  motion, 
with  frequency  ti>  such  that  all  time-dependent 
quantities  in  the  forgoing  equations  can  be 
rewritten  in  the  typical  form 


22.2,1.1  Incompressible  Flow 


=  Wg(x)e'"’ 


(22. 2. U) 


Although  Theodorsen  is  generally  credited 
with  the  first  comprehensive  analysis  of  airfoil 
flutter  (Ref,  22.13),  the  simpler  and  more  rigorous 
version  by  Schwarz  (Ref.  22.14)  will  be  discussed 
here.  In  addition  to  the  basic  reference,  a 
detailed  analysis  of  this  version  of  the  theory  is 
available  in  Ref.  22.1  (pp.  272-279),  and  only  the 
highlights  will  be  of  concern  to  us . 


In  the  analysis  of  the  isolated  airfoil  the 
coordinate  system  of  Fig,  22.1.6  will  be  used, 
together  with  the  physical  picture  shown  below  in 
Fig.  22.2.1,  All  lengths  in  this  derivation  have 
been  made  dimensionless  with  respect  to  the  serai- 
chord,  b,  and  the  coordinate  system  has  been  located 
at  the  midchord  of  the  airfoil.  It  is  assumed  that 
the  airfoil  is  executing  small  timewise  displace¬ 
ments  relative  to  its  mean  position  (z  =  0),  and 
that  its  vertical  velocity  is  given  by 


Vc,(x,t)  =  b^  + 


I  d2a 

dx 


Z-0,  -l<x<l 


(22.2.1) 


(where  the  subscript  a  denotes  the  region  over  the 
airfoil).  It  should  be  noted  that  this  equation  is 
used  in  aill  un.steady  aerodynamic  derivations  to 


whereupon  Eq,  (22.2.2)  becomes 


-I,  t  Afr  -L.  f 

-  -2w  y  x-C  27r  j/ 


to 


UO 


(22.2.5) 


At  this  point  in  the  analysis  Schwarz  makes  the 
key  assumption  that  any  circulation  change  on  the 
airfoil  appears  as  shed  vorticity  in  the  wake  having 
equal  magnitude  and  opposite  sign,  or 

dr(t)  =  -by^(i,»)dx  (22.2.6) 
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Fig.  22.2.1  Vortex  Sheet  Representation  of 
Isolated  Airfoil 
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where 


r(f)-b/y  (x,t)dx 


(22.2.7) 


Equation  (22.2.6)  can  be  rewritten  as 


5i^=-byi,t)^=-Ur^(l.t)  (22.2.8) 


Schwarz  now  makes  the  further  assumption  that  this 
shed  vorticity  is  convected  downstream  at  freestream 
velocity,  U,  and  after  a  series  of  logical  manipular 
tions,  arrives  at  the  formula 

=  (22.2.9) 


Once  this  crucial  step  has  been  performed,  the 
remainder  of  the  problem,  although  formidable  in 
appearance,  involves  nothing  more  than  a  sequence  of 
complicated  algebraic  manipulations  and  integrations 
to  yield  the  final  desired  results.  (Note  that  this 
solution  for  Va(x)  yields  0  by  integration,  via 
Eqs.  (22.2.7)  and  (22.2.12).)  Specifically,  substi¬ 
tution  of  Eq.  (22.2.15)  into  the  time-independent 
form  of  Eq.  (22.2.3)  yields  the  pressure  difference 
distribution 


7^  -ikA,(x,C)jwo(Od€ 

(22.2.16) 


With  the  assumption  of  simple  harmonic  motion  all 
variables  are  proportional  to  so  this  becomes 


uyv,(Oe 


(22.2.10) 


f  I  I  -  X^+yl'C*  >/!  -  X* 

A,(x.e)  =  -^iog  -  y  \  >  , 

[i-xc-yi-eVi-x* 


(22.2.17) 


which  further  reduces  to 


(22.2.11) 


Following  Reissner  (Ref.  22.21),  we  introduce  a 
reduced  circulation  function  (which  is  unknown  but 
constant,  and  can  be  evaluated  at  the  conclusion 
of  the  analysis) 


r 


(22.2.12) 


Further  integration  of  Eq.  (22.2.16)  yields  the 
unsteady  lift  and  moment  per  unit  span. 


I 

L(1):  -  b /Ap(x,t)dx 

•i 

I 

M(f)=b*/ (x-a)Ap(x,t)dx 


(22.2.18) 


(22.2.19) 


Actual  values  for  these  integrals  can  be  obtained 
by  introducing  the  generalized  dimensionless 
motion 


so  Eq.  (22.1.11'  lecomes 


y^(C)  =  -Ikfie 


(22.2.13) 


and  v:hen  til"  i.i  "tituted  intc  Ej.  '22.2.5;  the 


z  =  -h  -  a(x-  o) 

into  Eq.  (22.2.1)  for  the  downwash 


(22.2.20) 


w  (x,t)= -bh-ba(x-Q)-ua  (22.2.21) 
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and  thence  into  the  equations  given  above.  It  can 
be  shown  (cf.  Ref.  22.1)  that  this  procedure  will 
yield  the  time-independent  versions  of  Eqs.  (22.1.6) 
and  (22.1.7).  Furthermore,  if  the  bars  are  removed 
from  the  quantities  in  Eq.  (22.2.16)  the  resulting 
lift  and  moment  formulas  are  identical  to  Eqs. 
(22.1.6)  and  (22.1.7)  although  it  should  be  clearly 
understood  that  these  are  to  be  regarded  as  the 
time-dependent  loads  due  to  simple  harmonic  motions. 
(The  reader  should  be  cautioned  that  the  symbol  h 
in  the  present  document  is  equivalent  to  h/b  in 
Ref.  22.1.) 

Althou.;h  this  chapter  is  devoted  primarily  to 
the  unsteady  aerodynamics  of  cascaded  airfoils,  it 
would  appear  that  an  undue  degree  of  attention  has 
been  plairod  on  the  isolated  airfoil  solution. 


However,  it  will  be  seen  below  in  Section  22.2.2.1 
that  this  method  is  partially  extendable 
to  the  study  of  cascaded  airfoils  in  incompressible 
flow.  Although  not  all  of  the  mathematical  techni¬ 
ques  (such  as  the  Sbhngen  inversion  of  the  integral 
equation)  can  be  used,  the  fundamental  approach  is 
still  based  on  the  vortex  sheet  concept,  which 
makes  the  Schwarz  method  particularly  valuable 
as  a  basic  reference. 

22.2.1.2  Compressible  Subsonic  Flow 

There  are  two  basic  approaches  to  the  solution 
of  the  unsteady  aerodynamic  problem  of  an  isolated 
airfoil  oscillating  in  a  subsonic  compressible  flow. 
The  first,  historically,  involves  a  solution  of  an 
integral  equation  for  a  distribution  of  accelera¬ 
tion  potentiSLi  doublets.  It  was  solved  by  Possio 
(Ref.  22.23)  with  subsequent  refinements  and  com¬ 
putations  by  Dietze  (Ref.  22.24)  and  Fettis  (Ref. 
22.25).  The  second  approach  by  Timman,  van  de 
Vooren,  and  Greidanus  (Ref.  22.26)  involves  a 
transformation  of  the  differential  equation  for 
the  acceleration  potential  into  elliptical  coor¬ 
dinates  and  expanding  the  solution  as  an  infinite 
series  of  Mathieu  functions.  Although  the 
Mathieu  function  approach  leads  to  a  mathematically 
exact  solution,  it  is  necessary  to  compute  several 
infinite  sums,  even  for  uncoupled,  simple  harmonic 
motions.  Furthermore,  these  sums  converge  slowly 
at  rates  that  depend  on  both  reduced  frequency 
and  Mach  number.  Finally,  no  serious  effort  has 
yet  been  made  to  extend  this  method  to  a  solu¬ 
tion  of  the  subsonic  oscillating  cascade  problem. 
Hence  it  will  not  be  considered  herein. 

Conversely,  Possio 's  method,  although  tedious, 
is  relatively  straightforward,  and  has  been  the 
beisis  for  several  solutions  to  the  unsteady  cas¬ 
cade  problem.  Hence  it  will  be  described  briefly 
below.  The  reader  should  be  aware  that  the  nota¬ 
tion  of  this  section  is  dimensional  and  the  equa¬ 
tions  outlined  below  are  a  condensation  of  the  dis¬ 
cussion  in  Ref.  22.1,  pp.  318-325. 

The  starting  point  for  this  analysis  is  the 
differential  equation  for  the  acceleration  poten¬ 
tial,  ♦  , 


eind  that  integration  along  the  trajectory  of  a  fluid 
particle  leads  to  the  useful  result 


w(x,z,f )  = 


A 

I 


d'l> 


dz 


dC  (22.2.25) 

u 


where  U  is  the  freestream  velocity.  As  in  the  pre¬ 
vious  section,  w  on  the  airfoil  surface  is  regarded 
as  the  prescribed  quantity 


Wo{x,t) 


dz  Q 

71” 


+  u 


dz  Q 
dx 


for  z  =0,  — b  <  X  $  b 


(22.2.26) 


(Note  that  the  length  variables  used  herein  are 
dimensional  quantities.)  We  shall  assume  simple 
harmonic  motion  such  that  a  common  time  dependence 
factor  can  be  removed,  and  we  shall  prescribe 

the  additional  boundary  conditions; 

1)  There  is  zero  pressxire  discontinuity  across 
the  X  axis  both  ahead  of  and  in  the  wake  of  the 
blade,  or 


1)/  =0  for  ixl  >  b, 

2)  Ail  signals  must  propagate  outward  from  the 
blade  without  reflection; 

3)  The  Kutta  condition  must  be  satisfied,  so 
♦  is  not  discontinuous  at  x  =  b. 

The  method  used  in  Ref.  22.1  to  obtain  Posso's 
integral  equation  is  to  represent  the  airfoil  with 
a  sheet  of  acceleration  potential  doublets  along  the 
projection  of  the  airfoil.  Each  elementary  doublet 
is  the  mathematically  derived  superposition  of  a 
source-sink  pair,  and  each  source  (or  sink)  is  a 
solution  of  the  differential  equation  (22.2.22), 
and  is  referred  to  as  a  source  pulse. 


SP 


(22.2.27) 
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where  V  is  defined  in  terms  of  the  disturbance 
pressure 


p-p,-- 


(22.2.23) 


It  is  shown  in  Ref.  22.1  that  the  substantial 
derivative  of  the  downwash,  w,  is  given  by 


Dw=-^Clt 

dz 


(22,i\2h) 


where 

R^  =  o!(t-T)2-[(*-e)-U(t-T)]-(Z-;)^  (22.2.2B) 

and  where  is  a  two-dimensional  pressure  distur¬ 
bance  originating  at  1,  ;  at  time  T  which  propagates 
outward  in  a  cylindrical  fluid  region  while  being 
carried  downstream  at  the  freestream  velocity  U. 

A(f,  C,  T)  is  a  time  dependent  amplitude  function 
of  the  disturbance  which  will  be  evaluated  later 
by  means  of  the  boundary  conditions.  Both 
and  A  in  Eq.  (22.2.27)  can  be  regarded  as  infin- 
tesimal  quantities  since  they  represent  a  single 
source  pulse  out  of  a  continuou.s  sheet,  and  in 
Ref.  22.1  it  is  stated  tliat  for  simple  harmonic 
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motion  we  can  write 


(22.2.29) 

Ztt 

which  allows  us  to  integrate  Eq.  (22,2.27)  over  T 
and  obtain 


^  (22.2.30) 
s  '  '  zw  -sc  R 

In  this  equation  tg  is  related  to  the  pressure  dis¬ 
turbance  at  x,z  due  to  a  disturbance  with  complex 
amplitude  A  located  at  ?,  S.  The  upper  limit  of 
integration 


^2  wZeiait 


w' 


(22.2.35) 


Use  is  now  made  of  the  singular  behavior  of 
the  intergrand.  Note  that  the  integral  is  multi¬ 
plied  by  z.  Hence  the  imposition  of  the  limit 
z  -»  0  as  the  airfoil  surface  is  approached  causes 
the  right  hand  side  to  vanish  everywhere  except  in 
the  neighborhood  of  C  =  x  where  the  integrand 
becomes  large  without  bound  in  the  limit.  Use  of 
appropriate  limiting  techniques  as  z  is  allowed  to 
vanish  from  above  (approaching  the  suction  surface) 
and  from  below  (approaching  the  pressure  surface) 
yields  the  results 


g=t  - 


M(x-C) 

a.^(i-M2) 


(22.2.31) 


is  the  most  recent  value  of  T  for  which  a  distxir- 
bance  at  C  can  be  felt  at  x,  z  at  time  t.  After 
some  manipulations  of  the  integrand  Eq.  (22.2.30) 
may  be  integrated  to  yield 


'#'(x.o:t)  = 
'('(x,o)t)  = 


_  U^A  (x)  giwt  I 


(22.2.36) 


from  Eq.  (22.2,23)  we  can  identify  the  quantity 
A(x)  as 


♦s(>^.2.n  = 

^  V|-m2 

where 
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(22.2.32) 
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(22.2.33) 


K  = 


kM^  (x-C) 
(i  -  M^)  b 


(22.2.37) 

where  Apg(x)  is  the  desired  but  as  yet  unknown 
pressure  difference  across  the  airfoil.  When  this 
is  substituted  into  Eq.  (22.2.35)  the  result  is 
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Use  is  now  made  of  Eq.  (22.2.25)  relating  downwash 
to  the  disturbance  potential.  When  this  is  evalu¬ 
ated  along  the  x-axis  for  a  simple  harmonic  motion, 
we  obtain 


A  s '  r/iBoidally  pulsating  doublet  is  now  obtained  by 
differentiating  the  source  solution  wit!i  respect  to 
the  vertical  coordinate,  with  the  result 


’<'p(x.z,t)  =  ^^^ 

a(Ow^m^z 

4(|-M*)5/2 
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(22.2.34) 


w(x,o,t)  = 
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and  substitution  of  Eq.  (22.3.38)  yields  the  result 

-ik»  ikC 

wn(x)=  —  /  APa(i)ff  J* 
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(22.2.4o1 
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Finally,  the  acceleration  potential  of  the  entire 
sheet  of  doublets  is  obtained  by  integrating  over 
the  chord, 
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z  — 0 
C-0 


This  is  still  an  inconvenient  form,  and  considerably 
more  manipulation  must  be  performed  (as  shown  in 
Ref.  22.1)  before  the  final  solution  is  obtained 


Wo  U)  =  -  ^  /  AP,  (0  k(m. 

“r-  _K  '  ' 


for  —  b  $  X  5  b 

where  the  kernel  function  is  given  by 


(22.2.41) 
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its  extensive  tabulated  values  which  are  used  later 
to  provide  isolated  airfoil  reference  values.  It 
is  mentioned  here  primarily  for  its  historical  signi¬ 
ficance,  and  will  not  be  studied  in  any  detail. 

More  relevant  to  the  work  on  cascades  which 
follows  is  the  use  of  the  Laplace  transform  (cf. 

Refs.  22.1,  pp.  364-367,  and  22.30,  pp.  37,  38,  50). 
Our  starting  point  is  the  wave  equation  (22.2.22) 
with  fi  replaced  by  the  disturbance  potential  0  and 
with  the  assumption  of  simple  harmonic  motion 


<#>(x,z,t)  =  </>(x,z)e' 


(22.2.44) 


such  that 


with  joundary  condition 
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and  where 
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(22,2.43) 


—  =  Wglx)  for  z  =0 
^ ^  over  0-  X  ^  2b 


(22,2,46) 


where  the  origin  of  the  dimensional  coordinates  is 
now  at  the  leading  edge.  A  strai^tforward  use  of 
Laplace  transform  technique,  defined  by 

^•(s,z)  =  i’{(^(x,z)}='/  (x,z)dx  (22.2,47) 


leads  ultimately  to  the  solution 

^(x:o*)= 


Equation  (22.2,41)  is  Possio's  integral  equation 
in  which  the  known  downwash  is  written  in  terms  of 
an  integral  of  the  unknown  pressure  difference  dis¬ 
tribution.  Unlike  the  Schwarz  integral  equation 
(22.2.14),  there  is  no  convenient  inversion  formula 
available,  and  it  has  been  necessary  for  the  several 
authors  working  on  this  problem  to  resort  to  approxi¬ 
mate  iterative  techniques.  Tabulations  of  the 
...isteady  aerodynamic  coefficients  are  found  in  Refs. 
22.24,  22.27,  and  22.28. 

As  in  the  case  of  incompressible  flow,  the  form 
of  this  solution  will  be  important  in  our  discussion 
of  compressible  subsonic  flow  past  cascades  (Section 
22.2.1.2)  and  of  acoustical  resonance  (Section 
22.2.2.4). 

22.2.1.3  Compressible  Supersonic  Flow 


■  /  Wg  (C*)  ( 


_  2kM‘ 
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(22.2.48) 


(22.2.49) 


and  where  the  starred  coordinates  are  dimensionless 
with  respect  to  b.  Equation  (22.2.48)  can  be  substi¬ 
tuted  into  the  pressure  relationship  (of.  p.  357  of 
Ref.  22,1) 


(22.2.50) 


Although  several  researchers  attacked  the 
problem  of  compressible  supersonic  flow  past  an 
oscillating  airfoil,  the  first  systematic  and 
straightforward  approach  was  that  of  Garrick  and 
Pubinow  (Ref.  22.29)  'who  extended  some  of  Possio’s 
early  work  and  used  the  method  of  distributed 
source  pulses.  However,  this  solution  has  little 
or  no  r  .ievancc  to  the  cascade  problem  except  for 


and  use  of  Eqs.  (22.2.18)  and  (22.2.19)  yields  the 
desired  values  of  the  unsteady  lift  and  pitching 
moment . 
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22. a. 2  UNSTEADY  THEORY  FOR  CASCADED  AIRFOILS 


22.2.2.1  Incompressible  Flow 

Several  attempts  were  made  to  extend  isolated 
unsteady  theories  to  solve  the  unsteady  cascade  prob¬ 
lem  in  the  early  1950' s,  most  notably  the  efforts 
of  UUey  (Ref.  22.31),  Sisto  (Ref.  22.32)  and 
Lane  (Ref.  22.33).  As  with  any  early  work  on  a 
difficult  technical  problem,  these  pioneering  efforts 
were  hampered  by  lack  of  precedent  to  serve  as  a 
mathematical  guide,  and  by  a  lack  of  adequate  and 
efficient  computational  equipment  to  cope  with  the 
need  to  account  for  a  doubly-infinite  array  of  air¬ 
foils  in  the  flow  field.  In  contrast  to  the  isolated 
airfoil  in  potential  flow,  in  which  the  reduced 
frequency  was  the  only  explicit  parameter  (for  in  com¬ 
pressible  flow),  the  unsteady  cascade  analysis  had 
the  additional  parametric  influence  of  blade  gap, 
leading  edge  locus  stagger  angle,  and  interblade 
phase  angle.  Nevertheless,  the  solutions  obtained 
in  the  cited  works  represented  valid  approaches 
and  the  few  available  tabulated  values  clearly 
indicated  the  differences  between  cascades  and 
isolated  airfoils,  and  pointed  up  the  need  for 
additional  work. 

In  the  early  1960's  Whitehead  published  his 
theoretical  analysis  of  the  incompressible  unsteady 
cascade  problem  (Ref.  22.3*+),  based  largely  on  his 
earlier  dissertation  (Ref.  22.35).  In  it  he  used 
a  standard  vortex  sheet  approach  similar  to  that 
described  earlier  (Section  22.2.1.1)  in  connec¬ 
tion  with  the  theory  of  Schwarz.  However,  the 
integral  inversion  technique  of  Sdhngen  has  no 
counterpart  in  the  cascade  problem  and  Whitehead 
resorted  to  a  matrix  formulation  and  a  subsequent 
matrix  inversion  technique.  By  virtue  of  an  in- 
geneous  use  of  the  Multhopp  cosine  transformation 
he  showed  that  a  trapezoidal  integration  would  yield 
exact  results  for  certain  key  integrals,  and  an 
analytical  removal  of  the  leading  edge  logarithmic 
singularity  produced  a  tractable  result  that  was 
relatively  easy  to  tabulate.  In  the  following 
summary  of  Ref.  22.3*+  only  a  few  of  the  key  steps  in 
Whitehead's  derivation  can  be  included,  and  an 
effort  will  be  made  to  bridge  the  gap  between  these 
steps  with  verbal  references  to  his  report.  Use 
will  be  made  of  the  notation  of  the  report  through¬ 
out  . 


The  cascade  geometry  is  shown  below  in 
Fig.  22.2.2  in  which  c  is  the  chord,  s  is  the  slant 
gap  and  |  is  the  stagger  angle  of  the  leading 
edge  locus  relative  to  the  vertical  coordinate  axis, 
which  passes  through  the  leading  edge  of  the 
reference  blade.  In  addition  to  the  usual  assump¬ 
tions  of  two-dimensional,  incompressible,  Inviscid 
potential  flow  past  flat  plate  airfoils  at  zero 
incidence  angle,  it  is  further  assumed  that  all 
blades  vibrate  with  the  same  amplitude  and  with 
constant  phase  angle  between  the  motions  of  any 
pair  of  adjacent  blades. 


To  begin  with,  Whitehead  assumes  a  vortex  sheet 
distribution  on  the  blades  and  defines  the  strength 
of  one  element  of  bound  vorticity  located  at  a  dis¬ 
tance  x  behind  the  leading  edge  of  the  reference 
blade  to  be  Y(x)e^“**'  to  account  for  periodic  mo¬ 
tions.  If  the  motion  of  the  upper  adjacent 
blade  (m  =  1)  leads  the  motion  of  the  reference 
blade,  then  blade  no.  1  has  a  corresponding  ele¬ 
ment  of  vorticity  of  strength  Y(x  s  sin  S, 
s  cos  5)  )  located  at  the  point  (x  +  s  sin  % 

s  cos  I),  and  in  general,  for  the  m^**  blade  in  the 
array  we  have  Y  )  at  (x+ms  sin  5,  ms  cos  |) 

which  establishes  the  periodicity  condition  over  the 
array  of  blades.  Because  the  motion  is  assumed 
to  be  sinusoidal,  any  change  in  Y  appears  in  the 
wake  as  free  vorticity.  As  in  the  Schwarz  theory, 
we  can  relate  the  elementary  free  vorticity  e(x2^,x) 
at  Xj^  in  the  wake  to  a  bound  vortex  element  at  x  by 
the  formula 


€{X|,x)  =  -  ^y(x)e  (X-X|) 


(22,2.51) 


The  total  free  vorticity  at  x^^  in  the  wake  due  to 
the  entire  bound  vorticity  sheet  is  obtained  from  an 
integration  of  Eq.  (22.2.51), 
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After  differentiating  this  with  respect 
rearranging,  the  result  is 


(22.2.52) 
to  Xj  and 
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dx  u 


which  will  be  useful  below. 


(22.2.53) 


Next  the  bound  vorticity  is  related  to  the 
pressure  difference  across  the  blade.  Since  the 
theory  is  to  be  used  in  situations  in  which  the  whole 
flow  contains  vorticity  (i.e.,  the  wake  vorticity 
of  adjacent  blades)  the  velocity  potential  concept 
eannot  be  used.  Instead  we  use  the  equation  of  mo¬ 
tion  in  tne  x-direction,  linearized  to  read 


I  d  P 

P  TT  (22.2.54) 


where  u  is  the  horizontal  perturbation  velocity. 
When  this  equation  is  written  for  points  just  above 
(+)  and  Just  below  (-)  the  plane  of  the  airfoil 
and  the  difference  is  taken  we  have 


The  next  step  in  the  analysis  is  to  relate  the 
vorticity  distribution  y  to  the  motion-induced 
vertical  velocity  on  the  reference  blade.  We  begin 
by  postulating  a  single,  staggered  row  of  vortices, 
each  one  being  located  on  a  separate  blade  of  the 
cascade,  and  each  one  at  the  same  distance  behind 
the  leading  edge  of  its  respective  blade.  If  the 
vortex  on  the  reference  blade  at  (x, 0)  has  strength 
Tq,  then  the  vortex  on  the  blade  will  have  a 
strength 


_  im;8 

®  (22.2.62) 

(assuming  the  existence  of  an  interblade  phase 
angle  S ) ,  and  will  be  located  at 

x„  =  x+  ms  sin  f  | 

ym  =  mscosf  |  (22.2.63) 

lor  this  one  vortex  at  (x^,  y^)  the  velocity 
induced  on  the  reference  blade  at  (T1,0)  is,  by 
the  3iot-Savart  law. 


but  the  difference  between  the  perturbation  veloc¬ 
ity  yields  the  total  vorticity  of  the  system. 


U.-  U,  :  y +  < 


(22,2.56) 


When  this  is  substituted  into  Eq.  (22.2,55)  and 
manipulated  the  result  is 


^  (P-P.)  = 


P  dx 


(22.2.57) 


a>t 


and  substitution  of  Eq.  (22,2,53)  simplifies  this 
to 


-J-  A  (P-P  ) ,  ui21 


^  e 

P  dx  "  "  dx  (22.2.58) 

This  can  be  directly  Integrated  to  yield 


P.-  P,  =  -pU  y 


(22.2,59) 


whereupon  the  lift  and  pitching  moment  (about  the 
leading  edge)  are  obtained  by  the  further  integra¬ 
tion  of  Eq,  (22.2.59), 


F  = 


(22,2.60) 


m=t5u/  yxdx  (22.2.61) 

0 

Note,  however,  that  up  to  this  point  in  the  analy¬ 
sis  the  blade  motion  has  not  yet  been  prescribed, 
and  Y  is  an  unknown  function  of  x. 


27r 


'  Vm 


(22.2.64) 


Hence  the  velocity  for  the  entire  array  of  vortices 
is  obtained  from  the  doubly  infinite  sum 

v=  I 

m !  -  “ 

X- ms  sin{) 

(■q  —  X  —  ms  sin  +( mscosf)^ 

or,  symbolically, 

v=  V(Z) 

where  z  =  (T|-x)/c  and  where 

V(z)  = 


I 


Zir 


gini/3(y_m  1  sinf  ) 

(z-m  sin^)^+^m  .LcosCj 


(22.2.65) 


(22.2.66) 


-  (22.2.67) 


This  can  be  summed,  using  the  methods  described  on 
pp.  364-370of  Bromwich  (Ref.  22.36)  to  yield  the 
closed  form  result 

-(T-/3)z(o*ib) 

v(z)= 


4slnh  [Trz(a  +  ib)J 


(o  -  ib)  e 


(t-/3)z(o-  ib) 


where 


4  sinh  [Trz(Q  -  ib)] 


o  =  —  cosf 


b  =  -  sinf 


(22.2.68) 


(22.2.69) 


There  are  some  subtleties  associated  with  the  values 
of  V  for  the  end-point  values  of  B,  but  Whitehead 
disposes  of  this  problem  by  showing  that  the  func¬ 
tion  V(z)  will  only  appea-  as  a  difference  in  the 
subsequent  steps. 


Once  the  form  of  E^.  (22,2.66)  has  been  estab¬ 
lished  we  can  rewrite  it  for  a  similar  row  of  ele¬ 
ments  of  bound  vorticity  on  the  oscillating  blades. 
Specifically,  the  normal  velocity  induced  at  a  point 

(11,0)  byaset  ofbound  vorticity  elements  Y(x)e^^ 

is  obtained  by  writing  v^  in  place  of  v  and  y(x)  in 
place  of  Tg/c  in  Eq.  (22.2.66) 


obtained.  Ultimately  this  can  be  written  in  the 
form 


w'(t),*)=  y{x)K(x-i7) 

vrtiere  K  is  the  kernel  function 


(22.2.76) 


Vy(i7,  x)  =  y  (k)  V(t?- x)  (22.2.70) 

(At  this  point  in  the  analysis  Uhltehead  assumes  that 
X  and  y  are  now  dimensionless  quantities  with  respect 
to  c.)  The  strength  of  an  element  of  free  vorticity 
at  some  point  (xj^,0)  due  to  the  element  of  bound 
vorticity  at  (x,0)  is  given  by  Bq.  (22.2.51)  as 

.  ix(x-x,) 

«(X|,x):- iXy(x)e  (22,2.71) 

where  X  is  the  reduced  frequency  relative  to  the 
full  blade  chord. 


K(z)  =V(-Z)-V(-~) 

iX2  r“r  1  (22.2.77) 

-iXff  J  [v(-z,)- v(— )]ff  dz, 


Finally,  the  velocity  at  T)  due  to  all  vorticity 
elements  is  given  by  the  integral  of  Eq.  (22.2.76) 
over  the  blade  chord, 

I  I 

''(7)=/  v'{t),x)  dx  =  K(x- t;)  y(x)dx  (22.2.78) 

As  in  previous  analyses  of  this  sort,  vCl))  is 
prescribed  by  the  motion  and  is  known,  and  y(x), 
Which  is  needed  for  load  calcxilations,  is  unknown. 


/-oi,.  i^\ 

U  (22.2.72) 

The  velocity  induced  at  (11,0)  by  a  single  element 
of  this  free  vorticity  is  obtained,  as  in 
Bq.  (22.2.70)  by  writing 

Vg/7.x.x,)=e(x,.x)v(i7-x,)  (22.2.73) 


This  is  the  essence  of  the  physical  portion 
of  Whitehead's  analysis.  Three  possible  vertical 
velocities,  associated  with  vertical  translation, 
pitch  about  the  blade  leading  edge,  and  an  imposed 
sinusoidal  vertical  gust  velocity  imbedded  in  the 
free  stream,  are  postulated  as 

-WV 

V  *  P  +  a  U(l +  iXT))  ^  (22,2.79) 


Now,  for  each  element  of  bound  vorticity  y(x)  at 
(x,0)  there  is  a  sheet  of  free  vorticity  repre¬ 
sented  by  «(xj^,0)  where  the  elements  are  located 
at  points  extending  over  the  range 

X  <  x^  <  ■  and  each  element  of  *  is  caused  by 
the  element  y.  Thus  the  velocity  Induced  at 
(11,0)  by  all  the  free  vorticity  associated  with 
y(x)  is  obtained  by  integrating  Eq.  (22.2.73)  over 
all  Xj^  in  the  range  x  «  x^^  <  «, 

v',Kx)=/*(x,.>')v(7-x,)dx, 

The  sum  of  Eqs.  (22.2.70)  and  (22.2.71*)  yields  the 
velocity  induced  at  (11,0)  as  a  result  of  a  single 
element  of  bound  vorticity  and  its  associated  free 
vortex  sheet.  However,  as  Whitehead  points  out, 
irtien  @  =  0  the  integral  of  Eq.  (22.2.7**)  remains 
finite  at  the  upper  limit  and  the  Integral  falls 
to  converge.  If  the  assumption  is  m^de  that  the 
system  started  from  rest,  then  the  total  vorticity 
on  each  blade  and  its  wake  is  zero,  or 

/  (y  +  €)dx=0  (22,2.75) 

and  if  this  integral  is  rewritten  for  a  single  bound 
vortex  element  and  is  multiplied  by  the  limiting 
value  V(-®)  and  subtracted  from  the  sum  of  Eqs. 
(22,2.70)  and  (22.2,7**),  a  convergent  result  is 


An  influence  function  approach,  in  which  each 
component  of  vorticity  is  defined  as  the  vorticity 
per  unit  vertical  velocity  amplitude,  yields  the 
total  strength  of  the  bound  vorticity  sheet  as 

qy^  +  auy,- wy^  (22.2.80) 

where  the  Y's  are  solutions  of  the  following  three 
integral  equations,  expressed  in  a  single  matrix 
ecuation  as 

/  [rq.yo,y,,]K(x-t,)(jx  *  (22.2.81) 

=  [l,(l  +  iXT,),ff''^’'] 

where  the  notation  [•••]  represents  a  1  x  3  row 
matrix. 

Space  does  not  permit  a  detailed  account  of 
Whitehead's  solution  procedure.  In  essence,  he 
used  a  Multhopp  transformation  for  the  two  vari¬ 
ables,  x  »  J(l  -  cos  9)  and  1]  =  ^(1  -  cos  0) 
over  n  stations  along  the  blade  chord,  and  foiind 
that  the  trapezoidal  rule  yielded  exact  results 
for  several  of  the  integral  equations  in  the 
transformed  notation.  Although  the  process  was 
tedious  and  painstaking,  the  inversion  of  the 
integral  equations  written  in  matrix  form  was 
relatively  straightforward,  the  only  exception 
being  the  leading  edge  logarithmic  singularity, 


which  was  analytically  accounted  for.  Specif¬ 
ically,  Eq.  (22.2.81)  was  written  in  matrix 
form  as 


S/C  =  1.0.  f  =  60  DEG 
ARROW  DENOTES  INCREASING  ,V2rr 
WITH  INCREMENTS  0.1 


Ar  =  B  (22.2.82) 

I  where  A  is  an  n  x  n  matrix  of  kernel  function 

elements,  T  is  an  n  x  3  matrix  of  bound  vorticity 
elements,  and  B  is  also  an  n  x  3  matrix  representing 
the  right  hand  side  of  Eq.  (22.2.81).  Here  it  is 
seen  that  A  and  B  are  known  and  T  is  unknown,  and 
the  report  details  the  steps  necessary  to  yield  the 
formal  solution 

I 

r  =  A"'B  (22.2.83) 


Substitution  of  this  solution  for  each  component 
of  r  into  Eqs.  (22.2.60)  and  (22.2.61)  rewritten 
in  matrix  form  as 


C  =-  ^  Xr=  -  ^  XA"‘b  (22.2.84) 


yields  the  desired  values  of  normal  force  coef¬ 
ficient  and  moment  coefficient  for  each  component 
of  imposed  vertical  velocity.  The  2  x  n  matrix 
X  in  Eq.  (22.2.84)  contains  a  factor  1  in  its 
first  row  and  a  sequence  of  moment  arm  weighting 
functions  in  its  second  row  such  that  the  C  matrix 
consists  of  normal  force  components  in  its  first 
row  and  moment  con^ionents  in  its  second  row. 


"Cpq  Cfa  Cpa, 


(22.2,85) 


(It  should  be  noted  that  the  force  and  moment  for 
vertical  translation  are  defined  per  unit  vertical 
velocity  rather  than  the  customary  vertical  dis¬ 
placement.  This  is  discussed  further  by  Whitehead 
in  Ref.  22.34.) 


Whitehead's  report  contains  tabulated  values 
of  all  of  his  coefficients  for  a  variety  of  param¬ 
eter  values.  Although  it  is  not  the  purpose  of 
this  document  to  exeunlne  these  tabulations  in  detail, 
it  is  instructive  to  note  the  effect  of  cascading 
on  two  of  the  unsteady  coefficients,  the  unsteady 

force  due  to  plunging,  Cp  ,  and  the  unsteady  moment 
% 

due  to  pitch,  These  two  coefficients  are 

important  determinants  of  the  flow  of  energy  in 
single  degree  of  motion  oscillations,  as  will  be 
seen  presently.  In  Figs.  22.2.3  and  22.2.4  are 
found  phase  plane  plots  of  Cp  and  C«  ,  respectively; 
l.e.,  the  real  part  of  each  quantity  Is  plotted 
along  the  abscissa  and  the  imaginary  part  along  the 
ordinate.  Both  plots  are  for  s/c  =  1  and  |  =  60 
deg,  and  each  plot  contains  three  connected  curves 
for  X  =  0.5,  1.0,  and  2.0  (k  =  0.25,  0.5,  and  1.0), 

On  each  ci’xve  the  point  0  =  0  is  noted,  and  subse¬ 
quent  points,  in  the  direction  of  the  arrows,  are 


Fig.  22.2.3  Phase  Plane  Diagram  of  Lift  due  to 
Plunge 


S/C=  1.0,  (-60  DEG 
arrow  denotes  increasing  ,3/2ir 
WITH  INCREMENTS  0.1 


Fig.  22.2.4  Phase  Plane  Diagram  of  Moment  due 
to  Pitch 
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for  incremental  increases  of  B/2tt  =  0.1.  A  dominant 
effect  in  each  plot  is  that  of  reduced  frequency, 
but  this  is  not  particularly  surprising  since  compa¬ 
rable  changes  occur  for  isolated  airfoils.  What  is 
of  importance  here  is  the  large  change  that  occurs 
from  point  to  point  as  interblade  phase  angle  is 
varied.  This  is  uniquely  associated  with  the 
presence  of  neighboring  blades,  and  is  indicative 
of  the  importance  of  these  cascade  parameters  on 
the  ultimate  determination  of  blade  stability. 

22.2.2.2  Compressible  Subsonic  Flow 

Several  authors  have  attacked  the  problem  of 
cascaded  flat  plate  airfoils  oscillating  in  a 
compressible  stream  (Refs.  22. 37-22.41  to  name  a 
few).  In  almost  every  case  the  acceleration 
potential  method  of  Possio  was  extended  to  account 
for  the  presence  of  neighboring  blades.  In  Ref. 
22.37  the  present  author  extended  the  method  to 
the  point  of  writing  the  formal  solution  in  integral 
equation  form  but  was  unable  to  obtain  numerical 
values  because  of  the  limitations  of  the  available 
computing  equipment  in  the  mid-1950's.  Similarly, 
Lane  and  Friedman  employed  a  Fourier  transform 
approach  but  they  too  were  stymied  by  inadeqixate 
computer  facilities  to  a  few  calculations  for  an 
unstaggered  cascade  oscillating  at  an  interblade 
phase  angle  of  a  =  180  deg.  This  case  was  specif¬ 

ically  chosen  by  the  authors  because  it  represented 
the  cascade  equivalent  of  conrpressible  wind  tunnel 
wall  interference  (Ref.  22.42),  and  they  were  able 
to  show  good  agreement  with  previous  theory  for  the 
few  cases  they  calculated. 

The  three  later  analyses  concentrate  primarily 
on  the  acoustical  properties  of  the  oscillating 
cascade  in  a  compressible  flow.  This  is  especially 
true  of  the  Kaji  analysis  (Ref.  22.40)  in  which  the 
results  are  confined  to  an  equation  for  the  accel¬ 
eration  potential  function  and  to  plots  of  acous¬ 
tical  transmission  coefficients.  More  to  the  point 
are  the  analyses  of  Whitehead  (Ref.  22.39)  a-^d 
Smith  (Ref.  22. 4l)  who  both  seek  primarily  for 
acoustical  answers,  but  who  also  discuss  the 
results  for  unstrady  lift  ani  moment.  Of  the  two 
it  appears  that  the  Smith  calculation  procedur'^  is 
somewhat  more  straightforward  and  easier  to  imple¬ 
ment.  Vn fortunately,  althoujeh  the  analysis  is  com¬ 
pletely  e'^neral,  the  only  coefficients  tabulated 
are  eith'^-r  fer  ir.compressiole  flow  or  for  rem 
s'la.L-j'r'T  vri'.h  antiphacr  m'-tien,  in  noth  instances 
for  oomparisen  of  Smith's  limitinr  cas^s  with  the 
work  of  previous  authors. 

In  retrospect,  much  rf  tr.is  subsonic  compre-s- 
sible  work  has  remained  i  by  iesi,-n'’r3.  As 

stated  ■’arli'^r  (fectior.  .1.21  '  h"  most  critical 
desirn  problem  app^-ars  tc  :.e  supers'- ;,ic  flutter, 
which  cannot  be  at  tack-  ' i  fy  th'-  metdiofs  '“-f  *his 
3ec':iori.  /uiother  almos.t  --qually  critical  pr":  lem 
is  that  of  part  spee  i  flu‘:‘'-r  under  lea  i  condi¬ 
tions.  .Although  the  flow  in  this  prerlom  i.s  often 
i.n  the  high  .nussonic  ranr^ ,  th"  adiitienal  charac¬ 
teristic  of  th--'  probl'cr.  is  non-c-r'-  :1a;'-  l';a:. 


vri-th  the  problem  becoming  more  acute  as  the  surge 
line  is  approached.  This  ingjlies  blades  with  non¬ 
zero  incidence  angle,  non- zero  camber  angle,  and 
non-zero  thickness  distribution,  all  of  which  are 
specifically  excluded  by  the  assumptions  of  the 
analyses  in  Refs.  22. 37-22.41.  Therefore,  in 
view  of  the  diminished  relevance  of  these  analyses 
to  the  designer's  needs,  the  reader  will  be  spared 
any  detailed  overview  of  these  theories,  and  only  a 
cursory  description  of  the  form  of  the  final  solu¬ 
tion  will  be  given  at  the  end  of  this  section. 

One  additional  analytical  study  to  examine  the 
effects  of  subsonic  compressible  flow  past  a  cas¬ 
cade  of  oscillating  airfoils  bears  mentioning  (Ref. 
22.43).  In  it  Verdon  and  his  coauthors  formulate 
a  set  of  basic  equations  which  govern  the  subsonic 
flow  in  a  single  extended  blade  passage  of  a  high- 
deflection,  two-dimensional,  oscillating  cascade. 
This  derivation  is  based  on  a  perturbation  expansion 
of  the  velocity  potential  leading  to  a  nonlinear 
bopindary  value  problem  for  the  zeroth  order  or 
steady  potential,  and  a  linear,  time-independent, 
variable  coefficient  boundary  value  problem  for  the 
first  order  or  unsteady  potential.  In  lieu  of 
explicit  boundary  conditions  at  finite  distances 
upstream  and  downstream  of  the  blade  row,  analytic 
far  field  solutions  are  determined  which  can  be 
matched  to  near  field  numerical  solutions.  The 
variable  coefficients  in  the  unsteady  boundary 
value  problem  depend  on  the  steady  flow  potential 
and  represent  the  effects  of  finite  steady-state 
loading  on  the  unsteady  aerodynamics.  At  present 
the  numerical  procedures  for  solving  the  steady  and 
unsteady  boundary  value  problems  for  realistic 
blade  profiles  are  still  under  development.  How¬ 
ever,  unsteady  predictions,  based  on  this  model, 
have  been  found  to  be  in  excellent  agreement  with 
predictions  based  on  Smith's  solution  (Ref.  22. 4l) 
for  subresonant  and  superresonant  motions  (of. 
Section  22.2.2.4)  of  flat  plate  cascades  at  zero 
mean  incidence  relative  to  a  uniform  stream. 

Finally,  it  is  instructive  to  look  at  the 
form  of  the  flat  plate  cascade  integral  equation, 
for  comparison  with  isolated  airfoil  results,  and 
for  use  in  explaining  the  significance  of  the 
acoustical  resonance  phenomenon,  described  later 
in  Section  22.2,2.4.  One  version  of  this  solution, 
taken  from  Ref.  22.37,  is 


b  (22.2.86) 


wh''-re  P  >  t  is  th'-  slant  gap  between  blades, 

w(x1  is  the  known  prescribe!  downwash  on  the  blade 
at  X.  ani  AJi(xQl  is  the  unknewn  pressure  difference 
at  X,,.  In  this  equa*-ior. 

-IW(.  ,  /‘"O  loit 


(32.2.87) 


is  the  Possio  kernel  function  for  an  isolated 
airfoil  (cf.  a  different  form  of  this  function  in 
Eq.  {22,2 ^k2))  and  vhere 


22«2,2,3  Compressible  Supersonic  Flow 


is  the  kernel  function  associated  with  the  cascaded 
blades.  In  these  equations. 


Supersonic  unsteady  aerodynamics  of  multiblade 
systems  was  first  discussed  by  Lane  in  1957  (Hef.22.^) 
who  analyzed  the  problem  in  which  the  axial  velocity 
into  the  blade  row  is  supersonic »  As  seen  in  the 
sketch  of  Fig,  22,2.5,  all  velocities  relative  to  the 
plane  of  the  leading  edge  are  supersonic,  and  accord¬ 
ingly  this  is  referred  to  as  the  supersonic  leading 
edge  locus  condition.  Although  such  a  configuration 


o--£._Ji2L_  TsmS  (22.2.91) 


where,  in  addition,  0  is  the  stagger  angle  and  o  is 
the  interblade  phase  angle. 

It  was  found  in  Ref.  22.37  that  for  certain 
values  of  the  cascade  parameters  (to  be  discussed 
in  Section  22.2.2.4)  the  cascade  kernel  function 
became  unboun-ied.  This  was  determined  upon  inte¬ 
grating  Eq.  (22.2.88)  by  parts,  applying  some  well- 
known  Hankel  function  identities,  and  taking  the 
limic  as  T  -  0.  The  resulting  series  of  Hankel 
functions  were  examined  for  convergence  and  were 
found  to  diverge  at  these  resonance  points.  The 
implications  of  this  series  divergence  is  quite 
profcuni,  as  can  be  seen  from  an  examination  of 
Eq.  (22.2.86).  3y  virtue  of  the  assumption  of 
small  displacements,  w(x)  must  represent  a  bounded 
amplitude,  and  experience  has  shown  that  is 
always  bounded.  If  Y.-^  is  unbounded  for  certain 
values  of  the  cascade  parameters,  then  the  only 
way  this  equation  can  be  satisfied  is  for  hp  to 
v'ar.ish  identically.  However,  by  Eqs.  (2P.^.l6)  and 
(22.2.19),  both  the  unsteady  lift  and  moment  must 
also  vanish,  and  hence  the  naturally  occurring 
aero'iynamic  damping,  associated  with  the  quadrature 
components  of  these  quantities,  will  also  vanish. 
Under  these  conditions,  if  an  external  oscillatory 
energy  source  imparts  energy  to  the  blades  at  a 
frequency  at  or  near  the  natural  blade  frequency, 
there  is  no  aerodynamic  dissipatioe  of  this  energy, 
lor.sequently  the  amplitude  of  the  bla  motion  is 
limited  only  ny  the  structural  d'imrin,-  of  the  sys¬ 
tem,  arid  under  conditions  of  extresre  excitation, 
such  as  an  ir.tegral  order  encounter  (cf.  Fig. 

.1.14).  lar.-e  and  dairja/;:ini:  olade  response  can 
occur. 


Fig.  22.2.5  Supersonic  Cascade  with  Supersonic 
Leading  Edge  Locus 


has  several  reflected  waves  within  any  blade  passage, 
no  disturbances  exist  upstream  of  the  blade  passages 
and  further,  the  unsteady  wakes  cannot  influence  the 
flow  adjacent  to  neighboring  olade  surfaces.  Hence, 
this  problem  was  amenable  to  Laplace  transform  tech¬ 
niques,  as  demonstrated  by  Lane  in  his  paper.  However, 
it  soon  became  evident  that  this  solution  was  of 
academic  interest  only  because  no  practical  high-speed 
design,  either  within  the  current  state  of  the  art  at 
that  time  or  for  the  foreseeable  future,  would  have 
a  supersonic  axial  through  flow.  Instead,  all  high 
speed  engines  were  to  be  configured  with  a  subsonic 
axial  flow  and  a  supersonic  relative  flow,  as 
pictured  in^Fig.  22.1.5  above  and  repeated  in 
Fig.  22.2.6  for  use  in  the  analytical  description  that 
follows.  In  this  case,  referred  to  as  the  subsonic 
leading  edge  locus  condition,  unsteady  disturbances 
exist  infinitely  far  upstream  of  each  blade  passage 
and  the  unsteady  wakes  influence  the  flow  field  adja¬ 
cent  to  the  lower  surfaces  of  the  blades  above  them. 

The  first  practical  solution  to  this  problem 
was  obtained  by  Verdon  in  the  late  1060 's  and 
subsequently  published  as  Pef.  22.11  in  1973.  This 
was  a  numerical  solution  for  a  cascade  consisting 
of  a  finite  number  of  blade.®.  It  was  found  that  in 
such  a  finite  cascade  apjircxiination  the  number  of 
blades  in  the  cascade  had  to  be  chosen  sufficiently 
large  so  that  a  limiting  behavior  for  the  aerodynamic 
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Fig.  22.2.6  Supersonic  Cascade  with  Subsonic 
Leading  Edge  Locus 

forces  and  moments  could  be  estimated.  It  was  then 
assumed  that  these  limit  values  were  representative 
of  the  baldes  of  an  Infinite  array.  However,  there 
were  no  mathematical  proofs  to  validate  this  reason¬ 
ing,  and  further,  it  was  recognized,  by  virtue  of  the 
slow  convergence  of  the  series  in  the  solution,  that 
the  numerical  process  was  inefficient  computationally. 
In  addition,  its  use  did  not  reveal  the  physios  of 
the  phenomena  as  well  as  an  analytic  solution 
would.  Nevertheless,  it  was  shown  by  Mikolajczak, 
et  al  (Ref.  22.10)  and  by  Snyder  and  Commerford 
(Ref.  22.1*5)  that  the  results  of  this  finite  cascade 
approximation  yielded  predictions  which  are  in  agree¬ 
ment  with  rotor  fan  experience. 

Despite  the  apparent  success  of  this  method  it 
was  seen  that,  in  addition  to  the  shortcomings  cited 
above,  the  necessity  to  build  a  solution  by  success¬ 
ively  adding  blades  to  the  cascade  yielded  a  proce¬ 
dure  that  lacked  computational  efficiency.  Conse¬ 
quently,  an  improved  "closed  form"  solution  was 
developed  by  Verdon  and  McCune  (Ref.  22,12)  which 
eliminated  most  of  the  objections  raised  by  the 
previous  solution,  but  which  largely  confirmed  the 
approximations  to  be  valid.  This  method  is  described 
in  summary  form  below. 


where 


and 
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<!/(*,  y)  =  0(x,  y ,  t)e 


i(kWx-tut) 


(22.2.92) 


(22.2.93) 


(22.2.9!*) 


Here  M  is  the  free  stream  Mach  number,  ui  is  the  reduced 
frequency  of  the  blade  motion  (based  on  full  chord), 

1(1  is  the  modified  velocity  potential  of  the  unsteady 
flowfield,  and  41  is  the  velocity  potential  defined 
in  the  usual  manner.  The  pressure,  p,  at  a  point  in 
the  flowfield  is  given  by 


(P-P«) 


i  (kMx— uit) 
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P(x,y) 


'Kx,y) 


(22.2.95) 


where  p^  is  the  freestream  pressure  and  P(x,y)  is  the 
modified  relative  pressure.  In  addition,  a  blade-to- 
blade  periodicity  condition 


i<f(x+nx^,ny^)ff  =  <<'(x,y), 

nsO,  ±  l,±2,.  .  .  . 


(22.2.96) 


must  be  satisfied,  where 


n  =  cr+ kMX;^  (22.2.97) 


and  where  a  is  the  interblade  phase  angle.  With 
this  periodicity  condition  it  is  sufficient  to 
determine  iji  in  a  single  extended  blade  passage 
region,  defined  in  Ref.  22.12  by  |x|  <  "»,  0  <  y  <  y^. 
The  boundary  conditions  applied  to  the  upper  and 
lower  boundaries  of  this  region  are: 

1.  Modified  potential  and  normal  velocity 
components  are  continuous  in  y  along  the 
upstream  extensions  of  the  blade  chordlines. 

2.  Normal  velocity  component  is  continuous 
across  blade  and  wake  surfaces. 

3.  Flow  must  be  tangent  to  blade  surfaces. 


In  this  discussion  all  quantities  are  dimension¬ 
less.  The  fluid  is  assumed  to  be  an  inviscid,  non¬ 
conducting,  ideal  gas  with  constant  specific  heats, 
and  the  flow  is  assumed  to  be  irrotational  and  isen- 
tropic.  Disturbances  in  the  supersonic  stream  are 
caused  by  an  infinite  array  of  thin,  slightly  cambered, 
lifting  surfaces  or  blades  which  are  performing  rapid 
harmonic  motions  of  small  amplitude.  These  motions 
are  generally  normal  to  the  blade  chord  lines  which 
are  aligned  parallel  to  the  free  stream  direction. 

Based  on  these  flow  field  assumptions,  the  differen¬ 
tial  equation  governing  the  disturbed  flow  field  is 


I*.  Pressure  must  be  continuous  across  wake 
surfaces. 

Furthermore,  there  can  be  no  upstream  propagation 
of  disturbances  in  supersonic  flow,  unsteady 
disturbances  must  be  bounded  at  an  infinite  dis¬ 
tance  from  their  origin,  disturbance  waves  imping¬ 
ing  on  blade  surfaces  must  be  reflected,  and  dis¬ 
turbance  waves  impinging  on  wake  surfaces  must  be 
transmitted  through  the  wake. 

In  the  analysis  of  Ref.  22.12  the  expression 
for  the  modified  potential  in  the  reference  re*?lon 
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is  developed  in  terms  of  component  potentials 
which  account  for  disturbances  originating  from 
different  sources „  Component  potential  functions 
are  then  superpo'^ed  to  obtain  the  complete  expression 
for  the  modified  potential  which  satisfies  the  condi¬ 
tions  listed  above.  There  then  follows  in  Ref.  22.12 
a  long  and  rather  complicated  analysis  in  which  the 
isolated  airfoil  solution  of  Miles  (Ref.  22.30)  is 
generalized  to  represent  the  potential  due  to  the 
reference  blade  and  wake,  and  in  which  the  supersonic 
leading  edge  locus  solution  of  Lane  (Ref.  22.^1*)  is 
generalized  to  account  for  interference  effects  of 
neighboring  blades.  Although  the  complete  solution 
is  too  involved  to  be  repeated  here,  its  salient 
features  will  now  be  reviewed. 

To  begin  with,  two  cascade  geometries  are 
considered,  as  shown  in  Fig.  22.2.7.  In  the  upper 
part,  referred  to  as  cascade  A,  a  parameter  defined 
as 

D=XA+MyA>l 

and  the  lower  leading  edge  Mach  wave  from  any  blade 
passes  behind  the  lower  blades.  Here  there  is  a 
single  Mach  wave  intersection  on  each  blade,  denoted 
by  point  1  on  the  pressure  surface  of  the  reference 
blade.  In  the  lower  part  of  the  figure,  referred 
to  as  cascade  B,  we  have 

D  =  x* +/iyA  <  I  <  Xa  +  3/iyA  (22.2.98) 

and  the  leading  edge  Mach  waves  are  reflected  once 
by  the  adjacent  blades  below.  Here  there  are  three 
liach  wave  Intersections  on  each  blade,  denoted  by 
points  1  and  2  on  the  pressure  surface  and  by  noint 


3  on  the  suction  surface  of  the  reference  blade. 
Discontinuities  occur  in  the  reference  blade  pressure 
distributions  at  these  points. 

Verdon  chooses  to  begin  his  analysis  with  the 
construction  of  the  modified  potential  for  cascade  B, 
and  shows  that  the  result  for  the  simpler  flow  geo¬ 
metry  of  cascade  A  is  readily  obtained  by  neglecting 
the  terms  for  the  additional  reflections.  Without 
going  into  mathematical  detail,  the  analysis  proceeds 
as  follows.  The  Miles  modified  normal  velocity 
distribution,  V(x,nyA)  is  replaced  by  the  disturbance 
function  distributions  A^Cx),  which  are  not  known 
a  priori,  but  are  determined  from  relations  derived 
from  the  boundary  conditions  on  the  unsteady  flow. 

Five  different  potential  functions,  K<j^(x,y), 
i  =  1,  2,  ...,5,  can  be  written  to  represent  the 
various  disturbance  sources,  including  those 
originating  on  the  reference  blade  and  its  wake, 
and  the  adjacent  upper  blade  and  its  wake.  These 
potential  functions  also  account  for  those  distur¬ 
bance  sources  which  cause  a  propagation  into  the 
reference  passage  from  both  upstream  and  downstream 
locations.  Each  of  the  five  is  an  integral  expres¬ 
sion,  typified  by  that  for  the  fourth  component 
potential, 

-I 

M«)'4(x.y)  =  -Z  J  An(f)  Io,nU-£,y)d£ 

n«—  i.^invA 

-I 

I  J  Ap,{f)  (x-f ,  y  )d^ 

u^nyA 

(0<y^yA'  (22.2.99) 

where  the  influence  functions,  15>n»  are  algebraic 
combinations  of  Bessel  functions  and  unit  step 
functions.  (A  complete  definition  of  these  quantities 
is  found  in  Ref.  22.12.)  Then  the  modified  poten¬ 
tial  distribution  in  the  reference  passage  region 
is  obtained  by  a  summation  of  the  component  terms, 

5 

V'(x,y)^Z  V'^(x,y)  (22.2.100) 

'  0<y<yA 

which  satisfies  all  of  the  boundary  conditions  cited 
above.  Verdon  then  uses  the  flow  tangency  and  pressure 
continuity  conditions  and  specifies  an  unknown  distur¬ 
bance  function  distribution,  A(x),  which  now  appears 
in  the  several  Integrals  on  the  right  hand  side  of 
Eq.  (22.2,100).  (This  function  for  the  reference 
blade  is  obtained  from  each  of  the  more  general 
terms,  A(,(x),  on  the  nth  blade  by  virtue  of  the  blade 
motion  periodicity  condition,  (Eq.  22.2.96)  which 
involves  the  interblade  phase  angle,  o.) 

i'ltinately ,  all  of  this  analysis  must  he  directed 
toward  computing  the  unsteady  load  on  the  reference 
blade,  and  to  accomplish  this  Eq.  (22.2.100)  is  sub¬ 
stituted  into  Eq.  (22.2.95)  whereupon  the  reference 
blade  pressure  distribution  can  be  expressed  in 
terms  of  several  integrals  and  summations  of  the 
unknown  disturbance  function,  A(x).  This  is  deter¬ 
mined  by  using  the  boundary  conditions  of  flow 
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tangency  at  the  upper  surface  of  the  reference  blade, 

A(!()  =  V(x,0)- /  A({)K(x-{)dC  (22.2.101) 

0 

(0<X<l) 

and  of  continuity  of  pressure  across  the  reference 
vake, 

X 

AU)-/  A(£)Ko,oU-^)dC  = 

I  (22.2.102) 

F(x)-g[a(x).x] 

where  K(x)  is  a  semi-infinite  series  involving  Bessel 
functions,  V(x,o)  is  the  prescribed  vertical  velocity 
on  the  airfoil  surface  due  to  blade  motion,  and 
where  F  and  G  are  functionals  defined  by  Verdon  in 
Ref.  22.12.  For  0  £  x  <_  x^  -  uy^  Eq.  (22.2.102)  is 
a  Fredholm  integral  equation  with  unknown  function 
A(x).  The  solutions  of  these  equations  were  obtained 
numerically.  Substitution  into  the  potential  function 
equations  and  thence  into  Eq.  (22.2.101)  yields  the 
pressure,  and  subsequent  integrals  of  P(x,y)  yield 
the  unsteady  normal  force  and  moment  on  the  reference 
blade. 

It  is  beyond  both  the  scope  and  the  purpose  of 
this  chapter  to  go  any  deeper  into  the  details  of  this 
theor;/,  which  is  adequately  covered  in  Ref.  22.12. 
However,  it  is  instructive  to  look  at  some  of  the 
results  of  the  theory  and  to  examine  the  implications 
of  these  results.  To  this  end,  consider  Fig.  22.2.8, 


Fig. 


Pressure  Difference  Distributions 
for  Pitching  ’’otions  cf  Cascade  E 
and  Isolated  Airfoil 


in  which  the  real  and  imaginary  parts  of  the  unsteady 
chordwise  pressure  difference  distribution  due  to 
pitch  are  plotted  for  cascade  B  (cf.  Fig.  22.2.7). 

The  results  for  two  interblade  phase  angles ,  o  =  o 
and  o  =  II,  representing  in  phase  and  euitiphase  motions 
of  adjacent  blades,  are  presented  here,  and  are  com¬ 
pared  to  the  results  from  isolated  airfoil  theory 
(e.g..  Ref.  22.29  or  22.30).  The  several  discontin¬ 
uities  that  occur  in  the  cascade  results  are  directly 
related  to  the  various  primary  and  reflected  waves 
impinging  on  the  reference  blade.  This  is  discussed 
in  detail  in  Ref.  22.12.  It  is  clear  that  significant 
differences  exist  between  isolated  airfoil  theory 
and  cascade  theory,  and  this  is  borne  out  in  an  exa¬ 
mination  of  the  predicted  stability  of  the  blade  row. 

It  will  be  shown  presently  (cf.  Section  22.3.1) 
that  a  convenient  measure  of  blade  stability  can  be 
obtained  from  the  exchange  of  energy  between  the 
blade  and  the  surrounding  airstream  (Ref.  22.8). 

For  single-degree-of-freedom  pitching  motions  of 
the  supersonic  cascade  the  work  done  by  the  air- 
stream  over  one  cycle  of  blade  motion  is 

"per  cycl.  (22.2.103) 


where  the  moment  coefficient  is  obtained  by  direct 
integration  of  the  chordwise  pressure  difference 
distribution, 

icut 

Cm®  = 


-/  (x-xn)  [  P{x,o-)- P(x,o*)]  dx 


(22. 2. loll) 


For  positive  work  per  cycle  the  flow  of  energy  is  from 
the  airstream  into  the  airfoil.  Hence,  from  Eq, 
(22.2,103)  Im  >  0  implies  instability.  The 
usefulness  of  this  concept  is  illustrated  in  Figs. 
22.2,9  and  22,2.10  in  which  moment  phase  plane  dia¬ 
grams  are  presented  for  cascades  A  and  B,  respectively. 
Each  continuous  curve  is  for  a  specific  value  of  k, 
and  the  points  along  each  curve  denote  variations  in 
interblade  phase  angle.  Also  included  in  each  dia¬ 
gram  is  a  set  of  comparable  values  of 
isolated  airfoil. 


It  is  seen  from  both  figures  that  an  increase  in 
k  is  beneficial  in  stabilizing  the  system.  However, 
it  is  also  seen  that  use  of  isolated  airfoil  theory 
is  significantly  unconservative,  that  a  dominant 
stability  parameter  is  a,  and  that  changes  in  blade- 
to-blade  interference  strongly  affect  the  stability 
of  the  system  (compare  cascade  A  with  cascade  B). 

In  general,  unstable  cascade  pitching  motions  are 
possible  over  a  broad  range  of  frequencies  and  inter¬ 
blade  phase  angles,  and  experience  has  shown  that 
these  parameter  ranges  are  relevant  to  current 
state-of-the-art  turbonachines  (Ref.  22,10).  This 
aerodynamic  theory  together  with  the  coupled  blade- 
lisk-shroud  stability  theory  of  Ref,  22.8  (to  be 
discussed  in  Section  22.i.c)  has  provided  the  designer 
with  an  essential  tool  to  avoid  serious  rotor  blade 
instabilities  within  the  flight  envelope  of  modern 
aircraft. 
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Fig.  22.2,9  Phase  Plane  Diagram  of  Moment  due  to 
Pitch  for  Cascade  A  and  Isolated 
Airfoil 


It  should  be  noted  that  the  phase  plane  dia¬ 
grams  in  Figs.  22.2.9  and  22.2.10  appea"  to  be 
incomplete.  As  noted  in  Ref.  22.12,  this  was 
related  to  the  failure  of  the  wake  iteration  proce¬ 
dure  to  converge  for  certain  combinations  of  the  cas¬ 
cade  parameters.  The  condition  for  this  convergence 
failure  is  rferred  to  as  "acoustical  resonance" 
and  is  discussed  in  the  next  section.  At  this 


writing,  the  convergence  difficulties  have  been  over¬ 
come  and  solutions  have  now  been  obtained  over  the 
missing  values  of  a  (Ref.  22, U6),  excluding  the 
immediate  neighborhood  of  the  resonance  points 
themselves , 

In  closing  this  section  it  should  be  noted  that, 
commensurate  with  the  importance  of  this  problem,  a  * 
large  number  of  investigators  have  worked  on  it, 
using  a  variety  of  techniques  and  with  various  con¬ 
straints  on  their  parameter  ranges  (e.g.  Kurosaka  in 
Ref,  22. and  Platzer  in  Ref.  22, U8).  However,  it 
is  believed  that  Verdon's  work  is  the  most  complete, 
and  this  factor  governed  its  choice  for  this  chapter. 

22.2.2.h  Acoustical  Resonance 

The  implications  of  the  acoustical  resonance 
phenomenon,  in  terms  of  the  vanishing  of  unsteady 
aerodynamic  damping  for  subsonic  compressible  flow, 
has  already  been  discussed  in  Section  22.2.2.2.  Its 
effect  on  the  convergence  of  solutions  for  supersonic 
flow  was  noted  in  the  previous  section.  The  analysis 
of  the  present  section  will  be  restricted  only  to  the 
evaluation  of  the  specific  flow  and  ccnf iguraticr. 
parameter  values  which  lead  to  resonance,  and  will 
be  based  strictly  on  the  geometric  construction  of 
the  phenomenon. 

First  consider  the  cascade  geometry  of  Fig. 
22.2.11,  which  has  an  approach  velocity,  V,  at 
zero  incidence  in  the  relative  frame  of  reference. 

The  object  will  be  to  determine  the  conditions  under 
which  a  signal  emanating  from  point  C  on  the 
reference  blade  will  travel  to  either  point  ?  or 
point  Q  on  the  adjacent  blades  in  time  to  be  in  phase 
with  the  production  of  the  same  signal  on  the 
neighboring  blade.  The  line  connecting  points  C, 
and  P  must  be  parallel  to  the  leading  edge  locus, 
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Fig.  22.2.11  Cascade  Geometry  for  Resonance 
Calculat ions 
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and  will  be  referred  to  as  a  stagger  line.  The  sig¬ 
nal  will  be  assumed  to  be  propagated  outward  as  a 
cylindrical  wave  from  0  at  the  speed  of  sound,  a, 
and  returned  to  either  point  P  or  Q  as  the  vector 
sum  of  a  and  V.  The  resonance  condition  will  be 
satisfied  when  the  time  required  to  propagate  the 
signal  along  the  stagger  line  to  a  neighboring 
blade  is  equal  to  the  time  lag  between  the  motions 
of  adjacent  blades.  The  latter  is  concerned  with  the 
interblade  phase  angle,  a,  which  will  be  defined 
here  to  be  positive  for  blade  n  leading  blade  n-1 
(forward  traveling  wave). 


Assume  all  blades  to  be  executing  an  unsteady 
motion  at  frequency  (j,  and  assume  further  that 
blade  n  performs  this  motion  before  blade  n-1  so  a 
is  a  positive  number.  The  time  lag  between  the 
motions  of  blades  n  and  n-1  will  be  any  of  the 
following  quantities , 


,  _  _a  Ztt*  cr 

'l(*)  ~  U/  ’  til 


Zirv+g- 

"  (22.2.105) 


(i/=0,l,2,  .  ,  .) 


depending  on  the  harmonic  being  considered.  The  time 
lag  between  the  motions  of  blades  n  and  n+1  will  be 

.  27r-cr  47r-0‘  Zirv-a 
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point  0  on  the  reference  blade,  and  shows  several 
possible  vector  constructs,  all  of  which  terminate 
on  the  stagger  line.  Thus,  for  example,  propagation 
from  point  0  to  point  P  in  Fig.  22.2.11  could  take 
place  by  virtue  of  the  vector  sum  of  the  sonic 
velocity  tFT  =  a  and  the  free  stream  velocity 
^  =  V.  In  this  case  a  propagation  velocity  OM  »  Vp 
would  carry  the  signal  from  point  0  on  the  reference 
blade  to  point  P  on  the  upper  adjacent  blade  and 
would  be  associated  with  the  time  lag  of  Eq. 
(22.2.106).  To  reduce  the  apparent  complexity  of 
this  situation,  two  specific  cases  will  be  extracted 
from  Fig.  22.2.12  and  will  be  treated  separately. 

First  consider  the  case  of  subsonic  relative 
flow,  shown  in  Fig.  22.2.13,  in  which  V  <  a.  The  two 
possible  propagation  velocities  have  been  subscripted 
in  accordance  with  the  direction  of  propagation  and 
are  consistent  with  the  time  lag  notation  used 
ecu*lier.  (Note  that  these  are  not  physical  velocities 
so  the  propagation  velocity,  Vp,  can  be  greater  than 
a.)  Use  of  the  law  of  cosines  on  triangle  CAN 
yields 

a2  =  Vp2^,  +v2-2VVp,^,  cos(7r-/3r)  (22.2.107) 


and  after  some  algebraic  manipulations  it  can  be 
shown  that 


(l/=l,2,3.  .  .  .)  (22.2.106) 

(The  plus  and  minus  subscripts  have  no  bearing  on  the 
algebraic  signs  and  are  merely  used  to  designate  the 
apparent  direction  of  propagation,  with  (+)  asso¬ 
ciated  with  propagation  in  the  direction  of  rotation.) 


V  =  V  a^- V^sin^)9^  -Vcos/3’ 
pU)  '  ' 

for  propagation  in  the  direction  of  rotation. 
Similarly,  for  triangle  OGL, 


To  determine  the  time  of  propgation,  tp,  first 
consider  Fig.  22.2.12.  This  diagram  in  velocity 
coordinates  shows  a  sonic  circle  centered  about  the 


Fig.  22.2.12  Velocity  Field  for  Several  Possible 
Resonance  Conditions 


Vp(.)  =  Va^-v^sin®0|  +  vcos/3‘  (22.2.109) 

The  time  required  for  the  signal  to  propagate  frcm 
point  0  to  point  ft  will  be 


/ 
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V(»)  ■ 


(22.2.110) 


and  similarly  the  time  of  propagation  from  0  to  P  vill 
be 


tp(_)  =  T/Vp,.,  (22.2.111) 


The  resonance  condition  occurs  when  propagation  time 
equals  lag  time,  and  after  equating  =  t. 


and  tpj  ^  ^  and  performing  some  iAt^rmedi 


iitlrmedilt^ 


steps ,  a  general  formula  for  resonance  can  be  written 
as 


2kM(T/c) 

Zirvta  =  —=== - 

Vl-M^sin^/S*  +  MCOS/3* 


forward.upper  sign,  ^  =  0,1,2,...  .,M<I 
backward, lower  sign,  1/  =  1,2,3, . .  . ,  m<  1 


(22.2.112) 


where  M  =  V/a  and  k  =  cw/2V.  The  conditions  under 
Eq.  (22.2.112)  indicate  the  direction  of  propagation 
and  the  valid  ranges  of  parameter  applicability.  Note 
that  there  is  a  limiting  case  as  M  -►  1.  As  this  case 
is  approached,  the  appropriate  vectors  in  Fig. 

22.2.12  will  be  ^  and  OF,  and  it  is  seen  that  the 
time  required  for  forward  propagation  becomes 
arbitrarily  large  without  bound.  Hence,  only  back¬ 
ward  propagation  is  possible  for  sonic  and  super¬ 
sonic  speeds. 


where  the  subscripts  1,2  are  associated  with  the 
upper  and  lower  sign,  respectively.  When  the  time 
for  propagation,  t^^  from  Eq.  (22.2.106)  is  set 
equal  to  =  tp^  2  =  2  result  is 

2  kM(T/C) 

Zw-a  = -  - 

mcos/3*±  Vi-M2sin2^* 

backward  only,  v  - 1,2,3, 

I  <  M<  CSC  )3* 

which  can  be  shown  to  agree  with  the  result  obtained 
in  Refs.  22.12  and  22.1*6. 

The  sonic  Mach  number  limit  has  already  been 
discussed.  The  upper  limit  represents  the  condition 
under  which  the  axial  Mach  number  becomes  unity,  and 
is  denoted  in  Fig.  22.2.12  by  the  single  vector 
5d.  For  any  M  >  cscS^^  the  axial  Mach  number  will  be 
greater  than  unity  and  the  Mach  wave  from  point  0 
on  the  reference  blade  (Fig.  22.2.11)  will  lie 
behind  point  P  on  blade  n+1 .  Hence,  no  resorance 
condition  (as  defined  herein)  can  occur  for  a 
supersonic  throughflow  blade  row.  For  further 
discussions  of  the  resonance  phenomenon  the 
reader  is  referred  to  the  several  articles 
listed  in  the  bibliography. 


(22.2.111*) 


22.2.3  DYNAMIC  STALL  -  EMPIRICISM  AND  EXPERIMENT 


Next  consider  the  case  of  supersonic  relative 
flow,  shown  in  Fig.  22.2.11*,  in  which  V  >  a.  This 
time  only  backward  propagation  is  possible,  so  the 
velocities  along  the  stagger  line  are  defined  simply 
as  Vp^  and  Vpj.  Once  again,  use  of  the  law  of  cosines 
yields  the  two  solutions 

.vcos/3;  t  Va^-V^sin^/B'  (22.2.113) 
’^1,2  '  ' 


22.2.3.1  Historical  Background  for  Torsional  Stall 
Flutter 

Of  all  the  flutter  problems  confronting  the 
turbomachinery  designei-  the  most  persistent  has 
been  that  associated  with  single-degree-of-freedom 
torsional  motion  under  high  load  conditions.  For 
many  years  the  designer  had  little  choice  in  his 
approach  to  this  problem.  He  either  applied  empirical 
"laws"  obtained  by  the  correlation  and  consolidation 
of  previous  flutter  experiences  on  rotors,  or  he 
attempted  to  use  predictions  based  on  the  growing  body 
of  isolated  airfoil  "xperience  which  was  then  modified 
to  fit  cascade  experience.  Either  choice  was  unsatis¬ 
factory  and  progress  was  ultimately  made  by  encounter¬ 
ing  problems  and  overcoming  them.  This,  at  best,  was 
a  time-consuming  and  costly  procedure. 

Recently,  considerable  progress  has  been  made 
(and  continues  to  be  made)  in  a  direct  attack  on  the 
multiblade  flutter  problem.  In  addition  to  the 
theoretical  approaches  cited  in  previous  sections, 
the  determination  of  empirical  data  for  realistic 
multiblade  configurations  has  also  enhanced  the 
ability  of  the  designer  to  provide  flutter-free  oper¬ 
ation  over  the  flight  envelope  of  the  turbomachine. 

It  is  interesting  to  note,  however,  that  current  tech¬ 
niques  still  rely  heavily  on  past  practice,  and  in 
peirticular  on  the  considerable  effort  devoted  to 
isolated  airfoil  stall  flutter.  Thus,  it  is  instruc¬ 
tive  to  review  this  field  and  to  determine  where  its 
results  are  still  applicable,  and  where  new  discoveries 
inlicate  that  large  differences  exist. 
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As  early  as  1938,  Bratt  and  Scruton  (Ref.  22.49) 
were  conducting  tests  to  measure  moment  hysteresis 
in  pitch,  and  were  using  the  concept  of  work  per  cycle 
around  the  moment  loop  to  determine  the  stability 
derivatives.  More  will  be  said  about  this  in  a  sub¬ 
sequent  section.  In  1943,  Mary  Victory  published  a 
definitive  and  comprehensive  study  of  torsional  stall 
flutter  (Ref.  22.50).  In  this  experiment  she  measured 
the  quadrature,  or  out-of-phase,  component  of  the 
moment  to  determine  the  aerodynamic  damping  derivative. 
This  was  found  to  decrease  with  increasing  angle  of 
attach.  Victory  used  these  empirical  variations  of 
aerodynamic  damping  in  the  classical  theory  and  was 
able  to  calculate  the  critical  flutter  speed  at  stall 
with  reasonable  accuracy. 

In  the  United  States,  Mendelson  attempted  to 
derive  an  analysis  for  stall  flutter  (Ref.  22.51). 

This  work  was  only  partially  successful  in  that  it 
required  some  rather  arbitrary  assumptions  on  the 
vector  amplitudes  of  the  unsteady  forces  and  moments 
to  make  the  analysis  agree  with  the  experiment.  A 
critique  of  Mendelson* s  paper  will  be  found  in  Ref. 
22.52. 
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A  significant  contribution  to  stall  flutter 
literature  was  published  by  Halfman  and  his  colleagues 
in  Ref.  22.53.  This  was  an  extensive  study  of  the 
lift  and  moment  responses  of  three  symmetric  profiles 
oscillating  separately  in  both  pure  pitching  and  pure 
plunging  motions.  A  balance  was  used  to  measure  both 
the  in-phase  and  out-of-phase  components  of  lift  and 
moment.  The  data  are  presented  in  tabular  form  and  in 
hysteresis  loop  form,  and  the  aerodynamic  stability 
of  the  airfoil  is  discussed  using  damping  derivatives. 


Baker  (Refs.  22.5**  and  22.55)  measured  the  stall 
flutter  stress  response  as  a  function  of  velocity 
and  incidence  angle.  A  crossplot  of  these  results  at 
constant  stress  yielded  the  familiar  stall  flutter 
contour  shown  in  Fig.  22,2.15.  This  figure  is  parti¬ 
cularly  interesting  in  that  it  shows  the  transition 
from  classical  flutter  at  low  incidence  and  very  high 
V/bui  to  stall  flutter  at  high  incidence  and  moderate 
V/bu).  In  both  of  these  reports  the  lower  limit  of 
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Fig.  22.2.15  Transition  from  Classical  Flutter  to 
Stall  Flutter 


a 

Fig.  22.2.16  Effect  of  Rearward  Movement  of  Fivot 
Axis  in  Stall  Flutter 

V/bu)  for  flutter  seems  to  be  V/bu  -  1.0  for  large 
values  of  incidence  angle.  Further  work  was  done  by 
Rainey  on  a  variety  of  planforms  with  different  pitch¬ 
ing  axes  (Ref.  22.56).  This  report  clearly  shcwec 
the  detrimental  effect  of  a  rearward  movement  of  the 
pitching  axis  on  stall  flutter  response.  A  cro,.splot 
of  these  results  was  published  in  Ref.  a;.i  is 

presented  herein  in  Fig.  22.2.16. 

In  all  of  the  work  cited  above,  the  measurements 
were  made  either  with  a  dynamic  balance  or  with  strain 
gage  beams  or  flexures.  These  devices  perr.ittei  wrcss 
measurements  of  force,  moment,  or  damping  to  be  made, 
but  the  details  cf  the  unsteady  flow  over  tlie  blade 
could  not  be  deterr.ined.  In  1?5T,  Fainey  published 
a  report  describing  the  use  of  miniature  pressure 
transducers  distributed  chordwise  over  the  airfoil  to 
measure  unsteady  load  distribution  (Ref.  22.53!. 
Although  Rainey  did  not  discuss  this  detailed  pressure 
data  and  confined  his  analysis  to  the  integrated  lift 
and  mom.er.t  responses,  his  technique  paved  the  way  for 
more  elaborate  pressure  tests  which  have  been  and 
still  are  seeking  to  explain  the  underlying  mechanism, 
of  stall  flutter.  A  few  of  these  subsequent  investi¬ 
gations  are  reportC'd  in  F:efs  22.5?,  22.60  and  22.61. 
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Consideration  will  now  te  given  to  these  recent 
experiments  and  to  some  modern  theoretical  ap¬ 
proaches  . 

22.2.3.2  Two-Dimensional  Work  Per  Cycle  and  Aero¬ 
dynamic  Damping 

In  this  section  the  method  of  Ref.  22.62  will 
he  followed,  hut  the  basic  derivation  will  he 
equally  applicable  to  both  multihlade  systems  and 
to  isolated  airfoils.  To  begin  with,  the  work  per 
cycle  of  torsional  motion  is  given  by  the  cyclic 
integral  of  the  product  of  the  real  parts  of  the 
moment  and  differential  pitch  angle, 

W=/MRdap  (22.2.115) 

With  the  assumption  of  sinusoidal  torsional  motion. 


c  =  /  (22,2.122) 

Next  we  shall  consider  the  aerodynamic  damp¬ 
ing  of  the  airfoil,  but  first  it  is  useful  to 
review  briefly  the  behavior  of  a  linear,  damped, 
torsional  system  such  as  the  one  descrioed  by  the 
differential  equation, 

I«  +  Cd+Aa=0  (22.2.123) 

where  I  is  the  inertia,  C  is  the  damping,  and  K  is 
the  stiffness.  If  the  motion  is  essentially 
sinusoidal  (i.e.,  only  slightly  damped  and  hence 
very  nearly  a  constant  amplitude  sinusoid),  then 
Eq.  (22.2.116)  is  a  solution.  The  equation  then 
becomes 

(-w^I  +  iwc +A)ff:0  (22.2.12U) 


a=ae'“*  (22.2.116) 

where  a  is  complex  and  ^  is  a  real  amplitude. 
Similarly,  the  unsteady  moment  can  be  written  as 

M  =  Mff‘"*=(MR  +  iKri)ff  (22.2.117) 

but  here  both  M  and  M  are  complex.  This  is  because 
M  is  generally  not  in  phase  with  a.  Note  that  the 
ITp  in  Eq.  (22.2.117)  is  the  real  part  of  only  the 
moment  amplitude,  and  is  not  the  real  part  of  the 
entire  moment,  that  is  needed  for  Eq. 

(22.2.115).  To  obtain  this,  expand  the  exponential 
in  Eq.  (22.2.117)  and  extract  the  real  part, 

Mr  cosoit -Mj.  sin  <i)f  (22.2.118) 


It  is  seen  that  the  damping  coefficient  is  contained 
in  the  imaginary  part  of  this  expression,  and  we 
can  assume  that  the  equivalent  damping  terms  for 
any  similar  linear  system  will  also  be  contained  in 
the  imaginary  part  of  the  differential  equation 
solution. 

Equation  (22.2.123)  represents  a  system 
oscillating  in  torsion  in  a  vacuum.  If  the  same 
system  were  to  oscillate  in  torsion  in  a  moving 
airstream,  the  right-hand  side  would  be  replaced 
by  the  unsteady  aerodynamic  moment  as  in  Eq. 

(22.1.30), 

la  ♦  cci +Aa  =M,  a  +  Mj  d  +  Mj  a  (22.2.125) 

From  Eqs.  (22.1.31),  (22.1.32),  and  (22.1.33)  we 
see  that  is  a  pure  real  quantity  whereas  M2 
and  Mj  are  complex. 


A  similar  expansion  and  differentiation  of  Eq. 

(22.2.116)  yields  the  real  part  of  the  differential 

daR  =-a  sinait  (Kwf)  (22.2.119) 

Substitute  Eqs.  (22.2.118)  £ind  (22.2.119)  into  Eq. 

(22.2.115) 

J  (Mp  coswt  —  Mj  sinut  )(-a  sin  <ut )  d  (wt) 
o 

(22.2.120) 

and  'by  orthogonality,  we  have 

W=7rffMj  (22.2.121) 

which  says  that  the  aerodynamic  work  per  cycle  is 
directly  proportional  to  the  quadrature,  or  out-of¬ 
phase,  component  of  the  moment.  This  is  the  work 
done  by  the  air  on  the  airfoil;  hence,  a  positive 
value  of  W  will  indicate  an  unstable  motion,  since 
this  i.mplies  a  net  energy  exchange  from  tlie  air  to 
the  airfoil,  whereas  a  negative  value  of  W  will 
indicate  a  stable,  or  damped,  motion.  Equations 

(22.2.115)  and  (22.2.121)  may  be  rewritten  in 
coefficient  form  by  dividing  through  by 
(l/2)pV2(2b)^,  with  the  result 


M2  =  M2R+iM2i  (22.2.126) 

Mj'MjR  +  iM,!  (22.2.127) 

When  these  are  substituted  into  Eq.  (22.2.125)  and 
the  terms  are  rearranged,  the  result  is 

(l— M 1)  bt  +  {c— Mjr  —  iMjj  )a  (22.2.128) 

+(K-Mjr-  iMjj)a  =0 

Once  again,  if  the  damping  is  sufl'i -ient  iy  s,mall, 
the  motion  will  be  nearly  sinusoidal  and  Eq. 

(22.2.116)  represents  a  solution,  so  Eq.  (22.2.128) 
becomes 

[-<*|2(I-M,)  +  iui  (C-Mjr  -iMgi  )  (22.2.129) 

+{K-Mjr-  iMjj  )]a  =0 

After  collecting  real  and  imaginary  parts, 

wM2r  +  130) 

+  1  |u;(C-M2r)“  ^3l}]  ® 


As  in  the  case  of  the  system  oscillating  in  vacuum, 
the  imaginary  part  of  Eq.  (22.2.130)  vill  he  the 
total  damping  of  the  system. 


total  damping  =  <u(C- Mjr)- M31  (22.2.131) 


form  of  the  moment  equation  in  Eq.  (22.1.20),  and 
rewrite  this  for  a-motion  only.  If  both  M  and 
a  are  put  in  amplitude-exponential  form,  the 
exponential  can  be  cancelled  and  the  result  is 

M  (22.2.138) 


The  quantity  uC  is  the  system  damping  in  vacuum; 
therefore,  the  remainder  of  Eq.  (22.2.131)  must 
be  the  aerodynamic  damping  of  the  system,  defined 
by 

^  ~  (22.2.132) 

The  symbol  S  denotes  the  (dimensional)  aerodynamic 
damping  parameter  of  a  system  executing  a  single- 
degree-of-freedom  torsional  motion. 

ilow,  the  right-hand  side  of  Eq.  (22.2.125)  is 
the  unsteady  aerodynamic  moment  acting  on  the 
airfoil,  which  is  the  same  as  the  right-hand  side 
of  Eq.  (22.2.117).  If  the  two  right-hand  sides 
are  equated,  Eq.  (22.2.116)  is  substituted  for 
a,  and  the  exponential  factor  is  cancelled, 

the  result  is 

(22.2.133) 

+  Mjpj  +  i|u)M2R  M 5 

After  equating  real  and  Imaginary  parts,  it  is 
seen  that 


After  dividing  through  by  (l/2)pV^(2b)^  and  using 
the  reduced  frequency,  k  =  bm/V,  this  becomes 

=  (22.2.139) 

which  has  an  imaginary  port  written  simply  as 

TTk^ 

C,^j=-2— BojO  (22.2.1I0) 

liote  that  the  influence  coefficient  is 
independent  of  a,  so  Eq.  (22.2.11*0)  may  be 
substituted  into  Eq.  (22.2.137)  to  obtain 

(22.2.11*1) 

Also,  Eq.  (22.2.11*0)  can  be  substituted  into 
(22.2.122)  to  yield 

C^.7r(j^®Bai)a  *  (22.2.11*2) 

and  a  comparison  of  Eqs.  (22.2.11*1)  and  (22.2.11*2) 
yields  the  useful  formula 


IwMjf,  +  M 


31 


(22.2.I3I*) 


a- - (22.2.11*3) 

7rff2 


A  comparison  of  Eqs.  (22.2.132)  and  (22.2.131) 
shows  that  the  aerodynamic  damping  parameter,  K, 
is  equal  to  the  negative  of  the  derivative  of  the 
Imaginary  component  of  the  unsteady  moment  with 
respect  to  the  amplitude  of  motion. 


i  -  -  'Tri'  =  *  *^31) 

d  a 


(22.2.135) 


This  may  be  rewritten  in  dimensionless  form  by 
dividing  through  by  ;i/2)cV2(2t)2, 


B  s 


(l/2)pv2(2b)* 


<*)M2R  W3I 

(i/2)pV^(2b)* 


(22.2.136) 


ar.d  hence 


To  this  point  in  the  analysis  there  is  no  restric¬ 
tion  on  the  number  of  blades  or  the  flow  velocity. 

Additional  insight  can  be  gained  if  we 
specialize  the  equations  for  the  specific  case  of 
an  isolated  airfoil  oscillating  about  its  quarter 
chord  (a  =  -1/2)  in  an  incompressible  potential 
flow.  Although  this  is  not  the  axis  of  rotation 
for  compressor  blades,  a  great  deal  of  oscillatory 
data  were  obtained  with  this  pivot  axis  (Refs. 
22.59,  22.60  and  22. 61),  and  further,  the  equations 
for  potential  flow  past  an  isolated  airfoil  reduce 
to  an  extremely  simple  form.  With  the  substitution 
a  =  -1/2,  Eq.  (22.1.21)  for  3^^^  reduces  to 

B,  =  (22.2.11*1*) 


S=  - 


(22.2.137) 


In  the  ultimate  formulation  to  be  obtained 
herein,  it  will  be  useful  to  express  the  aero- 
dyna-mic  damping  parameter  in  terms  of  the  work 
per  cycle  of  motion,  since  the  latter  is  a  quantity 
which  is  usually  easy  to  measure  or  to  calculate. 

To  acco.mplish  this,  a  few  manipulations  are  nec¬ 
essary  s*nce  both  C;,;j  and  C„  are  implicit  functions 
of  a.  First  return  to  the  influence  coefficient 


and  from  Eq.  (22.1.13),  the  imaginary  part  of  this 
is 


Bol  =  MqI  ■  ~ 


(22.2.1U5) 


'.'"hen  this’  is  substituted  into  Eqs.  (22.2.11*0), 
(22.2.1-1)  and  (22.2.1-2),  we  obtain 


Trk 

~ 


ar 


(22.2.146) 
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a* 


irk 

2 


(22.2.1U7) 


_  ir^k  -2 

Cv*  =  —  O 


{22.2.1U8) 


Thus,  we  see  from  Eq.  (22.2.11*8)  that,  for  these  ideal 
conditions  of  potential  flow  and  pivot  axis  at  the 
quarter  chord,  the  work  coefficient  will  always  he 
negative,  which  means  the  net  work  flowing  from  the 
airstream  into  the  airfoil  is  negative.  In  other 
words,  the  airfoil  is  dissipating  energy,  and  the 
system  is  stable.  Furthermore,  the  work  coefficient 
is  directly  dependent  on  k  and  a.  Similarly,  Eq. 
(22.2.11*7)  shows  that  the  aerodynamic  damping  is 
always  positive  and  is  independent  of  amplitude. 

22.2.3.3  Dynamic  Stall  and  Stall  Flutter  of  a 
Pitching  Isolated  Airfoil 

The  process  of  dynamic  stall  is  extremely 
complicated  and  has  been  treated  phenomenologically 
by  most  investigators,  as  it  will  be  in  this  section. 
To  begin  with,  let  us  assume  that  an  airfoil  is 
oscillating  in  pitch  and  that  a  time  history  of  the 
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aerodynamic  response  shows  that  the  normal  force  or 
moment  is  not  in  phase  with  the  pitching  motion,  as 
shown  in  the  two  upper  panels  of  Fig.  22.2.17. 

When  these  two  time  histories  are  combined  and  the 
time  parameter  is  eliminated,  the  result  will  be  a 
closed  curve  of  normal  force  or  moment  versus  angle 
of  attack  as  shown  in  the  bottom  panel  of  Fig. 

22.2.17.  The  arrows  denote  the  direction  of 
increasing  time.  The  enclosed  area,  in  the  case  of  the 
moment,  represents  the  energy  absorbed  or  dissipated 
(i.e.,  the  work  per  cycle)  as  discussed  in  the  previous 
section.  This  is  found  to  be  the  case  in  both  classi¬ 
cal  and  separated  flows.  In  the  former,  the  closed 
contour  will  be  elliptical  whereas  in  the  latter  the 
contour  will  be  distorted. 

A  few  representative  unsteady  normal  force 
coefficient  loops  for  an  isolated  airfoil  taken  from 
Ref.  22.62  are  presented  in  Fig.  22.2.18.  The  solid 
lines  represent  the  unsteady  data,  and  the  dashed  lines 
represent  the  steady-state  characteristics.  Three  of 
the  inset  figures  are  for  a  constant  reduced  frequency 
of  k  =  .075  and  show  the  effects  of  varying  mean 
incidence  angle,  from  aji]  =  6  to  12  to  l8  deg.  The  two 
right-hand  inset  figures  are  for  =  12  deg  and 
illustrate  the  effect  of  a  change  in  frequency  from 
k  =  .075  to  k  =  .3.  It  is  clear  that  the  Increase  in 
a).]  to  values  greater  than  the  steady-state  stall  angle 
has  a  profound  effect  on  the  dynamic  force  response  of 
the  oscillating  airfoil.  It  is  also  clear  that  an 
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Fig.  22.2.17  Hypothetical  Normal  Force  or  Moment  - 
Angle  of  Attack  Hysteresis  Loops 
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increase  in  k  produces  a  radical  change  in  the  dynamic 
stalling  behavior  of  the  airfoil.  Specifically,  at 
low  frequency  the  dynamic  force  response  reaches  its 
peak  value  just  before  the  maximum  incidence  atngle  is 
reached;  it  then  drops  precipitously  to  a  value  far 
below  the  steady-state  stall  value  and  >'enains  there 
for  almost  the  entire  region  of  decreasing  incidence. 

In  contrast  to  this  behavior,  the  effect  of  high 
frequency  is  to  maintain  a  nearly  elliptical  response 
loop,  even  for  incidence  angles  beyond  stall,  over  the 
entire  angle-of-attack  range. 

Until  recently,  very  little  work  had  been  done 
to  examine  in  detail  the  fluid  dynamics  of  dynamic 
stall  of  isolate!  airfoils.  Even  with  some  of  the 
fundamental  studies  now  being  conducted  or  newly  ccxn- 
pleted  (r.efs.  22.63  through  22.67),  a  great  deal  of 
speculation  remains  on  the  nature  of  dynamic  stall. 

We  know  that  stall  is  produced  in  association  with 
separation  of  flow  frcan  the  airfoil  surface,  and  that 
separation  is  the  disruption  of  the  boundary  layer  on 
the  airfoil.  This  disruption  is  invariably  associated 
with  an  unfavorable  pressure  gradient  (i.e.,  increas¬ 
ing  pressure  on  the  suction  surface)  which  exceeds 
some  unknown  (for  dynamic  processes)  critical  amount. 

V.’e  would  expect  tliat  two  time-dependent  effects  would 
be  present  in  the  boundary  layer:  (l)  a  direct  time 
lag  associated  with  the  inertia  or  mass  of  the  fluid 
contained  in  the  boundary  layer,  and  (2)  a  pressure 
time  lag  on  the  airfoil  due  to  dynamic  motion  which 
changes  the  severity  of  the  tinfavorable  pressure 
gradient.  From  these  concepts  we  can  speculate  that 
at  low  frequency  there  is  ample  time  for  the  boundary 
layer  to  respond  to  the  motion,  and  separation  can 
occur.  Once  the  separation  has  taken  place,  recovery 
can  occur  only  when  the  unfavorable  conditions  have 
been  removed  by  a  sufficiently  large  margin. 

Conversely,  at  high  frequency,  the  time  lag  effects 
suppress  the  unfavorable  effects  and  either  no  separa¬ 
tion  or  only  partial  separation  occurs.  In  other 
words,  the  separation  doesn^t  have  a  chance  to  occur 
at  the  top  of  the  motion  before  the  airfoil  has 
returned  to  lower  angles  of  attack. 

We  now  turn  our  attention  to  some  representative 
unsteady  moment  loops  taken  from  Pef.  22.62  which  are 
presented  in  Fig.  22.2.19.  This  figure  shows  the 
effects  of  increasing  the  reduced  frequency  from 
k  =  .112  to  k  =  .150  for  two  mean  angles  of  attack, 
ax  =  0  deg  and  aj^  =  15  deg.  The  solid  curves  are  from 
the  experiment,  and  the  potential  flow  theory  predic¬ 
tions  are  shown  as  dashed  curves  for  a*.j  =  0  deg.  At 
this  low  mean  angle  of  attack  the  theory  and  experiment 
are  in  good  agr*-  ment,  and  all  of  the  loops,  from  low 
frequency  to  high  frequency,  exhibit  the  sor.e  general 
oe.iavior.  However,  at  =  15  deg,  the  low  frequency 
i.oops  are  badly  distorted  and  exhibit  a  crossover 
cehavior,  while  the  high  frequency  loops  behave  more 
like  the  theoretical  loops.  This  crossover  menoraily 
oc:  ^rs  at  or  above  the  static  stall  condition,  an.i  it 
vrl  ,  .  now  be  shown  that  this  behavior  is  the  key  to  tl.e 
sta.l  flutter  phenomenon  for  isoiatel  airfoi.s. 

It  was  stated  in  the  previ-.;'i3  se-tion  that  system, 
stability  is  relate!  to  work  per  cycle  of  r.otion,  and 


from  Eqs.  22.2.115  or  22.2.122,  this  is  given  by  the 
cyclic  integral  around  the  loop,  vhich  is  equivalent 
to  the  area  enclosed  by  the  loop.  From  elementary 
considerations,  a  counterclockwise  enclosure  of  the 
area  represents  negative  work,  which  is  equivalent  to 
positive  damping  and  hence  a  stable  motion.  Conversely, 
a  clockwise  enclosure  of  the  area  represents  positive 
work,  negative  damping,  and  hence  an  unstable  system. 

It  is  seen  from  Fig.  22.2.19  that  all  the  =  0  deg 
loops  as  well  as  the  two  highest  frequency  loops  for 
aj,j  =  15  deg  have  counterclockwise  enclosures  and  hence 
are  stable.  However,  the  two  lowest  frequency  loops 
for  aj,j  =  15  deg  have  crossover  or  figure-8  character¬ 
istics  in  vrtiich  the  low-o  portion  is  counterclockwise, 
implying  stabilit"-,  but  the  high-a  portion  is  clockwise, 
implying  instability.  In  other  words,  these  crossover 
loops  indicate  an  energy  balance  in  which  negative 
work  done  in  the  left-hand  side  of  the  loop  is  balanced 
by  positive  work  done  in  the  right-hand  side  of  the 
loop.  Actually,  there  is  no  actual  balance  of  energy 
in  the  loops  shown  here  because  the  airfoil  was  rigidly 
driven  through  its  motion.  If  the  airfoil  had  been 
free  to  oscillate,  it  would  have  reached  an  equilibrium 
amplitude,  known  as  a  limit  cycle,  in  which  a  true 
energy  balance  could  have  been  achieved. 

It  should  be  emphasized  that  this  discussion  is 
primarily  applicable  to  isolated  airfoils  at  high  inci¬ 
dence  angle.  For  many  years  it  vras  believed  that 
these  arguments  could  be  applied  to  multiblade  systems 
as  well,  provided  that  the  right  scaling  factor  or 
transformation  variable  could  be  found.  To  this  end 
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a  considerable  amount  of  time  suad  effort  were 
expended  In  searching  for  these  quantities. 

However,  it  has  now  been  determined  that  other 
mechanisms  involving  strong  interblade  inter¬ 
actions  appear  to  be  dominant  in  the  flutter  of 
compressor  blades  under  high  aerodynamic  loading. 

This  will  now  be  discussed  in  the  next  section. 

22.2.3.1*  Unsteady  Cascade  Aerodynamics  at  High 
Incidence 

The  very  early  efforts  to  employ  empiricism  in 
the  prediction  of  rotor  blade  flutter  have  already 
been  described  above,  and  will  not  be  referred  to 
again.  Instead,  the  purpose  of  this  section  is  to 
document  the  recent  and  current  efforts  to  develop 
a  more  rational  approach  to  the  problem.  To  date 
these  efforts  still  involve  some  degree  of  empiri¬ 
cism  in  their  implementation,  but  they  represent  a 
significant  improvanent  over  the  stress  rise- 
flutter  boundary  approach  of  twenty  years  ago. 

One  approach  that  has  yielded  promising  results 
is  that  of  Ref.  22.68.  In  this  analysis  the  aero¬ 
dynamic  damping  of  a  rotor  blade  is  calculated  on 
the  basis  of  an  algorithm  incorporating  (at  present) 
isolated  airfoil  experimental  data  for  separated 
flow  to  modify  otherwise  unseparated  analytical 
predictions  based  on  the  best  available  cascade 
theoretical  analyses.  Although  this  method  has 
obvious  limitations  in  its  present  form  the  general 
procedure  is  sufficiently  flexible  to  employ  any 
valid  aerodynamic  input  as,  for  example,  the 
unsteady  loaded  theory  under  development  by  Verdon, 
et  al.  (Ref.  22.1*3),  or  the  data  being  produced 
by  the  test  program  described  below. 

Unsteady  aerodynamic  tests  have  been  conducted 
by  the  present  author  and  his  ooworker  in  a  linear, 
subsonic  Oscillating  Cascade  Wind  Tunnel  (OCWT)  which 
is  shown  schematically  in  Fig.  22.2.20.  The 
general  characteristics  of  this  facility  are  fully 
discussed  in  Ref.  22.69  and  only  a  brief  description 
will  be  given  here. 

The  test  section  of  the  OCWT  is  10  inches  wide 
and  25  inches  high,  and  is  presently  configured  to 
have  11  shaft-mounted  blades  in  cascade,  equally 
placed  along  a  line  making  a  30-degree  angle  with 
respect  to  the  tunnel  floor.  Hence,  the  sidewall 
stagger  of  the  OCWT  is  nominally  30  degrees. 


Fig.  22.2.20  Schematic  of  Subsonic  Oscillating 
Cascade  Wind  Tunnel 


Boundary  layer  slots  are  located  ahead  of  the  test 
section  on  both  sidewalls  and  on  the  tunnel  ceil¬ 
ing  and  floor.  The  boundary  layer  air  is  evacuated 
by  means  of  an  auxiliary  vacuum  pump.  The  main  10- 
by  25-inch  test  section  receives  its  air  from 
atmosphere  through  an  upstream  bellmouth  and  dis¬ 
charges  downstream  through  two  Allis-Chalmers  cen¬ 
trifugal  compressors.  Inlet  angle  variations  into 
the  test  section  are  obtained  by  rotating  the  floor 
and  ceiling  nozzle  blocks  about  a  pair  of  pivots 
whose  centers  lie  along  the  locus  of  blade  lead¬ 
ing  edges. 

The  cascade  configuration  under  test  consists 
of  eleven  blades,  each  of  which  has  a  chord  of  C  = 

6  inches  and  a  span  of  L  =  10  inches.  The  airfoil 
has  a  NACA  65  series  profile  with  10  degree  camber 
and  a  thickness-to-chord  ratio  of  O.06.  The  slant 
gap,  measured  along  the  blade-to-blade  stagger  line 
is  T  =  1*.5  inches  so  the  gap-to-chord  ratio  is 
t/c  =  0.75.  The  blade  stagger  angle,  is 
measured  between  the  tangent  to  the  blade  mean  cam¬ 
ber  line  at  the  leading  edge  and  the  leading  edge 
locus  line.  Note  that  this  angle  is  the  complement 
of  NASA  definition  of  blade  angle.  Finally,  the 
blade  inlet  angle,  B^,  is  measured  between  the  inlet 
velocity  V  and  the  leading  edge  locus  line. 

The  center  airfoil  of  the  cascade  is  heavily 
instrumented  with  both  miniature  high  response 
pressure  transducers  and  with  hot  film  transducers. 
Figure  22.2.21  shows  the  permanent  locations  of  all 
pressure  orifices  and  the  array  of  hot  films  at 
the  leading  edge  region  used  in  the  first  series  of 
tests.  The  entire  set  of  airfoils  is  driven  coher¬ 
ently  in  a  sinusoidal  pitching  motion  with  an 
amplitude  of  a  «  +2  degrees.  The  system  is  driven 
by  an  electric  motor  through  a  series  of  timing 
belts  and  pulleys .  The  direct  drive  to  each 
blade  culminates  in  a  four  bar  linkage  which  pro¬ 
vides  a  sinusoidal  motion  with  low  harmonic 
distortion. 
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Fig.  22.2.21  Schematic  Plan  View  of  Instrumented 
Airfoil 


An  initial  experimental  program  was  performed 
at  a  free  stream  velocity  of  200  ft /sec  and  an 
incidence  angle  of  ®  (relative  to  the 

mean  camber  line)  at  frequencies  of  i*.5,  11.0  and 
17.1  cps,  over  a  range  in  interblade  phase  angles 
from  0  •  -60  deg  to  +60  deg.  The  equivalent 
reduced  frequencies  were  k  *  .035,  .086  and  .13**. 


22-35 


At  this  incidence  angle  the  blades  were  heavily 
loaded  but  no  actual  stall  was  observed  that  was 
comparable  to  the  stall  customarily  experienced 
on  Isolated  airfoils.  Indeed,  the  steady  state 
pressure  distribution  was  devoid  of  any  obvious 
signs  of  stall,  as  seen  in  Fig.  22.2.22.  Never¬ 
theless,  a  strong  instability  was  found  to  exist 
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Fig.  22.2.22  Steady  State  Chordwlse  Pressure 
Distribution 

on  examination  of  the  imaginary  part  of  the 
mcxnent  coefficient  (cf.  Eq.  (22.2.122))  or  of  the 
integrated  aerodynamic  damping  coefficient  (cf. 

Eq.  (22.2.137)).  Typical  phase  plane  plots  for  the 
three  frequencies  are  shown  in  Fig.  22.2.23,  and 
the  aerodynamic  damping  variation  with  interblade 
phase  angle  is  shown  in  Fig.  22.2.2U.  It  is  seen 
here  that  the  dominant  parameter  affecting  stabil¬ 
ity  is  o,  the  Interblade  phase  angle.  This  is 
reminiscent  of  the  theoretical  results  for  super¬ 
sonic  torsional  flutter  described  in  Figs.  22.2.9 
and  22.2.10.  In  both  cases  the  comparable  isolated 
airfoil  results  are  found  to  be  almost  completely 
inadequate. 

Some  insight  into  the  mechanism  of  this  inter¬ 
action  effect  may  be  gained  by  a  brief  study  of  the 
pressure  time  histories  near  the  leading  edge,  which 
are  shown  in  Fig.  22.2.25  over  a  range  of  interblade 
phase  angles.  The  most  revealing  evidence  here  is 
found  in  the  right  half  of  this  figure  for  the  6.2 
percent  chord  location.  A  comparison  with  Fig. 
22.2.23  shows  that  the  system  is  stable  for  o  <  -5° 
and  unstable  for  o  >  -5°,  and  an  examination  of 
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22.2.23  Phase  Plane  Diagrtun  of  Moment  due  to 
Pitch  from  Cascade  Experiment 
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Fig.  22.2.25  Time-Averaged  Pressure  Wave  Forms  from  Airfoil  Suction  Surface  for 
Several  Interblade  Phase  Angles 


Fig.  22.2.25  shows  that  the  pressure  lags  the  motion 
for  a< -5°  and  leads  the  motion  for  o  > -5°.  Thus, 
the  pressure  lead  or  lag,  caused  by  interblade  phase 
angle  variations,  plays  a  key  role  in  the  system 
stability.  An  even  more  interesting  observation 
may  be  made  of  the  left  half  of  Fig.  22.2.25  for 
the  1.2  percent  chord  location.  Here  the  dominant 
effect  of  interblade  phase  angle  variation  appears 
to  be  the  transition  from  a  predominantly  first 
harmonic  response  for  0  *  -30°  to  a  strong  second 
harmonic  response  for  o  ^  -5°.  The  pressure  deficit 
in  these  latter  cases  occurs  at  peak  incidence 
angle  and  has  all  of  the  outward  appearances  of  the 
loss  in  suction  peak  associated  with  dynamic  stall. 
Some  additional  details  of  these  and  other  results 
will  be  found  in  Hef.  22.70.  Additional  tests  are 
currently  underway  as  this  document  is  being  written 
and  a  comprehensive  report  on  all  of  these  experi¬ 
mental  results  is  expected  to  be  published  by 
Project  SQUID  in. the  next  year. 

It  is  obvious  that  the  work  cited  above  rep¬ 
resents  only  a  small  portion  of  the  empirical 
investigations  currently  underway  (e.g..  Refs. 

22.71,  22.72,  22.73  and  the  Bibliography).  It  was 
chosen  for  examination  here  primarily  because  of 
the  present  author's  intimate  knowledge  of  this 
work,  but  also  because  it  represents  an  approach 
that,  while  empirical,  will  be  of  use  to  the 
theoretician.  The  direct  measurement  of  unsteady 
aerodynamic  surface  pressures  or  other  load 
variables  is  of  immediate  use  in  the  modification 
and  implementation  of  existing  aerodynamic  theories. 
Furthermore,  the  observations  made  in  such  experi¬ 
mental  studies  provide  the  necessary  information 
for  the  development  of  new  and  advanced  theoretical 
work. 


22.3  STABILITY  THEORY  AHD  APPLICATIOIIS 

The  ultimate  objective  of  any  theoretical  (or 
experimental)  study  is  generally  to  put  its  results 
into  practice.  In  the  present  instance  the  turbo¬ 
machinery  design  system  is  the  beneficiary  of  the 
several  flutter  studies  undertaken  over  the  past 
two  decades.  This  section  will  focus  on  a  single 
fundamental  paper  (Ref,  22.8)  \diich  has  made  a 
significant  impact  on  the  design  system  and  which 
has  provided  the  design  engineer  with  sufficient 
constraints  to  prevent  the  occurrence  of  flutter 
and  its  attendant  fatigue  failures  on  both  proto¬ 
type  hardware  and  flight  hardware.  This  first 
paper  is  now  10  years  old,  and  the  genesis  of  the 
underlying  theory  is  approximately  20  years  old. 

It  represents  the  summary  of  a  theoretical  study 
undertaken  by  the  present  author,  first  to  identify 
a  type  of  flutter  that  was  unknown  on  stiff,  low- 
speed  blade-disk  assemblies,  and  second,  after 
identifying  the  problem  as  one  of  coupled  flutter, 
to  provide  the  designer  with  the  necessary  tools 
to  avoid  this  flutter  in  the  future.  The  key  to 
identification  of  the  phenomenon  lay  in  the  way  in 
which  it  manifested  itself.  Specifically,  the 
observed  flutter  occurred  as  a  system  mode  involv¬ 
ing  participation  of  all  flexible  parts  of  the 
rotor-disk-shroud  combination,  but  it  did  not  occur 
as  an  integral  order  excitation.  In  other  words, 
with  reference  to  Fig.  22.1.114,  the  observed 
behavior  on  the  frequency-rpm  plot  would  cut  across 
the  radial  order  lines  and  follow  the  natural 
frequency  plots  of  the  coupled  system  modes.  As 
seen  in  the  first  paper,  discussed  below,  the 
unsteady  aerodynamics  used  was  Theodorsen's 
incompressible,  flat  plate,  isolated  airfoil 
theory,  largely  because  it  was  the  only  theory 
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avalla'ble  that  could  he  Implemented  easily  and  at 
low  computer  cost.  Furthermore,  it  worked  well 
enough  to  both  identify  and  predict  the  phenomenon, 
at  least  at  first,  to  warrant  its  continued  use. 

In  the  last  section  of  this  chapter  a 
design  applications  paper  (Ref.  22.10)  will  be  sur¬ 
veyed.  Here  it  is  shown  that  use  of  this  coupled- 
blade-disk-shroud  theory  together  with  advanced 
unsteady  aerodynamic  analyses  has  provided  the 
designer  with  the  necessary  analytical  tools  to 
create  a  design  system  that  prevents  flutter  at 
supersonic  speeds  and  at  the  design  condition. 

Many  more  problems  remain  to  be  solved.  Including 
supersonic  stall  flutter  in  the  bending  mode,  and 
subsonic  and  transonic  stall  flutter  in  the  torsion 
mode.  It  is  hoped  that  advances  can  continue  to 
be  made  and  that  ultimately  these  problems  can 
also  be  removed  from  the  engine  operating  range  by 
design. 

22.3.1  COUPLED  BLADE-DISK-SHROUD  THEORY 

The  vibratory  mode  shapes  which  can  exist  on 
a  rotor  consisting  of  a  flexible  blade-disk-shroud 
system  are  well  known  to  structural  dynamic ists 
in  the  turbomachinery  field  and  a  detailed  discus¬ 
sion  of  these  modes  is  beyond  the  scope  and  purpose 
of  this  section.  Although  both  concentric  and  dia¬ 
metric  modes  can  occur,  the  latter  are  the  only 
system  modes  which  are  of  interest.  These  diainetric 
modes  are  character! '.ed  by  node  lines  lying  along 
the  diameters  of  the  wheel  and  having  a  constant 
angular  spacing.  Thus,  for  example,  a  two-nodal- 
diameter  mode  would  have  two  node  lines  inter¬ 
secting  normally  at  the  center  of  the  disk,  and  a 
three-nodal-dia.iieter  mode  would  have  three  node 
lines  Intersecting  at  the  disk  center  with  an 
angular  spacing  of  60  deg  between  adjacent  node 
lines  (see  Fig.  22.3.1).  These  diameterio  modes 
are  the  physical  embodiment  of  the  eigensolutions 
of  the  system,  and  it  can  be  shown,  using  standard 
structural  dynamics  techniques,  that  the  system 
frequency  for  each  mode  is  primarily  a  function 
of  the  physical  distribution  of  the  system  mass 
and  stiffness  and  is  only  slightly  affected  by  the 
rotation  of  the  system.  Thus  the  system  frequencies 
do  not  necessarily  coincide  with  Integral  multiples 
of  the  rotor  speed,  and  in  fact,  such  coincidences 
of  frequency  are  avoided  for  the  lower  frequencies 
if  possible. 

With  the  advent  of  the  turbofan  engine  in  the 
early  1960's  a  number  of  Instances  of  nonintegral 
order  vibrations  at  high  stress  occurred  in  both 
engine  and  test  rig  compressor  rotors.  The  stage 
affected  was  invariably  the  front  fan  which  con¬ 
sisted  of  high  aspect  ratio  blades  having  part-span 
shroud  supports.  The  stress  levels  reached  in  a 
number  of  these  cases  were  sufficiently  high  to 
severely  limit  the  safe  operating  range  of  the 
compressor.  Attempts  to  relate  these  vibrations 
to  the  stall  flutter  phenomenon  or  to  rotating 
stall  essentially  failed,  largely  because  the  vibra¬ 
tions  often  occurred  on  or  near  the  engine  operat¬ 
ing  line.  Subsequent  analysis  of  these  cases 


a)  TWO  NODAL  DIAMETER  PATTERN 


Fig.  22.3.1  Typical  Diametric  Node  Configurations 

revealed  that  the  observed  frequencies  of  these 
instabilities  correlated  well  with  the  predicted 
frequencies  of  the  coupled  blade-disk-shroud  motion 
described  previously.  In  view  of  the  available 
information,  it  appeared  likely  that  the  coupled 
motion  resulted  in  a  system  instability,  even  under 
potential  flow  conditions. 

The  object  of  this  study  is  to  explore  the 
underlying  mechanism  of  this  instability  and  to 
show  that  under  certain  conditions  of  airflow  and 
rotor  geo.metry  this  coupled  oscillation  is  capable 
of  extracting  energy  from  the  air stream  in  suffi¬ 
cient  quantities  to  produce  an  unstable  vibratory 
motion.  To  do  this,  reference  is  first  made  to 
Fig.  22.1.6  which  shows  the  coordinate  system  of 
the  airfoil  under  consideration.  Once  again  use 
will  be  made  of  Eqs.  (22.1.19)  and  (22.1.20)  to 
represent  the  complex,  time-dependent  unsteady 
lif*t  and  moment  per  unit  span,  which  are  repeated 

L  =  L„  +  iLi  *  rr^b^u*[Af,h+Ae  a]  (22.3.1) 

Ms  ♦  ,'Mj  =  [a^h  +  Boa  ]  (22.  3.  2) 
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here  for  completeness.  In  these  equations  the 
quantities  Aj^,  A;,,  Bjj,  represent  the  lift  due 
to  tending,  the  lift  due  to  pitch,  the  moment  due 
to  ■  nding  and  the  moment  due  to  pitch,  respectively. 
They  may  be  taken  from  any  valid  aerodynamic  theory 
from  the  incompressible  isolated  airfoil  results 
of  Theodorsen  (Ref.  22.13)  to  the  supersonic 
cascade  results  of  Verdon  (Ref.  22.12).  In  the 
paper  being  reviewed  here  (Ref.  22.8),  it  was 
expedient  to  use  Theodorsen 's  theory  whereas  in  the 
next  section  it  is  shown  that  application  to  the 
design  system  requires  the  more  complete  theoretical 
representation  of  Verdon.  At  present,  though,  the 
development  will  use  the  notation  A^,  A<j,  Byj,  3^ 
and  consequently  will  be  completely  general. 

it  is  well  known  from  unsteady  aerodynamic  theory 
that  the  forces  and  moments  acting  on  an  oscillating 
airfoil  are  not  in  phase  with  the  motions  producing 
these  forces  and  moments .  A  convenient  representa¬ 
tion  of  this  phenomenon  is  obtained  on  writing  the 
unsteady  coefficients  in  complex  form  as  =  Ajjj  + 
iAy^I,  etc.,  and  the  time  dependent  displacements  as 

h  = 


h(,  +  ihj  =  he  =  h  cos  ut  +  jh  sin  <jt 


Or  +iai  =  a 


=  acos(ut-t-0) 

+  ia  sin(wt  +  a) 


(22.3.3) 


where,  in  general,  it  has  been  assumed  that  the 
torsional  motion  leads  the  bending  motion  by  a  phase 
angle,  0.  In  this  equation  h  and  a  are  the  dimension¬ 
less  amplitudes  of  the  motion  in  bending  and  torsion, 
respectively. 

The  differential  work  done  by  the  aerodynamic 
forces  and  moments  in  the  course  of  this  motion  is 
obtained  by  computing  the  product  of  the  in-phase 
components  of  force  and  differential  vertical  dis¬ 
placement  and  moment  and  differential  twist.  Ac¬ 
cordingly,  the  work  done  per  cycle  of  motion  in  each 
mode  is  obtained  by  integrating  the  differential  work 
in  each  mode  over  one  cycle.  The  total  work  done 
per  cycle  of  coupled  motion  is  given  by  the  sum 


Wtot  = —l^/'-RdhR  +  _^Mf,daR 


(22.3.'') 


The  line  integrals  over  one  cycle  of  notion  are 
equivalent  to  an  integration  over  the  range  0  -  ut  - 
2ir;  after  the  indicated  integrations  in  Eq.  (22.3.5) 
are  performed  and  the  equation  is  simplified  the  total 
work  done  on  the  system  is  given  by 

'"'tot  = _ 

+  {Aoi  +Bhi)COSe]a  h+BaiQ*  } 

In  this  equation,  tne  quantities  A.  and  represent 
the  damping  in  bending  and  the  damping  in  pitch, 
respectively.  For  an  isolated  airfoil  oscillating  at 
zero  incidence  in  an  incompressible  flow,  both  of 
these  damping  terms  will  be  negative  and  hence  will 
contribute  to  the  stability  of  the  system.  For  cases 
involving  aerodi^namic  inputs  other  than  those  for  an 
isolated  airfoil  at  zero  incidence  in  incompressible 
flow,  the  situation  may  be  considerably  altered. 

The  sign  of  the  cross-coupling  tern  in 
Eq.  (22.3.6)  (the  term  enclosed  by  the  square  brackets 
and  multiplied  by  the  product  ah)  is  strongly 
dependent  on  the  phase  angle  between  the  motions,  6. 

In  the  usual  classical  flutter  analysis,  the  phase 
angle  remains  an  unknown  until  the  end  of  the  calcula¬ 
tion,  at  which  time  it  may  be  evaluated  as  an  output 
quantity.  For  the  configuration  presently  under  con¬ 
sideration,  however,  the  physical  constraint  of  the 
structure  on  the  mode  shape  fixes  8  to  be  a  specific 
input  quantity,  as  will  be  shown  below.  This  quantity 
within  the  square  brackets  is  dominant  in  specifying 
regions  of  unstable  operation. 

It  is  shown  in  Ref.  22.8  that  for  the  specific 
case  analyzed  therein  the  bending  motion  leads  the 
torsion  motion  by  90  deg,  so  8  =  -n/2.  An  intuitive 
demonstration  of  this  result  is  presented  in 
Fig.  22.3*2.  Here  it  is  shown  that  at  the  nodal 
points  in  the  disk  or  shroud  rim  the  blade  will 
experience  maximum  twist  with  no  normal  displacement, 
whereas  at  antinodes  in  the  rim  the  blade  will  have 
no  twist,  but  will  experience  maximum  normal  displace- 


NOTE  U  DENOTES  UPPER  SURFACE 
L  DENOTES  LOWER  SURFACE 


Where  the  minus  sign  is  required  because  1  and  h  are 
defined  to  be  positive  in  opposite  directions.  It  is 
important  to  note  that  in  Eq.  (22.3*^),  positive  work 
implies  instability  since  these  equations  represent 
work  done  by  the  air  forces  on  the  system. 


a)  UNDEFLECTED  ROTOR 

DIRECTION  OF 
ROTATION 


To  compute  these  integrals,  and  are  ob¬ 
tained  from  Eqs .  (22.3*1)  and  (22.3*2),  the  real  parts 
of  Eqs.  (22.3.3)  are  differentiated,  and  these 
quantities  are  substituted  into  Eq.  (22.3*^)  to  yield 


bl  DEFLECTED  ROTOR 


-  {h^  hcos  (wt  -  Af,i  h  sin  wt 

+  Aor  ff  COS(u>t +  0)-Aoj  I  Sin(wt  +  e)lsin  ajfd(u)t) 

+  o  / [B(,Rti  cos  cwf  sin  o/t  +  Bor  a  cos(<wf  +  S) 

-Boi  S'  sin((wt  +  S)]  sin(wt  +®)d(uif)(  (22.3 


cl  SENDING  AND  TWIST  DISTRIBUTIONS 


^ig.  22.3.2  Torsior.  ar.l  ier.ding  "otl.r.c  Jausei  by 
loupled  blade-I  i  sk-Cbroud  In*  eract  ior. 


The  value  of  the  phase  ajigle,  8  =  -v/2,  may  now 
be  substituted  into  Eq.  (22.3-6)  and  the  resulting 
two-dimensional  aerodynamic  work  per  cycle  at  each 
spanwise  station  reduces  to 

-(k2A,^-k®BhR)oh  +k2B„jQr2]  (22.3.7) 

where  k  =  bm/U  is  the  reduced^frequgncy  pagamet.  . 

T^e  use  of  the  combinations  k  A  k  ®nd 

k  B  is  dictated  by  convenience  and  Sy  the  availa¬ 
bility  of  the  aerodynamic  coefficients  in  this  form. 

Equation  (22-3-7)  is  an  expression  for  the  two- 
dimensional  aerodynamic  work  per  cycle  at  any  arbi¬ 
trary  span  station,  say  at  radius  r,  as  measured  from 
the  engine  centerline.  The  work  done  on  the  entire 
blade  is  obtained  by  integrating  Eq.  (22-3-7)  over 
the  blade  span,  from  the  root,  at  r  =  r^,  to  the  tip, 
at  r  =  r-j,  and  after  normalizing  the  deformations, 
ii  and  a,  with  respect  to  the  tip  bending  deflection, 
n-j,  this  gives 


It  was  stated  earlier  that  the  stability  of  the 
system  was  related  to  the  algebraic  sign  of  the  work 
expression;  i.e.,  positive  aerodynamic  work  implies 
instability  and  negative  aerodynamic  work  implies 
stability.  As  shown  in  Eq.  (22.3.8),  the  aerodynamic 
work  done  on  the  system  is  a  direct  function  of  the 
squares  and  products  of  the  oscillatory  amplitudes 
which  are  ordinarily  obtained  from  a  numerical  solu¬ 
tion  of  the  characteristic  equation  for  the  vibratory 
system.  It  is  well  known  from  elementary  vibration 
theory  that  the  results  of  such  a  calculation  are 
given  in  the  form  of  relative  amplitudes  rather  than 
absolute  amplitudes.  Therefore,  the  aerodynamic 
work  can  only  be  calculated  on  a  relative  basis  and 
in  its  present  form  it  cannot  be  used  to  predict 
either  the  absolute  stability  level  of  a  particular 
configuration  or  the  relative  stability  levels  between 
two  configurations.  Since  one  of  the  objects  of 
this  analysis  is  to  devise  a  prediction  technique  that 
will  permit  the  evaluation  of  alternative  rotor 
designs  from  the  standpoint  of  system  stability,  the 
theoretical  development  must  now  be  extended  to  over¬ 
come  this  deficiency. 

In  addition  to  the  relative  amplitudes  of  motion, 
the  structural  dynamics  computer  program  €lLso  calcu¬ 
lates  the  average  kinetic  energy  of  vibration  of  the 
entire  blade-disk  system,  based  on  the  relative 
amplitudes  of  motion.  It  is  shown  in  Ref.  22.8  that 
for  a  simple,  linear,  spring-mass-dashpot  system, 
the  ratio  of  damping  work  per  cycle  to  average 
kinetic  energy  is  proportional  to  the  logarithmic 
decrement  of  the  system,  which  is  independent  of  the 
absolute  amplitudes  of  the  system.  A  comparable 
ratio  of  the  aerodynamic  work  done  per  cycle  on  the 


entire  blade-disk-shroud  system  to  the  average 
kinetic  energy  of  vibration  of  the  system  may  be 
made  and  this  will  be  equal  to  the  logarithmic  decre¬ 
ment  of  the  system.  First,  however,  the  normalized 
aerodynamic  work  per  cycle  obtained  for  one  blade  in 
Eq.  (22.3.8)  must  be  multiplied  by  the  number  of 
blades  on  the  entire  disk,  n,  and  then  by  the  pro¬ 
portionality  factor,  1/h,  from  Eq.  (26)  in 
Ref.  22.8.  The  result  is 


s  =  - 


nw/h. 


(22. 3.9) 


where 


-  _  2 

K^/h^  is  the  average  kinetic  energy' ^of  the 
system,  also  normalized  with  respect  to  h.^,  ,  and  where 
a  positive  value  of  S  represents  stable  operation. 
Equation  (22-3-9)  yields  an  absolute  measure  of  sys¬ 
tem  stability  which  is  independent  of  relative  ampli¬ 
tudes.  Hence  the  results  obtained  may  be  used  to 
evaluate  both  the  absolute  stability  of  a  particular 
configuration  and  the  relative  stability  between  two  or 
more  configurations. 


To  illustrate  the  use  of  this  theory  the  sta¬ 
bility  characteristics  of  a  typical  rotor  were  inves¬ 
tigated.  The  input  quantities  for  use  in  Eq.  (22.3.8) 
were  obtained  both  from  experiments  and  analytical 
studies  conducted  on  an  actual  rotor  at  a  given  rpn. 
These  data  consisted  of:  (a)  the  geometric  parameters 
for  the  configuration,  b,  r^,  r^,  and  n;  (b)  the 

steady-state  aerodynamic^parameters ,  p  and  U;  and 
(c)  for  each  prescribed  disk  nodal  diameter  pattern 
and  blade  mode,  the  relative  amplitudes  of  the  blade 
deformation  components,  h,  a,  the  average  system 
kinetic  energy,  Kj.,  and  the  system  natural  frequency, 
«0'  For  each  nodal  diameter  both  E  and  5  were  then 
normalized  with  respect  to  the  tip  bending  deflection, 
Ej,  and  are  plotted  in  Figs.  22.3-3  and  22.3.1*  as 
functions  of  the  dimensionless  spanwise  variable  n, 
defined  by 


r-  rn 


(22.3.10) 


In  both  of  these  figures  the  shroud  location  at  n  = 
0.653  is  indicated  by  short  tic-marks  on  each  curve. 


The  dynamic  system  chosen  for  analysis  in 
Ref.  22.8  consisted  of  a  blade-dick-shroud  configura¬ 
tion  in  which  the  blade  oscillates  in  its  first  bending 
and  first  torsion  modes,  and  the  overall  system  vibra¬ 
tion  modes  encompass  2  through  8  nodal  diameters. 
Figures  22.3.3  and  22.3.**  contain  the  spanwise  varia¬ 
tions  of  bending  deflection  and  blade  twist,  both 
normalized  with  respect  to  the  bending  deflection  at 
the  blade  tip  for  the  specific  nodal  diameter  under 
consideration.  Figure  22.3.3  shows  that  as  the  number 
of  nodal  diameters  increases,  the  bending  mode  shape 
undergoes  a  consistent  change  in  which  the 
deformation  of  the  tip  region,  outboard  of  the  shroud, 
increases  relative  to  the  inboard  region.  In  Fig. 
22.3.1*,  however,  it  is  seen  that  the  torsional  content 
of  the  vibration  (relative  to  the  tip  bending)  first 


Fig.  22.3.3  Spanwr^se  Variation  of  Bending  Deflec¬ 
tion  Nor"ialized  with  Respect  to  Tip 
Bending  Deflection  for  Each  Nodal 
Diameter 


SWiNWISE  STATION,  t; 

Fig.  22-3.^  Spanwise  Variation  of  Twist  Distribu¬ 
tion  Normalized  with  Respect  to  Tip 
Bending  Deflection  for  Each  Nodal 
Diameter 


increases  and  t^^en  decreases  with  increasing  number 
of  nodal  diameters.  This  suggests  a  variable  amount 
of  coupling  between  tending  and  torsion  as  the 
system  mode  changes  from  one  nodal  diameter  to 
another.  Furthermore,  the  major  change  in  twist 
distribution  for  each  curve  occurs  ever  the  portion 
of  the  blade  inboard  of  the  deformed  shroud,  which 
imposes  a  twisting  moment  on  the  blade  as  a  result 
of  this  deformation.  Hence,  the  presence  of  a 
deformed  shroud  produces  the  coipling  between  blade 
twist  and  bending’,  and  the  degree  of  thir  coupling 
is  modified  by  the  diametric  m*  ial  pattern. 


A  very  revealing  and  informative  plot  is  shown 
in  Fig.  22.3.5,  in  which  only  the_tip  value  of  the 
normalised  deformation  ratio,  (ct/hrr')..-,  has  been 
plotted  as  a  function  of  frequency.  This  figure 
indicates  a  very  strong  variation  of  (a/n^p)-^  with 
the  number  of  nodal  diameters  Ci.e.,  with  natural 
frequency);  it  is  relatively  small  at  both  small 
and  large  nodal  diameters  and  reaches  a  maxim'um 
value  at  approximately  1  or  5  nodal  diameters. 

Thus,  it  appears  that  torsion-bending  coupling  is 
a  maximum  for  intermediate  nodal  diameters,  with 
a  predominantly  bending  motion  occurring  at  either 
extreme.  This  increase  in  coupling  for  interme¬ 
diate  nodal  diameters  may  he  regarded  as  either  a 
relative  increase  in  blade  twist  or  a  relative 
decrease  in  blade  bending.  The  absolute  deforma¬ 
tions  are  unimportant  since  the  stability 
equations  (22.3.5)  or  (22.3.9)  are  expressed 
solely  in  terms  of  the  normalized  deformations 
h/hr.-  and  a/h,p. 
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Fig,  22.3.5  Variation  of  Blade  Tip  Deflection 
Ratio  with  Frequency 


It  is  noted  in  Ref.  22.6  that  the  measured 
velocities  in  the  region  of  the  rotor  blade  tip 
are  generally  in  excess  of  lOOC  ft/sec.  Altncugh 
these  velocities  are  rather  large,  the  unsteady 
incompressible  flow  theory  from  Ref.  22.13 
used  to  make  the  analysis  amenable  to  param.etric 
variation.  As  stated  earlier,  the  purpose  of  the 
analysis  in  ref.  22. r  was  oo  understand  the 
mechanism  of  this  coupled  flutter  phenomenon,  and 
to  achieve  that  end,  only  the  simplest  of  aero¬ 
dynamic  inputs  are  considered  herein. 

The  stability  analysis  of  the  rotor  system  for 
any  given  nodal  pattern  was  performed  by  calculating 
the  spanwise  variation  of  the  reduced  frequency 
parameter,  k,  and  usinir  this  to  obtain  the  spanwise 
variations  in  the  unsteai;/  .aerodynam.ic  coeffi¬ 
cients, 

functions  of  k.  I'hese  luantities  were  the:: 


'I'  ,  1  U'  I  -  ,  . 
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inserted  into  Eq.  (22.3.8)  together  with  the 
normalized  mode  shapes  and  other  spanwise  variables 
and  integrated  numerically.  Finally,  the  logarith¬ 
mic  decren.ent,  ,  was  computed  from  Eq.  (22.3.9) 
for  each  nodal  diameter  (2  through  8)  at  the 
resonant  frequencies  appropriate  for  each  case. 
Results  of  these  stability  calculations  are 
found  in  Fig.  22,3.6.  The  natural  frequency  in 
each  case  is  denoted  by  the  circled  point.  System 
stability  is  indicated  by  positive  values  of  6  and 
instability  is  indicated  by  negative  values  of  6. 

It  is  seen  from  this  figure  that  the  system  is 
stable  for  the  2,  6,  7,  and  S-nodal-diameter 
modes  and  is  unstable  for  the  3»  and  5-nodal- 
liameter  modes,  with  minimum  stability  (i.e., 
r.axim’um  instability)  occurring  at  four  nodal 
diameters.  A  comparison  of  Fig.  22,3.6  with  Fig. 
22. 3. >  reveals  a  strong  correlation  between  maxi¬ 
mum  system  instability  and  maximum  torsion¬ 
bending  coupling,  represented  in  Fig.  22.3.5  by  the 
maximum  values  of  (a/hp)rp  at  1  nodal  diameters. 
Similar  results  have  been  obtained  for  a  number  of 
rotor  configurations  which  were  analyzed  using 
these  procedures.  Thus  it  was  tentatively  con¬ 
cluded  that  the  greater  the  degree  of  coupling 
between  torsion  and  bending  in  a  shrouded  rotor, 
the  greater  is  the  likelihood  of  a  coupled  flutter 
instability.  The  ability  of  this  theory  to  pre¬ 
dict  the  flutter  boundary  of  actual  turbomachine 
rotors  is  discussed  in  the  next  section. 


meeting  appeared  as  a  collection  of  papers  pub¬ 
lished  in  the  April  1975  issue  of  the  Journal  of 
Aircraft  (Ref.  22.7^).  It  is  interesting  to  note 
that  of  the  39  papers  presented  at  the  meeting, 
no  more  than  3  or  U  dealt  with  the  design  aspects 
of  flutter  prevention.  This  is  indicative  of  two 
facets  of  the  flutter  design  procedure  currently 
employed.  The  first  is  that  it  is  limited  in  its 
usefulness  to  only  those  problems  that  are  am'^nable 
to  direct  analysis,  as  will  be  seen  presently.  The 
second  is  that  it  remains  a  proprietary  item  to 
virtually  all  of  the  large  engine  manufacturers. 
Therefore,  the  discussion  of  this  section  will  be 
limited  by  these  constraints  to  material  available 
only  in  the  open  literature. 

To  begin  with,  it  is  useful  to  review  briefly 
the  scope  of  the  paper  by  Mikolajczak  and  his 
coworkers  (Ref.  22.10)  that  was  presented  at  the 
Monterey  Symposium.  The  paper  first  discusses 
the  flutter  prediction  model  which  utilizes  the 
energy  method  of  Ref.  22.8  (examined  in  the  pre¬ 
vious  section).  The  work  per  cycle  is  extended 
somewhat  by  the  inclusion  of  the  material  and 
structural  dynamic  damping  of  the  system,  by  noting 
that  flutter  occurs  when 

^totol  ~  ^oero  ^mechanical  (22.3.11) 
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Fig.  22,3.6  Variation  of  Logarithmic  Decrement 

with  Frequency  using  Isolated  Airfoil 
Theory  from  i^ef.  22.13 

22.3.2  R.jTOR  APPLICATIONS 

A  Symposium  on  Propulsion  System  Structural 
Integration  and  Engine  Integrity  was  held  in 
September  197^  at  the  Naval  F’ostgraduate  School, 
Monterey,  California.  The  proceedings  of  this 


where  <5  represents  the  logarithmic  decrement  for 
each,  damping  source.  However,  for  a  conservative 
prediction  it  is  customary  to  assume  that 

^mechanical  °  examines  the 

various  possible  mode  shapes  and  frequencies. 

It  is  noted  that  for  a  rotor  with  n  blades 
vibrating  in  a  N  nodal  diameter  pattern,  the 
interblade  phase  angle  will  be 

O' z:  i27rN/n  (22,3  12) 


with  the  algebraic  sign  dependent  on  whether  the 
wave  is  traveling  forward  or  backward  on  the  rotor. 
It  is  further  stated  that  both  forward  and  backward 
waves  must  be  analyzed  for  flutter  prediction  to 
determine  the  least  stable  mode.  The  paper  then 
goes  into  various  methods  to  predict  and  to  measure 
the  system  mode  shapes  and  frequencies  to  ensure 
accuracy  in  the  final  analysis. 

In  a  section  on  unsteady  aerodynamics,  the 
paper  discusses  the  characteristics  and  symptoms 
of  the  several  flutter  problems  illustrated  by 
Fig.  22.1.2.  However,  the  emphasis  here  is  placed 
on  supersonic  unstalled  flutter  and  most  of  the 
remainder  of  the  paper  is  devoted  to  this  problem. 
This  situation  is  defined  to  exist  if  a  self-excited 
vibration  of  the  blades  in  a  rotor  occurs  when  the 
rotor  inlet  flow  relative  to  the  blades  is  super¬ 
sonic  over  a  significant  portion  of  the  blade 
span  and  the  internal  passage  flow  is  unstalled. 

This  flutter  exhibits  the  following  characteristics: 
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1)  The  boundary  is  a  limit  on  high-speed 
operation  as  shown  in  Fig.  22.1.2. 

2)  Supersonic  unstalled  flutter  is  not  related 
to  an  off-design  aerodynaraic  condition  but  can  occur 
at  the  design  point. 

3)  Strain-gage  records  show  that  prior  to 
flutter  each  blade  in  a  rotor  may  be  vibrating  at  a 
low  stress  level  at  its  own  natural  frequency,  but 
when  flutter  is  encountered  and  the  stress  level 
becomes  significant,  all  blades  flutter  at  the  same 
frequency  with  a  constant  interblade  phase  angle 
between  the  blades.  Thus,  there  is  a  traveling 
wave  which  rotates  with  respect  to  the  rotor. 

1*)  The  onset  of  the  flutter  is  characterized 
by  a  sudden  increase  in  blade  stress  at  a  natural 
node  frequency.  It  has  been  observed  that  the  stress 
boundary"  is  very  steep;  however,  because  of  mechanical 
damping  and  nonlinearities  in  the  system,  a  cata¬ 
strophic  failure  does  not  occur  and  it  is  possible 
to  obtain  some  data  during  flutter. 

5)  Flutter  stress  is  reduced  as  the  fan  pressure 
ratio  is  increased  at  a  constant  speed.  Hence,  the 
most  critical  requirement  is  to  predict  the  onset 
of  flutter  at  the  low  pressure  ratios. 

The  unsteady  aerodynamic  forces  calculated  using 
the  linearized  supersonic  and  compressible  subsonic 
analyses  of  Refs.  22.12  and  22.11  can  be  used  for 
the  prediction  of  the  unstalled  supersonic  flutter 
boundary  for  high  speed  fans  with  part-span  shrouds. 
Vibrational  mode  shape  calculations  show  that  for 
such  fans  only  the  outer  50  to  60  percent  of  the  blade 
contributes  significantly  to  the  unsteady  aero¬ 
dynamic  work.  This  is  the  portion  of  the  rotor 
blade  where  the  relative  inlet  flow  is  supersonic, 
blade  camber  is  low,  blades  are  thin,  and  at  low 
pressure  ratio  the  steady  state  shocks  are  weak. 

The  supersonic  unsteady  analysis  and  a  coupled 
blade-disk-shroud  vibration  analysis  have  been  used 
successfully  to  calculate  the  aerodynamic  damping 
and  hence  the  susceptibility  to  flutter  of  high  tip 
speed  fan  rotors.  Detailed  comparisons  of  predic¬ 
tions  with  experimental  data  were  given  for  two  fan 
rotors  (Rotors  A  and  B)  and  an  overall  comparison 
was  made  for  four  additional  rotors. 

Rotor  A  was  designed  to  experience  supersonic 
unstalled  flutter  in  the  second  mode  when  the  rela¬ 
tive  inlet  Mach  number  was  greater  than  1,^,  Rotor 
B  was  an  l800  ft/sec  tip  speed  NASA  fan  stage  which 
was  designed  to  be  flutter  free.  The  aerodynamic 
damping  of  both  rotors  was  calculated  using  the 
equations  developed  in  Ref.  22.8  and  subsequently 
modified  for  actual  use  in  the  design  applications. 
Spanwise  integration  of  the  work  term  was  carried 
out  over  the  portion  of  the  blade  where  the  rela¬ 
tive  inlet  Mach  number  was  greater  than  1.1.  For 
both  rotors,  the  first  three  vibrational  modes  were 
analyzed  to  identify  the  least  stable  mode. 

Rotor  A 


The  rotor  design  is  summarized  in  Table  1.  The 
blade  aspect  ratio,  part-span  shroud  location  and 
thickness  distribution  were  chosen  so  that  unstalled 
supersonic  flutter  would  occur  in  the  second  mode. 


TABLE  1  DESIGN  PARAMETERS 

Rotor  A _ Rotor  B 


Tip  Speed 

1800  ft/sec  1 

l300  ft/sec 

15,000  rpm 

12,161  rpm 

Hub  to  tip  ratio 

0.38 

0.50 

\spect  ratio  based 
on  root  chord 

1.00 

2.87 

Part-span  shroud 
position 

505 

65? 

The  rotor  experienced  supersonic  unstalled  flutter 
at  13,290  rpm  while  accelerating  along  a  low 
pressure  ratio  operating  line.  Flutter  occurred  in 
the  second  mode  with  a  four-nodal  diameter  vibra¬ 
tional  pattern. 

The  predicted  aerodynamic  damping  for  the  least 
stable  nodal  diameters  of  the  first  three  vibra¬ 
tional  modes  of  the  rotor  is  given  in  Fig.  22.3.7. 
The  calculated  values  show  that,  for  low  pressure 
ratio  operation  at  this  rotor  speed,  the  second 
coupled  mode  is  the  least  stable  node.  The  aero¬ 
dynamic  damping  of  the  least  stable  vibrational 
mode  is  negative.  Since  flutter  occurs  when  the 
Sum  of  the  aerodynamic  damping  and  mechanical 
damping  equals  zero,  a  negative  value  of  aero¬ 
dynamic  damping  is  necessary  before  flutter  will 
occur  in  a  rotor  where  mechanical  damping  is 
present . 
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Fig,  22.3.7  Damping  Predictions  for  Research 
Rotor  at  Flutter  Speed 


The  sensitivity  of  aerodynamic  damping  to  rotor 
speed  is  shown  in  Fig.  22.3.8.  The  rotor  has  been 
analyzed  at  three  different  rotor  speeds,  the  lowest 
being  where  the  least  stable  nodal  diameter  in  the 
second  mode  has  nearly  zero  aerodynamic  damping.  It 
can  be  seen  that  susceptibility  of  the  rotor  to 
flutter  is  reduced  when  speeds  are  lowered.  The 
amount  of  mechanical  lamping  in  this  rotor  has  not 
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Fig.  22.3.8  Second  Mode  Damping  as  a  Function 
of  Rotor  Speed 


Fig.  22.3.9  Damping  Prediction  for  NASA 

1800  ft/sec  Rotor  at  100?  Speed 


been  measured,  but  estimates  based  on  material 
damping  alone  indicate  that  it  could  be  as  high  as 
0.02.  At  this  level  of  damping,  the  predicted  rotor 
flutter  speed  would  be  5  percent  lower  than  the 
actual  speed  at  which  flutter  occurred.  If  we 
assume  that  the  total  mechanical  damping  (material 
damping  and  frictional  damping  at  part-span  shrouds 
and  rotor  root  attachments)  is  approximately  0.03, 
then  the  predicted  and  the  actual  rotor  speed  et 
which  flutter  occurred  match  exactly.  These  com¬ 
parisons  show  that  the  analysis  predicts  accurately 
the  least  stable  flutter  mode.  However,  it  is  con¬ 
servative  in  predicting  the  rotor  speed  at  which 
flutter  occurs  if  the  mechanical  damping  is  assumed 
to  be  no  greater  than  that  due  to  the  material  hys¬ 
teresis  damping  alone. 


ROTOR  B 

Rotor  B  was  designed  to  be  flutter-free;  its 
design  is  also  summarized  in  Table  1.  This  rotor 
was  tested  successfully  to  12,h6U  rpra  and  no  super¬ 
sonic  unstalled  flutter  was  observed.  Figure 
22.3.9  shows  the  results  of  analyzing  the  rotor  at 
the  maiximum  speed  condition.  All  modes  are  cal¬ 
culated  to  have  positive  aerodynamic  damping  at  this 
most  severe  condition.  It  can  be  seen  that  the 
design  is  optimized  insofar  as  all  the  vibratlo.nal 
modes  exhibit  the  same  aerodynamic  damping  at  this 
rotor  speed.  The  high  positive  aerodynamic  damping 
shows  this  fan  to  have  been  conservatively  designed. 

Other  rotors  were  also  analyzed  using  the 
procedures  described  above  with  comparable  success. 
These  included  both  shroudless  and  single  and  double 
shrouded  fan  stages,  and  the  results  are  summarized 
in  Ref.  22.10. 


A  comparable  but  somewhat  more  limited 
discussion  of  design  applications  in  the  super¬ 
sonic  regime  is  presented  by  Halliwell  in  Ref.  22.75. 
In  general,  he  shows  results  that  are  similar  in 
most  respects  to  those  of  Ref.  22.10,  even  to  the 
extent  that  the  correct  system  mode  is  predicted  to 
be  unstable,  but  that  the  instability  usually  occurs 
at  a  lower  nodal  diameter  value  than  is  usually  pre¬ 
dicted  (cf..  Fig.  22.3.7).  This  particular  refer¬ 
ence  is  interesting  in  that  it  examines  the  span- 
wise  distribution  of  energy  in  the  various  components 
of  the  work  integral  and  clearly  shows  that:  1) 
the  dominant  contribution  to  instability  is  from 
the  coupling  term,  2)  the  dominant  contribution  to 
stability  is  from  the  bending  term,  and  3)  the  bulk 
of  the  energy  in  all  three  terms  is  concentrated 
in  the  outer  15  percent  of  the  span. 

Finally,  we  return  to  Ref.  22.10  to  summarize 
its  discussion  of  stalled  flutter.  This  phenomenon 
usually  occurs  near  the  compressor  surge  line,  and 
is  identified  by  an  increase  in  flutter  stress 
(usually  in  the  torsion  mode  for  subsonic  flow  and 
in  the  bending  mode  for  supersonic  flow)  as 
pressure  ratio  is  increased  along  a  constant  speed 
line  (cf..  Fig.  22.1.2). 

There  are  no  experimental  data  available  to 
indicate  whether  at  the  onset  of  flutter  the  flow 
is  fully  attached  along  the  blade  suction  surface 
or  is  separated  during  part  of  the  blade  oscilla¬ 
tion  or  is  separated  during  the  entire  blade 
oscillation.  Time-averaged  flow  measurements  taken 
recently  in  a  research  fan  stage  during  stall 
flutter  have  shown  that  aerodynamic  losses  behind 
the  rotor  did  not  increase  measurably  as  the  flutter 
boundary  was  crossed.  Hence,  it  does  not  appear  that 
a  large  portion  of  the  blade  was  stalled  during  flut¬ 
ter.  Furthermore  in  some  instances  the  stall  flut¬ 
ter  boundary  has  been  observed  to  occur  near  maximum 
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compressor  efficiency  Indicating  that  stalling  is 
not  an  essential  condition  for  "stalled"  flutter, 
although  it  could  be  the  most  severe  condition. 

Indeed,  it  appears  that  a  more  accurate  terminology 
to  describe  this  phenomenon  would  be  loaded  cascade 

a 

Dimensionless  distance  of  elastic  axis 
aft  of  midchord,  in  semichords,  Eq. 
(22.1.6)  or  speed  of  sound,  ft/sec, 
Eq.  (22.2.22) 

flutter . 

a»b 

Cascade  parameters,  Eq.  (22.2.69) 

Some  efforts  have  been  made  to  include  the 
effects  of  blade  loading  on  cascade  aerodynamic  sta¬ 
bility.  One  of  these,  described  more  fully  in 

Ref.  22.10,  is  an  incompressible,  unsteady  flow  analy¬ 

Bh.Ba 

Influence  coefficients,  aerodynamic 
moment  per  unit  deflection,  Eq. 
(22.1.21) 

sis  for  small  turning  which  was  used  In  combination 
with  the  coupled  blade-disk-shroud  stability  analysis 

b 

Airfoil  semi chord,  ft,  Eq.  (22.1.1) 

to  ce''oulate  the  predicted  aerodynamic  damping  for 
the  first  three  vibrational  modes  of  a  number  of 
shrouded  fan  stages  operating  at  part  speed.  The 
second  mode  was  predicted  to  be  the  least  stable. 

C 

Damping  coefficient,  lb-sec,  Eq. 
(22.2.123),  or  force  coefficient 
matrix,  Eq.  (22.2.85) 

and  flutter  was  observed  to  occur  in  the  second 
mode  in  all  cases.  However,  no  instability  was 
actually  predicted  because  the  aerodynamic  damping 

Cc 

Critical  damping,  lb-sec,  Eq. 

(22.1.Ult) 

in  the  least  stable  mode,  although  small,  remained 
positive  even  when  the  incidence  was  increased  past 
the  measured  values.  Hence,  it  does  not  appear  that 

Cpq.CF^.CFw 

Force  coefficient  due  to  given  motion, 

Eq.  (22.2.85) 

an  incompressible,  unsteady  analysis  for  cascades  with 
low  flow  turning  can  be  used  to  accurately  model  the 

'^M 

Moment  coefficient,  Eq.  (22.2.101*) 

unsteady  flowfield  present  during  the  "stalled"  type 
of  flutter. 

Moment  coefficient  due  to  given  motion 

Eq.  (22.2.85) 

At  this  writing,  the  loaded  subsonic  theory  of 

Ref.  22. U3  has  not  yet  been  completed  and  Its  use  in  a 

‘^N 

Normal  force  coefficient.  Fig.  22.2.16 

design  analysis  must  necessarily  take  place  at  some 
time  in  the  futiure.  It  is  felt  that  this  approach 

^w 

Work  coefficient,  Eq.  (22.2.122) 

ultimately  offers  some  hope  in  providing  the 
designer  with  an  analytical  prediction  technique 
that  is  sorely  needed.  In  the  interim  he  must  rely 

C 

a 

Aerodynamic  damping,  lb-sec,  Eq. 
(22.1.1*2) 

on  a  combination  of  empiricism  and  approximation. 

Also  at  this  writing,  no  progress  is  known  to 
have  been  made  in  an  analysis  of  the  supersonic 

C(k) 

Theodorsen  circulation  function, 

Eq.  (22.1.8) 

stalled  flutter  instability  in  the  bending  mode. 

The  conditions  to  be  modeled  in  this  problem 

c 

Chord  length,  ft,  Eq.  (22.1.3) 

include  high  back  pressure  and  strong,  curved  shocks 
both  within  and  ahead  of  the  blade  passages,  a  com¬ 

D 

Cascade  parameter,  Eq.  (22.2.98) 

bination  that  is  much  too  formldible  for  the  current 

state  of  the  art. 

22.1*  LIST  OF  SYMBOLS 

F 

F(k) 

Aerodynamic  force  per  unit  span,  Ib/ft, 
Eq.  (22.2.60) 

Real  part  of  Theodorsen  function,  Eq. 
(22.1.8) 

F,G 

Note:  Equation  numbers  refer  to  the  defining 
relationship  or  to  the  first  use  of  the  given  symbol. 

Multiple  definitions  are  given  for  multiple  use  of  f 

symbols . 

G{k) 

A  Disturbance  amplitude  function,  Eqs. 

(22.2.27)  and  (22.2.101)  g 

Ajj,  Influence  coefficients,  aerodynamic 

lift  per  unit  deflection,  Eq.  (22.1.21) 


Compressible  cascade  functionals, 

Eq.  (22.2.102) 

Frequency,  cycles /sec.  Fig.  22.1.11i 

Imaginary  part  of  Theodorsen  function, 
Eq.  (22.1.8) 

Upper  limit  of  Integration,  Eq. 
(22.2.31) 

Hankel  functions,  Eq.  (22.1.9) 


A,B,D,E,  Coefficients  In  the  equation  of  motion, 

Eq.  (22.1.25) 


h  Dimensionless  bending  deflection  of 

elastic  axis  (or  rotation  point)  In 
semichords,  positive  downward,  Eq. 
(22.I.I4) 


A,B 


Matrices  In  Eq.  (22.2.82) 


Mass  moment  of  inertia  about  elastic  q 

axis,  slug  ft‘ ,  Eq.  (22.1.5) 

Influence  functions,  Eq,  (22.2.99) 

Keinel  function,  Eqs.  (22.2.12)  and 
(22.2.77),  or  serai-infinite  series, 

Eq.  (22.2.101) 

r 

Possio  Kernel  function,  Eq.  (22.2.87) 

Kernel  function,  Eq.  (22.2.88) 


Dynamic  pressure,  Ib/ft‘,  Fig.  22.2.2; 
or  blade  vertical  translation,  ft 'sec , 
Eq.  (22.2.70; 

Radius  function,  ft,  Kq.  f22.2.28), 
or  dimensionless  function,  Eq. 
(22.2.91) 

Chorduise  coordinate  relative  to  elas¬ 
tic  axis,  positive  aft,  ft  (used  in 
definition  of  below),  or  radius, 
ft,  Eq.  (22.3.10) 


Average  system  kinetic  energy,  ft-lb, 
Eq.  (22.3.9) 

Bending  spring  stiffness,  Ib/ft,  Eq. 

(22.1.1) 

Torsion  spring  stiffness,  ft^lb,  Eq. 
(22.1.5) 


r,  Tq  Radius  functions,  ft,  Eqs.  (22.2.69), 

(22.2.90) 

Radius  of  gyration  about  elastic  axis, 
ft,  Eq.  (22.1.28) 

S^=  Irdm  Static  moment  about  elastic  axis,  slug 
ft,  Eq.  (22.1.1) 


Reduced  frequency,  Eq.  (22.1.1) 

Compressible  reduced  frequency,  Eq. 
(22.2.93) 

Function  defined  by  Eq.  (22.2.33) 


s 


T 


Cascade  gap,  ft.  Fig.  22.2.2,  or 
Laplace  transform  variable,  Eq. 
(22.2.17) 

Disturbance  period,  sec,  Eq.  (22.1.2), 
or  time,  sec,  Eq.  (22.2.27) 


Lift,  positive  up,  lb,  Eq.  (22,1.6)  t 


Time,  sec,  Eq.  (22.1.10) 


Lift  influence  functions,  Eq.  (22.1.18)  U 

Lift  functions,  Eq.  (22.1.11)  u 

Moment  about  elastic  axis,  positive 
nose  up,  ft-lb,  Eq.  (22.1.7),  or  Mach 
number,  Eq.  (22.2.22)  V 

Moment  Influence  function,  Eq.  (22.1.18) 

Moment  functions,  Eq.  (22.1.30) 

V, 

Wing  mass  per  unit  span,  slug,  Eq. 

(22.1.1),  or  blade  number,  Eq. 

(22.2.62)  V 

Rotor  speed,  rpm.  Fig.  22.1.11,  or 
number  of  nodal  diameters,  Eq.  y 

(22.3.12) 

w 

Blade  number,  Eq.  (22.2.88)  or  number 
of  blades  in  rotor,  Eq.  (22.3.12) 

Modified  relative  pressure,  Eq. 

(22.2.95)  " 


Free  stream  velocity,  ft/sec,  Eq. 
(22.2.1) 

Perturbation  velocity,  ft/sec,  Eq. 
(22.2. 5I),  or  function  defined  by 

Eq.  (22.2.I3) 

Free  stream  velocity,  ft/sec,  Eq. 
(22.2.1),  or  auxiliary  function,  Eq. 
(22.2.67),  or  normal  velocity  distri¬ 
bution,  Eq.  (22.2.101) 

Propagation  velocity,  ft/sec,  Eq. 
(22,2.107) 

Induced  vertical  velocity,  ft''sec, 

Eq.  (22.2.61) 

Work  per  cycle,  ft-lb,  Eq.  (22.2.103) 

Downwash  velocity,  ft.'sec,  Eq.  (22.2.1) 
or  transverse  gust  velocity,  ft/sec, 
Eq.  (22.2.70) 

Function  defined  by  Eq.  (22.2.33) 


Pressure,  Ib/ft".  Eq.  (22.2.3)  X=((Oj/u))‘^  Frequency  ratio  used  in  flutter  solu¬ 

tion,  Fig.  22.1.9 

Generalized  force  in  bending  mode  per 

unit  span,  lb,  Eq.  (22.1.1)  \  Location  of  center  of  gravity  relative 

to  elastic  axis,  positive  aft,  ft. 

Generalized  force  in  torsion  mode  per  (22.1.27) 

unit  span,  ft-lb,  Eq.  (22.1.5) 
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Dimensionless  chordvise  position  in 
semichords,  positive  aft,  Eq.  (22.2.1) 


Dimensionless  aerodynamic  damping,  Eq. 

(22.2.136) 


Cascade  parameters,  Eq.  (22.2.96) 

Distance  from  blade  l.e.  to  pitching 
axis.  Fig.  (22.2.8) 

Vertical  coordinate,  positive  up, 
ft,  Eq.  (22.2.1) 

Angular  deflection  about  elastic  axis 
(or  rotation  point),  positive  nose  up, 
rad  or  deg,  Eq.  (22.1.U) 

Southwell  stiffness  parameter,  Eq. 
(22.1.58)  or  Interblade  phase  angle, 
positive  forward,  deg  or  rad,  Eq. 
(22.2.62).  or  compressible  function 
«  /1-m2’,  Eq.  (22.2.86) 

Cascade  stagger  angle,  deg  or  rad. 

Fig.  22.2.11 

Airfoil  bound  circulation,  ft^/sec, 

Eq.  (22.2.7),  or  circulation  matrix, 
Eq.  (22.2.82) 

Damping  ratio,  Eq.  (22.1.1i5),  or 
vortlclty  distribution,  ft/sec, 

Eq.  (22.2.2) 

Logarithmic  decrement,  Eq.  (22.3.9) 

Free  vorticity,  ft/sec,  Eq.  (22.2.51) 

Vertical  coordinate,  ft,  Eq,  (22.2.27) 

Chordwise  coordinate,  Eq.  (22.2.6U)  or 
dimensionless  spanwise  station,  Eq. 
(22.3.10) 

Phase  eutgle  between  torsion  and  bend¬ 
ing,  rad,  Eq.  (22.1.11),  or  cascade 
stagger  angle,  deg  or  rad,  Eq. 
(22.2.91) 

Auxiliary  function,  Eq.  (22.2.17) 

Dlsturbemce  wavelength,  ft,  Eq. 
(22.1.2),  or  reduced  frequency  based 
on  full  chord,  Eq.  (22.2.72),  or 
function  defined  by  Eq.  (22.2.U3) 

Characteristic  value  of  equation  of 
motion  and  no  flow  value,  sec"^,  Eqs. 

(22.1.39),  (22.I.I1O) 

Mass  parameter,  Eq.  (22.1.26) .  or  com¬ 
pressible  function,  •  Eq. 

(22.2.93) 

Integer,  Eq.  (22.2.112) 


Aerodynamic  damping,  ft  lb,  Eq. 
(22.2.132),  or  cascade  stagger  angle, 
deg  or  rad.  Fig.  22.2.2,  or  dimension¬ 
less  chordwise  coordinate  in  semi- 
chords,  positive  aft,  Eq.  (22.2.2) 

Air  Density,  slug/ft^,  Eq.  (22.1.6) 

Interblade  phase  angle,  positive  for¬ 
ward,  deg  or  rad,  Eq.  (22.2.91) 

Cascade  gap,  ft,  Eq.  (22.2.86) 

p 

Disturbance  potential,  ft  /sec,  Eq. 
(22.2.11),  or  velocity  potential,  Eq. 
(22.2.92) 

Acceleration  potential,  ( ft/sec )2, 

Eq.  (22.2.22),  or  modified  velocity 
potential,  Eq.  (22.2.91) 

Rotor  angular  velocity,  rad/sec,  Eq. 
(22.1.58),  or  interblade  function, 

Eq.  (22.2.97) 

Auxiliary  function,  Eq.  (22.2.12) 

Oscillatory  frequency,  rad/sec,  Eq. 
(22.1.1),  or  reduced  frequency  based 
on  full  chord,  Eq.  (22.2.93) 

Natural  modal  frequencies,  rad/sec, 
Eqs.  (22.1.11),  (22.1.15) 

No  flow  frequency,  rad/sec,  Eq. 

(22.1.10) 

Frequencies  used  in  Southwell  Theorem, 
rad/sec,  Eq.  (22.1.57) 

Compressible  reduced  frequency,  Eq. 

(22. 2. 19) 


Subscripts,  superscripts,  and  operators 


On  airfoil,  Eq.  (22.2.2) 

Doublet,  Eq.  (22.2.31) 

Imaginary  part,  Eq.  (22.2.117) 
Pertaining  to  mth  blade,  Eq.  (22.2.62) 


Referred  to  mean  cambei  line. 
Fig.  22.2.22 
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Root  value,  Eq.  (22.3.10) 

Due  to  blade  vertical  translation, 

Eq.  (22.2.80) 

Real  part,  Eq.  (22.2.115) 

Source,  Eq.  (22.2.30) 

Source  pulse,  Eq.  (22.2.27) 

Tip  Value,  Eq.  (22.3.8) 

In  wake,  Eq.  (22.2.2),  or  due  to 
treins verse  gust,  Eq.  (22.2.80) 

Due  to  pitch,  Eq.  (22.2.80) 

Just  above  plane  of  airfoil',  Eq. 
(22.2.55) 

Just  below  plane  of  airfoil,  Eq. 
(22.2.55) 

Free  stream  value,  Eq.  (22.2.23) 

Transformed  quantity,  Eq.  (22.2.1*7), 
or  dimensionless  coordinate,  Eq. 
(22.2.1*8) 

First  and  second  derivative  with  res¬ 
pect  to  time,  Eq.  (22.1.1*) 

Amplitude,  Eq.  (22.1.10) 

Substantial  derivative,  Eq.  (22.2.21*) 

Difference,  upper  minus  lower,  Eq. 
(22.2.3) 

Laplacian  operator,  Eq.  (22.2.1*5) 

Laplace  transform  operator,  Eq. 
(22.2.1*7) 

Cyclic  Integral,  Eq.  (22.2.115) 
Cauchy  principal  vetlue,  Eq.  (22.2.2) 
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CHAPTER  23 


ENGINE  STABILm*  CONSIDERATIONS 


23.0  INTRODUCTION 

Engine  stability,  for  the  purposes  of  this 
discussion,  is  concerned  with  the  engine  side  of 
inlet/engine  compatibility.  The  inlet  side  of  this 
interface  was  discussed  in  Chapter  13.  The  subject 
of  inlet/engine  compatibility  was  addressed  early 
in  the  development  of  the  jet  engine;  however,  it 
was  not  until  the  mid-sixties  that  the  subject  re¬ 
ceived  extensive  attention.  This  increased  inter¬ 
est  was  due  to  severe  aircraft  restrictions  and 
other  problems  encountered  because  of  engine  surges. 
Engine  surge  is  the  loss  of  engine  control  result¬ 
ing  from  an  engine  compression  flow  instability 
xchich  manifests  itself  as  a  complete  flow  breakdown 
and  possible  turbine  inlet  overtemperature.  This 
chapter  will  concentrate  on  the  primary  facet  of 
engine  stability  -  surge  free  operation.  Engine 
surge  can  result  in  mechanical  damage  to  the  inlet 
and/or  engine  as  well  as  loss  of  engine  thrust.  For 
this  reason,  it  is  a  safety  as  well  as  an  opera¬ 
tional  consideration.  Since  the  mid-sixties,  much 
attention  has  been  paid  to,  and  definite  improve¬ 
ments  achieved  in,  understanding  the  factors 
affecting  engine  stability.  Some  of  the  more  sig¬ 
nificant  publications  which  crack  the  development 
of  this  subject  are  contained  in  the  reference  list 
at  the  end  of  this  chapter. 

The  problem  of  providing  sufficient  surge  mar¬ 
gin  to  ensure  stable  engine  operation  within  the 
flight  envelope  is  difficult  and  imposes  a  signifi¬ 
cant  dilemma  on  the  engine  designer,  i.e.,  how  to 
optimally  satisfy  conflicting  requirements  of  high 
thrust  levels,  low  fuel  consumption,  low  weight, 
long  life,  low  cose,  and  adequate  engine  stability. 
This  ciiapcer  deals  primarily  with  engine  stability; 
however,  some  of  the  design  tradeoffs  are  discussed. 

A  portion  of  the  material  contained  herein  is 
based  on  the  work  being  done  by  the  SAE  Committee 
S-16  relative  to  the  proposed  SAE  Aerospace  Recom¬ 
mended  Practice  1420  -  Gas  Turbine  Engine  Inlet  Flow 
Distortion  Methodolop,. . 

23.1  ENGINE  STABILITY  FACTORS 

The  elements  comprising  the  two  basic  factors 
of  engine  stability  -  external  and  internal  surge 
margin  usage  -  are  combined  in  what  is  called  a 
"Stability  Stackup  or  Audit."  The  "Stability 
Stackup"  is  an  orderly  accounting  or  audit  pro¬ 
cedure  used  to  establislt  required  surge  margins  and 
t(>  monitor  the  engine  development  program.  It  is 
based  on  the  basic  stability  equation  which  in  its 
most  simple  form  is: 

STABILITY  =  AVAILABLE  SURGE  MARGIN  -  (EXTERNAL  + 
INTERNAL)  SURGE  .^tARGIN  USAGE 

_  0  -  STABLE  ENGINE  OPERATION 

■  0  -  PGTFNTIAI.  ENtTNK  SURGE 

where,  the  available  surge  margin  (‘SM)  illustrated 
in  Figure  23.1  is  defined  as: 

PR  -  F’ R 

•CM  «  CLEAN  SURGE  LINE _ 0PER/\T1NG  LINE 

~  PR 

OPERATING  line 


Alternatively,  another  measure  of  stability,  loss 
in  surge  pressure  ratio  (LPRS)  is  defined  as: 


LPRS 


^’’’‘CLEAN  SURGE  LINE  ~  ”^OPERATING  LINE 
PR 

CLEAN  SURGE  LINE 


Figure  23.1  Surge  Margin  Definitions 

EXTERNAL  SURGE  MARGIN  USAGE  is  the  surge  margin 
lost  due  to  distortion  (pressure  and/or  temperature) 
imposed  at  the  engine /aircraf t  interfaces. 

INTERNAL  SURGE  MARGIN  USAGE  is  the  surge  margin 
lost  due  to  engine  and  control  tolerances,  deteriora¬ 
tion,  transient.s,  etc. 

These  two  destabilizing  factors  are  discussed  in 
this  section. 

23.1.1  EXTERNAL  FACTORS 

In  most  applications,  the  external  factor  of 
primary  importance  is  inlet  total-pressure  distor¬ 
tion.  This  type  of  distortion  is  generated  in 
many  ways:  flow  separation  (in  the  inlet  diffuser 
or  at  the  inlet  lip),  shock  wave/boundary  layer 
interaction,  vortex  or  boundary  layer  ingestion,  etc. 
In  some  applications,  total-temperature  or  combined 
total-pressure/temperature  distortion  must  be  con¬ 
sidered.  Total-temperature  distortion  can  be 
generated  by:  missile  or  gun  gas  ingestion,  hot  gas 
reingestion  during  thrust  reverser  operation,  hot 
gas  ingestion  due  to  ground  effects  in  VTOL  or  heli¬ 
copter  applications,  etc.  The  aerodynamic  response 
of  turbomachinery  to  steady  and  time-variant  total- 
pressure  and  total-temperature  distortion  is  covered 
in  some  detail  in  Reference  23.1. 

The  advances  made  in  the  development  of  methods 
or  descriptors  for  defining  the  effects  of  total- 
pressure,  -temperature,  and/or  combined  total- 
pressure  /temperature  distortion  on  engine  stability 
have  been  primarily  empirical  in  nature.  However, 
recent  developments  in  analytical  techniques  or 
models  show  significant  promise.  These  models  are 
discussed  briefly  in  Section  23.1.3. 

23.1.1.1  TOTAL-PRESSURE  DISTORTION 

Inlet  total-pressure  distortion  is  generated  in 
manv  wavs;  It  Is  primarily  the  responsibility  of  the 
inlet  designer  to  minimize  this  distortion.  The 
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engine  designer  must  be  cognizant  of  the  total- 
pressure  distortion  characteristics  to  which  the 
engine  will  be  subjected  and  must  assess  and  develop 
the  compression  components  to  operate  stably  with 
this  distortion.  Total-pressure  distortion  affects 
both  the  engine  surge  and  operating  lines.  The 
former  effect  normally  is  of  predominant  Importance 
and  will  be  discussed  In  some  detail. 

The  problem  of  defining  the  effects  of  pres¬ 
sure  distortion  on  engine  stability  resulted  In  the 
development  of  descriptors  or  Indices.  Each  of 
these  descriptors  had  as  Its  objective  a  procedure 
for  transforming  a  given  Inlet  pattern  Into  a 
numerical  value  which  would  accurately  correlate 
the  loss  In  surge  pressure  ratio  (APRS).  The 
problem  was  compounded  further  by  the  time-variant 
nature  of  the  pressure  distortion.  The  deleterious 
effects  of  pressure  distortion  were  recognized  early 
In  the  development  of  the  jet  engine  (Reference 
23.2).  However,  It  was  not  until  the  mid-sixties 
that  the  time-variant  (unsteady)  nature  of  total- 
pressure  distortion  was  evaluated  qualitatively 
(Reference  23.3).  Since  that  time,  significant 
advances  have  been  made  In  unsteady  total-pressure 
measurements,  data  acquisition,  and  analysis  tech¬ 
niques. 

The  first  quantitative  data,  reported  in  Refer¬ 
ence  23.4,  supported  the  theory  that  the  compression 
component  would  respond  to  total-pressure  distortion 
patterns  which  persist  for  a  period  of  time  on  the 
order  of  one  rotor  revolution.  A  more  recent  In¬ 
vestigation  (Reference  23.3)  provided  a  significant 


step  forward  In  quantifying  the  effects  of  unsteady 
total-pressure  distortion.  The  development  of  high 
response  instrumentation  ;ind  data  acquisition  sys¬ 
tems  had  provided  the  capability  of  defining  "peak" 
inlet  distortion  patterns  at  sufficiently  high 
frequencies  (on  the  order  of  one  to  one-half  rotor 
revolution).  The  accepted  practice  was  to  duplicate 
these  peak  patterns  with  screens  to  evaluate  engine 
stability.  There  was  reason  for  concern  that  the 
difference  In  distortion  character  between  the  inlet 
dynamic  peak  pattern  and  a  screen-generated  simu¬ 
lated  peak  pattern  could  have  an  effect  on  the 
compression  system  response.  Results  of  the  afore¬ 
mentioned  test  program.  Reference  23.5,  led  to  the 
following  conclusion; 

An  "averaging  time"  equivalent  to  the  time 
for  one  revolution  of  the  compression  unit 
provided  the  best  correlation  between 
measured  and  predicted  loss  in  surge  pres¬ 
sure  ratio.  The  high  degree  of  correla¬ 
tion  indicates  that  screen-generated  dis¬ 
tortion  test  results  can  be  used  to  accu¬ 
rately  assess  inlet  distortion  patterns 
provided  the  proper  "averaging  time"  is 
used.  In  this  test,  the  difference  In  re¬ 
sults  obtained  using  times  between  those 
required  for  one-half  and  one-and-one-half 
rotor  revolutions  was  small.  Outside  this 
time  Interval,  the  correlation  decreases 
significantly  for  small  changes  In  aver¬ 
aging  time. 


INLET  DISTORTION  PATTERN 

-  AS  MEASURED  BY  STANDARD 
8,  5-ELEMENT  RAKES  AT 
INLET/ENGINE  INTERFACE 
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(ANALOG  FILTER  OR 
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OPRS  DUE  TO  DISTORTION 


Figure  23.2  Pressure  Distortion  Methodology 
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The  numerical  description  of  turbine  engine 
inlet-flow  pressure  distortion  is  defined  through 
the  use  of  both  inlet-distortion  and  engine- 
stability  descriptors.  Inlet-distortion  descriptors 
are  used  to  quantify  inlet  distortion  data  to  iden¬ 
tify  the  relative  severity  of  the  inlet  flow  dis¬ 
tortion.  Engine-stability  and  -performance  descrip¬ 
tors  are  used  to  quantify  the  effect  of  the  inlet 
distortion  on  engine  stability  and  performance. 

The  descriptors  defined  herein  are  based  on  the  SAE 
S-16  Committee  Aerospace  Recommended  Practice.  The 
pressure  distortion  methodology  is  summarized  sche¬ 
matically  in  Figure  23.2. 

The  purpose  of  the  inlet-distortion  computa¬ 
tion  procedure  is  to  reduce  the  aerodynamlc-lnter- 
face-plane  (AIP)  Individual  pressure  readings  to  a 
standard  set  of  numerical  values  which  describe  the 
inlet-distortion  pattern.  The  inlet-distortion 
descriptors  define  the  complex  (aircraft)  inlet 
pattern  in  terms  of  circumferential  and  radial  pres¬ 
sure  defects.  These  distortion  descriptors  are 
combined  with  engine  sensitivities  to  determine 
surge  pressure  ratio  loss. 

While  it  is  desired  to  use  one  standard  expres¬ 
sion  to  relate  the  distortion  descriptors  to  the 
loss  of  compressor  surge  pressure  ratio,  there  does 
not  appear  to  be  any  formula  that  can  meet  the 
requirements  of  every  compressor;  the  following 
equation,  general  in  nature,  can  be  expanded  to  form 
nearly  any  distortion  descriptor  used  to  date: 

*  \  ^  ^i] 

where: 

APRS  is  the  loss  of  surge  pressure  ratio  due  to 
distortion,  expressed  as  a  fraction  of  the 
undistorted  surge  pressure  ratio. 

N  is  the  number  of  Instrumentation  rings. 

K  is  the  generalized  distortion  sensi¬ 
tivities  (empirically  determined). 

APC 

— ^  Is  the  circumferential  distortion 
intensity. 

APR 

— g—  is  the  radial  distortion  intensity. 

C  is  an  empirically  defined  constant. 

Subscript  c  refers  to  circumferential  distortion. 

Subscript  r  refers  to  radial  distortion. 

Subscript  1  refers  to  a  particular  instrumenta¬ 
tion  ring. 

The  sensitivity  terms  and  constant  C  can  vary  with 
distortion  (extent,  multiple-per-rev,  etc.)  and  with 
compression  system.  They  are  derived  from  test  data 
and  can  be  of  sufficient  accuracy  to  correlate  the 
effect  of  distortion  patterns  to  within  approximately 
±2  percent  surge  pressure  ratio. 

CIRCUMFERENTIAL  DISTORTION  ELEMENTS 

Circumferential  distortion  is  described  on  a 
rlng-by-ring  basis  in  terms  of  intensity,  extent, 
and  multlple-per-revolutlon  elements.  The  intensity 


or  level  of  distortion  is  a  numerical  indication  of 
the  magnitude  of  the  pressure  distortion.  The 
extent  element  is  a  numerical  indication  of  the 
circumferential  size  of  the  low  pressure  region. 

The  multiple-per-rev  element  is  a  numerical  indi¬ 
cation  of  the  effective  number  of  circumferential 
regions  of  low  pressure. 

The  "intensity”  and  "extent"  elements  of  cir¬ 
cumferential  distortion  are  obtained  by  linear 
interpolation  of  the  pressures  in  a  given  ring. 
Figure  23.3  shows  typical  pressures  in  the  iih  ring 


Circumferential  Location,  3,  degrees 


Figure  23.3  Ring  Circumferential  Distortion  for 
a  One-per-Rev  Pattern 


for  a  one-per-revolution  pattern_(one  pressure 
defect  in  360°).  Theta  minus,  6  ,  is  the  circum¬ 
ferential  extent  of  the  low  pressure  region.  It  is 
defined  by  the  intersection  between  the  ring  average 
pressure  and  the  linear  interpolation  which  subtends 
the  low  pressure  region,  as  shown  in  Figure  23.3. 

Extent  =  (6  )^  =  02j  - 


Intensity 


APC\  _  ^'’aV^I  ^’’aV  LOW^i 


(t>  ) 

^  AV'i 


1 

360 


p(9)i  de 


P(0)^  Is  a  function  resulting  from  a  linear  fit 
through  the  data  points*  as  shown  in 
Figure  23,3. 


Multiple-Per-Rev  *  (MPR)j  =  1 
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The  circumferential  distortion  intensity  and 
extent  elements  for  multiple-per-revolution  dis¬ 
tortion  patterns  also  are  determined  by  a  linear 
interpolation  procedure.  Figure  23. A  shows  a  pat¬ 
tern  with  two  low  pressure  regions  separated  by 
two  high  pressure  regions  of  extents  and  ^'’*"2* 

In  the  general  case,  there  can  be  any  number  of 
separated  low  pressure  regions.  If  either  or 
6‘*'2  is  less  than  some  minimum  extent  the 

pattern  is  considered  an  equivalent  one-per-rev 
pattern . 


Circumferential  Location,  '9,  degrees 


Figure  23. -1  Ring  Circumferential  Distortion  for 
a  Mult iple-per-Rev  Pattern 

RADIAL  DISTORTION  ELEMENTS 

The  radial  distortion  intensity  of  a  ring  is 
defined  as  Che  difference  between  the  face-average 
pressure  and  the  ring-average  pressure,  divided  by 
the  face-average  pressure.  Both  positive  and 
negative  values  of  radial  intensity  are  consid¬ 
ered;  however,  since  positive  values  reflect  a 
ring-average  pressure  that  Is  below  the  face 
average,  it  is  the  basic  distortion  indicator.  A 
typical  tip-radial  distortion  pattern  is  shown  in 
Figure  23.5.  The  arrows  indicate  the  difference 
in  radial  pressure  for  ring  5.  For  the  general 
ring,  i,  the  radial  Intensity  is: 

/  APR^  ^  ^^FACE  AV^  ~ 

'  ^  A  ^‘’face  AV^ 

where , 

N 

^^FACE  AV^  "  N 
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ENGINE  PRESSURE  DISTORTION  SENSITIVITIES 

The  definition  of  the  Inlet  dynamic  total- 
pressure  pattern  in  terms  of  a  set  of  distortion 
descriptors  Is  but  the  first  step  in  achieving  the 
primary  objective  of  determining  the  sensitivity 
of  the  engine  to  this  distortion.  The  vast  major¬ 
ity  of  the  component  and  engine  testing  to  deter¬ 
mine  distortion  sensitivity  has  been  done  using 
distortion  screens.  These  screens  are  designed  to 
permit  determination  of  the  basic  circumferential 
and  radial  sensitivities  as  well  as  the  super¬ 
position  factors  required  for  complex  distortion 
patterns.  A  typical  screen  test  setup  (including 
basic  screen  designs)  is  shown  In  Figure  23.6.  To 


provide  a  comprehensive  distortion  descriptor,  a 
rather  large  number  of  screens  is  required  to 
generate  various  pattern  shapes  and  levels. 


lU'O  Til 


RADII  S 


Figure  23.5  Radial  Distortion  Pattern 
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Figure  23.6  Typical  Screen  Test  Configurations 

It  should  be  noted  that  screens  produce  basi¬ 
cally  steady-state  distortion,  whereas  inlet  dis¬ 
tortion  has  a  large  dynamic  content.  However,  as 
mentioned  previously,  the  results  of  the  investiga¬ 
tion  of  Reference  23.5  indicated  that  the  screens 
can  be  used  to  accurately  assess  the  effects  of 
time-variant  distortion  provided  proper  "averaging” 
or  filter  frequency  characteristics  are  considered. 

The  large  number  of  screens  required  to  develop 
a  comprehensive  methodology  results  in  a  consider¬ 
able  amount  of  test  time.  This  is  due,  to  a  large 
extent,  to  the  relatively  limited  useful  flow  range 
of  a  given  screen  (reasonable  distortion  levels  can 
only  be  obtained  over  a  small  airflow  range),  the 
time  required  to  install  a  screen,  and  the  test 
time  lost  in  shutting  down  and  restarting  the  engine 
or  compression  component  for  a  screen  replacement. 

In  order  to  Improve  test  efficiency,  alternate 
distortion-generating  devices  are  being  developed 
(References  23.6  and  23.7). 

A  number  of  other  distortion-generating  devices 
has  been  developed  for  specific  test  purposes.  Vari¬ 
ous  systems  developed  to  produce  dynamic  "inlet-type" 
distortion  are  described  in  References  23.3,  .A,  and 
.5.  Other  devices  developed  for  the  purpose  of 
Investigating  the  dynamic  response  of  the  compression 
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system  are  described  In  References  23.6,  .8,  and 
.9.  The  system  described  In  Reference  23.8  pro¬ 
vided  data  of  significant  value  to  Che  analytical 
studies  described  in  Section  23.1.3. 

23.1.1.2  TOTAL-TEMPERATURE  AND  COMBINED-TOTAL- 
TEMPERATURE/PRESSURE  DISTORTION 

Total-temperature  distortion  into  a  compres¬ 
sion  unit  can  be  due  to  either  external  factors 
(rocket,  missile  or  gun  firing,  catapult  launch, 
thrust  reverser  operation,  hover  in  ground  effects, 
etc.)  or  internal  generation  resulting  from  the 
attenuation  of  pressure  distortion  by  an  upstream 
compression  unit.  Regardless  of  the  source  of  the 
total-temperature  distortion,  it  is  accompanied  by 
some  level  of  total-pressure  distortion.  The 
problem  then  is  to  determine  not  only  the  effect  of 
total-temperature  distortion  but  also  the  combined 
effect  of  total-temperature  and  -pressure  distor¬ 
tion. 

The  subject  of  total-temperature  distortion 
has  not  received  the  attention  afforded  pressure 
distortion.  The  primary  reasons  for  this  are  two¬ 
fold:  first,  the  severity  of  the  problem  is  close¬ 
ly  related  to  the  specific  aircraft  design/require¬ 
ments;  and,  second,  Che  state  of  Che  arc  of  reli¬ 
able  high  response  instrumentation  has  hampered  Che 
experimental  effort. 

The  SAE  S-16  Committee  has  stated  Chat  suffi¬ 
cient  experience  does  not  currently  exist  to  per¬ 
mit  recommending  procedures  for  assessing  total- 
temperature  distortion.  It  does  seem  quite  logi¬ 
cal,  however,  that  the  form  of  the  total-tempera- 
cure-discorclon  descriptor  should  be  quite  similar 
CO  Che  pressure-distortion  descriptor.  A  potential 
approach  for  this  type  of  formulation  is  discussed 
in  Reference  23.10. 


Some  degree  of  success  in  correlating  pure 
total-temperature  as  well  as  pure  total-pressure  and 
combined  cotal-pressure/temperature  distortion  with 
the  loss  in  surge  pressure  ratio  has  been  obtained 
in  using  a  parallel  compressor  model  technique 
(References  23.11,  .12,  and  .13).  The  basic  con¬ 
cept  of  the  parallel  compressor,  illustrated  in 
Figure  23.7,  assumes  that  Che  overall  compressor 
operates  as  Independent  sectors  with  individually 
defined  inlet  conditions  and  a  common  exhaust  pres¬ 
sure. 

23.1.2  INTERNAL  FACTORS 

Internal  engine  destabilizing  factors  comprise 
a  major  part  of  the  stability  sCackup  and  affect 
both  Che  compression  unit  surge  and  operating  lines. 
In  general,  engine  transients  are  the  primary  single 
internal  destabilizing  factor.  However,  the  com¬ 
bined  effects  of  tolerances  and  deterioration  are 
equally  important  and  must  be  assessed  carefully. 
Another  destabilizing  factor  can  be  attributed  to 
Reynolds  number  effects,  which  are  reflected  in  both 
Che  surge  and  operating  lines  and  are  quite  signifi¬ 
cant  at  reduced  Reynolds  number.  Effects  of  Reynolds 
number  on  compressor  airflow,  efficiency,  and  surge 
line  are  included  in  the  engine  cycle  deck  and  are 
reflected  in  the  clean  available  surge  margin.  For 
this  reason,  Reynolds  number  will  not  be  considered 
as  a  specific  internal  destabilizing  item  in  the 
stackup . 

23.1.2.1  ENGINE  TRANSIENTS 

Two  types  of  transients  are  of  primary  impor¬ 
tance:  (1)  dry  engine  power  transients  which  affect 
the  compressor  on  a  turbojet  or  the  high  pressure 
compressor  on  a  turbofan;  and,  (2)  augmentor  tran¬ 
sients  which  primarily  affect  the  low  pressure 
compressor  on  a  turbofan.  There  are  other  tran¬ 
sients  to  be  considered  in  specific  applications; 
however,  they  will  not  be  considered  here. 


COMPRESSOR  MAP  EXAMPLE  CONDITIONS  ONE/HEV  TEMPERATURE 

DISTORtlON 

1.  INITIAL  OPERATING  POINT 

2.  AVERAGE  HEATED  OPERATING  POINT 

3.  HOT-SIDE  OPERATING  POINT 

4.  COLD-SIDE  OPERATING  POINT 


at  N  =  100% 
Tj  Avg  =  85"  F 

N/.,T  --  97.5% 


Figure  23.7  Two  Compressor  Analogy 
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DRY  ENGINE  POWER  TRANSIENTS 

Dry  engine  power  changes  require  an  increase 
(decrease)  in  engine  fuel  flow  producing  an  increase 
(decrease)  in  turbine  torque  above  (below)  the 
steady-state  level  to  accelerate  (decelerate)  engine 
speed  and  increase  (decrease)  thrust.  The  increased 
fuel  flow  required  for  acceleration  produces  a 
higher  compressor  discharge  pressure  than  steady- 
state  and,  therefore,  results  in  a  loss  in  surge 
margin.  From  the  standpoint  of  the  turbojet  com¬ 
pressor  or  high  pressure  turbofan  compressor,  the 
acceleration  is  the  destabilizing  factor  of  con¬ 
cern. 

The  engine  acceleration  path  on  the  compressor 
map  is  illustrated  in  Figure  23.8. 


Figure  23.8  Acceleration  Path  on  Compressor  .Vap 

The  area  between  the  steady-state  operating  and 
acceleration  lines  is  related  to  the  acceleration 
The  faster  the  acceleration  time,  the  more  margin 
(higher  acceleration  line)  that  is  required.  The 
acceleration  schedule  is  designed  Co  apportion  the 
margin  usage  throughout  the  engine  speed  range. 
Typical  margin  versus  corrected  engine  speed  char¬ 
acteristics  for  two  acceleration  time  requirements 
are  shown  in  Figure  23.9. 


low  pressure  compressor.  Bypass  valves  between  the 
spools  now  are  being  used  to  eliminate  this  problem. 

Dry  engine  power  changes  also  result  in  surge 
margin  losses  due  to  control  system  lags  resulting 
in  off-schedule  stator  tracking  and  thermal  effects 
on  compressor  tip  clearances.  In  some  cases,  these 
effects  are  quite  significant  and  must  be  considered 
in  the  overall  stability  assessment. 

AUGMENTOR  TRANSIENTS 

The  effect  of  augmentor  transients  is  a  primary 
engine  destabilizing  item  on  the  fan  of  an  augmented 
turbofan  application.  The  direct  flow  path  between 
the  fan  and  the  augmentor /nozzle  permits  propagation 
of  disturbances  resulting  from  such  transients  as 
lightoffs  and  augmentor  zone  changes.  The  matching 
of  Che  augmentor  fuel  flew  and  nozzle  controls 
during  augmentor  transients  is  an  area  of  signifi¬ 
cant  concern. 

Augmentor  lightoff  results  in  a  very  rapid  rise 
in  augmentor  discharge  temperature.  This  "step” 
rise  in  temperature  is  translated  approximately  into 
a  "step"  increase  in  required  nozzle  total  pressure 
which,  if  unattenuated,  results  in  a  direct  increase 
in  the  fan  operating  line.  If  the  augmentor  fuel 
flow  Is  not  limited  to  and  held  at  the  lightoff 
level,  much  harder  lightoffs  and,  hence,  much  larger 
surge  margin  losses  will  occur. 

During  augmentor  transients,  it  is  quite  impor¬ 
tant  that  augmentor  fuel  flow  and  exhaust  nozzle 
area  rates  be  matched  closely.  H  the  transient 
nozzle  area  position  is  too  far  closed  for  the 
transient  level  of  fuel  flow,  the  fan  operating  line 
will  be  increased.  This  situation  can  occur  during 
either  increases  or  decreases  in  augmentation  level. 

23.1.2.2  ENGINE  AND  CONTROL  TOLERANCES 

Manufacturing  tolerances  have  a  definite  impact 
on  engine  stability.  Surge  margin  checks  on  new 
production  engines  indicate  a  measurable  variation 
about  the  nominal  value.  These  variations  are  due 
to  both  surge-line  variations  arising  from  compres¬ 
sion  unit  blade  quality,  buildup  tolerances,  etc., 
as  well  as  variations  in  the  engine  operating  line 
arising  from  turbine  nozzle  area  variations,  com¬ 
ponent  efficiencies,  etc.  The  problem  is  compli¬ 
cated  further  when  the  effects  of  control  tolerances 
are  added. 

In  general,  the  engine  and  control  tolerances 
are  combined  in  a  statistical  procedure.  However, 
transient  control  tracking  errors,  such  as  variable 
stator  position,  which  are  one-sided  and  measurable, 
must  be  included  as  a  direct  additive  item. 

23.1.2.3  CLEARANCES  AND  BLEEDS 


Figure  23.9  Accel  ration  Surge  Margin 

Engine  decelerations  on  high  bypass  turbofans, 
especially  those  with  "T  compressors,"  have  caused 
stability  problems  because  of  back  pressure  effects 
on  the  booster  stages.  This  results  from  a  speed 
mismatch  between  the  low  and  high  pressure  com¬ 
pressors.  The  lower  inertia  high  pressure  com¬ 
pressor  decelerates  rapidly  resulting  in  a  reduced 
flow  capacity  and  an  Increased  back  pressure  on  the 


Rotor-blade-t Ip  and  cantilevered-stator-root 
clearances  play  an  important  part  in  the  stability 
characteristics  of  the  compression  system.  The  loss 
of  pressure  rise  capability  and,  hence,  the  loss  of 
stability  margin  is  discussed  in  detail  in  Reference 
23.1^.  Modern  engine  designs  contain  extremely 
sophisticated  techniques  to  maintain  tight  tip 
clearances.  Computer  simulations,  material  selec¬ 
tion,  casing  construction,  and  other  studies  are 
conducted  to  arrive  at  a  design  which  permits  run¬ 
ning  with  proper  clearances  during  all  phases  of 
engine  operation  including  transients.  The  effect 
of  transient  operation  on  compression  system  clear¬ 
ances  and  the  resulting  loss  In  surge  margin  must  be 
accounted  for  in  the  stability  assessment. 
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The  importance  of  compressor  clearances  in 
establishing  stability  margin  has  been  recognized 
for  a  long  time;  however,  the  effects  of  turbine 
clearances  are  not  well  recognized.  An  increase  in 
turbine  tip  clearance  results  in  a  decrease  in 
turbine  efficiency.  This  loss  in  efficiency  im¬ 
pacts  the  operating  line  and/or  transient  charac¬ 
teristics  . 

Compressor  bleed  (interstage  or  discharge),  in 
general,  is  a  stabilizing  factor  and  has  been  used 
successfully  to  increase  stability  margin  during 
extreme  external  disturbances  such  as  missile 
firing,  thrust  reverser  operation,  etc.  Interstage 
bleed  also  has  been  used  to  Improve  overall  per¬ 
formance  by  providing  a  means  to  better  match 
stability  requirements  over  the  complete  engine 
speed  range.  The  stability  improvement  is  due  to  a 
reduced  overall  compressor  operating  line  and/or 
reduced  stageCs)  loading  resulting  from  a  properly 
designed  bleed  system.  However,  compressor  bleed 
can  result  in  significant  losses  in  engine  stabil¬ 
ity  if  the  bleed  cavities  are  not  properly  designed. 
Significant  cross-flows  and/or  cavity  resonances 
(resulting  in  stability  margin  losses)  have  been 
experienced  during  distorted  inlet  operation. 
Normally,  compressor  bleed  is  not  a  specific  sta¬ 
bility  stackup  item;  however,  it  is  reflected  in 
the  available  margin  and  other  included  items. 

23.1.3  ANALYTICAL  MODELS 

Prime  cools  in  engine  stability  studies  are 
transient  engine  and  compression  unit  mathematical 
models.  The  former  has  been  in  use  for  many  years. 
The  model  consists  basically  of  the  steady-state 
thermodynamic  cycle  coupled  with  complete  dynamic 
simulation  of  the  engine  controls  and  various 
levels  of  sophistication  in  simulating  Internal 
engine  dynamics.  The  degree  of  sophistication  in 
simulating  Internal  engine  dynamics  determines  the 
valid  frequency  response  limit  of  the  model.  The 
transient  engine  model  is  used  primarily  for  ana¬ 
lyzing  and  defining  transient  control  schedules  and 
provides  information  for  the  stability  stackup 
relative  to  surge  margin  usage  for  transients  and 
tolerances. 

The  development  of  detailed,  validated,  com¬ 
pression-unit  modeling  techniques  has  progressed 
significantly  in  the  last  five  years.  The  tech¬ 
niques  being  developed  Include  both  steady-  and 
unsteady-flow  systems  based  on  stage-by-stage  or 
individual  blade-row  models.  Two  of  the  techniques 
are  discussed  in  detail  in  References  23.12,  23.13, 
23.15,  23.16,  and  23.17.  The  compression  unit 
model  permits  a  detailed  evaluation  of  the  internal 
stage  or  blade  behavior  as  well  as  the  overall 
performance.  Continued  development  of  these  models 
will  provide  additional  benefit  early  in  the  de¬ 
sign,  maximize  test  effectiveness,  and  provide  a 
firm  basis  for  potentially  required  design  modifi¬ 
cations  . 


23.1.4  STABILITY  STACKUPS 

The  external  and  Internal  destabilizing  fac¬ 
tors  discussed  in  the  previous  sections  are  com¬ 
bined  in  the  stability  stackup.  Stackups  are  made 
for  specific  flight  conditions  (Mach  number,  alti¬ 
tude,  distortion  level,  and  inlet  pressure  recov¬ 
ery)  and  engine  operating  conditions  (power  setting, 
transient,  and  bleed  and  power  extraction)  to 
determine  margin  throughout  the  flight  envelope. 


The  upper  left  hand  comer  of  the  flight  enve¬ 
lope,  in  general,  is  the  most  critical  for  fighter 
aircraft.  This  is  due  to  the  combination  of  air¬ 
craft  maneuver  requirements  (high  distortion)  and 
low  Reynolds  number  (reduced  available  clean  surge 
margin).  Subsonic  aircraft  generally  have  minimum 
margin  at  rotation  or  during  reverser  operation. 
Sea- level-static  operation  at  maximum  power  has 
been  a  problem  on  both  types  of  aircraft. 

A  typical  stackup  format  illustrating  the  de¬ 
stabilizing  effects  previously  discussed  and  typi¬ 
cal  allocations  are  shown  in  Figure  23.10. 

•  n.t*  M., 

•  j'»K  ALT  I  TIDE 


Figure  23.10  Typical  Stability  Stackup 

A  number  of  the  destabilizing  effects  is  directly 
added,  while  others  are  statistical  in  nature  and 
are  combined  in  a  "Root  Sum  Squared"  (RSS)  method. 
The  presently  accepted  method  of  Interpreting  the 
stackup  is  to  add  directly  the  totals  of  the  direct 
additive  and  the  RSS  items  and  subtract  this  total 
from  the  available  margin.  This  is  called  a  net 
stability  margin  stackup.  The  stability  stackup  is 
statistical  in  nature  as  mentioned  previously; 
therefore,  it  truly  represents  a  probability  of  the 
occurrence  of  surge  for  a  set  of  specified  condi¬ 
tions.  A  statistical  Interpretation  of  the  stackup 
shown  in  Figure  23.10  is  summarized  in  Figure 
23.11,  where  the  random  destabilizing  effects  are 
assumed  to  follow  a  Gaussian  distribution.  In  the 
example  net  stability  stackup  (Figure  23.11),  the 
result  would  be  a  1.5%  deficit  in  surge  margin. 
Using  the  statistical  method,  the  probability  of 
surge  is  4%  (4  surges  per  100  occurrences  of  the 
conditions  of  the  stackup). 

These  stability  stackups  should  be  an  Integral 
part  of  the  phased  engine  development  program  as 
illustrated  below. 

PRELIMINARY  DESIGN  PHASE 

During  this  phase,  the  stability  stackup  must 
be  based  on  anticipated  requirements  and  previous 
experience  with  related  components.  The  results  of 
the  stackup  are  used  to  define  preliminary  surge 
margin  requirements. 
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techniques,  etc.  Future  developments  will  be  aimed 
at  achieving  adequate  stability  margin  with  reduced 
impact  on  engine  installed  performance. 


£  SM  REQUIREB  “  15.0^3.6". 

3  -  •  J  .  6*1  SU 
•  •  1.2%  SM 

ASSUME:  SU  AVAllABLE  >  17.1% 
17.1-15.0  •  2. 1%  SU 


Figure  23.11  Stackup  Statistical  Interpretation 
DEVELOPMENT  PHASE 

During  this  phase,  Che  sCackups  are  revised  Co 
reflecc  component  and  engine  test  informaclon  on 
distortion  sensitivity,  transient  margins,  etc.  In 
addition,  inlet  data  from  model  testing  are  fac¬ 
tored  into  the  stackups.  As  more  information 
becomes  available,  it  is  factored  into  the  stabil¬ 
ity  stackup  to  define  critical  stability  condi¬ 
tions. 

PRODUCTION  PHASE 

During  this  phase,  attention  is  focused  on 
deterioration  and  quality  items  in  the  stackup.  In 
addition,  any  inlet/engine  modifications  or  control 
changes  must  be  assessed  relative  to  their  Impact 
on  stability. 

23.2  STABILITY  AND  PERFORMANCE  TRADEOFFS 

A  simple  approach  to  achieve  engine  stability 
would  be  to  Increase  available  surge  margin  by 
merely  lowering  the  engine  operating  line.  This, 
however,  would  lead  to  serious  performance  losses 
because  the  resulting  match  point  on  the  compres¬ 
sion  unit  would  be  moved  from  its  peak  efficiency. 

In  the  majority  of  cases,  the  compression  unit  peak 
efficiency  occurs  at  a  point  above  the  operating 
line  dictated  by  minimum  surge  margin  requirements. 
The  engine  design  must  be  such  that  adequate  sta¬ 
bility  margin  is  provided  with  a  minimum  performance 
loss.  The  real  challenge  in  the  future  will  be  to 
reduce  the  required  level  of  adequate  stability 
margin.  Some  approaches  for  achieving  this  goal 
are  outlined  in  Reference  23.18. 

This  chapter  has  dealt  with  current  state-of- 
the-art  engine  stability  requirements,  procedures. 
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Tr.e  advent  ef  tne  Jot  engine  bro',:g’jt  a  new 
r.oiee  r.uiLsanct.-  and  its  iiitroduct ior‘.  ir.to  civil 
airline  use  was  a  mijor  disaster  for  comri’uiiities 
living  nt:,ar  airports,  This  is  indicated  by 
rig.  -w.i,  taken  from  Interavia,  which  shows  how  the 
area  at  a  given  level  of  subjective  noisiness,  the 
ss-called  noise  footprint,  has  changed  over  the 
years,  (iiore  will  be  said  about  the  subjective 
assessment  of  noise  in  section  2^.2), 


Tr.e  direction  cf  scuj.d  radiation  ::.ay  1-.-  as  ^rrertant 
as  tno  irite:.sity  of  radiation;  if  radiation  can 
occur  away  from  the  grou:;d  liO  corjr.unity  ccr.nlaii.ts 
are  likely  to  be  receiv--d. 

As  ar.  aircraft  flies  overhead  th-  sc-ur'.d  changes 
with  time,  of  course.  Tne  levels  ci.ange  both 
because  of  the  variation  in  distance  between  aircraft 
and  observer,  but  also  because  of  the  angle  changes. 
Fig.  2h,3  gives  some  idea  cf  inow  the  various  sources 
contribute  as  the  aircraft  passes  overhead. 


Fig’ure  2h  ,l  Hie  changes  in  90  EFlidB  footprint 
area  over  fifty  years. 

The  Jets  in  the  1960’s  brought  about  a  sixfold 
increase  in  the  footprint  area,  but  the  more  recent 
engines  in  civil  aviation  service  with  high  bypass 
ratios  are  restoring  conditions  back  to  where  they 
were  with  propeller  aircraft.  Wliere  for  particular 
duties  the  propulsive  efficiency  requires  a  low 
bypass  ratio  and  high,  jet  velocity  the  noise  levels 
remain  very  high. 


AIRCRAFT  APPROACHING 


AIRCRAFT  RECEDING 


Figure  2^,3  The  change  in  dominant  noise  source  and 
the  variation  in  noise  level  during 
aircraft  flyover. 

Tile  precise  variation  in  noise  with  time  depends  on 
the  engine,  tr.e  installaticr’. ,  the  aircraft  and  the 
i.TOdi?  cf  operation,  but  nevertheless  the  salient 
features  are  shown  up  by  Fig.  2b, 3.  .Tne  noise  tine 
histories  of  flyovers  of  one  aircraft  with  a  h.igh 
bypass  ratio  engine  at  rappi'oach,  take-off  and  with, 
throttled  take-off  power  are  s:.ow?;  in  Fig,  2b. u. 


At  first  tl'ie  predominant  source  of  noise  was 
produced  by  high  speed  Jet  mixing,  but  with  the 
introduction  of  lew  bypass  engines  the  compressor 
rapidly  became  every  bit  as  irritating  in  some 
circumstances.  In  the  more  recent  high  bypass 
ratio  engines  the  fan  is  usually  the  predominant 
noise  nuisance,  but  this  is  mitigated  to  some 
extent  by  the  incorporation  of  noise  reducing 
features.  The  changes  in  the  sources  with  bypass 
ratio  are  indicated  by  the  sketclies  in  Figure  2b, 2, 
The  size  of  the  lobes  gives  an  indication  cf  th'=» 
strength  of  the  source  and  the  direction  indicates 
the  direction  in  which  radiation  occurs. 
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rigur*;  2u,<r;  TJj--  comparative  noic"  sourrr-c  for 
an:  nigh  Lyp.n.;c  ratio  i-ngii.-  c. 


Fig’ur''  P.it'c--  flycvorr;  "'or  an  aircraft  w:t)i  high 

by  past'  rat  io. 


It  should  be  noted  that  the  throttled  take-off 
extends  the  period  of  high  noise  level  so  that  in 
certain  cases  its  use  may  be  found  to  increase  the 
noise  nuisance. 

The  aircraft  type  influences  the  noise  sensed 
on  the  ground  directly  through  the  time  for  which 
the  noise  persists  and  the  nearness  of  the  aircraft. 
Since  two  engine  aircraft  climb  faster  than  three 
and  three  faster  than  four,  the  take-off  noise 
experienced  tends  to  be  lower  with  fewer  engines. 

Wing  design  affects  drag  and  power  at  approach; 
aircraft  with  low  drag  tend  to  have  lower  noise  at 
approach.  Mounting  engines  on  top  of  the  wings  can 
also  be  highly  beneficial  for  engine  noise  since  the 
the  wing  can  shield  the  ground.  Naturally  there 
are  endless  permutations  for  different  aircraft 
designs  and  engine  installations  and  it  is 
inappropriate  to  consider  this  topic  in  any  detail 
here.  The  over-riding  effect  is,  of  course,  the 
aircraft  duty  and  the  bypass  ratio  and  jet  velocities 
that  this  determines. 

The  experimental  study  of  noise  is  difficult  in 
general,  but  in  the  case  of  the  high  speed  machinery 
normal  for  aircraft  engines  it  is  both  very  difficult 
and  very  expensive.  The  machinery  in  aircraft 
engines  typically  operates  with  velocities  close  to 
sonic  and  it  also  turns  out  that  the  acoustic 
wavelengths  are  normally  of  the  same  order  as  the 
blade  chords.  This  latter  tendency  makes  the 
localisation  of  sound  sources  by  ray  techniques 
inapplicable.  The  high  Mach  number  flows  refract 
the  sound  and  this  further  complicates  the  study. 

The  insertion  of  a  probe  into  the  flow  can  itself 
initiate  the  generation  of  sound  by  adjacent  moving 
blades,  A  picture  for  the  noise  generation  has 
gradually  been  built  up  by  noting  the  changes 
occurring  as  parameters  are  altered,  but  this  remains 
an  erratic  means  of  progress. 

The  theoretical  study  of  noise,  or  acoustics, in 
the  case  of  aircraft  engines  presents  special 
problems  because  of  the  same  two  factors.  First  the 
flow  Mach  numbers  are  generally  not  far  from  unity, 
and  this  complicates  the  analytic  description  of 
acoustic  processes  enormously.  Second,  the  wave¬ 
length  of  the  sound  is  typically  comparable  to  the 
physical  dimensions  of  the  machine,  such  as  blade 
chord,  and  this  also  greatly  complicates  any  analysis. 
For  both  those  reasons  classical  acoustics  found  in 
textbooks  has  not  contributed  very  much  to  the  growth 
of  understanding  of  the  subject, 

A  different  theoretical  approach  to  the  problem 
known  as  the  aero-acoustic  approach  and  described  by 
Goldstein  Bef.  (2U.1),  began  with  the  work  of 
Lighthill  Ref.  (2lt.2)  towards  the  understanding  of 
noise  from  the  turbiJ.ence  of  jets.  Over  the  last 
twenty  years  or  so  this  has  been  extended  eind 
generalised  to  cover  even  the  noise  from  arbitrarily 
moving  surfaces,  Ffowcs  Williams  and  Hawkings 
Ref.  (24.3).  Despite  its  generality  this  approach 
leads  to  what  an  engineer  might  regard  as  a 
mathematical  statement  of  the  problem  rather  than  a 
solution.  To  provide  a  solution  requires  a  range 
of  information  which  is  unfortunately  unavailable 
and  quantitative  results  are  obtainable  only  by 
incorporating  the  most  sweeping  assumptions.  The 
aero-acoustic  approach  therefore  provides  less  help 
than  one  might  expect,  and  the  growth  of 
understanding  is  dependent  on  a  more  ad  hoc  approach. 

Having  drawn  attention  to  the  difficulties  of 
theoretical  studies  of  noise  it  is  proper  to  point 
out  one  ameliorating  factor.  This  is  that  the 
amplitudes  of  the  fluctuations  normally  of  concern  as 
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noise  are  very  small,  arid  that  a  linear  analytic 
treatment  is  almost  always  justified.  It  is 
therefore  a  field  which  attracts  considerable 
interest  from  theoreticians. 

The  development  of  high  bypass  engines  for 
transport  aircraft  in  the  late  1960's  and  the 
international  recognition  of  the  need  to  limit  :ir 
reduce  noise  led  to  a  surge  of  interest  in  noise 
research.  The  literature  grew  accordingly  and  it 
would  be  out  of  place  to  reference  all  of  it  in  this 
Chapter;  instead  some  excellent  review  articles 
will  be  referenced  as  well  as  works  which  are  of 
particular  importance  to  anyone  wishing  to  study  the 
subject  further. 

Before  considering  noise  sources  from  particular 
components  of  engines  in  this  chapter  there  are  two 
more  general  sections  which  bear  on  what  follows. 

In  Sec.  24.2  the  methods  of  rating  noise  are 
described,  the  essential  problem  being  to  find 
objective  measures  of  a  subjective  annoyance. 

In  Sec.  (24.3)  the  elements  of  duct  acoustics  are 
treated,  since  this  bears  on  all  aspects  of  noise 
generation  and  attenuation  due  to  liners. 

The  largest  section  of  the  Chapter,  24,4,  is 
concerned  with  compressor  and  fan  noise.  As  well 
as  being  the  most  studied  aspect  it  is  also  probably 
the  most  serious  noise  nuisance  after  jet  noise. 

The  noise  from  t\irbines  is  in  some  ways  similar  to 
that  of  compressors  and  it  is  convenient  to  examine 
it  next  in  24.5.  Except  for  jet  noise,  considered 
separately  in  Chapter  25,  all  the  other  noise  sources, 
sometimes  lumped  together  as  core-noise,  are 
considered  in  24,6.  The  use  of  acoustic  treatment 
on  the  walls  of  the  ducting  around  the  engines  is 
now  common.  This  is  an  area  where  the  designer  can 
exercise  a  very  large  beneficied  effect  and  where 
design  is  both  relatively  subtle  and  precise.  Some 
aspects  of  this  are  described  in  Sec.  (24.7). 

Prospects  for  the  future  and  an  over-view  of 
achievements  are  briefly  considered  in  Sec.  (24.8). 

24.2  SCALES  AND  RATINGS  FOR  NOISE 

Because  acoustic  signals  vary  by  such  large 
amounts  it  is  the  almost  invariable  practice  to  use 
logarithmic  scales,  expressing  the  level  in  terms  of 
decibels  (dB).  Acoustic  signals  levels  may  either 
refer  to  the  local  level  of  pressure  fluctuation  or 
to  the  acoustic  power  generated.  In  the  former  it 
is  known  as  the  sound  pressure  level  (SPL)  defined  by 

SPL  *  20  logio  —  dB 
^ref 

where  p  is  the  RMS  pressure  fluctuation  and  Pj.gj.is 
the  reference  RMS  pressure  fluctuation  equal  to 
20  pN/m^  or  2.10  ^  dyne/cm^. 

The  acoustic  power, or  power  watt  level  (PWL)  is 
defined  by 

PWL  *  10  logio  dB 

ref 

where  W  is  the  acoustic  power  in  watts  and  W^^j.  is 

the  reference  acoustic  power  equal  to  10  *^W. 

(In  some  work  10  '^W  is  used  as  the  reference). 

The  acoustic  power  carried  by  unit  area  of 
wavefront  is  known  as  the  intensity.  Generally 
this  is  not  a  convenient  quantity  to  use  and  either 
the  pressure  amplitude  (or  SPL)  or  else  the  total 
acoustic  power  (or  PWL)  are  more  common. 


rcr  a  liar.''  wave,  ti;e  intensity,  j.ower  and 

leVtrl  are  con ver.iently  related;  a  plane  wave 
r.-in^:  c:.':'-  in  wiiich  the  wavefront  is  flat  and 
perpei.dic’alar  to  tr.e  directior.  of  travel.  For  ttie 
plane  wave  the  intensity,  or  power  P'--r  luiity  area, 
is  giv-rn  :  ,  w  =  pu  {units  Watt/m^  )  u  being  the  RMS 
velocity  associated  with  the  RMS  pressm'e  p.  For  the 
plar.e  wave  u  =  ^  ,  p  and  c  being  the  detisity  and 

velocity  of  sound  in  the  medium.  For  air  at  STP 
(u'^C  aitd  101  kN/m^)  pc  =  U28  kg  m  Tiie 

acoustic  intensity  corresponding  to  the  reference 
RMS'  pi-essure,  .  =  20  yN/m^  is  therefore  given  by 


1.28  ~ 


10"^2 


W/m^ 


5;  W  _  the  reference  power  per  unit  area, 
ref  r 


In  other  words  for  a  plane  wave  the  level 
expre'svd  In  terms  of  intensity  or  sound  pressure  are 
sufficiently  nearly  equal  to  be  regarded  as 
equivalent.  For  more  complicated  waves,  such  as 
spiraling  waves  in  ducts  or  in  tfie  near-field  close 
to  so'uTCes,  tl;e  cotu.ectioti  between  power,  intensity 
ai.d  soiuivi  pr*^3sure  is  no  longer  simple. 

Tile  sigi.als  of  pressure  or  power  will  have  a 
frequency  spectrum,  and  the  level  referred  to  may 
either  be  the  total  signal  (i.e.  the  spectrum 
integrated  over  frequency)  or  else  components  of  the 
spectrum  at  particular  frequencies.  If  the  overall 
signal  is  used  to  obtain  the  RMS  pressure  or  power 
the  levels  are  generally  known  as  the  overall  sound 
pressure  level  (OASPL)  or  overall  power  watt  level 
(OAPWL)  respectively.  Very  frequently  the  signal 
is  broken  down  into  its  spectral  components  and  in 
this  case  it  is  necessary  to  specify  the  bandwidth 
over  which  the  signal  is  summed.  Mathematically  the 
process  is  a  fourier  transform.  Fourier  transforms 
produce  power-spectral  density,  for  which  the 
bandwidth  is  IH2,  but  electrical  analogue  filters  or 
computer  algorithms  usually  have  a  different  band¬ 
width.  The  bandwidth  may  be  constant  regardless 
of  the  frequency  being  examined  or  it  may  vary  with 
frequency,  usually  so  that  the  bandwidth  is 
proportional  to  frequency.  The  most  common 
bandwidths  of  this  type  are  the  octave  and  third- 
octave  bandwidths.  An  octave  corresponds  to  a 
doubling  of  frequency,  a  third-octave  bandwidth  is 
therefore  one  where  the  upper  frequency  is  equal  to 
times  the  lower  frequency.  Depending  on  the 
choice  of  bandwidth  very  large  differences  in  the 
displayed  spectrum  can  be  obtained.  This  is 
illustrated  by  Fig,  (2U,5)  in  which  the  same  signal 
wa.:  analysed  with  a  constant  bandwidth  and  with  a 
third-octave  filter.  Evidently  quite  different 
information  is  emphasised  in  the  two  traces.  The 
narrow,  constant  bandwidth  filter  is  useful  for 
study  and  diagnosis,  whilst  the  third-octave  filter 
iii  more  similar  in  its  discernment  to  the  human  ear. 


So  far  the  discussion  has  referred  to  objective 
measures,  but  noise  is  inherently  subjective.  To 
assess  noise  one  requires  an  assessment  of  the 
annoyance  produced  on  a  person  or,  to  be  more 
reliable,  a  large  group  of  people,  since  no  two 
people  will  be  affected  in  quite  the  same  way.  The 
different  ratings  used  throughout  the  world  have 
been  collected  and  described  by  Pearsons  and 
Bennett  Ref,  (2U,U),  The  simplest  ratings  weight 
the  overall  sound  pressure  level  in  a  manner  related 
to  the  sensitivity  of  the  human  ear.  The  most 
common  of  these,  the  A-weighted  sound  pressure  level, 
finds  wide  use  in  non-aeronautical  as  well  as 
aeronautical  applications  throughout  the  World  and 


the  levels  are  seen  expressed  as  dBA  or  dB(A), 

■R'.ough  less  common  there  are  also  B,C  and  D  scales 
intended  for  different  levels  and  conditions. 

A  great  advantage  of  the  A,B,  C  and  D  weighted  levels 
is  that  they  can  be  produced  by  an  electrical 
circuit  to  provide  immediate  direct  readings. 
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Figure  21*. 5  A  single  noise  signal  analysed  by  a 

constant  bandwidth  and  a  third-octave 
filter. 


A  more  complicated  noise  rating,  which  is  also 
described  in  detail  by  Pearson  and  Bennett,  is  the 
perceived  noise  level  (PNL)  for  which  the  units  are 
PNdB.  The  numerical  value  of  PNL  was  intended  to 
represent  the  sound  pressure  level  of  the  octave 
band  of  "white  noise"  centred  at  IkHz  which  would 
be  judged  equally  noisy  as  the  sound  to  be  rated. 

A  sound  is  judged  equally  noisy  to  another  when  one 
would  just  as  soon  have  or  not  have  it  in  ones  home 
during  the  night  or  day.  This  definition 
emphasises  the  essentially  subjective  nature  of  the 
scale.  Unfortunately  the  calculation  of  PNL  is 
more  complicated  and  cannot  be  produced  by  an 
electrical  circuit.  The  noise  must  first  be 
analysed  into  third  octaves  sound  pressure  levels 
(SPL)  before  appropriate  corrections  for  amplitude 
and  frequency  are  applied.  To  maXe  the  values 
of  PNL  more  tangible  Fig.  (2lt.6),  taken  from 
Interavia,  compares  levels  of  representative 
situations.  This  figure  also  emphasises  that  with 
modest  reductions  in  aircraft  noise  the  prime 
nuisance  for  most  of  the  population  shifts  to  other 
sources. 


Figure  2l.,6  Perceived  noise  levels  for 
representative  situations. 


The  perceived  noise  level  was  found  to  be  less 
reliable  as  am  indicator  of  annoyance  when  the 
spectrum  was  no  longer  broad-band  but  contained  a 
strong  tone.  A  tone  corrected  perceived  noise  level 
(PNLT)  was  therefore  produced.  The  third  octave 
spectrum  is  first  examined  to  determine  if  tones 
are  present,  evident  by  the  protrusion  of  one  band 


above  its  neighbours  by  a  prescribed  ratio.  If  a 
tone  is  present  a  correction  is  added  to  the  PNL 
calculated  in  the  normal  way,  the  amount  of  the 
correction  depending  on  frequency  and  on  the  extent 
of  the  protrusion. 

The  noise  from  aircraft  is  of  short  duration, 
and  the  annoyance  caused  is  related  to  the  time  over 
which  the  noise  level  is  high.  To  take  this  into 
account  the  Effective  Perceived  Noise  Level  (EPNL) 
was  evolved.  The  tone  corrected  perceived  noise 
level  is  calculated  at  half  second  intervals  and 
these  are  summed  according  to  the  following 
expression  to  yield  EPNL: 

d  PNLT. 

EPNL  =  10  log  I  antilog  ■  -  ■  ^  -  13 
i=0 

where  P!ILT^  is  the  tone  corrected  perceived  noise 

level  after  the  i-th  0.5  s  interval.  The  summation 
is  over  the  time  for  which  the  PNLT  is  within  10  dB 
of  the  peak  level,  levels  outside  this  being  ignored. 


Fig.(2U.7)  shows  the  levels  of  the  regulations 
at  take-off  and  approach.  The  highest  line  on  each 
corresponds  to  the  United  States  FAR  Part  36 
regulations  which  first  put  compelling  pressure  on 
manufacturers  to  reduce  noise  of  civil  aircraft, 
llie  lower  lines  are  the  more  recent  and 
internationally  agreed  ICAO/FAA  rules;  the 
distances  on  the  bottom  of  each  part  of  Fig.  (2lt.7) 
show  the  distances  at  which  the  criteria  are  laid 
down.  To  take  account  of  the  reduced  rate  of 
climb  with  larger  numbers  of  engines  the  rules  edlow 
differing  take-off  levels  depending  on  the  number  of 
engines . 

The  importance  of  aircraft  type  is  borne  out  by 
the  measured  levels  superimposed  on  Fig,  (2h.7). 

The  hatched  regions  contain  a  wide  range  of  results. 
The  older  jets  are  described  as  "narrow  body"  to 
distinguish  them  from  the  more  recent  "wide-body" 
aircraft.  Essentially  it  is  the  engines,  and  not 
the  aircraft,  which  have  brought  about  the  noise 
change . 


The  Effective  Perceived  Noise  Level  provides 
the  basis  for  the  recent  noise  regulations.  The 
regulations  specify  maximum  EPNL  as  a  function  of 
all-up  weight  for  sideline,  take-off  (flyover)  and 
approach.  The  sideline  noise  is  the  maximum 
anywhere  along  a  line  parallel  to  and  at  a  fixed 
distance  from  the  runway.  The  take-off  noise  is 
prescribed  at  a  fixed  distance  from  the  start  of  roll 
and  the  approach  noise  is  at  a  fixed  distance  from 
the  threshhold  along  a  prescribed  glide  path.  It 
turns  out  that  it  is  meeting  the  take-off  and 
approach  noise  limits  which  has  created  the  greatest 
challenge. 


Figure  24.7  Take-off  and  approach  noise  levels  - 
regulations  and  typical  measurements, 
abscissa  shows  all-up-weight. 


The  accurate  measurement  of  noise  from  aircraft 
in  flight  is  difficult  and  costly.  A  practical 
scheme  for  doing  this  is  illustrated  in  Fig.  (24.8), 
In  this  the  second,  third  and  fourth  steps  are  those 
which  evaluate  the  level  of  EPNL,  the  later  steps  are 
corrections  for  atmospheric  absorbtion  and  non¬ 
standard  aircraft  conditions. 
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Figure  24.8  Measurement,  analysis  and  correction 
procedures  for  in-flight  noise 
measurement  leading  to  certification. 


24.3  INTRODUCTION  TO  ACOUSTICS  OF  DUCTS 

To  understand  the  noise  of  turbomachinery  it  is 
first  essential  to  understeind  the  propagation 
processes  of  acoustic  waves  in  the  ducts  upstream 
and  downstream.  The  need  for  this  consideration 
arises  because  the  pressure  waves  are  not  all  uniform 
across  the  annulus  or  duct  and  do  not  propagate  in 
the  purely  axial  direction.  In  fact  the  pressure 
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for  a 


varies  circumferentially  and  radially  in  amplitude 
and  phase,  and  the  wave  fronts  spiral  along  the 
duct.  The  consideration  of  acoustic  linings  also 
requires  an  understanding  of  duct  acoustics,  but  the 
presence  of  acoustically  soft  walls  ^i.e,  walls 
where  the  normal  velocity  pertui'bations  do  not 
vanish)  introduces  great  corriplicatior.s. 


Downstream  of  a  far.  or  coir.]:ressor  the  duct 
is  almost  always  a:u;ular,  tut  upstream  it  is 
generally  a  circular  cylind»^r.  circular  nat 

of  the  problem  determines  tne  equation  describing 
the  propagation  and  the  type  of  f'.u.ctiorjS  obtained. 
When  the  hub-tip  ratio,  c,  becomes  sufficiently  high 
it  is  often  possible  to  unwrap  the  circular  ai'.nulus 
into  an  equivalent  rectai.g'uiar  duct,  thereby 
simplifying  the  problem  somewhat. 


n-.e  first  comprehensive  treatment  of  the 
propertitiS  of  the  pressure  field  in  both  rectangular 
and  circ'.J.ar  ducts  was  given  by  T^'ler  and  Sefrin 
nef.  Not  long  after  another  account  was 

given  by  Mcrfey,  Ref,  (2U.6).  These  are  clear  and 
complete  and  it  would  be  inappropriate  to  consider 
the  details  here.  Because  of  its  importance  it  is 
w  ■  r*  ..wr.ilT.-  t:  s'ummarise  the  most  important  points 
tc  remind  readers  of  the  subject,  but  a  more  serious 
study  sliould  include  reading  mr--e  detailed  accounts. 
For  a  circular  duct  with  no  meu.a  flow  the  homogenecuc 
wave  equation  caii  be  written 


3r 


3p 


the  homogeneous  equation  is  used,i.e.  acoustic  sources 
are  n:t  considered,  Ic-cause  the  propagation  is  so 
important  in  its  owt.  right. 


This  equation  car.  be  solved  by  separating  the 
variables  so  that  the  pressure  fluctuation  p  is 
written 


p  a  0(e) .  R(r) .X(x) .T't) 


where  each  function  is  a  fonction  only  of  the 
variable  shown.  Fc'.ir  separate  equations  are  then 
produced  for  0,  P,  X  and  T,  with  constants  inter¬ 
relating  them.  The  variation  with  respect  to  tim.e, 

'i'(tj,  is  given  by  and  the  requirement  that  0 

repeat  around  the  circumference  determines  that 

0  s  in  which  m  is  any  integer  including  zero. 

The  circumferential  variation  is  therefore  generally 
sinusoidal  in  form.  By  substituting  for  m  in  the 
equation  for  R,  the  familiar  Bessel  ordinary 
differential  equation  is  produced  for  which  the 
solutions  are  of  the  form 


where  J  and  Y  are  Bessel  functions  of  the  first  and 
m  m 

second  kind  of  order  m  respectively.  k  and 
Q  are  eigenvalues  for  the  particular  moS^  and 
Articular  hub-tip  ratio.  The  mode  consists  of 
circumferential  order  m  (i.e.  m  cycles  or  lobes 
euround  the  circumference)  and  radial  order  y(i.e,  m 
nodes  or  zero-crossings  in  the  radial  -ense) .  When  the 
hub-tip  ratio  is  zero,  that  is  to  say  the  duct  is  a 
circular  cylinder,  Q  is  equal  to  zero  and  only 
Bessel  functions  of  tne  first  kind  are  involved.  In 
the  case  of  ducts  with  hard  walls  the  boundary 
condition  that  there  can  be  no  velocity  normal  to 
the  wall  gives 


8p  8R 
3r  *  3r 


*  0 


TVler  and  Sofrin  have  tabulated  k  and  0 

mu  mu 

range  of  cases.  Fig.  (2U.9)  shows  some  of  the 
radial  patterns  presented  by  Tyler  and  Sofrin  for 
a  hub-tip  ratio  of  0,5  D  for  various  values  of 
circumferential  and  radial  orders  n  and  u 
respectively.  In  this  figure  the  amplitude  of 
pressure  is  shown  upwards  with  radial  direction 
outwards  to  the  right. 


Figure  2*.. 9  The  radial  variation  in  pressure 

amplitude  in  a  cylindrical  duct  with 
0,5  hub-tip  ratio.  Circumferential  and 
radial  orders  of  mode  denoted  by  m  and 
u  respectively. 


Negative  pressure  corresponds  to  perturbations  in 
anti-phase  to  that  at  the  outer  wall;  note  that 
the  radial  order  denotes  the  number  of  zero-crossings. 
As  the  circumferential  order  becomes  large  the  region 
of  high  amplitude  tends  to  collect  near  the  outer 
wall . 


The  radial  eigenvalue,  k  ,  appears  in  the 
equation  for  the  axial  variat?Kn  X(x),  Writing 
X(x)  in  the  form  exp(ik^X),  the  axial  wave  number 

is  then  given  by 


w  ...  . 

Thus  when  —  >  k  the  axial  variation  is  harmonic 
c  mu 

with  no  decrease  in  amplitude.  When  —  <  k  , 

c  mu 

however,  the  axial  variation  becomes  one  of 
exponential  axial  decay  and  the  wave  is  said  to  be 

cut-off.  When  —  =  k  ,  however,  the  axial 
c  mu 

wavenumber,  k^,  is  zero  and  this  is  referred  to  the 

cut-off  condition.  A  comparison  of  predicted  and 
measured  decay,  taken  from  Ref.  is  shown 

in  Fig-.  (214.10). 

The  form  of  the  equation  for  k^  can  be  given 

more  physical  significance  for  turbomachinery  by 
realising  that  the  frequency  sensed  by  a  stationary 
observer  will  be  related  to  the  circumferentieil  speed 
with  which  the  pattern  sweeps  the  circumference. 

If  !J  is  the  pattern  speed  in  radian/s,  and  r^is  the 

outer  radius,  then  Wr  is  the  speed  at  the  wall. 

If  m  is  the  circumferential  order  u  -  rSl.  Denoting 


and  this  makes  it  possible  to  calculate  k  and  Q 

mu  mu 


by  M  the  exiiression  for 


nr 

the  wall  Mach  number  - 

c 

axial  wave  number  becomes: 


and  the  condition  fog  unattenuated  propagation  can 

be  expressed  as  M  >  .  Fig.  (2l*.ll),  taken  from 

Ref.  (2h.5)  shows  how  the  decay  rate  varies  with 
the  pattern  wall  Mach  number  for  a  hub-tip  ratio 
of  0.5  and  a  radial  order  of  zero.  For  large 
circvunferential  orders,  i.e.  large  m,  the  decay 
rates  below  cut-off  are  enormous,  so  large  in  fact 
that  for  most  purposes  it  is  possible  to  ignore  such 
modes  altogether.  The  cut-off  Mach  number  is 
slightly  greater  than  one  for  large  values  of  m, 
and  significantly  greater  than  one  for  low  values  of 
m.  When  the  hub-tip  ratio  becomes  very  nearly 
equal  to  one  the  propagation  in  duct  can  be  treated 
as  if  it  were  in  a  rectangular  duct;  the  cut-off 
Mach  number  then  tends  to  unity  for  all  the  zero 
radial-order  modes.  The  corresponding  Mach  numbers 
for  the  cut-off  of  the  higher  radial  orders  are  all 
higher.  Thus  for  the  l6th  circumferential  order  in 
a  duct  of  hub-tip  ratio  0.5,  the  cut-off  Mach  numbers 
are  1.13,  1.1*6,  1.71  and  1.95  for  radial  orders  of 
0,1,2  and  3  respectively.  In  other  words  if  the 
zero  radial-order  mode  is  cut-off  all  the  higher 
radial  order  modes  will  be  as  well;  in  fact  the 
rise  in  cut-off  Mach  ntmber  with  radial  order  is 
even  more  rapid  for  small  values  of  m. 


Figure  21*. lO  A  comparison  of  measured  and 

predicted  (broken  line)  decay  ahead 
of  subsonic  fan. 


Figure  2U.11  Decay  rates  for  modes  of  zero  radial 
order  in  ducts  of  hub-tip  ratio  0.5. 

The  axial  wavelength,  X^,  is  equal  to 
2ii/k^,k^  being  the  axial  wave  number,  and  the 
circumferential  wavelength,  Xg,  is  equal  to  2t/m, 

The  angle  between  the  direction  in  which  a  wave 
front  propagates  along  the  duct  (i.e.  at  constant 
radius)  and  the  axial  direction  is  equal  to 
_  X 

tan  '  or  tan  '  ^  .  Thus  at  the  point  of 

o  X 

cut-off,  when  k^  =  0,  the  wave  fronts,  or  surfaces 

of  constant  phase,  are  axial  and  move  in  a 
circumferential  direction.  With  k  real  and  non¬ 
zero  the  wave  fronts  spiral  along  tne  duct  so  that 
k 

in  the  limit  when  —  ■►  “>  the  wave  fronts  are  normeU. 
in 

to  the  axis  of  the  duct  and  propagation  is  purely 
axial. 

In  the  ducts  of  aircraft  engines  flow  Mach 
numbers  are  generally  not  negligible,  being 
typically  between  0.2  and  0,5.  Sofrin  and  McCann 
Ref.  (2U.8)  extended  the  analysis  to  include  the 
effect  of  uniform  axial  flow,  such  a  flow  being  an 
idealisation  to  that  in  ducts  upstream  and  downstream 
of  compressors,  fans  and  turbines.  The 
circumferential  and  radial  form  of  the  solution  is 
unchanged  by  this  mean  flow  and  it  is  only  the  axial 
variation  which  is  altered.  In  this  case  the  axial 
wavenumber  can  be  written: 

k  »  r-^  r  M  -  ±J  (-)^  -  Id-M^  )k2  1 

M^  is  the  axial  mean  flow  Mach  number  and  x  is  taken 
positive  in  the  direction  of  M^.  The  ±  signs  refer 

to  the  downstream  and  upstream  directions  of 
propagation  respectively.  The  effect  of  the  axial 
flow  is  to  reduce  the  frequency  (or  pattern  wall 
Mach  number)  for  cut-off.  At  the  point  of  cut-off 
the  argument  inside  the  square  root  vanishes  but  in 
the  case  with  a  mean  flow  the  axial  wave  number  is 

M 

not  equal  to  zero,  but  to  .  —  .  The  wave 

1-M^  c 

fronts  (or  constant  phase  surfaces)  are  then 
convected  downstream  and  are  not  aligned  in  the 
axial  direction.  In  fact  with  axial  flow  it  is 
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possible  for  ooth  the  upstream  and  downstream 
propagating  waves  to  be  travelling  upstream  relative 
to  the  flow.  Only  when  the  mean  convection  speed 
is  included  does  one  of  the  waves  move  downstream 
in  a  frame  of  reference  stationary  with  respect 
to  the  duct. 

The  axial  mean  flow  is  a  convenient  idealisation 
for  the  situation  upstream  and  downstream  of 
turbomachines.  Sometimes  the  behaviour  is 
required  between  blade  rows  and  these  may  be  quite 
a  significant  distance  apart.  Between  blade  rows 
the  flow  is  usually  swirling  and  in  general  this 
makes  it  impossible  to  separate  the  variables.  For 
certain  special  distributions  of  swirl,  such  as 
forced  or  free  vortex  distributions,  it  is  possible 
to  handle  pressure  wave  propagation  after  some 
restriction  to  small  swirl,  Kerrebrock,  Ref. (24. 9). 
The  general  distribution  is,  however,  beyond 
present  capabilities.  Indeed  with  swirl  in  the 
flow  inhomogeneities  (like  entropy  or  vorticity) 
also  give  rise  to  pressure  fluctuations  and  the 
problem  becomes  most  complicated. 

The  idealisation  adopted  so  far  has  been  the 
constant  diameter  circular  or  annular  duct.  In 
practically  all  cases  this  is  fulfilled  for  only  a 
short  distance,  and  the  diameter  or  shape  of  the 
duct  is  changed.  Some  methods  have  been  produced 
for  considering  propagation  in  ducts  of  varying 
shape,  this  aspect  is  considered  in  the  review  by 
Nayfeh,  Kaiser  and  Telionis,  Ref.  (24.10).  In  many 
cases  the  principal  effects  can  be  uncovered  without 
considering  the  change  of  shape  because  if  cut-off 
occurs  the  attenuation  is  generally  so  rapid  that 
the  amplitudes  are  very  small  before  the  change 
of  shape  is  significant. 

The  modal  structure  in  a  duct  is  ultimately 
of  less  interest  than  the  radiated  field  outside  it. 
The  most  common  approach  to  this  is  that  adopted 
originally  by  Tyler  and  Sofrin,  Ref.  (24.5).  The 
mean  flow  is  ignored  and  the  duct  exit  is  surrounded 
by  a  large  baffle.  This  baffle  is  merely  a 
mathematical  convenience  but  it  appears  that  it  does 
not  seriously  distort  the  radiation  field  or  total 
acoustic  power.  Lansing,  Ref.  (25.11 )  has 
calculated  the  radiation  field  from  an  intake 
represented  rather  more  realistically  by  an  unflanged 
pipe  and  has  shown  very  close  agreement  with  the 
lyier  and  gofrin  flanged  method.  Fig, (24. 12). 

Towards  90  to  the  intedte  axis  there  is  also  a 
discrepancy  apparent  in  Fig.  (24.12)  because  the 
bounday  conditions  on  the  flange  begin  to  be 
evident.  Lansing,  Drischler  and  Pusey,  Ref. (25.12) 
considered  this  in  greater  detail  and  showed  that 
only  for  modes  in  the  duct  close  to  cut-off  is  the 
calculation  using  flanged  exits  significantly  in 
error  using  the  flanged  model. 

Fig.  (24,12)  is  dominated  by  the  results  of 
the  Lowson,  Ref.  (24,22)  which  treats  components 
such  as  fans  as  if  they  were  unducted,  i.e.  it 
ignores  the  constraint  of  the  duct  on  propagation 
and  radiation.  This  is  discussed  further  in 
Sec.  (24.3),  but  this  Figure  does  show  the 
discrepancy,  compared  with  Lansing's  theory, 
that  it  in^lies. 

The  radiation  method  of  lyier  and  Sofrin  does 
not  include  the  effect  of  mean  flow  and  although  the 
formulation  used  by  Lansing  includes  it,  the 
calculated  results  shown  do  not.  Candel, 

Ref. (24. 13)  considered  a  two  dimensional  (unflanged) 
case  to  examine  specifically  the  effects  of  flow  and 
soft  duct  walls.  The  boundary  condit’on  at  duct 
ends  are  different  for  an  inlet  and  an  exhaust  duct; 


specifically  there  is  a  Kutta  condition  to  be 
satisfied  at  the  nozzle  exit.  The  radiation 
patterns  obtained  are  very  little  affected  at 
frequencies  significantly  above  cut-ofj,  with  just 
a  slight  change  in  the  field  around  90  to  the  axis. 
The  changes  which  occur  close  to  cut-off  are  probably 
related  to  the  change  in  the  duct  cut-off  frequency 
produced  by  the  megn  flow.  The  lobes  in  the 
pattern  towards  90  appear  always  to  be  those  most 
affected,  and  as  Candel  shows  it  is  also  these  lobes 
which  are  significantly  reduced  by  having  soft 
lining  to  the  duct. 
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Figure  24.12.  Radiated  field  shapes  predicted  by 

three  models;  Lowson 's  theory  is  for 
unducted  source. 

The  analyses  of  radiation  referred  to  have 
omitted  at  least  two  importeint  effects.  On  the  inlet 
side  there  are  frequently  strong  refraction  effects ; 
the  use  of  flared  intakes  reduces  the  velocity 
gradients  and  refraction  effects  and,  as  will  be 
seen  in  the  next  section  ,  with  flared  intakes 
the  radiated  field  is  accurately  predicted. 

Flight  type  intEdtes  frequently  produce  very  severe 
velocity  gradients,  including  local  supersonic 
patches,  Euid  any  prediction  of  field  shape  from  this 
is  suspect,  particularly  in  the  forward  arc.  On  the 
exhaust  side  the  radiated  field  shape  is,  in 
practice,  radicEQly  eiltered  by  the  refraction 
produced  by  the  velocity  and  temperature  gradients 
in  the  exhaust.  The  effect  here  is  to  move  the 
field  away  from  the  exhaust  Eucis  and  has  recently 
been  calculated  by  Savkar,  Ref. (24.14).  In  fact 
the  turbulence  in  the  jet  very  frequently  disturbs 
the  field  shape  so  that  the  distinctly  lobed  pattern 
is  lost, 

24.4  COMPRESSOR  AND  FAN  NOISE 

Having  laid  the  basis  of  duct  acoustics  it  is 
possible  to  consider  the  noise  from  compressors 
and  fEuss.  This  in  turn  will  lead  naturally  into 
consideration  of  noise  from  turbines. 

The  earliest  work  was  concerned  with  noise  from 
the  multistage  compressors  used  with  low  (or  zero) 
bypass  ratio  engines.  The  compressors  for  these 
engines  were  designed  with  no  regEurd  for  noise 
whatsoever,  Emd  eamost  invariably  used  inlet  guide 
vanes.  When  it  was  recognised  that  the  compressor 
noise  could  be  as  disturbing  as  the  jet  noise  the 
mechanical  constraints  of  these  existing  engines 
prevented  very  much  being  done  to  ameliorate  matters. 
The  advent  of  the  high  bypasn-ratio  fan  allowed,  for 
the  first  time,  noise  to  be  considered  from  design 
inception,  but  introduced  a  new  type  of  noise 


from  the  supersonic  blade  tips.  The  engine  is 
dominated  by  a  large  fan  on  the  front,  the  inlet 
guide  vanes  (IGV)  have  disappeared,  the  fan  tip 
speeds  are  normally  supersonic  at  high-pouer 
conditions,  and  the  fan  flow  is  split  into  core  and 
bypass  streams  with  very  different  geometries  for 
each.  Very  importantly  fan  noise  from  the  rear  may 
be  as  significant  or  more  significant  than  that  from 
the  front,  often  known  as  inlet  noise.  The  new  fans 
therefore  introduce  a  marked  change  in  emphasis  and 
it  was  upon  these  that  the  largest  amount  of  work 
was  expended.  It  took  some  time  for  it  to  be 
realised  how  important  the  rearwards  radiated  noise 
is,  and  for  it  to  receive  equal  attention. 

The  field  of  axial  turbomachinery  noise  has 
been  thoroughly  reviewed,  with  excellent  and 
readable  accounts  by  ^k3rfey,  Refs. (25. 15)  and(2U.l6) 
and  one  from  a  different  point  of  view  by  Cumpsty, 
Ref.(2U.lY).  Morfey,  Ref.(2U.15)  referenced  no 
fewer  than  l80  papers  in  1973,  since  when  the  niunber 
has  increased,  and  it  is  obviously  impractical  to 
repeat  that  here. 
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Figure  2lt.l3  Typical  forward  arc  spectra  of  noise 
from  a  fan  or  compressor  with 
subsonic  and  supersonic  tip  speeds. 

Fig.  2U.13  shows  typical  spectra  of  the  noise 
radiated  from  the  inlet(i.e.  forward  arc)  of  a  fan. 
The  subsonic  tip  speed  case  shows  tones  at  blade 
passing  frequency  and  its  harmonics  and  broadband 
noise,  of  lower  level,  elsewhere.  The  supersonic 
spectrum  shows  tones  at  multiples  of  shaft  passing 
frequency  with  rather  ill-defined  broadband  noise 
between  them.  These  tones  at  shaft  frequency  are 
known  as  multiple  pure  tones,  combination  tones,  or 
"buzz-saw"  noise  after  the  subjective  impression 
gained  by  listening  to  this  supersonic  phenomenon. 
In  the  rear  arc  the  spectrum  at  both  subsonic  and 
supersonic  tip  speeds  is  generally  like  the  forward 
arc  subsonic  spectrum. 

The  radiated  field  shape  was  discussed  in  the 


section  on  duct  acoustics.  The  spectra  illustrated 
in  Fig.  (2U.13'  correspond  to  a  particular  angle  to 
the  axis  of  th,.  machine  and,  since  the  field  shape 
of  each  element  of  the  spectrum  is  different,  a 
different  spectrum  could  be  found  at  another  angle. 
A"complete"  picture  requires  spectra  at  a  wide  range 
of  angles,  but  very  rapidly  the  amount  of  data  becomes 
too  large  to  assimilate.  The  normal  approach  is  to 
consider  the  spectrum  at  one  angle  and  to  look  at  the 
field  shape  of  particular  spectral  components,  such 
as  the  blade  passing  frequency  tone. 

The  discussion  of  compressor  and  fan  noise  will 
be  under  the  headings:  Interaction  tone  noise 
(producing  the  forward  radiated  tones  from  subsonic 
machines  and  the  rearward  radiated  tones  from  all 
machines).  Multiple  pure  tone  noise  (a  supersonic 
phenomenon)  and  Broad  Band  licise. 

2U.U.1  lUTEPACTION  TONE  NOISE 

Interaction  tone  noise  has  been  the  most  widely 
studied  aspect  of  compressor  noise,  and  relates  to 
the  forward  and  rearward  arc  of  subsonic  machines, 
as  well  as  to  the  rear  arc  of  supersonic  machines. 

The  kinematics  of  the  process  are  first  examined. 

After  this  the  experiments  relating  to  rotor  stator 
interaction  are  consi dered ,and  this  leads  naturally 
into  the  analytic  studies.  The  theory  has  attracted 
many  workers  and  there  is  a  perhaps  disproportionate 
amount  to  describe  here.  Finally,  the  effect  of 
inlet  flow  distortion  is  considered. 

2U.U.1.1  KINEMATICS 

From  the  discussion  of  duct  acoustics  it  will 
be  recalled  that  the  pressure  field  which  is  rotating 
with  a  wall  Mach  number  less  than  unity  decays  rapidly 
in  the  axial  direction,  i  .e .  is  cut-off.  It  is 
therefore  at  first  sight  remarkable  that  tones  are 
produced  by  machines  with  subsonic  tip  speeds . 

The  essential  explanation  was  presented  by  lyier 
and  Sofrin,  Ref.  (2l*.5)  and  is  that  the  rotors 
interact  with  stationary  non-uniformities,  such  as 
the  wedies  or  potential  field  of  stators,  to  set  up  an 
interference  pattern  for  which  the  circumferential 
Mach  number  of  a  point  on  the  wave  is  greater  than 
the  cut-off  value.  They  showed  that  for  B  rotor 
blades  and  V  stator  vanes  an  interaction  pattern  is 
set  up  with  a  circumferential  order  m  given  by 

m  =  nB  ±  KV 

where  n  is  the  harmonic  of  blade  passing  frequency 
and  k  is  the  spatial  harmonic  of  the  distortion 
produced  by  the  stators .  It  follows  that  the 
angular  velocity  of  the  interaction  pattern,  !2  ,  is 
given  by  ^ 

n  nB 

%  °  ^  nBtkV 

where  is  the  rotor  shaft  angular  velocity. 

Although  formulated  in  terms  of  rotors  and  stators 
interacting,  it  is  equally  valid  for  inflow 
distortion  where  V  would  denote  the  circumferential 
order  of  distortion. 

This  expression  is  purely  kinematic,  and  takes 
no  account  of  the  int'^raction  process  involved. 

The  effect  is  illustrated  schematically  in  r  ig .  .li* ) 
where  a  four  bladed  rotor  interacts  with  a  three 
bladed  stator  (B  »  U,  V  =  3).  "The  fundamental 
blade  passing  frequency  interaction,  n  =  1,  would 
therefore  be  expected  to  rotate  at 

U 

times  the  rotor  speed.  The  largest  value 


i. '  'lo:.  ievf'i  taking  k  =  1  and  the  negativ-r-  sigr;  to 

givv.-  a  ratio  of  Fig.  (2U,lU),  taken  from  a 

re.-'cnt  article  on  fan  noise  ’03*  Lovrie,  Ref.(2^.l8), 
showij  that  after  the  rotor  moves  30  from  the  top 

ii. tci’action  the  next  interaction  moves  round  by 

l.'O  or  four  times  as  far.  This  is  continued  so 
t;iat  after  moving  90  the  pattern  has  rotated  a 
fall  30O  .  If  nah  hoen  fiw  :^*-atore,  V  = 

::.olalan  of  tl;c- 

a  ;.'itcr  bo  achieved  again  vhen  k  =  1.  In 

ea:;e  thr-  value  of  m  ir  equal  to  -1  and  the 
lattt-r:.  vo:ul-:  again  rotate  at  four  times  the 
T'-^tor  .q.c-oi  but  ir.  the  opi-Osite  sense  to  the 
rotar.  ion  of  t!.e  rotor. 


Figure  fu.lU,  Schematic  representation  of 

rotor-stator  interaction;  B  =  U, 
V  =  3. 
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A  schematic  representation  of  the  way  in  which 
the  waves  from  interactions  which  are  above  cut-off 
add  to  produce  wave  fronts,  whereas  below  cut-off 
they  overlap  and  cancel,  is  given  in  Fig.  (2U.I5). 

The  analo©r  can  be  drawn  between  supersonic  and 
subsonic  projectiles,  the  former  producing 
disturbances  which  coalesce,  the  latter  waves  which 
interact  and  cancel. 

2li.U.1.2.  ROTOR-STATOR  INTERACTION  EXPERIMENTS 

Some  insight  into  aspects  of  interaction  processes 
can  be  obtained  from  Fig.  (2U.l6)  which  shows  forward 
arc  field  shapes  of  the  second  harmonic  of  blade 
passing  frequency  from  a  high-speed  fan.  These  field 
shapes  were  obtained  by  slowly  traversing  a 
microphone  along  the  arc  of  a  circle  drawn  about  a 
point  in  the  inlet  plane.  The  fan  in  this  case  had 
no  inlet  guide  vanes,  25  rotor  blades  and  39  outlet 
guide  vanes  placed  very  close  behind  the  rotor.  From 
the  blade  numbers  it  will  be  noted  that  at  blade 
passing  frequency  a  mode  of  order  m  =  ll*  will  be  set 
up  rotating  in  the  opposite  sense  to  the  rotor  at 

25  - 

bimes  rotor  speed,  whilst  at  the  second  harmonic 
an  m  =  11  mode  is  produced  rotating  ~  times  faster 

than  the  rotor.  Even  at  the  lower  speed  shown  in 
Fig.  (2li.l6)  the  second-harmonic  will  be  well  above 
cut-off.  The  strong  '.ero-radial  order  (u  =  O)  mode 
is  -hown  at  the  lower  ipeed,  identified  by  overlaying 
the  field  shape  predicted  by  the  flanged  model  (after 
Tyler  and  Sofrin) .  The  good  agreement  is  apparent. 

At  the  lower  speed  the  field  is  dominated  by  the 
w  =  0  mode,  even  though  higher  radial  orders  are 
above  cut-off,  but  at  the  higher  speed  the  higher 
radial  order  .nodes  become  much  more  important .  Further 
increases  in  speed  actually  led  to  a  drop  in  the  level 
and  to  an  increase  in  the  random  fuzziness  visible  in 
the  traces  presented. 
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Figure  Gchematic  representation  of  wave 

fronts  for  rotor-jtator  interaction 
above  and  below  cut-off 


Figure  2h ,l6  Forward  arc  field  shapes  of  tones  at 
second  harmonic  of  blade  passing 
frequency . 

The  second  harmonic  field  shapes  have  been  shown 
here  because  field  shaper  at  the  blade  pas&i'.g 
frequency  fundamental  were  smooth  in  overall  shape , 
with  no  evidence  of  lobes  due  to  rotor-stator 
interaction,  but  a  large  level  of  fuzziness.  This 
fuzziness,  or  unsteadiness  of  the  tone  is 
characteristic  of  the  traces  obtained  when  a  rotor  is 
run  without  stators  and  the  tone  produced  under  these 


circumstances  is  sometimes  misleadingly  called  the 
rotor-alone  tone.  In  fact  it  is  the  result  of 
interaction  of  the  rotor  with  random,  turbulent 
distortions  drawn  into  the  machine  and  will  be 
discussed  below  in  Sec.  2U.1*.1.I|.  The  absence  of 
the  rotor-stator  interaction  at  the  blade  passing 
frequency  fundamental,  even  when  this  is  above 
cut-off  and  the  rotor  and  stator  are  close  together, 
and  reduction  in  level  noted  for  the  second  harmonic 
as  tliP  speed  is  increased  are  a  result  of  the  rotor 
hlockir.p  trie  soiu;d  generatea  on  the  outlet  guide 
van :-s  .  Tiiis,  too,  will  be  discussed  below. 

There  have  been  a  large  number  of  tests  run 
to  determine  the  level  of  the  tones  produced  by  the 
interaction  of  rotors  and  stators.  In  the  early 
tests,  using  multistage  compressors,  the  principal 
interaction  was  produced  between  the  inlet  guide 
vanes  and  the  rotor,  and  correlations  were  obtained 
from  these.  An  example  is  shown  in  Fig.  2h.l7, 
taken  from  the  discussion  of  Ref.  (2U.19). 
Considerable  variation  in  the  details  of  the  trends 
with  axial  gap-chord  ratio  due  to  different 
companies  can  be  seen,  but  each  shows  the  rapid  rise 
in  level  at  small  axial  gaps  between  rows  associated 
with  the  interaction  of  the  potential  fields  around 
the  blades.  At  larger  spacings  it  is  the  wake 
which  interacts  with  the  downstream  row,  and  the 
viscous  decay  is  much  slower.  The  true  complexity 
of  the  situation  was  illustrated  by  the  tests  of 
Kilpatrick  and  Reid,  Ref.  (2h.20),  where  in  some 
cases  the  radiated  tone  level  from  a  two-stage 
transonic  compressor  actually  increased  with  increase 
in  spacing. 


AXIAL  SPACING  [  S/C  o/o  ] 


Figure  2U.17  Correlations  of  the  change  in  tone 
level  with  the  ratio  of  axial  gap 
between  rotor  and  stator  to  the  chord. 

The  generation  ly  high  bypass  ratio  fans  is 
rather  different  from  most  multistage  compressors, 
both  because  of  the  absence  of  inlet  guide  vanes  and 
the  low  hub-tip  ratio,  but  also  because  large 
spacing  is  usually  included  between  rotor  and  bypas ' 
section  outlet  guide  vanes  to  reduce  the  interaction. 
Fig.  (2h.l8)  shows  forward  radiated  power  and 
Fig.  (2U.19)  the  rearward  power  from  tests  of  a 
high  bypass  fan  reported  by  Burdsall  and  Urban, 

Ref.  (21*. 21).  The  reference  case  shown  is  one 
where  sufficient  outlet  guide  vanes  have  been  fitted 
to  ensure  that  the  rotor-stator  infraction  is  cut 
off;  these  results  show  the  blade  passing 
frequency  tone  from  an  aerodynamically  equivalent  fan 
with  the  rotor-stator  interaction  effectively 


eliminated  from  the  acoustic  point  of  view.  Any 
tone  produced  in  this  reference  rase  must  be 
related  to  other  sources  of  distortion,  almost 
certainly  the  atmosphere.  At  U  chords  spacing  the 
tone  can  be  therefore  seen  to  be  due  to  the 
interaction  with  atmospheric  distortion,  with  the 
rotor-stator  interaction  playing  no  part.  At  higher 
speeds  this  is  also  true  for  the  forward  arc  noise 
at  2  chord  spacings,  and  this  reflects  the  tendency 
of  the  rotor  to  block  the  forward  propagation  of 
the  sound  generated  on  the  outlet  guide  vanes .  The 
same  blocking  is  not  evident  in  the  rear  arc  since 
the  sound  is  being  generated  on  the  furthest 
downstream  blade  row.  Although  the  tone  levels  do 
increase  rapidly  with  speed,  particularly  close  to 
cut-off,  it  may  be  seen  from  these  results  that  the 
trend  is  not  so  simple  at  higher  speeds. 
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Figure  2lt  .18  Forward  radiated  tone  level  at  blade 
passing  frequency  fundamental  (Blade 
tip  speed  sonic  at  approx.  5000  RPM) 
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Figure  2U,19  Rearward  radiated  tone  level  at  blade 
passing  frequency  fundamental  (Blade 
tip  r.pred  sonic  at  approx.  5000  RPM). 
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2i*.u,1.3  ABALYSIS  FOR  INTERACTION  TONE  NOISE 


The  rotor-stator  interaction  in  a  high-speed, 
low  hub-tip  ratio  machine  is  highly  complex.  The 
blade  rows  are  normally  highly  loaded,  so  that  as 
well  as  significant  pressure  changes  across  the 
blades,  large  deflections  are  normally  encountered, 
particularly  near  the  root.  The  wakes  from  rotors 
are  distinctly  different  from  those  behind  isolated 
aerofoils,  and  in  addition  the  wakes  in 
turbomachines  twist  because  of  the  radial  variation 
in  the  swirl  velocity.  Thus  the  interaction  will 
not  take  place  simultaneously  along  the  whole  span 
but  the  wake  will  sweep  along  it .  The  wake  also 
tends  to  collect  at  the  hub  or  tip  and  become 
confused  with  the  secondary  flows,  which  will 
themselves  produce  an  interaction  with  the 
downstream  row.  As  already  mentioned  the  blade 
rows  are  able  to  block  the  transmission  of  sound, 
and  this  is  just  one  example  of  the  more  general 
interaction  where  the  two  blade  rows  should  really 
be  seen  as  a  coupled  pair. 

There  have  been  a  large  number  of  analytical 
models  for  the  interaction  between  blade  rows. 
Basically,  they  may  be  divided  into  those  which 
treat  the  problem  as  a  two-dimensional  cascade 
(i.e,  ignoring  radial  effects)  and  those  which 
treat  blade  rows  as  if  they  were  unducted  propellers. 
The  unducted  methods  sure  often  associated  with 
Lowson,  Ref.  (2U.22)  emd  more  recently,  Hanson,  Ref. 
(2U.23).  Kinematically  both  the  cascade  and  the 
unducted  propeller  are  similar,  with  the  interaction 
between  moving  blades  and  stationary  disturbances 
(or  vice  versa)  setting  up  a  pattern  rotating  much 
faster.  In  the  two-dimensional  case  the  criterion 
for  unattenuated  propagation  is  that  the  cut-off 
Mach  number  should  be  exceeded,  whilst  for  the 
unducted  propeller  radiation  becomes  efficient  only 
when  the  disturbance  is  supersonic,  and  the  two 
criteria  are  very  similar.  At  least  two  major 
disadvantages  may  be  associated  with  the  unducted 
models,  one  is  that  the  field  shapes  are  very 
different  from  those  predicted  by  other  methods 
which  have  themselves  been  shown  to  agree  quite  well 
with  measurement.  Figs.  (2U.12)  and  (2U.l6).  A 
second  disadvantage  is  that  the  blockage  of  sound  by 
blade  rows  may  be  as  important  as  the  generation 
itself,  and  the  unducted  models  do  not  lend 
themselves  to  predicting  this. 

Directing  attention  to  two-dimensionad.  cascade 
methods  two  basic  approaches  to  calculating  the 
interaction  of  blade  rows  with  inlet  velocity  or 
sound  waves  can  be  found.  Conveniently  these  can 
be  designated  the  compact  and  distributed  approaches. 

If  the  blade  chords  are  assumed  to  be 
sufficiently  short  in  relation  to  the  wavelength 
they  may  be  regarded  as  acoustically  compact  sources. 
By  treating  the  sources  as  compact  it  is  a  simple 
application  of  classical  acoustics  to  relate  the 
dipole  source  strength  to  the  fluctuation  in  lift 
(or  drag)  of  the  blades.  The  lift  fluctuation 
is  normally  much  larger  than  the  drag  and  is 
generally  obtained  by  one  of  Sears,  Ref.(2l4.2U)  or 
Kemp  and  Sears,  Ref.(2li.25  and  2U.26)  methods  for 
incompressible  flow  about  uncambered  blades. 

Probably  the  first  example  of  this  was  applied  by 
Hetherington,  Ref,  {2k. 27)  who  obtained  quite  good 
estimates  for  the  power  produce  by  IGV-rotor 
interaction.  Another  compact  source  method  is  due 
to  Mani,  Ref.  (2U,28)  and  this  was  used  to  predict 
acoustic  power  produced  by  a  small  rotor  running 
in  the  wake  of  a  number  of  rods  in  a  Freon  tunnel , 
Lipstein  and  Mani,  Ref,  (2lt.29),  The  theory 
predicted  that  when  the  wavefronts  generated  are 


nearly  parallel  to  the  blade  chord  the  power  would  be 
much  higher  than  when  the  wavefronts  are  normal  to 
the  chord.  With  82  rods  the  wave  fronts  were  very 
nearly  normal  to  the  blade  chords  whereas  with  1*1 
the  wave  fronts  were  nearly  parallel.  As  Fig. (21*. 20) 
shows  the  theory  accurately  prediced  the  levels  in 
each  case  and,  in  particular,  the  higher  levels  for 
1*1  rods. 
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Figure  2U.20  Comparison  of  prediction  and 

measurement  of  rearward  acoustic  power 
at  blade  passing  frequency  from  5I* 
bladed  fan  in  closed  cycle  Freon  rig. 

Despite  these  successes  one  is  nevertheless 
concerned  about  many  of  the  steps  in  compact  source 
models  such  as  this;  the  calculation  of  lift 
fluctuation  makes  many  restrictions  which  are  not 
satisfied  but,  perhaps  more  seriously,  the  blade 
chord  and  the  sound  wavelength  turn  out  to  be  very 
nearly  equal.  In  calculating  rotor-stator  wake 
interactions  a  very  simple  model  is  used  for  the 
wake,  and  this  too  is  open  to  the  most  serious 
doubt. 

The  more  interesting  methods  for  two- 
dimensional  cascades  use  the  distributed  source 
approach  and  do  not  make  restrictions  about  chord 
length,  but  match  incident  upwash  with  source 
strength  along  the  chord.  They  are,  nevertheless, 
restricted  to  cascades  of  uncambered  blades  at 
zero  incidence  (flat  plates)  and  become  less 
accurate  at  Mach  numbers  approacning  unity. 

The  method  due  to  Kaji  and  Okazaki,  Ref.(2l*,30)  is 
presented  only  for  the  calculation  of  the  effects  of 
incident  pressure  waves  (although  it  may  be 
generalised)  whilst  methods  by  Whitehead,  Ref.  (2l*.31) 
and  Smith,  Ref.  (2i*,32)  admit  both  this  and  vorticity 
distortion  as  inputs.  Fig.  (sU.Fl)  compares 
measurements  with  predictions  produced  by  Smith  in  a 
special  low  speed  test,  and  the  agreement  is  evidently 
excellent.  The  rapid  rise  in  the  magnitude  of  the 
pressure  fluctuation  rotor  tip  relative  Mach  numbers 
close  to  0.1  occurs  as  cut-off  is  approached.  At 
Mach  numbers  below  cut-off  the  levels  fall 
precipitously. 

Quite  recently,  Kaji,  Ref.  (2U.33)  has  compared 
the  predictions  obtained  using  a  distributed,  i.e. 
non-compact,  source  model  with  that  obtained  for 
a  compact  source.  The  results  for  relative  inlet 
and  rotational  Mach  numbers  of  0.8,  Fig.  (21*. 22) 
indicate  that  large  errors  may  be  produced  by  the 
compact  source  methods,  particularly  for  the 
upstream  going  wave. 
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Figure  2U.21  Comparison  "between  predicted  and 

measured  acoustic  pressure  fluctuation 
at  blade  passing  frequency,  downstream 
of  23  bladed  rotor  with  2h  upstream 
wakes.  (Pressure  non-dinensionalised 
with  relative  dynamic  pressure  into 
rotor) , 
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Figure  2U.22  Comparison  between  compact  and  non- 
compact  representation  of  rotor 
interagting  with  distortion.  (Stagger, 
6=^5,  pitch  chord  ratio  —  =  l). 

The  discrepancy  found  between  the  compact  and 
distributed  source  methods  for  predicting  the 
interaction  of  blade  rows  with  fl^v  distortion  is 
not  found  for  the  : ■  r'l  i  f  ;  .bi-  r  v  vi*.-. 
sound  waves.  Methods  where  the  blade  chords  have 
beer,  vanishingly  she-',  or  very  long  produce  results 


for  the  transmission  and  reflection  agreeing  closely 
with  those  calculated  using  a  distributed  source 
method  for  a  chord  comparable  to  a  wavelength. 

Fig.  (24.23)  shows  results  calculated  by  Kaji  and 
Okazaki,  Ref.  (24.30)  for  the  transmission  and 
reflection  of  a  sound  wave  approaching  a  cascade  of 
uncambered  blades  from  downstream.  The  stagger 
angle  is  60  ,  the  flow  Mach  number  0.5  and  the 
pitch-chord  ratio  is  1.0.  The  angle  (e-a)  is  the 
angle  between  the  incident  wave  propagation  direction 
and  the  chord  of  the  blades;  (6-ci)  =  0  corresponds 
to  the  direction  of  propagation  of  the  waves  being 
parallel  to  the  chordline  of  the  blades.  For 
(e-a)  =  0  propagation  occurs  with  no  reduction  in 
transmitted  level  and  no  reflected  wave.  The 
product  of  wavenumber  and  chord  is  denoted  by  K;  the 
small  effect  of  changes  in  this,  particularly  on  the 
transmitted  wave,  are  apparent.  The  reasons  for 
this  are  not  understood  but  it  appears  that  it  is 
the  inclination  of  the  wave  propagation  direction 
to  the  chord  line  which  is  crucial  (the  'Venetian 
blind  effect”).  This  makes  for  convenient  modeling 
and  using  this  Cumpsty,  Ref.  (24.34)  was  able  to 
explain  some  aspects  of  the  blocking  of  sound  already 
referred  to.  In  general  it  would  appear  that  modes 
generated  on  outlet  guide  vanes  which  are  rotating 
in  the  opposite  sense  to  the  rotor  (i.e. 
m  *  nB  ±  kV  negative)  have  an  orientation  relative 
to  the  rotor  blades  such  that  the  amplitude  of  the 
wave  trar.sn.ittei  thrcu.-'h  rotor  is  low. 
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Figure  24.23  The  level  of  the  transmitted  and 
reflected  pressure  waves  from  a 

cascade  of  uncaraberei  blades 
.  o 

staggered  at  60  .  Inc i lent  press-ire 
wave  from  downstream. 


There  have  only  been  two  attempts  at 
calculating  the  coupled  interaction  between  rotor 
and  ntator  blade  rows.  Kaji  and  Okazahi , 

Kef.  (-'^.35)  used  their  distributed  source  method 
and  Osborne,  Ref.  (■''4.36)  used  a  compact  source 
method.  The  effect  of  spacing  on  sound  generated 
’s  shown  by  these  and  the  rapid  rise  of  the 
potential  interaction  at  email  spacings  is 
emphasised.  In  calculating  the  potential 
interaction  steady  blade  loading  is  an  essential 
factor,  and  for  this  analysis  it  is  assumed  snail. 

In  the  preceding  paragraphs  it  has  been 
assumed  that  the  principal  mechanism  for  the 
generation  of  sound  is  the  pressure  fluctuation  on 
the  blades  when  they  pass  through  a  distorted  flow. 
This  is  frequently  referred  to  as  dipole  noise,  and 
in  suitably  idealised  conditions  gives  acoustic 
power  proportional  to  the  sixti'.  power  of  inlet 
Mach  number.  Quite  a  different  mechaLnism  was 
pointed  out  by  Ffowes  Williams  and  Hawkings, 

Ref-  (24.37),  in  which  the  velocity  perturbation 
interacts  with  the  steady  velocity  field,  V^, 

surrounding  the  blades  to  produce  noise 
proportional  to  (pv^V.).  This  is  generally  known 
as  quadrupole  noise  afid  the  acoustic  power  is 
proportional  to  the  eighth  power  of  incident  Mach 
number.  Quadrupole  noise  may  therefore  be  expected 
to  become  important  at  higher  speeds  than  dipole 
noise,  but  it  is  not  yet  known  where  the  crossover 
will  occur.  Experimentally  the  two  are  virtually 
indistinguisable  because  in  practice  it  is 
impossible  to  obtain  the  idealised  situation  in 
which  the  noise  varies  as  the  sixth  or  eighth 
powers.  Theoretical  investigations  have  been 
tried,  but  these  are  so  limited  by  the  assumptions 
required  that  they  only  really  indicate  that  the 
quadrupole  noise  probably  dominates  at  very  high 
subsonic  speeds. 

24.U.1.U  ROTOR-INrTOW  DISTORTION  INTERACTION 

At  the  beginning  of  this  section  on 
interaction  tone  noise  attention  was  drawn  to  the 
unsteady  tone  levels,  which  were  sometimes  of  higher 
mean  amplitude  than  the  steady  tones  attributable 
to  rc  or-stator  interaction.  It  was  mentioned 
there  that  this  tone  is  due  to  the  interaction  of 
the  rotor  with  unsteady,  turbulent  distortions  in 
the  inlet  flow.  It  may  be  added  that  steady  inlet 
distortions  can  be  present,  particularly  in  bad 
test  rigs,  and  these  can  produce  steady  tones  of 
high  level. 

At  one  time  it  began  to  seem  that  the  noise 
of  high  bypass  engines  on  approach  (when  the  tips 
are  subsonic)  wo’uld  be  dominated  by  the  blade 
passing  frequency  tone  attributable  to  this 
interaction.  It  was  not,  however,  iinderstood 
why  the  turbulence  in  the  calm  conditions  normally 
used  for  noise  testing  could  give  rise  to  the 
high  levels  of  distortion  needed  to  produce  the 
high  tone  levels.  Mani,  Ref.  (24.;^?)  applied 
a  compact  source  method  to  the  interaction  of  a 
rotor  with  homogeneous,  iiv^troyic  turbulenc«^  and 
an  example  of  the  power  spectrum  produc'd  is 
sho-wr.  in  Fig.  (24.24).  Even  with  large  scale 
turbulence  the  spectrum  does  not  contain  peaks 
of  comparable  sharpness  to  the  tones  (or,  more 
correctly,  .narrow  band  noise)  normally  rieasurei. 


Figure  24.24  Predicted  spectra  of  acoustic  power 
produced  by  a  rotor  interacting  with 
isotropic,  turl  ulence. 


The  explanation  appeared  indirectly  by  comparing 
the  tone  levels  in  the  intake  of  an  engine  mounted 
on  ar;  aircraft.  With  the  aircraft  stationary  on  the 
ground  a  high  blade  passing  tone  level  was  produced, 
exhibiting  the  familiar  unsteadiness.  In  flight, 
or  with  appreciable  forward  speed,  the  level  of  the 
tone  dropped  dramatically.  This  is  shown  by 
Fig. (24.25)  presented  by  Oumpsty  and  Lowrie, 

Ref.  (24.39)  where  the  large  reduction  persists  until 
the  tips  are  supersonic.  The  change  with  forward 
speed  demonstrated  the  essential  feature  of  the 
turbulence  drawn  into  a  stationary  intake,  that  it  is 
not  isotropic,  but  is  strongly  elongated  in  the  axial 
direction.  Hanson,  Ref.  (24.40)  has  measured  the 
length  scales  and  finds  that  in  the  axial  direction 
they  are  typically  100  to  200  times  that  in 
transverse  directions.  The  long,  axial  eddies  are 
necessary  for  the  production  of  narrow  band  noise 
which  is  recognisable  as  a  tone.  The  contraction  of 
the  eddies  in  the  lateral  sense  leads  to  an  enormous 
increase  in  the  lateral  velocities  (explaining  why 
turbulent  distortion  remains  important  in  even  very 
calm  conditions)  and  also  allows  the  larger 
atmospheric  eddies  to  be  compressed  into  the  intake. 
When  the  intake  possesses  a  significant  forward 
speed  this  effect  is  decreased,  and  the  two  conditions 
are  illustrated  by  the  sketch  in  Fig. (24. 26).  Tests 
with  large  screens  designed  to  remove  turbulence 
placed  in  front  of  the  contraction  of  the  intake  have 
been  shown  by  Lowrie,  Ref.  (24. 4l)  and  Roundhill  and 
‘^'^hnutRef.  (24.42)  to  reduce  t};e  tone  level  due  to 
interaction  of  the  rotor  with  the  flow  distortion. 
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Figure  .■^4.25  2ompari.^on  of  ir.-duct  to?:*' 
rtatic  and  in-fligut. 


Figure  2k. 26  Schematic  representation  of 

streamline  patterns  into  an  intake, 
static  and  inflight. 

Curapsty  and  Lowrie,  Ref.  (2^.39)  however 
reported  a  strong  correlation  between  the  unsteady 
tone  level  and  the  intake  boundary  layer  momentum 
thickness  at  tip  Mach  numbers  up  to  about  0.85. 

Moore,  Ref.  (2l4.1v3)  has  observed  reductions  in  the 
tone  from  a  low  speed  fan  when  the  annulus  boundary 
layer  was  removed,  and  Lowrie,  Ref.  (2U.4l)  reports 
similar  results  on  a  high  speed  machine .  It  has 
not  yet  been  clearly  demonstrated  how  atmospheric 
distortion  and  the  boundary  layer  both  play  a  part  in 
producing  the  tone  at  lower  tip  Mach  numbers. 

Because  this  particular  noise  nuisance 
disappears  for  propulsion  engines  in  flight, 
at  least  for  good  installations,  the  emphasis  now 
must  be  on  how  to  reproduce  in-flight  conditions  for 
static  testa .  It  is  unfortunate  that 
contamination  by  this  noise  source  has  irrevocably 
compromised  data  obtained  frcai  so  many  costly  tests. 

2h.lt. 2  MULTIPLE  PURE  TONE  NOISE 

When  it  was  first  decided  to  build  engines 
with  tip  Mach  numbers  of  around  l.h  it  was  widely 
expected  that  the  steady  pressure  field  around  the 
rotor  would  propagate  unattenuated  along  the  intake, 
being  above  cut-off,  to  produce  an  unparalleled 
noise  nuiseuice.  In  the  event  the  situation  was 
considerably  less  serious  than  this  primarily 
because  the  steady  pattern  towards  the  tip  consists 
of  shock  waves  and  these  attenuate  non-linearly  as 
they  propagate.  The  essential  processes  are 
demonstrated  schematically  in  Fig.  (2h.27);  the 
upper  sketch  shows  the  situation  for  perfectly 
uniform  shocks  ahead  of  the  rotor  whilst  the  lower 
one  shows  the  more  realistic  case  of  slightly 
differing  shocks. 

The  noise  produced  by  supersonic  rotors  is 
now  perhaps  better  understood  than  that  from  any 
other  source,  probably  because  it  is  inherently 
more  simple,  being  steady  with  respect  to  the 
moving  blades.  Multiple  pure  tone  noise  is  also 
well  understood  because  of  an  unusual  meshing 
of  theory  and  experiment . 
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In  the  development  of  knowledge  about  noise 
from  supersonic  blades  a  crucial  experiment  was 
reported  by  Sofrin  and  Pickett,  Ref.  ir. 

which  a  sleeve  was  inserted  ahead  of  a  supersonic 
rotor  to  produce  a  narrow  outer  annulus.  The  shock 
pattern  and  evolution  were  essentially  unchanged 
by  the  sleeve,  indicating  that  for  most  purposes 
the  process  may  be  adequately  modeled  two- 
dimensionally .  Sofrin  and  Pickett  dramatically 
demonstrated  the  process  of  decay  and  evolution 
ahead  of  several  rotors.  Fig.  (2^.28)  shows 
results  obtained  with  the  narrow  annulus  for  the 
decay  of  the  average  shock  wave  amplitude; 
initially  it  is  proportional  to 

“  and  then  further  from  the  rotor  as 

where  x  is  the  axial  distance. 

These  two  rates  of  decay  are  shown  by  Sofrin  and 
Pickett  to  be  predictable  by  one-diciensional  shock 
theory.  The  prediction  of  the  average  rate  of 
decay  says  nothing,  however,  about  the  spectral 
evolution.  The  changes  in  the  pressure-time  traces 
and  in  the  spectrum  at  small  distances  ahead  of  the 
rotor  are  clearly  demonstrated  in  Fig.  (214.29)  taken 
from  Burdsall  and  Urban,  Ref.  (214.21;.  The 
evolution  is  essentially  non-linear,  and  occurs 
because  the  stronger  shocks  travel  faster  than  the 
weaker,  eventueilly  overtaking  and  absorbing  them. 

As  Fig.  (2U.29)  shows  just  ahead  of  the  rotor  the 
shock  strengths  are  nearly  equal  giving  a  spectrum 
with  a  dominant  tone  at  blade  passing  frequency. 

Only  a  few  pi'ches  upstream  the  number  of  shocks  is 
decreased  and  the  spectrum  altered  to  be  dominated 
by  tones  at  shaft  rotating  frequency. 

The  decay  of  shocks  of  uniform  strength  has  also 
been  analysed  by  Morfey  and  Fisher,  Ref.  (2l4.l45). 
Although  uniform  shock  strength  is  not  the  case  of 
principal  interest  they  have  emphasised  that  there 
is  a  worst  Mach  number  at  which  decay  is  least .  The 
decay  of  a  train  of  shocks  (more  precisely  N  waves) 
with  random  initial  amplitudes  has  been  calculated 
by  Hawkings,  Ref.  (2k, k8),  with  the  interesting 
conclusion  that  the  decay  becomes  slower  as  the 
irregularity  becomes  greater.  The  most  interesting 
theoretical  work  is  due  to  Kurosaka,  Ref.  (2k. k-^)  who 
considered  a  rather  idealised  system  of  shocks  and 
expansions  around  the  leading  edge  of  a  cascade  of 
uncambered  blades.  Fig.  (2I4.30),  restricting 
attention  to  shocks  attached  to  the  leading  edges. 
Random  variations  in  both  blade  spacing  and  stagger 


2U-1U 


co^'.sidered .  With  quite  snail  variations  in 
stagger  the  spectruri  only  a  snort  .iis.ta:;ce  anead 
of  the  rotor  closely  resenVl-.-s  those  nt-asured. 
Fig.  (Ih.oI).  Similar  var  lat  ion/,  in  blade  pitch 
produced  nowhere  near  the  correct  spectmir;. 

Wliiist  this  points  very  clearly  to  variations  in 
the  iiicliiiatior.  of  the  forward  p-art  of  the  blade 
as  being  the  principal  cause  of  the  spectral 
evolution,  it  must  be  eorne  in  mind  that  fans 
usually  operate  with  tne  shocks  somewhat  detached 
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Figur-.'  Idealised  chock  a]-;d  expansion  system 

arc-'ur.d  leading  edge  of  a  two- 
iimei;clcnai  supersonic  cascade. 


Figure  2^,2B  Deca^'  rates  of  the  average  amplitude 

of  shocks  ahead  of  a  supersonic  rotor. 
(Blade  pitch  approx.  2.1  inch). 
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Figure  2U,29  Measured  evolution  of  time  histories 
and  spectra  ahead  of  supersonic  fan. 
(Blade  pitch  approx.  2.7  inch). 
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Figure  2l*.31  Predicted  spectra  ahead  of 

supersonic  cascade  of  uncambered 
blades  for  small  variations  in 
stagger  angle. 

A  large  number  of  tests  have  been  run  to  try  and 
reduce  the  multiple  pure  tone  noise  by  altering 
blade  profile.  It  will  be  appreciated  that 
subjectively  a  change  in  spectrum  may  be  as  important 
as  a  change  in  level.  One  school  of  thought  favours 
camber  over  the  forward  part  to  reduce  the  influence 
of  the  turning  around  the  leading  edge  which  is 
believed  to  produce  the  shock  strength  variations. 
Another  school  favours  a  flat  forward  part  to 
minimise  the  shock  strength,  and  hence  the 
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cropper. sity  for  the  nor.-Iinear  ♦•■volut  io:; .  Sinc''- 
or.ly  small  variations  are  needed  to  prn'duce  the 
evolution  it  is  now  hi.ovn  whether  the  special 
hlades  will  survive  the  rigours  of  operation. 

In  any  case  the  success  of  acous‘‘.ic  treatment  in 
intakes  at  attenuating  multiple  i  uro  tone  noinc 
nas  reduced  tne  impact  in  this  nclse  and  with  it 
the  :r;tere.~t  in  eliminating  it  at  source. 

■-'.’.•••r'-'-as  tne  m.ultipie  pure  tone  noin*^  Is 
fairly  w-rll  u:.  n-rstood ,  the  situation  for  hr  . ad 
uani  noise  is  mtst  unsatisfactory'’.  One  of  the 
rrc'r,l,;~.-  i:;  tr.'='  of  pir-poining  this 

SC  urce  --xper  im.er. tally  ,  Unlike  the  Made  passing 
ton-.-s,  wr.ich  nrv  easily  ii-.ntifi^-u  in  the  spectr-um, 
and  from,  w.uihn  scm.^^'thing  can  c:  -  i‘'arnt  of  the 
=c  .src-.-  hy  t.ne  tim.-  nistory  a:.d  fi-.ld  sha,  e,  almost 
nrthir.g  "'e-.  re  said  unequivocal ly  about  tne  broad 

rig,  (i.i'.i:);  fr-cjuently  what  was  believed 
to  ht'  broal  :  a:.d  noi.se  in  the  past  has  foui.d  to 
cor.tain  a  large  nur.ber  of  tones  when  analys*^! 
with  a  narrower  band- width  filter.  T'nere  is  in 
general  no  way  of  knowing  whether  the  noise 
originates  in  the  r-^tors  or  stators,  whether  it  is 
produced  by  incident  t’urbulence  interacting  with 
the  blade  rows,  or  whether  it  is  random 
'unsteadiness  produced  in  the  blade  rows  themselves. 
It  is  tne  ranaom  character  of  broad  band  noise 
which  makes  this  so  difficult  to  unravel.  What 
understanding  there  is  comes  from  observation  of 
changes  in  the  noise  with  changes  such  as 
removing  a  stator  row  or  altering  the  pressure 
ratio  by  throttli.ng.  Unfortunately  removing 
a  dOATiStream  stator  row  has  aerodynamic  effects 
on  th.e  rotor  which  are  frequently  overlooked,  but 
which  are  quite  likely  to  alter  the  noise  from  it. 
Moreover,  changing  the  press'ure  ratio  by 
throttling  also  affects  transmission  of  sound 
through  blade  rows. 

Separated  flow  is  well-known  for  the  high 
level  of  broad  band  noise  generated,  and  Sharland, 
ref.  (!'*•. ‘•c),  for  example,  compared  noise  from  a 
stalled  rotor  with  the  rotor  unstalled.  Gordon, 
?ef.  (^b.49)  has  looked  in  detail  at  the  noise 
from,  fully  stalled  bluff  bodies  in  pipes.  The 
broad  band  noise  power  appears  to  be  approximately 
proportional  to  the  cube  of  the  steady  pressure  drop 
across  the  obstruction.  One  of  the  difficulties 
in  t’urbom.achines  is  that  only  one  part  of  the 
.machine  needs  to  be  stalled  for  it  to  dominate 
the  bread  band  noise.  A  partially  stalled  set 
of  .stators  or  a  bad  rotor  huh  cc’Md  give  results 
whicn  vo’uld  be  quite  misleading  if  treated  as 
general . 


uu'-d  in  me.r-r  ^'oph  1  ot Icated  form  by  Morf‘='y,  H»^f. 

(•  *’•‘•0),  whe  ui-u-.i  r^sultr  from  a  n’umb^r  of  different 
f'c.r  and  compressors  to  infer  magnitude-  of 
}  aran*'*tcrs  implicit  in  his  form’ulation .  One  of  the 
tr-chr.ioues  by  Mn.rf'-y,  ’wVjich  is  extremely 

'^ommor.  in  acro-acoust ico  is  to  plot  acoustic  power 
against  Mach  nur.ber,  in  this  case  inlet  relative 
Mach  r.’imber.  Oingle  stage  com.pressors  charige  their 
incirb-nce  and  loading  relatively  little  an  the 
rotational  speed  is  changed,  providing  the  throttle 
is  constant.  Tliis  is  certainly  net  the  case  for 
multistage  miuo:-.i:w'r  (some  of  those  used  by  Morfey 
had  7  and  ^  stages)  and  as  the  compressor  speed  is 
reduced  th.e  front  stages  move  rapidly  towards  stall. 

It  has  frequently  teen  observed  that  on 
throttling  a  fan  or  compressor  at  constant  speed 
ther**  is  an  increase  in  the  broad  band  noise  level. 
This  is  illustrated  for  a  fan  by  Fig.  (?U.32)  from 
i-.urdsall  and  Urban,  Ref.(2U.?l).  Tne  changes 
with  throttling  normally  correspond  to  moving  away 
from  the  condition  for  which  the  blades  were 
designed,  but  Burdsall  and  Urban  also  present  tests 
when  the  design  tip  speed  has  b^en  alt^r-^-d  but  the 
design  pressure  ratio  kept  constant.  The  bread 
band  noise  is  markedly  higher  at  a  given  tip  speed 
for  the  more  highly  loaded  fan,  but  for  a  given 
pressure  rise  the  lowest  speed  machine  seems  to  be 
the  quietest  in  terms  of  broad  band  noise. 
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Figure  2^.32  Spectra  of  forward  ar-^  broad  band 

noise  from  a  far.  at  two  operational 
speeds , 


rh''-  two  mai:.  hyT.cthe.s^-n  for  rroad  band  noise 
generation  are  the  interacti-r.  of  the  blade.s  with 
t'urbulence  and  the  s^-lf-gencrated  unrt*"adi r.'^'ss  of 
th'''  flo’-r  in  the  bladeu  the.m.oelv'-s .  To  tnls  must 
...  add-M  the  model  proposed  originally  by  Umith 
and  Houoe,  ?ef.  wher*;  tr.-  t  urnui'-nce  in 

tne  wakes  of  nr.«  tiad'"'  row  i nt''’-ra?t::  with  t.he  next 
row  dO’.%Ti.str'='a.r. ,  An  ord*- r  of  rr.a*-T.  i  *de  argument 
enow.,  t.oat  tne  length  :;cal''  of  turbul-'O'-e  in  th*® 
Made  wake;-  is  too  .uhort  t-"  '’'crr'”  npor.d  ’A-ith  .noi.-:e 
generation  at  the  fr equ‘='nc  1  ^o-  oh.o'-rved.  It  is 
possicTe,  .oov<-'ver,  that  tn^  wri/r-o  from  h^‘av:ly 
iT-aded  blades  are  rat.n'’“r  'iiffer'’'r.t  tr  thoo»' 
normally  ''•nvisaged  anu  in  tn-''Or‘’'t  m.'-d^-'.- 

ar.d  tnat  t.n‘--y  io  cor.ta’n  i  gn  i  f  i  ■'ant  ■'  mp.- r  •■■r.t.‘  in 
tn^'r  apy.ropria*:-'  rang*-.  Tn  i  ■.  nyp -.tr. r  war  a^.-o 


The  blades  of  compressors  and  fan  are  diffusers 
optimised  to  produce  the  largest  pressure  rise  with 
least  loss  and  it  ’will  be  recalled  that  the  studies 
of  convent icnal  diffusers  reveal  that  peak 
performance  occurs  in  the  transitory  stall  region. 

It  is  not  therefore  surprising  if  the  blade  rows  also 
exhibit  unsteady.*  behaviour  leading  to  radiation, with 
increased  noise  as  the  pressure  rise  is  rai.S'"’i,  and 
■•■nat  noavily  lcavd«d  rcw.s  t  nd  to  produce  generally 
i.igh'-r  I'-o-e'in  of  unsteadiness  . 

.-•ird.-aii  and  U’rban  cor:"}  ud^-'d  from  th-ir  t‘-sts 
tr.at  r'tcr  diffn^ior.  factor,  api  rox  im.a  tv'iy  *:.'■■  ratio 
.•■f  t.'.«-  maxim  ur.  ^:.ar.g«  of  velocity  or.  th'-  su'^tion 


wa;: 


behind  this  approach  it  has  not  been  widely 
adopted . 

A  recent  correlation  by  Cinder  and  :»ewby, 
Bef.  (2U.51),  is  based  on  a  total  of  nine  single 
stage  fans  i^ith  design  tip  speeds  ranging  from 
900  to  ib50  ft/s.  The  correlation  uses  rotor 
incidence  and  tip  relative  Mach  number  as  the 
primary  correlating  parameters.  In  fact  Cinder 
and  'iewby  fo’und  rotor  loading  at  design  to  be  a 
poor  indicator  of  broad  band  noise  and  one  of  the 
quieter  fans  for  a  given  tip  speed  was  also  the 
cost  heavily  loaded.  The  broad  band*  noise  was 
fo'oiid  to  vary  by  up  to  20  dB  at  a  given  tip  speed 
for  the  whole  range  of  machines  considered.  If 
the  forward  arc  at  transonic  and  supersonic  tip 
speeds  is  ignored  (and  at  this  condition  multiple 
pure  tone  noise  is  dominant)  the  standard 
deviation  of  m.easured  levels  from  the  correlation 
c-urve  is  reduced  to  within  ±  2  dB.  Fig.  (2b. 3?) 
gives  the  m.easured  spectra  together  with  the 
correlation  curve  inferred,  Fig.(2b.3b}  shows 
the  variation  with  incidence  deduced  by  Cinder 
and  h'evby,  approximately  1.7  dB  per  degree. 

To  arrive  at  this  data  the  effect  of  tip  Mach 
n’jrxer  has  been  rem^oved  by  assum.ing  that  the  sum 
of  the  forward  and  rearward  radiated  acoustic 
power  will  be  proportional  to  the  sixth  power 
of  relative  Mach  number,  which  is  equivalent  to 
assuming  a  simple  dipole  source  for  the  broad 
band  noise,  Tl'.e  collapse  of  the  data  around 
the  correlation  is  encouraging. 


Fig.  24.33  The  broad  band  noise  spectrum  of 
high  speed  fans. 


rigu.  .-'^.3*  Variation  of  bread  band  noise  level 
with  ircidence  (effect  of  Mach 
number  remev'^-d'’. 


The  correlation  d*="scriced  above  does  not  postulate 
a  mechanism  although  it  implies  that  incidence  onto 
the  tip  is  a  special  concern.  The  tip  regior:  of  the 
rotor  can  be  identified  as  a  likely  troubl-'-  spot,  and 
the  annulus  bo’uniary  layer  interacting  with  the  tip 
is  knovm  to  be  very  singificant  to  the  tone 
generation.  IJevertheless  generalizing  results  ca:. 
clearly  be  misleading  when  ti.e  basic  noise  producing 
mechanism  is  net  understood.  Lowson  et  al, 

Ref.  (2U.52)  identified  the  tips  of  ’  h  -r  >'V  st'-i'd 
ducted  fan  as  being  importaiit  and  were  able  to 
modify  the  noise  by  clipping  the  trailing  edge  near 
the  tip.  The  explanation  for  the  reduction  with, 
tip  change  given  by  Lowson  et  al  for  th'^  uniuctei 
rotor  is  that  there  is  less  blade  area  for  the  tip 
vortex  to  act  on.  The  presence  of  the  vertex 
unsteadiness  is  seen  as  the  source  of  noise,  worsened 
by  the  proximity  of  the  blade  surfaces.  For  the 
ducted  rotor  (arid  possibly  the  unducted  rotor  toe)  an 
equally  plausible  expla.nation  i.o  that  the  loading 
near  the  blade  tip  'will  be  reduced  by  clipping  tne 
tips.  Changes  in  the  tip  loading  also  izply  chariges 
elsewhere  on  the  blade  to  satisfy  rniiul  equilibri^im.. 
‘•h-igridge  and  Mcrfey,  Ref.  <'2^.53)  have  also  looked  at 
the  effects  of  the  tips  on  ducted  rotors,  considering 
the  vertex  strengths  due  to  secondary  flew  and  tip 
clearance  flow.  The  vorticity  in  these  is  of 
opposite  sign,  and  Mugridge  and  Mcrf'^y  hypothesise 
that  the  noise  'will  be  least  when  these  cancel, 
leading  to  an  oftucc*.  tip  clearance.  Flow 
visualisation  studies  and  measurements  rather  belie 
this  tidy  division  into  discrete  vortices. 

For  some  time  there  has  been  an  interest  in  the 
noise  generated  cy  ’unsteadiness  in  the  flow  on  each 
blade,  rnther  than  in  the  diffusing  combination  of  a 
cascade  or  the  interaction  with  the  wall  at  the  tip. 
Shariand,  Ref.  (2^.48)  was  probably  the  first  to 
investigate  this.  He  considerod  noise  due  to  the 
interaction  with  incident  turbulence  carried  by  the 
flow  (jiscussed  below)  and  what  he  called  "vortex 
noise"  which  is  the  noise  produced  by  the  aerofoil 
iu  lamitiar  flow.  This  is  believed  to  be  due  to  the 
random  shedding  of  vortices,  analogous  to  the  non- 
random  Karman  vortex  street,  produced  by  imbalance  of 
boundary  layer  thickness  towards  the  aerofoil 
trailing  edge.  Using  plausible  assumptions  Sharland 
estimated  the  fluctuating  lift  and  thence  the  compact 
dipole  strength;  the  prediction  agreed  quite  well 
with  measurements  made  with  an  isolated  aerofoil  held 
in  the  potential  region  of  a  jet,  see  Fig.  2^1.35. 
Inherent  in  such  a  prediction  are  estimates  for  the 
pressures  associated  with  the  vortex  shedding  and 
the  correlation  area  over  which  it  extends.  This 
led  to  the  pressure  amplitude  and  correlation 
measurements  by  Mugridge,  Ref.  (2i*.5^)  on  an  isolated 
aerfoil  of  unfortunately  rather  untypical  design, 
having  a  fairly  blunt  trailing  edge.  The  surface 
pressure  fluctuations  were  quite  different  to  those 
measured  on  wind  tunnel  walls,  with  much  larger 
amplitudes  at  low  frequencies,  just  as  one  wo'uld 
expect  if  vortex  shedding  were  important.  The 
boundary  layer  pressure  fluctuations  on  the  single 
aerofoil  were  found  to  give  sig.nificant  cross¬ 
correlation  with  a  microphone  signal  well  upstream. 
Moreover,  the  predicted  spectral  shape  for  the  broad 
band  noise  agreed  well  with  the  meap\irements  from  two 
low  speed  fans. 

More  extensive  tests  have  also  been  carried  out 
more  recently  or.  an  isolated  aerofoil  in  a  jet,  a.nd 
several  results  are  shown  by  Burdsall  and  Urban, 

Hef.  (pU.21) .  In  the  non-turbulent  region  of  the 
jet  there  is  a  significant  influence  of  incidence; 
for  a  symmetric  aerofoil  the  overgll  noise  rises  by 

about  3  dB  to  peak  at  around  t  20  incidence,  but 
•  •  o  *  ’ 

within  *  10  the  effect  is  small.  spectra  at 


10°  show  that  the  frequency  scales  with  reduced 
fc 

frequency  —  ,  c  being  the  chord  length,  and  the 
^  '>.6 

amplitude  as  U'^  ,  a  lower  index  than  expected. 

The  amplitude  was  also  found  to  be  approximately 
proportional  to  drag  coefficient.  A  comparison 
between  the  spectrum  of  broad  band  noise  from  the 
isolated  aerofoil  and  from  a  few  fans  given  by 
Burdsall  and  Urban  using  reduced  frequency  as 
abscissa  is  fairly  good,  particularly  at  low 
frequencies.  Cinder  and  Newby,  Ref.  (2i*.5l) 
showed,  however,  that  the  drag  is  not  sufficient 
to  acco’unt  for  the  very  large  variations  in  broad 
band  noise  level  obtained  from  fans;  a  variation 
in  drag  of  approximately  300  would  be  required  in 
their  comparisons. 
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figure  Broad  band  noise  radiated  from  a 

small  plate  held  in  a  jet  of 
diameter  D. 

Sc  far  the  discussion  of  broad  band  noise  has 
been  restricted  tc  generation  of  unsteadiness 
produced  by  the  blades  themselves.  The  evidence 
from  this  S'uggests  that  under  some  conditions, 
such  as  when  the  blades  are  at  high  incidence,  even 
locally,  the  ’’self-generated”  noise  dominates. 

When  the  blades  are  not  in  this  condition  it  is  not 
clear  whether  ’’self-generation”  or  interaction  with 
ingested  turb’uience  is  what  matters. 

Sharland,  Ref.  (2i+.U8)  was  also  probably  the 
first  to  investigate  the  noise  generated  by  art 
aerofoil  in  a  turbulent  jet  in  experiments  linked 
to  his  tests  in  non-turbulent  flow.  By 
application  of  unsteady  aerofoil  theory  and  some 
plausible  assumptions  about  scale,  and  by  treating 
the  aerofoil  as  a  compact  acoustic  dipole, 

Sharland  was  able  to  predict  the  sound  pressure 
level.  The  agreement  be  obtained  with 
measurements  over  a  range  of  conditions  was 
remarkably  good,  Fig.  (2U.35).  By  putting  a 
ring  upstream  of  a  fan  rotor  he  also  increased  the 
ingested  turbulence  to  the  rotor  and  again  had  some 
success  at  predicting  the  rise  in  noise.  Smith 
and  House,  Ref.  (2U.19)  also  report  a  rise  in 
broad  band  noise  when  a  ring  was  placed  upstream 
of  a  rotor. 


Theoretical  considerations  of  broad  band  noise 
by  blades  interacting  with  turbulence  has  frequently 
been  an  adjunct  to  the  calculation  of  tones. 

Mani,  Ref.  (2U.38),  in  considering  the  effect  of 
homegeneous  isotropic  t’prtuler.ce  interacting  with  a 
rotor,  calculated  broad  band  noise  with  peaks  at 
blade  passing  frequency.  Pickett,  Ref.  (2l*.55) 
considering  anisctroric  turVulei.ce  fc'xnd  the  sarie 
type  of  srectr'ci:.  although  with  sharper  ton-;. 

More  recently  Hansen,  Ref.  has  calculated 

tones  and  broad  band  noise  by  representing  the 
eddies  as  a  modulated  train  of  pulses,  and  obtained 
rather  good  agreement  representing  the  sources  as 
compact  dipoles  and  deriving  the  fluctuating  lift 
from  an  incompressible  unsteady  method.  The 
objections  raised  above  to  this  procedure  for  tones 
apply  for  the  broad  band  noise  as  well, and  it  is 
usually  found  that  the  broad  band  noise  peaks  at  a 
frequency  where  the  wavelength  is  comparable  to  the 
chord.  In  discussing  tones  the  possible  importance 
of  the  quadrupole  component  was  considered.  The 
same  considerations  apply  to  the  broad  band  noise. 

Up  to  now  there  has  been  no  explicit  distinction 
between  broad  band  noise  from  subsonic  and  super¬ 
sonic  tip  speed  compressors.  In  the  forward  arc  of 
a  supersonic  compressor  it  seems  highly  probable  that 
the  broad  band  noise  will  contain  a  different 
mechanism  due  to  the  random  time  variations  in  the 
bow  shocks,  but  it  must  also  be  remembered  that  the 
flow  towards  the  hub  is  subsonic  and  the  noise  from 
this  may  in  some  cases  prevail.  In  fact  in  the 
foward  arc  noise  spectra  from  many  supersonic  fans 
and  compressors  in  which  the  multiple  pure  tones  are 
dominant  it  is  difficult  to  decide  what  is  broad  band 
noise.  In  the  rear  arc  the  considerations  for 
supersonic  fans  are  more  akin  to  the  subsonic  fans, 
tut  the  aerodynamic  behaviour  in  the  supersonic 
parts  of  the  blades  may  give  rise  to  quite  different 
characteristics;  the  Cinder  and  Hewby  results 
appear  to  show  that  in  the  rear  arc  of  fans  the 
.mechanism  a.-,d  dependence  is  similar  at  both  subsonic 
ai'.i  supersonic  tip  speeds. 

The  overall  position  with  broad  band  noise  from 
'■■nr  re -c.' rv  nr.  i  fan?  can  on.y  bs  summarized  as  very 
badly  ur.ierstoco.  It  must  be  recognised  that  the 
dominant  source  car.  change  with  tV.e  design,  with  the 
overall  type  of  machine  and  with  the  mode  of  operation. 
A  bad  or  a  heavily  loaded  design  may  have  a  region 
of  separation  as  the  dominant  source,  whilst  for  a 
good  design  the  interaction  with  the  turbulence 
ingested  may  be  more  iir.portant.  The  effects  of  tip 
speed  are  not  fully  appreciated,  although  higher 
speeds  for  the  same  pressure  rise  seem  to  lead  to 
higher  levels  and  so  frequently  do  higher  pressure 
rises  at  the  same  speed.  Finally,  the  mode  of 
operation  can  radically  alter  the  broad  band  noise, 
with  a  rapid  rise  in  broad  band  level  being  normal 
as  the  machine  is  throttled. 

21^.5  TUFEINE  NOISE 

T'orbine  noise  is  considered  here  separately 
frcxii  other  sources  radiating  from  the  jet  pipe,  which 
are  generally  grouped  under  core  noise,  because  of 
its  resemblance  to  fans  and  compressors.  Interest 
in  turbine  noise  began  far  later  than  compressor 
noise,  and  it  is  with  the  high-bypass  engines, 
producing  relatively  little  jet  noise,  that  it  began 
to  be  very  important.  The  spectra  are  rather 
different  for  low  and  high  bypass  ratios,  and  examples 
of  these  are  shown  in  Fig.  {2i*.36).  To  date  very 
much  less  work  has  been  devoted  to  turbine  noise 
than  fan  or  compressor  noise,  and  because  so  little 
work  has  been  concerned  with  turbine  broad  band 


noise  it  is  not  appropriate  to  separate  this 
section  into  subsections  on  tone  and  broad  band 
noise.  In  any  case  the  broad  band  noise  is 
included  implicitly  in  the  core  noise. 


TURBINE  BPF  TONES 


FREQUENCY 


Figure  2h.'i6  Typical  rear  arc  spectra  from  low 
and  high  bypass  ratio  engines  at 
low  jet  velocity. 


Turbine  testing  tends  to  be  even  more 
difficult  and  costly  than  compressor  testing, 
particularly  when  an  attempt  is  made  to  run  at 
appropriate  pressure  ratios  and  temperatures. 

A  significant  number  of  tests  have  been 
performed  on  cold  models,  whilst  still  more  have 
used  the  turbines  of  engines,  but  very  little 
indeed  has  been  done  hot  using  special  test 
installations .  The  obvious  disadvantage  with 
using  an  engine  is  that  the  pressure  ratio  adjusts 
with  the  speed,  so  as  to  maintain  the  turbine  close 
to  its  design  condition,  and  it  is  therefore  only 
possible  to  vary  speed  and  pressure  ratio 
independently  over  a  fairly  smsuLl  range. 

The  measurement  of  noise  from  turbines  is 
generally  more  difficult  than  from  compressors  or 
fans.  The  jets,  particularly  when  hot,  cause 
the  field  shape  to  be  changed  because  of  shear 
layer  refrgction  so  that  the  sound  always  peaks 
towards  60  or  more  from  the  axis.  The 
propagation  through  the  jet  also  brings  about  a 
change  in  the  spectral  shape  of  the  tones. 

Instead  of  appearing  as  sharp  spikes  they  frequently 
become  so  "haystacked"  that  they  are  no  longer 
recognisable  as  anything  but  spectral  humps. 

Fig.  (2I1.36) .  The  tones  inside  the  duct  do 
tend  to  be  sharp,  unless  there  is  a  region  of 
large  aerodynamic  loss  (and  hence  turbulence) 
when  the  "haystacking"  can  occur  in  the  duct, 
Fletcher  and  Smith,  Ref.  (21.57).  The  thickness 
of  the  jet  shear  layer  compared  with  the  acoustic 
wavelength  appears  to  play  a  crucial  part  in  the 
haystacking,  and  changes  in  bypass  exhaust 
geometry  can  have  a  striking  effect  as  Fig.(2lt.37) 
from  Mathews,  Nagel  and  Kester,  Ref.(2l|,56)  shows, 
Kazin  and  Matta,  Ref.  (2U.59)  report  that  the 
acoustic  power  is  about  equal  for  the  "unhaystacked" 
tone  in  the  duct  and  "haystacked"  far-field  tone. 
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Figure  2U.37  The  effect  of  duct  geometry  on  the 
spectral  shape  of  turbine  tones 
perceived  in  far  field. 


Almost  all  the  published  data  has  been  concerned 
with  turbine  tone  noise.  Because  of  the  jet  and 
core  noise  and  the  "haystacked"  tones  it  is  often 
difficult  to  identify  turbine  broad  band  noise,  but 
the  first  papers  to  consider  turbine  noise.  Smith 
and  Bushell,  Ref.  {2k. 60)  did  consider  broad  band 
noise  from  cold  model  and  engine  turbines.  They 
showed  an  increase  in  this  for  the  cold  turbines 
according  to  the  third  power  of  inlet  relative 
velocity  (not  the  6th  power  as  the  simple  dipole 
analysis  would  suggest).  There  was  very  large 
scatter,  for  which  no  explanation  was  available, 
nor  was  the  pressure  ratio  considered  as  a  separate 
parameter.  It  would  seem  that  there  is  still 
considerable  uncertainty  about  the  cause  of  broad 
band  noise,  and  the  influence  of  velocity,  Mach 
number  and  pressure  ratio  on  the  level  or  spectrum. 
Broad  band  noise  is,  nevertheless,  included  in  some 
prediction  methods. 

Tone  noise  in  turbines,  just  like  in 
compressors,  is  susceptible  to  cut-off  and  subsonic 
rotors  produce  tones  which  can  propagate  without 
attenuation  only  by  interacting  with  non-uniformities 
in  the  flow.  By  choosing  the  rotor  euid  stator 
numbers  appropriately  it  is  possible  to  arrange  for 
turbine  tones  due  to  their  interaction  to  be  cut-off. 
This  is  generally  easier  than  in  fans  or  compressors 
because  of  the  much  lower  tip  speeds  than  the  fan 
and  the  higher  speed  of  sound;  it  can  usually  be 
achieved  with  less  than  twice  as  many  stator  blades 
as  rotor  blades.  Nevertheless  until  recently  it 
has  not  been  customary  to  include  this  in  turbine 
designs. 

The  effect  of  increased  axieJ.  spacing  between 
rotors  and  stators  is,  just  like  in  compressors,  to 
reduce  the  tone  noise.  The  large  blade  loading  of 
turbines  would  seem  to  point  to  the  potential  field 
interaction  being  relatively  more  important  in 
turbines.  However,  many  turbine  blades  have  thick 
trailing  edges  and  the  wake  thickness  may  be  large. 
Tests  have  shown  the  large  benefits  to  be  obtained 
with  increased  spacing  both  in  the  last  stage  of  an 
engine  turbine  and  on  a  model  3  stage  turbine  with 
a  clean  intake.  An  example  of  the  reduction 
measured  with  increased  spacing  and  the  predictions 
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of  this,  described  below  published  by  Kazin  and  Fig.  (2U.1*0)  may  be  rather  different  to  those  for 

Matta,  Ref.  (2l*.59)  are  illustrated  in  Fig.  (2U.38).  turbines  producing  larger  pressure  drops. 
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Figure  2l*.38  Changes  in  turbine  BPF  tone  power 
with  increase  in  nozzle-rotor 
spacing;  tip  social  gap/chord 
equal  0.29  (baseline),  0.89 
( spaced ) . 

It  is  not  clear  that  all  turbine  stages  will 
show  the  same  reduction  when  the  axial  gap  is 
increased  because  of  the  circumferential 
variation  in  velocity  and  temperature  (entropy) 
out  of  the  combustion  system.  Hoch  and 
Hawkins,  Ref.  (2l*.6l)  compared  the  rear  noise 
from  a  development  engine  when  the  combustion 
chamber  was  changed  from  can-annular  to  annular. 
Fig.  (2it.39).  Not  only  was  the  low  frequency 
reduced,  but  the  turbine  tones  were  increased. 

At  first  sight  the  more  circumferentially  uniform 
design  of  an  annular  combustor  would  be  expected 
to  be  a  route  to  lower  tone  noise,  but  it  would 
seem  that  the  temperature  or  velocity  variation 
(perhaps  unsteady)  must  be  worse.  The  main 
point  here  is  to  show  that  the  combustion  system 
was  a  strong  source  of  tone-generating 
distortion.  Kazin  and  Matta,  Ref.  (2l4.59)  did 
try  putting  a  turbulence  producer  upstream 
of  a  single  stage  turbine,  but  found  no  effect. 
This,  however,  is  unlikely  to  have  reproduced 
the  longitudinal  correlation  expected  of 
turbulence  out  of  the  combustor.  The  production 
of  tones  by  interaction  of  the  rotor  blades 
with  circumferential  variation  in  entropy  out  of 
the  combustor  is  a  problem  not  encountered  in 
compressors,  of  course.  It  is  not  known  how 
significant  this  is,  but  a  characteristic  of 
entropy  variations  is  to  diffuse  rather  slowly, 
and  it  seems  likely  that  this  source  will  provide 
a  floor  level  for  all  stages. 

Fig.  {2h.h0)  shows  the  results  presented  by 
Kazin  and  Matta,  Ref.  (2l*.59)  for  the  effect  on 
the  blade  passing  frequency  tone  power  of 
systematic  changes  in  speed  at  constant  pressure 
ratio,  and  pressure  ratio  at  constant  speed.  It 
can  be  seen  that  at  constant  speed  there  is  a 
general  tendency  for  the  power  to  rise  with 
pressure  ratio,  whilst  at  constant  pressure  ratio 
the  tone  power  generally  falls  with  increase  in 
rotational  speed.  This  data,  of  course,  refers  to 
noise  changes  when  the  speed  or  pressure  ratio 
are  altered  about  the  design  value.  The 
variation  of  noise  as  the  design  values  are 
changed  is  much  more  difficult  and  expensive  to 
obtain.  Furthermore  the  trends  illustrated  in 


Figure  2l).39  Changes  in  spectrum  and  field  shape 
(SPL  and  PNL)  with  changes  in 
combustion  chamber. 
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Figure  2lt.lt0  Turbine  BPF  tone  power;  effect  of 
pressure  ratio  and  speed. 

Most  data  is  presented  in  a  way  related  to 
the  way  in  which  it  is  used  in  the  company ' s 
correlation  procedure.  How  unsatisfactory  this  is 
can  be  seen  from  Fig.  (pli.ll)  taken  from  Ref. (21. 58) 
which  is  a  comparison  of  proprietary  correlation 
schemes  (some  which  have  since  been  superceded) 
attempting  to  calculate  the  peak  sound  pressure 
level  from  a  new  engine  at  a  range  of  jet  speeds. 
None  of  the  methods  predict  even  the  trend  with 
turbine  sp'  ed  correctly,  not  even  that  by  Pratt 
and  Whitney  whose  engine  this  is,  and  this  must 
surely  point  to  the  weakness  of  much  of  the 
correlation  that  takes  place.  The  field  shape 
predictions  are  a  little  better,  but  just  as  varied 
and  only  one  method,  based  on  the  turbines  of  the 
same  company,  is  able  to  get  anything  like  the 
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correct  power  spectniin  for  engine  conditions 
corresponding  to  approach. 


fr-'n  t-ngineii  was  distinctly  higher  at  low  velocities 
than  the  noise  of  purf'  jets,  Bushell,  '  ■f.(2U.65). 

It  also  becar.r-  clear  that  the  spectruin  from  engines 
with  low  jet  velocities  contained  more  high 
frM.q-jency  noise  than  the  corresponding  and  that 

T-h*-'  aj.gle  for  peak  noise  was  near  to  80  from  the 
jet  axis,  ^wh*-reas  for  pure  jet  noise  the  peak  occurs 
around  lO*'.  One  of  the  main  problems  with  this  has 
b^en  removing  the  effects  of  jet  noise  so  that  the 
behaviour  of  core  noise  can  be  studied  in  detail. 
Althougn  for  a  given  jet  velocity  (relative  to  the 
er.gir.e}  core  hois‘=»  may  h'=-  barely  perceptible  on  a 
static  test  bed,  it  may  be  very  important  vitn  a 
forward  speed  of,  say,  200  knots,  and  the  consequent 
drop  in  pure  jet  mixing  noise.  To  overcome  this 
there  have  been  tests  with  oversiz*^  nozzles  so  that 
for  a  given  engine  sp#=»ed  the  jet  velocity  is 
reduced.  Unfortunately  this  changes  the  engine 
operating  conditions  and  only  when  appropriate  inlet 
throttling  is  included,  Hoch  -^t  al.  Ref.  (2l.6i() 
are  engine  conditions  maintained.  Even  then  the 
acoustic  conditions  are  altered  by  the  changes  in 
nozzle  shape  and  impedance  although  the  significance 
of  this  is  not  known. 


I’l  discussing  fans  and  compressors  it  was 
pointed  out  that  the  theoretical  models  all  require 
the  blaae  camber  to  be  small.  In  turbines  the 
camber  is  normally  large  and  the  models  are  even 
less  appropriate.  Nevertheless  Kazin  and  Matta, 
Ref.  (2^4.59),  working  on  the  assumption  that  the 
rotor-stator  interaction  will  be  predominantly 
from  the  wake,  have  predicted  the  level  of  tone 
power  for  a  single  stage  turbine  at  the  last  stage 
of  a  three  stage  turbine.  The  method  is  similar 
tc  one  proposed  for  compressors  using  the  Kemp 
and  Sears,  Ref.  (2k, 26)  method  of  calculating 
fluctuating  lift  and  treating  the  sources  as 
compact.  Despite  the  apparent  unsuitability  of 
the  method,  surprisingly  satisfactory  predictions 
of  power,  and  change  in  power  with  change  in 
spacing,  have  been  obtained,  Fig.  (2^,38). 

Only  the  last  stage  was  considered  because  they 
had  no  method  for  calculating  the  transmission 
of  sound  through  blade  rows.  In  fact  an  actuator 
disc  method  such  as  Cumpsty  and  Marble,  Ref. (2^.62) 
is  very  suitable  for  this  because  the  transmission 
and  reflection  are  not  much  affected  by  the  ratio 
blade  chord  to  wavelength,  as  will  be  recalled 
from  section  2k,U,J,S. 

2k. 6  CORE  NOISE 

A  definitior,  of  core  noise  is  rather  arbitrary 
but  it  is  taken  here  to  mean  the  rear  arc  noise 
originating  with  the  hot  stream  of  the  engine  other 
than  that  due  to  the  jet  and  to  the  turbine.  This 
is  illustrated  by  Fig.  {2k. k2)  taken  from  Mathews 
and  Perrachio,  Ref.  (2l4.63).  Whilst  it  is  often 
difficult  in  practice  to  distinguish  the  core  noise 
from  the  jet,  because  both  are  broad  band,  it  is 
conceptually  possible  to  separate  the  turbine  noise 
and  core  noise  and  some  authors,  Hoch  et  al , 

Ref.  {2k. 6k)  include-  the  turbine  noise  with  the 
core.  The  study  of  core  noise  has  recently 
gathered  considerable  momentum  and  an  up-to-date 
review  is  given  by  Bushell,  Ref.  {2k, 66). 

The  discovery  of  core  noise  was  held  back  for  a 
long  time  by  the  use  of  unsatisfactory  jet  noise 
rigs  in  which  upstream  valves  and  obstructions 
produced  more  noise  than  the  jet  mixing  itself 
when  the  velocities  were  low.  With  the  advent  of 
really  good  rigs  it  was  apparent  that  the  jet 
noise  really  does  follow  V.®  right  down  to  very 
low  speeds.  It  was  then  ^lear  that  the  noise  level 
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Figure  2k, 12  Definition  of  core  noise 

As  well  as  reducing  the  jet  noise,  flight 
has  also  been  found  in  some  cases  to  lead  to  an 
absolute  rise  in  the  level  of  the  noise  in  the 
forward  arc  from  some  engines,  as  well  as  a  model 
jet  mounted  on  a  rotating  arm,  Bushell,  Ref.(2U,6T) 
There  is  at  the  present  time  no  satisfactory 
explanation  for  this. 

The  earliest  ideas  on  the  core  noise  originate 
with  Bushell,  Ref.  (21^.65)  noting  that  low 
frequency  noise  was  generated  by  a  turbine  rig  when 
conditions  were  such  that  there  was  high  incidence 
onto  the  downstream  struts.  Bryce  and  Stevens, 

Ref.  (2ii.68)  have  followed  this  by  a  very 
thorough  investigation  of  strut  noise  in  n.  small 
model  of  a  turbojet  exhaust.  The  swirl  was 
produced  by  vanes  instead  of  the  t-urbine  of  the  'eal 
engine.  They  were  able  to  correlate  the  extra 
noise  with  strut  incidence  and  flow  velocity  onto  the 
struts,  obtaining  a  correlation  to  the  sixth  power 
of  velocity.  This  correlation  is  consistant  with 
the  results  of  Gordon,  Ref.  (2U,l49)  who  carried  out 
an  extensive  set  of  tests  on  bluff  bodies  in  ducts 
and,  as  noted  in  Sec.  2U.U,3,  found  that  the  noise 
appears  to  scale  as  the  cube  of  pressure  drop 
introduced  (roughly  the  sixth  power  of  velocity). 

No  clear  evidence  has  emerged  that  strut  noise 
is  a  significant  source  from  engines,  where  designs 
usually  have  low  incidence  and  avoid,  so  far  as 
possible,  bluff  bodies  to  reduce  aerodynamic 
losses.  On  the  other  hand  deficiencies  do  occur, 
a  separated  region  on  th^*  centre  body  downstream 
of  the  turbine  is  quite  usual,  and  at  low  thrust 
conditions  swirl  may  be  large.  There  is, 
moreover,  evidence  that  the  system  used  in  some 
engines  to  mix  the  bypass  and  primary  flow  before 
the  final  nozzle  does  not  increase  core  noise. 


These  mixers  are  one  of  the  nost  drastic  ways  of 
introducing  turbulent  mixing  into  the  flow;  if 
these  do  not  produce  a  largo  increase  in  noise  it 
wO'Uld  tout  <.)tl:cr  aorodynair.i c  loss-t;;aiters  ar*‘ 

likely  to  1C  fairly  incigr.i  ficai  t  in  coreparisoii 
..'it:,  tno  real  core  noise  too. 

Considerable  theoretical  activity  has  recently 
been  devoted  to  the  "excess"  noise  of  the  jet,  that 
is  to  say  noise  which  would  once  nave  been  taken 
to  be  jet  noise  but  which  ia  generated  at  the 
nozzle  lip  or  upstream.  Crighton,  Ref.  (2k. 69) 
has  examined  these  and  the  reader  will  find  the 
subject  carefully  discussed  there.  Three 
mechanisms  stand  out.  One  ia  the  generation  of 
sound  at  the  nozzle  lip  itself  because  of  the 
sudden  change  in  boundary  layer  conditions. 

Upstream  of  the  lip  the  radial  component  of 
turbulent  velocity  must  vanish  at  the  wall,  but 
this  is  relaxed  at  the  lip.  There  have  been 
several  suggestions  for  the  boundary  condition  at 
the  lip,  one  of  which  is  the  Kutta  condition. 

The  analysis  shows  this  mechanism  to  radiate 
preferentially  at  large  angles  to  the  jet  axis. 
Crighton  also  discusses  the  interaction  of  jet 
shear  layer  instabilities  with  the  nozzle  to 
produce  unsteady  outlet  flow,  and  thus  noise. 

Also,  from  a  different  point  of  view,  the 
turbulent  shear  layer  provides  a  possible 
amplification  of  sound  propagating  down  the  jet 
pipe.  This  approach  is  usually  associated  with 
Crow,  Ref.  (2k. 70)  who  demonstrated  this 
experimentally  as  well  as  theoretically.  Recent 
model  experiments  by  Gerend  et  al.  Ref.  (2k. 71) 
and  Bechert  and  Pfizenmaier  (Ref. (2k. 7?)  have 
confirmed  that  tones  in  the  upstream  flow  can  lead 
to  large  increases  in  the  broad  band  noise .  A  result 
by  Bechert  and  Pfizenmaier  is  shown  in  Fig.  2k  .1*3. 


US’  TO  'NTMt 


Figure  2k. k3  Spectra,  using  Stroiihal  number  as 
abscissa,  of  jet  noise  with  and 
without  pure  tone  excitation. 

VRailst  these  mechanisms  may  indeed  occur  in 
engines  there  have,  as  yet,  been  no  definitive 
experiments  which  have  established  their  importance 
there  where  the  Reynolds  numbers  are  at  least  an 
order  of  magnitude  larger.  It  is  a  feature  of  the 
theories  that  the  intensity  predicted  always 
includes  an  unknown  constant  of  proportionality. 

Much  of  the  experimental  evidence  has 
linked  the  core  noise,  or  at  least  part  of  it,  with 
the  combustion  system.  A  clear  example  of  this 
is  the  reduction  in  low  frequency  noise  when  an 


a.itiular  combustor  was  iToTal't-d  i:.  flac-s  of  a 
can-annular  or!-'.  Fig..  receritly 

Matnews  and  P'-racctiio,  c.-f,  (  k.A*)  ern,  ! -correlated 
th».  far  field  noir-  (from  .oi-r-  t.h--  peak  of  tno  core 
noise  is  expect-d '  wiT  I.  a  t,r’s;sur  -  transducer  just 
inside  the  nozzl.'  and  also  with  a  transducer  in  one 
of  the  eight  combustion  cans.  Th“  cross-correlation 
was  filtered  and  in  each  ca.re  foiund  to  peak  at 
around  kOO  Mz,  which  had  heeir  deduced  to  be  the 
peak  of  the  core  .noise  sp-ctrum  by  substracting  the 
"true"  jet  noise  froirr  the  overall  measured  noise. 

The  peak  cross-corr-'lation  between  the  n-zzle 
lip  and  ti.e  far  wa.r  .1"  wtiich  has  bee.n  cited 

as  eviderice  that  lip  .noise  is  dominant.  Between 
the  combustion  chamber  and  the  far  field  the  cross 
correlation  was  0.01.  This  latter  value  appears 
rather  low,  but  since  there  are  eight  combustion 
chambers,  each  of  which  is  almost  certainly  wholly 
uncorrelated  with  the  others,  the  maximum  that 
could  possibly  have  been  achieved  is  0.125.  The 
cross  correlation  between  the  combustor  and  the  far 
field  is  thus  about  O.k  of  the  maximum  possible, 
which  is  quite  high.  TVie  hypothesis  that  pressure 
fluctuations  from  the  jet  pipe  propagate  upstream 
to  the  combustion  chamber  is  quite  implausible,  and 
the  dependence  of  the  core  noise  on  the  combustion 
systems  is  well  established  for  this  engine. 

Although  combustion  a-  pears  to  be  responsible 
for  much  of  the  core  noise  there  are  two  conflicting 
views  on  how  this  comes  about.  The  more  familiar 
view  is  that  combustion  is  a  strong  noise  producing 
mechanism,  particularly  in  the  highly  turbulent 
conditions  necessary  in  a  gas  turbine  combustor. 

This  is  often  referred  to  as  direct  combustion  noise. 

The  other  approach  to  combustion  related  noise 
presumes  that  it  is  fluctuations  in  temperature 
(more  correctly,  entropy)  leaving  the  combustion 
chambers  which  then  interact  with  downstream 
components,  principally  the  turbine,  to  produce 
noise.  This  is  often  referred  to  as  indirect 
combustion  noise.  Because  it  is  more  familiar, 
however,  the  direct  combustion  noise  will  be 
discussed  first. 

Turbulent  flames  are  well  known  for  their 
roar,  and  have  received  quite  wide  study  over  the 
last  few  years.  The  flame  may  be  regarded  as  a 
simple  monopole  source  of  low  frequencies  (so  that 
the  flame  is  acoustically  compact,  or  in  phase)  and 
the  sound  generation  is  then  related  to  the  rate  of 
change  of  the  volume  of  the  flame.  A  very  clear 
demonstration  of  this  was  given  by  Hurle  et  al. 

Ref.  (2k. 73)  who  cross-correlated  light  (a  measure 
of  instantaneous  flame  size)  and  sound  emission. 

At  higher  frequencies  the  phase  varies  over  the 
flame  surface,  and  prediction  is  more  complex. 

The  methods  thus  divide  into  the  more  intuitive 
approach  of  Bragg,  Ref.  (2k. 7k)  and  the  more 
analytical  following  the  aeroacoustic  approach  for 
turbulent  noise  of  non-reacting  fluids  initiated  by 
Lighthill,  Ref.  (2k. 2).  Examples  of  this  latter 
approach  are  due  to  Chiu  and  Summerfield,  Ref. (2k. 75) 
and  Strahle,  Ref.  (2k. 76).  With  combustion  present 
the  difficulty  in  converting  the  "solution", 
consisting  of  an  integral,  into  a  practical  estimate 
are  considerably  greater  than  in  non-reacting  cases 
and  only  by  the  most  drastic  simplifying  assumptions 
is  this  possible, see  Ref.  (2k. 76)  for  example. 

Experimentally  the  combustion  in  an  open 
turbulent  flame  introduces  several  variables  in 
addition  to  those  found  in,  for  instance,  jet  noise. 
As  an  example  an  empirically  developed  expression 
for  the  acoustic  power,  P,  from  lean  premixed 
hydrocarbon  flame  given  by  Strahle,  Ref. (2k. 77)  is 
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U  and  St  are  mean  air  velocity  and  laminar  flame 
speed  in  feet/sec.  D  is  the  diameter  in  feet 

and  F  is  the  fuel  mass  fraction.  Such  non-integ»r 
indices  maJce  it  seem  likely  that  important 
parameters  are  being  overlooked.  To  cover  the 
lean  to  rich  variation  with  premixed  and  diffusion 
flames  for  a  range  of  fuel  types  clearly  involves 
extensive  test  programs,  rartic  U arly  v'r.en  the 
spectrum  and  field  shape  must  also  be  found. 


The  difficulty  in  applying  this  information 
on  open  flame  to  gas  turbines  has  beeft  summarised 
by  Strahle,  Ref.  (21*. 7?).  "The  main  problems 
in  application  of  current  research  results  to 
turbopropulsion  systems  appesir  to  be  (a)  actual 
combustors  employ  different  stabilisation  methods 
and  geometrical  configurations  than  research 
burners  so  the  scaling  rates  and  absolute  power 
output  may  be  different,  (b)  the  turbulence 
structure  is  undoubtedly  different,  (c)  enclosure 
effects  introduce  sound  power  augmentation  over 
free  field  behaviour  and  feedback  effects  upon 
the  combustion  process  may  be  important  and  (d) 
the  sound  propagation  problem  through  turbines, 
ducts  and  compressors  is  a  difficult  one  to 
address".  It  might  be  concluded  that  the 
noise  of  open  flames  bears  little  relation  to 
combustion  chambers . 


A  considerable  number  of  tests  have  now  been 
performed  to  measure  noise  from  combustion  cans 
tested  in  isolation  for  example  Strahle  and 
Shivashankara,  Ref.  (2l*.78).  These  are  tested 
without  downstream  nozzles  so  as  to  minimise  jet 
noise,  but  the  pressures  inside  the  can  are 
unrepresentatively  low.  Furthermore,  the 
downstream  boundary  conditions  represented  by  the 
first  turbine  nozzle  row  is  not  correctly  modeled. 
Nevertheless,  some  very  interesting  results  are 
obtained  including  the  strong  dependence  of 
overall  power  on  air  mass  flow,  Fig.  (2l*.ltii)  and  the 
weak  dependence  on  fuel  flow  from  weak  to 
stochiometric  in  the  primary  zone.  Fig.  (2l*.l*5) 
taken  from  Ref.  (21*. 7S).  Curiously  the  noise 

spectra  were  found  to  be  essentially  unchanged 
over  large  excursions  in  air  and  fuel  flow  rate. 

Kazin  and  Emmerling,  Ref.  (2l*.79)  report  on 
measurements  of  noise  from  a  full  scale  annular 
combustion  chamber  and  Fig.  (21*.  1*6)  is  taken  from 
this.  These  tests  used  a  downstream  acoustic 
horn,  which  might  be  expected  to  confuse  matters, 
but  in  fact  appears  to  have  had  very  little  effect. 
The  acoustic  power  spectrum  rises  markedly  as  the 
temperature  rise  of  the  combustor  is  increased, 
equivalent  to  raising  the  ratio  of  fuel  to  air. 

Kazin  and  Emmerling  also  report  tests  where  an 
acoustic  absorber  was  placed  downstream  of  the 
combustor.  Large  reductions  in  the  noise  were 
produced,  proving  the  origin  of  the  noise  to  be 
upstream  in  the  combustion  region  itself. 


Figure  21*. UU  Variation  in  acoustic  power  from  an 
isolated  combustion  can  as  a 
function  of  air  flow  rate. 


Figure  21*. 1*5  Variation  in  acoustic  power  from  an 

isolated  combustion  can  as  a  function 
of  fuel/air  ratio. 


Ho  and  Tedrick,  Ref.  (2l*.90)  examined  the 
combustion  related  noise  from  eight  small  gas  turbines 
with  a  range  of  very  different  types  of  combustion 
chamber,  and  from  a  combustor  tested  on  its  own  with 
an  open  exit.  The  noise  from  the  engines  was  found 
to  collapse  well  when  plotted  against  an  empirically 
determined  noise  factor,  F,  which  was  modified  in  the 
li^t  of  dimensional  analysis  and  included  the 
temperature  rise .  It  appeared  that  for  engines  the 
power  is  proportional  to  F**  whereas  for  rigs  it  is 
proportional  to  F^.  This  does  suggest  tha.  the 
presence  of  downstream  components,  mainly  the  turbine 
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is  highly  significemt . 


fREQUENCY  ,  Hz 


Figure  2U.U6  The  effect  of  temperature  rise  on 
the  noise  of  a  full-scale  isolated 
annular  combustor. 


Grande,  Ref.  (2U,8l)  assumed  that  combustion 
noise  is  proportional  to  flame  speed  and  that  this 
varies  linearly  with  temperature.  Using  a  crude 
model  for  the  effect  of  the  nozzle  and  turbine  on 
the  propagation  of  noise  from  the  combustor,  Grande 
was  able  to  predict  the  overall  noise  from  two 
engines  with  considerable  success . 

Results  of  a  very  extensive  program  on 
combustion  noise  have  recently  been  published  by 
Mathews  and  Rekos,  Ref.  (2it.82).  Extensive  tests 
were  conducted  using  isolated  combustors  of 
differing  design  and  engines  for  which  the 
combustion  noise  was  deduced  by  subtracting  the 
pure  jet  noise  from  the  far  field  spectra.  The 
correlation,  which  is  based  on  simple  models  for 
the  noise  generation  and  sweeping  assumptions, 
provides  a  very  satisfactory  correlation  of  both 
the  overall  sound  power  and  the  spectrum,  including 
combustor  size,  pressure,  temperature,  calorific 
v^ue  and  air  fuel  ratio.  Apart  from  some 
differences  in  the  constants,  annular  and  can- 
annular  combustors  appear  to  produce  very  similar 
noise . 

The  indirection  combustion  noise  is  produced 
by  the  interaction  of  entropy  fluctuations  (i.e. 
hot  spots)  with  downstream  components,  in  particular 
the  turbine,  but  also  the  final  nozzle,  which  was 
considered  by  Cande]  ,  Ref.  (2!t.83).  The  two 
methods  proposed  for  turbines  by  Cumpsty  and 
Marble,  Ref.  (2U.62)  and  Pickett,  Ref.  (2U.8U)  both 
treat  the  turbine  blade  rows  as  two-dimensional 
actuator  discs,  assuming  blades  of  infinitesimal 
chord  and  pitch  and  neglecting  rad-ol  variations, 
the  essential  feature  of  both  metiiods  is  that  the 
changes  in  me^  properties  across  the  blade  row 
are  larp,  but  perturbations  in  the  unsteady 
properties  (entropy,  pressure,  vorticity)  are  small. 
If  the  change  in  mean  properties  is  small  entropy 
gives  rise  to  only  second  order  perturbations  in 
pressure.  Cumpsty  and  Marble  were  able  to 
examine  the  combined  effect  of  many  rows  whilst 
Pickett  considered  rows  one  at  a  time. 


As  well  as  representative  turbine  flow  Mach 
numbers  and  angles,  the  indirect  calculations  require 
as  input  the  magnitude  of  the  entropy  fluctuation. 

At  constant  pressure  the  entropy  perturbation  is 
given  by: 


nL  -  T 
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the  prime  denoting  perturbation.  The  temperature 
perturbation  has  been  measured  and  a  spectrum,  taken 
from  Ref.  (2U.8I1)  is  shown  in  Fig.  (2U.UT). 


Figure  2U.lt7  The  spectrum  of  temperature 

fluctuation  measured  at  outlet  from 
a  can-annular  combustion  chamber. 

T' 

The  overall  magnitude  of  ^  in  the  ranee  of 
audible  frequencies  is  about  Z%  .  The  indirect 
combustion  model  predicts  that  the  acoustic  power 
rises  rapidly  with  pressure  drop  through  the  whole 
turbine,  and,  in  particular,  the  drop  across  each 
stage.  With  some  idealisation  Pickett  has  shown 
that  the  power  is  proportional  to  the  square  of  the 
stage  pressure  drop.  Thus  for  a  given  overall 
pressure  drop  the  noise  will  be  less  with  a  larger 
number  of  stages.  The  noise  is  also  proportional  to 
the  magnitude  of  the  entropy  perturbation.  Figure 
(2U.U8)  from  Cumpsty  and  Marble,  Ref.  {2i.85)  compares 
the  predicted  and  measured  spctra  of  rear  arc 
acoustic  power  for  a  Pratt  and  Whitney  JT8D  engine 

assuming  —  =  2%.  The  agreement  in  level  and  in 

spectrum  shape  is  satisfactory  in  view  of  the  number 
of  assumptions  necessary. 
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Figure  2h.U8  Measured  and  predicted  spectra  of 
rear  arc  acoustic  power  from  a 
JT8d  engine  at  low  jet  velocity. 


The  situation  with  regard  to  combustion  noise 
is  far  from  clear,  with  the  possibility  of  direct  or 


indirect  noise  being  most  important.  Experimental 
tests  to  establish  which  is  the  more  important 
are  not  easy.  Removing  tl^e  turbine  removes  the 
prime  generator  of  indirect  noise  but  at  the 
same  time  it  alters  the  conditions  in  the  combustion 
chamber  both  acoustically  and  frcan  a  more  overall 
point  of  view.  Measurements  of  pressure 
fluctuation  in  the  combustion  chamber  show  large 
amplitudes,  but  these  are  attenuated  by  passage 
through  the  tui’bine  (which  may  be  ca.lculatt,-.l ) . 

On  the  other  hand  the  generation  of  pressure  and 
entropy  fluctuations  is  intimately  related,  and 
the  existence  of  one  ho-  j  not  nea*',  the  absence  or 
'jnimpcrtance  of  the  other. 

It  would  seem  that  very  careful  experiments 
will  be  needed  to  finally  resolve  whether  direct 
or  indirect  combustion  noise  is  predominant,  aind 
it  is  quite  pcssitl-  that  it  will  be  found  that 
both  may  be  important  in  differing  circumstances. 

It  seems  very  rrobacle  that  combustion  noise  of 
one  sort  or  other  will  be  the  prime  source  of 
core  noise  -under  most  conditions  at  low 
frequencies . 

2U.7  ACOUSTIC  TREATMENT 

The  character  of  this  aspect  of  engine  noise 
is  quite  different  from  those  set  out  in  earlier 
sections.  Here  the  emphasis  is  on  the  design, 
achieving  the  optim'um  configuration  of  acoustic 
treatment  for  the  least  cost  and  weight  with  least 
effort  ar.d  greatest  confidenc*^,  The>*e  is 

not  tne  same  uncertainty  surrounding  the  subject, 
that  ther®  is,  for  example,  regarding  the  broad, 
band  noise  from  compressors  or  the  cause  of  core 
noise.  The  strong  position  is  partly  the 
result  of  strenuous  efforts  over  a  number  of  years, 
and  an  excellent  review  of  the  whole  field  of 
aircraft  engine  duct  acoustics  has  been  provided 
by  h'ayfeh  et  al,  Ref.  (24.10). 

Fig.  (24.49)  shows  where  treatment  can  be 
applied  in  a  bypass  engine  and  a  schematic  of  the 
type  of  treatment  used.  Most  impressive 
attenuations  have  been  shown  to  be  possible  in 
this  way  even  without  the  introduction  of 
additional  surfaces,  such  as  splitters,  into 
t.he  ducts.  The  crucial  quantity  is  the  ratio 
of  length  of  the  lined  surface  to  the  duct  height 
or  diameter.  At  the  present  time,  with  linings 
in  the  inlet  extending  over  an  axial  length  equal 
to  about  one  radius,  it  is  possible  to  reduce 
the  multiple  pure  tones  until  they  essentially 
vanish  into  the  background,  giving  an  overall 
reduction  of  the  intake  noise  of  perhaps  5  PNdB 
in  the  case  of  a  large,  high  bypass  ratio  engine. 
Linings  in  the  bypass  duct  of  a  similar  engine 
may  reduce  the  rear  arc  peak  noise  level  by  about 
6  F:id3  and  linings  in  the  jet-pipe  by  about  3 
p:;d3. 

Op^'-'raticn  in  service  has  demonstrated  that 
these  linings  can  withstand  the  rigous  of  flight 
and,  in  particular,  the  rigours  of  maintenance 
engineers.  The  need  for  strength,  lightness  and 
the  retention  of  very  little  liquid  has  meant, 
however,  that  virtually  all  linings  installed  in 
aircraft  are  of  one  type  of  construction.  This 
consists  of  a  perforated  or  porous  sheet  over  a 
honeycomb  structure  with  a  solid  backing  and  is 
sho^^m  in  the  two  upp‘-r  drawing.'  of  F'  g.  (''"4.50). 

The  honeycomb  combines  a  structural  role  with 
dividing  the  region  behind  the  perforat-^  into 
small  cavities  so  that  the  lin^^r  respons^^  depends 
only  on  local  conditiens.  Although  mechanically 
less  s'aitable  the  b-ilk  absorber.  Fig.  (24.50),  has 


acoustic  advantages.  Certain  special  advantng-'S 
can  be  achieved  using  double  la.v'ers,  essentially  one 
over  the  other,  as  in  Fig.  (24.50),  and  these  are  now 
being  tried  experimentally. 


Figure  24.49  Schematic  Illustration  of  Installation 
of  Linings  in  a  High  Bypass-Ratio 
Engine . 
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Figure  24.50  Schematic  of  Various  Linings  Types. 

The  special  feature  of  acoustic  liners  is  their 

finite  impedance  defined  by  Z  =  ^,  where  p  and  u  are 
the  acoustic  pressure  and  velocity  normal  to  the 
surface.  For  a  hard  wall  u  vanishes  at  the  ’’all 
and  \z\  ,  For  a  perforate-honeycomb  liner,  with 

thin  perforate  sheet,  the  impedance  may  be 
represented  by 

Z  =  R  +  -  cot  The  resistance,  R,  is  tlie 

ratio  of  in-nhase  pressure  and  velocity.  In  the 
imaginary  or  out-of-phase  part,  the  reactance,  the 

most  important  term  is  cot—  .  Here  w  is  th ^  radian 

c 

frequency,  c  is  the  velocity  of  sound  and  d  is  the 
honeycomb  backing  depth,  the  distance  between  the 
perforate  and  the  solid  back.  The  liner  is 
essentially  an  array  of  resonators  and  varying  d  is 
the  principal  means  of  tuning  the  liner.  The 
other  imaginary'  term  is  usually  small  and  is  related 
to  the  inertia  of  flow  through  the  perforate;  it  is 
affected  by  hole  size.  Tlie  various  impedance  terms 
for  a  perforate-honeycomb  liner  are  shown 
schematically  in  Fig.  (24.51). 
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Figlire  2h.  51  Schematic  of  Impedance  Components 
of  a  Perforate  Plate-Honeycomb 
Backing  Acoustic  Lining. 


restrictions  put  on  the  geometry  by  the  need  to  keep 
the  mean  flow  attached  and  reasonably  uniform. 

It  is  therefore  generally  true  that  changes  in  area 
are  smooth,  gradual  and  relatively  small.  The 
boundary  layers  are  generally  thin  and  regions  of 
separated  flow  small  enough  to  be  neglected. 

Finally,  the  propagation  is  either  directly  against 
the  flow  as  in  an  inlet  (negative  Mach  number)  or 
with  the  flow  as  in  a  jet-pipe  or  bypass  duct 
(positive  Mach  number).  In  the  early  work  the 
effect  of  flow  Mach  number  was  included  by  assuming 
a  uniform  flow  and  only  more  recently  has  the 
boundary  layer  been  included.  In  general  the 
effect  of  the  boundary  layer  on  downstream 
propagating  sound  is  small,  whilst  it  can  be  very 
significant  for  upstream  propagation.  The  effect 
of  temperature  gradients  and  swirl  may  also  be 
important  in  some  cases,  but  this  is  beyond  the  scope 
of  this  present  section  and  the  reader  should 
consult  Nayfeh  et  al.  Ref.  (2L.10). 


It  may  be  recalled  from  2L.1  that  for  a 
plane  wave  the  velocity  and  pressure  perturbations 
are  related  by  p  =  (pc)u;  p  is  the  mean  density 
of  the  medium  and  pc  is  then  referred  to  as  the 
resistance.  It  is  usual  and  convenient  to 
non-dimensionalise  the  lining  impedances  with 
respect  to  the  plane  wave  value,  pc,  to  give 
what  are  called  specific  impedances. 

The  liner  resistance  is  determined  primarily 
by  the  porosity  of  the  facing  material,  and 
this  can  be  obtained  approximately  by  measLiring 
the  pressure  drop  through  it  with  a  steady  flow 
of  air.  It  does,  however,  increase  at  high 
flow  rates  due  to  non-linear  effects  and  allowance 
must  be  made  for  this  at  high  sound  pressure 
levels .  There  is  also  very  marked  increase  in 
resistance  with  the  Mach  number  of  the  grazing 
flow  past  the  liner  and  for  the  flow  conditions 
typicail  in  engine  ducts  this  will  normally 
override  the  effect  due  to  sound  pressure  level. 
Quite  typically  the  resistance  will  be  increased 
two  or  three-fold  by  the  grazing  flow  and 
companies  have  proprietary  methods  for 
predicting  this.  The  porosities  of  perforates 
typically  used  are  from  5  to  lOt;  at  3% 
porosity  the  resistance  would  be  in  the  range 
l.Opc  to  3.0pc,  depending  mainly  on  Mach 
number.  The  boundary  layer  thickness  is  also 
oaid  to  be  significant  to  the  resistance,  but 
this  is  not  freely  dociunented. 

The  appropriate  resistance  is  therefore 
not  readily  obtainable  from  laboratory  bench 
tests,  and  the  specification  of  the  porosity 
requires  a  fairly  accurate  knowledge  of 
conditions  in  service.  In  the  past  estimates 
of  resistance  in  service  have  been  inferred  from 
the  difference  between  predicted  and  measured 
attenuation.  It  is  only  fairly  recently  that 
methods  of  measuring  impedance  in  situ  have 
been  developed,  Ref.  (2lt.86). 

Whereas  the  resistance  is  almost  unaffected 
by  frequency,  the  reactive  components  are 
strongly  frequency  dependent .  On  the  other  hand 
the  reactance  is  only  weakly  affected  by  grazing 
flow  and  sound  pressure  level  and  may  be 
reasonably  obtained  from  laboratory  experiments. 

The  noise  from  the  aircraft  engine  components 
propagates  in  ducts  whose  geometry  varies  and 
where  the  flow  Mach  number  is  significant, 
typically  from  0.2  to  0.5.  This  would  provide 
a  quite  intractable  problem  were  it  not  for  the 


In  predicting  attenuations  or  designing  linings 
the  geometry  of  the  ducts  is  normally  greatly 
simplified  so  that  only  two  classes  of  geometry  are 
considered,  the  annular  duct  (of  which  the  circular 
cylinder  is  a  special  case)  and  the  rectangular  duct. 
The  latter  is  often  used  for  narrow  annuli,  where 
radial  effects  are  negligible,  and  for  the  rather 
curious  and  complicated  passages  often  found  in  the 
bypass  ducting;  provided  the  duct  is  long  in 
relation  to  its  transverse  dimensions  this  is 
probably  reasonabi  . 


Most  of  the  analyses  of  acoustic  attenuation 
in  ducts  have  used  normal  (i.e.  independent)  modes 
which  allow  the  wave  equation  to  be  separated  in  a 
manner  analogous  to  that  outlined  in  Section  2h,3, 
Viscosity  and  shear  stresses  are  always  ignored, 
and  the  boiuidary  layer  is  modeled  by  an  inviscid 
shear.  The  presence  of  uniform  flow  does  not 
seriously  alter  the  modes,  but  shear  flow  brought 
the  existence  of  normal  modes  into  question.  Shankar 
Ref.  (2U.87)  considered  acoustic  propagation  with  a 
mean  flow  which  is  perturbed  about  a  uniform  flow 
without  assuming  the  existence  of  normal  modes,  and 
was  able  to  show  that  the  results  were  indeed 
consistent  with  the  approach  using  such  modes. 


In  the  simple  circular  cylinder  case  considered 
in  Section  2lt.3  with  rigid  walls  (infinite  impedance) 
and  uniform  flow,  the  specification  of  inner/outer 
radii  ratio,  circumferential  order,  m,  and  radial 
order,  u,  are  sufficient  to  define  the  radial 
eigenvalues  k^  and  Q  and  eigenfunction 


J(k  r)  +  Q  Y(k  r). 
mu  mu  mu 


LFor  rectangular  ducts  the  eigenfunction  is  a  sum 
of  sine  and  cosines  in  place  of  Bessel  functions). 
When  the  wall  impedance  is  finite  the  values  of 

k  and  Q_  depend  on  the  values  of  resistance  and 
mu  mu 

reactance,  but  once  these  are  specified  the 
eigenvalues  can  be  calculated  einalytically .  This 
is  not  in  general  straightforward  and  it  is  usual 

to  first  calculate  hard  wall  values  of  k  and 

mu 

0^  and  proceed  by  numerical  methods  from  there. 


From  the  eigenvalue  k  ,  the  axial  attenuation  can 
mu 

be  inraediately  calculated. 


Uniform  flow  does  not  affect  the  radial  equation 
or  the  eigenfunction  but  it  does  change  the 
boundary  condition.  Uniform  flow  is,  of  course, 
an  analytic  model,  not  realisable  in  practice,  which 
implies  slip  between  the  wall  and  the  fluid 
immediately  adjacent  to  it.  The  acoustic  pressure 
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is  continuous  across  this  discontinuity  at  the 
wall,  but  a  controversy  arose  as  to  whether  the 
acoustic  velocity  or  displacement  perturbations 
normal  to  the  wall  should  be  equated  across  it. 

It  has  gradually  become  accepted  that  it  is  the 
displacement  which  is  to  be  used;  in 
consequence  the  velocity  changes  abruptly. 

The  presence  of  shear  means  that  unless 
resectrictions  are  made  to  small  perturbations 
from  uniform  flow  an  analytic  procedure  cannot 
be  used  to  calculate  k  and  0  .  Different 

numerical  methods  are  available  for  finding 
these  eigenvalues.  Mariano,  Ref.  (24. 88) 
and  Ko,  Ref.  (24.89)  split  the  flow  into  a 
uniform  core  and  a  boundary  layer,  using 
analytic  results  for  the  core  and  matching  this 
at  the  edge  of  the  boundary  layer  where  a 
numerical  method  is  used.  Mungar  and  Plumblee, 
Ref.  (24.90)  and  Kaiser,  Ref.  (24.91)  use 
numerical  approaches  across  the  entire  annulus. 
Because  the  inviscid  shear  represents  the  mean 
flow  boundary  layer  there  is  no  slip  at  the 
wall  and  the  velocity  and  displacement  are  both 
continuous . 

Partly  for  historical  reasons  and  partly 
because  the  calculations  are  so  much  easier,  much 
of  the  published  work  to  date  considers  only 
uniform  flow  and  neglects  the  shear  in  the  wall 
boundary  layers.  The  theory  is  sufficiently 
well  based  and  the  mechanisms  understood  that 
it  can  be  definitely  shown  that  the  neglect  of 
the  boundary  layers  is  not  in  general  justified. 
For  this  reason  the  results  shown  here  will 
normally  include  the  boundary  layer. 

In  comparing  liners  and  their  effects 
certain  assumptions  about  the  input  sound  field 
must  be  made.  In  some  work  the  attenuation 
of  a  particular  mode  is  considered,  whilst  in 
others  the  sum  of  radial  modes  making  a  radially 
constant  wave  at  entry  is  chosen.  Most  work  has 
considered  that  at  inlet  the  acoustic  energy  is 
spread  into  all  the  modes  propagating  (i.e.  above 
cut-off)  in  an  equivalent  hard  wall  duct,  either 
assuming  equal  amplitude  or  equal  energy 
transmission  in  each  mode.  The  observed 
differences  in  attenuation  calculated  for  these 
latter  two  assumptions  is  usually  too  small  to  be 
significant.  Indeed  one  of  the  principal  and 
most  fundamental  limitations  to  the  accuracy  in 
predicting  the  attenuation  from  engines  is  the 
specification  of  the  input  to  the  calculation, 
that  is  specifying  the  strengths  of  all  the  modes 
generated  by  the  engine,  or  its  dcminant 
component . 

The  assumption  that  all  modes  are  propagating 
and  that  no  mode  is  preferred  in  terms  of 
amplitude  matches  the  common  method  of  testing 
linings  between  two  reverberant  chambers .  With 
any  input  other  than  a  single  mode  the  apparent 
attenuation  decreases  with  distance  from  the 
entry.  This  is  because  the  rapidly  attenuated 
modes  are  quickly  reduced  leaving  only  those  modes 
which  are  least  affected  by  the  lining;  finally 
the  least  attenuated  mode  is  all  that  remains. 
Although  the  lowest  order  radial  mode  (in  a 
circular  duct)  or  its  equivalent  in  a 
rectangular  duct  is  often  the  least  attenuated 
mode,  it  is  by  no  means  always  the  case.  This 
was  demonstrated  in  calculations  performed  by 
Ko,  Ref.  (24.89)  in  which  high  frequency  sound 
in  the  inlet  was  attenuated  less  in  the  second 
radial  order. 


The  attenuation  upstream  and  downstream  is 
affected  by  too  many  parameters  for  a  simple 
demonstration  of  all  effects  to  be  possible.  It  is 
usual  therefore  to  illustrate  the  effects  with  one 
or  two  cases,  taking  particular  values  of  geometry 
(hub-tip  ratio  for  a  circular  duct,  aspect  ratio  for 
a  rectangular  duct),  lining  length,  Mach  number, 
boundary  layer  thickness  and  liner  properties.  It  is 
more  natural  to  consider  the  effect  of  boundary  layer 
first,  although  this  was  the  most  recent  effect  to  be 
included . 
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Figure  24.52  Comparison  of  Predicted  and  Measured 
attenuation  Spectrum  in  a  Rectangular 
Duct  showing  Importance  of  Flow  and 
Sheer  (i.e.  Boxmdary  Layer). 

Figure  24.52,  taken  from  Ref.  (24.88)  compares 
measurement  with  prediction  of  attenuation  in  a 
rectangular  duct.  The  comparison  is  shown  for 
downstream  propagation,  as  in  an  exhaust  duct, 

(M  »  +  0.4)  for  upstream  propagation,  as  in  an  inlet, 

(M  =  -  0.4),  and  also  for  the  case  of  no  flow. 

The  predictions  are  shown  both  including  and  neglecting 
the  boundary  layer.  These  attenuations  assume  equal 
SPL  for  all  propagating  modes  and  growth  in  the 
boundary  layers  along  the  length  of  the  lining  is 
neglected.  The  no  flow  case  is  well  predicted. 

So,  too,  is  the  downstream  attenuation,  with  or  without 
the  inclusion  of  the  shear  layer.  For  downstream 
propagation  shear  has  very  little  effect .  In  the 
case  of  upstream  propagation  the  effect  of  shear  can 
be  seen  to  be  large,  and  when  it  is  included  the 
prediction  matches  the  measurements  very  well . 

It  is  apparent  from  Fig.  24.52  that  the  mean 


alters  the  peak  frequency  of  attenuation  in  a 
j^iver.  duct,  as  well  as  changing  the  magnitude. 
Propagating  with  the  flow  (M  +  ve)  the  frequency  is 
increased,  aga.'  t  the  flow  the  peak  frequency  is 
reduce i.  The  effect  of  the  shear  on  the  upstream 
propagating  sound  is  to  increase  the  peak  frequency 
:f  attenuation,  but  to  reduce  the  amount  of 
attenuation.  All  these  effects  appear  to  be 
g-;neral  for  a  wide  range  of  duct  geometries,  wall 
i-.pedances  and  Mach  numbers.  The  satisfactory 
agrotrmer.t  betwe-en  prediction  and  measurement 
provides  confir.mation  that  the  propagation  and 
attenuation  processes  are  being  adequately  modelled. 
Ibis  allows  the  effects  of  parameter  changes  to  be 
demonstrated  usefully  with  the  analytic  methods. 

Mariano,  Ref.  (2U.92)  has  found  that  the  loss 
ir.  attenuation  for  upstream  propagation  with  shear 
car.  be  recovered  by  reducing  lining  resistance  and 
..ncreasing  the  backing  depth.  In  Mariano’s 
ralc'uiations  the  turbulent  boundary  layer  has  been 
f^und  to  be  adequately  represented  by  a  linear 

:r,file  given  by  ^  where  5i  is  equal  to  half 

tr.e  true  tnickness,  ’dayfeh  et  al  Ref.  (24,93)  have 
s:'.cwT.  tr.at  it  is  the  displacement  thickness  which  is 
.most  important  in  determining  the  effect  of  the 
bc’u.ndvary  layer  and  that  the  attenuation  calculated 
ass'uming  different  t^Tes  of  laminar  and  turbulent 
profile  are  similar  if  compared  on  this  basis. 
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effect  for  downstream  propagation  is  whereas 

for  upstream  propagation  it  is  large,  affect::..*  hotn 
the  peak  frequency  and  peak  attei^uaticn .  Fig.^,.l.*l; 

demonstrates  the  effect  of  Mach  i.umber  at  co:..:tar.t 
boundary*  layer  thickness;  because  of  t;.e  small 
effect  of  thebour.dary  layer  on  dowiistrean  propagating 
sound  (Mach  number  positive)  the  doviiStream 
attenuations  have  been  evaluated  assuming  tht-  flow  to 
be  uniform.  The  attenuation  for  sound  propagating 
against  the  flow  is  clearly  very  much  greater  than 
in  stationary  conditions  (but  calculations  ignoring 
the  boundary  layer  then  predict  even  larger 
attenuations)  and  the  peak  frequency  is  lower.  TIjc- 
effect  of  flow  for  downstream  propagation  is  to 
reduce  the  level  of  attenuation  and  to  raise  the 
frequency  at  which  the  peak  occurs,  but  to  a  lesser 
extent  than  for  upstream  propagation. 
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Figure  2*4.51*.  Variation  in  Predicted  Attenuation 
Spectrum  with  Flow  Mach  Humber  in 
a  Cylindrical  Duct  of  Diameter  D. 

The  parameter  which  primarily  determines  the 
frequency  of  the  peak  attenuation  is  the  lining 
depth,  d.  The  effect  of  this  is  shown  in  Fig. (2*4. 55) 
from  Ref.  (214,39).  Over  a  wide  range  of  lining 
thickness  the  peak  level  of  attenuation  is  more  or 
less  unchanged,  only  the  frequency. 


02  03  0  4  0  6  0  0  l  O  1-5  20  3  0  40  5 


NON-DIMENSIONAL  FREQUENCY-' t D/c 


NON-DIMENSIONAL  FREQUENCY,  fD/c 


Figure  21^,53  Variation  in  Predicted  Attenuation 

Spectrum  with  Boundary  Layer  Thickness 
6  in  a  Cylindrical  Duct  of  Diameter  D. 

■go,  Ref.  (21*. 89)  has  carried  out  an  extensive 
parametric  study  of  attenuation  in  a  circular 
cylindrical  duct  and  these  are  shown  in  Figs. (2U. 53) 
to  (2I4.56).  The  effect  of  boundary  layer  shear  is 
included,  although  boundary  layer  growth  in  the  test 
section  is  neglected.  Fig.  (21*. 53)  shows  the  effect 
of  bouridary  layer  thickness  on  the  attenuation  for 
the  upstream  and  downstream  propagation  with  the 
same  flow  Mach  n’ornber .  The  boundary  layer 
thickness  is  non-dimensionalised  with  respect  to 
duct  diameter,  D.  As  in  the  rectangular  duct  the 


If  the  lining  depth  were  to  become  comparable  to 
the  passage  height,  the  peak  frequency  would  be 
influenced  by  passage  height  as  well.  It  has 
already  been  shown  that  the  peak  is  also  affected 
by  the  flow  Mach  number  and  by  the  boundary  layer 
thickness.  Nevertheless  the  largest  effect,  and 
the  one  over  which  control  can  be  readily 
exercised,  is  the  backing  depth  and  for  a  design 
this  would  be  arrived  at  by  a  combination  of 
experience  and  test  calculation. 

The  other  main  parameter  of  the  linings  over 
which  control  is  exercised  is  the  resistance, 
depending  on  porosity  but  also  Mach  number  and  SPL. 
Increasing  resistance  lowers  the  peak  but  broadens 
it.  Fig.  {2U.56);  the  optimum  value  for  a 
particular  noise  problem,  geometry  and  flow  is  in 
general  the  result  of  calculation  for  a  number  of 
possible  values.  The  complex  part  of  the 
impedenace  associated  with  the  facing  sheet  ~  , 
has  a  relatively  small  effect  on  the 
overall  attenuation. 
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Figure  21*.  56  Variation  in  Predicted  Attenuation 
Spectrum  with  Specific  Resistance 
B/po  of  Lining  in  a  Cylindrical  Duct 
of  Diameter  D.  (Propagation 
Upstream) . 

The  position  with  regard  to  the  design  and 
prediction  of  acoustic  liner  performance  is 
relatively  very  satisfactory.  It  remains,  however, 
a  relatively  costly  procedure  whenever  numerical 
calculations  are  performed  to  choose  optimum  liner 
resistance  and  cavity  depth.  This  is  because  the 
attenuation  of  all  the  propagating  modes  must  be 
found,  and  in  general  there  are  very  many  of  these. 
For  example  in  an  intake  with  an  internal  diameter 
2.1*  m  (8  ft)  there  will  be  approximately  8l2  modes 
propagating  above  cut-off  at  a  frequency  of  I*  kHz. 
For  each  of  these  the  complex  radial  wavenumber 
or  eigenvalues  must  be  found.  As  already  indicated 
the  calculation  of  the  eigenvalues  in  the  direction 
normal  to  the  surface  is  not  straightforward  for 
non-rigid  walls  and  it  is  finding  these  which  is 
most  time  consuming.  This  has  led  to  authors 
attaching  the  problem  without  the  resolution  into 
modes.  Whether  these  methods  will  supplant 
the  modal  methods,  or  whether  a  fully  satisfactory 
quick  algorithm  for  calculating  eigenvalues  will 
be  found,  remains  to  be  seen. 

Most  of  the  work  to  date  has  treated  the 
problem  as  if  the  lining  extended  to  infinity  so 
that  no  waves  are  reflected  back  along  the  duct 
from  the  change  in  liner  impedance.  In  practice 
this  is  never  realised  and  some  reflection  will 
occur  at  the  start  and  the  end  of  the  lining. 
Recently  interest  has  grown  in  exploiting 


this  effect  by  deliberately  changing  the  liner 
characteristics  at  an  axial  station,  Lorumski, 

Ref.  (21*. 91*).  The  possibility  of  further 
significant  attenuation  from  this  and  from  more 
complicated  liners  (such  as  double  layers)  appears 
to  be  real . 

21.8  CONCL'JDIKG  REMARKS  AND  FUTURE  PROSPECTS 

The  upsurge  in  research  on  aircraft  noise  over 
the  last  few  years  has  ccincided  with  the  introduction 
of  engines  with  high  bypass  ratios,  typically  about 
5.  Most  of  the  research,  which  has  been  directed 
at  civil  air  transport ,  has  therefore  centered  on 
the  problem  of  these  high  bypass  engines. 

The  introduction  of  the  high  bypass  ratio 
engines  has  brought  an  enormous  reduction  in  noise 
from  the  newer  aircraft  and  has  stimulated  the 
meinufacturers  to  silence  many  of  the  older,  smaller 
types.  Whilst  it  is  true  that  all  the  potential  fan 
quietness  could  have  been  lost  by  careless  design, 
it  is  nevertheless  also  true  that  it  was  the 
decision  to  have  high  bypass  ratio  which  has  made  it 
possible  to  reduce  the  noise  so  far.  The  basic 
reason  for  this  is  no  more  subtle  than  the  reduction 
in  jet  velocity  which  is  implicit  in  the  higher 
bypass  ratio  and  increased  propulsive  efficiency. 

This  is  the  intractable  obstacle  in  the  way  of 
reducing  noise  from  high  speed  aircraft  where 
bypass  ratios  are  necessarily  low  and  jet 
velocities  are  high.  The  research  into  noise  from 
supersonic  transport  aircraft  is,  as  yet,  nowhere 
near  offering  a  solution  with  conventional  engines. 
Only  with  such  refinements  as  variable  bypass  ratio 
(high  for  take-off  and  landing,  low  for  high  speed 
operation)  does  a  real  possibility  exist  for  quiet 
high  speed  aircraft . 

The  returns  on  noise  research  have  been 
surprisingly  small  over  the  last  few  years.  For 
example  little  more  is  blown  about  compressor  or 
fan  rotor-stator  interaction  noise  now  than  a  decade 
ago.  It  was  known  then  that  the  correct  choice  of 
rotor  and  stator  blade  numbers  could  make  the 
interaction  tone  cut-off,  and  if  this  was 
impractical  it  was  realised  that  a  large  axial  gap 
was  essential.  (Interestingly,  these  'rules' 
were  ignored  on  a  high  bypass  ratio  engine  for  a 
military  transport  .  The  noise  levels  were  so 
high  that  structural  damage  was  incurred).  In  terms 
of  broad  band  noise  from  fans,  compressors  or  the 
engine  core  the  basic  mechanisms  have  yet  to  he 
identified  ou.nclusively  and  the  control  of  noise  - 
except  for  obvious  things  like  avoiding  regions  of 
separation  -  is  a  long  way  off. 

The  area  which  continues  to  offer  scope  for 
hope  is  in  the  use  of  acoustic  liners.  Remarkably 
good  results  have  been  obtained  with  very  simple, 
single  layer  per for ate -honeycomb  layers.  It  is 
probable  that  over  the  next  few  years  the 
introduction  of  double  layers  and/or  the  use  of  bulk 
absorber  types  of  lining  will  lead  to  a  further 
marked  increase  in  attenuation. 

A  feature  of  lining  design  is  its  comparative 
precision  -  it  is  possible  to  specify  what  is 
required  and  obtain  a  wall  treatment  attenuation 
which  closely  approximates  this.  The  basic  reason 
for  this  is  that  the  processes  are  well  modeled  and 
the  analytic  tools  are  strong.  In  the  case  of 
noise  generation  the  analysis  has  been  of  relatively 
very  little  use.  As  mentioned  in  the  introduction 
the  reason  for  this  is  the  complexity  of  the 
mechanisms  in  high  speed  machinery;  the  Mach 
numbers  are  typically  not  far  from  unity  and  the 


3h.ysical  dimensions  are  comparable  with  the 
acoustic  wavelength.  In  addition  the  flow  is 
frequently  highly  three-dimensional.  Without 
wishing  to  be  unduly  pessimistic  it  does  not  appear 
to  be  very  likely  that  analytical  methods  for 
accurately  describing  and  predicting  engine  noise 
generation  will  be  sufficiently  developed  to  be 
of  real  assistance  for  the  next  decade. 
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25.1  Introduction 

The  problem  of  jet  noise  in  gas  turbine  ex¬ 
haust  systems  arises  from  the  mixing  of  the  jet 
exhaust  stream  with  the  ambient.  The  mixing 
process  is  extremely  unsteady  at  the  high  Rey¬ 
nold's  numbers  characteristic  of  gas  turbine 
engines  so  that  one  is  inevitably  dealing  with  a 
noisy  flow.  From  a  fundamental  point  of  view, 
one  may  say  that  noise  is  a  consequence  of  a  flow 
being  both  unsteady  and  compressible .  Jet  flows 
are  unsteady  because  the  mixing  of  two  streams 
at  different  velocities  is  inherently  unstable  and 
hence  a  continuous  source  of  turbulence. 

The  basis  for  the  understanding  of  jet  noise 
was  laid  in  the  early  fifties  in  two  papers  of 
Lighthill  (References  1  and  2)  and  since  then 
several  authoritative  review  articles  on  jet  noise 
have  appeared  (References  3,  4,  5,  and  6).  The 
purpose  of  the  present  chapter  is  therefore  much 
more  restricted  and  would  even  strike  some 
readers  as  pedestrain.  It  is  strictly  tailored  to 
the  industrial  user  who  needs  to  glean  from  the 
research  literature  ideas,  equations,  etc.,  that 
enable  the  prediction  and  hopefully  the  achieve¬ 
ment  of  some  measure  of  control  of  jet  noise  for 
specific  nozzle  geometries  with  given  stagnation 
pressure  and  temperature .  The  ideas  contained 
in  References  1-6  will  first  be  summarized 
especially  with  regard  to  what  they  imply  for  jet 
noise  estimation  and  prediction.  This  summary 
is  followed  by  citation  of  careful  experiments  with 
both  heated  and  room  temperature  jet  flows  that 


have  revealed  inadequacies  of  prior  work  (such  as 
summarized  in  References  1-5)  in  predicting  the 
results  of  these  experiments  in  detail.  The  three 
eiqierimental  papers,  in  particular,  that  are  most 
valuable  are  the  papers  of  Lush  (Reference  7) , 

Ahuja  and  Bushell  (Reference  8) ,  and  Hoch  et  al 
(Reference  9) .  Some  new  ideas  that  have  been 
advanced  in  recent  years  to  resolve  some  of  the 
discrepancies  between  the  Lighthill  theory  and  data 
are  next  described.  We  also  give  a  brief  account 
of  a  type  of  combined  turbulent  mixing/acoustic 
analysis  that  is  currently  gaining  acceptance  as  a 
rational  way  of  proceeding  to  estimate  jet  noise . 
Finally,  we  deal  with  the  "excess"  jet  noise  prob¬ 
lem  (the  only  aspect  of  which  we  consider  in  detail 
is  the  "shock  noise"  problem  for  underexpanded 
supersonic  jets)  and  briefly  describe  some  of  the 
puzzles  that  are  encountered  in  the  area  of  jet  noise 
in  flight  (as  opposed  to  the  static  case) . 

The  gas  turbine  power  plant  designer  is  very 
often  interested  in  a  wide  variety  of  nozzle  shapes 
(Figure  1) .  The  round  convergent  nozzle  is,  of 
course,  the  simplest  possible  shape  for  turbojet 
engines.  Sometimes  (in  fact  to  reduce  jet  noise), 
turbojet  engines  employ  noncircular  nozzles  of 
the  "daisy”  type .  Multitube  and  other  multielement 
exhaust  nozzles  have  been  proposed  though  they  are 
not  yet  used  in  any  flying  airplane.  Dual  flow  sys¬ 
tems  (wherein  the  stagnation  pressure,  temperature 
of  the  two  streams  are  different)  are  characteristic 
of  turbofan  cycles .  (Although  not  shown  in  Figure 
1,  dual  flow  systems  are  often  characterized  by 
noncoplanar  exit  planes) .  Even  with  round  conver¬ 
gent  nozzles,  a  central  plug  is  frequently  employed. 

The  present  chapter  will  not  addre::s  at  all  the 
problems  with  experimental  techniques  sed  to 
measure  jet  noise.  Some  of  the  more  important 
of  these  will  be  briefly  mentioned.  Outdoor  testing 
very  often  produces  confusing  effects  due  to  ground 
reflections.  When  scale  model  tests  are  carried 
out  (often  in  anechoic  chambers),  it  is  common 
practice  to  strive  for  geometric  similarity,  same 
working  fluid  (air)  at  the  same  stagnation  pressure 
and  temperature .  The  inevitable  mismatch  in 
Reynold’s  number  is  accepted  as  of  little  conse¬ 
quence  in  view  of  the  high  Reynold's  numbers 
involved.  Frequencies  are  scaled  simply  on  the 
basis  that  f  i  =  constant  (where  f  is  the  frequency 
in  cycles  per  second  and  t  is  a  characteristic 
leng^  of  the  nozzle)  and  then  the  scaling  principle 
is  just  that  the  noise  per  unit  area  is  the  same  for 
both  model  and  prototype  in  the  appropriate  third 
octave  bands.  Provided  proper  precautions  are 
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taken  to  ensure  the  dominance  of  jet  noise  over 
internally  generated  noise,  etc.,  the  above  scaling 
principle  works  reasonably  well .  Reference  10 
provides  evidence,  e.g.,  that  the  above  scaling 
principle  works  well  for  three  nozzle  types; 
namely  a  round  nozzle,  a  multitube  nozzle  and  a 
daisy  nozzle.  One  disadvantage  of  scale  model 
work  is  the  need  to  measure  to  high  frequencies 
(as  high  as  40  kc) .  Atmospheric  absorption  effects 
are  an  area  of  controversy  above  10  kc .  Engine 
tests  on  the  other  hand  are  often  vitiated  by  inter¬ 
nally  generated  noise  sources  especially  for  jet 
velocities  below  1400  feet  per  second  or  so. 

It  should  be  reiterated  that  from  a  practical 
point  of  view  we  do  not  know  enough  about  the 
scaling  of  jet  noise  for  complex  nozzle  shapes 
except  with  regard  to  the  geometric  size  effect. 
Thus  every  effort  is  made  in  practical  model  scale 
studies  to  preserve  the  working  fluid,  stagnation 
temperature  and  stagnation  pressure .  As  will  be 
seen  shortly,  the  celebrated  Lighthill  theory  is, 
in  essence,  viewed  from  a  strictly  utilitarian  point 
of  view,  an  attempt  to  predict  the  scaling  of  jet 
noise  with  jet  temperature,  jet  velocity  and 
angle  to  the  jet  axis. 

In  Figure  2  we  show,  in  schematic  form, 
a  layout  depicting  the  quantities  that  are  measured 
in  a  typical  jet  noise  experiment.  One  is  normally 
interested  in  sound  pressure  level  (abbreviated  as 
SPL)  spectra  (for  full  scale  engine  sizes)  from 
about  100  Hz  to  10,000  Hz  (for  model  scale,  the 
frequencies  would  obviously  be  higher), 
angles  9  (in  Figure  2)  from  20°  to  150°,  Jet 
velocities  ranging  from  600  fps  to  3000  fps  with 
upstream  stagnation  temperatures  ranging  from 
room  temperature  to  3000°R  are  commonly  of 
interest.  When  flight  noise  is  of  interest,  flight 
speeds  from  0  to  400  fps  are  of  interest. 


ents),  X.  the  corresponding  space  coordinate,  p.. 
the  compressive  stress  tensor  consisting  of  a  ^ 
pressure  term  p5..  (  '..  is  the  Kronecker  delta  func¬ 
tion),  t  ..  the  visccJlis  stress  tensor.  It  is  character- 
.istic  of'Lighthill's  development  of  the  jet  noise 
problem  that  he  used  the  momentum  equation  in  Rey¬ 
nold's  form  and  that  he  made  no  use  of  the  energy 
equation  (which  for  an  inviscid,  non  heat  conducting 
gas  of  specific  heat  ratio  v  would  be 


Dp  yp  Do 
Dt  ■  p  Dt 


with  D/Dt  denoting  a  differentiation  following  the 
fluid).  It  should  be  noted  that  equations  (1)  and  (2) 
assume  the  absence  of  any  explicit  mass  or  force 
sources  in  the  fluid  and  are  thus  tailored  to  reveal 
noise  sources  in  the  absence  of  any  obvious  sources 
such  as  unsteady  combustion,  struts  (which  may  in¬ 
duce  fluctuating  forces) .  etc.  This  development  is 
certainly  pertinent  to  jet  noise  since  we  hope  that 
the  burning,  etc.,  is  complete  by  the  time  the  flow 
leaves  the  nozzle  and  struts,  etc.,  are  usually 
absent  in  the  exhaust  plume. 


By  taking  3/9t  of  (1)  and  3''  3x.  of  (2)  and  sub¬ 
tracting  the  latter  from  the  former  one  arrives  at 
the  Lighthill  equation  (which  is  an  exact  equation) 
namely 
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where  T..  =  p  v.v.  +  (p  -  a^  P)«  j.  -  t  .  a-  so 
far  is  any  constint  velocity  but  ar  least  ror  low 
Mach  number,  unheated  flows  it  will  be  convenient 
to  take  it  as  the  undisturbed  speed  of  sound  thus 
eliminating  (approximately)  the  term  (p  -  ajj^p  )  i . . 
in  T,. .  In  (4)  and  in  what  follows,  the  usuarcon-  ^ 
ventuin  that  repeated  indices  imply  summation  over 
the  repeated  index  going  from  1  to  3  is  followed. 


We  now  proceed  to  a  description  of  the  Light¬ 
hill  theory  of  jet  noise  and  its  consequences. 

25.2  Lighthill  Theory 

Lighthill  himself  introduced  his  theory  of  jet 
noise  (References  1,  2)  as  follows.  The  exact 
equations  of  continuity  and  motion  can  be  written 
as: 
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In  (1),  (2),  and  (3),  p  denotes  density,  v^  denotes 
the  r“  component  of  velocity  (Cartesian  compon¬ 


The  ingenuity  of  LighthiU's  manipulating  (1), 

(2)  to  lead  to  (4)  notwithstanding,  it  is  important 
to  note  (Reference  6)  that  a  somewhat  deeper  idea 
than  mere  manipulation  is  involved  in  the  develop¬ 
ment  of  (4) .  Source  free  linear  acoustics  of  a  uni¬ 
form.  homogeneous  medium  is  governed  by  the 
equation: 

=  77  '  ° 

On  the  other  hand,  if  sources,  say  s(x,  t),  are 
present  (5)  would  be  modified  to 

LjjO  =  s(x,  t)  (6) 

Based  on  (5)  and  (6),  we  may  say  that  in  attempting 
to  cast  the  jet  noise  problem  in  the  framework  of 


classical,  linear  acoustics  of  a  stationary,  uniform 
homogeneous  medium.  Lighthill  saw  that  noise 
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In  other  words,  if  one  wishes  to  draw  an  analogy 
to  the  linear  acoustics  of  a  stationary,  uniform, 
homdgeneous  medium,  the  sources  are  precisely 
the  extent  to  which  the  pertinent  wave  equation  for 
such  a  flow  (Lq^b  =  0)  is  not  satisfied.  The  ingen¬ 
uity  of  Lighthin  is,  of  course,  in  showing  that 
this  residual  or  imbalance  was  exactly 

Retarded  time  solutions  to  (4)  can  be  written 
down  formally  but  they  show  immediately  that  no 
further  progress  can  be  made  unless  intuitive 
assessments  are  made  of  the  "source"  term  T  . 
Lighthill  argued  that  with  a^  taken  as  the  spee^ 
of  sound  in  the  undisturbed  medium  and  neglecting 
viscous  stresses,  the  dominant  part  of  T..  would 
be  0  v.v. .  To  make  further  progress,  he ‘assumed 
that  (dv^.v  .)  could  be  approximated  by 
where  ‘dAs  the  mean  jet  density  and  v^l  ^ 
the  nonaciustic  portion  of  the  fluid  velocities. 

If  we  accept  these  arguments,  we  can  then  esti¬ 
mate  the  source  terms  at  least  on  a  similarity 
basis.  (In  addition,  hot  film  measurements,  e.g., 
see  Reference  11,  do  give  us  a  good  picture  of 
the  velocity  field  in  jet  flows.) 

The  second  key  idea  that  Lighthill  advanced 
relates  to  the  consequences  of  the  source  term 
appearing  in  (4)  as  a  double  divergence .  The 
physical  result  that  he  deduced  was  that  jet  noise 
was  due  to  a  large  number  of  small,  staUstlcally 
independent  volumes  (called  eddies)  with  each  of 
these  eddies  contributing  noise  of  a  guadrupole 
character.  To  understand  this,  we  need  to  first 
note  that  if  the  spatial  extent  over  which  the 
ov.v.  term  of  T,  is  correlated  is  small  compared 
to  the  wavelengfll  of  the  emitted  sound,  the  source 
region  is  what  is  termed  "compact"  in  acoustic 
terminology  and  can  be  treated  essentially  as  a 
point  source.  (Mathematically,  at  a  given  fre¬ 
quency,  one  would  approximate  °-Vx.v..  by  a  three- 
dimensional  delta  function  repres^nmtmn  as 
PjQ'5  (x)  exp  (jut)) .  To  decide  when  the  source 
regions  are  indeed  compact  we  need  to  resort  to 
a  dimensional  argument  as  follows. 

If  I  denotes  a  length  scale  of  the  eddies  and 
u  the  value  of  the  velocity,  Lighthill  points  out 
that  the  associated  frequency  will  be  proportional 
to  (u/8.  )  so  that  the  ratio  (n  A  )  (x  being  the 
wavelength  of  the  emitted  sound)  will  be  propor¬ 
tional  to  (u/sq).  Based  on  this,  we  may  say  that 
if  the  flow  Mach  numbers  are  small,  the  eddies 
are  likely  to  be  compact.  The  condition  of  low 
Mach  number  flows  by  itself  is  too  restrictive 
and  not  very  interesting  because  jet  flows  are  not 
noisy  at  low  Mach  numbers . 

To  cope  with  the  high  Mach  number  jet  noise 
problem,  Lighthill  points  out  that  the  eddies  that 
create  jet  noise  are  convected  with  the  flow  and 
in  their  own  frame  of  reference  are  actually  decay¬ 
ing  rather  slowly.  (Hot  film  measurements  of 


Reference  11  with  two  spatially  separated  pi  obes 
confirm  this.)  The  reader  is  referred  to  Lighthill's 
papers  for  a  fuller  exposition  of  these  ideas  and  the 
end  result  is  that,  if  eddy  convection  is  accounted 
for,  the  source  compactness  condition  becomes 
that  the  turbulent  (fluctuating  velocity)  Mach  num¬ 
ber  (M.)  be  small.  The  reasons  for  this  modified 
condition  are  that  a  frozen,  subsonically  convecting 
pattern  generates  no  sound  and  hence  only  the  time 
variations  (frequencies)  in  the  eddy's  own  (convected) 
frame  of  reference  create  sound.  These  frequencies 
(in  the  eddy's  own  frame  of  reference)  are  propor¬ 
tional  to  (u'/n)  where  u'  is  the  fluctuating  velocity. 
TTie  condition  that  M^  be  small  is  likely  to  be  met 
even  for  high  speed  jets  since  turbulence  levels 
(referenced  to  the  jet  exit  velocity)  rareiy  exceed 
15%  or  so.  Even  for  a  Mach  2.0  jet,  thus  M^  will 
not  exceed  0.3. 

There  is  a  small  price  to  be  paid  for  this 
ability  to  cope  with  high  jet  Mach  numbers  which  is 
that  the  linear  acoustic  theory  has  to  be  developed 
to  handle  the  problem  of  radiation  from  convected 
quadrupoles  and  the  usual  Doppler  type  effects  on 
frequency,  pressure  amplitudes,  directivity,  etc., 
have  to  be  considered.  This  is  the  essence  of 
Lighthill's  analysis,  namely  that  it  develops  the 
consequences  of  convection  of  the  quadrupoles. 


25.3  Results  of  Lighthill  Theory  and  Comparison 
with  Experiments 


Analytical  details  of  how  to  solve  the  problem 
of  radiation  from  convected  quadrupoles  (within 
the  framework  of  classical,  linear  acoustics  of  a 
uniform,  stationary,  homogeneous  medium)  are 
given  in  References  1,  2,  3,  and  4,  so  that  we 
will  not  repeat  the  details  of  the  procedure .  The 
purpose  here  is  to  summarize  broadly  the  pre¬ 
dicted  results . 


The  results  can  be  classified  into:  a)  those 
associated  with  nonconvective  aspects  and  b) 
those  associated  with  the  convection  of  the  eddies. 

The  principal  result  of  type  (a)  is  based  on  the  fact 
that  the  acoustic  power  radiated  by  a  point  quadru- 
pole  of  strength  Q  and  frequency  u  is  proportional 
to  0)^0^.  Since  the  frequency  itself  scales  as 
(u/t)  and  for  a  given  nozzle  geometry  we  expect 
t  to  be  insensitive  to  jet  velocity,  jet  temperature 
(at  least  as  a  first  approximation) ,  we  arrive  at  a 
famous  prediction  of  Lighthill  that  jet  noise  power 
at  low  jet  Mach  numbers  (and  the  mean  square 
pressure  at  any  given  far  field  angle)  would  scale  as 
0  .2u8  when  jet  velocity  Hand  jet  density  are  varied, 
(l^ote  that  the  quadrupole  strength  Q  itself  would 
vary  as  o  .U^ .)  It  is  worth  repeating  that  the  eighth 
power  velocity  law  is  crucially  related  to  the  quad¬ 
rupole  nature  of  the  jet  noise  radiation.  The  quad¬ 
rupole  nature  of  the  sources  in  turn  is  not  only 
because  we  can  manipulate  (1)  and  (2)  to  yield  (4), 
but  also  because  we  estimate  the  most  important 
part  of  Tj.  to  be  t’VjV.  and  further  assume  (confirmed 


by  the  experimental  observations  of  Reference  11) 
that  the  Reynold's  stresses  (v.v.)  are  correlated 
over  lengths  small  compared  fo'*the  acoustic  wave¬ 
length  corresponding  to  the  frequency  at  which 
the  eddies  radiate. 


The  convective  aspects  of  LighthilTs  results 
will  now  be  stated.  The  result  for  the  acoustic 
pressure  of  a  convected  point  quadrupole  is  that 
its  pressure  is  modified  from  that  of  a  stationary 
point  quadrupole  as 
Pc 

Pm  =  - ^ - 3 

“  (1  -  M^cose)’’ 

where  Pj^  is  the  pressure  of  the  moving  quadru¬ 
pole,  is  its  convection  Mach  number  (refer¬ 
enced  to  the  speed  of  sound  of  the  uniform,  homo¬ 
geneous,  stationary  medium  through  which  it 
moves) .  The  angle  6  in  (7)  is  the  angle  made 
between  the  source -observer  direction  and  the 
line  of  source  motion  with  the  source  position 
taken  at  the  instant  where  the  source  was  when  it 
emitted  the  radiation  reaching  the  observer  at 
current  time  (see  Figure  3) .  p-  is  the  pressure 
that  a  stationary  source  Oocatea  at  the  retarded 
position  in  Figure  3)  would  produce  at  the  same 
far  field  location.  The  restrictions  on  (7)  are 
that  it  is  valid  only  for  point  quadrupoles  convect- 
ing  at  a  uniform  velocity. 


In  applying  (7)  to  the  jet  noise  problem,  Light 
hill  himself  (References  1,  2)  suggested  that  the 
mean  square  pressure  would  vary  as 


»'s^) 

(1  -  M^cose)® 


(8) 


Ffowcs  Williams  and  Ribner  (References  12,  13) 
showed  however ,  that  two  changes  need  to  be  made 
to  (8)  before  it  can  be  applied  to  the  jet  noise  prob¬ 
lem.  First  they  showed  that  when  the  integration 
over  a  finite  jet  volume  of  a  large  number  of  sta¬ 
tistically  Independent  eddies  is  carried  out,  the 
proper  factor  in  the  denominator  of  (8)  ou^t  to 
be  (1  -  M  cos6)®  rather  than  (1  -  M  cos9)®.  The 
eddy  convection  velocity  by  measurement  for  round 
nozzle  flows  is  found  to  be  roughly  65%  of  the  ideal 
jet  exit  velocity. 


The  second  modification  Introduced  by  Ffowcs 
Williams  and  Ribner  is  of  considerable  importance. 
We  note  first  that,  if  the  frequency  of  the  eddy  in 
its  own  frame  of  reference  Is  u-,  the  frequency  of 
the  emitted  sound  in  the  far  field  is  given  by  the 
Doppler  shift  formula  “q/(1  -  M  cos  9).  This 
means  that  however  smah  rnl^ht  be,  for  super¬ 
sonic  eddy  convection  (M  >  i),  the  observed  fre¬ 
quency  along  the  direction  9  =  co8‘^(l/M  )  is 
infinite  and  the  .  ssoclated  w^elength  is  zero . 

This  means  that  however  small  the  correlated 
source  region,  it  cannot  be  regarded  as  compact 


along  the  direction  9  .  This  difficulty  with  the 
original  Lighthill  result  (a  foretaste  of  which  is 
that  (8)  "blows  up"  or  is  singular  at  M^cos  =  1) 
led  Ffowcs  Williams  and  Ribner  to  develop  a  more 
generally  valid  result  than  (8)  and  they  concluded 
that  this  result  is  that 
2  8 

pj  U  (intrinsic  directionality) 

[(1  -  M^cos«)^  +  :?  ^  ^ 

where  a  is  a  semi -empirical  constant  (noncom¬ 
pactness  parameter)  allowing  for  finite  eddy  cor¬ 
relation  volumes.  We  will  shortly  discuss  the  term 
"intrinsic  directionality"  that  appears  in  the  numer¬ 
ator  of  (9).  For  round  circular  nozzles,  both  the 
far  field  acoustic  data  and  the  hot  film  measurements 
in  jets  suggest  that  a  is  roughly  somewhere  between 
0.3  and  0.55.  Apart  from  obtaining  an  expression 
for  (p^)  valid  for  all  angles  and  convection  Mach 
numbers,  (9)  also  points  out  another  important 
feature  of  jet  noise.  Consider  first  angles  6  and 
convection  Mach  numbers  M  such  that  |  M  cose  | 

1  and  )  1  -  M  cose  |>>ot*M  .  (9)  shows'^that 
the  acoustic  meaS  square  pressure  will  now  vary 
as  1)8  (since  M  itself  varies  as  U) .  Similarly  for 
angles  (near  0  *)  such  that  |  (1  -  M  cose)  |  <<aM  , 
^p^)  again  vaS-ies  as  U^.  Thus  the  Ribner -Ffowcs 
Williams  development  is  of  paramount  importance 
in  showing  that  for  high  velocities  (in  the  super¬ 
sonic  eddy  convection  regime),  the  far  field  acoustic 
mean  square  pressure  and  total  acoustic  power  will 
ultimately  vary  as  U8 .  Since  at  low  velocities  these 
quantities  vary  as  U®  and  the  flux  of  kinetic  energy 
through  the  exhaust  nozzle  varies  as  u8,  we  may 
say  that  the  efficiency  of  noise  generation  (ratto  of 
acoustic  power  to  jet  flow  power)  varies  as  M.®  at 
the  lower  velocities  and  finally  (at  high  velocines) 
levels  off  to  a  constant  value , 

One  last  remark  needs  to  be  made  related  to 
the  fact  (9)  is  in  terms  of  the  "retarded"  position 
angle  e  (Figure  3)  whereas  jet  noise  measurements 
are  made  with  reference  to  the  center  of  the  nozzle 
exhaust  plane .  Jet  noise  eddies  obviously  do  not  have 
an  infinite  lifetime  and,  in  fact,  have  a  coherent 
lifetime  (time  between  the  "birth"  and  "death”  of 
an  eddy)  corresponding  to  a  travel  through  several 
nozzle  diameters .  (The  coherent  length  is  greater 
for  low  frequencies  as  compared  to  high  frequen¬ 
cies  but,  even  for  the  lowest  frequency  eddies,  does 
not  exceed  about  twenty  nozzle  diameters) .  Thus, 
if  the  far  field  measurements  are  made  at  a  dis¬ 
tance  of  greater  than  say  150  nozzle  diameters, 
the  distinction  between  the  angle  measured  from 
the  center  of  the  nozzle  and  the  "retarded"  position 
angle  need  not  be  made.  If,  however,  the  radius 
of  measurement  is  significantly  less  than  about 
150  nozzle  diameters,  some  accounting  of  the  co¬ 
herent  length  of  the  eddy  may  be  needed  especially 
for  the  low  frequency  sound. 
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An  expression  "intrinsic  directionality" 
appears  in  (9).  The  most  comprehensive  develop¬ 
ment  of  this  idea  is  due  to  Ribner  and  is  summar¬ 
ized  in  Reference  14.  The  idea  is  as  follows. 
Consider  even  the  Lighthill  approximation  to  T.. 
namely,  o  .v.v. .  In  a  jet  flow,  to  a  first  approx¬ 
imation,  w4  Aliy  consider  the  velocity  field  as  one 
composed  of  a  transversely  sheared  axial  mean 
flow  U(r)  (r  denotes  the  transverse  radial  coordi¬ 
nate)  and  a  fluctuating  part  u'. .  Then  the  term 
^2/3Xj3x.  (VjV.)  appears  as  composed  of  a  part 

3^  [U  (Xg,  Xg)  u'. 

3  X,  3  X. 

1  1 

(with  1  denoting  the  axial  direction)  and  a  part 
3^/3  x.3x.  (u'.u'.).  If  the  turbulence  is  assumed 
to  be  Asoti-opic  iii  its  own  frame  of  reference,  the 
above  decomposition  shows  that  there  are  mean 
flow  shear  dependent  axial  quadrupoles 
3^/3Xj3  X.  [U  (Xg,  Xg)  u'j]  and  an  omnidirectional 

mix  of  quadrupoles  3^  (uVu'.)/3x.  ax  ) .  The  mean 
flow  shear  dependent  soured  terms  (said  to  pro¬ 
duce  "shear"  noise)  and  the  more  or  less  omni¬ 
directional  group  of  terms  (said  to  produce  "self" 
noise)  differ  from  each  other  in  three  respects. 
Firstly,  the  shear  noise  terms  have  an  axial 
orientation  unlike  the  self  noise  terms  which  are 
omnidirectional.  Secondly,  since  the  shear  noise 
involves  only  one  power  of  the  fluctuating  velocity 
while  the  self  noise  involves  two  powers  of  ti.e 
fluctuating  velocity,  shear  noise  would  be  expected 
to  account  for  lower  frequency  noise  emission 
than  self  noise.  Finally,  since  fluctuating  veloc¬ 
ities  will  be  smaller  than  mean  velocities,  shear 
noise  would  be  expected  to  be  more  important  in 
an  absolute  sense  than  self  noise .  It  should  be 
pointed  out  that  these  remarks  concerning  self 
noise  and  shear  noise  are,  strictly  speaking,  true 
only  for  the  development  of  jet  noise  theory  based 
on  Llghthlll's  equation  (4),  At  any  rate.  Reference 
14  points  out  that  this  development  of  Lighthill' s 
equation  leads  to  an  intrinsic  directionality  of  jet 
noise  as  [A(f)  +  B(f)  cos^  (e)  ]  for  the  mean  square 
pressure  with  f  the  frequency  (more  properly  a 
Strouhal  number)  and  e  the  angle  from  the  jet 
exhaust  axis.  Based  on  the  previous  reasoning, 
one  would  expect  B(f)  to  peak  at  a  frequency  one- 
half  of  that  at  which  A(f)  peaks  and  also  expect 
the  peak  value  of  B(f)  to  be  higher  than  that  of 
A(f). 

Essentially,  the  picture  of  jet  noise  predic¬ 
tion  that  emerged  in  the  early  sixties  or  so  is 
shown  in  Figure  4 .  The  total  acoust^  power  was 
predicted  and  measured  to  vao  as  U”  at  low  jet 
velocities  transitioning  to  a  U^law  at  high  jet 
velocities.  The  directionality  was  predicted  to  be 
basically  as  [(1  -  M  cos  9)2  +  o'm  ‘S/Z  with 
Ribner's  development  predicting  an  additional 
cos2  e  type  dependence  at  low  frequencies .  The 
spectral  distribution  for  geometrically  similar 


nozzles  was  predicted  to  scale  such  that  f  ■  /V.  was 
constant.  This  last  result  was  not  so  much  aA 
insight  from  the  Lighthill  equation  as  simply  based 
on  dimensional  reasoning.  When  jet  temperature 
was  changed  {ceeping  jet  velocity  constant),  by  vir¬ 
tue  of  the  fact  that  jets  are  essentially  constant 
pressure  flows,  jet  density  will  also  be  changed 
and  the  theory  suggests  that  noise  power  and  mean 
squared  pressure  would  vary  as  jn  Reference 
3,  Lighthill  suggests  that  because^  jet  noise  arises 
from  the  mixing  of  the  jet  with  the  ambient,  the 
strength  of  the  quadrupoles  ought  to  be  taken  as  pro¬ 
portional  to  (p  .  +  c  g)/2  where  p  g  is  the  density 
of  the  ambient ^luid  rather  than  just  to  o. .  Hence, 
he  suggested  that  the  variation  with  jet  density 
might  be  expressible  as  a  power  law  o.  ^  where 
ui  lies  between  1  and  2 .  ^ 

Apart  from  the  source  aspects  (such  as  low 
frequency  shear  noise),  the  predictions  of  the  Light¬ 
hill  theory  whether  for  the  U®  law,  the  d  .  ^  ^  , 

dependence  or  the  f  (1  -  M  cos  9)^  +  2j  -5/2 
directivity  are  not  noticeaBly  frequency  dipendent. 


The  Lighthill  theory  led  to  at  least  two  notable 
ideas  for  jet  noise  suppression.  Since  the  thrust 
of  a  jet  varies  as  A.V.2  (where  A.  is  the  jet  exhaust 
area)  and  its  acousAic^power  as  it  is  easily 

demonstrable  that  jet  noise  could  me  reduced  at 
constant  area  by  raising  exhaust  area  and  lowering 


jet  velocity.  The  high  bypass  ratio  fan  engine  is 
an  embodiment  of  this  concept  and  indeed  by  and 
large  the  noise  of  these  engines  (especially  the 
ones  that  power  the  wide  bodied  transports  aver¬ 
aging  bypass  ratios  of  5:1)  is  not  dominated  by  jet 
mixing  noise  at  all.  Even  with  straight  turbojet 
cycles,  ideas  due  to  Greatrex  and  others  led  to 
the  notions  of  "mixer”  nozzles  such  as  the  daisy 
nozzles  shown  in  Figure  1.  The  exact  basis  by 
which  such  nozzles  serve  to  reduce  noise  is  not 


completely  understood  but  it  seems  clear  that  at 
least  one  ingredient  in  the  reduction  is  the  tendency 


for  these  nozzles  to  produce  enhanced  jet  mixing 
by  allowing  for  greater  entrainment  (as  compared 
to  a  circular  nozzle)  and  thus  reducing  the  integrated 
value  of  the  Lighthill  stress  tensor  (  o  v^v^) . 


The  experimental  data  in  the  early  sixties 
tended  to  confirm  several  of  the  Lighthill  predic¬ 
tions  in  the  gross  aggregate .  Peak  overall  sound 
pressure  levels,  overall  power  tevels  (abbreviated 
as  OAPWL) ,  etc . ,  showed  the  U°  -  U®  behavior . 

The  directivity  of  the  overall  sound  pressure  levels 
tended  to  follow  roughly  a  (I  -  M  cose)"®  type 
variation  with  M  taken  as  0.65  M. .  The  predicted 
density  dependence  was,  however,^  never  checked 
out  carefully.  When  nozzle  size  was  varied  (other 
things  being  kept  equal),  frequencies  do  scale  inver¬ 
sely  as  the  length  ratio  but  when  jet  velocity  is 
varied  (other  things  being  held  fixed) ,  the  measured 
far  field  frequencies  do  not  appear  to  scale  linearly 
with  velocity  as  would  be  expected  from  the  notion 
the  (f  t/V)  stays  constant. 


One  of  the  first  measured  discrepancies  from 
the  Lighthill  theory  was  the  fact  that  with  jets 
with  subsonic  eddy  convection  velocities,  the 
directivity  of  the  high  frequency  noise  often  does 
not  follow  the  predicted  (1  -  M  cos  e) directivity 
but  exhibits  a  heart  shaped  dip^^near  the  jet  axis 
(Figure  5) .  Another  significant  discrepancy  is 
what  has  been  picturesquely  termed  the  "reverse" 
Doppler  shift  by  Ribner.  If  one  measured  jet 
noise  from  0  =  0  to  6  =  90®  (again  for  conven¬ 
ience  restricting  oneself  to  jets  with  subsonic 
eddy  convection  velocities) ,  one  would  expect 
from  the  Lighthill  theory  that  the  sound  field  at 
shallow  angles  would  be  dominated  by  higher  fre¬ 
quencies  while  that  at  the  more  broadside  angles 
by  lower  frequencies.  This  is  because,  by  the 
Doppler  shift  formula,  the  emitted  frequency  is 
related  to  the  source  frequency  by  the  expres¬ 
sion  Uq/(1  -  M^cos6 ) .  Actual  measurements 
exhibit  the  reverse  tendency  with  the  sound  pres¬ 
sure  level  at  90°  to  the  jet  axis  often  being  peaked 
at  a  frequency  three  times  higher  than  that  at 
9  =  30°.  Ribner  has  explained  this  "reverse" 
Doppler  shift  as  due  to  two  features.  Firstly, 
the  self  noise-shear  noise  decomposition  itself 
shows  that  the  low  frequency  noise  will  be  biased 
towards  the  jet  axis,  whereas  the  high  frequency 
noise  is  omnidirectional.  Secondly,  Ribner  points 
out  that  the  mean  flow  velocity  and  temperature 
profiles  would  refract  away  the  high  frequency 
sound  from  the  jet  axis.  Indeed,  Ribner  and  his 
students  performed  several  experiments  in  the 
mid  sixties  with  artificial  sound  sources  (discrete 
frequency  point  sources)  in  jet  flows  which  exhibit 
heart  shaped  dips  close  to  the  jet  axis  in  the  far 
field  quite  similar  to  jet  noise  data  itself  (Refer¬ 
ence  14) . 

Lush's  experiments  (Reference  7)  were  notable 
for  the  fact  that  for  subsonic,  unheated  jets  over 
a  range  of  velocities  (300-1000  fps),  an  attempt 
was  made  to  make  a  fairly  detailed  theory  data 
comparison  with  the  Lighthill  theory. 


Lush  begins  (in  terms  of  theory  data  compari  - 
son)  by  noting  that  from  the  Lighthill  theory,  one 
would  expect  the  far  field  acoustic  pressure  on  a 
given  arc  (for  a  given  nozzle  exhausting  into  a  given 
ambient)  to  vary  as: 


PjM  Fj(9.  .g)G(.(,) 


(1  -  M^cose)^ 


where  u  =  uj  q/(1  -  M^cose)  (10) 

In  (10),  Fj  (9  ,  oijj)  would  be  the  intrinsic  direct¬ 
ionality  of  the  sound  at  a  source  frequency 
and  G(ug)  the  intrinsic  source  spectrum  (not  pre¬ 
dicted  at  all  by  the  Lighthill  theory  but  determined 
in  principle  by  knowledge  of  the  turbulent  dynamics 
of  the  eddy  in  its  own  frame  of  reference) .  Lush 
assumes  (unlike  Ribner)  that  Fj  (  e,  oj  q)  Is  essen¬ 


tially  unity  (i.e.,  he  takes  the  intrinsic  direction¬ 
ality  to  be  omnidirectional)  and  also  neglects  the 
(a^M^Z)  type  correction  in  the  denominator  of  (10). 
(His  experiments  being  with  subsonic  jets  involved 
M^<  0.65  so  that  the  (a^M  2)  term  was  always 
small  compared  to  (1  -  M^cos0)^.  Further,  to 
avoid  the  need  to  know  G(  u.) ,  Lush  examined  the 
variation  of  (p2^  (9,  u^jAI  -  M^.  cose) )  with 
fixed  U-.  and  varying  9  .'^Finally,  in  seeking  to 
course  data  from  different  nozzle  sizes  ana  at 
different  velocities  from  a  given  nozzle  size.  Lush 
examined  the  directivity  at  fixed  values  of 
[uQd/2irU  ]  where  U  is  the  jet  velocity.  This  last 
procedure  is  sometimes  called  determining  the 
directivity  at  fixed  source  Strouhal  numbers  and 
note  that  it  entails  examining  the  far  field  acoustic 
pressures  at  a  frequency  dependent  on  the  angle, 
namely  at  [a)g/(l  -  M  cose )].  Also  a  suitable  value 
of  M  must  assumed  and  Lush  chose  the  usual 
estimate  of  =  .65  M. .  Since  Lush  was  working 
with  room  teniperature  ^ir  jets  operated  at  sub- 
critical  pressure  ratios,  the  variation  of  o~  in  his 
experiments  was  quite  small  and  negligible^.  Con¬ 
sistent  with  his  assumption  of  an  omnidirectional 
Fj,  (9,  Uq),  Lush  expected  to  obtain  (from  Light - 
hill's  theory)  that  the  variation  of 
\P^)  [9  .  (“n/'  ■  M  cose)]  at  fixed  u-,  U  with 
0  would  be  as  (  'Vf'^r'jse)'^  with  M  =0.65M.. 

and  at  fixed  9.  u  variation  with  U  ^ould  be  ^ 

as  U°/(l  -  M  cos9)°.  Examining  the  data  for 
:o(l  -  M  cos9)d/2iiU  from  0.03  to  1.00  (which 
brackets  the  range  of  frequencies  occurring  in  jet 
noise  quite  well),  Lush  found  the  following .  With  re¬ 
gard  to  the  directivity  at  fixed  source  Strouhal  num  - 
bers,  he  found  that  an  expression  of  type 
(1  -  M  cose)*^  overestimates  the  variation  with 
angle  of  the  measured  data  at  high  source  Strouhal 
numbers  and  conversely  at  low  source  Strouhal 
numbers,  the  variation  is  underestimated.  Similarly 
at  shallow  angles  to  the  Jet  axis  and  at  high  frequen¬ 
cies.  u8  /(I  -  M  co8o)°  overestimates  the  variation 
with  U  of  the  measured  data  and  conversely  at 
shallow  angles  and  low  frequencies  the  measured 
variation  with  U  is  underestimated  by  the  expression 
U®/(1  -  M^cose)^.  At  large  angles  to  the  jet  axis. 
Lighthill' s'" theory  and  ideas  work  fairly  well.  For 
example  at  0  =  90o.  the  pressures  scale  very  well 
as  U"  and  the  peak  frequency  scales  extremely  well 
as  U/d.  (Correspondingly  at  shallow  angles,  e.g., 
at  9  =  30°.  the  peak  frequency  appears  almost 
insensitive  to  jet  velocity.)  These  results  of  Lush 
are  summarized  in  Figure  6  schematically. 

Ahuja  and  Bushell  (Reference  8)  obtained  very 
similar  results  with  room  temperature  jets  over 
roughly  the  same  velocity  range  as  Lush.  Develop¬ 
ing  the  same  idea,  they  point  out  that  if  the  acoustic 
data  from  a  given  nozzle  geometry  is  plotted  such 
that  we  plot  the  quantity 

(Sound  pressure  level)  (SPL  in  dB)  -  20  log^g 

(D/R)  -  80  log^gV.  +  50  logjQ  (1  -  M^cosfi)  (11) 
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for  fixed  values  of  { fD  (1  -  M  cos‘-)/V.  5 
where  f  is  the  observed  frequency  in  cycles  per 
second,  V.  the  jet  velocity,  D  the  nozzle  size  and 
R  the  radi^ls  of  measurement  one  ought  to  obtain 
a  universal  curve  which  is  really  a  measure  of 
G(  .  This  statement  of  Ahuja  and  Bushell  (for 
room  temperature  jets)  is  what  one  has  in  mind 
in  saying  that  Lighthill's  theory  asserts,  in  a 
strictly  utilitarian  sense,  a  powerful  scaling  prin¬ 
ciple.  In  fact,  if  we  proceeded  to  subtract  from 
(H)  an  additional  term  lOulog^uCD.)  where  u  lies 
between  1  and  2 ,  the  scaling  principle  would  allow 
for  density  effects  also.  In  principle  the  desired 
universal  curve  could  be  obtained  by  just  one 
measurement  (for  a  given  nozzle  type)  of  the  far 
field  acoustic  pressure  spectrum  at  one  angle,  one 
jet  velocity/density  combination.  Using  (11) 
(modified  by  subtracting  10ulog|^Q(  Oj)),  one  could 
then  predict  the  complete  far  field  acoustic  pres¬ 
sure  spectrum  at  any  other  angle,  any  other 
velocity  and  temperature  and  for  any  nozzle  with 
the  same  geometry  as  the  baseline  nozzle. 

When  Ahuja  and  Bushell  (Reference  8)  attempt¬ 
ed  a  collapse  of  this  type,  they  failed  to  obtain  one 
universal  curve.  Rather  as  shown  in  Figure  7 
and  explained  earlier  with  regard  to  the  Lush 
data,  if  one  draws  the  curve  of  the  reduced  quan¬ 
tity  in  (11)  for  5  =  900  (since  Lighthill's  theory 
.vorks  very  well  at  9  =  90°) ,  the  problem  is  that 
for  shallow  angles  the  high  source  Strouhal  num¬ 
ber  data  is  overpredicted  and  the  low  Strouhal 
number  data  is  underpredicted. 

Related  to  these  discrepancies  observed  by 
Ahuja  and  Bushell  and  by  Lush  is  one  with  regard 
to  the  scaling  of  the  peak  frequencies  of  the  spec¬ 
trum  with  jet  velocity  (Reference  15  and  Figure  8) . 
This  is  that  whereas  the  peak  frequency  of  the 
SPL  spectrum  at  9  =  90o  varies  linearly  with  jet 
velocity,  the  peak  frequency  of  the  integrated 
power  level  or  PWL  spectrum  (which  tends  to  be 
dominated  for  subsonic  jet  noise  by  the  shaiiow 
angle  levels)  is  often  quite  insensitive  to  jet  velo¬ 
city. 

Last  but  not  least,  we  must  mention  the 
rather  significant  discrepancies  from  the  Light- 
hill  theory  in  the  area  of  heated  jet  noise  found 
by  Hoch  et  al,  (Reference  16).  As  mentioned 
earlier,  the  Lighthill  theory  leads  one  to  expect 
that  the  mean  square  pressures  (as  well  as  the 
acoustic  power)  would  vary  as  3>‘  where  .  lies 
between  1  and  2  when  jet  density*atone  is  varied. 
Measurements  by  Hoch  and  colleagues  of  this 
"jet  density  exponent, "  ,  are  shown  in  Figure  9 
as  a  function  of  log^-(V.  CJ  where  V.  is  the  jet 
velocity  and  C-  the^speed  oT  sound  of  the  ambient. 
(The  ratio  V  C.  is  sometimes  called  the  "acous¬ 
tic  Mach  nurJiber  M^"  in  the  literature.)  The 
expected  values  from  the  Lighthill  theory  are 
also  shown  in  Figure  9.  Notice  the  rather  sub¬ 
stantial  discrepancy  especially  at  low  jet  velocities. 


As  the  bottom  of  Figure  9  shows,  the  effects  of 
heating  also  cause  the  frequency  spectrum  to  be 
biased  progressively  towards  the  lower  frequen¬ 
cies.  A  simple  explanation  of  all  these  heating 
effects  based  only  on  changes  of  jet  turbulence 
structure  due  to  heating  is  difficult  to  envisage 
since  the  effects  of  heating  vary  with  (V^/Cq)  . 

Before  concluding  this  section,  we  wish  to  point 
out  some  of  the  experimental  advances  that  occurred 
in  the  late  sixties  -  early  seventies  that  really 
enabled  the  selective  pinpointing  of  discrepancies 
between  measured  data  and  the  predictions  of  the 
Lighthill  theory.  Firstly,  especially  with  scale 
model  work,  the  use  of  anechoic  chambers  to  mea¬ 
sure  jet  noise  came  into  vogue  in  this  period  thus 
avoiding  ground  reflections,  etc.  Secondly,  it 
became  recognized  that  non  jet  mixing  noise 
sources  chiefly  internally  generated  noise  sources 
need  to  be  suppressed  very  carefully  in  order  to 
acquire  good  jet  noise  data.  These  internal  noise 
sources  are  usually  equivalent  to  lower  order 
acoustic  sources  of  the  monopole  or  dipole  type 
and  hence  by  the  usual  dimensional  reasoning,  one 
would  expect  their  contributions  to  the  far  field 
acoustic  power  to  vary  as  IP  and  U®  as  opposed  to 
the  U°  contribution  of  jet  noise  (at  the  lower  jet 
velocities)  (see  Reference  17) .  Indeed  as  shown 
in  Figure  10.  the  test  of  the  "goodness"  of  a  facil¬ 
ity  for  jet  noise  measurements  has  now  come  to 
be  evaluated  by  the  lowest  velocity  to  which  the 
OASPL  at  90°  to  the  jet  axis  exhibits  an  eighth 
power  law .  We  also  expect  a  good  facility  to  yield 
SPL  spectra  at  90°  to  the  jet  axis  (for  the  unheated 
case)  scaling  on  a  proper  Strouhal  basis,  i.e., 
peak  frequency  varying  linearly  with  jet  velocity. 

For  the  effects  of  heating,  a  good  facility  is  cur¬ 
rently  required  to  produce  jet  density  exponents 
similar  in  values  (as  a  function  of  VVCj  to  those 
measured  by  Hoch,  et  al  (Reference^  16) .  Thirdly 
Our  understanding  of  jet  noise  has  greatly  improved 
because  (even  for  simple  nozzle  geometries  such  as 
a  round  convergent  nozzle),  jet  noise  data  is  now 
available  from  good  facilities  over  a  wide  range  of 
velocities  and  temperatures.  In  the  supercritical 
case,  some  experiments  (Reference  18)  are  even 
available  where  the  nozzle  is  carefully  contoured 
to  avoid  underexpanded  flows  and  associated  shocks 
in  the  jet  plume.  (Such  nozzles  are  often  termed 
C-D  nozzles  for  "convergent  divergent  nozzles"  or 
as  Laval  nozzles.)  Finally,  the  emphasis  placed 
by  the  Lush  and  Ahuja-Bushell  work  on  examining 
the  data  on  a  constant  source  Strouhal  number  basis 
is  also  significant  inasmuch  as  it  is  a  simple  but 
effective  way  of  checking  out  the  acoustic  implica¬ 
tions  of  any  jet  noise  theory  without  confusion  of 
turbulence  source  spectrum  effects.  (In  other 
words,  we  need  not  be  stymied  in  terms  of  theory- 
data  comparisons  due  to  our  ignorance  of  G(i’.)  in 
(10)). 


25.4  Acoustic -Mean  Flow  Interaction 

The  estimation  by  Lighthill  of  (ov.v  )  as  the 
most  important  part  of  T  .  and  his  subWquently 
approximating  it  by  (d  .v^lv^)  has  certainly  proved 
most  valuable  in  providing’^  key  insights  into  the 
jet  noise  problem  as  evidenced  by  the  previous 
section.  However,  it  is  also  true  that  this  approx¬ 
imation  essentially  suppresses  all  effects  associ¬ 
ated  with  the  fact  that  the  mean  flow  and  mean 
temperature  environment  of  the  jet  convect,  re¬ 
fract,  and  shield  the  radiation  from  the  moving 
eddies . 

This  neglect  of  mean  flow  effects  in  the  Light - 
hill  development  was  pointed  out  by  several  writers 
in  the  sixties,  notably  Ribner,  Powell,  Phillips 
and  Csanady  (References  19,  20,  21  and  22).  The 
refraction  effect  alluded  to  earlier  is,  of  course, 
one  example  of  this.  Powell  pointed  this  out  by 
stressing  the  following.  The  convection  of  the 
elementary  quadrupole  generators  was  an  impor¬ 
tant  effect  recognized  by  Lighthill.  However, 
this  very  convection  effect  leads  to  the  following 
difficulty  with  the  theory.  Since  the  mean  square 
pressure  of  a  moving  quadrupole  is  different  from 
that  of  a  stationary  one  by  the  factor  (1  -  M  cose), 
by  integrating  this  factor  weighted  by  sin?  (to 
account  for  the  solid  angle)  from  9  =  0  to  -  =  , 

one  can  show  that  the  acoustic  power  of  the  moving 
quadrupole  ought  to  be  greater  thrni  that  for  a 
stationary  one  by  a  factor  (1  +  M  ^(1  •  M^^)^ . 
This  means  that  from  the  Lighthul  theory,  one 
would  expect  say  the  overall  power  level  to  vary 
not  just  as  U°  but  as  U®  (1  +  M  ^)/(l  -  M^2)2 
with  M  taken  as  0.65M. .  As  Powell  points  out . 
based  <?n  this  one  can  expect  not  just  an  eighth 
power  law  but  a  power  law  with  a  velocity  expon¬ 
ent  ranging  from  9  to  16.  Experiments,  of  course, 
show  a  faithful  adherence  to  an  eighth  power  law. 
Lighthill  himself  was  aware  of  this  difficulty  but 
felt  that  the  turbulence  intensity  of  jet  flows  (as  a 
fraction  of  the  jet  velocity)  diminished  with 
increasing  jet  Mach  number  in  a  manner  sufficient 
to  restore  the  eighth  power  law.  The  faithful  ad¬ 
herence  to  an  eighth  power  law  of  the  OASPL  at 
90°  to  the  jet  axis,  however,  fails  to  support  this 
contention.  Ribner.  Powell  and  Csanady  (Refer¬ 
ences  19.  20,  22)  suggested  a  much  more  reason¬ 
able  resolution  (see  Figure  11).  Figure  11  shows 
a  schematic  of  an  eddy  moving  in  a  jet  fiow.  The 
reason  that  the  eddy  moves  is.  of  course,  that 
the  jet  fluid  moves  and  relative  to  its  immediate 
environment,  the  eddy  is  actually  not  moving  at 
all.  Especially  at  high  frequencies,  one  would 
expect  the  power  radiation  of  the  eddy  to  be  govern¬ 
ed  by  its  immediate  environment  and  since  the 
eddy  has  no  velocity  relative  to  this  environment, 
one  would  expect  no  "convective  amplification"  at 
all  at  high  frequencies.  (The  enhancement  of 
power  in  the  LighthUl  theory  by  the  factor 

(I  M  ^)  (1  -  M  is  often  referred  to  as 
c  c 


"convective  amplification”.) 

A  highly  simplified  model  problem  of  a  simple 
point  mass  source  (i .  e . ,  not  a  point  quadrupole) 
convecting  along  the  axis  of  a  round  plug  flow  jet 
was  worked  out  by  the  present  author  (Reference  23) 
to  examine  this  question  in  more  detail.  The 
source  oscillates  at  a  frequency  ui  „  in  its  own 
frame  of  reference  and  the  principle  result  calculated 
was  the  ratio  of  the  power  emitted  by  the  source  in 
the  jet  flow  to  that  which  it  would  emit  if  there  was 
just  a  source  convecting  through  a  stationary, 
ambient  medium  (the  latter  situation  corresponding 
to  the  Lighthill  model) .  The  results  are  a  function 
of  the  jet  and  eddy  convection  Mach  number  M  and 
the  frequency  parameter  k'  q^/c  (where  c  is  the  am¬ 
bient  speed  of  sound) .  The  problem  and  key  results 
are  shown  in  Figure  12 .  At  high  (kga)  the  problem 
does  yield  the  result  of  no  convective  amplification 
but  at  low  (kjja)  a  somewhat  unexpected  result  that 
convective  amplification  may  be  underestimated 
by  Lighthill  type  models  was  obtained.  (We  shall 
not  discuss  this  last  result  in  any  detail  here  except 
to  note  that  the  experimental  work  of  Lush  and 
Ahuja-Bushell  also  showed  that  Lighthill's  theory 
tends  to  underestimate  convective  amplification 
at  low  frequencies.)  Furthermore,  as  the  result 
in  Figure  12  shows  the  flowing  jet  column  provides 
a  natural  (acoustic)  mechanism  for  the  enhancement 
of  low  frequency  radiation  relative  to  high  frequency 
radiation.  It  was  argued  in  Reference  23  that  this 
effect  more  or  less  completely  explains  why  the 
peak  frequency  of  the  PWL  spectrum  is  so  insensi¬ 
tive  to  jet  velocity  (Figure  8) . 

This  idea  of  systematically  accounting  for  the 
effect  of  the  jet  flow  on  the  radiation  by  the  quad- 
rupoles  was  pursued  intensively  first  by  Phillips 
(Reference  21)  and  subsequently  somewhat  more 
completely  by  Lilley  (Reference  24) .  To  explain 
this  idea,  we  revert  to  the  notion  of  Lighthill  that 
jet  noise  sources  arise  to  the  extent  to  which  some 
standard  source  free  wave  equation  is  not  satisfied 
^Reference  6) .  In  Lilley's  development,  the  stan¬ 
dard  equation  chosen  is  not  the  equation  governing 
wave  propagation  in  a  stationary,  uniform,  homo¬ 
geneous  medium.  Lilley  notes  that  to  a  rough, 
first  approximation,  we  may  treat  the  jet  flow  as 
a  constat  pressure,  parallel  sheared  flow.  The 
equation  governing  wave  propagation  in  this  type  of 
flow  is  the  Orr-Sommerfield  equation  often  used  to 
study  the  stability  of  such  flows.  Symbolically 
denoting  this  by  L^gp'  =  0,  Lilley  attempts  to 
determine  by  using  the  full  equations  of  motion 
the  extent  to  which  L^gp'  <  0.  We  may  symbol¬ 
ically  summarize  this  exercise  by  saying  that 

‘■osf  ■  Sun,,.  '"■  “ 

The  problem  with  (12),  however,  is  that  it  is  not 
so  easy  to  estimate  S,  ...  from  the  full  equations 
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of  motion.  Lilley  however,  does  show  the  follow¬ 
ing.  Assume:  (i)  that  the  mean  flow  is  at  con¬ 
stant  static  pressure,  (ii)  that  we  are  dealing 
with  an  inviscid,  non  heat  conducting  gas  of  con  - 
stant  specific  heat  ratio  y  without  any  externally 
imposed  heat,  mass  or  momentum  sources, 

(iii)  that  we  decompose  all  field  variables  into  a 
steady  and  fluctuating  part,  e.g.,  u.  =  u.  +  u’.  , 
where  an  overbar  denotes  a  time  average  or 
steady  part  (also  let  r  denote  log  (p/pJ  where  p^ 
is  a  reference  pressure  and  c  the  loc^  speed  of 
sound),  (iv)  that  the  mean  flow  is  unidirectional 
and  depends  only  on  one  transverse  coordinate 
x-,  i.e.,  u.  =  V  (x„)  (v)  that  whenever 

second  order  producre  of  nuctuating  quantities 
such  as  r'uV ,  r'2,  (c^l'u’.,  (c2)'r' appear  they 
are  neglected  (however  second  order  velocity 
products  scch  as  u'.u'.  are  retained) ,  (vi)  that 
c2  is  only  a  functioii  ot  x„ .  Then  subtracting  the 
time  averaged  portions  di  the  equations  of  motion 
from  the  full  equations  of  motion  (using  th^six 
assumptions  previously  listed)  and  letting  D/Dt 
stand  for  the  operator 


} 


Lilley  shows  that  one  can  develop  an  equation  of 
type  (12)  as  under: 
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(13) 


From  this  point  on,  Lilley's  equation  (13)  is  follow¬ 
ed  through  in  terms  of  application  to  jet  noise  in 
a  manner  similar  to  Lighthill's  equation.  The 
quantity  r'  for  small  values  of  p'  relative  to  p„  may 
be  shown  to  be  equal  to  (p’/pq)  and  taking  u'.  on 
the  righthand  side  of  (13)  to  be  the  known,  sole- 
noidal,  turbulent  velocity  fluctuations,  (13)  provides 
an  inhomogeneous  Orr-Sommerfield  equation  for 
(p'/Pq)  much  as  Lighthill's  theory  provides  an 
inhomogeneous  uniform,  homogeneous,  stationary 
medium  wave  equation.  (13)  may  also  be  written 
in  a  form  slightly  more  convenient  for  the  hot  jet 
noise  problem  as  (taking  r'  to  be  p'  "p,,  and  taking 
Pjj  to  be  the  ambient  pressure):  ^ 


Dt^ 

D  .2,  ,,  d 

logtc^)  .£-(i£l 
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(14) 

dX2 

9Xi5Xk 

It  is  clear  that  Lilley's  equation  (14)  also  exhibits 
"self  noise”  and  "shear  noise"  (proportional  to 
dV/dXp  in  (14)) terms  on  the  righthand  side.  But 
(as  discussed  in  more  detail  in  Reference  27),  the 
relationship  between  the  "shear"  and  "self"  noise 
terms  in  (14)  is  quite  different  than  tliat  in  the  ca.sa 
Lighthill's  equation  (4)  and,  as  a  result,  it  turns 
out  to  be  far  less  profitable  or  necessary  to  differ¬ 
entiate  between  them  for  a  development  based  on 
Lilley’s  equation  (14)  than  for  one  based  on  Light- 
hill’s  equation  (4). 

It  is  true  that  several  assumptions  have  to  be 
made  in  arriving  at  ( 14) .  But  granting  the  validity 
of  these  assumptions,  a  source  term  is  obtained 
in  (14)  which  is  purely  quadratic  in  the  fluctuating 
velocities,  unlike  Lighthill's  equation  (or  Phillip's 
equation  -  Reference  21  -  which  was  a  predecessor 
to  Lilley's  equation).  While  there  is  no  doubt  that 
Lighthill’s  equation  is  exact  and  thus  contains,  in 
principle,  all  the  physics  of  jet  noise  (but  then  so 
do  the  full  equations  of  motion),  it  also  seems  that 
precisely  because  intuitive  estimates  of  source 
terms  are  ultimately  involved.  Lilley’s  development 
is  better  tailored  to  the  high  speed,  high  tempera¬ 
ture  jet  noise  problem.  It  is,  however,  only  proper 
to  note  its  limitations.  It  neglects  jet  spread  by 
assuming  a  parallel,  sheared  flow.  It  assumes  the 
jet  flow  to  be  at  constant  static  pressure .  With 
multielement  suppressors  under  static  conditions 
significant  variations  of  "base”  pressure  occur 
thus  making  the  constant  static  pressure  assumption 
questionable.  Despite  the  fact  that  the  neglect  of 
terms  is  carried  out  systematically  (assumption 
(iv)),  it  is  true  that  Lilley’s  development  assumes 
fundamentally  that  jet  mixing  and  jet  noise  is  a 
process  that  can  be  regarded  as  a  small  perturbation 
about  a  parallel,  sheared  flow.  Since  fluctuating 
velocities  as  high  as  40%  of  the  local  mean  velocity 
are  common  and  even  local  flow  reversals  can  occur 
in  jet  flows,  a  "small  perturbation"  assumption  can 
clearly  be  questioned.  It  is  not  as  easy  to  solve 
Lilley's  equation  as  it  is  to  solve  Lighthill's  equation. 
Especially  we  must  note  that  it  is  almost  impossible 
to  solve  Lilley's  equation  when  the  jet  cross  section 
is  not  axially  symmetric  (as,  e.g.,  would  be  the 
case  for  a  rectangular  jet  or  a  daisy  nozzle,  etc.) 

A  final  objection  to  Lilley's  equation  arises 
from  the  fact  that  it  is  an  inhomogeneous  Orr- 
Sommerfield  equation.  Since  there  are  unstable 
solutions  to  the  homogeneous  Orr-Sommerfield 


.  • 
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equation,  it  is  clear  that  even  without  any  "sources" 
(12)  can  yield  solutions  that  yield  acoustic  radia¬ 
tion  in  the  far  field.  (This  is  one  advantage  of 
Lighthill's  equation  (4),  namely  that  the  only  sol¬ 
ution  to  the  homogeneous  equation  St^ 

-  7  2  p  =  0  satisfying  the  radiation  condition 

of  outgoing  waves  in  the  far  field  is  the  trivial 
solution  '  =  0.) 

While  this  difficulty  with  Lilley's  equation  is 
still  a  matter  of  controversy,  the  present  author 
believes  (along  with  several  others  to  be  mention¬ 
ed  shortly)  that  since  Lilley's  approach  could  be 
regarded  as  a  passive  analogy  approach  similar 
to  Lighthill's,  there  is  no  need  to  avoid  using  it 
on  the  basis  of  the  possibility  of  unstable  solutions 
to  the  homogeneous  Orr-Sommerfield  equation. 

The  motivation  to  use  an  equation  of  the  Lilley 
type  is  that  several  authors  (References  25-28) 
have  shown  that  practically  all  the  previously 
cited  discrepancies  between  the  Lighthill  theory 
and  experimental  data  can  be  resolved  if  we  sys¬ 
tematically  account  for  acoustic -mean  flow  inter¬ 
actions  on  the  basis  of  an  equation  of  Lilley's 
type .  Indeed  exactly  how  one  accounts  for  the 
acoustic  mean  flow  interaction  seems  less  impor¬ 
tant  than  recognizing  the  need  to  account  for  it. 

For  example,  in  Reference  27  the  accounting  was 
carried  out  in  the  crudest  possible  manner  by 
taking  the  jet  to  be  a  plug  flow  and  yet  reasonable 
agreement  was  obtained  with  the  data  of  Lush, 
Ahuja-Bushell.  except  at  high  frequencies  and 
shallow  angles  to  the  jet  axis.  In  Part  II  of 
Reference  27.  it  was  pointed  out  that  per  equation 
(14)  compact  velocity  quadrupoles  can  couple  with 
mean  density  gradients  (which  exist  in  heated  jet 
flows)  to  produce  lower  order  singularities  (whose 
power  scales  as  IP  and  U®  and  which  are  hence 
important  only  at  low  jet  velocities).  With  some 
rough  estimates  of  these  density  gradient  terms, 
good  agreement  was  obtained  with  the  heated  jet 
data  of  Hoch,  et  al  not  only  for  density  exponents 
for  the  OAPWL  but  also  for  those  for  the  OASPL 
at  various  angles  to  the  jet  axis  including  agree¬ 
ment  on  the  feature  of  the  measured  data  that  the 
relative  power  spectrum  is  biased  towards  lower 
and  lower  frequencies  as  one  heats  the  jet. 

In  concluding  this  section,  it  is  hard  for  the 
present  author  to  suppress  the  feeling  that  inclu¬ 
sion  of  acoustic -mean  flow  interactions  has  proved 
to  be  a  major  step  in  bringing  jet  noise  theory  into 
much  closer  agreeme  .t  with  reality.  It  seems  to 
be  a  step  that  completes  and  complements  the 
Lighthill  picture.  The  relative  success  of  these 
studies  (References  25-28)  suggests  that  one 
need  not  necessarily  invoke  substantial  jet  Mach 
number,  jet  temperature  effects  on  the  dynamics 
of  the  turbulence  structure  to  explain  the  changes 
in  jet  noise  with  velocity  and  temperature.  It 
should  be  reiterated  that  the  developments  of  Ref¬ 
erences  24-28  have  in  fact  retained  all  the  key 


ideas  of  the  Lighthill  theory.  The  two  most  impor¬ 
tant  of  these  ideas  are  the  idea  of  identifying  the 
"residual"  from  a  standard  wave  equation  as  the 
source  term  for  jet  noise  and  the  recognition  of  the 
convected,  compact,  quadrupole  nature  of  the 
eddies. 

25.5  The  Prediction  of  Jet  Noise  from  Nozzles 

with  Arbitrary  Upstream  Stagnation  Pressures 
and  Temperatures 

The  procedure  that  is  currently  favored  by 
several  groups  is  indicated  in  Figure  13.  Some 
scheme  of  mixing  analysis  (almost  invariably 
based  on  an  eddy  viscosity  t>pe  model)  is  used  to 
derive  the  evolution  of  the  mean  velocity  and  tem¬ 
perature  of  the  jet  plume  downstream  of  the  nozzle 
exit  plume.  A  scheme  that  is  favored  by  the  group 
that  the  present  author  is  associated  with  is  based 
on  Reichardt's  inductive  theory  of  free  turbulence 
(Reference  29).  Reichardt's  theory  is  undoubtedly 
considered  simplistic  by  many  workers  in  the  tur¬ 
bulence  modeling  area  but  we  have  found  that 
because  the  governing  equation  in  Reichardt's  theory 
is  linear  (for  the  axial  momentum  and  enthalpy 
fluxes),  it  is  the  only  technique  that  allows  con¬ 
struction  of  quite  complex  jet  flow  fields  with  rela¬ 
tively  simple  mathematics .  This  capability  is 
rather  important  since  we  need  a  capability  to  han¬ 
dle  flow  fields  from  complex  nozzle  shapes  such  as 
dual  flow  systems,  lobed  nozzles,  etc. 

Having  mapped  the  jet  plume  in  terms  of  the 
mean  velocity  and  mean  temperature,  the  jet  is 
broken  up  into  a  large  number  of  elemental  volumes. 
Similarity  arguments  essentially  derived  from 
relationships  suggested  in  Reference  11  are  next 
used  to  associate  a  quadrupole  strength,  quadru¬ 
pole  convection  velocity,  quadrupole  self  oscilla- 
frequency  ,  -  and  a  source  spectrum  (peaked  at 
't-  ~)  with  each  such  volume.  As  an  example, 
ReTerence  11  shows  by  measurement  that  is 
proportional  to  dV  dr  for  round  jets  (where'^ r  is  a 
radial  coordinate) .  The  local  mean  velocity  and 
mean  temperature  profile  at  the  axial  station 
where  the  elemental  volume  is  located  are  used  in 
the  acoustic  theory  of  Reference  28  (based  on  Lil¬ 
ley's  equation  (14))  to  obtain  the  far  field  SPL 
spectrum  generated  by  each  elemental  volume. 
Summing  up  all  the  elemental  volume  contributions 
in  a  mean  square  sense  (  i.e..  treating  the  jet, 
as  suggested  by  Lighthill.  as  a  large  assemblage 
of  uncorrelated  elemental  generators),  the  total 
far  field  SPL  spectrum  is  obtained.  Note  that 
the  method  considers  analytically  all  aspects  of 
the  jet  noise  problem  known  to  be  important  viz 
evolution  of  the  mean  properties  of  tlie  plume, 
relevant  quadrupole  parameters  such  as  convec¬ 
tion  velocities.  source  frequencies,  etc.,  and 
the  influence  of  the  jet  flow  and  temperature  pro¬ 
files  on  the  radiation  by  the  eddies.  Some  empir¬ 
ical  constants  are  undeniably  involved,  especially 
in  the  mixing  analysis  and  relation  of  quadrupole 
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parameters  to  the  mean  flow  properties  but  the 
end  result  is  a  prediction  of  absolute  sound  pres¬ 
sure  levels  in  various  third  octave  bands  at  any 
angle  and  radius  in  the  far  field  given  the  nozzle 
exhaust  geometry  and  distribution  of  temperature 
and  velocity  at  the  nozzle  exit  plane.  A  block 
diagram  of  how  such  a  calculation  would  proceed 
is  shown  in  Figure  14. 

In  Reference  30,  absolute  predictions  of  noise 
for  coaxial  jets  with  both  streams  cold  and  for 
velocity  ratios  (secondary  or  fan  stream  to  pri¬ 
mary  or  core  stream)  ranging  from  0  to  1  and 
area  ratios  ranging  from  2.1  to  43 . 5  were  carried 
out  by  a  simpler  version  of  the  above  scheme 
and  good  agreement  with  data  was  obtained.  (One 
example  of  a  case  of  a  hot  core  stream  was  also 
predicted  well.)  A  more  sophisticated  version 
of  Reference  30  is  scheduled  to  appear  in  Refer¬ 
ence  31  with  extensive  theory  data  comparisons 
for  conical  nozzles,  dual  flow  systems  of  the  duct 
burning  turbofan  type  (with  fan  stream  tempera¬ 
tures  and  velocities  greater  than  those  of  the  core 
stream)  conical  nozzles  with  central  plugs,  varia¬ 
tions  of  the  above  with  noncoplanar  exit  planes . 
Certainly  there  are  discrepancies  here  and  there 
between  theory  and  data  but  on  the  whole,  the 
physics  of  jet  noise  seems  to  be  well  modified 
by  the  procedures  outlined  in  Figures  13  and  14. 

25.6  Excess  Noise  in  Jet  Flows 


The  term  "excess"  noise  in  the  present  con¬ 
text  clearly  has  no  precise  definition.  Loosely 
speaking,  it  may  perhaps  be  defined  as  a  mech¬ 
anism  that  is  not  in  accord  with  the  Lighthill  pic¬ 
ture  of  jet  noise  as  due  to  the  mixing  of  a  high 
velocity  stream  with  the  ambient  generating  con  - 
vected  eddies  whose  birth  ana  decay  produces 
noise .  The  present  author  at  least  would  not 
include  under  the  heading  "excess"  noise  sources 
which  are  completely  upstream  of  the  nozzle  exit 
plane  such  as  combustor  or  turbine  noise .  The 
latter  are  perhaps  best  described  as  core  noise . 

The  two  most  important  excess  noise  mech¬ 
anisms  that  have  been  identified  are  shock  assoc¬ 
iated  noise  and  lip  noise . 

Shock  associated  noise  arises  with  super¬ 
critical  operation  and  associated  underexpansion 
of  the  flow  (unless,  as  previously  noted,  care¬ 
fully  contoured  nozzles  are  used  to  avoid  under¬ 
expansion)  leading  to  f-hock  waves  in  the  flow 
field  aft  of  the  nozzle  plane.  To  avoid  confusion, 
we  are  not  interested  here  in  a  notorious  shock 
noise  phenomenon  known  as  "screech"  discussed 
by  Powell  (Reference  32).  Screech  involves  a 
feedback  mechanism  and  can  indeed  result  in  pure 
tones  of  very  high  intensity  but  fortunately  a  very 
high  degree  of  nozzle  symmetry  and  upstream 
smoothness  seems  necessary  to  produce  screech. 
Practical  jet  configurations  especially  heated 


engine  flows  seem  to  be  free  from  any  significant 
screech  phenomena. 

The  mechanism  by  which  shocks  can  produce 
noise  has  been  known  for  several  years  (Reference 
33).  In  a  uniformly  flowing,  homogeneous  medium, 
three  linearized  unsteady  modes  of  motion  can  be 
identified,  namely  sound  waves,  shear  waves  and 
entropy  waves.  To  first  order  of  smallness,  such 
modes  propagate  independently  of  each  other  but  if 
the  flow  has  very  steep  gradients  in  localized  areas, 
even  to  first  order,  mode  scattering  or  mode  con¬ 
version  can  occur  whereby  for  example  a  shear 
wave  produces  sound  and  entropy  waves,  etc. 

Shocks  in  the  flow  obviously  create  such  localized 
steep  gradients  in  the  flow  and  since  turbulence 
in  a  flow  can  be  thought  of  as  a  superposition  of 
shear  waves,  it  is  easy  to  see  that  there  is  a 
situation  of  shear  wave -shock  interaction  leading 
to  sound  production.  (In  this  context,  it  is  briefly 
worth  noting  that  Lighthill's  theory  of  jet  noise  is 
an  example  of  a  second  order  or  nonlinear  inter¬ 
action  of  a  shear  wave  with  itself  leading  to  the 
generation  of  sound  (see  Reference  34) ,  This 
second  order  nature  of  jet  noise  generation  par¬ 
tially  helps  to  explain  why  jet  noise  production  is 
by  and  large  such  an  inefficient  process.  Object¬ 
ionable  as  the  noise  of  jets  is,  it  is  worth  remem¬ 
bering  that  the  efficiency  of  jet  noise  generation  for 
a  Mach  one  jet  defined  as  the  ratio  of  acoustic  power 
to  the  mean  flow  kinetic  energy  power  is  about 

10-5.) 


A  semi -empirical  model  for  shock  associated 
noise  based  on  shock-turbulence  interaction  has  been 
developed  by  Harper -Bourne  and  Fisher  (Refer¬ 
ence  35)  for  round  convergent  nozzles  and  has  been 
found  to  be  extremely  useful  in  predicting  this 
component  of  noise.  The  physical  picture  employed 
by  Harper-Bourne/Fisher  is  shown  in  Figure  15. 

As  the  turbulent  eddies  convect  through  the  shocks, 
they  generate  broad  band  noise  at  each  encounter . 

In  addition,  however,  to  the  extent  that  the  eddy  is 
coherent  between  two  encounters  an  "interference" 
spectrum  (see  Figure  15)  will  be  produced  corre¬ 
sponding  to  a  fundamental  frequency  governed  by 
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where  L  is  the  shock  cell  spacing  in  Figure  15, 
is  the  eddy  convection  velocity,  c  the  ambient 
speed  of  sound  and  M  =  V  /c  .  ^Harmonics  of 
the  above  frequency  ceui  also  occur  but  experimental 
data  show  a  peaking  of  the  shock  noise  spectrum 
only  at  the  above  fundamental  frequency.)  For 
round  nozzles,  the  shock  cell  spacing  actually 
varies  (decreasing  as  one  proceeds  downstream) 
but  a  good  average  value  to  use  is  L 
1.1  M.^  -  1  D  where  M.  is  the  ia^Sl  jet  Mach 
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number  corresponding  to  the  supercritical  pres¬ 
sure  ratio  across  the  nozzle.  Reference  15  also 
discusses  by  a  combination  of  physical  insight 
and  data  examination  several  remarkable  simpli¬ 
fying  features  of  shock  associated  noise  such  as; 


sin^(P/2)  (thus  causing  it  to  peak  well  in  the  for¬ 
ward  arc)  not  much  can  be  said  quantitatively  at 
the  present  time  about  how  to  predict  this  source. 


25.7  Effects  of  Forward  Flight  on  Jet  Noise 


(1)  The  overall  level  (OASPL)  is  independent 
of  jet  temperature  and  depends  only  on  the  shock 
strength  parameter  3  =  /M.**  -  1  .  In  fact,  the 
dependence  on  3  is  as  3^ . ^ 

(2)  The  OASPL  is  relatively  omnidirectional 
and  a  good  equation  for  the  OASPL  that  fits  the 
data  quite  well  is 


The  effects  of  forward  flight  on  jet  noise  are. 
at  the  present  time,  the  least  understood  area  of 
this  subject.  Indeed  the  situation  is  so  unclear 
that  by  and  large  the  technical  debate  at  the  current 
time  centers  much  less  on  what  causes  the  flight 
effect  and  much  more  on  questions  such  as  what  is 
the  flight  effect  and  how  it  should  be  experimentally 
evaluated . 


OASPL  =  158-5  +  40  logjg(3)  +  20  log(D/R) 

in  dB  where  D  is  the  nozzle  size  and  R  the  radius 
of  measurement . 

(3)  The  peak  frequency  of  the  spectrum  is  a 
function  of  eddy  convection  velocity,  ambient 
speed  of  sound,  6  and  D  and  should  be  deduced 
from  (15)  using  L  =  1.1  BD.  In  Reference  35, 

a  value  of  0.7  U.  is  suggested  for  U  . 

3  e 

It  only  remains  (for  the  static  round  nozzle 
shock  noise  problem)  to  discuss  the  spectrum  of 
shock  noise.  The  author's  colleague,  Mr.  P.  R. 
Gliebe  has  found  that  a  suggestion  of  Reference  36 
that  the  third  octave  pressure  levels  vary  as 
(u/o)  )'^  for  oj  >  (0  ( CO  being  the  peak  frequency 
already  discussed)  amd  are  (co/u  ) '  for  u  <  u 
works  quite  well  in  matching  th^data.  ^ 

The  prediction  procedure  outlined  previously 
can  then  be  modified  to  add  on  (in  a  mean  square 
sense)  a  shock-noise  component  (as  discussed 
above)  to  the  previously  discussed  "turbulent 
mixing"  noise. 

Lengthy  as  this  discussion  of  shock  noise  may 
seem  to  the  reader,  the  problem  of  a  generalized 
shock  noise  prediction  procedure  valid  for  arbi¬ 
trary  nozzles  (other  than  the  round  convergent 
nozzle)  is  as  yet  unsolved.  It  should  be  added 
that  when  the  above  suggested  synthesis  of  "tur¬ 
bulent  mixing"  and  shock  noise  prediction  is 
carried  for  round  convergent  nozzles,  not  only 
do  we  get  good  agreement  with  data  (Reference  31) 
but  one  also  finds  that  for  supercritical  pressure 
ratios,  shock  noise  often  dominates  "turbulent 
mixing"  noise  for  angles  9  >  90°. 

Lip  noise  is  a  term  used  to  describe  a  high 
frequency  noise  source  arising  from  an  unsteady 
interaction  of  the  flow  with  the  nozzle  Up .  It  has 
been  described  at  length  in  Reference  37  but  other 
than  the  facts  that  it  is  high  frequency  (its  length 
scale  being  related  to  thin  boundary  layers  at  the 
nozzle  exit  plane  rather  than  to  the  nozzle  dia¬ 
meter)  and  that  the  baffling  effect  of  the  tailpipe 
causes  the  directivity  of  this  source  to  vary  as 


An  extension  of  the  Lighthill  theory  of  convected 
point  quadrupoles  through  a  stationary  ambient  to 
account  for  flight  effects  was  given  by  Ribner 
(Reference  13)  and  Ffowcs  Williams  (Reference  38). 
This  theory  gave  a  result  that  the  flight  noise  for 
a  jet  moving  forward  at  a  Mach  number  (referenced 
to  the  ambient  speed  of  sound)  of  Mp  would  differ 
in  three  respects  from  the  equivalent  static  prob¬ 
lem,  First  of  all.  the  velocity  dependence  of  the 
"source"  contribution  would  be  as  V  ‘V.  where 
Vj  denotes  the  jet  euiaust  velocity  rSlative  to  the 
nizzle  and  V  the  absolute  velocity  relative  to  the 
ambient  (V  V.  -  V-  where  Vp  is  the  fligW 
velocity) .  ^^The  dependence  is  not  quite  as  V  ® 
because  while  the  turbulent  velocities  would 't'ary 
as  V  rather  than  V.,  a  lengthening  of  the  jet  plume 
due  K>  forward  motion  partially  offsets  the  reduction 
of  turbulent  velocities .  It  should  be  emphasized 
that  issues  such  as  the  above  involving  source 
changes  can  only  be  ultimately  resolved  by  mea¬ 
surement  and  credible  turbulent  mixing  analyses. 

(By  different  assumptions,  for  example,  some 
have  argued  that  the  velocity  dependence  ought  to 
be  V^5.5  V.2 etc.)  Secondly,  the  convection 
factor  (1  -  ^^cos9)'®  (or  its  corrected  version 
including  the'^a^M  2  term)  ought  to  be  the  same 
provided  M  is  bas^d  on  V  rather  than  V. .  Thirdly, 
an  addition^  "dynamic"  correction  factor^ 

(1  +  MpCos9)‘l  needs  to  be  applied  to  the  mean 
square  pressure. 

These  results  have  been  applied  to  the  static 
to  flight  comparison  in  the  following  manner , 
Examining  say  the  OASPL,  an  exponent  n(S)  as  a 
function  of  9  is  derived  on  the  basis  of  fitting  the 
noise  change  flight /static  as  (V  /V.)"('K  The 
sort  of  comparison  that  has  been  oiitained  for  the 
noise  levels  themselves  (i.e.,  the  OASPL)  is 
shown  in  Figure  16.  There  is  some  measure  of 
agreement  in  the  exhaust  arc  but  for  9  >  90°,  the 
agreement  is  poor.  For  example,  the  theory  pre¬ 
dicts  a  reduction  of  noise  with  flight  at  all  angles 
whereas  the  data  show  no  change  at  90°  and  even 
an  increase  of  noise  for  >  90°  (sometimes  called 
a  "forward  arc  lift") .  The  reasons  for  this  lift 
are  too  controversial  at  the  present  time  to  discuss 
without  misleading  the  reader.  There  seems  to  be 
some  agreement  (Reference  39)  based  on  careful 
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measurements  of  the  noise  in  flight  from  jets  with 
shocks  and  from  shock  free  jets  that  the  previously 
mentioned  shock  noise  prediction  for  the  static 
noise  should  be  modified  in  flight  by  a  factor 
(1  +  MpCosS)"’  and  such  a  procedure  certainly 
reconciles  some  of  the  problems  shown  in  Figure 
16.  (Note  that  the  Ribner-Ffowcs  Williams 
development  of  References  13  and  38  was  carried 
out  for  "turbulent  mixing”  noise.)  The  only  broad 
comment  that  one  can  make  presently  is  that  many 
people  currently  believe  the  forward  arc  lift  to  be 
due  to  non  "turbulent  mixing,  "  nozzle  fixed  noise 
sources  such  as  shock  noise,  lip  noise  and  per¬ 
haps  even  core  noise  which  are  not  subject  to  a 
"source  reduction"  due  to  forward  flight  and  are 
convectively  amplified  in  flight  by  factors  stronger 
than  the  (1  +  M_cos9)'^  associated  with  the 
Ribner-Ffowcs  williams  theory  for  "turbulent 
mixing”  noise. 

There  is  even  the  question  of  how  one  ought 
to  measure  flight  noise.  Of  the  truiy  moving 
frame  facilities,  the  Bertin  Aerotrain  used  in 
Reference  39  appears  to  be  the  "cleanest"  but  it 
lacks  flexibility  being  tied  to  specific  engine 
operating  cycle  points  in  terms  of  jet  exhaust 
velocity,  temperature  and  flight  speed.  Anechoic 
wind  tunnels  such  as  the  40'  by  80'  tunnel  at 
NASA,  Ames,  U.S.A.,  have  been  proposed  but 
their  acoustics  leaves  something  to  be  desired. 

(See  Reference  40  for  an  evaluation  of  suitable 
techniques  for  jet  noise  measurement  in  flight.) 

A  fixed  frame  facility  which  is  a  compromise 
between  a  fully  wetted  wind  tunnel  (such  as  the 
Ames  tunnel)  and  a  static  anechoic  chamber  is 
what  has  been  called  a  free  jet  facility  or  open 
throat  wind  tunnel.  How  to  relate  data  taken  in 
such  a  facility  to  the  flight  case  is  still  contro¬ 
versial. 

The  flight  noise  problem  is  of  paramount 
importance  principally  because  a  jet  noise  sup¬ 
pressor  is  often  rated  on  the  basis  of  the  noise 
reduction  it  achieves  relative  to  say  a  baseline 
round  nozzle  and  also  on  the  aerodynamic  per¬ 
formance  degradation  that  it  inevitably  causes. 
Unfortunately,  it  appears  that  on  both  these  counts 
many  suppressors  perform  worse  in  flight  than 
statically.  Indeed,  this  is  the  principal  reason 
why  while  aircraft  employing  engines  not  domin¬ 
ated  by  jet  noise  (such  as  the  DC-10,  LlOll  and 
Boeing  747)  have  made  significant  progress  in 
noise  reduction,  one  is  unable  to  report  similar 
progress  in  the  jet  noise  dominated  engine  area. 

It  must  indeed  seem  disappointing  to  the 
reader  that  the  present  chapter  has  not  been  able 
to  be  as  conclusive  in  the  flight  noise  problem  as 
it  was  on  the  static  noise  problem .  Even  in  the 
static  case,  a  grave  omission  exists  in  the  present 
review  in  that  no  mention  has  been  made  so  far 
of  a  topic  of  great  current  interest,  namely  the 
role  of  large  scale,  coherent  structures  observed 


in  jet  flows  in  jet  noise  generation.  The  principal 
reason  is  again  that,  from  the  point  of  view  of  the 
industrial  user,  it  is  not  yet  clear  what  the  role  of 
these  structures  is  and  how  their  contribution  can 
be  quantitatively  assessed.  The  reader  is  urged 
to  consult  Reference  41  for  several  interesting 
papers,  discussion,  etc.,  on  this  subject. 

Despite  the  pessimistic  tone  of  the  discussion 
of  flight  effects,  the  present  author  is  optimistic 
that  the  physics  of  jet  noise  outlined  in  this  review 
for  the  static  case  involving  "turbulent  mixing" 
noise,  shock  noise,  excess  noise,  etc.,  will  carry 
over  ultimately  into  the  flight  case  (with  prediction 
procedures  comparable  to  the  static  case)  though 
the  "mix"  or  relevance  of  the  various  physical  fea¬ 
tures  may  be  quite  different  for  the  flight  case . 

In  one  respect,  the  void  is  hardly  surprising.  In¬ 
asmuch  as  it  took  the  good  quality  static  jet  noise 
data  obtained  in  the  early  seventies  (References 
7.  8,  9)  to  advance  the  state-of-the-art  from  Light- 
hill’s  early  work,  we  must,  it  seems,  await  similar 
good  quality  data  over  wide  parameter  ranges  in  the 
flight  case  before  the  next  advance  can  occur . 
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Figure  6:  Schematic  of  Lush's  Results 
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Figure  7:  Schematic  of  Ahuja-Bushell  Results 
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Figure  9;  Results  of  Hoch,  et  al,  on  Heated  Jet 
Noise 


Figure  10;  Test  of  Quality  of  a  Jet  Noise  Facility 
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Figure  12:  Effect  of  Jet  Flow  on  Power  of  a  Moving 
Source 


Figure  13:  Aero-Acoustic  Prediction  Method 
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Figure  15;  Shock  Cell  Noise 


Figure  16:  Flight  Effects  on  Jet  Noise 


Figure  14:  Block  Diagram  for  Noise  Prediction 
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A  Jet  propelled  airplane  is  generally  developed 
for  the  achievement  of  a  specified  mission  with 
varying  consideration  of  performance  and  cost. 

For  military  fighter  and  bomber  types  of  aircraft, 
achlevemrit  of  the  design  mission  is  often  most 
important.  This  mission  generally  consists  of 
elements  which  include  maximum  speed  or  altitude 
capability,  requirements  for  matching  thrust  lapse 
rate  with  drag  and/or  requirements  for  excess 
thrust  for  maneuverability  over  the  mission  dura¬ 
tion.  Cost  and  efficiency  considerations  generally 
play  a  major  role  during  the  definition  and  design 
of  engine  and  airframe,  and  a  secondary  role  for 
the  acquisition  and  operation  of  the  aircraft, 
where  cost  is  controlled  simply  by  number  of  air¬ 
craft  ordered  and  amount  of  flying  with  aircraft 
on  hand.  Military  and  commercial  transports 
require  emphasis  on  efficiency  to  guide  the  design 
of  the  engine/atrplane.  The  military  transport 
can  trade  payload  for  fuel  requirements  whereas 
the  commercial  transport  can  reduce  operating 
costs  when  an  efficiency  improvement  is  considered. 
Acquisition  and  operating  cost  are  of  great  impor¬ 
tance  in  commercial  transports  as  they  control 
sales  relative  to  competitive  designs. 
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hn^inc  thrust  is  asuaLly  dul  int^d  in  terms  ot 
the  ef  i  L'C  t  ive  vt-lofitv  rise  of  the  stream  tul'e 
^'dptureJ  hv  the  L-ni;ine.  !  i>i'  remaining  f.>re«.->  in 
tile  iliglu  Uirculion  are  drae.  I'his  divisi««n 
hetu’ei-n  tiirusL  and  drau  is  madt.'  in  rieo^n i t  Lon  nf 
the  f.u't  that  tlirusl  d<.’fined  ttiis  v%'av  ,-an  h*- 

sur  ed  in  ouLdaor  and  altitude  ta<ilitie‘>  and 
tile  Vfh.sitv  ri^e  >an  Ik  "me.i sure<}"  in 

i)ra^  ■-  in  he  ""sa>ured"  v'n  a  s>.ale  node!  «’t'  tiie 
airplane.  .\t  a  partianlar  fli.uiit  >  v'tuJ  i  I  ion ,  mv'del 
drac  in.liKU's  ad  j  ii>t  ra-nt  (a  a.aount  for  inlet  and 
no//U'  eiU'^  ts  not  I'roiiof  1  \  reprodis  od  on  ilie 
laod-.'!  aiut  a  Ke\nohi.‘-  numlKT  -orroetion  for  tin- 
airplane  drau.  (Ik-  ’  i  ow  !  ii^ld  iiUera>  i  Lon^. 

'.Ktveeii  inlet  and  airframe,  i,o//.!e  and  airlrame  .m‘ 
all  tiiree  for  nuil  t  im  i  ss  i  on  aircraft  an  intr.Hlue-- 
larae  uncertainties  beyond  tho^ie  a  r^'^oe  i  at  ed  with 
un  i  n  nI  a  1  1  ed  inlet  and  noi^/le  ju-r  t  o  r  m.Mioe  and  scale 
rx’del  airplane  drag.  Tiius,  eng  ine /a  i  r  i  rame  inier- 
,i'  tioi>-,  introduce  performance  risk  and 'or  .-t'si 
penal  t  u-s  and  should  guide  the-  d».-sign  of  la.inv 
airi'lant.-  types.  i^Tors  in  early  estimates  oi 
<.  ng  ine -a  i r  1  rame  interact  i ons ,  part  i.-ul ar  1  v  wru  n 
i  (isii  t  r  ic  i  efit  development  time  was  planned,  hatn- 
^i.ri"U.slv  reciuck.‘d  tlie  e  i' f  e*.  t  i  veness  oi'  cc-rtain 
1  i  r  p  I  a  n  e  s  , 

l.arlv  engines  were  {Hire  turlKM*.-ts  witl>  high 
spe-  ifi.  thrust  and  snull  engine  capture  strean- 
tui'es,  in  addition,  tiie  relatively  low  maxinun 
•ip^-ed  airjjlanes  used  inlets  with  low  spillage  drag 
and  1  ixed  geom«.'trv  exliaust  nottzles  with  low  htuat- 
tviil  angles  and  little  weigiu  penalties. 

In  modi-rn  airplanes,  the  airframe  and  engine 
should  be  designed  s i mu  1  t aneou s I y  hiwause  oi  the 
close  matching  required.  Insta  1  lat  ioji  ^-fleets  nav 
play  siioli  a  large  nWe  ciiat  tlie  "right’'  engine 
.  ann«u  even  be  identified  iK-fore  the  installation 
effects  are  understood.  'Ihe  performance  predio- 
t  ions  for  many  modern  aircraft  where  insut  i  ii- i  ent 
attention  was  paid  to  engine  installation  effects 
have  been  generally  quite  poor  wlu-n  v’ompared  to 
fl  ight  test  per  tormani  e. 

Another  reason  for  poi>r  perform. ince  t>f  initial 
mod».'ls  of  some  airplanes  is  insuffi*  lent  thrust  to 
>.ompensaie  for  higher  weight  or  dr.ag  i»f  tlu*  air- 
plrine  ciian  orignially  predicted. 

At  part-power  some  engine  .ycles  are  penalised 
mi'To  than  others.  This  is  true  because  si'me 
losses  are  a  function  of  air!  low,  others  are  a 
function  of  engine  diameter  and  nogzle  exit  area 
and  still  inhers  a  function  of  grv'ss  thrust.  At 
equal  net  tlirust,  the  .airflow,  engine  sixe, 
nozxle  I'xit  area  niul  gross  thrust  of  engines  of 
various  ov.-les  can  cause  differing  insta  1  1  .at  ion 
losses.  It  is  therefore  likely  that  if  insr.^lla- 
t  ion  losses  had  been  knowai  earlier  in  the  program, 
a  diifereiU  engine  cycle  miglit  have  been  selected. 


,1  riu-  Airplane  Development  Problem 

From  trie  t  i  nu-  mission  r«.-qu  i  rement  s  are  speei- 
fieci  to  the  tine  of  production,  tlu-  umertaintv 
associated  with  airplane  weigiit  and  drag  decreases. 
I’ne  engine  design  may  be  frozen  at  t  ime.s  w’here 
these  uruK-rt.'i  int  i*.  s  rem.iin  s/;Tab!e  in  order  to 
mcei  tile  svsft.-m  clevelofimetu  time  goals.  Figure 
2b.  1.1-1  shows  .jn  ex.imple  of  the  airpJ.ini'  and 
engine  dev 1  opmen t  timing.  Ihe  most  significant 
engine  milL-sioiu-s  are  sliowni  in  rel.ition  to  .'lirpl.ine 
de v«.- 1  opr.cnt  milestones.  llie  drag  and  weight 
1111'  ert  a  int  i  (.s  are  showai  at  tlu-  luittom  of  the 
figure.  It  is  important  to  plan  tile  dev*-’ I  * 'pmeni 
S'hedule  so  tli.it  win-ii  the  .-ngine  design  t  cei-ze 
occurs,  a  pessimistic  i  lU  er  pret  .it  ion  ol  tlu-  uneer- 
t  a  i  nl  i  et,  is  a-  c  .-jU  ah  1  e  . 
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Figure  26. 1. 1-1.  Typical  Sngine/Airframe  Development  Schedule 


Ju.i.j  Fngiiu*  Airframe  liUerait  ions 

K«’r  purpose.s  of  analysis  and  discussion  of 
the  f  i  v'w  I  ield  interactions  which  nuy  olcut  in  the 
eng  i  ne-.ai  r  f  rame  integration  problem  the  airplane 
system  is  broken  into  ftTur  major  elements  and  lwlt 
subsystems  as  shi'iwn  in  Figure  26.1.2-1. 

In  the  sketvh,  the  interactions  are  slunsn  as 
arrows,  indicating  that  a  change  in  the  inlet,  fvir 
exampN  ,  influences  both  engine  thrust  and  airplane 
drag. 

Inl et  Character  ist ics 

K»)r  the  airplane,  the  inlet’s  external  perfor- 
n.nve  is  impv*rtani  in  tiiat  the  mass  flow  r.ite 
demanded  by  the  engine  may  v.ary,  ..  ffecting  the 
pressure  distribution  on  the  body,  and  thus  drag. 
For  the  engine  the  inlet  should  provide  uniform 
flow  at  as  high  a  st.agnation  pressure  as  possibK-. 
Exce.ssive  turbulence  level  and  distortion  at  the 
fan  or  cwimpressor  face  usually  demand  an  increased 
surge  maigln  which  translates  iniL'  a  heavit'r 
engine  for  a  desired  thrust  level.  Stability  oi 
the  flov;  LhrEHigh  the  inlet  in  the  preSEUice  of  f  1  o\c 
changes  is  necessary  within  the  operating  envelope 
of  the  airplane. 

Sx-cond.-irv  factors  whiih  nav  infliu  net  i'ik 
design  I'f  Hpev  ifiv-  inlets  liav«.-  to  do  with  rjdar 
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Figure  26. 1.2- 1.  Airplane  System  Elements  and  Subsystems 


I't  I  K-.  L  ii.'n  ciiara^.- Ll-i' ist  ii' s  ot  thu  airplane  as  a 

wih'U-. 

Nil.-'. /:  1 rha rav- L  er  i si  i c  s 

1  hi.  nerizlc's  tuni'tian  is  lo  expand  Che  engine's 
exhaust  air  lo  a  lower  pressure  to  produce  a  high 
rn»-'nen  c  ur.’.  jet  ior  thrust.  The  nozzle,  like  tile 
inii.1,  has  internal  <ind  extern, il  surfaces.  The 
no;':’le's  i  U'w  area  and  exit  area  are  generally 
tailored  to  maximize  the  net  installed  thrust. 

Some  of  the  conditions  which  may  be  of  interest 
for  thrust  will  demand  excessive  closure  rates  on 
the  f 1 ow  around  die  afterbody  or  boattail,  leading 
to  flow  Separation  and  a  drag  increase.  The 
danger  of  r 1 ow  separation  is  particularly  severe 
and  sensitive  to  operating  parameters  in  Che  case 
oi  twin  engine  airplanes  with  side  by  side  nozzles. 
The  flow  in  die  (.hannel  between  the  engines  is 
sensitive  to  the  airplane  body's  boundary  layer, 
which,  in  turn,  depends  on  airplane  attitude  and 
spued . 

Kngine  performance  may  not  he  sensitive  to 
the  uxternal  flow  for  engines  operating  with 
choked  nozzles.  For  low  pressure  ratio  jet  flows 
like  tiiat  from  turbofan  engines,  the  interactions 
are  greater  but  important  primarily  during  take¬ 
off  and  climb.  The  challenge  Co  achieve  a  success¬ 
ful  curbofan  installation  is  to  locate  the  nacelle 
by  means  of  struts  so  that  a  minimum  interference 
drag  penalty  at  cruise  is  incurred. 

For  such  engine  instal lat ions ,  the  drag 
associated  with  the  transonic  flow  between  wing/ 
strut  and  nacelle  must  be  clearly  discernible  from 
ext orna 1 -f I ow-induced  changes  in  thrust  so  that 
proper  corrective  action  can  be  taken.  Furthermore, 
in  any  airplane  system,  the  performance  shortfall 
should  be  assignable  to  engine  or  airframe  perfor¬ 
mance  deficits. 

more  severe  interaction  situation  arises  in 
the  design  of  STOL  aircraft  where  thrust  is  used 
for  1  ift  as  in  upper  surface  blowing  and  blownflap 
nacelles  (Figure  26.1.2-2).  Wind  tunnel  testing 
of  such  airplanes  requires  modeling  of  the  airframe 
flow  field  as  well  as  propulsion  flow.  The  large 


flow  deflections  of  lifting  propulsion  systems 
require  a  large  wind  tunnel  cross  sectional  area 
to  model-size  ratio  and  perhaps  a  moving  ground 
plane  for  adequate  simulation.  This  requirument 
has  forced  the  testing  to  small  model  sizes  where 
the  scale  mismatch  is  severe  or  to  testing  in 
large  costly  facilities.  integration  effects  are 
therefore  not  understood  with  great  accuraev  at 
present  (Reference  26.1.2-1). 

The  uncertainty  characteristics  of  tJirust  and 
drag  of  transonic  and  supersonic  airplanes  tend 
to  be  as  shown  in  Figure  26.1.2-3. 


f.  .  THRUST 
‘'9"  IDEAL  THRUST 


SUBSONIC  DESIGN,  DRY  POWER,  LOW  BOATTAIL  ANGLE 


SUPERSONIC  DESIGN 


Figure  26. 1.2-3.  Uncertainty  of  Thrust  and  Drag  in  Transonic  and 
Supersonic  Flight 


For  VSTOL  aircraft,  the  uncertainty  bands 
are  even  larger  throughout  their  speed  range. 

In  the  following  sections,  the  design  and 
characteristics  of  inlets  and  nozzles,  the  airplane 
drag  buildup  technique,  ,ind  performance  verifica¬ 
tion  techniques  are  discussed.  The  sources  of 
uncertainty  in  thrust  and  drag  and  methods  for 
minimizing  their  impact  are  described  in  the  last 
sec  t Ion . 
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26.1.3-  General  Definicion  of  Terms 

The  following  definitions  or  descriptions  of 
many  of  the  major  terms  used  in  this  chapter  are 
necessary  fof  an  understanding  of  the  integration 
and  cycle  selection  process.  For  convenience,  the 
terms  are  grouped  under  several  general  headings 
to  which  they  best  apply. 

26.1.3.1  Time  Phasing 

•  Phase  -  A  time  sequence  in  an  aircraft  develop¬ 
ment  process  characterized  by  specific  types 

of  requirements  and  activities. 

•  Conceptual  Design  Phase  -  The  earliest  portion 
of  the  development  process,  beginning  with 
the  Required  Operational  Capability  (ROC) 
definition,  and  proceeding  up  to  the  point  of 
selection  a  general  aircraft  and  propulsion 
system  to  satisfy  the  general  ROC  requirements. 

•  Preliminary  Design  Phase  -  The  period  where 
the  general  concepts  are  narrowed  to  a  specific 
conf igurat ion . 

•  System  Development  Phase  -  The  period  where 
tne  design  of  the  selected  aircraft  configura¬ 
tion  is  validated,  the  propulsion  system 
component  tests  are  run,  and  the  engine 
testing  is  conducted.  A  system  flight  test 
program  is  also  included  in  this  phase. 


26.1.3.2  Performance 

•  Levels  -  The  state  of  the  technology  or 
degree  of  sophistication  for  determining 
system  performance  at  the  various  stages  of 
the  development  process  representative  of 
data  accuracy. 


(3)  Exhaust  Nozzlu  -  an  example-  is  aft-end 
drag  coefficient  versus  aft-end  area 
ratio  and  Mach  number,  possibly  niodiiied 
for  plume  shape  effects. 

(4)  Tur bomac h ine ry  -  examples  are  lhru^'t  and 
specific  fuel  consumption  as  fun^l  i<.'n 
of  Mach  number,  altitude,  and  pouvr 

set  t ing. 

•  Target  Performance  -  Performance  which  mciv 
not  have  been  demonstrated,  but  is  deemed 
achievable. 

•  Demonstrated  Per formance  -  Performance  wi^ich 
has  been  verified  by  test. 

•  Figures  of  .Merit  -  Those  parameters  used  to 
assess  the  performance  or  usefulness  of  one 
system  relative  to  another.  Examples  are 
takeoff  gross  weight,  range  for  a  given 
payload,  life  cycle  cost,  etc. 


26.1.3.3  Model  Testing 

•  Aero  Force  and  Moment  Model  -  A  wind  tunnel 
model  chat  defines  the  basic  airframe  aero- 
dyanmic  information. 

•  Inlet  Effects  Model  -  The  wind  tunnel  model 
used  to  measure  inlet  drag.s  to  correct  the 
force  and  moment  nwdel  performance  to  oper¬ 
ating  inlet  flight  conditions. 

•  Jet  Effects  Model  -  The  wind  tunnel  model 
used  to  measure  aft-end  performance  to  correct 
Che  force  and  moment  mode]  performance  to 
operating  aft-end  flight  conditions. 


Level  I  -  Historical  data  and  analysis; 
little  geometric  data  needed.  The  most 
elemental  of  performance  prediction 
techniques  used  for  conceptual  design. 

Level  II  -  Semlempirical  and  analytical 
predictions  using  a  representative 
(chough  not  necessarily  exact)  configura¬ 
tion  of  the  system.  Final  aircraft 
guarantees  are  based  on  such  predictions. 

Level  III  -  Scale  model  or  component  rig 
data  of  the  actual  configuration  being 
developed.  This  is  a  verification  of 
the  Level  II  predictions  used  in  the 
aircraft  guarantees. 


•  Met r ic  Spl it  1 ines  -  Model  boundaries  which 
separate  chose  portions  of  the  model  which 
have  forces  measured  on  force  balance  (metric) 
from  those  not  measured  (nonmetric). 

•  Aerodynamic  Reference  Condition  -  A  full- 
scale  aircraft  configuration  and  the  propul¬ 
sion  flow  conditions  to  v.iicu  all  -C[)’s  are 
related  during  the  drag  buildup.  In  general, 
this  condition  is  chosen  either  for  the  ease 
with  which  the  drag  may  be  calculated  in  an 
analytic  buildup  or  for  the  ease  with  whii.li 

it  may  be  measured  in  an  experimental  buildup. 
If  an  experimental  buildup  is  used,  correc- 
t  ions  should  be  applied  for  Revnolds  number 
effects  and  model  mount  interference. 


Level  IV  -  Flight  test  and  engine  test 
data  of  the  configuration  being  developed. 

•  Elements  -  Key  portions  of  the  overall  system 
for  which  individual  performance  maps  are 
obtained.  The  elements  are:  airframe,  inlet 
system,  exhaust  system,  and  turbomachinery , 

•  Maps  -  Plots  of  the  performance  of  the  various 
elements  over  the  full  operating  range. 

(1)  Aircraft  -  usually  In  the  form  of  drag 
polars  (C^  versus  C^). 

(2)  Inlet  -  examples  are  inlet  drag  versus 
mass  flow  ratio  and  Mach  number;  pressure 
recovery  versus  mass  flow  and  Mach 
number . 


•  Ope rat ing  Ref  erence  Cond it  ion  -  A  full-scale 
aircraft  conf igurat ion  and  propulsion  flow 
conditions  to  which  all  drag  increments  are 
related  when  calculating  aircraft  performance. 
.At  this  condition  all  drag  is  charged  to  the 
airframe  and  none  to  the  propulsion  system. 

•  Operating  Condition  -  Any  full-scale  configu¬ 
ration  or  condition  at  which  the  aircraft  mav 
operate. 

•  Drag  Polar  -  Lift  coefficient  versus  drag 
coefficient  for  the  aircraft. 

•  Trimmed  Drag  Polar  -  A  drag  polar  with  modi¬ 
fiers  accounting  for  such  effects  as  .mgle- 
of-attack,  tail  angle,  surface  roughness, 
skin  f r ict ion ,  etc. 
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UNCLASSIFIED 


F/G  5/1 


NL 


•  i*r Bu  i  1  Ju p  -  The  pro^’c-ss  of  v»ht.i  ining  and 
adding  Liic  peri  orniano  of  tiu*  various  elements 
lo  the  [lasii  drag  polar  fusing  tiie  thrust/drag 
ao.ounting  procedure)  and  obtaining  installed 
perfornance. 


•  inrot  tK_  Dependent  Drags  -  Those-  drags  result¬ 
ing  fror  citanges  in  engine  pov-.’er  level  set- 
t  ings  vnicii  ^ause  inlet  and  rui^zle  operating 
conditions  to  change  relative  to  the  operating 
ri- f  i; relic f  nd  L  t  ion  . 


26.2  ENGirjE-AlRFRAME  INTEGRATION:  INLET  AND 
EXHAUST  DESIGN  CONSIDERATIONS 


Jo . d . 1  Inlets 

A  jit  propulsion  system  generates  thrust  by 
increasing  the  velocity  of  the  Iluid  passing 
thrvUigii  it.  Tile  thrust  is  the  sum  of  the  local 
stvit  ic  pressure  integrated  over  the  flov  area  and 
liiL  'nv’r.enLu;:!  flux  througii  the  area.  The  function 
of  tile  inlet  is  to  capture  the  fluid  and  reduce 
its  velocitv  Sv'  that  tiie  engine  can  work  efficient¬ 
ly.  The  total  pressure  recovery  of  the  fluid 
entering  the  engine  should  be  as  high  as  possible 
Lo  r.inimixe  the  work  of  the  compressor.  The  inlet 
should  also  produce  a  relatively  unif<,'rm  velocity 
pr^'file  to  avoid  excessive  blade  vibration  or 
.  ompressor  stall.  Finally  tlie  inlet  should  be 
integrated  vitli  the  rest  of  the  nacelle  or  airframe 
so  tiuit  the  drag  increment  due  to  the  presence  of 
the  inlet  is  minimized. 

The  airplane  speed,  angle  of  attack,  and 
thrust  requirements  vary  significantly  over  the 
flight  envelope.  Thus  the  inlet  must  operate 
efficiently  over  a  range  of  freestream  Mach  numbers, 
angles  of  incidence  and  flow  rates.  The  design  of 
the  inlet  is  usually  constrained  by  limits  on 
size,  weight,  mechanical  complexity  and  sometimes 
by  requirements  of  engine  noise  suppression.  In 
all,  the  design  of  modern  inlets  calls  for  sophisti¬ 
cated  design  techniques. 

The  broadest  classification  of  inlets  is 
determined  by  whether  its  maximum  operating  speed 
Is  below  or  above  the  local  speed  of  sound.  The 
Liigine  face  to  freestream  (P.J  static  pressure 
ratio  of  subsonic  inlets  can  vary  from  Jess  than 
1:1  during  ground  static  operation  to  about  1.7:1 
near  Sonic  fliglit.  For  subsonic  applications  the 
inlet  can  usually  be  designed  with  a  fixed  geometry. 
Supersonic  inlets  operate  with  higher  maximum 
pressure  ratios;  typically  7:1  at  Mu'h  2,  '30:1  at 
>Licii  3,  and  60;]  at  Mach  3.5.  To  achieve  these 
iiigh  compression  ratios  supersonic  inlets  are 
generally  designed  witii  variable  geometry  and 
require-  a  ct>ntroJ  system.  .Active  boundary  laveT 
eontrol  also  becomes  necessary  t*.'  prevent  f  K/V 
separation  in  tlie  strong  adverse  pressure  gradients. 

25.2.1.1  Subsonic  Inlets 

j)  Inlet  Siz  ing 

Some  convenient  terms  commonly  used  to  de.scribe 
subsonic  inlet  geometry  and  performance  are  defined 
schenat  ica 1 1 y  in  Figure  25,2.1-1.  The  lughlight 
is  tlie  area  bounded  by  the  points  most  forward  on 
ihf  inlet  lip.  Inlet  weight,  drag,  and  cost 
ini-rease  with  size;  thus  it  is  desirable  to  design 
lIk-  inlet  to  he  as  small  as  possible.  A  point  of 
deji.irtm'e  in  the  tirst  design  iteration  is  often 
fill  seleetion  of  the  maximum  average  throat  Mach 
otr.'ber.  Assuming  tlie  inlet  losses  to  be  negli- 
c  i  h  1 ,ii  this  |>oint,  tlie  required  tliroat  area  i-an 


Figure  26.2.  f-  f.  Subsonic  inlet  Nomenclature 

be  calculated  from  the  maximum  corrected  airflow 
of  the  engine  from  the  simple  relationship 

A  - 

1  (.  u)* 

whare  i®  the  corrected  flow  * 

airU2/sec. 

With  the  diffuser  area  ratio,  1^2^ 
maximum  entry  Mach  number  (M|)  given  (A2  having 
been  set  by  the  requirement  for  a  design  engine 
face  Mach  number),  the  required  diffuser  length 
can  be  estimated  using  conventional  diffuser 
design  criteria.  A  preliminary  estimate  of  the 
required  contraction  ratio  and  fineness  ratio  can 
be  obtained  from  a  comparison  of  the  low  speed  and 
Cruise  performance  requirements  of  the  inlet  with 
the  performance  of  existing  designs.  After  obtain¬ 
ing  preliminary  values  for  these  parameters  the 
analytic  design  of  the  inlet  can  commence. 

b)  Cruise  Aerodynamic  Performance 

Subsonic  inlets  generally  operate  with  an 
inlet  velocity  ratio  below  unity  (V  /V.,  -■  1)  at 
cruise,  as  illustrated  in  Figure  26.2.1-1.  At 
these  conditions  most  designs  provide  high  total 
pressure  recovery  and  low  distortion  and  the 
critical  aerodynamic  parameter  is  the  external 
drag . 

If  ve  model  the  inlet  as  indicated  in  Figure 
25.2.1-2  we  see  tliat  the  external  forces  acting  on 
the  inlet  are:  the  ’’additive  drag"  (or  "pre-entry 


- -  ^ 

Figure  26.2. 12.  Subsonic  Inlet  at  Cruise 
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drag")  due  to  external  diffusion,  "lip  suction" 
due  to  overspeeding  the  flow  on  the  forebody,  and. 
"skin  friction  forces"  arising  from  the  shear 
stress  on  the  surface.  In  an  inviscid  fluid 
friction  forces  are  absent,  and  if  the  flow  is 
everywhere  subsonic,  the  lip  suction  force  exactly 
cancels  the  additive  drag  so  that  the  inlet  experi-> 
ences  no  drag.  If  the  flow  is  accelerated  to 
supersonic  velocities  locally  on  the  forebody,  the 
transition  back  to  subsonic  flow  usually  occurs 
through  a  normal  shock.  The  momentum  loss  across 
the  shock  is  sensed  on  the  downstream  surface 
through  an  alteration  in  the  pressure  distribution, 
and  the  lip  suction  no  longer  cancels  the  additive 
drag  completely.  The  residual  force  is  called 
"wave  drag." 

In  a  real  fluid,  friction  due  to  viscosity  is 
always  present.  The  skin  friction  drag  is  defined 
as  the  surface  integral  of  the  shear  stress  and  is 
a  function  of  wetted  area  and  velocity  d istribut ion. 
The  boundary  layer  also  alters  the  effective  invis¬ 
cid  flow  boundary  by  the  virtue  of  its  displace¬ 
ment  thickness.  The  real  pressure  distribution  is 
developed  by  the  displaced  boundary,  but  is  applied 
to  the  real  body  so  that  the  ideal  lip  suction 
force  is  not  realized.  This  loss  of  lip  suction 
is  "pressure  drag."  Experimentally  the  pressure 
drag  may  be  determined  by  subtracting  the  calcu¬ 
lated  skin  friction  drag  from  the  measured  total 
drag,  if  no  shocks  are  present. 

The  freestream  Mach  number  where  supersonic 
flow  first  appears  on  the  forebody  is  called  the 
"critical  Mach  number"  of  the  inlet.  A  further 
increase  in  the  freestream  Mach  number  results  in 
wave  drag  which  can  be  aggravated  by  the  appearance 
of  flow  separation  at  the  shock/boundary  layer 
intersection,  if  the  shock  strength  is  sufficient. 
The  rapid  rise  in  drag  is  called  the  "drag  diver¬ 
gence"  or  "transonic  drag  rise."  The  critical 
Mach  number  is  a  function  of  the  inlet  velocity 
ratio  and  forebody  contours,  a  specific  case  is 
illustrated  in  Figure  26.2,1-3. 


Figure  26.2. 1-3.  Ir^let  Drag  Characteristics 

The  designer's  objective  is  to  minimize  the 
boundary  layer  growth  and  skin  friction  by  properly 
contouring  the  forebody  surface.  Over  the  past 
few  years  valuable  analytic  tools  have  been  devel¬ 
oped  to  this  end.  Various  computer  programs  are 
available  that  combine  solutions  from  inviscid  and 
viscous  flow  calculations  to  evaluate  the  design. 
The  compressible  flow  field,  Including  shocks,  is 
first  computed  for  the  Inlet  contours.  The  surface 
boundary  layer  development  is  then  computed  from 
the  inviscid  velocity  distribution.  The  surface 
contours  can  then  be  modified  to  account  for  the 
boundary  layer  displacement  thickness  and  the 
inviscid  field  can  be  recomputed.  This  procedure 
can  be  Iterated  until  the  solutions  converge.  The 
computed  Mach  number  distribution  is  compared  with 
wind  tunnel  test  results  for  an  inlet  in  Figure 
26.2.1-4  illustrating  the  accuracy  of  the  analysis. 
Subroutines  can  be  incorporated  into  the  program 


Figure  26.2. 1‘4.  inlet  Surface  Mach  Number  Distribution  at  Cruise, 
Moo  >  Moo  CRIT 

CO  calculate  the  inlet  drag.  A  method  was  devel¬ 
oped  by  Steger  and  Baldwin  (Reference  26.2.1-1)  to 
determine  the  wave  drag  from  Che  characteristics 
of  the  normal  shock.  The  total  viscous  drag  on  a 
body  was  shown  to  be  a  function  of  boundary  layer 
properties  at  its  trailing  edge  by  Granville 
(Reference  26.2.1-2).  The  skin  friction  drag  can 
be  calculated  separately  by  integrating  the  local 
skin  friction  along  the  surface.  Near  sonic 
speeds,  most  practical  designs  will  have  supersonic 
flow.  A  wave  drag  equal  to  about  10%  of  Che  total 
inlet  drag  is  usually  considered  acceptable.  The 
contours  should  be  designed  such  that  the  drag 
divergence  occurs  above  the  maximum  operating  Mach 
number  of  the  inlet. 

c)  Low  Speed  Aerodynamic  Performance 

During  takeoff  and  landing  maneuvers  inlet 
drag  is  not  significant  because  of  the  low  flight 
speed.  The  inlet  total  pressure  recovery  and 
distortion  are  the  critical  aerodynamic  parameters 
since  the  lip  and  diffuser  are  usually  operating 
near  their  design  limits.  At  takeoff  the  inlet 
velocity  ratio  is  much  greater  than  one  (tending 
toward  infinity  at  zero  forward  speed)  and  the 
flow  stagnates  on  the  outside  of  the  cowl.  As  a 
result,  part  of  the  captured  flow  experiences  a 
rapid  acceleration  (to  supersonic  speeds  at  the 
most  severe  conditions)  approaching  the  highly 
curved  highlight.  The  recompression  on  the  Inside 
of  the  lip  thickens  the  boundary  layer,  and  the 
boundary  layer  profile  may  deteriorate  sufficiently 
to  separate  immediately  or  further  downstream  in 
the  diffuser.  On  conventional  airplanes  the  most 
severe  conditions  usually  occur  during  takeoff 
rotation  when  the  inlet  angle  of  attack  is  maximum 
or  on  the  ground  while  operating  with  a  crosswind. 

In  both  cases  the  windward  side  of  the  inlet  is 
affected  as  the  stagnation  line  moves  further  aft 
on  the  outside  of  the  nacelle  effectively  increas¬ 
ing  the  capture  stream  tube  area  on  the  side  of 
the  inlet.  Figure  26.2.1-5  shows  the  surface  Mach 
number  distribution  on  an  inlet  at  low  speed  at 
two  angles  of  attack. 

Low  speed  operation  of  V/STOL  airplanes  pose 
the  most  challenging  design  problem.  Takeoff  and 
landing  generally  take  place  at  very  high  angles 
of  attack  with  respect  to  the  inlet.  The  require¬ 
ment  for  acceptable  performance  is  usally  compen¬ 
sated  for  by  increasing  the  inlet  contraction 
ratio.  The  larger  area  contraction  allows  a 
reduction  of  the  wall  curvature  near  the  highlight, 
thereby  reducing  the  peak  velocity  and  the  adverse 
pressure  gradient  in  Che  flow.  At  Che  same  time, 
however,  the  cruise  velocity  ratio  is  also  reduced 
which  results  in  a  reduction  of  the  inlet's  criti¬ 
cal  Mach  number.  Generally  an  inlet  designed  to 
tolerate  high  angles  of  attack  and  crosswind 
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Figure  26.2. 1-7.  Subsonic  Inlet  Performance  Characteristics 


Figure  26.2. 1-5.  Inlet  Surface  Mach  Number  Distribution  at  Low 
Speed  and  At  Two  Angles  of  Attack 

during  low  speed  operation  will  experife*nce  the 
drag  divergence  at  a  relatively  low  freestream 
Mach  number,  thereby  limiting  the  cruise  speed. 

Un  some  airplanes,  attempts  have  been  made  tv) 
achieve  good  performance  at  low  speed  without  com¬ 
promising  the  cruise  Mach  number  by  varying  the 
inlet  geometry.  The  usual  approach  is  to  provide 
hinged  panels  in  the  cowl  (blow-in  doors).  The 
panels  are  tree  floating  or  lightly  spring  loaded 
and  require  no  powered  actuation.  During  low 
speed  operation  when  the  internal  static  pressure 
is  lower  than  the  external  pressure,  the  panels 
open  to  allow  additional  flow  to  enter  the  inlet, 
thereby  reducing  the  aerodynamic  loading  on  the 
lip.  At  high  speed  when  the  internal  pressure 
exceeds  the  external  pressure,  the  panels  are  held 
closed  and  provide  a  streamlined  configuration. 
Designs  of  this  cype,  shown  schematically  in 
Figure  26.2.1-6,  have  been  used  with  success.  The 
primary  drawbacks  of  variable  geometry  are  the 
weight  of  the  mechanism  and  the  fan  noise  associ¬ 
ated  with  the  interaction  between  the  fan  and  the 
wakes  of  the  support  structure  between  the  doors. 
These  drawbacks  must  be  weighed  against  the  higher 
drag  of  a  competing  fixed  geometry  design. 


Figure  26.2. 1-6.  Blow  In  Door  Inlet 


Typical  performance  characteristics  of  subsonic 
Inlets  are  shown  in  Figure  26,2.1-7  showing  pres¬ 
sure  recovery  and  distortion  as  functions  of 
airflow  and  angle  of  attack  (or  crosswind)  for  a 
specific  geometric  configuration.  A  comparison  of 
two  inlets  with  different  contraction  ratios 
(Aq/Ai)  Is  shown  in  Figure  26.2.1-8.  The  opera¬ 
tional  requirements  of  a  particular  airplane  are 
shown  on  this  plot  of  speed  versus  angle  of  attack 
showing  that  the  inlet  with  the  larger  contraction 
ratio  will  nor  experience  Internal  flow  separation. 


ANClF  OF  ATTACK 


Figure  26.2. 1-6.  Effect  of  Contraction  Ratio  on  Separation 

The  analytic  tools  used  in  developing  the 
external  contours  for  high  speed  operation  are 
available  to  aid  the  designer.  In  analyzing  the 
high  speed  cases,  assumptions  of  two  dimensional 
or  axlsymmetric  flow  can  be  made  with  validity, 
and  various  existing  computer  programs  are  capable 
of  solving  such  problems  (Reference  26.2.1-3).  As 
noted  earlier,  the  critical  design  points  during 
low  speed  operation  occur  at  angles  of  attack  when 
the  flowfield  is  three  dimensional.  Computer 
programs  for  solving  three  dimensional  mixed  flows 
(subsonic  and  supersonic)  are  only  now  emerging. 
Cntll  these  programs  become  operational,  the  low 
spued  performance  of  inlets  must  be  substantiated 
by  the  traditional  wind  tunnel  tests. 

Experience  has  shovnrt  that  the  best  internal 
lip  rv>ntours  resemble  elliptic  shapes  (see  Figure 
26.2.1-':))  with  major  to  minor  axis  ratios  of 
between  2  and  3.  Trends  In  test  data  also  indicate 
that  It  is  desirable  to  avoid  discontinuities  in 
the  wall  curvature  that  appear  on  some  designs  at 
the  highlight  and  the  throat. 

Designing  the  subsonic  diffuser  is  an  easier 
problem  since  three  dimensional  flow  effects  tend 
to  be  much  less  significant  downstream  of  the 
throat,  as  Indicated  In  Figure  26.2.1-9.  The  dif¬ 
fuser  contours  can  be  developed  by  carrying  out 
the  analysis  at  zero  angle  of  attack.  This  is 
usually  accomplished  using  the  standard  iterative 
analysis  procedure  between  potential  flow  and 
boundary  lavor  analysis.  For  a  converged  solution, 
the  boundary  layer  shape  factor  should  be  such 
that  separation  does  not  occur  within  some  margin 
of  the  worst  design  point.  Figure  26.2.1-9  shows 
surface  Mach  number  profiles  for  a  flow  with 
sufficiently  high  Inlet  angle  of  attack  to  result 
In  separation. 


OIStANCE  ALONG  COWL  SURFACE  IN 


Figure  26.2. 1  -9.  Mach  Number  Distribution  Along  the  Surface  of 
An  Inlet  At  Low  Speed  Inferred  From  Surface 
Static  Pressure  Measurements 


d)  Low  Speed  Noise  Suppression 

Several  concepts  have  been  proposed  to  sup¬ 
press  or  attentuate  the  engine  noise  that  escapes 
through  the  inlet  during  near-airport  operation. 

The  two  concepts  that  have  received  most  attention 
are:  a)  lining  the  inlet  with  sound  absorbing 
material,  and  b)  setting  up  an  aerodynamic  barrier 
against  noise  propagation  by  accelerating  the  flow 
to  transonic  speeds  at  the  throat.  Designs  of 
both  types  have  been  shown  to  be  effective  in 
reducing  noise. 

When  acoustic  waves  impinge  on  a  smooth  hard 
surface  they  are  reflected  undiminished.  Various 
materials  containing  small  cavities  have  been 
developed  that  tend  to  absorb  noise  at  certain 
frequencies.  The  internal  surfaces  of  "lined 
Inlets"  are  treated  with  material  chosen  for  good 
absorption  characteristics  in  the  most  annoying 
frequency  band  of  the  particular  engine’s  noise 
spectrum.  Since  the  lining  can  only  absorb  waves 
that  are  Incident  on  the  surface,  It  is  necessary 
to  provide  a  large  lined  surface  to  achieve  effec¬ 
tive  noise  attenuation.  To  obtain  sufficient  sur¬ 
face  area  the  length  of  the  inlet  may  need  to  be 
increased  beyond  what  is  required  for  good  aero¬ 
dynamic  performance.  Acoustically  treated  (lined) 
rings  or  grids  may  also  be  placed  in  the  flow  pas¬ 
sage  for  similar  reasons.  These  devices  also  make 
the  flow  passages  narrower  which  appears  to  be 
beneficial  for  noise  reduction.  The  viscous 
losses  in  lined  inlets  tend  to  be  much  higher  than 
in  similar  hardwall  designs,  since  the  skin  fric¬ 
tion  coefficient  for  typical  lining  materials  is 
greater  than  for  polished  aluminum.  This  effect 
may  be  aggravated  by  the  increased  wetted  area. 

The  increased  engine  pressure  ratio  and  fuel 
consumption  required  to  operate  with  a  lined  inlet 
must  be  weighed  against  the  noise  suppression 
benefits. 

The  high  throat  Mach  number,  or  "sonic  inlet," 
operates  on  the  principle  of  the  choked  convergent- 
divergent  nozzle.  The  fluid  is  accelerated  to 
approximately  Mach  1  at  the  throat,  and  the  result¬ 
ing  surface  of  transonic  flow  acts  as  an  aerodynamic 
barrier  to  the  forward  propagation  of  acoustic 


waves.  A  dramatic  reduction  in  noise  level  can  be 
perceived  experimentally  when  the  engine  airflow 
is  increased  to  the  point  where  the  inlet  chokes. 
Since  noise  attenuation  is  desired  during  landing 
approach,  when  the  engine  airflow  is  near  idle 
setting,  as  well  as  dpring  takeoff  at  maximum 
power,  sonic  inlets  generally  require  a  variable 
area  throat.  The  transition  from  the  small  to  the 
large  throat  must  be  quick  to  allow  for  a  go- 
around  in  case  of  a  missed  approach.  A  further 
complication  in  the  diffuser  design  is  that  while 
the  entry  area  (throat)  varies,  the  exit  area 
(engine  face)  remains  fixed.  The  design  difficul¬ 
ties  have  thus  far  discouraged  the  use  of  sonic 
inlets  on  transport  airplanes.  Reference  26.2.1-4 
summarizes  the  results  of  an  experimental  program 
designed  to  explore  the  potential  of  sonic  inlets. 

26.2.1.2  Supersonic  Inlets 

a)  Inlet  Types 

The  design  procedure  as  well  as  the  inlet 
configuration  becomes  increasingly  complex  as  the 
design  Mach  number  of  the  inlet  increases.  For  a 
subsonic  inlet  the  cruise  problem  is  essentially 
one  of  low  external  drag  since  nearly  isentropic 
internal  diffusion  can  be  achieved  with  relative 
ease  and  the  inlet  flow  race  is  self  regulating  in 
the  sense  that  the  capture  area  adjusts  to  the 
mass  denend.  For  supersonic  inlets  the  internal 
aerodynamic  performance  is  also  a  crucial  problem 
since  efficient  supersonic  diffusion  over  a  wide 
range  of  Mach  numbers  is  difficult  to  achieve,  and 
the  inlet  must  have  an  actively  controlled  flow 
metering  capability. 

The  simplest  design  is  the  normal  shock  inlet 
illustrated  in  Figure  26.2,1-lOa.  This  is  basically 
a  subsonic  inlet  with  a  sharper  lip,  and  its  use 
is  limited  to  very  low  supersonic  Mach  numbers 
since  the  shock  losses  rapidly  become  prohibitive 
as  the  freestream  Mach  number  is  increased  (Figure 
26,2.1-lOb).  The  inlet  must  also  be  equipped  with 
a  bypass  system  to  control  the  flow  into  the  inlet 
such  that  the  shock  remains  attached  to  the  lip 


b  NORMAL  IHOCK  RECOVERY 


Figurt  26.2.1-10. 
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regardless  of  the  engine  airflow  demand.  Flow 
spillage  around  the  lip  usually  cannot  be  tolerated 
because  of  a  high  drag  penalty,  as  shown  in  Figure 
26.2.1-lOc.  Due  to  the  limits  of  its  applicability, 
this  design  is  more  properly  a  transonic  flight 
inlet . 

Supersonic  inlets  designs  in  common  use  may 
be  broadly  classified  on  the  basis  of  how  they 
perform  supersonic  diffusion.  The  three  basic 
types  are  shown  schematically  in  Figure  26.2,1-11. 

As  the  name  implies,  with  the  "external  compression 
inlet"  all  supersonic  diffusion  takes  place  on  an 
unopposed  external  body  and  the  flow  inside  the 
inlet  is  subsonic  throughout  the  diverging  duct. 

With  "mixed  compression  inlets"  the  supersonic 
diffusion  is  partially  carried  out  on  the  external 
body,  and  is  continued  internally  to  a  throat  well 
downstream  of  the  cowl  lip.  With  "internal  compres¬ 
sion  inlets"  the  flow  is  captured  at  the  freestream 
Mach  number,  and  all  supersonic  diffusion  takes 
place  inside  the  inlet  duct.  For  all  three  inlet 
types  the  transition  from  supersonic  to  subsonic 
flow  is  shown  to  occur  through  a  normal  shock.  In 
theory,  an  isentropic  transition  is  possible  but 
the  precise  control  required  to  maintain  sonic 
flow  is  difficult  to  achieve  in  practice.  The 
normal  shock  design  Mach  number  is  the  minimum 
value  compatible  with  the  control  system  capabili¬ 
ties,  as  will  be  discussed  later. 

The  necessity  of  geometry  variation  in  a 
supersonic  inlet  will  be  developed  in  the  following 
sections.  The  relative  ease  of  implementing  the 
geometry  variation  can  have  a  bearing  on  the 
selection  of  the  inlet  shape.  The  entry  plane 
cross  section  can  be  axisymmetr ic ,  rectangular,  or 
some  odd  shape  to  suit  the  local  body  or  wing 
contours.  Axisymmetric  designs  tend  to  be  the 
shortest  and  lightest  and  have  the  best  performance, 
particularly  at  the  higher  Mach  numbers.  However, 
it  is  difficult  to  design  axisymmetric  inlets  to 
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(A)  EXTERNAL  COMPRESSION  INLET 


(S)  MIXED  COMPRESSION  INLET 


Figure  26.2. 1-12.  Design  Off -Design  Operation  of  Supersonic  Inlets 

operate  efficiently  over  a  wide  Mach  number  range, 
and  they  cannot  be  integrated  easily  with  certain 
airframes.  Two-dimensional  designs  provide  the 
easiest  means  of  area  variation  required  for 
operation  over  a  wide  Mach  number  range.  Installa¬ 
tion  is  usually  less  of  a  problem;  however,  the 
transition  from  the  rectangular  duct  to  the  annular 
engine  involves  aerodynamic  losses  and  adds  to  the 
length  and  weight  of  the  inlet.  Half  round, 
quarter  round,  D  shape,  and  ocher  designs  are 
sometimes  used  on  airplanes  where  externally 
mounted  nacelles  are  not  feasible.  These  designs 
tend  to  combine  the  undesirable  aerodynamic  fea¬ 
tures  of  the  axisymmetric  and  two-dimensional 
geometries,  but  may  still  be  the  best  compromise. 

In  general,  the  optimum  inlet  design  is  specific 
to  the  airframe,  engine,  and  mission  requirements. 

b)  Inlet/Engine  Airflow  Matching 


C  INTERNAL  COMPRESSION  INLET 

Figure  26.2. 1- 1 1.  Supersonic  Inlet  Types 


During  supersonic  flight  the  maximum  ideal 
capture  flow  rate  of  the  inlet  is  equal  to  the 
flowrate  in  the  freestream  through  the  projected 
area  of  the  inlet  entry  plane.  The  capture  flow 
cannot  be  Increased  above  this  value  regardless  of 
the  type  of  supersonic  diffusion  employed,  however, 
it  can  be  decreased  with  external  or  mixed  compres¬ 
sion  inlets  by  deflecting  the  flow  further  upstream 
of  the  entry  plane  as  Indicated  in  Figure  26.2.1- 
12.  We  define  A^  as  the  maximum  capture  area  and 
A^  as  the  capture  area,  the  quantity  is 

identical  to  the  mass  flow  ratio  mj./m^  and  the  two 
may  be  used  interchangeably. 

Figure  26.2.1-13  illustrates  the  capture  area 
needed  to  satisfy  the  airflow  demand  of  a  typical 
jet  engine  over  the  flight  placard.  Ideally  the 
inlet  capture  area  should  follow  the  same  schedule. 
As  we  shall  discuss  later,  we  require  that  the 
normal  shock  be  kept  at  the  throat  for  the  mixed 
compression  inlet,  thus  subsonic  spillage  is  not 
allowed.  It  follows,  then,  that  during  supersonic 
operation  the  inlet  capture  area  is  completely 
determined  by  the  freestream  Mach  number  and  the 
inlet  geometry.  It  also  follows  that  the  Mach 
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Figure  26.2.  hi 3.  Inlet  Capture  Area  Requirements 

number  and  capture  area  determine  the  thoat  area 
required  for  efficient  operation.  As  indicated  in 
Figure  26.2.1-13,  the  capture  area  demand  of  the 
engine  at  a  given  Mach  number  varies  with  the  mode 
of  operation,  e.g.  climb  and  acceleration,  level 
flight,  or  descent.  Smaller  variations  in  engine 
airflow-demand  result  from  changes  in  ambient 
temperature,  airplane  gross  weight,  etc.  The 
combination  of  these  factors  make  the  matching  of 
the  inlet  to  the  engine  a  challenging  problem. 

c)  Inlet  Sizing 

The  inlet  must  be  sized  so  that  it  can 
capture  the  maximum  flow  required  by  the  engine  at 
any  Mach  number.  The  inlet  is  generally  designed 
to  operate  with  a  capture  ratio  of  unity  at  cruise 
to  minimize  the  cruise  drag.  If  the  inlet  geometry 
is  unchanged  the  capture  ratio  will  decrease  with 
decreasing  Mach  number  because  of  the  increase  in 
the  bow  shock  angle.  This  decrease  may  not  coincide 
with  the  maximum  airflow  schedule  of  the  engine. 

The  capture  flow  can  be  further  reduced  by  a 
forward  translation  of  the  external  body.  In  any 
case,  the  throat  area  must  be  changed  simultaneously 
to  maintain  the  upstream  Mach  number  of  Che  normal 
shock  close  to  one.  With  the  capture  area  schedule 
designed  for  the  maximum  airflow  demand,  Che  inlet 
supply  exceeds  the  engine  requirements  during 
reduced  power  operation,  e.g.,  descent.  The 
excess  flow  is  generally  vented  overboard  through 
a  bypass  system.  It  is  desirable  to  design  the 
inlet  to  require  no  bypass  during  climb. 

Supersonic  inlets  share  with  subsonic  Inlets 
the  problem  of  insufficient  flow  area  at  takeoff. 

The  sharp  leading  edges  of  supersonic  inlets 
produce  much  higher  losses  when  operating  with 
velocity  ratios  (Vq/V«,)  above  one  (Reference 

26.2.1- 5).  To  Allow  the  airplane  to  take  off, 
supersonic  inlets  are  generally  equipped  with 
auxiliary  flow  passages  to  increase  the  inlet 
supply.  See  for  example  Figure  26.2.1-14  showing 
an  SST  type  inlet. 

A  variety  of  devices  have  been  developed  to 
achieve  proper  matching  of  the  inlet  supply  flow 
to  the  engine  demand.  During  low  speed  operation 
the  blow-in  door.  Introduced  in  Section  26.2.1.1, 
or  some  similar  concept  can  be  used.  The  supersonic 
capture  area  Is  most  easily  controlled  by  means  of 
a  translating  center  body  as  suggested  in  Figure 

26.2.1- 12.  The  aft  part  of  the  translating  body 
Is  often  shaped  such  that  it  provides  the  required 
internal  area  distribution  at  each  operating 
position.  For  some  applications  this  simple 
approach  Is  not  feasible,  and  hinged  panels  are 
used  to  achieve  the  required  area  variation.  With 
axlsymmetric  designs,  the  latter  approach  demands 
relatively  complex  mechanisms  since  the  compression 
surfaces  must  move  In  umbrella-like  fashion. 


Figure  26.2. 1-14.  SST-Type  Inlet  Showing  Blow-In  and 
Bypass  Doors 

As  we  noted  earlier,  supersonic  inlets  general¬ 
ly  require  a  bypass  system.  Flow  must  be  bypassed 
while  operating  with  reduced  thrust,  including 
engine  failure  modes.  Part  of  the  bypass  flow  can 
be  routed  through  the  nozzle  cooling  ducts  if 
extra  capacity  is  available;  the  remainder  must  be 
vented  overboard  through  separate  exits. 

External  Compression 

Because  of  their  relative  simplicity,  external 
compression  inlets  are  ideally  suited  to  lower 
supersonic  applications,  say  below  Mach  2.  Figure 

26.2.1-15  shows  the  three  operating  modes  of  the 
external  compression  inlet.  During  "critical" 
operation  the  flow  passing  through  the  supersonic 
capture  area  is  equal  to  the  inlet  flow  demand, 
the  oblique  and  normal  shocks  impinge  on  the  cowl 
lip,  and  Che  external  flow  is  everywhere  supersonic, 
while  the  internal  flow  is  subsonic;  If  the  inlet 
cannot  pass  all  of  the  capture  flow,  the  normal 
shock  will  move  forward  from  the  cowl  lip  to  allow 
spillage  of  the  excess  flow.  This  mode  is  called 
"subcr itical"  operation.  If  the  inlet  demand 
exceeds  the  available  capture  flow  Che  normal 
shock  will  be  drawn  further  inside  the  inlet  duct, 

A.  CRITfCAl  oeCRAT  KM 


a  tueCRITtCAL  OPERATION 


C.  aURERCRITICAL  ORtRATION 


Figure  26,2. 1-15.  External  Compression  Inlet  Operating  Modes 
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a  mode  called  "supercritical."  The  minimum  duct 
area  is  at  the  lip  station  for  an  external  compres¬ 
sion  inlet,  therefore  supersonic  flow  entering  the 
inlet  tends  to  re-expand.  Because  of  the  expan¬ 
sion,  the  normal  shock  will  be  stronger,  resulting 
in  a  larger  total  pressure  loss.  The  inlet  char¬ 
acteristics,  usually  plotted  as  total  pressure 
recovery  as  a  function  of  inlet  mass  flow,  are 
plotted  in  Figure  26.2.1-16  for  an  ideal,  fixed 
geometry,  external  (or  mixed)  compression  inlet. 

In  this  plot  the  inlet  mass  flow  is  normalized  to 
the  design  value  at  Moj.  At  lower  Mo.,  the  recovery 
Increases  and  the  maximum  capture  mass  flow  decreases 
Clearly,  a  variable  geometry  inlet  should  be  designed 
to  join  the  corner  points  as  indicated,  to  minimize 
external  drag  and  maximize  the  recovery. 


forward,  resulting  in  increased  flow  spillage 
around  the  cowl  lip.  The  increased  spillage  may 
divert  part  of  the  wake  overboard,  thereby  unchok¬ 
ing  the  inlet  and  allowing  the  normal  shock  to 
move  aft  toward  its  initial  position,  and  the 
cycle  is  repeated.  Since  the  Inlet/engine  Installa 
tlon  has  a  resonant  frequency  (flow  speed/inlet 
length),  buzz  may  persist  even  after  the  distur¬ 
bance  causing  the  initial  flow  decrease  has 
disappeared . 

Another  mechanism  for  buzz  can  arise  under 
the  conditions  illustrated  in  Figure  26.2.1-17. 

In  normal  operation  of  an  external  or  mixed  compres 
Sion  inlet,  a  shock  terminates  the  supersonic  flow 
region.  This  shock  may  separate  the  flow  from  the 
wall,  causing  choking  downstream  which  requires 
spillage.  When  the  spillage  changes  the  conditions 
which  result  in  the  existence  of  the  shock  and  the 
reason  for  separation,  the  flow  is  re-established 
and  the  cycle  may  start  again. 
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Figure  26.2. 1-16.  External  Compression  Inlet  Performance 
Characteristics 

Supercritical  operation  should  be  avoided 
because  the  total  pressure  loss  reduces  the  engine 
thrust.  Furthermore,  it  is  usually  accompanied  by 
a  flow  profile  distortion  which  could  cause  exces¬ 
sive  blade  vibration  or  compressor  stall.  Subcrlti- 
cal  operation  is  also  undesirable  since  subsonic 
spillage  causes  a  rapid  Increase  in  Che  external 
drag  which  can  be  aggravated  by  flow  separation  on 
the  cowl.  Further,  in  a  certain  range  of  their 
subcritical  operation.  Inlets  generally  experience 
a  dynamic  flow  phenomenon  called  "buzz."  The  most 
obvious  manifestations  of  buzz  are  a  rapid  fore- 
and-aft  fluctuation  of  the  external  normal  shock 
and  a  corresponding  instability  of  the  local 
pressure  field.  The  pressure  pulses  can  have 
sufficient  amplitude  to  cause  structural  failure. 

Inlet  Buzz 

It  has  been  suggested  that  the  inlet  flow 
field  becomes  unstable  against  small  disturbances 
when  the  slope  of  the  pressure  recovery  is  positive 
with  respect  to  mass  flow  ratio,  see  Figure  26.2.1- 
16.  The  ingestion  of  vortex  sheets  has  been  pro¬ 
posed  by  Ferri  (Reference  26.2.1-6)  as  a  mechanism 
triggering  buzz.  In  this  scheme  a  vortex  sheet 
originates  from  the  velocity  discontinuity  at  the 
intersection  of  the  bow  shock  with  the  external 
normal  shock.  The  low  kinetic  energy  wake  chokes 
the  inlet  and  moves  the  normal  shock  further 


Figure  26.2.1-17.  Buzz  Flow  Sequence 


The  buzz  characteristics  of  an  inlet  must  be 
evaluated  experimentally,  since  the  phenomenon 
does  not  lend  Itself  easily  to  analysis.  Buzz 
conditions  can  usually  be  avoided  by  Increasing 
the  bypass  flow  when  the  engine  cannot  accept  all 
of  the  corrected  flow  supplied  by  the  inlet. 

The  foregoing  discussion  indicates  the  desira¬ 
bility  of  operating  the  inlet  at  the  critical 
point;  l.e.,  the  capture  flow  as  determined  by  the 
external  geometry  should  equal  the  flow  require¬ 
ments  of  the  inlet.  The  flow  demand  of  the  inlet 
is  the  sum  of  the  engine  flow  and  bypass  flow  (and 
boundary  layer  bleed  flow,  if  used). 

External  compression  is  achieved  by  turning 
the  flow  away  from  the  freestream  direction  so  as 
to  reduce  the  flow  area.  The  turning  can  be 
accomplished  in  a  single  step  by  a  straight  wedge 
or  cone  as  indicated  in  Figure  26.2.1-18a  or  In 
several  steps  as  Illustrated  in  Figure  26.2.1-18b. 
The  total  pressure  recovery  of  the  flow  ahead  of 
the  normal  shock  is  higher  for  a  multiple  shock 
inlet  than  for  a  single  shock  inlet  operating  at 
the  same  compression  ratio.  This  becomes  evident 
when  considering  the  Isentropic  compression  Inlet 
illustrated  in  Figure  26.2.1-18c.  In  this  concept 
the  supersonic  diffusion  is  accomplished  without 
shocks.  (In  reality  a  weak  shock  is  present  at 
the  beginning  of  the  compression  since  the  leading 
edge  angle  must  be  finite,  and  there  is  a  weak 
normal  stock  terminating  the  supersonic  diffusion 
process.)  The  inlet  is  said  to  be  "on-deslgn"  when 
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Figure  26.2.  U18.  External  Compression  Surface  Configuration 


the  capture  ratio  is  unity.  This  condition  occurs 
when  the  bow  shock  impinges  on  the  cowl  lip.  When 
the  capture  ratio  is  less  than  one,  the  inlet  is 
"off-design."  To  maintain  efficient  operation 
during  off-design  conditions,  the  normal  shock 
Mach  number  should  be  kept  relatively  constant. 

This  can  be  achieved  by  varying  Che  deflection 
angle  as  a  function  of  the  freestream  Mach  number. 
The  entry  area  must  also  vary  with  the  supersonic 
capture  area  to  keep  the  inlet  critical. 

The  upstream  Mach  number  of  the  normal  shock 
on-design  is  slightly  over  one.  (In  the  interest 
of  stability  the  value  is  usually  1.2  or  1.3.)  To 
maintain  this  value  the  deflection  angle  must  be 
increased  with  increasing  Mach  number.  As  an 
example,  consider  a  two-dimensional  inlet  with  one 
oblique  and  a  normal  shock  Mach  number  of  1.3.  At 
a  freestream  Mach  number  of  2  the  required  deflec¬ 
tion  angle  is  about  18.5®,  while  at  Mach  3  it  is 
about  31.5®.  The  total  Prandle-Meyer  turning 
required  for  isentropic  compression  (to  M»1  or 
1.3)  is  about  20®  and  40°,  respectively.  Since 
Che  minimum  duct  area  is  at  the  cowl  lip,  it 
follows  that  the  initial  slope  of  the  Internal 
cowl  wall  must  be  somewhat  higher  than  the  final 
deflection  angle  for  two  dimensional  designs  (see 
Figure  26.2.1-18).  For  axisymmetr ic  designs  the 
cowl  lip  slope  is  lower  than  that  of  a  2-D  inlet 
due  to  the  characteristics  of  conical  flow. 
Obviously  the  external  lip  slope  must  be  still 
higher.  The  drag  penalty  associated  with  the  cowl 
lip  shock  prohibits  the  use  of  external  compression 
Inlets  at  high  Mach  numbers.  For  transport  air¬ 
planes,  where  cruise  efficiency  is  of  utmost 
importance,  the  limit  may  be  taken  as  approximately 
Mach  2.  If  high  speed  maneuverabll icy  is  important 
and  abundant  thrust  is  available,  the  limit  can  be 
Increased  to  about  Mach  2.5. 

Mixed  Compression  Inlets 

The  design  of  mixed  compression  inlets  is  not 
restricted  by  the  requirement  of  a  predetermined 


Internal  cowl  lip  angle.  Supersonic  diffusion 
takes  place  on  two  opposing  surfaces.  A  typical 
mixed-compression  inlet  is  shown  schematically  in 
Figure  26.2.1-12b,  Since  the  throat  is  located 
well  downstream  of  the  entry  plane,  the  initial 
cowl  slope  is  not  constrained  and  may  be  chosen  to 
be  upstream  flow  direction.  The  external  cowl  can 
be  closely  aligned  with  the  freestream  direction 
to  minimize  the  drag  during  high  speed  flight. 

The  inlet  is  generally  configured  to  operatt  vith 
a  capture  ratio  of  unity  (minimum  drag)  at  the 
design  point,  and  the  throat  is  sized  for  an 
average  Mach  number  of  between  1.2  and  1.3.  Since 
diffusion  to  Mach  1  is  not  practical  because  of 
stability  considerations.  The  terminal  normal 
shock  is  positioned  at  rhe  beginning  of  the  diverg¬ 
ing  flow  area.  (Normal  shocks  cannot  maintain  a 
stable  position  in  a  converging  duct.)  During 
off-design  operation  the  tliroat  area  must  be 
varied  with  the  capture  area  so  as  to  keep  the 
throat  Mach  number  within  the  design  limits. 

When  the  normal  shock  first  appears  at  the 
throat  the  inlet  is  said  to  "start."  The  term 
"started"  refers  to  operating  in  the  mixed  com¬ 
pression  mode.  A  "self-start ing"  inlet  naturally 
transitions  to  the  mixed  compression  mode  at  a 
particular  point  as  the  geometry  is  varied  along 
the  normal  Mach  number  schedule.  More  commonly, 
inlet  start  is  initiated  by  the  control  system. 

In  any  event,  the  inlet  initially  operates  in  the 
external  compression  mode  during  passing  transo'*  ’ ' 
acceleration.  The  engine  thrust  margin  is  gen  ra  ly 
critical  during  the  transonic  drag  rise.  It 
follows  that  Che  inlet  capture  flow  should  be 
maximized  and  normal  shock  spillage  roust  be  avoided 
while  operating  near  sonic  speeds.  These  require¬ 
ments  dictate  that  the  throat  be  positioned  just 
inside  the  entry  plane. 

External  compression  is  generally  maintained 
op  to  a  specified  freestream  Mach  number.  Starting 
is  accomplished  by  Increasing  the  downstream  flow 
demand.  In  this  procedure  care  must  be  taken  to 
keep  the  normal  shock  from  becoming  supercritical 
as  it  enters  the  Inlet  duct.  Once  the  inlet  is 
started,  the  throat  area  must  be  varied  as  a 
function  of  the  freestream  Mach  number  and  capture 
area.  In  the  started  mode  the  inlet  is  said  to  be 
"critical"  when  the  throat  Mach  number  is  one,  or 
when  the  normal  shock  is  positioned  just  aft  of  the 
converging  area.  Since  the  shock  position  is  not 
stable  in  the  converging  duct,  a  reduction  in  the 
upstream  Mach  number  or  the  downstream  flow  demand, 
while  the  inlet  is  critical,  causes  the  normal 
shock  to  be  expelled  from  the  inlet  in  a  sudden 
surge.  This  phenomenon  is  referred  to  as  an 
"unstart."  Once  the  shock  leaves  the  duct  it  may 
reach  a  stable  position  or  it  may  buzz.  The 
unstart  is  accompanied  by  a  sudden  reduction  in  the 
inlet  total  pressure  recovery  and  flow  rate,  and  a 
large  increase  in  the  inlet  drag.  The  internal 
disturbances  have  a  high  potential  for  surging  the 
compressor  and  losing  all  thrust.  Unstarts  should 
obviously  be  avoided,  and  if  they  occur,  the  inlet 
must  be  "restarted"  immediately.  The  restart 
sequence  is  similar  to  the  starting  procedure  and 
must  be  available  at  all  operating  speeds. 

Internal  Compression  Inlet 

An  obvious  extentlon  of  the  supersonic  diffu¬ 
sion  concept  is  the  internal  compression  inlet. 

As  the  name  implies,  this  device  captures  the  flow 
at  freestream  conditions,  and  all  supersonic 
diffusion  is  done  Internally.  Although  Internal 
compression  is  conceptually  feasible,  it  suffers 
from  several  practical  handicaps.  Among  these 
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are:  excessive  supersonic  diffuser  length,  dlffl- 
culty  in  varying  the  capture  area,  and  the  need 
for  external  and  mixed  compression  modes  for 
starting  the  inlet. 

Inlet  Starting 

During  the  starting  process  the  terminal 
normal  shock  moves  from  a  position  upstream  of  the 
cowl  lip  to  a  position  downstream  of  the  internal 
throat.  If  we  assume  that  the  supersonic  diffusion 
is  accomplished  isentroplcally ,  we  can  calculate, 
from  continuity,  the  ratio  of  the  throat  area  to 
the  entry  area  that  will  result  in  sonic  flow  at 
the  throat.  The  solid  curve  in  Figure  26.2.1-19 
shows  the  required  supersonic  diffuser  area  ratio 

2(y-1) 


as  a  function  of  entry  Mach  number  which  may  be 
considered  to  be  the  ideal  operating  schedule  of 
the  inlet.  When  a  normal  shock  is  present  at  the 
entry  plane,  the  throat  area  calculated  above 
cannot  pass  the  entering  flow  because  of  the 
reduced  total  pressure  in  the  stream  behind  the 
external  shock.  To  prevent  the  subsonic  flow  from 
spilling  around  the  cowl  lip,  the  diffuser  area 
ratio  must  be  increased  to  a  value  above  the 
broken  curve  in  Figure  26.2.1-19.  This  curve  is 
obtained  by  calculating  the  area  ratio  required  to 
achieve  sonic  flow  conditions  behind  a  normal 
shock  at  the  entrance  to  the  supersonic  diffusion 
section.  Thus 

^ .  V  V  .  V  .  V  !ti  ^  V 

Ai  k^  (pu)*  k^  P^2  ^ 

This  ratio  change  may  be  accomplished  by  Increasing 
the  throat  area  to  A2*  or  by  decreasing  the  entry 
area  A]^.  In  either  case  the  engine  Is  usually 
constrained  to  run  at  constant  corrected  airflow 
which  Is  equivalent  to  running  at  constant  axial 
Mach  number  at  the  engine  face. 

If  Ai  Is  fixed,  the  throat  area  must  be  equal 
to  or  greater  than  A2*,  which  means  that  A/A*  at 
the  engine  face  Is  smaller  than  It  would  be  In  the 
started  condition  and  the  Mach  number  at  the 
engine  Is  larger,  this  flow  Mach  number  can  be 
reduced  by  effectively  Increasing  the  flow  tube 
area  at  the  engine  face,  l.e.,  by  providing  for 
flow  to  bypass  the  engine  through  doors  between 
A2.  and  the  engine. 

If,  on  the  other  hand,-Ai  Is  reduced  to 
achieve  a  starting  area  ratio,  the  bypass  door  will 
not  be  necessary  since  the  flow  Mach  number 
distribution  from  the  throat  rearward  does  not 
depend  on  whether  the  Inlet  Is  started  or  not.  In 
practice,  both  Inlet  area  variation  and  bypass  are 
often  used.  The  area  ratio  change  may  be  accomp¬ 
lished  by  either  Increasing  the  throat  area  or 
decreasing  the  entry  area,  or  both.  The  corrected 
airflow  demand  downstream  of  the  throat  may  be 
adjusted  to  satisfy  continuity,  generally  by 
varying  the  bypass  exit  area  which  can  be  better 
controlled  than  the  engine-corrected  airflow. 

vrhen  the  starting  area  ratio  Is  achieved, 
a  further  Increase  In  the  downstream  flow  demand 
causes  the  shock  to  enter  the  Inlet  and  will 
stabilize  at  a  position  downstream  of  the  throat. 

At  this  point  the  Inlet  geometry  can  be  restored 
to  the  high  recovery  (operating)  configuration 
(solid  curve  In  Figure  26.2.1-19).  For  a  real 
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Figure  26.2. 1-19.  Area  Ratio  Variation  in  Starting  Inlet  At  Mj 

Inlet  the  calculation  of  diffuser  and  bypass  area 
ratios  must  include  the  effects  of  internal  losses, 
boundary  layer  bleed,  and  operating  throat  Mach 
number  (>1).  Referring  to  Figure  26.2.1-19,  we 
may  write  the  continuity  equation  as  an  equation 
for: 
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At  the  operating  condition  (A/A*)2  is  the  sonic 
area  ratio  corresponding  to  the  operating  throat 
Mach  number,  while  at  the  initiation  of  the  start¬ 
ing  transient  (A/A*)2  *  1* 

Figure  26.2,1-20  shows  the  operational  modes 
at  various  flight  Mach  numbers  of  a  mixed  compres¬ 
sion  inlet  designed  for  *  2.2. 

In  designing  the  diffuser  wall  contours, 
viscosity  as  well  as  compressibility  must  be  taken 
into  account.  To  simplify  matters,  the  flow  is 
initially  assumed  inviscid.  The  throat  Mach 
number  is  determined  from  stability  requiiements, 
as  will  be  discussed  later,  and  is  kept  relatively 
constant  throughout  the  started  regime.  The 
throat  area  schedule  can  then  be  calculated  from 
the  maximum  airflow  requirement  schedule  of  the 
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engine.  We  can  similarly  compute  the  capture  area 
requirement  as  a  function  of  freestream  Mach 
number.  Since  the  supersonic  capture  area  is  a 
function  of  the  freestream  Mach  number  and  the 
external  geometry,  the  external  diffusion  surface 
must  be  designed  such  that  sufficient  capture  flow 
is  always  available.  Strong  shocks  and  severe 
pressure  gradients  should  be  avoided  on  the  inter¬ 
nal  diffuser  surfaces  to  prevent  the  flow  from 
becoming  subsonic  upstream  of  the  throat.  The 
basic  design  tool  in  this  effort  is  a  supersonic 
flow  computer  program  of  which  several  are  avail¬ 
able;  see  Section  26.3.1. 

e)  Boundary  Layer  Control 

The  central  problem  of  supersonic  inlet 
design  is  efficient  boundary  layer  control.  If 
the  inlet  is  made  short  the  adverse  pressure 
gradients  become  high,  leading  to  rapid  thickening 
and  deterioration  of  the  boundary  layer  profile. 

If,  on  the  other  hand,  the  length  of  the  inlet  is 
increased  to  relieve  the  pressure  gradients,  the 
increased  wetted  area  may  make  matters  worse  than 
they  were  at  the  outset.  The  flow  must  remain 
attached  in  the  supersonic  diffuser  since  a  sepa¬ 
ration  can  .easily  unstart  the  inlet.  At  the 
throat  the  boundary  layer  must  have  sufficient 
energy  to  withstand  the  pressure  rise  associated 
with  the  normal  shock;  the  displacement  thickness 
should  be  small  since  the  performance  of  the 
subsonic  diffuser  is  strongly  dependent  on  the 
entry  blockage.  Supersonic  diffusers  in  general 
require  active  boundary  layer  control. 

The  traditional  approach  to  controlling  the 
boundary  layer  is  to  remove,  or  ’’bleed,"  part  of 
the  low  velocity  flow  near  the  surface  through 
holes,  slots,  or  scoops  (Figure  26.2.1-21)  (Ref. 
26.2.1-7,  8).  The  bleed  flow  is  often  vented 
overboard  from  the  inlet  cowl,  but  a  smaller  drag 
penalty  is  incurred  if  the  bleed  can  be  routed  to 
the  nozzle  when  an  ejector  nozzle  is  used.  In 
designing  the  bleed  system  we  are  concerned  with 
maximizing  the  internal  performance  of  the  inlet 
and  minimizing  the  bleed  drag. 

Although  viscosity  is  present  throughout  the 
flowfield,  its  effect  is  only  important  in  the 
boundary  layer.  For  convenience  we  treat  the  flow 
outside  of  the  boundary  layer  as  though  it  were 
invlscid.  The  boundary  layer  parameters  having 
most  Importance  for  the  inlet  designer  are  the 
displayement  thickness  and  the  profile  shape 
factor.  Various  definitions  of  the  shape  factor 


are  currently  in  use,  and  any  one  is  acceptable  as 
long  as  it  gives  a  good  Indication  of  the  likeli¬ 
hood  of  flow  separation.  The  value  of  the  displace¬ 
ment  thickness  must  be  known  since  it  influences 
the  invlscid  flow  boundaries. 

If  the  inviscid  flowfield  contains  oblique 
shocks,  bleed  is  generally  required  at  the  loca¬ 
tions  where  the  shocks  reflect  from  the  diffuser 
surfaces.  A  generalized  shock/boundary  layer 
interaction  is  depicted  schematically  in  Figure 
26.2.1-22.  The  purpose  of  the  bleed  is  to  remove 
the  low  velocity  portion  of  the  boundary  layer  so 
that  it  will  not  separate  In  the  pressure  gradient 
produced  by  the  shock  reflection.  Isentropic 
compressions  also  distort  the  boundary  layer 
profile  and  bleed  Is  often  required  in  shock  free 
pressure  gradient  regions.  The  inviscid  and 
viscous  portions  of  the  flowfield  are  generally 
analyzed  by  separate  computer  programs,  or  separate 
subroutines  of  the  same  program.  As  a  first 
approximation,  the  inviscid  flowfield  may  be 
computed  neglecting  viscous  effects.  The  surface 
velocity  distributions  thus  obtained  can  then  be 
used  as  inputs  for  the  boundary  layer  program. 


Figure  26.2.  Oblique  Shock /Boundary  Layer  Interaction 
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The  surtace  contours  should  be  modified  by  calcu¬ 
lated  displacement  thickness  when  recomputing  the 
Inviscid  field.  For  a  high  Mach  number  inlet 
several  iterations  of  this  procedure  may  be  required 
to  obtain  convergence.  If  at  any  point  in  the 
calculation  the  boundary  layer  shaoe  factor  indi¬ 
cates  incipient  separation,  bleed  :iust  be  provided 
‘o  improve  the  profile  or  the  original  surface 
contours  mus^  be  changed  to  obtain  a  more  favorable 
boundary  layer  development.  The  effects  of  bleed 
must  be  included  in  subsequent  calculations. 

The  severe  pressure  gradient  produced  by  the 
normal  shuck  requires  boundary  layer  control  in 
the  throat  region.  Again  bleed  is  a  common  method 
used  for  providing  the  control.  In  addition  to 
keeping  the  flow  attached,  a  properly  designed 
throat  bleed  system  reduces  the  additional  flow 
area  required  to  pass  the  low  velocity  air  ar.d 
provides  a  margin  of  stability  for  the  normal 
shock,  as  will  be  discussed  later. 

The  work  of  Reference  26,2.1-9  gives  some 
insight  into  the  general  problem  of  shock-boundary 
layer  interactions.  From  an  inlet  design  point  of 
view,  the  questions  which  must  be  addressed  are; 

1)  is  the  shock  strong  enough  to  separate  the 
boundary  layer  flow  and  2)  how  little  bleed  flow 
can  be  used  to  change  the  boundary  layer  character¬ 
istics  so  that  the  flow  remains  well  behaved? 
Typically  the  bleed  flow  reached  10%  of  the  inlet 
flow  at  M.  =  1,  increasing  linearly  from  M  =  1. 
Roughly  b0%  of  this  flow  is  bled  at  the  throat  and 
the  remainder  <-)n  the  compression  ramps.  Reference 
26,2.2-8  desci ibes  a  numerical  procedure  for 
calcult^iig  changes  in  boundary  layer  characteris¬ 
tics  th’-iugb  shock  waves. 

Thu  bl*-  d  Ilow  prior  to  its  removal  from  the 
boundary  layer  has  suffered  significant  momentum 
Ijsse*  which  must  be  added  to  the  external  drag 


Figure  26.2. 1-23.  Bleed  Hole  Characteristics 


when  the  flow  is  vented  overboard.  This  drag 
increment  constitutes  a  large  £ract,.on  of  the 
total  drag  force  acting  on  a  high  speed  inlet. 
Therefore  it  is  important  to  minimize  the  bleed 
flow  as  well  as  anv  additioral  losses  in  the  flow 
that  is  neoessviry.  f  igure  26.2.1-25  illustrates 
typical  discharge  coelJicietits  for  bleed  holes. 

Slots  or  sci)ops  can  alsi'  be  used  for  bleeding. 

The  bleed  I  I ».  *  is  general  Iv  ct*lleiLed  in  a  plenum 
chamber  prior  to  being  discharged  tlirough  a  nozzle 
designed  :T*r  tiiis  |-urpose  i^r  into  the  engine 
nozz  1  e  i Cv  t er  , 

For  a  given  tlowr.ite  the  bleed  drag  is  a 
function  oi  tfie  plenum  pressure  and  nozzle  effi¬ 
ciency.  Ii  lowl  exits  are  used,  the  discharge 
angle  and  wave  drag  pn^diiced  hy  the  discharged 
flow  must  also  be  ci^ns  idered  .  Since  the  boundary 
layer  Ilow  pt'ssesses  low  moment ui:.,  the  maximum 
pressure  in  the  plenum  can  be  only  slightly  higher 
than  the  local  surface  static  pressure.  Tims,  if 
a  single  plenum  is  used  for  collecting  flow  from 
several  bleed  regions,  the  plenum  pressure  must  be 
kept  below  the  value  of  the  minimum  sta*  ic  pressure 
region.  Otherwise  the  flow  will  tend  to  recircu¬ 
late  through  the  bleed  holes  from  the  higher 
pressure  bleed  regions.  For  minimum  drag,  each 
bleed  region  should  have  its  separate  plenum  and 
exit  so  that  the  individual  plenum  pressures  can 
be  maximized. 

Alternately,  the  boundary  layer  can  be  ener¬ 
gized  by  injection  of  high  pressure  fluid  at  the 
surface  (blowing),  or  in  hypersonic  inlets  the 
boundary  layer  profile  can  be  improved  by  cooling 
the  surface.  To  date,  neither  of  these  concepts 
have  been  widely  applied. 

f)  Subsonic  Diffuser  Design 

Downstream  of  the  normal  shock,  the  flow  is 
at  a  high  subsonic  Mach  number  and  needs  to  be 
further  decelerated  to  be  acceptable  to  the  engine. 
This  function  is  performed  by  the  subsonic  diffuser. 
Mismatches  between  the  supersonic  diffuser  flow 
supply  and  the  engine  demand  are  resolved  by 
removing  excess  flow  from  the  subsonic  diffuser 
via  a  bypass  system.  The  engine  face  area  (diffuser 
exit)  remains  constant  while  the  throat  area 
(diffuser  entry)  varies  with  Mach  number.  A 
versatile  design,  with  efficient  operation  over  a 
wide  range  of  conditions,  is  required.  The  problem 
is  further  complicated  by  requirements  of  varying 
cross  sectional  shape  if  the  supersonic  diffuser 
is  not  axisymmetric. 

The  diffuser  performance  is  basically  a  func¬ 
tion  of  the  flow  profile  at  the  entry  plane,  the 
diffuser  length,  area  distribution,  and  overall 
area  ratio.  These  parameters  all  influence  the 
development  of  the  boundary  layer  on  the  walls 
that  governs  the  diffuser  losses.  If  a  thin  and 
full  boundary  layer  profile  can  be  maintained 
throughout  the  diffuser,  the  losses  will  be  minimal, 
whereas  thick,  distorted  profiles  can  lead  to  flow 
separation  and  result  in  significant  total  pressure 
losses  and  velocity  distortion  at  the  engine  face. 

By  the  nature  of  its  operation,  the  diffuser 
imposes  a  continuous  adverse  pressure  gradient  on 
the  boundary  layer.  Therefore  it  is  important 
that  the  boundary  layer  profile  at  entry  be  thin 
and  full.  This  condition  is  usually  measured  in 
terms  of  throat  "blockage,"  where  blockage  is 
defined  as  the  circumferential  area  covered  by  the 
boundary  layer  displacement  thickness  as  a  percent¬ 
age  of  the  local  geometric  area.  For  most  applica¬ 
tions,  efficient  diffusion  can  only  be  obtained  if 
the  throat  blockage  does  not  exceed  a  few  percent. 
Low  blockage  values  are  generally  obtained  by 


relatively  heavy  bleeding  near  the  normal  shock. 

In  optimizing  the  design,  the  recovery  improvements 
must  be  weighed  .against  the  excess  throat  bleed 
drag.  The  diffuser  duct  area  distribution  and 
wall  contours  should  be  designed  to  minimize  the 
local  adverse  pressure  gradients  without  unduly 
increasing  the  diffuser  length.  This  is  an  obvi¬ 
ously  difficult  task  and  boundary  layer  control 
often  is  necessary  in  the  subsonic  diffuser. 

Because  of  the  high  drag  penalty  associated 
with  bleed,  "vortex  generators"  (Figure  26.2.1-24) 
can  generally  be  used  profitably  in  the  subsonic 
diffuser.  These  devices  shed  axial  vorticity  near 
the  surface  and  increase  the  average  axial  velocity 
in  the  boundary  layer  by  entraining  fluid  from  the 
core  flow  into  the  boundary  layer.  The  fluid 
transfer  involves  mixing  losses,  but  the  price  is 
often  justified  by  the  avoidance  of  flow  separation. 
The  vortex  generators  are  usually  triangular  or 
rectangular  plates  placed  normal  to  the  surface  at 
some  angle  of  attack  with  respect  to  the  local 
flow  directit:..  Vortex  generators  with  heights  on 
the  order  of  the  local  boundary  layer  thickness 
have  been  found  to  be  most  beneficial. 


Figure  26.2. 1-24.  Boundary  Layer  Profiles  Ahead  and  Behind 
Vortex  Generator 


g)  Inlet  Stability  and  Control 

In  this  section  we  consider  the  external 
influences  that  tend  to  r-^duce  the  efficiency  or 
to  break  down  the  process  of  mixed  compression, 
and  the  control  required  to  maintain  efficient 
operation.  We  are  primarily  concerned  with  the 
location  of  the  normal  shock.  If  the  shock  moves 
downstream  of  its  design  position  it  becomes 
increasingly  "supercritical"  and  occurs  at  a 
higher  Mach  number,  increasing  the  total  pressure 
loss  of  the  flow.  If  the  shock  moves  upstream  to 
its  critical  position,  the  inlet  will  unstart. 

The  primary  function  of  the  inlet  control 
system  is  to  vary  the  supersonic  diffuser  geometry 
and  bypass  flowrate  such  that  a  relatively  constant 
throat  Mach  number  is  maintained,  and  the  normal 
shock  is  positioned  just  downstream  of  the  aerody¬ 
namic  throat.  The  throat  Mach  number  is  a  function 
of  the  throat  area,  the  capture  area  and  Che  free- 
stream  Mach  number.  The  throat  area  could  thus  be 
scheduled  against  the  flight  Mach  number.  A  more 
convenient  signal  is  obtained  by  monitoring  the 
local  pressure  from  which  throat  Mach  number  may 
be  calculated.  For  instance,  the  control  system 
may  be  programmed  to  maintain  a  reference  value  of 


the  static  to  total  pressure  ratio  in  the  throat 
by  increasing  or  decreasing  the  area.  The  normal 
shock  position  may  be  controlled  in  like  manner  by 
programming  the  bypass  control  to  maintain  a  fixed 
local  static  to  total  pressure  ratio  at  some  point 
downstream  of  the  design  position  of  the  normal 
shock.  These  systems  can  cope  with  relatively 
slow  but  substantial  changes  in  the  freestream 
Mach  number,  and  flowrate,  respectively,  and  thus 
have  a  finite  response  time.  The  normal  siiock  is 
also  subject  to  small  amplitude  transient  distur¬ 
bances  and  it  must  have  an  inherent  margin  c’t 
stability.  For  example,  a  suddun  reduction  in 
upstream  Mach  number  (common! y  referred  to  as  a 
tail  gust)  may  occur  when  crossing  the  boundaries 
of  a  jet  stream.  If  the  dc-sign  throat  Mcich  number 
were  one.  the  gust  would  unstart  the  inlet. 

Limited  stability  against  this  type  of  disturbance 
Mach  tolerance  is  obtained  by  using  a  reference 
throat  Mach  number  greater  than  one.  The  required 
tolerance  can  be  determined  from  statistical 
analysis  of  atmospheric  conditions  at  the  operating 
altitudes.  Increasing  the  Mach  tolerance  in  this 
manner  reduces  the  total  pressure  recovery  potential 
of  the  inlet.  We  may  note  that  a  gust  causing  an 
increase  in  M,,  results  in  a  temporary  reduction  of 
recovery. 

The  normal  shock  must  also  have  stability 
against  downstream  transient  disturbances.  Limited 
normal  shock  stability  is  provided  by  two  natural 
flow  character istics  if  the  reference  position  of 
Che  shock  is  chosen  to  be  slightly  supercritical. 
First,  a  reduction  in  the  corrected  airflow  demand 
of  the  engine  causes  the  shock  to  move  upstream, 
but  since  the  shock  is  moving  toward  its  critical 
position,  the  downstream  recovery  is  increasing, 
thereby  reducing  the  downstream  corrected  flow 
without  changing  the  absolute  flow  rate.  Second, 
an  increase  in  throat  bleed  generally  accompanies 
the  forward  motion  of  the  normal  shock,  which 
reduces  the  primary  flowrate  of  the  inlet.  This 
occurs  since,  as  mentioned,  the  boundary  layer  is 
usually  bled  near  the  operating  position  of  the 
normal  shock;  as  the  shock  travels  upstream  it 
increases  the  static  pressure  acting  on  the  bleed 
region,  thereby  increasing  the  bleed  flowrate. 

For  some  applications  the  natural  stability  of  the 
normal  shock  must  be  augmented  with  a  fast  response 
valve  system  to  vent  excess  airflow  w’hich  the 
throat  cannot  handle  overboard. 

The  same  built-in  stability  characteristics 
of  the  inlet  provide  limited  tolerance  to  varia¬ 
tions  in  the  inlet  angle  of  attack.  How'ever ,  if 
high  speed  maneuverabi lity  is  a  design  requirement 
this  may  be  insufficient.  At  higher  angles  of 
attack,  mixed  compression  inlets  generally  require 
powered  control. 

h)  Supersonic  Inlet  Drag 

A  generalized  schematic  of  the  external 
forces  acting  on  a  supersonic  inlet  is  shown  in 
Figure  26.2.1-25.  The  internal  forces  are  a  part 
of  the  thrust  expression  and  we  shall  not  be 
concerned  with  them  here.  The  additive  drag  is 
equal  to  the  streamwise  component  of  the  pressure 
force  acting  on  the  surface  of  the  capture  stream 
tube.  Ivhen  the  bow  shock  impinges  on  the  cowl 
lip,  the  capture  stream  tube  surface  becomes 
parallel  to  the  freestream  direction,  and  the 
additive  drag  vanishes.  If  the  normal  shock  is 
positioned  upstream  of  the  inlet  duct,  part  of  the 
supersonic  capture  flow  will  be  spilled  around  the 
cowl  lip.  The  force  associated  with  the  spilled 
flow  and  the  resulting  change  in  the  axial  pressure 
force  on  the  external  cowl  are  combined  in  the 
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Figure  26.2. 1-25.  Forces  Acting  on  a  Supersonic  Inlet 

normal  shock  spillage  drag  term.  When  bleed  or 
bypass  flow  is  vented  overboard,  three  aspects  of 
the  resulting  force  must  be  recognized.  These 
are,  first,  the  momentum  deficiency  of  the  fluid; 
second,  the  flow  discharge  angle  and  of  the 
thrust  vector  is  lost;  third,  the  shock  generated 
by  the  discharge  flow  which  increases  the  cowl 
pressure  force.  Spillage  and  discharge  flows  may 
alter  the  cowl  boundary  layer  development,  the 
associated  spillage  drag  change  is  difficult  to 
isolate.  Unless  the  external  cowl  is  parallel  to 
the  freestream  direction,  the  pressure  force 
acting  on  it  will  have  a  streamwise  component  in 
the  drag  direction.  Minimizing  the  external  cowl 
angle  is  an  Important  part  of  the  inlet  design. 
Typically,  for  an  inlet  of  a  specific  design,  the 
sum  of  drags  due  to  spillage  and  due  to  bypass 
minimize  at  some  combination  where  both  are  present, 
Figure  26.2.1-26  shows  the  variation  of  bypass 
drag  and  spillage  drag  and  their  sum  which  mini¬ 
mizes  at  some  value  of  the  inlet  mass  flow  ratio. 


All  of  these  external  forces  interact  with 
airplane  drag.  Propulsion  and  aerodynamic  forces 
must  be  separated  by  carefully  designed  accounting 
techniques  which  minimize  uncertainty  in  the 
performance  within  the  constraint  of  work  division 
and  timeliness.  The  problem  of  force  testing 
methodology  Is  discussed  in  Sections  26.3  and 
26.4. 


2.1.3  Concluding  Remarks 


Figure  26.2. 1-26.  Bypass  and  Spillage  Drag  Variation  at  Instant  Mfg 

The  pressure  drag  is  the  force  in  the  external 
flow  direction  which  results  from  pressure  forces 
acting  on  the  body  surface.  Skin  friction  drag  is 
a  function  of  the  wetted  surface  area  and  velocity 
distribution.  The  cowl  drag  and  additive  drag 
forces  can  be  traded  against  each  other  for  a 
minimum  total  drag  configuration  for  a  supersonic 
Inlet  like  that  shown  in  Figure  26,2,1-12  in  a 
critical  operation  mode,  l.e.,  with  the  first 
shock  generating  ramp  pulled  back  so  that  it 
contacts  the  inlet  lip  at  inlet  mass  flow  ratio 
equal  to  unity  we  have  the  variations  of  cowl  and 
pre-entry  drag  shown  In  Figure  26.2.1-27.  In 
constrast,  for  well-designed  subsonic  inlets,  the 
sum  of  these  two  drag  components  are  very  small, 
because  the  cowl  drag  is  actually  negative  (lip 
suet  Ion) . 


The  inlet  must  perform  the  tasks  of  diffusing 
the  high  speed  external  flow  to  a  speed  that  is 
acceptable  to  the  engine  with  a  minimum  of  total 
pressure  loss.  For  minimimum  surge  margin  require¬ 
ment  and  vibratory  stress  level  in  the  blades,  the 
diffuser  should  be  devoid  of  temporal  and  spatial 
flow  non-uniformities.  The  inlet's  performance  is 
usually  given  as  a  map  of  the  (1)  total  pressure 
recovery,  (2)  distortion,  and  (3)  turbulence,  as  a 
function  of  some  imposed  flow  condition.  This  is 
usually  corrected  airflow  (for  engine  cycle  calcula¬ 
tions),  Mach  number,  or  angle  of  attack  (of  Interest 
for  maneuvering  flights).  Figures  26.2.1-28  and 
26.2.1-29  from  Reference  26.2.1-10  allows  a  compari¬ 
son  of  an  axisymmetric  and  a  two-dimensional  inlet 
under  varying  Mach  number  and  angle  of  attack 
conditions. 

Mq  •  7.0 


Figure  26.2.  h28.  Isolated  Two-Dimensional  Versus  Axisymmetric 
Inlet  PerformarKe  in  Marteuvering  Flight 
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Figure  26.2. 1-29.  TwO'Dimensional  and  Axisymmetric  Inlet 
Installed  Performance  Variation  with  Mach 
Number 


The  third  dimension  of  2-D  inlets  presents  a 
further  design  problem  in  that  the  side  plates 
which  bound  the  flow  introduce  the  possibility  of 
losses.  For  example  the  impingement  of  shocks  on 
the  boundary  layer  on  the  side  plates  gives  rise 
to  streamwise  vorticity  which  may  reduce  the 
available  flow  area  or  may  separate  the  flow  along 
that  wall.  Boundary  layer  bleed  systems  to  improve 
this  situation  are  awkward  to  install  because  of 
the  lack  of  space  available  in  these  thin  plates. 

A  means  to  reduce  the  need  for  bleed  is  to  reduce 
the  side  plate  area.  Figure  26.2.1-30  shows  the 
total  pressure  recovery  characteristics  for  various 
configurations  with  varying  degrees  of  "cutback" 
(expressed  as  a  percentage  of  the  normal  distance 
from  the  ramp  to  the  opposite  lip).  Note  Chat 


CAPTURE  RATIO  Aq/A^ 


Figure  26.2.  h30.  Two-Dimensional  Characteristics  With  Varying 
Amounts  of  Sidepiate  Cutback 


zero  cutback  (full  side  plate)  gives  lower  recovery. 
This  configuration  also  shows  a  positive  slope  on 
the  recovery  map,  indicating  the  possibility  of 
instability  or  "buzz."  With  increasing  cutback, 
the  maximum  air  flow  capability  drops  and  recovery 
increases.  The  improved  recovery  is  balanced  by 
increased  spillage  drag  associated  with  the  air 
flow  which  can  spill  between  the  first  shock  and 
the  cutback  edge. 

Modern  computer  methods  allow  the  simulation 
of  various  operating  conditions  to  aid  in  optimiz¬ 
ing  the  inlet  design.  Under  some  circumstances 
experimental  work  is  required  to  check  out  the 
results  of  the  calculation  or  to  obtain  data  for 
wide  ranging  conditions  quickly  and  easily.  While 
the  problem  of  Reynolds  number  simulation  is  not 
of  concern  for  the  simulation  of  the  major  portions 
of  the  flow  (see  Figure  26.2.1-31  from  Reference 
26.2.1-11),  for  controlling  shock  boundary  layer 
interactions,  and  for  the  design  of  bleed  systems, 
the  boundary  layer  characteristics  must  be 
understood . 


Figure  26.2. 1-31.  Effect  of  Reynolds  Number  on  Critical  Shock 
Pattern  (  62  =  9.6^,  Af-  =  1.9! 


The  design  of  the  inlet  thus  revolves  around 
the  problem  of  managing  the  behavior  of  the  boundary 
layer.  For  subsonic  applications  this  can  be 
usually  achieved  by  properly  sizing  and  contouring 
the  inlet  surfaces.  Supersonic  inlets  generally 
require  active  control,  i.e.,  surface  suction  or 
blowing. 

26.2.2  Exhaust  System 

26,2.2.1  Functional  requirements  of  the  nozzle. 

The  prirrary  function  of  an  aircraft  engine 
propulsion  nozzle  is  to  divide  the  power  available 
from  the  combustor  exit  gas  between  the  requirements 
of  the  turbine  and  the  jet  power.  The  nozzle  thus 
serves  as: 

a)  a  back  pressure  control  mechanism  for  the 
engine,  and  as 

b)  a  gas  acceleration  device  to  convert  the 
available  thermal  energy  of  the  gas  to 
jet  kinetic  energy. 

Secondary  design  considerations  for  Che  nozzle  are 
requirements  for: 

c)  thrust  reversal  and  vectoring. 
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d)  control  of  infrared  (IR)  radiation  and 
rear  radar  cross  section,  and 

e)  matching  the  external  contours  of  the 
airplane  aft-body. 

a)  Engine  Back  Pressure  Control 

The  nozzle  throat  size  is  the  primary  means 
available  to  the  airframe  designer  to  control  the 
thrust  or  fuel  consumption  characteristics  of  the 
engine.  A  particular  design  choice  of  the  nozzle 
area  determines  the  thrust  at  takeoff  and  cruise. 
Within  the  constraints  of  the  turbo  machinery, 
performance  at  one  of  these  conditions  may  be 
maximized  at  some  expense  to  other  operating  condi¬ 
tions.  The  choice  of  size,  and  perhaps  variability, 
is  thus  made  on  the  basis  of  the  propulsion  require¬ 
ments  of  the  engine. 

For  a  specific  nozzle  throat  area,  the  ability 
to  pass  the  desired  engine  mass  flow  is  usually 
measured  in  terms  of  discharge  (or  flow)  coefficient: 

m  (actual) 

D  m  (ideal) 

At  nozzle  pressure  ratios  near  or  below  that 
required  for  choked  flow,  the  discharge  coefficient 
may  be  influenced  by  external  flow  effects  as  well 
as  by  nozzle  shape.  These  external  effects  may  be 
associated  with  the  local  pressure  due  to  the  flow 
around  the  aft  body,  or  local  pressure  variations 
due  to  the  presence  of  wakes  from  control  surfaces. 

In  the  case  of  a  primary  nozzle  of  a  bypass  engine, 
the  external  flow  is  that  of  the  fan  stream.  When 
the  threat  velocity  is  sonic  all  of  the  external 
flow  determines  the  aerodynamic  throat  size  for  the 
nozzle  and  thus  controls  its  mass  flow  carrying 
capability.  Figure  26,2.2-1  shows  the  magnitude  of 
the  effect  on  a  3/4  length  fan  cowl  nacelle  operating 
statically. 

In  afterburning  engines,  large  changes  in 
nozzle  throat  area  are  necessary  “o  compensate  for 
the  large  changes  in  density  due  to  changes  in 
temperature.  If  a  variable  area  nozzle  is  required 
for  afterburning,  it  can  also  be  used  for  back 
pressure  control  at  non-afterburning  power  settings. 

b)  Expansion  of  Engine  Flow 

Ideally,  maximum  thrust  is  realized  when  the 
compressed  engine  flow  is  fully  expanded  to  ambient 
pressure.  For  nozzle  pressure  ratios  above  choking, 
supersonic  expansion  must  be  realized  along  aft- 
facing  internal  or  external  surfaces.  A  small 
amount  of  underexpansion  does  not  produce  signifi¬ 
cant  thrust  losses;  overexpansion,  however,  is  more 
harmful.  Figure  26.2.2-2  shows  these  thrust  losses 
for  isentropic,  hot  flow,  and  the  nozzle  expansion 
area  ratio  needed  for  full  expansion,  as  a  function 
of  nozzle  pressure  ratio.  Here  is  the  ratio  of 
thrust  obtained  by  expansion  to  area  A  to  thrust 
obtained  by  expansion  to  the  area  where  the  exit 
pressure  matches  ambient  pressure. 

The  nozzle  pressure  ratio  Is  a  function  of  ram 
pressure  ratio,  iniet  recovery,  and  engine  pressure 
ratio.  Even  at  low  engine  pressure  ratios,  the 
nozzle  pressure  ratio  and  required  area  ratio  rise 
quickly  at  supersonic  airspeeds  and  convergent- 
divergent  nozzles  (or  equivalent  plug  nozzles)  are 
usually  required  for  supersonic  airplanes.  Wlien 
engine  operation  with  variable  augmentation  is 
required,  complex  variable-geometry  nozzles  must  he 
employed.  To  date,  these  are  convergent -d  I vergent 
nozzles  with  variable  throat  and  exit  areas.  The 
throat  area  is  controlled  to  satisfy  engine  back- 
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^RIMASV  N02ZLE  PRESSURE  RATIO  (RNPR) 

Figure  26.2.2- 1.  Fan  Flow  Suppression  of  Primary  Nozzle  Flow 
on  a  Blown  3/4  Length  Fan  Cow!  Nacelle 


Figure  26.2.2-2.  Nozzle  Non- 1  deal  FKpansion  Loss  y  =  1.33 
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Figure  26.2.2-3.  Required  Variation  of  Nozzle  Geometry  of  a  High 
Performance  Fighter  Aircraft 

pressure  requirements.  The  exit  area  is  scheduled 
with  throat  area.  The  most  sophisticated  nozzles, 
such  as  those  on  the  F-15  and  B-1 ,  have  two  sched¬ 
ules,  a  low  speed  mode  and  a  high  speed  mode. 

Figure  26.2,2-3  shows  the  magnitude  of  the  required 
area  variation  for  a  high  performance  fighter 
aircraft  throughout  its  flight  speed  regime. 

Various  nozzle  designs  which  achieve  to  some  extent 
the  objectives  of  exit  and  throat  area  variability 
are  shown  in  Figure  26.2.2-4.  In  this  figure  the 
short  arrows  indicate  the  presence  and  flow  direc¬ 
tion  of  cooling  air  which  is  usually  engine  bypass 
(inlet  bleed)  or  compressor  bleed  air. 

c)  Airframe  Related  Considerations:  Reversers 
and  Vectoring 
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Figure  26.2.2-4.  Typical  Nozzle  Concepts  for  Afterburner  Engines 


Thrust  reversers  are  commonly  used  to  supple¬ 
ment  brakes  on  commercial  transports  to  aid  in 
stopping  when  brake  effectiveness  is  reduced.  In¬ 
flight  thrust  reversal  has  also  been  shown  to 
enhance  combat  effectiveness  of  fighters,  although 
no  current  operational  fighters  have  reversers. 

Basically,  there  are  two  types  of  reversers. 
In  the  blocker  and  cascade  concept,  the  normal 
nozzle  exit  is  blocked  off  and  cascades  are  opened 
in  the  duct  upstream  to  reverse  the  flow.  The 
other  concept  moves  the  blockers  downstream  of  the 
nozzle  exit,  such  that  th^  jet  stagnates  against 
them  and  then  spills  in  the  reverse  direction  (see 
Figure  26.5.5a).  Combinations  of  concepts  have 
also  been  investigated. 


DEPLOYED 


Figure  26.2.2’5a.  Thrust  Reversers 


Thrust  reversing  mechanisms  usually  produce  a 
change  in  effective  nozzle  area  during  deployment 
or  wtien  deployed.  Reversers  are  designed,  with  an 
area  to  match  the  engine,  within  the  specified 
limits  at  takeoff  power.  This  match  is  usually 
verified  by  tests  using  the  actual  hardware  because 
the  impact  on  the  complex  nonlinear  engine  charac¬ 
teristics,  such  as  stall  and  blade  vibration, 
cannot  be  obtained  analytically.  Typically,  exit 
area  tolerances  range  from  +.5%  for  the  gas  genera¬ 
tor  (or  prinary)  to  as  much  as  -1  to  +10%  on  sepa¬ 
rate  flow  fan  nozzles. 

Because  exit  area  mismatch  cannot  be  accepted 
until  the  engine's  tolerance  to  mismatch  has  been 
determined,  a  substantial  risk  is  involved  in  the 
reverser  design  in  that  it  may  not  turn  out  to  be 


internally  compatible  with  the  engine.  A  new 
reverser  must  have  sufficient  design  flexibility  in 
exit  area  to  cover  this  contingency  and  must  be  as 
efficient  as  possible  to  minimize  the  flow  turning 
losses  that  cause  mismatch  conditions  at  intermedi¬ 
ate  power  settings.  The  need  for  model  and  full 
scale  tests  must  be  anticipated  on  some  reverser 
conf igurat ions,  in  addition  to  early  coordination 
with  the  engine  manufacturer.  The  reverser  should 
also  accept  a  limited  engine  growth  (up  rating) 
where  internal  pressures,  temperatures  and  airflow 
may  be  increased  (assuming  no  major  change  in 
hardware  size). 

Transient  area  mismatch  during  reverser  deploy¬ 
ment  or  stowage  often  grossly  exceeds  the  steady 
state  limits  on  some  installations.  Fortunately, 
the  exit  area  of  most  reversers  is  increased  rather 
than  decreased  during  the  brief  transition  period. 

A  sudden  reduction  in  exit  area  during  reverser 
transition  may  cause  engine  stall  and  thus  must  be 
investigated  carefully  before  the  reverser  design 
is  committed  to  production. 

The  successful  match  between  reverser  (usually 
designed  and  built  by  the  airframe  manufacturer) 
and  engine  is  achieved  with  the  timely  establishment 
of  matching  requirements  between  the  respective 
manufacturers.  This  matching  problem  usually 
increases  in  severity  with  increasing  nozzle  pres¬ 
sure  ratio. 

Aside  from  back  pressure  problems,  reversers 
can  lose  their  effectiveness  or  create  side  effects 
when  improperly  installed.  Reingestion  and  cross¬ 
ingestion  of  reversed  hot  flow  may  cause  engine 
thrust  losses  and  surging,  thus  reducing  installed 
reverse  thrust.  The  danger  is  reduced  by  limiting 
the  turning  angle  of  the  reverser  and  by  judicious 
selection  of  direction  into  which  the  reversed 
gases  are  exhausted.  Care  must  also  be  taken  not 
Co  create  stagnation  areas  between  free  stream  flow 
and  engine  flow  under  the  wing,  as  this  decreases 
the  downward  load  on  wheels  and  reduces  braking 
effectiveness.  Down-and-forward  pointed  jets  stir 
up  dust,  gravel  and  "foreign  objects"  off  the 
runway  which  may  be  ingested  by  the  engine,  causing 
accelerated  wear  and  damage. 

Thrust  vectoring  by  means  of  nozzles  is  used 
on  VTOL  airplane  and  has  been  proposed  for  improved 
maneuvering  and  lift  augmentation  in  combat. 

Thrust  vectoring,  like  reversing,  may  be  accom¬ 
plished  by  internal  turning  (e.g.,  "lobstertail" 
duct  or  external  turning)  such  as  deflection  by  a 
target  or  coanda  effect  along  a  curved  surface. 
Examples  are  shown  in  Figure  26.2.2-5. 

Control  of  nozzle  effective  area  may  pose 
problems  as  It  does,  for  reversers.  For  VTOL  and 
combat  airplanes,  it  is  desirable  to  vector  the 
thrust  at  augmented  engine  power  settings.  However, 
cooling  of  structure  in  contact  with  turning  or 
stagnating  flows  is  very  difficult,  as  film  cooling 
becomes  impractical  In  such  cases.  The  only  opera¬ 
tional  VTOL  combat  airplane,  the  AV-8  or  Harrier, 
does  not  use  augmentation. 

d)  Control  of  IR  Radiation  and  Rear  Radar  Cross 

Sect  ion 

Inf rared-gulded  missiles  have  caused  slgnifi- 


Figure  26.2.2-5b.  Thrust  Vectoring  Nozzle  Concepts 
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cant  aircraft  looses  in  1973  in  the  Middle  Hast 
war.  Aft  facing,  visible  hot  engine  and  nozzle 
parts  provide  an  excellent  source  of  radiation. 

The  last  stage  of  the  turbine  is  plainly  visible 
through  tlie  exit  area  ol  an  ax i symmet r  ic ,  convergent- 
divergent  nozzle.  It  also  serves  as  a  good  reflec¬ 
tor  of  incoming  radar  signals. 

Control  of  radiation  is  accomplished  by  conceal¬ 
ing  hot  metal  from  direct  view  as  in  a  plug  nozzle 
cooled  by  unaugmented  fan  flow  or  ram  air.  Similar¬ 
ly,  an  external  plug  will  scatter  incoming  radar 
energy  and  return  a  much  weaker  signal  than  a  short 
convent ional  nozzl e. 

e)  The  nvitches  of  external  airplane  contours  to 

the  nozzle  is  discussed  in  detail  in  section 

26.2.2.3 

26.2.2,2  Nozzle  Internal  Performiince 

The  efficiency  of  converting  enthalpy  available 
at  the  turbine  exit  to  jet  kinetic  energy  depends 
on  losses  al^ead  of  the  nozzle  and  losses  associated 
directly  with  the  nozzle.  These  losses  are  dis¬ 
cussed  for  each  of  the  common  nozzle  types. 

a)  Duct  Flow  Performance 

The  flow  leaving  the  engine  is  generally 
ducted  at  low  Mach  number  from  the  engine  to  the 
nozzle.  When  the  flow  arrives  at  the  nozzle  for 
expansion  to  lower  pressure,  the  velocity  field  is 
three  dimensional  and  unsteady  because  of  imperfect 
mixing,  nonuniform  combustion  (for  instability 
suppression),  and  of  drag  on  any  surfaces  between 
the  engine  and  the  nozzle. 

The  nonuniform  flow  through  the  nozzle  may  be 
described  using  approximate  theories  for  several 
limiting  cases.  The  simplest  approach  for  determin¬ 
ing  thrust  and  mass  flow  Is  to  obtain  area  or  mass 
flow  averages  of  the  total  pressure  and  temperature 
and  calculate  the  one-dimensional  values  of  these 
quantities.  A  better  approach  (which  is  particular¬ 
ly  appropriate  in  cases  where  the  distance  between 
the  nozzle  station  pressure  and  temperature  profiles 
are  known,  and  where  the  nozzle  exit  is  short)  is 
to  assume  that  the  flow  consists  of  layers  which 
are  separated  by  contact  surfaces  that  prevent 
mixing  but  allow  pressure  communication  across  the 
flow.  Thus  the  flow  is  modelled  as  a  set  of  paral¬ 
lel  flows  which  can  each  expand  to  the  exit  pressure 
and  contribute  to  the  total  exit  momentum.  The 
method  of  Reference  26.2.2-1  can  be  used  for  this 
calculat ion. 

On  the  other  extreme,  if  mixing  is  permitted 
by  a  long  duct  (L/D  ■  10)  or  is  promoted  through 
the  use  of  an  internal  mixer,  jet  characteristics 
may  be  calculated  using  one-dimensional  flow  theory 
for  a  constant  area  mixer  (if  appropriate).  For 
such  cases,  the  conservation  statements  for  mass, 
momentum  and  enthalpy  can  be  used  to  calculate 
conditions  at  mixer  exit  or  nozzle  entrance  which 
are  then  used  for  calculating  average  total  tempera¬ 
ture  and  pressure. 

For  most  conditions  of  interest,  the  spread  in 
thrust  using  the  various  models  described  above  is 
quite  small.  Assuming  that  the  real  flow  behavior 
lies  between  these  extremes,  there  is  a  good  proba¬ 
bility  that  thrust  uncertainty  due  to  nonuniform 
flow  effects  is  less  than  the  spread  between  mixed 
and  unmixed  cases. 

It  is  of  interest  to  note  that  under  many 
circumstances,  the  profiles  or  averages  of  total 
pressure  and  temperature  are  difficult  to  obtain. 
Often,  insufficient  instrumentation  is  used  to 
prevent  excessive  losses  due  to  the  presence  of 


these  instrumental  ion  prohos.  Kurt  iK-nr.oro ,  the 
flow  behind  the  turbomachinery  is  rarely  suificient- 
ly  steady  and  uniform  to  enable  tlu-  measurement  c^f 
desired  flow  qu;intiLies  at  all  power  settings  (RPM) 
with  fixed  geometry  instrumentation.  The  apprivuli 
generally  taken  to  circumvent  this  problem  is 
develop  instrumentation  Ci^rre  1  at  ions  between  Might 
nozzles  and  so-called  "reference  nozzles"  whose 
behavii»r  is  well  understood.  Such  correlations  are 
usually  carried  out  for  easily  measured  average 
pressures  and  temperatures.  A  discussion  of  the 
steps  necessary  to  minimize  thrust  determination 
error  is  described  in  Reference  2b. 2. 2-2  relative 
to  a  t urbo-pt»wered  propulsion  simulator  (TPS).  In 
real  engines,  tlus  calibration  is  more  difficult  In 
that  the  facilities,  the  equivalent  of  which  were 
developed  for  the  small  scale  TPS,  do  not  exist  or 
cost  Coo  much  to  run. 

Drag  on  items  in  the  flow  duct  is  usually 
treated  by  calculating  the  equivalent  one  dimension¬ 
al  average  total  pressure  reduction  associated  with 
the  drag  forces.  In  this  way  struts,  coolers, 
splitters,  reverser  links,  turning  vanes  and  instru¬ 
mentation  nuiy  be  accounted  for.  The  increments  are 
usually  assumed  independent  so  that  t/ie  total 
pressure  drop  is  tlie  sum  of  all  the  invidual  contri¬ 
butions.  The  fractional  total  pressure  drop  of  an 
item  with  wetted  area  where  the  local  friction 
coefficient  due  to  flow  at  Mach  number  is  C^-, 
can  be  calculated  from 


or  from  (Reference  26.2.2-3): 


under  circumstances  where  the  drag  coefficient  C[) 
based  on  the  reference  area  A^^^  is  known.  Here  A 
is  the  flow  cross  sectional  area.  The  friction 
coefficient  C|-  is  determined  from  empirical  cor¬ 
relations  appropriate  to  the  geometry  in  question. 

The  boundary  layer  on  the  side  walls  grows 
thicker  because  of  the  frictional  retarding  force. 
This  force  may  be  larger  than  the  flat  plate  shear 
force  because  of  the  roughness  of  walls  due  to 
acoustic  treatment  and  because  of  steps  and  gaps 
resulting  from  assembly  and  the  necessity  for 
access  doors,  etc.  For  acoustic  liners,  values  of 
the  friction  coefficient  determined  exper imental 1 v 
are  generally  used.  Steps  and  gaps  are  handled  as 
described  in  Reference  26.2.2-4,  5  if  accuraev  of 
this  level  is  warranted. 

Boundary  layer  buildup  on  the  inside  of  the 
nozzle  causes  an  effective  reduction  in  internal 
flow  area,  as  well  as  a  thrust  penalty  due  to  skin 
friction.  The  thrust  loss  may  be  found  from  the 
boundary  layer  momentum  loss  as  follows: 


Consider  the  convergent  nozzle  BhQWT»  in 
Figure  26,2.2-6,  Assume  incompressible  fullv 
expanded  flow.  The  gross  thrust  is  the  integral  of 
the  exit  momentum,  viz: 


u 


Figure  26.Z2'6.  Nomenclature  Definition 
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THRUST  “ 

F  “  pu^rdr  -  2n/®  ^pu^rdr  +  2^/^  pu^rdr 

O  O  R“d 

“  npU^(R-5)^  +  2TiR/'^pu^dy  for  6  <<  R. 
o 

This  can  be  wrltcen  as 
F  -  TipU^  (R-6)2  +  27tRpU=^  -  ^)dy- 

/(I  -  ^)dy  +  ;«dy] 

with  the  definitions 
6  u 

/  (jj  -  “  0  ■  Incompressible  momentum 

thickness, 

/^(l  -  ^)dy  -  6*  ■  incompressible  displacement 
thickness, 

we  have  for  the  total  momentum  leaving  the  exit 
plane 

■  F  *  TTpU^  (R^  -  20R  -  26*R),  again  using  4  <<  R. 
The  air  mass  flow  rate  Is 

m  *  27T/%urdr  »  ^purdr  +  2n/^  -purdr 

o  o  R-6 

»  Pit(R-6)2u  +  2Kf^  purdr  =  iioU(R'6)^ 

R-4 

+  2T,RpU(/*dy  -  /^(l  -  p)dy] 
with  4  «  R 


Internal  steps,  leaking,  secondary  and  cooling  flow 
preclude  the  application  of  elementary  boundary 
layer  theory. 

b)  Nozzle  Performance  Prediction  from  Empirical 
Correlations 

Convergent -Divergent  Nozzles 

Each  U.S.  aircraft  engine  company  has  estab¬ 
lished  Its  own  methods  for  estimating  full  scale 
internal  performance  for  convergent-divergent 
nozzles.  In  regions  of  attached  Internal  flow, 
these  methods  are  similar  In  theory  and  account  for 
performance  losses  resulting  from  viscous  effects, 
flow  angularity,  underexpansion,  and  flap  seal 
losses. 

In  one  method  three  operating  regions  are 
recognized: 

Region  1  unchoked  and  separated  at  throat  (ap¬ 
proximately  constant  thrust  coefficient)  with 
varying  nozzle-pressure  ratios; 

Region  2  choked  throat,  separated  within  the 
divergent  section;  and 

Region  3  flowing  full  (choked  throat  and  attached 
supersonic  flow  throughout  divergent  section). 

The  GE  and  P&WA  formulations  are  very  similar 
in  Region  3; 

P&WA  GE 

F  «  C  X  Ideal  Thrust  F  »  C,  x  Ideal  Thrust 

V  fg 

C  (P&WA)  •  C,  (GE) 

V  fg 

P&WA 


puR^U  -  2tiRpU4* 


Here  F  Is  the  nozzle  gross  thrust.  Figure  26.2.2-7 
Illustrates  the  nomenclature. 
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“1  - ^  where  the  last  term  represents 

the  loss  in  discharge  coefficient  due  to  the  pres¬ 
ence  of  Che  boundary  layer . 


The  similarities  between  the  two  expressions 
are  quite  evident  in  this  form.  Note  that  Cg  ^ 
CyCg  because  C^Cg  multiplies  only  the  momentum 
term,  while  Cg  also  multiplies  a  pressure  term. 
Both  Cg  and  C^Cg  are  described  to  be  composed  of 
the  same  three  parts: 


Similarly,  defining 

c  -  — 21  —  .  .  -JL 

V  Fddeal,  4»0)  mU 

_  R^  -  2R(0  +  4*)  ,  20 

‘^v  - R^-  2R4‘*  "  ^  ■  r  • 

Boundary  layer  calculations  such  as  these  may 
be  useful  for  smooth-walled  model  nozzles  with 
large  wetted  areas.  Even  there,  due  to  the  highly 
accelerated  flow,  flat-plate  (zero  pressure  gradi¬ 
ent)  equations  for  4,  4*  and  0  vs  Reynolds  number 
will  not  produce  accurate  results.  In  real  nozzles. 


1)  A  loss  due  to  angularity  of  the  exhaust 
velocity  vector  at  the  exit  plane. 

2)  A  loss  In  the  magnitude  of  Che  velocity 
vector  due  to  friction  in  the  boundary 
layers . 

3)  A  loss  of  mass  flow  between  the  nozzle 
charging  station  and  exit  plane  due  Co 
leakage  through  the  nozzle  walls. 

The  coefficients  and  C^Cg  are  obtained  from 
model  data  where  leakage  is  usually  absent.  For 
such  models,  the  friction  portion  of  the  thrust 
loss  Increment  can  be  calculated  and  the  angularity 
portion  Is  obtained  by  subtracting  this  calculated 
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THROAT  EXIT  (Ag) 


Figure  26. 2. 2-  7.  Con  vergen  t-  Di vergen  t  Nozzle  Nomenda  tore 

increment  from  that  measured  on  the  model.  For 
estimating  full  scale  coefficients,  the  frictional 
portion  is  again  calculated,  with  the  increased 
Reynolds  numbers  and  perhaps  altered  geometry 
upstream  of  the  nozzle.  This  is  added  to  the 
angularity  component  from  nwdel  data  and  a  full 
scale  leakage  estimate  to  obtain  full  scale  and 
CyCg. 

The  angularity  stream  thrust  correction  factor 
for  full-flowing  convergent  and  convergent -divergent 
nozzles  is  primarily  a  function  of  nozzle  area 
ratio  and  divergence  angle,  and  are  independent  of 
pressure  ratio,  specific  heat  ratio  or  external 
flow  effects,  Cs  factors  were  determined  for  these 
nozzles  from  data  correlations  summarized  in  Figure 
26.2.2-8. 
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Convergent  Nozzles 

The  convergent  nozzle  has  the  advantage  of 
simplicity  and  light-weight.  Its  performance  is 
also  good  in  the  pressure  ratio  range  of  1.0  to 
5.0,  making  it  a  strong  contender  for  use  on 
subsonic  airplanes  or  multiraission  aircraft  that  do 
not  require  long  supersonic  mission  legs. 

The  simplest  prediction  methods  for  convergent 
nozzle  performance  are  sufficient  for  preliminary 
airplane  performance  estimates.  Results  of  paramet¬ 
ric  performance  data  from  analytic  studies  and 
experimental  tests  of  convergent  nozzles  are  used 
for  more  accurate  estimates  of  underexpansion 
losses.  Such  parametric  studies  are  discussed 
in  this  section. 

Experimentally  determined  sonic  line  locations 
for  a  typical  convergent  nozzle  are  shown  in  Figures 
26.2.2-9A.  These  data,  taken  from  Reference  26.2.2-6 
show  the  variation  of  sonic  line  shape  and  location 
with  nozzle  pressure  ratio.  The  nozzle  discharge 
coefficient  curves  (Figure  26.2.2-9B),  show  that 
the  discharge  coefficient  becomes  constant  at  the 
same  pressure  ratio  at  which  the  sonic  line  position 
becomes  fixed.  Note  that  this  pressure  ratio  for 
"hard  choking"  (i.e.,  mass  flow  independent  of 
pressure  ratio),  does  not  correspond  to  the  critical 
pressure  ratio  where  a  one-dimensional  sonic  line 
spans  the  nozzle  exit.  This  results  from  the  two- 
dimensional  nature  of  the  flow  field.  It  will  be 
evident  from  the  following  discussion  that  the 
pressure  ratio  for  choked  flow  is  one  that  allows  a 
Prandtl-Meyer  expansion  approximately  equal  to  the 
nozzle  half  angle. 

Consider  the  nozzle  in  Figure  26.2-lO(A) 
showing  a  2-D  supercritical  but  unchoked  nozzle  of 
half  angle  u.  The  sonic  line  and  flow  streamlines 
are  shown.  From  point  Q,  a  centered  Prandtl-Meyer 
expansion  expands  the  flow  to  p^.  If  P^^  is  not  low 
enough  (i.e.,  if  the  Mach  number  behind  the  expansion 
is  not  high  enough),  characteristics  from  points  on 
the  boundary,  such  as  A,  C,  and  E,  intersect  the 
sonic  line  at  B,  D,  F;  thus  the  pressure  p^  is 
felt  upstream  of  the  nozzle  affecting  the  nozzle 
mass  flow  rate.  The  point  E  is  the  origin  of  the 
last  characteristic  which  intersects  the  sonic  line 
(at  F)  and  is  thus  the  limit  line.  When  this  limit 
line  originates  from  the  nozzle  lip  and  fails  to 
intersect  the  sonic  line,  the  nozzle  is  choked. 

This  flow  configuration  is  shown  in  Figure  26.2.2- 
10(B).  Note  that  the  flow  area  is  a  minimum  at  the 


Figure  26.2.2-8.  Convergent  and  Convergent  —  Divergent  Nozzle 
Stream  Thrust  Correction  Factor 


Figure  26.2.2-9.  Sonic  Line  Location  and  Discharge  Coefficient  for  /5®  Convergent  and  Reference  Nozzle 
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Figure  26.2.2- 10.  Flow  in  Convergent  Nozzles 

(a)  Supercritical  and  Unchoked, 
ib)  Supercritical  and  Choked 


nozzle  exit  plane  at  this  choked  condition,  and  the 
average  Mach  number  at  the  exit  plane  is  less  than 
unity. 

In  the  unchoked  flow  case,  the  identified 
points  are  located  in  the  hodograph  plane  in  Figure 

26.2.2-ll(a) .  The  inviscid  flow  stream  line  along 
the  wall  is  initially  inclined  at  an  angle  u. 

Around  the  point  Q,  from  Q  to  Q’ ,  the  flow  turns 
through  the  Prandtl-Meyer  angle,  v,  consistent  with 
the  pressure  ratio.  Since  the  static  pressure  on 
the  jet  boundary  is  constant  and  equal  to  ambient 
pressure,  the  velocity  on  the  jet  boundary  (assum¬ 
ing  inviscid  flow)  is  everywhere  equal  to  that  at 
point  Q'.  Thus  the  jet  boundary  is  represented  on 
the  hodograph  diagram  by  a  circle  of  radius  M*  = 
[Q*|.  The  sonic  line  is  represented  by  the  circle 
M*  *  1.0  in  the  hodograph  plane. 

The  hodograph  plane  is  shown  for  the  “just** 
choked  flow  situation  in  Figure  26.2.2-ll(b) .  In 
this  case,  the  limit  line  EF  originates  from  the 
Point  Qj  i.e.,  points  E  and  Q*  on  Che  hodograph 
plane  coincide.  Thus,  the  Prandtl-Meyer  turning 
angle  v  =  <x/ 2  as  shown  because,  for  two-dimensional 
flow,  the  characteristics  in  the  hodograph  plane 
are  independent  of  the  geometry  of  the  physical 
plane  and  are  identical  to  or  are  reflections  of 
one  another.  In  axisymmetric  flow,  the  shape  of 
Che  characteristics  depends  on  the  geometry  of  the 
flow  and,  therefore,  are  not  symmetrical.  Conse¬ 
quently,  the  choked  pressure  ratio  for  an  axlsym- 
metric  nozzle  is  slightly  higher  than  that  for  the 
two-dimensional  nozzle  of  the  same  half  angle« 


Figure  26.2.2-11.  Holograph  Plane  Representation  of  the  Critical 
Flow  Though  a  Convergent  Nozzle  at  Unchoked 
(a)  and  "Just"  Choked  Conditions  (b) 

Sonic  line  shapes  and  locations  for  other 
convergent  nozzles  may  be  computed  for  pressure 
ratios  above  2  using  the  method  of  Reference  26.2,2- 
7.  This  has  been  done  for  a  series  of  convergent 
nozzles  applicable  to  aircraft  use.  Using  these 
distributions,  the  inviscid  nozzle  discharge  and 
velocity  coefficients  for  non-one-dimensional  flow 
of  a  perfect  gas  with  >  *  1.4  were  then  computed  by 
Integration  of  flow  properties  over  the  exit  plane 
as  follows: 


C 


D 


Ideal  one-dimensional  mass  flow 


/Ag 

[cu'  +  (p  -  Pg)]dA 

C  =  - 

V  Ideal  one-dimensional  thrust 


Ag  *  Exit  plane  area 


The  resultant  inviscid  discharge  coefficients 
are  given  in  Figure  26.2.2-12  and  the  inviscid 
velocity  coefficients  are  given  in  Figure  26,2.2-13. 
Note  that  highly  convergent  nozzles  have  a  slightly 
higher  velocity  coefficient  than  indicated  by  one¬ 
dimensional  calculations.  This  is  due  to  the  fact 
that  values  of  (cu  +  P)dA  are  a  minimum  at  M  » 

1.0;  but  for  Increasing  convergence  angle  the  sonic 
line  bulges  further  out  of  the  throat,  as  shown  in 
Figure  26.2.2-9,  changing  the  exit  Mach  number  to 
local  values  greater  than  one. 

For  smooth-walled  nozzles,  boundary  layer  con¬ 
tributions  to  discharge  and  velocity  coefficient 
losses  may  be  computed  as  indicated  in  Section 
26.2.2.2a.  The  accuracy  of  the  method  of  correcting 
for  boundary  layer  effects,  when  these  are  calcu¬ 
lated  by  the  technique  described  in  Reference 

26.2.2- 8,  has  been  checked  with  test  data  at  pres¬ 
sure  ratio  2.2.  The  discharge  coefficient  was 
predicted  to  within  +1/2  percent  of  measured 
values  as  shown  in  Figure  26.2.2-14,  while  the 
velocity  coefficient  was  predicted  to  within 
percent  of  measured  values  as  shown  in  Figure 

26.2.2- 15. 
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Figure  26.2.2-12.  Inviscid  Flow  Discharge  Coefficient  of 
Convergent  Conical  Nozzles 
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Figure  26.2.2- 13.  Velocity  Coefficients  of  Convergent  Conical 
Nozzles  -  No  Viscous  Losses 
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Figure  26.2.2-14.  Parametric  Variation  of  Conical  Convergent  Nozzle 
Choked  Discharge  Coefficient 


Figure  26.2.2-1 5.  Parametric  Variation  of  Conical  Convergent 
Nozzle  Velocity  Coefficient 


Multi-Element  Nozzles 

A  multi-element  nozzle  differs  from  a  conven¬ 
tional  convergent  nozzle  in  that  the  Jet  is  broken 
into  a  series  of  smaller  jets  or  into  a  jet  srith  a 
longer  perimeter  (daisy  petal  design) .  The  general 
purpose  of  such  nozzles  is  to  decrease  Che  exhaust 
noise  level  by  increasing  the  mixing  of  exhaust 
gases  vri.th  the  external  air.  A  series  of  multi¬ 
element  nozzle  designs  are  shown  in  Figure  26.2.2- 
16.  A  mixing  nozzle  has  a  reduced  maximum  velocity 
coefficient  when  compared  to  a  simple  convergent 
nozzle.  This  performance  reduction  has  been 
correlated  in  Reference  26.2.2-9  as  a  function  of 


nozzle  exit  hydraulic  diameter  and  is  shown  in 
Figure  26.2.2-16.  This  figure  shows  that  the 
correlation  method  agrees  quite  well  with  test  data 
from  a  wide  range  of  nozzle  designs  equivalent  to 
hydraulic  diameters.  The  characteristics  of  multi¬ 
element  C-D  nozzles  for  SST-type  aircraft  are 
described  in  Reference  26.2.2-10,  11,  12. 

Plug  Nozzles 

The  plug  nozzle  is  a  form  of  convergent- 
divergent  nozzle  in  which  the  flow  expansion  is 
guided  partially  by  a  nozzle  centerbody,  or  plug, 
and  partially  by  the  surrounding  external  airflow. 


P€AK  VELCKITY 
COEFFICIENT.  C,p 


HYDRAULIC  DIAMETER,  •  v  *'  AREA 
PERIMETCR 

Figure  26.2.2-16.  Convergent  Nozzle  Performance  Maximum  Velocity  Coefficient 
for  Noise  Suppressor  ana  Jet  Mixing  Configuration 
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Figure  26.2,2- 17.  The  Besic  Piug  Nozzle 


Its  performance  is  therefore  slightly  different 
from  that  of  either  a  convergent  or  convergent- 
divergent  nozzle.  The  basic  plug  nozzle  concept  is 
sketched  in  Figure  26.2.2-17. 

The  static  performance  of  a  simple  conical 
plug  nozzle  as  reported  in  Reference  26.2.2-13  is 
shown  in  Figure  26.2.2-18  along  with  a  sketch  of 
the  nozzle  geometry.  Also  shown  in  Figure  26.2.2- 
18  is  the  static  performance  of  a  convergent- 
divergent  nozzle.  The  plug  and  C-D  nozzle  perfor¬ 
mance  curves  peak  at  their  design  pressure  ratio 
and  fall  off  above  design  pressure  ratio.  Below 
design  pressure  ratio  the  plug  nozzle  static 
performance  exceeds  that  of  the  C-D  nozzle.  This 
higher  performance  has  inspired  development  of  plug 
nozzles. 

The  thrust-minus-drag  of  the  nozzle  of  Figure 
26.2.2-17  is  low  because  of  the  steep  boattail 
angle  of  the  plug  cowl.  The  worst  drag  problem  is 
at  low  nozzle  pressure  ratios  when  the  flow  field 
around  the  nozzle  is  similar  to  that  sketched.  The 
external  flow  must  turn  to  follow  the  outer  boundary 
of  the  jet  flow,  thus  causing  low  pressures  along 
the  plug  and  high  drag.  At  higher  pressure  ratios, 
the  jet  expands  more  and  only  the  cowl  experiences 
a  drag  force. 

Plug  nozzles  designed  for  low  drag  incorporate 
a  low  angle  plug,  generally  a  half  angle  of  12 
degrees  or  less.  The  low  plug  half-angle  tends  to 
reduce  nozzle  internal  performance  so  a  shroud  is 
generally  provided  to  increase  nozzle-guided  inter¬ 
nal  expansion  and  consequently  reduce  total  Internal 
viscous  drag  and  nozzle  length.  A  shrouded  plug 
nozzle  of  this  type  is  shown  in  Figure  26.2.2-19. 

Important  design  variables  for  these  types  of 
nozzles  for  subsonic  nonafterburning  aircraft  are 
plug  angle,  cowl  internal  angle,  plug  truncation 
length,  cowl  exit  to  throat  area  ratio,  throat 
inclination  angle,  and  boattail  angle.  In  the 
afterburning  mode,  the  important  design  variables 
are  shroud  trailing  edge  position,  internal  area 
ratio,  plug  angle,  plug  truncation  length,  and 
boattail  angle.  The  final  nozzle  design  is  usually 
a  compromise  to  maximize  total  mission  performance. 

Geometry  variations  required  of  a  plug  nozzle 
for  a  multimission  aircraft  include  changes  in 
throat  area  and  in  the  amount  of  internal  expansion. 
Several  methods  of  achieving  each  of  these  geometry 
variations  are  described  in  the  following  paragraphs. 


Plug  nozzle  throat  area  can  be  varied  by  any 
combination  of  three  basic  methods.  The  plug  can 
be  expanded  and  collapsed,  or  translated  fore  and 
aft.  The  third  method  of  throat  area  variation  is 
to  open  or  close  the  cowl  to  achieve  the  necessary 
area  variation.  Each  method  has  some  undesirable 
features. 

Collapsing  plugs  require  high  temperature 
seals  between  moving  plug  leaves.  They  also  require 
a  large  plug  diameter  to  contain  the  necessary 
actuating  machinery.  These  large  plug  diameters 
lead  to  either  a  steep  plug  and  high  drag  or  a 
long,  heavy  plug. 

A  translating  plug  with  a  low  plug  angle 
needed  for  high  performance  may  require  excessive 
plug  lateral  travel  for  adequate  area  variation. 
Further,  the  translating  plug  is  cantilevered  .'it 
from  its  actuator  and  may  require  heavy  support 
structure. 

A  hinged  cowl  may  form  a  steep  boattail  during 
nonafterburning  operation. 

A  major  problem  of  plug  nozzles  is  the  neces¬ 
sity  for  cooling  the  large  expanse  of  plug  surface 
during  afterburning  operation.  This  cooling,  which 
Is  required  for  nozzle  structural  integrity,  is 
complicated  by  the  problems  of  ducting  cooling  air 
into  the  plug.  The  cooling  air  must  be  at  high 
pressures,  which  means  that  compressor  or  fan  bleed 
air  must  be  ducted  from  the  periphery  of  the  engine 
into  the  plug.  Losses  in  the  ducting  may  be  high, 
thus  reducing  engine  installed  performance. 

Another  plug  nozzle  design  problem  is  the 
vibration  of  the  plug  which  is  cantilevered  from 
its  support  struts.  This  poses  structural  and 
stability  problems  which  must  be  considered  in  plug 
nozzle  evaluation. 

The  plug  weight  can  be  reduced  by  plug  trunca¬ 
tion  with  resultant  small  performance  penalties. 

Two-Dimensional  Nozzles 

In  recent  years  two-dimensional  nozzles  have 
aroused  interest  due  to  expectations  that  they  can 
reduce  the  drag  of  rectangular  fuselages  with 
outboard  twin  vertical  tails,  and  because  they  lend 
themselves  more  easily  to  thrust  vectoring  and 
thrust  reversal.  A  number  of  designs  have  been 
tested  with  good  results.  Data  for  specific  config¬ 
urations  are  shown  in  Reference  26.2.2-14. 
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hgure  26.2.2-18.  Plug  Nozzle  and  Convergent  -  Divergent  Nozzle 
Performance  Comparison 


figure  26. 2.2- 19.  Shrouded  Plug  Nozzle 


26.2.2-3  Airplane/Nozzle  External  Performance 

Propulsive  flows  Impact  the  behavior  of  the 
external  aircraft  flow  because  they  meet  at  the 
nozzle  exit.  The  flow  field  depends  on  the  charac¬ 
teristics  of  the  external  flow.  Thus,  the  proper 
determination  of  thrust  and  drag  forces  Involves 
understanding  the  external  flow  near  the  nozzle. 

This  flow  Is  complex  in  that  compressibility  and 
viscous  effects  are  important  because  the  aftbody's 
role  Is  to  smoothly  recompress  the  flow  around  the 
aircraft.  The  region  is  characterized  by  local 
Mach  number  greater  than  freestre^m,  thick  boundary 
layer,  and  an  adverse  pressure  gradient. 

In  the  following,  the  analytic  and  empirical 
tools  used  for  the  design  of  aftbodies  are  described. 

a)  Analytical  Methods 

Although  exact  equations  may  be  written  for 
some  inviscid  cases,  solutions  on  digital  computers 
are  always  approximate  to  some  degree.  Some  solu¬ 
tions  are  based  on  exact  equations,  others  on 
linearized  equations.  Solutions  have  also  been 
coupled  with  boundary  layer  solutions  in  an  itera¬ 
tive  manner.  Pressure  force  integrations  in  the 
drag  direction  are  very  sensitive  to  the  number  and 
location  of  sources,  sinks,  vortices,  etc.,  used  to 
represent  boundary  conditions  and  body  surfaces. 
Errors  in  the  evaluation  of  pressure  integrals  in 
the  axial  direction  are  easily  as  large  as  measured 
pressure  drags  because  of  large  opposing  pressure 
forces.  No  pressure  Integrations  in  the  drag 
direction  should  be  accepted  without  checking  for 
insensitivity  to  variations  in  the  way  the  problem 
is  formulated  and  checking  the  result  against  a 
known  case,  such  as  a  pressure  Integral  around  a 
semi-infinite  body  in  Incompressible,  potential 
flow. 

Real  flows  at  high  Reynolds  numbers,  subcritl- 
cal  Mach  numbers,  and  without  separation,  will 


Denave  muen  iixe  incompressxDie,  inviscia  tiow. 

Thus,  inviscid  analysis  may  be  used  to  estimate 
interactions  between  forebody  and  afterbody,  support 
system  and  model,  and  model  and  tunnel  walls. 

In  the  aerospace  industry,  many  types  of 
computer  programs  are  available  for  solving  flow 
problems.  These  vary  in  cost  and  accuracy  and  may 
be  detailed  as  follows: 

1)  Incompressible,  inviscid  flow  using 
distributed  sources,  sinks,  and  vortex 
lattices  to  represent  bodies;  two-dimen¬ 
sional  and  three-dimensional 

2)  Compressible  subcritlcal  inviscid  flow 
about  bodies  of  revolution  using  relaxa¬ 
tion  methods  or  linearized  equations 

3)  Transonic  flow  analysis  using  streamline 
coordinate  transformation  and  relaxation 
(handles  shocks) 

A)  Method-of -characteristics  analysis  of 

2-D  and  3-D  axisynnetric ,  supersonic 
flows,  including  oblique  shocks  and 
reflected  shocks  coupled  to  boundary 
layer  solutions  and  shock-boundary  layer 
interactions 

5)  Linearized  supersonic  2-D  and  axisymmetrlc 
solutions 

6)  Linearized  compressibility  correction  to 

#1. 

7)  Boundary  layer  solutions  coupled  to  #2 
and  #3  in  an  iterative  manner 

8)  Quasi-time  dependent  methods 

Of  these  the  axisymmetrlc  flow  programs  and 
three-dimensional  flow  programs  are  most  relevant 
for  airplane  configuration  design.  These  two 
"classes'*  of  analysis  programs  will  be  discussed 
below. 

Axisymmetrlc  Geometries,  Subsonic  Freestream,  Flow 
Field  without  Jet 

This  Important  class  of  analytical  capability 
is  generally  directed  toward  nacelle  inlet  and 
nozzle  design.  The  analytical  prediction  of  the 
axisymmetrlc  nacelle  performance  provides  a  basis 
for  measuring  the  success  of  the  installation 
process,  for  both  external  drag  and  for  nozzle 
efficiency.  The  extent  to  which  analysis  can 
support  the  nacelle  design  is  determined  by  Mach 
number . 

The  greatest  success  is  found  for  nacelles 
\diich  have  entirely  subsonic  flow  on  the  external 
surfaces  and  are  free  from  large  viscous  effects. 
Incompressible,  inviscid  methods  using  distributed 
sources,  sinks  and  vortices  have  been  in  use  for 
some  time.  These  basic  solutions  are  corrected  for 
compressibility  and  iteratively  corrected  for  the 
displacement  effect  of  the  boundary-layer  to  yield 
predictions  which  are  very  accurate  for  surface 
pressures  and  drag.  Recently  these  solutions  have 
been  extended  to  conditions  where  the  nacelle 
boattail  is  separated.  Figure  26.2.2-20  from 
Reference  26.2,2-15  shows  the  degree  of  success 
that  has  been  enjoyed  to  date. 

Recent  developments  have  been  successful  in 
analyzing  flows  where  M  is  less  than  unity,  but 
with  locally  supersonic  flows.  These  programs  most 
frequently  employ  a  transonic  relaxation  potential 
flow  technique  which  Is  iteratively  corrected  by  a 
boundary  layer  solution,  until  the  converged  flow 
field  with  imbedded  shock  waves  is  found.  These 
solutions  provide  both  the  surface  pressure  distri¬ 
bution  (Figure  26.2,2-21)  and  the  drag. 

In  the  absence  of  separation  and  at  subsonic 
free  stream  Mach  numbers,  boattail  drag  consists  of 
shear  forces  due  to  friction,  pressure  drag  due  to 
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Figure  26.2.2-20.  Analytical  Prediction  of  Nacelle  Boattail 
Pressures 


SURFACE  PRESSURE 
COEFFICIENT.  Cp 


Figure  26.2.2-21.  Transonic  Cow!  Pressures  Comparison  of  Analysis 
and  Test 


potentially  high-drag  boattails,  i.e.,  those  subject 
to  subsonic  separation  and  those  which  exhibit  a 
drag  rise  below  the  expected  flight  Mach  number. 

Axisynmetric  Geometries,  Supersonic  Freestream, 

Flow  Field  Without  Jet 

Supersonic  boattail  drag  prediction  is  control¬ 
led  by  combinations  of  boattail  curvature  or  angle 
and  free  stream  Mach  number.  At  higher  Mach  numbers 
and  for  lower  boattail  angles,  when  the  shocks  are 
weak  and  do  not  cause  boundary  layer  separation, 
method-of -characteristics  ana  streamline  curvature 
methods  can  produce  good  results. 

In  supersonic  flow,  viscous  effects  are  only 
part  of  the  causes  of  pressure  drag.  Additional 
losses  occur  outside  the  boundary  layer  due  to 
shock  losses  and  wave  drag.  Wave  drag  is  due  to 
the  flow  acceleration  over  the  afterbody  and  recom¬ 
pression  at  the  trailing  edge  which  cannot  cancel 
the  effect  of  expansion.  Boundary  layer  effects 
tend  to  reduce  the  drag  by  reducing  the  initial 
expansion  and  allowing  the  pressure  behind  the 
trailing  shock  to  propagate  some  distance  upstream. 
Thus,  inviscid  results  are  generally  pessimistic 
depending  on  boundary  layer  thickness.  Shock- 
induced  separation  further  reduces  afterbody  drag. 

A  large  body  of  experimental  data  is  available  for 
boattail  drag  at  supersonic  Mach  numbers  (see 
References  26.2.2-16  to  21).  In  addition,  method- 
of-character istics  solutions  have  been  obtained  for 
conical,  circular-arc  and  ogive  boattails  of  various 
lengths  and  exit-to-maximum  area  ratios.  Examples 
are  shown  on  Figures  26.2.2-23  and  26.2.2-24. 

Research  activity  in  support  of  supersonic 
cruise  airplane  programs  has  also  produced  reliable 
flow  field  analysis  methods  for  supersonic  free- 
stream  Mach  numbers  (1<M^<5).  A  modified  version 
of  the  Lighthill  method  (Reference  26.2.2-22)  is 
frequently  employed.  Another  class  of  solutions 
predicts  the  wave  drag  of  the  nacelle  from  its 
equivalent  area  distribution  (see  Reference  26.2.2- 
23).  Methods  to  handle  the  oblique  shock-boundary 
layer  interaction  are  being  reported  (Reference 
26.2.2-24). 


displacement  thickness  growth  (also  due  to  fric¬ 
tion),  and  shock  losses  when  local  supersonic  flow 
pockets  appear.  Pressure  drag  due  to  displacement 
thickness  is  small  (as  long  as  separation  does  not 
occur).  Therefore,  the  pressure  drag  of  such 
boattails  is  generally  very  low  up  to  a  critical 
Mach  number  when  shock  losses  appear.  At  this 
point  a  steep  drag  rise  occurs.  The  new  transonic 
analysis  methods  (Reference  26.2.1-3)  can  predict 
shock  losses,  but  generally  the  appearance  of 
shocks  is  soon  followed  by  shock-induced  separation, 
at  which  point  the  analysis  becomes  invalid. 

Typical  data  for  boattails  are  shown  on  Figure 
26.2.2-22.  It  is  seen  that  the  drag  rise  is 
extremely  steep  for  all  boattails  shown,  and  that 
below  the  drag  rise,  all  longer  boattails  have  very 
low  pressure  drags.  The  shortest  boattail  (L/D  » 

.8)  suffers  from  separation  at  all  Mach  numbers. 

Generalizing  from  data  of  this  type  for  various 
classes  of  boattails,  we  have: 

1)  Boattails  with  large  radii  of  curvature 
have  low  pressure  drags  below  the  drag 
rise, 

2)  The  drag  rise  Mach  number  is  a  function 
of  boattail  curvature  and  length 

3)  The  drag  rise  is  very  steep  for  all 
boattails 


These  observations  permit  using  subsonic  and  Figure  26.2.2  22.  Experimental  Pressure  Drag  Coefficients  of  Some 
transonic  analysis  as  a  tool  to  avoid  or  recognize  Circular  -  Arc  Boattails  i Reference  26.2.2-20) 
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Figure  26.2.2-23.  Method-of-Characteristics  Prediction  of  Boattail 
Wave  Drag  ( Ref  26.2.2-21) 
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Figure  26.2.2-24.  Variation  of  Jet  -  Off  Boattail  Pressure-Drag 
Coefficient  with  Mach  Number 
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Hvpersonic  flow,  where  the  Ircestrean  Mach 
number  is  gre.ater  tliao  five,  is  handled  by  several 
analytii’al  methods  (Reference  26.2.2-25)  which  give 
a  good  representation  of  the  inviscid  flow  field 
about  the  configuration  and  are  useful  for  design 
purposes . 

A>:isynii:]etric  (ieometrics,  Flowi>  Wiih  Jets 

The  previous  discussion  has  been  about  wall 
geometries  with  no  exhaust  jet.  However,  the 
exhaust  jet  can  play  a  very  important  role  in 
determining  the  overall  i low  field  around  the  body, 
especially  in  the  case  ot  tlu^  nacelle.  Current 
analytical  capability  for  the  exhaust  jc-t  character¬ 
istics  is  not  as  advanced  as  for  tiie  nacelle  geome¬ 
try  and  is  divided  into  two  classes,  those  witli  and 
those  without  mixing. 

Jet  Without  Mixing 

The  first  class  of  analysis  methods  assumes  an 
inviscid,  nonmixing  jet.  For  subsonic  external 
flow,  there  are  three  types  of  solutions.  The 
first  developed  was  the  streamtube  curvature  techni¬ 
que,  where  the  curvature  of  stream  tubes  within  the 
jet  and  the  external  flow  field  are  related  by 
continuity  and  transverse  static  pressure  balance. 
This  method  is  not  reliable  when  the  exhaust  jet 
becomes  supersonic,  because  large  local  slope 
changes  in  the  outer  jet  boundary  begin  to  appear 
and  drive  the  stream  tube  curvature  to  large  values 
and  the  solution  consequently  diverges. 

Better  success  is  shown  for  the  transonic 
relaxation  technique,  a  method  similar  to  that  used 
for  transonic  cowl  analysis.  This  method  can 
represent  subsonic  and  supersonic  local  flows  in 
both  the  exhaust  and  extern.nl  flow  field.  A  measure 
of  tile  accuracy  of  this  kind  of  exhaust  flow  calcu¬ 
lation  technique  is  shouT)  on  Figure  26.2.2-25 
(.Reference  2b,2.2-26>.  The*  transonic  relaxation 
technique  cannot  predict  the  fine  structure  of  the 
supersonic  flow  field.  Tlie  mcthod-of-characterist  ics 
(M-O-C)  solution  is  used  to  calculate  the  flow  field 
by  finding  the  position  of  ch.:iracter  ist  ic  lines, 
wiiich  implies  tliat  the  flow  must  be  entirely  super¬ 
sonic  (Figure  26.2,2-26).  Tliis  means  that  use  of 
M-O-C  for  the  nacelle  aft  flow  field  must  be  an 
iterative  solution  with  a  potential  flow  technique, 
such  ns  the  transonic  relaxation  tecluiique  for  the 
exterior  flow,  for  tlie  flow  along  Che  boundary  of 
the  plume,  ai.l  for  the  subsonic  flow  in  the  plume. 


Figure  26.2.2-25.  Plume  Shape  by  Transonic  Relaxation  Method 
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Figure  26.2.2-26.  Noiile  Flow  with  Superimposed  Methods  of 
Characteristic  Solutions 


For  the  imbedded  supersonic  cells  the  M-O-C  must  be 
patched  into  the  subsonic  flow;  this  Is  a  costly, 
tedious  process  which  is  not  often  used.  Where  the 
exterior  flow  is  entirely  supersonic,  the  M-O-C 
technique  can  easily  be  used  for  both  the  plume  and 
exterior  flow  fields. 

Jet  With  Mixing 

The  second  class  of  jet  modelling  analyses  is 
for  plume  shapes  with  the  effect  of  mixing  included. 
This  analysis  is  not  well  established  and  is  limited 
to  the  modeling  of  the  mixed  plume  for  subsonic 


exterior  flow,  as  shown  in  Figure  26.2.2-27  (Refer¬ 
ence  26.2.2-27).  The  mixed  jet  shape  far  downstream 
of  the  exit  is  well  matched  by  analysis,  but  usually 
not  near  the  exit  plane. 

Because  they  are  still  in  the  development 
stage,  mixing  analyses  do  not  yet  play  a  large  role 
in  analytical  design  capabilities.  This  is  because 
at  conditions  where  mixing  is  not  important  (attached 
flow  boattails,  nozzle  pressure  ratio  <2,  Moo  <1), 
the  mixing  analyses  do  well;  where  mixing  is  impor¬ 
tant,  for  example  M^  =  0  or  large-angle  boattails 
which  have  separated  flow,  mixing  analyses  are  not 
yet  reliable. 


Figure  26.2.2-27.  Mixing  Analysis  of  a  Single  Round  Jet,  Mach 
2.22 


Three-Dimensional  Geometries 

Analytic  method  to  support  the  design  process 
for  three-dimensional  geometries  (including  axisym- 
metric  geometries  at  angle-of-attack)  is  well 
developed  for  subsonic  conditions,  but  are  less 
accurate  with  increasing  Mach  number.  The  accuracy 
analysis  also  depends  on  whether  the  exhaust  jet 
and  remaining  flow  field  are  independent  of  each 
other  or  whether  they  strongly  interact.  Figure 
26.2.2-28  summarizes  the  important  j et-f reestream 
flow  interactions  usually  dealt  with  in  aft  body 
design. 

Considering  the  independent  flow  situation 
first,  the  ability  to  analyze  arbitrary  configura¬ 
tions  at  subsonic  speeds  where  the  effects  of 
viscosity  are  small  but  not  necessarily  negligible 
is  well  established.  Figure  26.2.2-29  shows  pre¬ 
dicted  versus  measured  surface  pressures  on  a  model 
flow-through  nacelle  at  0.7  Mach  number;  the  surface 
pressures,  drag  and  mass  flow  rate  all  compare  very 
favorably  with  experiment.  Similar  results  are 
obtained  on  full  scale  nacelles.  The  powered 
nacelle  can  be  similarly  represented  by  adding  the 
isolated  plume  shape  as  a  hari-wall  geometry; 

Figure  26.2.2-30  shows  this  result.  These  calcula- 


Figure  26.2.2-28.  Jet-Airframe  Interactions  in  Subsonic  and  Super¬ 
sonic  Flight 


Figure  26.2.2-29.  Analytical  vs.  Experimental  Determination  of 
Flow  Nacelle  Properties 
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t ions  are  typical  oJ  compressibility-corrected, 
linearized  solutions  with  boundary  conditions 
applied  as  sources,  sinks,  and  vortices  in  the  flow 
field  (Reference  26,2.2-28).  In  the  general  three- 
dimensional  case,  the  eitecc  of  viscosity  cannot 
yet  be  reliably  determined. 

Extensive  examinations  of  various  potential 
!  low  analysis  metliocls  with  boundary  layer  correc¬ 
tions  have  been  conducted  by  Lockheed  and  Pratt  & 
Uliitney  under  tlie  program  titled,  "Experimental  and 
Analytical  Determination  of  Integrated  Airframe 
\o/.x.U'  't  rf ormance, "  and  are  reported  in  References 
3(1. 

Hecav\se  many  airern^V  cruise  under  conditions 
ot  -jubsonii.  tree  stream  Micii  number  with  local 
region'-  ot  iirib^slded  'ujporsonie  Ilow,  analytic 
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capability  in  this  flight  region  is  important. 

These  methods  are  just  becoming  established  for 
wing-body  geometries  (Figure  26.2.2-31,  Reference 
26.2.2-31),  and  continued  research  will  soon  allow 
these  calculations  to  be  done  for  the  installed 
nacelle  as  well. 

For  supersonic  Mach  numbers,  slender  body 
theory  has  seen  wide  application  to  three- 
dimensional  geometries.  The  nacelle  plume  is 
modeled  as  a  solid  body,  and  surface  pressures  and 
wave  drag  can  be  calculated  to  perform  optimization 
trades.  Figure  26.2.2-32  from  Reference  26.2.2-32 
shows  the  nacelle  drag  variation  on  the  Boeing  SST 
as  a  function  of  nacelle  position. 

Recent  analyses  have  also  emerged  for  hypersonic 
flow,  especially  tor  tlie  wing-body-fin  conf  iguration. 
Figure  26.2.2-33  from  Reference  26.2.2-25  shows  the 
quality  of  the  metiiod  by  allowing  comparison  of 
measured  and  computed  wing  pressures  on  a  M„=10 
vehicle, 

A  1  a r  more  diiticiilt  class  ot  ilows  involve 
conditions  where  the  exhaust  plume  interacts  strongly 
with  the  pressure  field  resulting  from  flow  around 
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Figure  26.2.2-30.  Comparison  of  Analytical  vj  Measured  Pressures 
for  Installed  Powered  Nacelle 
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figure  26.2.2  J2.  Supersonic  Nacelle  Optimization  by  Analysis 
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Figure  26.2.2  31 .  Analytical  vs  Sxpennieutal  iVing  Pressures  for 


Figure  26.2.2-33.  Analysis  vs  Experimental  for  Hypersonic  Vehicle 


the  airframe  to  the  extent  where  the  shape  of  the  of  body  thickness  is  approximated  using  the  follow- 

exhaust  plume  is  substantially  altered.  A  typical  ing  formula: 

subsonic  case  is  the  overwing  D-nozzle  nacelle  such 

as  found  on  the  Boeing  YC-14  (Figure  26.1.2-3)  or  =  (1  +  K)  Cj. 

t;he  Quiet  Short  Haul  research  aircraft  (QSRA).  For  f 

these  installations,  three-dimensional  subsonic  ^ 

analyses  are  Invaluable  in  providing  a  design  guide  where:  K  =  0.5  ^  for  bodies  of  revolution, 
for  the  nacelle  external  contours  (Reference  26.2.2-  ^ 

33);  but  the  effect  of  the  exhaust  jet,  its  true  =  2  —  for  plane  surfaces, 

shape,  and  any  mixing  between  it  and  the  external 

flow  field  cannot  yet  be  reliably  predicted.  The  For  configuration  definition  studies,  the  drag 

over-wing  pylon-mounted  nacelle  is  slightly  easier  due  to  roughness  of  the  aerodynamic  surfaces  is 

to  handle  from  the  analytical  point  of  view  since  lumped  together  with  the  drag  due  to  discrete 

the  Jet  is  not  attached  to  the  wing  surface.  excrescences  which  cannot  be  precisely  defined. 

At  the  far  end  of  the  Hach  number  scale,  such  as  mismatched  butt  joints,  leaks,  oil-canning 

future  hypersonic  cruise  vehicles  may  represent  the  of  skin  panels,  etc.,  by  increasing  the  skin  frlc- 
extreme  case  of  nacelle-airframe  interaction,  where  tion  drag  by  10%.  When  the  design  is  defined  to 

the  airframe  forms  half  the  nozzle  and  the  bow  the  point  that  these  items  can  be  identified  they 


shock  wave  forms  the  other  (Figure  26.2.2-3^).  This 
kind  of  design  is  not  accurately  analyzed  at  the  pre¬ 
sent  time. 


Figure  26.2.2-34.  Conceptual  Propulsion  -  Airframe  Integration 
for  Hypersonic  Flight 

In  summary,  Inviscio  analytical  solutions  are 
•.liable  for  axisynmetric  and  three-dimensional 
no  zle/aftbody  geometries  for  both  subsonic  and 
supersonic  flows.  In  engine  Installations  that 
Include  three-dimensional  features  such  as  support 
struts,  wing  pressure  field,  twin  nacelles  on 
integrated  fuselage-taile-nozzle,  the  flow  regions 
affected  by  these  features  are  driven  into  operation 
with  shocks  and  separation  by  trades  between  drag 
and  weight.  Under  these  circumstances  theoretical 
methods  are  usually  Inadequate  to  calculate  instal¬ 
lation  losses.  However,  in  cases  when  the  jet 
shape  is  independent  of  the  aircraft  pressure 
field,  jet  effects  can  be  adequately  predicted. 

Since  fully  three-dimensional  viscous-transonic 
flow  analysis  techniques  are  likely  to  become 
available,  reliance  on  prediction  by  correlation 
and  wind  tunnel  test  may  be  de-emphasized .  Even 
short  of  the  ultimate  capability,  these  evolving 
analytical  tools  would  be  Invaluable  aids  to  the 
design  process  and  in  the  interpretation  of  wind 
tunnel  data. 

b)  Empirical  Methods 

Skin  friction  is  usually  the  largest  single 
drag  component  of  nozzle/afterbodies  at  subsonic 
Mach  numbers.  Skin  friction  prediction  methods  are 
numerous.  Flat  plate  coefficients  versus  Reynolds 
number  and  roughness  are  often  used  on  body  surfaces 
with  slight  inclination  to  the  freestreara.  The 
effects  of  accelerations  over  bodies  of  revolution 
are  accounted  for  by  empirical  factors  or  by  "stretch¬ 
ing"  of  the  wetted  area  as  a  function  of  the  local 
velocity.  Various  Integral  solutions  for  turbulent 
boundary  layers  are  also  used  to  compute  skin 
friction  losses  with  pressure  gradient  and  to 
predict  separation. 

In  most  performance  estimates,  flat  plate  skin 
friction  is  applied  to  the  wetted  area.  The  effect 


are  accounted  for  individually. 

Roughness  and  excrescence  effects  are  generally 
as  large  as  effects  due  to  thickness  and  much 
larger  than  the  differences  between  various  popular 
skin  friction  formulae.  Therefore,  sophisticated 
methods  to  compute  skin  friction  in  the  presence  of 
accelerating  and  decelerating  flows  over  bodies  of 
revolution  appear  unwarranted  until  skin  material, 
paint,  gaps,  excrescences,  and  leakage  are  defined. 
Hence,  reliance  on  empirical  methods  should  be 
exercised  until  the  geometry  is  well  defined. 

Pressure  Drag 

Empirical  correlations  are  available  for 
isolated  single  and  twin  boattails.  Single  after¬ 
body  data  are  available  through  NACA  and  NASA 
reports  for  a  variety  of  geometries.  Data  for 
correlated  in  Reference  26.2.2-34.  Subsequently, 
correlations  were  developed  based  on  a  function  of 
correlations  were  developed  based  on  a  function  of 
the  area  variation  as  described  in  the  next  section. 
The  correlations  are  applicable  to  afterbodies  with 
smooth  area  variations,  subject  to  separation  due 
to  excessive  slopes.  The  effect  of  separation  due 
to  base  areas,  sharp  corners,  or  divergent  surfaces 
between  twin  boattails  may  not  be  properly  predicted. 
The  correlations  are  valid  for  those  cases  where 
external  flow  conditions  do  not  influence  the 
Internal  flow  conditions,  i.e.,  for  afterbodies 
with  choked  convergent  nozzles,  convergent -divergent 
nozzles  which  are  not  excessively  overexpanded,  and 
plug  nozzles  when  the  plug  is  within  the  Mach  cone 
of  the  internal  flow  (see  Figure  26.2.2-35). 


NOT  EXCESSIVELY  EXCESSIVELY 

OVEN  EXPANDED  OVER  EXPANDED 

Figure  26.2.2-35.  Flow  Configuration  for  Convergent  -  Divergent 
and  Plug  Noiiies 


Integral  Mean  Slope  Correlations  *  Subsonic 

This  correlation  method  has  been  developed  by 
Pratt  &  Whitney  Aircraft  (Reference  26.2.2-35) 
and  modified  by  the  Boeing  Company  to  extend  its 
usefulness  for  afterbodies  with  steep  slopes.  It 
was  developed  for  twin  nozzle  afterbodies  behind  a 
long  (L/DgQ  ~  ®)  forebody  with  a  long  =  4) 

cylindrical  section.  Afterbody  shape  variations 
included  slenderness  from  1.3  to  3.6,  exit  to 
maximum  area  ratio  of  0.1  to  0.4,  spacing  ratios  of 
0.67  and  1.28  of  equivalent  maximum  diameter  and 
area  plots  were  varied  to  yield  values  of  integral 
mean  slope  from  0.34  to  1.1.  The  integral  mean 
slope  is  defined  by  the  following  equation: 


IMS 


^  d  (A/A^q) 

d(X/D^  ) 
eq 


d  A/A 
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IMS  represents  the  area-weighted  average  slope 
of  the  non-dimensional  area  plot  and  is  proportional 
to  the  ideal  pressure  area  integral  of  the  aft 
body.  Here  A^^q  is  the  maximum  fuselage  cross 
sectional  area. 

For  afterbodies  with  locally  steep  slopes  in 
the  area  plots,  the  integration  is  terminated  at  a 
maximum  slope  instead  of  the  real  final  slope  to 
Improve  the  correlation.  This  final  slope  depends 
on  freescream  Mach  number.  The  resulting  parameter 
is  called  IMSj.  Data  from  convergent  and  conver¬ 
gent-divergent  nozzles  operating  at  design  pressure 


ratios  (1.89  for  convergent  nozzles)  correlates 
with  the  IMS'^  parameter  raised  to  the  2.77  power. 
This  correlation,  the  plot  of  IMSj>  versus  Mach 
number,  and  the  area  plot  are  sufficient  to  predict 
the  pressure  drag  of  any  configuration  falling  into 
the  class  of  those  tested.  Figure  26.2.2-36  summa¬ 
rizes  the  method. 

Note  that  the  IMSj  twin  correlation  does  not 
cover  configurations  with  vertical  tails  tangent  to 
or  outboard  of  the  nozzles,  like  those  Illustrated 
in  Figure  26.2.2-37. 

Afterbody  drags  for  such  configurations  are  a 
strong  function  of  vertical  tail  position  and  are 
as  much  as  two  or  three  times  higher  than  drags  of 
after  bodies  with  tails  on  axes  of  symmetry.  Since 
IMSt  is  only  a  function  of  the  area  plot,  it  cannot 
correlate  losses  to  strong  tail  interference  -  or 
any  other  effects  such  as  excessively  close  spacing, 
lack  of  fairings,  etc.  which  cause  local  losses 
independently  of  the  area  distribution. 

Although  the  IMS-p  correlation  was  developed 
from  twin  aft-end  data  at  two  spaclngs,  no  spacing 
effect  was  detected.  Therefore,  the  correlation 
should  be  applicable  to  single  engine  aft-ends  as 
well.  Figure  26.2.2-38  shows  a  correlation  devel¬ 
oped  from  isolated  boattail  data  at  M^„  *  0,7.  The 
IMS  correlation  for  twin  afterbodies  is  shown  for 
comparison.  Isolated  boattail  data  do  not  include 
tail  effects,  nor  are  localized  losses  between 
boattalls  and  interfairings  present,  which  may 
explain  the  lower  level. 

The  effect  of  sharp  corners  between  boattail 
and  forebody  is  also  shown.  These  data  are  very 
sensitive  to  boundary  layer  thickness  and  Reynolds 
number. 


i 
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Figure  26.2.2-36.  Drag  Prediction  Procedure 


Figure  26.2.2-38.  Convergent  Nozzle  Boattail  Pressure  Drag 
Coefficient 


Figure  26.2.2-37.  Isolated  and  Close  Vehicle  Tail  Configurations 


26-34 


Reynolds  Number  Effects  -  Subsonic 

The  rMS-j*  afterbody  pressure  drag  correlation 
is  based  on  model  data  at  a  unit  Reynolds  number  of 
3.5  to  4  X  10’  per  foot,  and  a  model  scale  resulting 
in  4.6  feet  of  forebody  length  and  an  equivalent 
maximum  diameter  of  0.6  feet  for  the  narrower 
spacing.  The  Reynolds  number  based  on  lengtli  at 
the  end  of  the  forebody  was  1.6  to  1.85  x  10  . 

Data  from  References  26.2.2-30  and  26.2.2-36 
indicate  that  subsonic  pressure  drags  on  bodies 
without  sharp  corners  and  bases  are  not  strongly 
affected  by  Reynolds  number  at  unit  Reynolds  numbers 
above  2.5  x  10'  per  foot.  The  data  were  obtained 
with  models  whose  forebody  length  were  9,5  feet  and 
4.25  feet,  respectively.  The  equivalent  diameters 
were  1.35  feet  and  0.54  feet.  The  Reynolds  number 
effect  seems  to  flatten  out  at  the  same  unit 
Reynolds  number  for  both  model  sizes.  Measured 
pressure  coefficients  reported  in  Reference  26.2.2-37 
are  more  negative  in  the  expansion  region  and  more 
positive  in  the  recompression  region  as  Reynolds 
number  is  increased.  These  two  effects  were  compen¬ 
sating  and,  and  a  result,  there  is  little  or  no 
effect  of  Reynolds  number  on  the  pressure  drag  of 
the  isolated  boattails.  A  comparison  with  analysis 
indicated  that  these  results  were  caused  by  the 
thinning  of  the  boundary  layer  as  Reynolds  number 
increased;  the  analysis  is  based  on  an  inviscid 
solution  of  Hess  and  Smith  (Ref.  26.2.2-38)  with  a 
boundary-layer  displacement  thickness  from  a  modi¬ 
fied  Reshotko-Tucker  (Ref.  26.2.2-39)  solution,  and 
a  separation  model  based  on  the  work  of  Presz  (Ref. 
26.2.2-40). 


IMS  INItGRAL  ME  AN  SLOPE 

Figure  26.2.2-40.  Comparison  of  (MS  Correlation  and  Theoretical 
Wave  Drag  for  Isolated  Axisymmetric  After¬ 
bodies  -  Mach  1.2 
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Figure  26.2.2-39.  IMS  Correlation  of  Pressure  Drag  on  Axisymmetric 
Circular  Arc  Boattails  Using  the  Method  of  Char¬ 
acteristics 


Integral  Mean  Slope  Correlations,  Transonic  and 
Supersonic 

In  linearized,  two-dimensional,  supersonic 
flow  the  pressure  drag  is  directly  proportional  to 
the  integral  mean  slope.  Therefore,  it  is  expected 
that  IMS  might  provide  a  good  correlation  at  super¬ 
sonic  Mach  numbers.  The  correlation  is  illustrated 
on  Figure  26.2.2-39  from  Reference  26.2.2-30,  where 
pressure  drag  coefficients  computed  using  a  method- 
of-characterist ics  program  are  plotted  against  IMS 
for  circular  arc  boattails.  Figure  26.2.2-40  shows 
external  wave  drag  versus  IMS  for  conical  and  cir¬ 
cular  arc  afterbodies.  These  curves  were  obtained 
by  the  application  of  similarity  laws  to  solutions 
derived  by  the  use  of  second-order  theory  and  the 
method-of-characterist ics/quasi-cylinder  theory  for 
the  truncated  cone  and  circular  arc  afterbodies 
respectively  (Reference  26.2.2-41).  The  data  from 
Figure  26.2.2-39  is  replotted  on  Figure  26.2.2-40 
for  comparison. 

Data  for  isolated  and  twin  boattails  from 
Reference  26.2.2-30,  26.2.2-42  are  as  much  as  50* 
lower  than  the  results  of  a  method  of  characteris¬ 
tics.  Slender  body  wave  drag  calculation  programs 
tend  to  give  better  predictions,  although  also  on 
the  high  side. 

Pressure  drag  coefficients  have  been  obtained 
experimentally  at  M,=1.2  for  equivalent  bodies  of 
revolution  (EBOR)  and  twin  jet  models.  These  are 
shown  in  Figure  26.2.2-41.  The  EBOR  data  were 
obtained  from  an  integration  of  measured  pressure 
distributions.  Tl\e  twin  jet  data  are  obtained  from 
balance  force  measurements  from  wliich  calculated 
skin  friction  drag  was  subtracted.  The  data  are 
therefore  presented  in  drag  coefficient  form  based 
on  the  projected  area  Aj^Q-Aq. 

These  pressure  drag  coefficients  provide  tlie 
basis  for  the  Pn/P,=1.0  for  the  correlation 

sliown  in  Figure  26.2.2-41.  The  drag  correlation  is 
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Figure  26.2.2-4 1.  Afteroocty  Drag  Correlation 
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Figure  26.2.242.  Supersonic  Twin-Jet  Drag  Modified  Similarity 
Solution  for  Pressure  Drag 


presented  as  a  function  of  IMS  rather  than  IMS^ 
since  the  IMSj  afterbody  slope  limits  are  not 
presently  available  for  supersonic  flows.  Notice 
also  that  the  correlation  has  been  written  only  for 
P9/Poo*1.0.  The  Mach  1.2  correlation  can  be  extended 
to  other  operating  conditions  by  using  the  plume 
correlation  presented  in  Reference  26.2.2-42. 

Additional  supersonic  (Moo  ~  1.2-2. 2)  aft 
fuselage  drag  data  have  been  compiled  from  indus¬ 
trial  and  government  wind  tunnel  test  programs. 

From  the  data,  a  method  of  extrapolating  the  Mach 
1.2  drag  to  higher  Mach  numbers  was  formulated. 

The  Mco”1*2  drag  can  be  extrapolated  to  higher  Mach 
numbers  using  the  following  empirical  Mach  number 
similarity  relation; 


C„(1.2) 


11-1.4  exp  (-M‘)]tM2-ir°-^ 


A  comparison  of  this  similarity  method  with 
twin-jet  data  is  shown  in  Figure  26.2.2-42.  The 
data  have  been  presented  for  jet-off  conditions 
(P9/Po  *  since  more  data  was  available  at  high 

Mach  numbers  for  this  condition  than  for  any  nozzle 
pressure  ratio.  The  drag  trend  with  Mach  number  is 


not  expected  to  be  significantly  different  for 
other  pressure  ratios. 

Plug  Nozzles 

The  empirical  methods  described  in  the  previous 
section  do  not  apply  to  plug  nozzles  when  the  flow 
conditions  on  the  plug  can  be  affected  by  freestream 
flow  conditions,  i.e.,  when  the  nozzle  flow  is 
subsonic  or  at  low  supersonic  exit  Mach  numbers 
such  that  a  Mach  line  drawn  from  the  shroud  towards 
the  plug  intersects  the  plug  (see  Figure  26.2.2-43). 

In  such  cases,  forces  on  the  shroud  due  to 
flow  expansion  are  often  counteracted  by  recompres- 
slon  forces  on  the  plug  acting  through  the  jet. 
Boattail  forces  are  then  large  in  the  drag  direc¬ 
tion,  while  thrust-minus  drag  measurements  Indicate 
Internal  and  plug  forces  are  exceeding  values  for 
loss-free  expansion  (Cy  >  1.0). 

A  certain  amount  of  success  has  been  enjoyed 
by  treating  an  Isolated  axisymmetric  plug  nozzle  as 
an  "equivalent  boattail,"  see  Figure  26.2.2-44. 

The  overall  thrust-minus  drag  of  the  plug  nozzle  is 
approximated  by  the  thrust-minus  drag  of  the  equiva¬ 
lent  boattail  with  a  convergent  or  convergent- 
divergent  nozzle. 

IMS  or  IMSi*  type  correlations  have  not  worked 
well  on  axisymmetric  plug  nozzles  using  the  fully 
expanded  jet  diameter  at  the  end  of  the  plug  with 
various  assumptions  for  the  plume  shape  to  that 
point.  When  the  thrust  is  computed,  using  the 
assumption  that  only  skin  friction  losses  on  the 
plug  are  significant  and  that  the  internal  flow  is 
fully  expanded,  the  sum  of  computed  thrust  and 
lMSx“<ierived  drag  does  not  correlate  well  with 
experimental  data.  Apparently,  significant  varia¬ 
tions  in  thrust  recovery  on  the  plug  occur  with 


DIAMETER 

Figure  26.2.244.  Comparison  of  Plug  and  Con-Di  No22lm 
Showing  Comparable  Equivalent  Boattail 
Lengths. 


26.3  PREDICTION  OP  AIRPLANE  PERFORMANCE 


The  success  of  an  airplane  design  depends  on 
achieving  the  expected  performance  of  the  engine/ 
airplane  in  flight.  The  problem  of  reconciling 
expected  and  actual  performance  requires  a  detailed 
understanding  of  airplane  drag.  The  available 
analytic  tools  and  their  capabilities  were  described 
in  Section  2. 6. 2. 2  in  connection  with  the  external 
flow  characteristics  of  inlets  and  aft  ends. 

The  capabilities  of  large  computers  and  the 
use  of  sophisticated  aerodynamic  theories  have 
resulted  in  an  improved  ability  to  predict  a  major 
portion  of  the  aircraft  flow  field  at  subsonic  and 
supersonic  speeds.  During  the  design,  the  analytic 
methods  can  provide  far  more  information  than  does 
the  typical  wind  tunnel  test,  and  usually  at  a  much 
reduced  cost.  For  example,  analysis  can  describe 
the  flow  field  off  the  aircraft  as  well  as  on  its 
surface.  Analysis  also  readily  provides  the  force 
distribution  on  the  configuration  for  performance 
and  structural  design. 

However,  the  current  state  of  the  analytical 
art  does  not  reliably  predict  drag  or  other  forces 
associated  with  the  complex  flow  field  interactions 
of  a  viscous  nature.  Thus  wind  tunnel  testing 
remains  a  fundamental  step  in  the  aircraft  design 
sequence . 

26.3.1  Wind  Tunnel  Measurements 


There  are  two  principal  areas  where  wind 
tunnel  testing  is  required.  First,  it  can  provide 
data  on  complex  flow  phenomena  which  analysis 
cannot.  Examples  include  inlet  distortion  stability 
at  high  angles  of  pitch  and  yaw,  at  transonic 
speeds,  and  in  the  presence  of  vortex  interaction. 
Second,  wind  tunnel  testing  provides  Che  opportunity 
to  observe  unusual  flow  fields  visually. 

26.3.2  Drag  Coefficients 


This  discussion  deals  witti  drag  data  on  unpow¬ 
ered  models,  and  or  subsonic  and  supersonic  flows. 
As  in  the  case  of  analytical  computer  programs, 
each  aerospace  company  has  Its  own  process  for 
bookkeeping  the  components  of  drag.  The  coeffi- 
cit-nts  used,  wiiich  are  listed  below,  are  only  one 
ot  a  number  of  ways  of  dealing  with  tliese  forces. 
For  brevity,  this  discussion  is  not  detailed  to 
exi>ose  wind  tunnel  drag  bookkeeping  methodology. 
Sucli  methodology  varie.s  somewhat  with  each  company 
and  the  product  involved. 

For  subsonic  conditions,  the  drag  may  be 
del  ined  as  (see  Figvire  26.3.2-1) 


wliere : 


^MIN 


+  Cn 


+  Cp 


■'TRIM 


C 


MIN’ 


=  Minimum  drag  of  the  configuration,  free 
of  Mach  number  effects,  witli  removed. 

This  is  a  calculated  value.  ^ 


=  induced  drag  due  to  lift  whicli  is  calcii- 
i  lated  assuming  an  elllptiial  lift 
d istr ibut ion. 


TRIM 


=  Drag  rise  uue  to  compr ess ib il i ty .  This 
is  measured  in  the  wind  tunnel  and  varies 
wi  tli  (j  . 

=  I)ra>'  due  to  cliangcs  in  aircraft  center  of 
gravity  (C.d.)  location.  Tins  is  measured 
in  the  wind  tunnel  and  varies  witli  Cj  and 
location  when  control  surfaies  are 
<lef  le<  ted  . 


The  remaining  term  is  ACp  which  is  one  of  the  main 
results  of  the  wind  tunne?  test: 


D  D  ,  D  .  D. 

p  measured  min  i 

and  is  acquired  at  subcritical  speeds  with  no  con¬ 
trol  surface  deflections  (Cd^aCH  “  ^dtrIM  * 

It  represents  the  drag  due  to  corner  flows,  non- 
elliptic  loading  interference  pressure  fields,  and, 
unfortunately,  the  quality  of  the  model. 

The  wind  tunnel  model  experiences  two  kinds  of 
forces:  frictional  (tangent  to  surface)  and  pressure 
(normal  to  surface)  forces.  Both  forces  are  depen¬ 
dent  on  Reynolds  number,  although  the  dependence  of 
the  pressure  forces  on  Reynolds  number  is  much  less 
than  that  of  the  frictional  forces.  This  consider¬ 
ation  is  important  to  the  scaling  of  the  wind 
tunnel  drag  forces  to  full  scale  conditions.  A 
customary  assumption  is  that  only  is  a  func¬ 
tion  of  Reynolds  number.  Since  ^D^  ^lake 

up  over  half  the  drag  and  are  calculated  values, 
less  than  half  the  full  scale  drag  is  determined 
from  wind  tunnel  testing. 

An  alternate  form  of  the  drag  equation  is  usu¬ 
ally  employed  for  supersonic  conditions,  because  of 
the  appearance  of  wave  drag: 


+  +  K.^C: 


2  L 


+ 


camber 


where: 


Cp  =  Skin  friction  drag,  a  calculated  value. 

Kj^  =  Multiplier  for  roughness, 

Cp  *  Wave  drag  due  to  volume  of  individual 
W  components  and  interferences;  a  calcu¬ 
lated  value. 


lift. 

Cp  “  Drag  at  off-design  due  to  camber; 

camber  a  calculated  value. 


Paralleling  the  subsonic  flow  case,  the  pur¬ 
pose  of  the  wind  tunnel  testing  is  to  establish  the 
size  of  the  Kj  and  K2  coefficients.  Reynolds 
number  scaling  is  similar  to  that  for  the  subsonic 
case;  that  is,  only  is  scaled. 

26.3.3  Wind  Tunnel  Modeling 


Unfortunately  for  the  experimentalist,  the 
wind  tunnel  has  three  fundamental  limits.  These 
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Figure  26.3.2- 1  Components  of  Subsonic  Drag  Polar 
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are  problems  of  parameter  matching,  differences  In 
flow  field  from  the  free-fllght  condition,  and  the 
Inevitable  requirement  that  the  model  be  attached 
to  some  physical  restraint  if  forces  are  to  be 
measured. 

The  most  difficult  of  the  three  Is  the  require- 
ment  for  parameter  matching.  Three  variables  are 
of  the  most  interest:  Mach  number,  dynamic  pressure, 
q,  and  Reynolds  number.  Mach  number  Is  Important 
since  the  flow  field  characteristics  are  dominated 
by  its  magnitude.  Many  subsonic  configurations  are 
influenced  by  compressibility  effects  near  their 
design  points.  Fortunately,  Mach  number  can  be 
matched  exactly  In  model  testing. 

The  dynamic  pressure  Is  important  at  low  speed 
in  powered-lift  models,  and  at  high  speed  because 
of  aeroelastlc  effects  on  the  model  shape.  Full 
scale  dynamic  pressure  cannot  usually  be  matched  at 
high  speed,  but  the  aeroelastlc  properties  can  be 
duplicated  by  appropriate  changes  to  the  model 
structural  properties. 

The  last  variable  Is  Reynolds  number  and  is 
the  most  difficult  to  match  In  the  wind  tunnel.  An 
extensive  testing  art  has  evolved  to  use  wind 
tunnel  techniques  that  evoke  model  characteristics 
which  will  allow  reliable  predictions  of  full  scale 
Reynolds  number.  Although  the  outer  flow  field 
around  a  configuration  Is  not  strongly  dependent  on 
Reynolds  number  when  the  flow  Is  attached,  the  near 
field  frictional  drag  Is  a  strong  function  of  this 
parameter. 

Since  most  test  facilities  provide  Reynolds 
numbers  that  are  one  to  two  orders  of  magnitude 
lower  than  that  required  at  full  scale,  a  procedure 
using  trip  strips  has  evolved  in  an  attempt  to 
produce  a  boundary  layer  similar  to  the  full  scale 
article  while  closely  modeling  dynamic  pressure 
and  Mach  number.  The  wind  tunnel  forces  are  then 
extrapolated  to  full  scale  conditions.  Figure 
26.3.3-1  (Reference  26.3.3-1)  shows  a  typical 
variation  of  drag  with  Reynolds  number.  Often  the 
modeling  is  Inadequate,  and  serious  errors  In 
predicting  the  nature  of  the  full  scale  flow  field 
occur  at  transonic  speed.  Figure  26.3.3-2  (Refer¬ 
ence  26.3.3-2)  shows  the  sensitivity  of  the  wing 
aerodynamic  characteristics  (wing  upper  surface 
shock  position)  to  Reynolds  number.  In  addition, 
the  role  played  by  the  use  of  boundary  layer  trip¬ 
ping  mechanisms  on  the  model  is  illustrated.  Note 
that  the  shape  of  the  drag  curve  with  Reynolds 
number  does  not  follow  that  of  the  flat  plate  skin 
friction  line.  In  the  example  shown,  model  data 
were  obtained  at  a  Reynolds  number  sufficiently 
high  to  allow  a  good  prediction  of  the  flight  drag 
level.  But  if  only  the  low  Reynolds  number  data 
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Figure  26.3.  J- 1.  Wind  Tunnel  Correletion  of  Minimum  Dreg  Flight 
for  "Cerevelle" 
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Figure  26.3.3^2.  Wing  Shock  Position  as  a  Function 

Reynolds  Number  (Angle  of  Attack  = 
Fractional  Span  Position  =  .389,  =  .825) 
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Figure  26.3.3-3.  National  Transonic  Facility  Operating  Envelope. 

Mean  Chord  c  -  .08  x  (Test  Action  Area)  ^ 

had  been  available,  a  substantial  error  may  have 
occurred  unless  proper  trip  techniques  were  used. 

An  alternate  procedure  would  be  to  change  the 
wind  tunnel  flow  characteristics  so  that  the  model 
would  experience  the  same  Reynolds  number  as  does 
the  full  scale  geometry.  Some  facilities  ve 
attempted  to  raise  the  Reynolds  number  by  increasing 
density,  but  model  forces  usually  limit  these 
facilities  to  about  five  atmospheres,  whereas  ten 
to  fifteen  would  be  necessary  for  Reynolds  number 
simulation.  Another  way  to  increase  Reynolds 
number  is  to  reduce  the  viscosity  by  lowering 
temperature. 

A  combination  of  cryogenic  temperature  and 
increased  pressure  can  produce  full  scale  Reynolds 
numbers  on  a  typically  sized  wind  tunnel  model 
while  not  exceeding  allowable  model  forces.  The 
NASA  is  constructing  such  a  facility.  When  opera¬ 
tional  in  the  1980’s,  this  facility  will  provide 
Reynolds  number  simulation  for  the  B-747  at  cruise 
conditions  (Figure  26.3,3-3,  Reference  26.3.3-3). 

The  quality  of  the  tunnel  flow  field  is  a 
lesser  problem  than  parametric  matching,  aince  the 
tunnel  flow  quality  depends  on  the  funds  available 
to  improve  it.  In  general,  the  test  section  flow 
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field  where  Che  model  is  to  be  placed  will  show 
timewise  and  spatial  variations  in  velocity,  pres¬ 
sure  and  temperature.  These  are  often  referred  to 
as  crossflow  and  upflow,  bouyancy  and  turbulence 
levels.  These  effects  can  be  important  in  that 
they  may  lead  tc  an  uncorrect ible  error  in  the  model 
force  data. 

When  the  model  is  Installed,  further  changes 
in  the  tunnel  flow  arisf  because  of  tunnel  wall 
effects.  C<-'rre<  i  Ions  are  applied  for  blockage, 
circulation  produced  by  lift,  and  for  model  volume 
effects  at  transoni  speeds.  At  supersonic  speeds, 
shock  wave  rei  le^.  t  ion  limits  the  size  of  the  model. 

These  factors  .ire  all  unique  to  some  degree, 
and  a  combination  ol  techniques  and  corrections  can 
minimize  their  effeil. 

Finally,  there  are  a  variety  of  model  mounting 
technique.s  (Figure  2h,i.3-4),  each  of  which  possesses 
advantages,  but  also  introdvices  mounting  effects 
whicli  must  be  carefully  assessed. 

Such  mounting  effects  play  a  special  role  in 
propulsion  wind  tunnel  testing  of  isolated  inlet, 
nozzles,  or  nacelles  in  that  the  techniques  are 
devised  to  allow  detailed  examination  of  a  particu¬ 
lar  part  of  the  flow  field.  A  mount  strut  from  the 
tunnel  floor  is  usually  employed.  For  the  installed 
nacelle,  the  half-model  arrangement  is  often  used 
for  wing  mounted  designs,  since  a  model  size  twice 
that  of  the  typical  model  can  be  obtained. 

J6.3.4  Specific  Test  Techniques 

Besides  the  usual  force  data,  the  wind  tunnel 
allows  special  data  to  be  taken  which  often  adds  to 
the  understanding  of  the  flow  field. 

Most  often,  instrumentation  in  the  form  of 
static  pressure  taps  on  the  surface  of  the  nacelle 
is  used.  Less  often  employed  because  of  the  time 
and  expense  Involved  are  wake  or  plume  surveys. 

These  can  reveal  jet  plume  problems  or  regions  of 


Figure  26.3.3-4.  Examples  of  Wmd  Tunnel  Model 
Mounting  Techniques 


poor  pressure  recovery  due  to  the  presence  of  a 
thick  boundary  layer. 

An  Instructive  but  qualitative  test  technique 
is  the  use  of  a  surface  film  preparation  to  reveal 
the  nature  of  the  boundary  layer  flow.  Experienced 
observers  can  detect  boundary  layer  transition, 
separation,  shock  waves  and  the  presence  of  vortex 
flows  by  observing  these  surface  films.  A  typical 
fluorescent  oil  visualization  test  is  shown  on 
Figure  26.3.4-1. 

26.3.5  Concluding  Remarks 

Airplane  drag  is  determined  to  Che  maximum 
extent  by  analytic  means;  the  more  expensive  wind 
tunnel  is  reserved  for  determining  that  part  of  the 
total  drag  which  cannot  be  obtained  analytically. 
Serious  modeling  problems,  associated  with  scale 
effects  and  the  wind  tunnel  environment,  still  cast 
into  uncertainty  the  ability  of  the  airplane  to 
achieve  its  design  objectives  or  performance 
guarantees.  Much  work  remains  to  be  done  on  both 
analytic  and  experimental  fronts  to  reduce  this 
uncertainty. 

The  need  for  an  element  performance  integration 
method  in  an  airplane  development  program  arises 
largely  from  the  inability  to  determine  the  perfor¬ 
mance  of  the  complete  airplane  system  (with  simulta¬ 
neous  real  inlet  and  exhaust  system  operation)  in 
one  test  or  one  calculation.  Furthermore,  it  is 
often  desirable  to  optimize  the  inlet  and  exhaust 
system  in  separate  tests  which  are  independent  of 
the  general  aerodynamic  drag  testing  of  the  basic 
airplane  configuration.  Thus,  a  well-defined  per¬ 
formance  integration  system  Is  required  to  ensure 
that  the  performance  estimates  for  the  various 
elements  (i.e.,  inlet,  exhaust  system,  airframe, 
turbomachinery)  of  the  airplane  system  are  properly 
integrated  to  yield  an  accurate  prediction  of  over¬ 
all  system  performance. 

26.4  PERFORMANCE  INTEGRATION  METHODS 

26.4.1  Element  Performance  Map  Formats 

Airplane  performance  is  predicted  from  the 
airframe  aerodynamics,  propulsion  system  performance, 
and  estimates  of  the  system  weights.  The  perfor¬ 
mance  of  the  airframe  and  propulsion  systems  are 
described  by  elements  which  interact,  such  as 
inlet,  turbomachinery,  exhaust  system,  etc.  (Figure 
26.4.1-1),  The  performance  of  each  element  can  be 
divided  into  a  portion  that  is  integrated  into  the 
propulsion  system  and  a  portion  integrated  into  the 
airframe  system.  Traditionally,  the  propulsion 
system  performance  contains  the  turbomachinery 
performance,  inlet  recovery,  and  internal  nozzle 
performance,  and  may  contain  power  sensitive  inlet 
and  nozzle  drag  Increments.  The  remainder  of  the 
inlet  and  nozzle  drags,  as  well  as  the  airframe 
drag,  is  lumped  with  the  airframe  system  drag. 

The  inlet  and  nozzle  drags  contained  in  the 
airframe  drag  polar  generally  correspond  to  a 
specific  geometry  and  internal  flow  condition  as  a 
function  of  Mach  number.  In  the  past,  the  condi¬ 
tions  were  chosen  with  regard  to  the  ease  with 
which  analytical  predictions  of  airframe  system 
drag  could  be  made.  Thus,  the  inlet  flow  condition 
corresponded  to  zero  spillage  (Mass  flow  ratio  ■ 

MFR  *  1.0)  and  with  a  cylindrical  jet.  An  alterna¬ 
tive  reference  condition  was  one  that  utilized  the 
inlet  and  exhaust  system  geometry  and  flow  condi¬ 
tions  of  a  wind  tunnel  model.  Most  recently,  an 
operating  reference  condition  has  been  used  where 
inlet  and  nozzle  geometry  and  flow  conditions  are 
those  existing  on  the  airplane  at  a  specified  power 
setting,  Mach  number,  and  altitude. 


Figure  26.3.4  1.  Flow  Visualization 
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figure  26.4. 1  -  /,  Inlet  Drag  Map  Mach  2. 72‘D  Mixed 
Compression  Inlet 
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Figure  26.4. 1-2.  Inlet  Recovery  Map,  Mach  2. 72-D  Mixed 
Compression  Inlet 
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Figure  26.4. 1  ‘3.  Drag  Due  to  Inlet  Spillage  at  Baseline  Conditions 

on  wave  drag  and  skin  friction  drag»  they  assume  a 
cylindrical  capture  streamtube.  Thus»  a  drag 
increment  is  required  to  correct  the  drag  polars 
from  these  conditions  to  the  actual  operating  mass 
flow  ratios.  These  drag  increments  are  shown  for  a 
sample  inlet  in  Figure  26.4.1-3.  In  this  plot,  a 
particular  variation  of  mass  flow  ratio  (MFR)  with 
Mach  number  is  assumed. 

If  the  drag  polar  is  a  result  of  a  wind  tunnel 
test,  it  includes  the  drag  of  the  inlet  at  the  mass 
flow  ratio  obtained  in  the  wind  tunnel.  In  a  well- 
designed  model,  this  mass  flow  ratio  will  be  near 
the  critical  value.  However,  the  model  inlet  may 
not  be  an  exact  scale  model  of  the  inlet  intended 
for  the  airplane,  both  because  of  model  scaling 
difficulties  and  because  of  design  configuration 
changes  incorporated  after  model  fabrication.  The 
drag  differences  due  to  these  effects  must  be 
estimated  and  displayed  as  in  Figure  26.4.1*3. 

26.4.1,2  Aft-End  Performance 

Aft*end  Drag  Map  Formats 

A  typical  aft-end  incremental  drag  map  is 
shown  in  Figure  26.4.1-4,  The  parameter  A^/Aj^q 
is  the  ratio  of  total  nozzle  exit  area  to  maximum 
fuselage  cross-sectional  area  (for  a  fuselage 
buried  engine).  The  parameter  P^/Pqo  is  the  ratio 
of  the  nozzle  exit  static  pressure  to  freestream 
static  pressure.  The  map  gives  the  incremental 
aft-end  pressure  drag  relative  to  the  drag  polar  at 
an  A9/A10  value  of  0.470.  The  drag  increments 
found  in  this  map  define  the  exhaust  system  instal¬ 
lation  loss  charged  against  the  engine  net  thrust. 

The  absolute  drag  level  at  the  operating  reference 
condition  (A9/A10  *  0.470)  would  be  included  in  the 
airframe  system  drag  polar. 

The  aft-end  drag  map  can  also  be  presented  in 
the  form  of  total  drag  Figure  26.4.1-5.  This  map 
gives  absolute  pressure  drag,  rather  than  incremen¬ 
tal  drag,  as  a  function  of  Aq/Aj^Q.  This  kind  of 
map  provides  much  greater  visibility  for  the  aft- 
end  performance,  provided  a  reasonable  plan  of 
separation  between  the  airframe  and  aft-end  can  be 
defined.  In  potential  subsonic  flow  around  slender 
bodies,  the  pressure  integral  may  be  shown  to  be 
near  zero  around  the  forebody  and  afterbody  indivi¬ 
dually,  as  well  as  around  the  total  body.  Therefore, 
afterbody  pressure  drags  integrated  to  the  maximum 
cross  sectional  area  may  be  compared  to  values 
obtained  from  other  slender  afterbodies  with  differ¬ 
ent  area  variations.  The  differences  will  hence 
reflect  drag  changes  due  to  real  flow  effects 
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rather  vhan  differences.  When  this  form  of  map  is 
used,  the  drag  polar  operating  reference  value  of 
A9/A10  (0»^70  in  this  case)  must  be  specified,  as 
also  must  the  absolute  value  for  the  drag  of  the 


Figure  26.4. 1-4.  Aft  End  Incremental  Drag  Map 


figure  26  4  1  5  Aft  End  Drag  Map 


afterbody  of  the  analytical  or  wind  tunnel  model. 
When  this  aft  body  drag  is  subtracted  from  the 
airframe  drag  and  the  drag  value  from  the  aft  body 
map  evaluated  at  the  operating  reference  is  added 
to  this  difference,  the  airframe  drag  at  the 
operating  reference  condition  is  obtained.  The 
appropriate  installation  loss  increments  can  then 
be  calculated  and  the  airplane  drag  polars  can  be 
adjusted  to  reflect  the  appropriate  absolute  aft- 
end  drag  levels. 

These  pressure  drag  maps  are  presented  with  no 
altitude  dependence  indicated.  It  is  recognized 
that,  in  reality,  pressure  drag  is  a  function  of 
altitude  through  the  variation  of  the  Reynolds 
number.  However,  for  most  configurations  of 
interest,  the  Reynolds  number  dependence  on  drag  is 
difficult  to  assess  because  of  the  complex  nature 
of  the  flow  resulting  from  the  shock/boundary 
layer  interactions  in  that  region,  and  formal 
methods  of  estimating  such  Reynolds  number  effects 
have  yet  to  be  developed. 

Nozzle  Internal  Performance  Map  Format 

A  typical  nozzle  internal  performance  map  is 
shown  in  Figure  26. A. 1-6  for  the  case  of  a  conver¬ 
gent-divergent  nozzle.  The  map  gives  the  nozzle 
velocity  coefficient  Cy  as  a  function  of  nozzle 
pressure  ratio  PtS/P-^*  nozzle  exit-to-throat 
area  ratio  Ag/Ag.  Nozzle  maps  for  separate  flow 
bypass  engines  require  additional  parameters. 

26.4.1.3  Airframe  and  Turbomachinery  Performance: 

Isolated  Components 

a)  Airframe  System  Drag  Map  Format 

The  airframe  drag  polars  themselves,  of 
course,  constitute  the  performance  maps  for  the 
airframe  system.  The  data  for  such  drag  polars  can 
be  generated  by  means  of  a  wind  tunnel  test  and 
scaling  equations,  or  by  being  built  up  from  analyt 
ical  and  experimental  increments  as  discussed  in 
Section  26.3. 

The  airframe  system  drag  includes  all  external 
forces  on  the  airplane  at  one  designated  inlet  and 
exhaust  operating  condition,  called  the  operating 
reference  condition. 

b)  Turbomachinery  Performance  Maps 

The  turbomachinery  performance  maps  are  given 
in  tabular  form  and  provide  thrust,  fuel  flow,  and 
airflow  of  a  hypothetical  propulsion  system  having 
a  specified  internal  inlet  and  nozzle  performance 
schedule  and  having  no  external  losses,  as  a  func¬ 
tion  of  Mach  number,  altitude,  and  power  setting. 
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Figure  26  4.1-6  Nor/fe  Internal  Performance  Map  •-  1.35 


Figure  26.4.2'f.  Flow-Through  Aerodynamic  Force-and-Moment 
Model 


In  order  to  facilitate  the  calculation  of  exhaust 
system  Installation  losses  the  turbomachinery  maps 
usually  give  such  additional  information  as  nozzle 
pressure  ratio,  nozzle  exit  area,  nozzle  throat 
area  as  a  function  of  Mach  number,  altitude,  and 
power  setting. 

26.4,2  Force  Accounting  Methodology 

The  approaches  taken  by  the  major  airframe 
contractors  (References  26.4.2-1  through  26.4.2-5) 
to  performance  integration  are  quite  similar.  The 
aerodynamic  drag  testing  of  the  basic  airplane 
configuration  is  done  with  some  reference  inlet  and 
exhaust  system  conditions.  Most  commonly  this 
testing  is  done  with  the  propulsion  system  repre¬ 
sented  by  a  flow-through  duct  (Figure  26.4.2-1), 
in  which  case  the  reference  inlet  and  exhaust 
system  conditions  are  those  achievable  with  such  a 
flow-through  duct. 

In  separate  inlet  and  exhaust  system  tests  the 
model  geometry  and  flow  properties  are  reproduced 
in  the  vicinity  of  the  airplane  element  (inlet  or 
exhaust  system)  being  studied.  Then  as  conditions 
are  changed  to  simulate  the  real  conditions  (e.g., 
by  blowing  high  pressure  air  through  the  exhaust 
system  to  produce  the  real  operating  pressure 
ratio)  drag  increments  are  taken  with  respect  to 
the  drag  levels  associated  with  the  reference 
conditions.  The  drag  levels  are  determined  using 
techniques  that  exclude  the  thrust  or  drag  forces 
on  the  surfaces  of  the  internal  ducting  of  the 
models . 

The  Inlet  and  exhaust  system  drag  increments 
are  then  combined  with  the  internal  propulsion 
system  thrust  and  the  airplane  drag  (at  reference 
conditions)  to  obtain  a  prediction  of  overall 
thrust-minus-drag  performance  of  the  airplane 
system. 

Fundamental  to  these  performance  integration 
methods  is  the  definition  of  thrust  and  drag  forces. 
Ail  the  forces  in  the  flight  direction  which  act  on 
an  aircraft  in  level  flight  are  divided  into  one  of 
the  two  groups.  The  way  in  which  the  split  is 
made,  of  course,  has  little  direct  impact  as  long 
as  all  forces  exerted  on  the  airplane  are  considered. 
This  split,  however,  has  an  effect  on  the  visibility 
afforded  the  propulsion  system  elements. 

In  virtually  all  systems  currently  in  use,  the 
inclusion  of  Internal  propulsion  system  performance 
in  thrust  and  of  external  forces  on  the  airframe  at 
reference  conditions  in  drag  are  standard.  For  the 
remaining  inlet  and  exhaust  system  force  increments 
that  bridge  the  gap  between  these  two  major  force 
components,  there  is  somewhat  more  leeway  (see 
Figure  26.4.2-2)  in  the  division  between  installed 
engine  performance  and  in  the  airplane  drag  polar. 

An  approach  is  to  charge  these  remaining  force 
Increments  entirely  to  the  engine  performance 
(Figure  26.4.2-3),  since  they  are  functions  of 
engine  throttle  setting.  The  airplane  drag  polar 
is  then  by  definition,  the  drag  polar  corresponding 
to  reference  inlet  and  reference  exhaust  system 
cond  1 1 ions . 

This  approach  can  make  it  difficult  to  compare 


airframe  system  or  propulsion  system  performance  of 
competing  airplane  configurations.  Airframe  system 
drag,  for  example,  can  be  a  strong  function  of  the 
somewhat  arbitrary  choice  of  reference  exhaust- 
system/aft-end  geometry.  In  addition,  wind  tunnel 
drag  polars,  corresponding  to  unrealistic  reference 
exhaust  system  conditions,  are  not  directly  compara¬ 
ble  to  drag  polars  based  on  flight  test  results. 

Such  a  comparison  would  play  a  useful  role  by 
highlighting  the  need  for  improvements  in  obtaining 
thrust  and  drag  forces. 

The  purpose  of  this  section  is  to  recommend  a 
iix>re  flexible  approach  to  the  formulation  of  a  per¬ 
formance  integration.  Because  the  impact  of  the 
configuration  details  on  the  performance  integration 
system  requirements  may  be  substantial,  a  single 
element  performance  integration  system  will  not  be 
applicable  to  all  airplane  systems. 

Here,  the  emphasis  is  on  problems  associated 
with  airplane  configurations  with  body-integrated 
propulsion  system  Installations.  For  such  config¬ 
urations  the  interactions  between  the  propulsion 
system  and  the  airframe  can  be  the  dominant  factors 
Influencing  overall  airplane  system  performance. 

The  discussion  applies  specifically  to  perfor¬ 
mance  integration  systems  utilizing  flow-through 
propulsion  simulation  for  the  general  aerodynamic 
drag  testing.  The  application  to  testing  with 
turbopowered  simulators  is  discussed  in  Section 
26.4.3.  Most  important  is  the  requirement  for 
accuracy  in  predicting  the  overall  thrust-iDinus- 
drag  performance  of  an  airplane  system. 

The  performance  integration  procedures  recom¬ 
mended  here  are  summarized  in  Section  26.4.2.1.  It 
is  shown  that  by  using  the  concept  of  operating 
reference  conditions,  the  techniques  recommended 
here  will  produce  airplane  drag  polars  and  instal¬ 
led  propulsion  system  performance  with  which 
meaningful  comparisons  can  be  made  between  com¬ 
peting  airplane  configurations. 

The  use  of  static  thrust  measurements  to  iso¬ 
late  the  external  force  on  blowing  models,  combined 
with  the  use  of  operating  reference  exhaust  and 
inlet  system  conditions,  renders  the  recommended 
techniques  applicable  over  an  entire  airplane 
development  program.  Thus,  drag  polar  predictions 
based  on  theoretical  calculations,  wind  tunnel 
measurements,  or  flight  test  results  may  all  be 
developed  on  a  common  basis  and  meaningfully 
compared . 

26.4.2,1  Summary  of  Recommended  System 
a)  General  Features 

The  approach  recommended  is  based  on  the 
premise  that  the  wind-tunnel  reference  propulsion 
system  conditions  (inlet  mass  flow  ratio  and 
configuration  and  exhaust  system  pressure  ratio  and 
geometry)  is  to  minimize  the  probability  of  aft-end 
flow  separation  by  using  small  boattail  angles. 

The  objective  here  is  to  obtain  reference  exhaust 
system  flow  conditions  for  in  an  exhaust  system 
blowing  test  with  faired-over,  plugged  inlets. 

The  drag  polar  so  obtained  may  differ  con¬ 
siderably  from  that  associated  with  more  realistic 
exhaust  system  operating  conditions.  Thus,  it  is 
required  that  a  non-throttle-dependent  portion, 
ADeXH.  SYS.  of  the  drag  increments  measured  in  the 
blowing  tests  be  used  to  correct  the  wind  tunnel 
drag  polar  to  a  realistic  "operating  reference" 
exhaust  system  condition.  This  operating  reference 
geometry  and  this  pressure  ratio  combination  corre¬ 
spond  to  a  specified  engine  throttle  setting, 
usually  maximum  power.  All  remaining  drag  incre¬ 
ments  associated  with  throttle  setting  changes 
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Figure  26.4.2-4.  Recommended  Definition  of  Thrust  and  Drag 


relative  to  the  operating  reference  conditions  are 
then  charged  to  engine  net  thrust,  and  do  not 
affect  the  drag  polar  (Figure  26.4.2-4).  This 
approach  requires  no  additional  testing  beyond  that 
required  for  conventional  performance  integration 
schemes. 

It  is  also  recommended  that  the  thrust-minus- 
drag  force  build-up  not  deal  with  the  absolute 
force  acting  on  some  arbitrarily  specified  section 
of  the  external  surfaces.  Such  a  procedure  can 
make  it  difficult  to  account  properly  for  the 
forces  between  the  surfaces  on  balance  (metric)  and 
the  adjacent  non-metric  surfaces.  It  also  impairs 
accuracy  by  including  the  need  to  subtract  large 
tare  forces  from  the  measured  forces. 

The  present  approach  does  not  preclude  the  use 
of  auxiliary  "jiiggyback"  balances  (Figure  26.4,2-5). 
Such  a  balani’e  may  be  used  as  a  development  tool  to 
guide  mod i f icat ions  of  the  airplane  geometry  or  to 
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Figure  26.4. 2- 5  Piggy  Back  Balance 


verify  analytical  performance  build-up  procedure. 
However,  such  balances  are  generally  inadequate  for 
the  build-up  of  total  system  performance. 

To  determine  the  external  force  on  a  wind  tun¬ 
nel  model  using  a  force  balance,  it  is  necessary  to 
estimate  the  internal  force  of  any  simulated  propul¬ 
sion  system  in  order  to  eliminate  it  from  the 
balanci  reading.  The  method  used  to  do  this,  with 
flow-through  ducts  or  with  a  blowing  model  simulating 
flow-through  (reference)  conditions,  will  depend  on 
the  experimental  facilities  available,  the  kind  of 
model  being  used,  and  the  details  of  the  model 
geometry.  An  exit  wake  momentum  survey,  a  static 
thrust  measurement,  a  "piggyback"  internal  balance, 
and  a  static  pressure  integration  corrected  for 
skin  friction  are  a  few  of  the  possibilities. 

When  real  exhaust  system  operation  is  being 
simulated  using  a  blowing  model,  producing  realistic 
nozzle  pressure  ratios  with  realistic  exhaust 
system  geometry,  other  considerations  become  impor¬ 
tant.  The  effect,  if  any,  of  external  flow  on 
nozzle  internal  performance  must  be  properly 
accounted  for  in  the  overall  thrust-minus-drag 
build-up.  The  definition  of  external  drag  should 
be  one  that  is  applicable  throughout  an  entire 
airplane  development  program.  These  objectives  are 
most  easily  met  if  the  internal  forces  are  deter¬ 
mined  using  a  static  thrust  calibration,  as  recom¬ 
mended  in  Section  26.4.2.4. 

In  all  of  the  discussion  Lliat  follows  unless 
stated  otherwise,  any  reference  Lo  a  "measured" 
drag  is  meant  to  describe  a  pred let  ion  of  a  full- 
si’ale  airplane  drag  on  a  particular  measiire- 

menl  .  Thus,  for  ex<imple,  the  "me.isurod"  drag  of  a 
siale  model  in  a  wind  tunnel  is  llie  drag  wiiiih 
results  after  t'orre^-ting  lor  flow  angularity  or 
upflow  in  liu*  lest  seition,  model  suj'pori  interter- 
enif  elfccls,  wall  into  r  1 rence  effects,  longitudi- 
n.il  lest  sectii'n  pressure  gr.idients  (buoyanev)  ,  and 
Ki-ynolds  number  effects  lui  skin  friction.  Furtlier- 
i.iore,  il  base  are, is  are  artiliciallv  introdui-ed  on 
the  reference  i*xhausl  svslen  to  control  nozzle  exit 
areas  or  to  reduce  hoattail  angli's,  the  base  drag 
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Is  subtracted  from  the  balance  reading  along  with 
the  internal  forces,  and  Is  specifically  excluded 
from  "measured"  external  drags. 

b)  Force  Equation 

All  forces  in  the  flight  direction  on  an  air¬ 
craft  in  level  flight  have  been  divided  into  the 
propulsion  system  thrust  and  airframe  system  drag. 
The  total  force  in  the  flight  direction,  FjOTAL* 
given  by  the  following  equation: 


"total  ’^ref 


SYS 


'^°INL  ■  *°EXH 
SYS 


■'■‘^"nTRIM  “  '^°TRIM  (26.4.2-1) 


All  of  the  terms  on  the  right  side  of  equation 
26.4.2-1  are  defined  in  Figure  26.4.2-6. 

The  first  three  terms  on  the  right  side  of 
equation  (26.4,2-1)  is,  by  definition,  the  propul¬ 
sion  system  net  thrust  when  summed  over  the  number 
of  engines  on  the  airplane.  The  three  remaining 
terms  subtracted  at  the  end  combine  to  form  the 
airframe  system  drag,  which  by  definition  is  inde¬ 
pendent  of  engine  throttle  setting.  All  drag 
variations  associated  with  changes  in  throttle 
setting  are  included  in  the  inlet  and  exhaust 
system  force  increments,  and  g^s  ’ 

respectively. 


c)  Engine  Net  Thrust  ^Nej^g 

The  engine  net  thrust  defined  to  be 

the  difference  between  the  gross  thrust  of  the 


exhaust  system  in  quiescent  air  at  a  specified 
pressure  ratio,  and  the  ram  drag  on  the  engine 
streamtube  at  the  specified  flight  conditions. 

The  term  "gross  thrust"  used  in  this  definition 
is  the  force  that  would  be  measured  on  the  balance 
in  a  blowing  test,  in  quiescent  air,  if  the  inlet 
air  were  introduced  in  a  direction  normal  to  the 
thrust  direction.  For  most  exhaust  systems  the 
gross  thrust  equals  the  integral  of  total  momentum 
(axial  momentum  flux  plus  pressure  increment  above 
ambient)  across  the  nozzle  exit  plane.  For  a  plug 
nozzle  It  also  includes  the  force  (in  quiescent 
air)  on  the  part  of  the  plug  extending  beyond  the 
exit  plane. 

The  "ram  drag"  used  in  this  definition  of 
engine  net  thrust  is  the  product  of  the  mass  flow 
In  the  engine  streamtube  and  the  flight  velocity. 

The  engine  streamtube  includes,  by  definition,  all 
of  the  airflow  demand  at  the  engine  face  as  well  as 
any  secondary  airflow  captured  by  the  engine  inlet 
and  ducted  around  the  engine  to  the  exhaust  system. 
Any  additional  airflow  captured  by  the  inlet  and 
ducted  overboard  through  bleed  or  bypass  systems, 
or  simply  lost  by  leakage,  is  not  part  of  the 
engine  stream-tube. 

The  effects  of  inlet  internal  performance, 
i.e.,  inlet  total  pressure  recovery,  steady-state, 
ani  dynamic  distortion,  are  accounted  for  in  the 
engine  net  thrust.  Thus,  Identical  engines  in  a 
multi-engine  airplane  might  produce  different 
engine  net  thrusts  because  of  different  inlets. 

The  effects  of  engine  bleed,  engine  power  ex¬ 
traction,  and  exhaust  system  internal  performance 
(at  static  conditions)  are  also  accounted  for  in 
the  engine  net  thrust. 

Thus,  Che  engine  net  thrust 
determined  in  an  altitude  chamber  wt^  an  available 
engine  using  conventional  techniques.  The  effects 
of  inlet  internal  performance  would  be  simulated, 
and  the  measured  thrust  would  be  corrected  for  the 
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Figure  X.4.2-6,  Definitions  of  Installed  Thrust  and  Drag  Quantities 


proper  ram  drag  for  the  flight  conditions  being 
simulated. 

d)  Inlet  Force  Increments  ^^INL 

Reference  Aerodynamic  Drag  D|^£p 

The  inlet  force  Increments  (as  well  as  exhaust 
system  force  increments)  are  keyed  to  the  concepts 
of  operating  reference  dragpolar  conditions  and 
wind  tunnel  reference  conditions.  The  expression 
"operating  reference  conditions"  is  used  here  to 
distinguish  the  wind  tunnel  "reference"  conditions 
which  are:  (a)  used  on  the  basic  aerodynamic  drag 
model;  and  (b)  reproduced  on  the  propulsion  models 
to  obtain  zero-points  for  propulsion  drag  increments. 
The  operating  reference  conditions  are  those  to 
which  the  drag  polar  corresponds  by  definition, 
whether  the  drag  polar  results  from  analytical 
build-up  procedures  or  wind  tunnel  test  results. 

The  definitions  of  the  Inlet  force  increments 
and  and  of  the  reference  aerodynamic 

drag  D|^p  are  cased  specifically  on  the  key  defini¬ 
tions  given  below: 

i)  Reference  Inlet  Conf iguraclon-”The  ref¬ 
erence  inlet  configuration,  used  in  the 
aerodynamic  drag  testing  of  the  dasic 
airplane  configuration,  is  specified  as  a 
function  of  flight  Mach  number.  It 
should  represent  a  realistic  inlet  geom¬ 
etry,  subject  to  Che  condition  chat  the 
external  flow  field  associated  with  it 
must  be  precisely  reproducible  on  the 
inlet  drag  model.  Since  the  inlet  drag 
model  is  typically  larger  scale  and  thus 
is  tested  at  different  model  Reynolds 
numbers,  bleed  and  bypass  system  charac¬ 
teristics  will  be  difficult  to  reproduce. 
Thus,  bleed  and  bypass  doors  should  be 
closed  on  the  reference  inlet  configura¬ 
tion,  The  rest  of  the  reference  inlet 
geometry  can  usually  be  specified  to 
correspond  to  the  real  inlet  configuration 
at  each  flight  Mach  number  and  at  the 
reference  mass  flow  ratio  (see  definition 
(11)  below). 

At  the  low  Reynolds  numbers  typical  of 
wind  tunnel  model  tests  a  problem  in 
operating  supersonically  at  a  desired 
reference  mass  flow  ratio  without  using 
the  inlet  bleed  system  can  sometimes 
arise.  Shock-boundary  layer  interactions 
can  reduce  the  effective  inlet  throat 
area  enough  that  the  inlet  throat  becomes 
choked  at  an  inlet  mass  flow  ratio  less 
than  the  desired  reference  mass  flow 
ratio.  When  this  occurs,  or  is  expected 
to  occur,  it  is  recommended  that  the 
inlet  ramp  angles  or  centerbody  angles 
(for  two-dimensional  or  axisymmetric 
inlets,  respectively)  be  sufficiently 
reduced  for  the  reference  inlet  config¬ 
uration  to  guarantee  adequate  throat 
areas. 

ii)  Reference  Inlet  Mass  Flow  Ratlo--The 

reference  Inlet  mass  flow  ratio,  used  in 
the  aerodynamic  drag  testing  of  the  basic 
airplane  configuration,  is  specified  as  a 
function  of  flight  Mach  number. 

At  subsonic  and  transonic  Mach  numbers, 
the  selection  of  a  reference  mass  flow 
ratio  near  the  realistic  operating  ref¬ 
erence  mass  flow  ratio  (defined  below) 


is,  in  general,  desirable.  However,  the 
external  flow  field  associated  with  the 
reference  mass  flow  ratio  must  also  be 
precisely  reproducible  on  the  inlet  drag 
model.  Large  spillage  drags  are  gener¬ 
ally  .T«?sociated  with  lip  flow  separation, 
which  is  likely  to  be  affected  by  changes 
in  Reynolds  numbers.  The  primary  crite¬ 
rion  for  selecting  the  reference  mass 
flow  ratio  at  subsonic  and  transonic 
conditions  should  be  that  it  must  repre¬ 
sent  a  low  spillage  drag  condition  for 
the  reference  inlet  configuration. 

At  supersonic  flight  Mach  numbers, 
realistic  operating  mass  flow  ratios  will 
normally  be  close  to  the  critical  mass 
flow  ratio  of  the  inlet  for  an  external- 
compression  inlet.  (For  a  mixed-compres¬ 
sion  inlet,  when  the  inlet  is  operating 
above  the  starting  Mach  number  the  normal 
operating  condition  will  be  precisely  at 
the  critical  inlet  mass  flow  ratio.) 
Critical  inlet  flow,  however,  can  be 
reproduced  from  test  to  test  far  more 
reliably  than  a  specified  mass  flow  ratio 
slightly  less  than  critical.  For  this 
reason  it  is  recommended  that  the  critical 
inlet  mass  flow  ratio  be  used  as  the 
reference  inlet  mass  flow  for  inlets 
operating  supersonically. 

iii)  Operating  Reference  Inlet  Configuration — 
The  operating  reference  inlet  configura¬ 
tion,  which  is  reflected  in  the  airplane 
drag  polar,  is  specified  as  a  function  of 
flight  Mach  number.  It  is  selected  to 
correspond  closely  to  the  real  inlet 
configuration  at  the  same  engine  power 
setting  (generally  maximum  power)  as  that 
used  to  define  operating  reference  exhaust 
system  conditions.  The  operating  refer¬ 
ence  configuration  shotild  reflect  the 
same  bleed  and  bypass  system  configura¬ 
tions  as  the  real  inlet  at  the  correspond¬ 
ing  conditions. 

iv)  Operating  Reference  Inlet  Mass  Flow 

Ratio — The  operating  reference  inlet  mass 
flow  ratio,  reflected  in  the  airplane 
drag  polar,  is  specified  as  a  function  of 
flight  Mach  number.  It  too  is  selected 
to  correspond  closely  to  the  real  inlet 
mass  flow  ratio  at  the  same  engine  power 
setting  used  to  define  other  operating 
reference  conditions. 

v)  Internal  Force — The  internal  force  on  a 
flow-through  duct  model  is  equal  to  the 
difference  in  total  momentum  between 
free-stream  conditions  and  nozzle  exit 
conditions  for  the  streamtube  that  passes 
through  the  nozzle.  If  a  base  area  is 
artiflcally  introduced  to  the  reference 
exhaust  system  configuration  in  order  to 
control  nozzle  exit  area  or  to  reduce 
afterbody  boattail  angles,  the  pressure 
drag  associated  with  this  base  should 
also  be  included  In  the  internal  force. 

vl)  External  Force — The  external  force  on  a 
flow-through  duct  model  is  the  measured 
drag  force  of  the  model  minus  the  inter¬ 
nal  force. 

vll)  Auxiliary  Air  Drag — The  auxiliary  air 
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drag  is  the  drag  associated  with  removing 
auxiliary  air  from  the  inlet  for  mlscel-* 
laneous  purposes,  such  as  for  use  as  a 
heat  exchanger  coolant.  The  amount  of 
airflow  involved  is  usually  quite  small 
and  this  flow  would  not  typically  be 
simulated  on  a  wind  tunnel  model.  The 
drag  penalty  is  specifically  defined  to 
be  the  difference  in  total  momentum  (in 
the  flight  direction)  between  freestream 
and  exit  conditions  for  the  streamtubes 
involved . 

viii)  Leakage  Drag  Increment — This  increment  is 
intended  to  account  for  the  relative 
leakage  characteristics  of  the  inlet 
models  and  the  real  inlet.  Drag  due  to 
leakage  is  defined  as  the  difference  In 
momentum  (in  the  flight  direction) 
between  freestream  and  exit  conditions  of 
all  the  streamtubes  that  are  captured  by 
the  inlet  and  that  leave  via  leaks.  This 
quantity  is  usually  estimated  for  both 
the  models  and  the  real  inlet. 

The  reference  aerodynamic  drag,  D|^£p,  is  then 
the  measured  external  force  on  a  flow-through  duct 
airplane  model,  operating  at  the  reference  mass 
flow  ratio  with  the  reference  inlet  configuration. 

It  must  also  be  operating  at  the  reference  exhaust 
system  conditions  described  below  and  in  Section 
26.4.2.2. 

When  Dj^ep  is  determined  experimentally  for 
those  Mach  numbers  for  which  the  reference  inlet 
mass  flow  ratio  is  less  chan  critical,  it  is  usually 
very  difficult  to  operate  precisely  at  the  desired 
reference  mass  flow  ratio.  In  those  cases  it  is 
preferable  to  test  at  several  mass-flow  ratios  near 
the  reference  value  and  interpolate  to  the  desired 
value.  This  procedure  is  illustrated  In  Figure 

26.4.2- 7. 

The  inlet  drag  increment,  differ¬ 

ence  in  the  inlet  drag  Increment,  ADjj^,  Is  the 
difference  between  Che  external  force  measured  on 
the  inlet  drag  model  at  "operating  reference  condi¬ 
tions,"  and  chat  measured  at  "reference  conditions," 
corrected  auxiliary  air  drag,  and  leakage  drag.  It 
may  be  appropriate,  under  conditions  where  the 
model  scale  is  large  enough,  to  operate  Che  inlet 
of  the  drag  model  at  the  operating  reference  condi¬ 
tions,  so  that  ADjj^L  is  chosen  as  zero. 

The  throttle-dependent  drag  increment, 
is  obtained  from  the  inlet  drag  model  and  consists* 
of  the  difference  in  the  force  measured  at  the 
"operating  reference"  condition  and  that  measured 
at  the  desired  condition.  It  is  charged  against 
engine  net  thrust,  along  with  ‘’'f’Npxu  SYS  * 
order  to  obtain  the  installed  propulsion  system 
performance . 

At  subsonic  flight  Mach  numbers  AD^jn  and 
■^INL  primarily  due  to  changes  in  inlet  mass 

flow  ratio.  A  typical  experimental  determination 
of  these  two  force  Increments  is  Illustrated  in 
Figure  26.4.2-8.  As  is  the  case  when  measuring 
DreF*  interpolation  between  two  or  three  curves 
obtained  experimentally  may  be  appropriate  to 
determine  these  forces  at  reference  or  operating 
reference  mass  flow  ratio. 

At  supersonic  Marh  numbers  YDjnL 
Include  the  effects  of  bleed  and  bypass  flows.  In 
addition,  also  account  for  any  geometry 

changes  which  may  be  required  to  achieve  adequate 
throat  area  at  reference  conditions.  A  typical 
experimental  determination  of  ADh^jl  and  -Fuj.,-  for 
a  supersonic  Mach  number  is  illustrated  in  rigure 

26.4.2- 9. 


MACH  NUMBER  CONSTANT 


O  OPERATION  AT  REFERENCE  INLET 
CONFIGURATION 

O  SIMULATED  REAL  INLET  OPERATION. 
CORRECTED  FOR  AUXILIARY  AIR  DRAG 
AND  LEAKAGE  DRAG  INCREMENT 


Figure  26.4.2-8.  Measurements  of  Inlet  Force  Increments  at  a 
Subsonic  Mach  Number 
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OPERATION  AT  REFERENCE 
INLET  CONDITIONS 
SIMULATED  REAL  INLET  CONDITIONS. 
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FOR  AUXILIARY  AIR  DRAG  AND 
LEAKAGE  DRAG  INCREMENT 


'REFERENCE  IS  INTENDED  TO  BE  CLOSE 
SIMULATION  OF  OPERATING  REFERENCE 
CONDITION 


'  OPERATING  REF 


Figure  26.4.2-9.  Measurement  of  Trilet  Force  Increments  at 
Supersonic  Mach  Number 
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In  the  case  of  a  theoretical  build-up  of  air¬ 
plane  system  performance,  ^^INL 

also  be  calculated  theoretically.  A  typical  cal¬ 
culation  procedure  Is  Illustrated  in  Figure  26.4.2-10. 
Here  Dj  is  intended  to  include  the  additive  drag  on 
the  inlet  capture  streamtube  and  the  pressure  and 
friction  drag  on  all  external  surfaces  directly 
effected  by  inlet  flow  conditions. 

The  bleed  and  bypass  drag  Dg,  for  purposes  of 
the  theoretical  build-up,  are  defined  as  the  dif¬ 
ferences  in  total  momentum  (in  the  flight  direc¬ 
tion)  between  freestream  and  exit  conditions  for 
their  respective  streamtubes. 

The  theoretical  build-up  described  here  is 
consistent  in  every  detail  with  the  experimental 
buildup.  The  predicted  "external  force"  (on  the 
real  airplane)  that  results  from  either  approach 
includes  the  additive  drag  on  the  engine  stream- 
tube,  as  well  as  the  forces  on  all  internal  sur¬ 
faces  which  are  wetted  by  streamtubes  other  than 
the  engine  streamtube  (i.e.,  bleed,  bypass,  auxi¬ 
liary  air,  and  leakage  streamtubes). 

e)  Exhaust  System  Thrust  Increment  2YS 

and  Exhaust  System  Drag  Increment  ADexH.  SYS. 

In  an  experimental  performance  build-up,  both 
of  the  exhaust  system  force  increments  AF^^gj^y  gYg 
and  ADgxH.  SYS.  would  result  from  the  same  test. 

They  represent  the  splitting  of  the  conventional 
exhaust  system  force  increment  (one  bridging  the 
gap  between  reference  exhaust  system  drag  and  real 
exhaust  system  drag)  into  two  parts.  The  non- 
throttle-dependent  part,  AD£jqj^  SYS.*  considered 
a  drag  increment  rather  than  a  thrust  increment, 
and  thus  corrects  the  airplane  drag  polar  to  some 
realistic  operating  reference  exhaust  system  condi¬ 
tions.  The  other  part,  AF^gj^^  SYS.*  used  in 
the  conventional  way  to  correct  the  engine  thrust 
for  drag  changes  resulting  from  throttle  setting 
changes. 

The  word  "operating  reference"  is  used  here  to 
distinguish  these  exhaust  system  conditions  (geom¬ 
etry  and  pressure  ratio)  from  the  reference  con¬ 
ditions  represented  in  the  reference  aerodynamic 
drag  Di^p.  The  operating  reference  conditions 
actually  correspond  to  a  reference  throttle  setting 
on  the  real  airplane. 

Figure  26.4.2-11  compares  this  approach  to  the 
conventional  approach.  The  main  effect  is  to  make 
the  drag  polar  correspond  to  a  realistic  exhaust 
system  geometry  and  pressure  ratio  rather  than  to 
a  possibly  unrealistic  aft-end  geometry  and  the  low 
pressure  ratio  associated  with  a  flow-through  duct. 

In  an  experimental  build-up  of  exhaust  system 
force  increments,  using  a  model  with  faired-over 
inlets  and  with  exhaust  system  air  ducted  through 


Che  mounting  strut,  it  Is  necessary  to  simulate 
both  the  reference  conditions  associated  with  the 
reference  aerodynamic  drag  model  and  the  real 
operating  conditions  of  the  real  exhaust  system. 

As  explained  in  detail  in  Section  26.4.2.3,  no 
unconventional  extra  testing  is  required  to  accommo¬ 
date  the  concept  of  a  set  of  operating  reference 
conditions,  since  the  operating  reference  condi¬ 
tions  merely  represent  one  of  the  many  throttle 
settings  of  the  real  airplane  system  which  would 
normally  be  simulated. 

When  a  real  exhaust  system  condition  is  being 
simulated,  the  present  approach  calls  for  subtract¬ 
ing  the  thrust  corresponding  to  the  measured  mass 
flow,  temperature,  and  pressure  ratio  from  the 
measured  thrust-minus-drag  to  obtain  the  external 
drag  force.  Note  here  the  velocity  coefficient 
used  is  determined  from  a  blowing  model  without 
external  flow  effects.  As  discussed  further  In 
Section  26.4.2.4,  this  means  the  "external  drag" 
force  includes  the  difference  AFq  between  static 
and  wind  on  Internal  nozzle  performance,  which  (in 
the  case  of  a  plug  nozzle,  for  example)  could  be 
signif leant . 
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Figure  26,4.2-11.  Comparison  of  Fxhaust  System  Force 
Increments 
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Figure  26.4.2’10.  Example  of  Buildup  of  Inlet  Force  Increments 
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Figure  26.4.2-12.  Example  of  Exhaust  System  Force  Increments 


Figure  26.4.2-12  defines  and 

^'•■DeXH.  SYS.  demonstrates  both  a  theoretical  and 
an  experimental  build-up  of  these  force  increments 
using  the  present  system.  The  interference  drag 
represents  the  difference  between  the  drag  of  all 
external  surfaces  affected  by  exhaust  system  condi¬ 
tions  and  the  calculated  sum  of  the  drags  of  the 
individual  nozzle  boattails.  This  figure  illus¬ 
trates  the  correspondence  between  a  theoretical  and 
an  experimental  build-up  of  these  force  increments. 

Changes  In  trim  drag  increments  associated 
with  operation  at  propulsion  system  conditions 
other  than  operating  reference  conditions  are 
likely  to  be  very  small  in  most  cases.  If  not, 
however,  they  should  be  included  as  -'fNxRiM’ 
becomes  one  of  the  throttle-dependent  force  incre¬ 
ments  accounted  for  in  the  installed  propulsion 
system  performance. 

The  definitions  and  criteria  for  selection  of 
wind  tunnel  reference  conditions  and  drag-polar 
operating  reference  conditions  are  summarized  in 
Figure  26.4,2-13  for  both  the  inlet  and  the  exhaust 
system. 

26.4.2.2  Reference  Exhaust  System  Conditions 

One  fundamental  assumption  underlies  all  per¬ 
formance  integration  systems  which  utilize  flow¬ 
through  propulsion  simulation  for  the  general  aero¬ 
dynamic  drag  testing,  inlet  drag  testing,  and 
blowing  models  for  the  exhaust  system  drag  testing. 
The  assumption  is  that  drag  increments  due  to 
changes  in  exhaust  system  conditions  are  independent 


of  drag  increments  due  to  changes  in  inlet  condi¬ 
tions.  Specifically,  it  is  assumed  that  the  drag 
increment  associated  with  changing  from  a  reference 
exhaust  system  to  a  real  exhaust  system  can  be 
obtained  with  nonrepresentative  inlet  conditions 
(i.e. ,  a  capped,  faired-over  inlet  for  blowing 
tests),  and  then  applied  to  an  airplane  with  real 
inlet  conditions.  Since  changes  in  inlet  spillage 
and  the  dumping  of  inlet  boundary  layer  bleed  air 
can  significantly  affect  the  boundary  layer  condi¬ 
tions  approaching  the  aft-end,  this  assumption 
could  be  invalid  for  many  configurations. 

The  magnitude  of  the  resulting  errors  in  the 
build-up  of  airplane  system  performance  will,  in 
general,  be  a  function  of  the  reference  exhaust 
system  conditions  selected  for  Che  flow-through 
models.  Ways  to  minimize  these  errors  through  a 
prudent  selection  of  reference  exhaust  system 
conditions  can  be  found  in  the  following  way. 

If  we  let  D  represent  the  total  external  force 
(as  defined  in  Section  26.4.2.1)  on  an  airplane  or 
on  a  scale  model  of  an  airplane,  then  D  is  clearly 
a  function  of  the  inlet  conditions,  symbolically 
represented  by  the  letter  i,  and  the  exhaust  system 
conditions,  e: 

D  =  D(i,  e) 

(The  symbols  i  and  e  represent  both  the  physical 
geometry  of  the  inlet  and  exhaust  system,  respec¬ 
tively,  as  well  as  the  flow  conditions,  e.g.,  inlet 
mass  flow  ratio  and  exhaust  system  pressure  ratio.) 

For  the  purposes  of  evaluating  the  drag  effects 
of  the  inlet  and  exhaust  system,  the  drag  D  may  be 


Uf 
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Figure  26.4.2- 13.  Summary  of  Refererfce  Conditions  and  Operatmg  Reference  Conditions 
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considered  to  be  composed  of  three  parts:  ,  the 

drag  of  the  inlet-related  parts  of  the  airplane, 
including  all  surfaces  directly  affected  by  inlet 
flow  conditions;  Dg,  the  drag  of  the  exhaust  system 
of  the  airplane,  Including  all  surfaces  directly 
affected  by  the  exhaust  system  conditions;  and  D^, 
the  drag  of  the  remaining  surfaces  of  the  airplane, 
which  are  not  directly  affected  by  inlet  or  exhaust 
system  conditions.  Thus, 

D(i,  e)  *  +  D^. 

The  fundamental  assumption  identified  above  is 
that  “  Dj(i)  and  =  Dg(e),  that  is,  Di  Is  not 
a  function  of  exhaust  system  conditions  and  Dg  is 
not  a  function  of  inlet  conditions.  Thus, 


D(1  ,e,) ^+{D(i  ,e,)-D(l  ,e  ) I 
o  i  o  i  C  O 


The  error  '  in  the  prediction  is: 

■  =  ‘  26.4.2-5 


If  we  substitute  equation  (-4)  into  equation 
(-5),  and  then  use  equation  (-1)  to  express  the 
results  in  terms  of  inlet  related  forces  Di's, 
exhaust  system  related  forces  Dg's,  and  other 
forces  Dg*s,  we  find  the  error  t  is  a  function  of 
only  the  exhaust  system  related  forces: 


Id  (i  ,e  )  -  D  (i  .e  ) [ 


D(i,  e)  *  D,(i)  +  D  (e)  +  D  .  26.4.2-2 

1  e  a 


-  ID  (i  ,e  )  -  D  (i 


Since  inlet  conditions  can  affect  boundary 
layer  conditions  approaching  the  aft-end,  the 
separation  characteristics  of  the  aft-end  could  be 
strongly  influenced  by  inlet  conditions.  Even 
without  separation,  changes  in  displacement  thick¬ 
ness  characteristics  could  also  affect  pressure 
drag  or  wave  drag.  Thus,  equation  (26.4.2-2)  may 
not  be  strictly  true,  and  a  better  representation 
would  be: 

D(i.  e)  =  D^Ci)  +  D^d.  e)  +  D^.  26.4.2-3 

There  are  three  sets  of  inlet  conditions  i, 
and  three  sets  of  exhaust  system  conditions  e, 
which  are  relevant  to  the  performance  integration 
system.  First,  there  are  the  real  inlet  and  exhaust 
system  conditions,  to  be  represented  symbolically 
by  ij.  and  ej.,  respectively,  to  which  the  final 
airplane  system  performance  prediction  applies. 
Secondly,  there  are  the  reference  inlet  and  exhaust 
system  conditions,  called  io  and  e^,  respectively, 
which  correspond  to  the  flow-through  duct  conditions 
of  the  reference  aerodynamic  drag  model.  Finally, 
there  are  the  conditions  used  for  one  element 
(inlet  and  exhaust  system)  while  drag  increments 
are  being  measured  for  changes  in  the  other  element. 
Thus,  ic  represents  the  capped  inlet  conditions 
used  in  obtaining  exhaust  system  force  increments. 
Similarly,  represents  the  exhaust  system  condi¬ 
tions  used  while  measuring  inlet  force  Increments. 

Neglecting  for  the  moment  any  splitting  of  the 
external  forces  into  thrust  components  and  drag 
components,  all  performance  integration  schemes  of 
the  type  considered  develop  a  prediction  Dpg  ) 

for  the  total  external  force  on  the  real  airplane 
from  three  parts  as  follows.  The  first  part  is  the 
measured  drag  DCIq,  e^)  from  a  flow-through  duct 
model  with  reference  inlet  and  exhaust  system 
conditions.  The  second  part,  the  inlet  force 
Increment,  is  the  difference  in  external  drag 
between  real  and  reference  inlet  conditions  with 
specified  exhaust  system  conditions  e^: 

D(i  ,  e)  -  D(i  ,  e.) 
r  i  o  I 

The  third  part,  the  exhaust  system  force 
increment,  is  the  difference  in  external  drag 
between  real  and  reference  exhaust  system  condi¬ 
tions  with  a  capped  Inlet  it-: 


+  -  D  (i  ,e.)) 


26.4.2-6 


Thus  the  error  can  be  divided  into  the  three 
bracketed  components  numbered  1,  2,  and  3  In  equa¬ 
tion  (-6),  each  of  which  has  physical  significance. 

Bracket  (/I,  the  change  in  drag  of  the  real 
exhaust  system  when  the  real  Inlet  is  replaced  by  a 
capped  inlet,  is  the  obvious  error  resulting  from 
testing  the  real  aft  end  with  a  capped  inlet. 

Similarly,  bracket  #2  is  the  error  obtained  in 
crying  to  reproduce  the  reference  back  end  drag  of 
the  reference  aerodynamic  drag  model  on  the  exhaust 
system  blowing  model,  using  a  capped  inlet  instead 
of  the  actual  reference  inlet  conditions. 

Bracket  is  the  error  in  the  inlet  drag 
tests  which  results  If  the  drag  of  the  aft-end  is 
included  in  the  balance  measurement  and  changes 
when  the  inlet  is  changed  from  reference  to  real 
conditions. 

There  are  two  approaches  which  can  be  taken  to 
minimize  the  error  shown  in  equation  (-6). 

Method  I--Method  1  takes  advantage  of  the 
fact  that  brackets  02  and  Oi  in  equation  (-6)  can 
be  very  small  and  the  remaining  bracket  01  is 
the  residual  error  in  predicted  drag.  This  may  be  done 
when  the  following  conditions  apply: 


1)  The  error  contribution  from  bracket  02  is 
a  strong  function  of  reference  exhaust 
system  conditions.  It  can  be  essentially 
eliminated  if  the  reference  exhaust 
system  is  allowed  to  deviate  enough  from  the 
real  exhaust  system  to  guarantee  that  no 
separation  occurs  on  the  reference  exhaust 
system  and  to  provide  a  minimal  amount  of 
aft-facing  projected  area  (exclusive  of 
base  area).  This  means  that  all  signifi¬ 
cant  boattall  angles  will  be  reduced  or 
eliminated  for  the  reference  exhaust 
system.  In  their  place  would  be  well- 
defined  base  areas,  whose  drag  would  be 
subtracted  from  exterml  force  raeasure- 
ments.  For  a  configuration  with  engines 
buried  in  the  fuselage,  this  same  princi¬ 
ple  should  be  applied  to  all  closing 
surfaces,  e.g.,  interfairings  between 
engines  that  co»ild  be  influenced  by 
inlet  flow  conditions. 


I)(i  ,  e  )  -  D(i  ,  e  ) 
c  r  c  o 

Th\is,  the  predicted  external  torce  is: 

26.4.2-4 


2)  The  error  <  ont  r  ibul  ion  from  br«a(  kei  3 

can  be  eliminated  in  exai  t 1 v  the  same  way 
by  using  this  same  reference  afl-end 
configuration  for  the  inlet  drag  testing. 
This  error  contribution  can  also  be 
eliminated  by  using  a  non-metric  aft-end 
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In  the  inlet  drag  tests.  Some  potential 
disadvantages  to  this  latter  approach, 
however,  are  discussed  in  Section  26.4.2.5. 

Method  II~~Method  II  is  based  on  the  follow¬ 
ing  observation;  if  6^,6^,  and  conditions 
(i.e.,  exhaust  conditions  for  inlet  testing,  real 
and  reference  exhaust  conditions)  were  identical, 
say  e,  then  equation  (-6)  would  become 


+  {D^d_.,e)  -  D^d^.e)} 


or  combining  brackets  //I  and  #2, 


=  -  -  D^(i^.e)} 


1+2 


+  ID  (i  ,e)  -  D  (i  .e)  /  ='  0 

e  r  e  o  2 


Bracket  would  then  cancel  the  rest  of  the 
error,  and  no  error  would  result.  In  other  words, 
the  change  in  aft-end  drag,  reflected  in  the  measured 
inlet  drag  increments  when  changing  from  reference 
to  real  inlet  conditions,  would  represent  real  aft- 
end  characteristics  and  would  exactly  cancel  the 
errors  which  occur  in  the  aft-end  tests  with  the 
capped  inlet. 

Obviously  in  practice  the  reference  exhaust 
system  conditions  must  differ  from  the  real  condi¬ 
tions  since  the  real  nozzle  pressure  ratio  cannot 
be  simulated  under  reference  conditions  with  a 
flow-through  duct.  However,  for  any  configuration 
for  which  there  is  reason  to  believe  that  the 
effect  of  inlet  conditions  on  aft-end  drag  is 
Insensitive  to  nozzle  pressure  ratio  (i.e.,  is 
sensitive  only  to  aft-end  geometry).  Method  H 
would  be  preferable  to  Method  I,  and  would  require 
the  following; 

1)  The  reference  back  end  geometry  should 
have  the  same  external  contours  as  the 
real  back  end  geometry. 

2)  The  inlet  drag  testing  should  be  done 
with  the  reference  aft-end  configuration 
installed  and  on  balance. 

For  most  configurations  of  practical  interest, 
the  exhaust  system  drag  characteristics  are  sensi¬ 
tive  to  the  exhaust  system  pressure  ratio.  For 
this  reason.  Method  I  is  generally  recommended  as 
the  best  way  to  minimize  the  errors  in  the  perfor¬ 
mance  build-up  resulting  from  the  influence  of 
inlet  conditions  on  the  exhaust  system  performance. 

26.4.2.3  Operating  Reference  Exhaust 
System  Conditions 

The  use  of  a  set  of  operating  reference  exhaust 
system  conditions  as  recommended  here  is  closely 
tied  to  the  recommendations  of  Section  2h.4.2.2. 

The  use  of  Method  I  would  allow  the  reference 
exhaust  system  geometry  to  deviate  s 1 gnl f  leant  1 y 
from  the  real  geometry  for  the  sake  ot  overall 
system  accuracy.  (Even  It  the  reference  exhaust 
system  geometry  corresponded  to  the  real  gei>metry, 
reference  exhaust  system  pressure  ratios  would,  in 
general,  have  to  be  unreal ist Ital 1 y  low.)  Thus,  if 


the  airplane  drag  polar  were  defined  to  correspond 
to  reference  exhaust  system  conditions,  meaningful 
comparisons  between  predicted  and  flight  test  drag 
polars  would  be  difficult  to  make.  Comparisons  of 
drag  polars  of  two  competing  airplane  configurations 
would  be  equally  difficult  to  make. 

The  concept  of  operating  reference  conditions 
provides  a  way  to  correct  the  drag  polar  to  realistic 
exhaust  system  conditions.  At  each  external  flow 
Mach  number  the  operating  reference  conditions 
would  be  selected  to  correspond  to  a  specific 
throttle  setting  for  the  real  airplane. 

The  use  of  these  operating  reference  conditions 
does  not  require  any  additional  testing  or  modified 
test  techniques  relative  to  conventional  performance 
integration  schemes.  This  fact  is  Illustrated  in 
Figure  26.4.2-14,  which  shows  how  the  results  of 
the  same  exhaust  system  performance  test  would  be 
analyzed  both  in  a  conventional  performance  integra¬ 
tion  scheme  and  in  the  proposed  scheme.  The  curve 
labeled  **real  exhaust  system  conditions"  gives  the 
measured  external  force  corresponding  to  the  full 
range  of  engine  power  settings.  It  is  typically 
obtained  by  cross-plotting  the  results  of  tests 
with  several  exhaust  system  geometries,  each  tested 
over  a  range  of  pressure  ratios.  The  resulting 
curve  thus  includes  the  effects  of  changes  of  both 
nozzle  geometry  and  pressure  ratio  associated  with 
throttle  changes.  This  curve  is  also  based  on  the 
use  of  a  static-thrust  measurement  in  isolating  the 
"external  force"  from  the  thrust-minus-drag  balance 
mea surement. 

The  exhaust  system  drag  increment  ADgxH.  SYS,* 
as  defined  here,  is  independent  of  throttle  setting. 
All  throttle-dependent  effects,  as  in  a  conventional 
system,  would  still  be  reflected  in  a  net  thrust 
penalty,  SYS  * 

It  shouia  6e‘ nof ed  that  lift  increments  would 
be  handled  much  like  drag  increments  in  the  proposed 
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Figure  26  4.2  14.  Two  Ways  to  Analyze  Exhaust  System 
Performance  Data 
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system.  At  each  airplane  angle  of  attack  any  lift 
increment  associated  with  changing  from  reference 
to  operating  refeience  exhaust  system  conditions 
would  be  added  to  the  corresponding  lift  measured 
with  the  reference  aerodynamic  drag  model.  In  this 
way,  at  each  test  Mach  number,  the  entire  airplane 
drag  polar  can  be  constructed  to  correspond  to 
baseline  cond i t ions . 

26.4,2.4  Determination  of  Exhaust  System 
’'External  Forces" 

The  element  performance  integration  system 
recommended  here  does  not  explicitly  deal  with 
nozzle  internal  performance  under  the  influence  of 
the  external  flow  field  of  the  airplane.  The 
increment  between  static  and  "wlnd-on"  gross  thrust 
is  neither  easily  measured  nor  necessary  for  an 
accurate  airplane  performance  build-up.  The  ap¬ 
proach  recommended  here  automatically  leaves  this 
increment  in  the  exhaust  system  "external  force." 

The  resulting  wind  tunnel  drag  polars  will  be 
consistent  with  conventional  flight  test  drag 
polars,  which  also  include  this  increment. 

When  simulating  real  exhaust  system  operation 
in  a  blowing  test,  the  approacli  recommended  here  is 
to  subtract  the  thrust  corresponding  to  the  static 
performance  of  the  same  model  (at  the  same  pressure 
ratio)  from  the  balance  reading  to  determine  the 
external  force  on  the  model. 

Figure  26.4,2-15  illustrates  how  this  leads  to 
an  accurate  accounting  of  all  forces  on  the  air¬ 
plane.  The  upper  left  box  of  the  figure  illustrates 
a  conventional  determination  of  the  external  force 
Dext  ref  '^hen  reference  conditions  are  being  simu¬ 
lated.  Here  represents  the  total  gross  thrust 

of  the  reference  nozzles  and  Dg^g£,  the  drag  of  the 


base  area  introduced  in  accordance  with  the  recom¬ 
mendations  of  Section  26.4.2.2.  however, 

includes  the  effects  of  the  external  flow.  When 
the  jet  tlow  is  supersonic,  the  reference  nozzle 
internal  performance  is  usually  insensitive  to 
external  i  low  and  a  stai  ii.'  thrust  measurement  will 


subsonic,  however,  the  nozzles  will  be  unchoked  and 
other  methods  (e.g.,  a  static  tiirust  measurement 
corrected  by  the  ratio  of  wind-on  to  static  dis¬ 
charge  coef f icients)  will  be  required  to  determine 
^REF*  nomenclature  for  the  drag  components 

identified  in  Figure  26.4.2-15  is  the  same  as  that 
used  in  Section  26.4.2.2.) 

The  upper  right  box  in  Figure  26.4.2-15  illus¬ 
trates  the  determination  of  the  external  force 
^EXT  RE\L  real  exhaust  ?-vstem  operation  accord¬ 
ing  to  Oe  procedures  recommended.  Here  F-  ,  and 
<^TATTr  *^^^P^®sent  the  total  gross  thrust  of 
the  real  exhaust  systems  under  wind-on  and  static 
cond it  ions ,  respec lively. 

Although  the  internal  performance  of  the  model 
exhaust  systems  will,  in  general,  not  represent  the 
performance  of  the  real  full-scale  nozzles,  the 
difference  between  ^  and  should 

produce  the  correct  increment  corresponding  to  the 
real  nozzles.  This  occurs  because  the  parts  of  the 
real  nozzles  affected  by  the  external  flow,  i.e., 
plug  surfaces  extending  beyond  the  nozzle  exit 
planes,  will  in  general  be  quire  accurately  repre¬ 
sented  on  the  model. 

Equation  (-7)  in  the  figure  shows  the  formation 
of  the  total  exhaust  system  force  increment  by 
subtracting  Dext  RE/\L  Dext  RFF*  Equation 

(-8)  restates  the  total  engine  net  thrust  defined 
in  Section  26.4.2.1c  in  terms  of  F  -  STATIf 
^RAM*  total  ram  drag  on  Che  engine  streamtubes. 
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Equation  (-9)  is  the  result  of  adding  equations 
(-7)  and  (-8)  to  obtain  three  of  the  five  terms 
required  for  the  fundamental  force  equation,  equa¬ 
tion  (-1).  What  results  is  the  true  total  net 
thrust  of  the  engines  operating  in  the  real  airplane 
flow  field,  plus  the  force  increment  required  to 
bridge  the  gap  between  the  real  exhaust  system  drag 
and  the  reference  exhaust  svstem  drag  that  is 
reflected  in  The  key  here  is  that  both  the 

engine  manufacturer  and  the  airframe  contractor  are 
measuring  thrust  under  identical  static  conditions, 
for  which  it  is  most  easily  done. 

A  potential  problem  can  arise  with  this  proce¬ 
dure  when  the  airplane  configuration  involves 
closely  spaced  nozzles,  particularly  plug  nozzles. 
The  nozzles  may  be  interfering  with  one  another 
under  static  conditions,  producing  different  static 
thrusts  than  if  they  were  tested  isolated.  Yet, 
full  scale  rig  or  altitude  chamber  thrust  measure¬ 
ments  would  normally  be  done  with  a  single,  isolated 
engine.  Thus,  drag  (external  force)  estimates  from 
model  tests  and  from  flight  tests  would  still  not 
be  directly  comparable. 

When  this  is  felt  to  be  a  potential  problem  for 
a  specific  conf Iguratlon,  there  are  two  approaches 
which  can  be  taken.  First,  the  blowing  model  can 
be  designed  so  that  it  is  possible  to  blow  one 
nozzle  at  a  time,  with  the  others  plugged. 

The  other,  less  desirable,  approach  is  to 
build  another  model  to  the  same  scale  with  a  single 
nozzle  and  none  of  the  upstream  airplane  details  of 
the  original  blowing  model  reproduced.  The  isolated 
nozzle  model  would  then  be  tested  only  statically 
to  determine  the  static  performance  of  the  nozzles 
on  the  regular  blowing  model.  Any  discrepancies 
between  the  static  model  internal  performance  and 
the  (wind  tunnel)  blowing  model  internal  performance 
would,  of  course,  become  errors  in  the  overall 
performance  build-up  of  the  airplane  system. 

A  key  consequence  of  the  procedures  recommended 
here  is  that  the  airplane  drag  polar  includes  the 
gross  thrust  increment  between  static  and  wlnd-on 
operation  for  the  operating  reference  conditions. 
This,  plus  the  operating  reference  concept,  means, 
for  example,  that  if  two  different  candidate  nozzle 
designs  are  being  considered  for  a  given  airplane 
then  two  different  airplane  drag  polars  must  be 
considered  as  well.  This  merely  reflects  a  feeling 
chat  it  is  altogether  proper  for  the  drag  polar  to 
reflect  the  interactions  between  the  airplane  flow 
field  and  the  exhaust  system  flow  fields. 

26.4.2.5  External  Metric  Breaks 

The  recommendation  has  been  made  here  that 
inlet  and  exhaust  system  force  measurements  be  made 
with  as  much  of  the  airplane  model  on  balance  as 
possible,  instead  of  using  metric  breaks  to  isolate 
parts  of  the  external  surfaces  on  the  balance. 

This  recommendation  is  based  on  several  considera- 
t ions . 

First,  particularly  at  subsonic  conditions, 
the  regions  influenced  by  changes  in,  say,  exhaust 
system  conditions  for  a  burled  engine  configuration 
can  be  so  extensive  that  a  major  portion  of  the 
airplane  model  would  have  to  be  metric  anyway  to 
determine  accurately  the  total  force  increment 
resulting  from  the  changes.  In  general,  isolating 
smaller  parts  of  the  airplane  on  balance  to  measure 
inlet  or  exhaust  system  force  increments  represents 
a  dangerous  gamble,  unless  costly  preliminary 
testing  is  done  with  a  pressure  model  to  verify  the 
adequacy  of  the  metric  break  location. 

The  use  of  a  metric  break  to  isolate  the 
smallest  acceptable  piece  of  the  model  on  balance 
often  appears,  in  principle,  to  offer  an  advantage 


in  accuracy.  Since  smaller  balances  can  be  used, 
the  balance  accuracy  in  absolute  terms  should  be 
better.  However,  if  the  metric  break  involves  a 
significant  projected  area  in  the  flight  direction, 
internal  cavity  pressures  produce  an  Important  tare 
force.  The  balance  must  be  sized  for  this  force, 
reducing  the  potential  payoff.  The  tare  must  be 
measured  independently  and  subtracted  from  the 
balance  reading.  Experience  has  shown  that  the 
limitations  In  the  accuracy  with  which  this  tare 
force  can  be  determined  usually  destroy  the  poten¬ 
tial  improvement  in  the  drag  accuracy  inherent  in 
the  smaller  balance. 

2. 6. 4. 2. 6  Element  Performance  Visibility 

Three  objectives  related  to  element  visibility 
have  been  identified: 

1)  Compare  element  performance  of  competing 
airplane  configurations.  This  is  often 
attempted  in  the  preliminary  design 
period  of  an  airplane  development  program. 

2)  Identify  the  source  of  drag  problems  on  a 
given  configuration.  Thus,  for  example, 
one  may  attempt  to  determine  whether  a 
given  exhaust  system  installation  is 
"good*’  or  ’’bad*'  from  a  drag  standpoint. 

3)  Trace  element  performance  evolution  with 
time. 

The  impact  of  performance  integration  methods 
on  the  ability  to  achieve  these  objectives  will  be 
discussed  below. 

Most  of  the  element  performance  integration 
systems  in  use  in  the  industry  today  follow  the 
general  procedures  schematically  illustrated  in 
Figure  26,4.2-3.  Usually,  the  airplane  drag  polar 
is  defined  to  be  that  corresponding  to  the  reference 
configuration  of  the  flow-through  duct  reference 
aerodynamic  drag  model.  The  entire  exhaust  system 
force  increment  obtained  with  the  blowing  model, 
being  throttle-dependent,  is  charged  to  the  engine 
net  thrust. 

The  reference  exhaust  system  configuration  is 
often  modified  relative  to  the  real  geometry  In 
order  to  avoid  separation,  as  suggested  in  Section 
26.4,2.2,  or  to  accommodate  a  support  sting. 

The  amount  of  configuration  tailoring  required 
to  avoid  separation  will  vary  considerably  for 
different  types  of  airplane  configurations.  The 
amount  of  tailoring  of  the  reference  configuration, 
however,  has  a  major  impact  on  the  split  between 
the  airplane  drag  and  the  exhaust  system  force 
increment  with  a  conventional  performance  Integra¬ 
tion  system. 

It  is  nevertheless  possible  to  salvage  a 
modicum  of  element  visibility,  for  purposes  of 
comparison  between  different  types  of  configura¬ 
tions,  by  using  the  element  performance  integration 
procedures  suggested  here. 

Since  the  operating  reference  conditions  can 
be  defined  at  or  near  the  engine  power  setting 
required  to  fly  at  a  given  point  of  the  mission, 
the  drag  polars  of  two  different  configurations  can 
be  directly  overlaid  and  compared  on  a  common 
basis.  Thus,  a  configuration  which  appears  to  have 
more  airplane  drag  than  another  (using  the  same 
engines)  on  an  acceleration  leg,  for  example,  will 
indeed  have  a  smaller  excess  thrust  margin.  This 
is  not  necessarily  true  with  conventional  perfor¬ 
mance  Integration  procedures. 

Similarly,  the  thrust  Increments,  SYS  * 

obtained  with  the  proposed  procedures  will  now  also 
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be  directly  comparable  and  will  accurately  reflect 
the  performance  increments  associated  with  changing 
the  throttle  setting,  and  nothing  more. 

It  must  be  emphasized »  however,  that  the  drag 
increments,  ADexh.  SYS.  still  cannot  be  compared 
for  two  different  configuration  types,  for  the  same 
fundamental  reasons  outlined  earlier.  The  arbitrary 
nature  of  the  selected  reference  configurations 
generally  makes  it  impossible  to  compare  the  exter¬ 
nal  performance  to  two  competing  but  different 
configurations  on  an  element-to-element  basis. 

Only  the  integrated  external  performance  of  each 
airplane  system  can  be  made  comparable. 

The  second  objective  for  element  visibility, 
the  ability  to  rate  an  exhaust  system  drag  as 
"good"  or  "bad"  can  be  met  only  by  comparing  the 
^^EXH.  SYS.  others  for  the  same  type  of  airplane 
configuration,  based  on  the  same  type  of  reference 
configuration. 

The  third  objective,  the  ability  to  trace  the 
element  performance  evolution  with  time,  can  usually 
be  accomplished.  As  long  as  the  reference  configu-* 
ration  is  fixed,  AD^xH.  SYS.  tracked  as  an 

indicator  of  the  changes  in  the  exhaust  system  drag 
in  the  drag  polar,  and  SYS  always  be 

used  to  monitor  the  throttle-dependent  drag  effects. 

It  should  be  noted  that  internal  performance 
definitions  do  not  require  the  definition  of  air¬ 
plane  reference  configurations  and  are  not  made  in 
terms  of  forces  acting  on  parts  of  a  body.  Thus, 
comparisons,  evaluation  and  tracking  can  readily  be 
accomplished  to  provide  complete  visibility  for 
internal  element  performance. 

26.4,2.7  Applicability  Over  Entire  Development 
Program 

The  element  performance  integration  techniques 
recommended  here  are  generally  applicable  over  an 
entire  airplane  development  program.  Thus,  for 
example,  with  only  minor  corrections  (discussed 
below),  the  drag  polars  generated  theoretically  in 
the  earliest  phases  of  a  program,  those  generated 
experimentally  in  wind  tunnel  programs,  and  chose 
generated  in  flight  test  programs  can  all  be  based 
on  the  same  element  performance  integration  rules 
and  thus  can  be  meaningfully  compared  with  each 
other . 

The  ability  to  compare  flight  test  drag  polars 
with  those  generated  in  a  wind  tunnel  program, 
rarely  found  in  conventional  performance  integration 
schemes,  stems  from  two  key  parts  of  the  present 
system.  First,  the  concept  of  correcting  the  drag 
polar  to  a  set  of  "operating  reference"  conditions 
eliminates  the  correspondence  of  the  wind  tunnel 
drag  polar  to  an  arbitrary  reference  configuration. 
It  should  perhaps  be  noted  that  this  approach 
assumes  a  great  deal  of  cooperation  between  aerody¬ 
namic  and  propulsion  staffs  within  an  airframe 
company,  since  part  of  the  drag  polar,  ADexh.  SYS. 
and  ADifjL*  is  to  be  generated  in  what  has  tradition¬ 
ally  been  a  propulsion  man’s  test. 

The  second  key  part  affecting  the  comparison 
of  wind  tunnel  and  flight  test  drag  polars  Is  the 
use  of  a  static  thrust  measurement  to  isolate  the 
external  force  on  a  blowing  model  simulating  real 
exhaust  system  operation.  The  increment  between 
static  and  wlnd-on  gross  thrust  is  thus  included  In 
the  wind  tunnel  drag  polar  in  exactly  the  same  way 
it  Is  conventionally  Included  in  a  flight  test  drag 
polar . 

The  only  corrections  required  in  the  present 
system  to  compare  flight  test  and  wind  tunnel 
polars  stem  from  a  desire  to  avoid  a  "floating" 
definition  of  operating  reference  conditions. 

Thus,  the  operating  reference  conditions  would  not 


be  changed  for  minor  engine  changes  at  the  throtti  - 
settings  used  to  define  operating  reference  condi¬ 
tions.  If,  for  example,  nozzle  exit  areas  were 
rescheduled  at  a  maximum-power  operating  reference 
condition,  the  operating  reference  geometry  would 
be  held  fixed  and  would  no  longer  correspond  exactly 
to  the  real  maximum-power  geometry.  Changes  in 
inlet  ramp  schedules  would  be  handled  in  the  same 
way. 

For  major  engine  changes,  on  the  other  hand, 
operating  reference  conditions  would  be  redefined. 
The  philosophy  here  would  be  that  any  engine  changes 
which  effectively  define  a  new  engine  would  justify 
a  redefinition  of  drag-polar  operating  reference 
conditions. 

26.4.3  Turbopowered  Simulator  Testing 

Considerable  effort  has  been  devoted  to  the 
understanding  of  power  plant  installation  effects 
since  the  advent  of  the  gas  turbine  engine  and  the 
consequent  encounter  with  important  drag  effects 
due  to  compressibility  (References  26.4 . 3-1 ,-2) . 

In  this  section,  the  problem  of  model  testing  using 
turbopowered  simulators  (TPS)  is  addressed.  The 
problem  of  thrust-drag  accounting  procedure  is 
described  so  that  the  thrust  and  the  installation 
drag  can  be  identified  in  an  accurate  manner  consis¬ 
tent  with  full-scale  and  drag  accounting  procedures. 
This  will  be  followed  by  a  few  comments  on  unique 
aspects  of  testing  with  turbopowered  simulators  for 
the  development  of  supersonic  aircraft. 

The  ideal  engine  simulator  for  model  testing 
would  be  a  miniature  jet  engine  capable  of  simulta¬ 
neously  xuspresenting  the  full-scale  nacelle’s 
inlet  mass  flow  and  the  exhaust  plume  pressure  and 
temperature  profiles.  For  large  models  (one-third 
scale  or  larger)  small  jet  engines  are  sometimes 
used,  but  most  model  testing  is  done  at  scales  of 
about  one-twentieth  for  which  miniature  jet  engines 
are  not  available.  The  procedure  used  to  simulate 
the  full-scale  geometry  becomes  difficult,  and  an 
improper  choice  In  modeling  technique  can  result  in 
a  procedural  bias  so  large  that  results  accurately 
representing  the  full-scale  installation  cannot  be 
obtained,  regardless  of  the  accuracy  with  which  the 
test  data  may  be  acquired.  The  turbopowered  simu¬ 
lator  has  been  in  use  as  a  testing  tool  for  the 
past  decade  (References  26,4.3-3  through  -9)  because 
of  the  aerodynamic  advantage  over  other  nacelle 
simulations  where  jet  and  inlet  effects  must  be 
modeled  simultaneously  Its  principal  disadvantage 
has  been  mechanical  cc  .plexity  and  the  consequent 
di  ficulties  with  operational  reliability  over 
purely  gas  dynamic  simulators  such  as  the  ejector 
and  blown  jet  nozzle.  In  addition,  test  techniques 
had  not  been  developed  where  reliable  results  with 
understood  accuracies  could  routinely  be  obtained. 

The  turbopowered  simulator  uses  high  pressure 
air  brought  to  the  model  through  the  support  system 
to  drive  a  turbine  which,  in  turn,  drives  a  fan  or 
compressor.  The  compressor  air  may  then  be  mixed 
with  the  turbine  exhaust  air  to  simulate  a  jet 
engine  or  the  fan  air  may  be  exhausted  separately. 
Figure  26.4.3-1  shows  a  model  of  a  high  bypass  TPS. 


Figure  26,4,3’1.  Cross  Section  View  of  a  Turbopowered  High 
Bypass  Fan  Cngine  Simulator 
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Figure  26.4.3-2.  Schematic  of  Flow.  Blown,  and  TPS  Nacelles 

Because  the  turbine  drive  air  is  brought  to  the 
model,  the  inlet  airflow  rate  will  be  less  than 
that  of  the  exhaust-  This  difference  may  not  be 
large  or  detrimental  but  the  deficit  in  inlet  flow 
must  be  accounted  for.  The  turbofan  nacelle  shown 
in  Figure  26.4.3-2  can  represent  80%  to  90%  of  the 
real  engine*s  inlet  flow.  The  pressure  ratio  of 
the  fan  and  core  flow  jets  can  be  simulated  as  well 
as  the  fan  flow  temperature,  but  the  core  flow 
temperature  cannot  be  duplicated.  This  may  not  be 
too  serious  if  there  is  a  weak  dependence  of  jet 
and  freestream  flow  characteristics  on  temperature 
effects  (Reference  26.4.3-10).  Lee  (Reference 
26.4.3-11)  notes  that  besides  the  jet  pressure 
ratio,  the  specific  heat  ratio  rather  than  the 
temperature  plays  a  role  in  the  modelling  of  the 
jet/air  frame  flow  field.  Thus  the  TPS  nacelle 
currently  provides  the  best  simulation  technique 
where  coupling  between  the  inlet  and  exhaust  flow 
field  may  occur  and  where  air  displaced  by  the 
fully  blown  nacelle  (Figure  26.4.3-2)  affects 
installation  drag. 

Although  many  specialized  test  techniques  are 
involved  in  testing  with  turbopowered  engine  simu¬ 
lators,  a  consistent  element  performance  integration 
system  is  still  required  to:  (1)  separate  internal 
and  external  forces;  and  (2)  split  the  external 
force  into  an  airframe  system  drag,  reflected  in 
the  drag  polar,  and  an  installation  loss,  charged 
against  engine  net  thrust.  The  procedures  recom¬ 
mended  in  Section  26.4.2  for  accomplishing  these 
Casks  are,  in  general,  directly  applicable  to  the 
case  of  turbopowered  simulators  and  offer  the  same 
advantages  discussed  in  connection  with  flow- 
nacelle/blown-model  simulation. 

Thus,  the  internal  force  for  a  model  with  a 
turbopowered  simulator  would  be  defined  as  the  dif¬ 
ference  between  nozzle  gross  thrust,  based  on 
velocity  coefficient,  and  the  ram  drag  of  the 
streamCube  captured  by  the  simulator.  This  defini¬ 
tion  is  convenient  to  use  for  simulator  testing  for 
the  same  reasons  that  the  analogous  engine  net 
thrust  definition  is  convenient  for  a  flight  test 
program. 

The  external  force  would  then  be  defined  as 
the  difference  between  the  measured  thrust-minus- 
drag  and  the  internal  force.  (The  assumption  here 
is  that  any  forces  associated  with  externally 
supplied  turbine  drive  air  or  with  bleed  air  removed 
from  the  model  would  be  calibrated  out  of  the 
thrust-minus-drag  measurement.) 

As  a  result  of  these  definitions: 

1)  Additive  drag  on  the  simulator  capture 
streamtube  is  Included  in  the  external 
force . 

2)  If  an  inlet  bleed  or  bypass  system  is 
operating,  Che  associated  drag  is  included 
in  the  external  force. 

3)  If  the  external  flow  Influences  the  flow 
of  the  exhaust  streamtube  over  nozzle 
surfaces,  such  as  over  a  plug,  the  result¬ 
ing  force  increments  are  by  definition 
part  of  the  external  force. 


These  definitions,  as  in  the  case  of  flow- 
nacelle/  blown-model  testing,  lead  to  external 
force  numbers  which  can  easily  be  combined  with  the 
engine  company’s  net  thrust  predictions  to  yield  a 
consistent  prediction  for  overall  system  thrust- 
minus-drag.  Furthermore,  the  use  of  the  realistic 
operating  reference  drag  polar  conditions  discussed 
above  would  be  equally  applicable  to  a  turbopowered 
simulator  program.  As  before,  drag  polars  could 
then  be  defined  on  a  consistent  basis  throughout  an 
entire  development  program. 

In  a  typical  application,  the  turbopowered 
simulator  model  would  be  used  to  supplement  flow- 
nacelle  testing.  In  this  case  the  simulator  model 
would  replace  the  conventional  inlet  drag  and  ex¬ 
haust  system  drag  models.  The  selection  of  the 
reference  conditions  used  to  relate  the  simulator 
testing  and  the  flow-nacelle  testing  would  involve 
considerations  of  the  operating  characteristics  of 
the  simulator.  Specif ically ,  two  inlet  models  or 
flow  nacelles  (Figure  26,4.3-2)  are  required  to 
establish  the  force  increments  involved  between  the 
inlets  of  the  TPS  model  and  the  real  engine  with 
its  larger  inlet  mass  flow.  This  Increment  is 
usually  obtained  at  common  values  of  the  inlet 
velocity  ratio.  Typically,  the  exit  area  of  the 
flow-through  nacelle  is  enlarged  to  pass  the  proper 
inlet  flow  and  then  reduced  by  a  plug  to  reproduce 
the  turbopowered  nacelle  flow.  Thus,  aft  end  flow 
condition  and  geometry  changes  are  introduced  along 
with  the  intended  inlet  flow  condition  changes. 

While  the  aft  end  geometry  and  flow  conditions 
of  flow-through  models  can  be  reproduced  in  a  blown 
model  (but  rarely  are),  the  large  exit  area,  high 
through-flow  and  low  nozzle-pressure  ratio  cannot 
be  reproduced  in  a  turbopowered  model  without 
extensive  internal  changes  which  have  not  been 
attempted  to  date.  In  practice,  turbopowered  and 
blown  nacelle  data  are  corrected  for  inlet  effects 
using  flow-through  models  which  differ  in  exhaust 
geometry.  This  leaves  a  gap  in  the  performance 
buildup.  The  gap  is  bridged  by  making  an  assumption 
that  the  exhaust  system  drag  does  not  vary  with 
geometry  for  the  flow-through  models. 

Thrust  Determination  for  Turbopowered  Nacelles 

The  best  calibration  method  used  for  the 
determination  of  thrust  consists  of  -determining  the 
engine  nozzle  velocity  coefficient  (Reference 
26,2.2-2).  For  pure  turbojets  or  engines  with  a 
single  nozzle,  a  single  velocity  coefficient  is 
appropriate.  For  fan  engines  with  separate  nozzles 
for  the  primary  and  fan  airstream  two  velocity 
coefficients  are  required.  The  air  mass  flow  rate 
for  the  primary  stream  is  easily  measured  using 
appropriate  instrumentation  in  the  model  air 
supply  line.  The  fan  or  inlet  flow  rate  must  be 
determined  either  by  static  pressure  calibration  of 
the  inlet  or,  if  possible,  as  in  the  case  of  the 
high  bypass  turbofan,  by  the  use  of  a  nozzle  dis¬ 
charge  coefficient.  All  of  these  nozzle  coeffi¬ 
cients  should  be  determined  as  functions  of  the 
nozzle  pressure  ratio  in  the  range  where  it  is 
going  to  be  used  in  the  wind  tunnel.  Using  the 
separate  flow  high  bypass  turbofan  TPS  as  an 
example,  the  net  thrust  is  obtained  from*. 


''n  '  r  Sf  ”if'^vf  ^  r  «AP  ''ip 


(26,4.3-1) 


«  fan  and  primary  velocity  coefficients 


where: 

r  r 
^VF’  VP 
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VjF*  Vjp  *  ideal  velocities  of  the  fan  and  pri¬ 
mary  nozzle  based  on  convergent- 
divergent  theory  and  nozzle  charging 
conditions  (Sta.  8) 

WjF  *  ideal  weight  flow  of  the  fan  nozzle 

based  on  nozzle  charging  station  con¬ 
ditions  and  throat  area  of  nozzle 

Cjjp  =  fan  nozzle  discharge  coefficient 

=  measured  primary  weight  flow 

=>  freestream  velocity 

g  =  gravitational  acceleration 

A  simple  and  accurate  thrust  calculation  proce¬ 
dure  requires  an  accurate  calibration  facility.  The 
nozzle  coefficients  as  well  as  the  relationship 
between  real  and  measured  thermodynamic  pressures  and 
temperatures  are  best  determined  using  a  flight  simu¬ 
lation  chamber  (FSC)  with  an  internal  balance  which 
is  not  unlike  that  in  use  or  being  developed  for 
testing  of  full-scale  engines  (Reference  26.4.3-12). 

Calibration 


The  static  calibration  is  carried  out  to  relate 
TPS  instrumentation  system  readings  to  measurements 
of  thrust  and  weight  flows,  using  the  following  defi¬ 
nition  of  nozzle  coefficients: 

F  -  F 

Cpp  =  — r -  ;  fan  gross  thrust  coefficient 

GFI  (26.4.3-2) 


^nr  *  — tj -  *  discharge  coefficient 

IF  (26.4.3-3) 


Ctjp  *  fan  velocity  coefficient 

"  (26.4.3-4) 

where 

Fgp=  W^p  X  Cyp  Vpj/g  is  the  primary  thrust  and 
Cyp  is  the  indendently  determined  primary  nozzle 
velocity  coefficient.  Fct*  ^At*  ^AP 
measured  total  thrust,  total  air  weight  flow 
rate,  and  primary  nozzle  weight  flow  rate. 

^GFI  ideal  value  of  fan  gross  thrust. 

Nozzle  coefficients,  used  to  relate  the  indica¬ 
tion  system  readings  and  calculated  net  thrust, 
must  reflect  any  changes  in  bias  of  the  indicating 
system  resulting  from  power  setting  or  Mach  number 
(see  Section  26.6).  This  necessitates  using  nozzle 
coefficient  levels  that  depend  on  power  setting  as 
well  as  nozzle  pressure  ratio. 

Inlet/Exhaust  Interact  ions 

Engines  with  high  nv'erage  exhaust  temperatures 
can  be  better  simulated  in  terms  of  inlet  and 
exhaust  geometry,  inlet  flow,  and  exliaust  pressure 
ratio  than  the  turbofan.  The  following  discussion 
pertains  to  simulation  of  such  engines  wlUcl^,  in 
contrast  to  high  bypass  turbofans,  usually  require 
the  capability  for  multimode  operation.  For  such 
engines  then,  the  TPS  will  be  shown  to  have  a 
unique  capability  for  identifying  the  existence  of 
inlet  exliausl  interactions. 

Figure  26.4,  i-i  illustrates  the  resulting 
determinal ion  of  installation  loss  drag  with  a 


Figure  26.4.3-3.  Determination  of  "Installation  Losses"  with  a 
Turbopowered  Simulation 


turbopowered  simulator  model.  The  simulator  model 
would  first  be  used  to  reproduce  the  reference 
inlet  and  nozzle  conditions  of  the  flow-through 
nacelle  model.  If  the  mounting  systems  are  different 
for  the  two  models,  the  absolute  level  of  external 
forces  may  not  agree.  The  level  obtained  with  the 
simulator  representing  flow-through  nacelle  condi¬ 
tions  provides  a  zero  point  from  which  to  take 
external  force  increments  when  real  engine  operation 
is  simulated.  The  resulting  increments  may  then  be 
divided,  as  shown,  into  the  installation  loss  drags 
charged  to  engine  net  thrust  and  a  drag  polar 
increment  used  with  the  flow-through  nacelle  results 
to  obtain  the  airplane  drag  polar. 

If  a  simulator  model  were  used  in  this  way  to 
simulate  only  real  engine  operation,  much  of  its 
value  as  a  diagnostic  tool  could  be  lost.  In  this 
kind  of  test  the  inlet  drag  increments,  exhaust 
system  drag  increments,  and  any  interactions  between 
them  would  all  be  measured  simultaneously.  The 
simulator  could  also  be  used,  however,  to  separate 
these  effects,  as  described  below. 

For  a  high  thrust-to-weight  airplane  designed 
to  cruise  subsonically  at  a  power  setting  well 
below  military  power,  the  powered  simulator  may  be 
used  to  check  for  interactions  between  the  inlet 
flow  field  involving  high  spillage  rates  and  the 
exhaust  plume  effects  at  relatively  low  nozzle 
pressure  ratios. 

Instead  of  only  simulating  real  engine  opera¬ 
tion  the  simulator  would  explore  the  effects  of 
independent  variations  of  inlet  and  nozzle  condi¬ 
tions,  within  its  capabilities.  The  variation  of 
external  force  with  nozzle  pressure  ratio  could 
then  be  obtained  at  several  inlet  mass  flow  ratios, 
as  shown  in  Flgvire  26,4.3-4.  T\^e  "engine  operating 
line"  represents  those  combinations  of  inlet  and 
nozzle  conditions  obtained  bv  the  real  engine  and 
corresponds  to  curve  in  Figure  26.4.3-3. 

In  the  absence  of  any  inlet  and  nozzle  inter¬ 
action  effects,  all  of  the  f orce-versus-nozzle- 
pressure-rat io  curves  for  the  given  constant  values 
of  inlet  mass  flow  ratio  would  be  parallel  to  eacli 
other,  displaced  vertically  with  respect  to  each 
other . 
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Figure  26.4.3-4.  Inlet/Exhaust-System  Interaction  Effects 

The  lines  of  constant  nozzle  prossuro  ratio 
can  be  used  as  shown  to  obtain  the  inlet  spillage 
drag  increments.  In  the  absence  of  an  interaction, 
the  resulting  spillage  drag  curve  would  be  indepen¬ 
dent  of  tlie  no7.7.\e  pressure  ratio  to  which  it 
corresponds . 

Figure  26.4.3-4  illustrates  the  case  of  an 
unfavorable  interaction  between  inlet  and  nozzle 
flow  fields.  At  the  high  spillage  rate  associated 
with  inlet  mass  flow  ratio  MFRj^ ,  the  drag  penalty 
resulting  from  reducing  nozzle  pressure  ratio  is 
much  greater  than  at  the  higher  mass  flow  ratios. 
Conversely,  the  cross-plotted  spillage  drag  curves 
show  a  larger  increment  for  operating  at  MFRi  at 
low  pressure  ratios  than  at  high  pressure  ratios. 
Thus,  if  the  intersection  of  the  engine  operating 
line  witli  the  MFR^  lino  represented  a  cruise  power 
setting,  the  simulator  data  could  be  used  to  show 
that  an  unfavorable  inlet-nozzle  interaction  was 
penalizing  cruist-  perforfnan<e  and  to  estimate  the 
magnitude  of  tlio  penalty.  (Other  information, 
however,  such  as  static  pressure  d  istr  ihtit  ions, 
boundary  layer  measurements,  and  flow  I ieUl  visuali¬ 
zation  results,  would  likely  be  required  to  deter¬ 
mine  the  exac’t  physical  mechanism  responsible  for 
the  interac t ion . ) 

The  absence  of  such  interact  ions ,  of  course, 
is  the  undE^rlying  assumption  on  which  flow-nacelle/ 
blown-model  test  procedures  arc  based,  klien  such 
interactions  exist,  tlie  use  of  Methods  I  or  I  I 
recommended  here  will  help  minimize,  but  not  elimi¬ 
nate,  the  associated  error.  Only  with  the  capabil¬ 
ity  for  indt-penflent  inlet  and  nozzle  flow  variati»>ns, 
inherent  in  the  turbopowered  simulator,  can  this 
£*rror  be,  first,  evaluated  and,  sei’undly,  e  I  ini  in.ited . 

26.4.4  Concluding  Remarks 

The  need  for  an  element  performance  integration 
system  in  an  alrplant'  development  program  arises 
largely  from  the  inability  to  determine  the  perfor¬ 
mance  of  tlie  <omplete  airplane  system  in  a  single 
test  or  comput at  ion. 

Three  criteria  are  used  to  Judge  Die  effective¬ 
ness  of  a  performance  integration  system.  First, 
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and  most  important,  is  llu'  requirement  for  ai luracy 
in  predicting  the  overall  thrust -minus-drag  perform¬ 
ance  of  an  airplane  system.  Secondly,  tlie  perlorm- 
ance  integration  proi’edures  should  at  lord  as  much 
visibility  as  leasible  to  tlie  ]ut1  orir.aiu:e  ol  tlie 
individual  elements  of  the  airplane  system.  Finally, 
tlie  element  perl  ormani-e  integration  system  should 
be  appl  iiable  throughout  an  entire  airplane  develop¬ 
ment  program. 

the  approach  reiommended  liere  is  based  on  the 
premise  that  tlie  reference  propulsion  system  condi¬ 
tions  (inlet  mass  I  low  ratti-  and  geometry  and 
exhaiisl  system  prt*ssure  ratio  and  geometry)  of  tlie 
1  low-t  IiriTugii  wind  tunnel  nn.'dels  used  tor  the  general 
aerodyiiiim U‘  drag  testing  should  be  selected  solely 
on  the  basis  of  overall  experimental  ai-curacy. 

Thus,  small  (often  unrealistic)  aft-end  bottail 
angles  are  re<ommended  fiir  the  reference  exhaust 
system  cont  igurat  ion  to  minimize  the  probability  of 
aft-end  flow  separation.  The  objective  here  is  to 
obtain  relerence  flow  conditions  wliiih  can  be 
precisely  reproduced  in  an  exliaust  system  blowing 
lest  with  faired-(TVer,  plugged  inlets. 

A  const.queiu'e  t>l  liie  above  j>riu  edure  is  that 
tlie  wind  tunnel  drag  polar  correspond  ing  to  refer¬ 
ence  exhaust  system  conditions  nay  differ  consider¬ 
ably  from  that  associalotl  with  any  realistic  exliaust 
system  operating  conditions.  However,  It  is  also 
recommended  that  part  of  tlie  drag  increments  measured 
in  the  blowing  tests  be  used  to  ci’rret  t  the  wind 
tunnel  drag  polar  to  a  realistic  exhaust  system 
geometry  and  oressure  ratio.  This  geometry  and 
pressure  ratio  combination  would  corri-spond  to  a 
specified  engine  throttle  selling.  All  remaining* 
drag  increments  due  to  (iirottle  setting  changes 
relative  to  tlie  baseline  cc'ndilions  would  be  charged 
to  engine  net  thrust,  not  affeiting  the  drag  polar. 
This  approach  tloes  not  require  add  it  ii>nal  testing 
relative  to  conventional  performance  integration 
schemes. 

Tlie  use  of  a  static  thrust  measurement  to 
define  the  internal  force  and  tiierehy  isolate  the 
external  force  on  a  blowing  model,  wlien  real  exhaust 
system  operation  is  being  simulatt.*d,  is  also 
recommended . 

It  is  also  suggested  that  the  element  perform¬ 
ance  integration  system  not  deal  with  the  absolute 
force  act ing  on  any  arbitrari-y  specified  (metric) 
section  of  the  external  surfavos. 

rile  approach  recommended  here  satisfies  all 
the  previously  described  criteria  for  evaluating 
element  performance  integration  systems.  U  allows 
for  an  accurate  evaluation  <>l  airplant*  system 
perf ormanci* ,  <.*nsuring  that  all  force  components 
acting  on  an  airplane  are  counted  only  once  in  t  fie 
overal 1  I hrust -minus-drag  bu  i  1 J-up . 

Meaningful  e 1 oment -to-c 1  emeu t  perf ormance 
comparisons  between  airplanes  <if  different  types 
are  generally  not  physically  possible  (except  for 
internal  performance  paramett'i  s)  .  However,  using 
the  concept  of  reference  exhaust  svstem  conditions, 
the  techniques  recommended  lure  will  produce  air¬ 
plane  drag  polars  with  which  meaningful  lomparisons 
cEin  be  made  between  competing  airplane 
igurat  ions. 

The  use  of  sialic  thrust  measuri'inenl  s  to 
isolate  the  external  lorci'  on  lilewing  models, 
combined  with  tlie  use  of  exhaust  svstim  v’onditions, 
renders  the  recomm*.‘nded  l  eclin  icjui-s  applicablt^  over 
an  entire  airplane  <levelopmenl  program.  ITms,  drag 
polar  pr<'d  i«t  ions  h,ise<l  i>n  lln-i.'ret  ica)  r  j  ]  cul  at  ions , 
wind  tunnel  mE^'asureRiint  s,  flight  test  result^., 
mav  all  he  ileveloped  and  compared  on  a  common 
has i s . 

The  t urbop(>we red  Kimulattir  gives  the  best 
measure  of  propulsiiin  svstem  eljei  ts  on  drag  tiial 
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may  be  obtained  for  aircraft  using  turbojets  or 
turbofans.  The  flow  field  modeling  is  accurate 
when  corrected  for  the  scale  deficit,  as  long  as 
the  flow  fields  are  attached  on  model  and  full 
scale  aircraft.  For  turbofans,  a  compromise  must 
be  accepted  either  in  terms  of  inlet  mass  flow  or 
in  exhaust  nozzle  pressure  ratio  because  of  the 
airflow  supplied  through  the  model  support.  For 
turbojet  simulators,  part  of  this  simulator  drive 
air  may  have  to  be  returned  through  the  model 
support.  In  comparison  to  models  that  use  blown 
nozzles  with  faired-over  inlets,  the  force  incre¬ 
ments  necessary  to  determine  thrust  and  drag  are 
usually  smaller  with  the  result  that  decreased 
dependence  on  the  validity  of  force  superposition 
is  realized. 

26.6  PERFORMANCE  VERIFICATION 

26.5.1  Introduction 

Engine  performance  verification  is  needed^  1) 
to  validate  Che  engineering  estimates  and  guarantees 
made  during  the  engine  design  and  development  phase 
and,  2)  to  identify  the  absolute  in-flight  thrust 
levels  to  assist  in  the  determination  of  airplane 
drag.  Validation  is  particularly  important  as 
airframe  manufacturers  turn  toward  comprehensive 
airplane  guarantees . 

Comprehensive  airplane  guarantees  usually 
require  the  airframe  manufacturer  to  guarantee 
airplane  drag  and  engine  specific  fuel  consumption 
as  well  as  fuel  mileage.  As  a  result  of  this  type 
of  guarantee,  the  airframe  and  engine  manufacturer 
must  jointly  conduct  analyses  and  tests  to  determine 
the  installed  engine  performance  on  the  airplane  in 
flight  and  correlate  this  performance  with  "referee" 
engine  performance  under  guarantee  conditions, 

26.5.2  Performance  Verification  Methodology 

In  its  simplest  form,  engine  performance 
verification  is  accomplished  as  shown  in  the  flow 
chart  of  Figure  26.5.2-1.  Engine  performance 
requirements  are  identified  as  a  result  of  airplane 
performance  requirements  over  the  flight  envelope. 

A  number  of  critical  points  are  selected  at  which 
thrust  or  specific  fuel  consumption  or  both  are  to 
be  guaranteed.  Guarantee  conditions  are  further 
specified  to  include  installation  (inlet  and  exhaust 
system)  losses  incurred  with  a  defined  set  of 
"referee"  hardware  and  with  specified  bleed  and 


Figure  26.5.2-1.  Considerations  Impacting  Engine  Performance  V 
Verification  Procedure 


power  extraction.  Measurements  and  calculations 
which  define  thrust  are  selected  and  the  demonstra¬ 
tion  method  (static,  altitude  facility,  flight)  is 
agreed  upon, 

26.5.2.1  Thrust  Definition 

Engine  thrust  may  be  measured  in  several  ways. 
Gross  thrust  is  measured  directly  as  a  restraining 
force  on  the  engine  in  a  static  thrust  stand  as 
shown  and  described  in  Section  26.5.3.  In  a  direct- 
connect  altitude  facility,  thrust  is  obtained 
partly  from  pressure  and  flow  measurements  to 
define  the  inlet  momentum.  In  flight,  thrust  Is 
calculated  from  pressure  and  temperature  measure¬ 
ments  made  in  the  exhaust  system,  from  inlet  and 
exhaust  system  airflow  rates,  and  from  flight 
velocity.  Figure  26.5.2-2. 

The  installation  force  increments  associated 
with  inlet  and  aftbody/exhaust,  which  are  necessary 
for  the  determination  of  drag,  are  rarely  determined 
in  flight  tests  and  are  thus  handled  as  adjustments 
from  subscale  tests,  assuming  that  analytic  scale 
adjustments  are  valid. 

There  are  two  common  ways  of  establishing  net 
thrust  of  an  engine  from  calibrations.  It  can  be 
obtained  by  the  so-called  "brochure"  method  or  the 
"gas  generator"  method. 

The  brochure  method  is  a  simple  correlation  of 
thrust  to  the  measurements  made  in  flight.  For 
example,  ram  pressure  ratio  and  engine  shaft  speed 
may  be  used  to  develop  nondimensional  thrust  and 
mass  flow  functions  such  as 

Thrust  function  = 


Mass  Flow  Function  * 


Here  the  corrected  shaft  speed  N/*  ■>_  is  re¬ 
lated  to  engine  pressure  ratio,  EPR  =  Pr  7/ Pr? 
and  corrected  fuel  flow  rate  ®  ’^f  /  (Pt  2' ^  t  ^  •  ^haft 
speed,  EPR,  and  fuel  flow  rate  are  therefore  equally 
valid  as  correlation  parameters  and  t  choice 
between  them  is  made  primarily  t>n  the  basis  of 
tradition  as  well  as  consideration  of  relative 
sensitivity.  For  the  brochure  metliod  to  be  valid, 
calibration  over  the  entire  flight  regime  must  be 
available  and  similarity  in  total  pressure  profiles 
between  calibration  and  flight  is  assumed. 


Fq  =  exhaust  MOMENTUM  '"'gV,/,  .  (Pg 

Fp  -  RAM  drag  WgV«/9 


Figure  26.5.2-2.  Station  Number  Schematic  and  Nomenclature 
Definition 
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'*Gas  generator**  methods  for  gross  thrust 
determination  rely  on  the  measurement  of  nozzle 
entrance  conditions  and  the  calibration  characteris¬ 
tics  of  the  nozzle.  These  methods  avoid  the  prob¬ 
lems  associated  with  flow  nonuniformities  at  the 
engine  inlet  but »  in  turn,  demand  accurate  determi¬ 
nation  of  flow  conditions  in  the  nozzle.  Thus 
nozzle  gas  flow  rate,  nozzle  total  pressure, 
and  temperature,  T^^,  must  be  determined.  These 
measurements  together  with  nozzle  throat  area  (Ag) * 
appropriate  external  static  pressure,  and  calibra¬ 
tions  of  the  nozzle  coefficient  allow  the  calcula¬ 
tion  of  Fg» 

There  are  two  basic  approaches  to  the  employ¬ 
ment  of  nozzle  coefficients,  these  involve  the  use 
of  thrust-per-unit  weight  flow  rate  and  the  thrust- 
per-unit  nozzle  exit  area.  In  the  former,  a  mea¬ 
surement  of  gas  weight  rate  is  required,  whereas  in 
the  latter  neither  gas  flow  rate  nor  total  tempera¬ 
ture  is  required.  No  uniformly  accepted  description 
of  these  two  methods  is  in  use  and  they  shall  be 
described  here  by  the  principal  measurement  required 
’  each  method:  area  (A),  and  weight  flow  rate 
(W). 

Thus,  in  the  W  method  a  nozzle  coefficient  is 
def ined  by 

C  =  - ^  /  (ideal) 


and  in  the  A  method 


C 


G 


- -  /  (ideal) 

P>9 


The  ideal  quantities  shown  may  be  those  associ¬ 
ated  with  a  fictitious  convergent  nozzle  or  with  a 
fictitious  flexible  convergent-d Ivergent  nozzle 
which  adjusts  Aq  to  match  pq  *  p,*,.  In  the  latter 


case,  the  coefficient  C  defined  in  the  W  method 
becomes  the  velocity  coefficient  discussed  in 
Section  26,4.2. 

Table  26.3.2-1,  adapted  and  modified  from  Ref. 
26.3.2-1,  gives  the  functional  form  of  the  ideal 
thrust,  weight  flow  function  is  associated  with  the 
definition  of  the  discharge  coefficient  (Section 
26.4.2) 


W  » T 

8  t8  /  (ideal,  convergent  nozzle) 
*8  ’’tS 


Note  thiit  C„  =  C_  X  C 

G,con  D  con 


It  is  therefore  evident  that  in-flight  thrust 
measurement  depends  on  in-flight  measurement  of 
engine  flow  conditions  and  perhaps  on  previously 
determined  nozzle  coefficients. 

Nozzle  coefficients  are  a  function  of  nozzle 
geometry,  nozzle  pressure  ratio,  exhaust  gas  tem¬ 
perature,  Reynolds  number  and  last,  but  not  least, 
the  manner  in  which  average  gas  properties  at  the 
nozzle  entrance  (Station  8)  are  determined.  Thus, 
the  “art"  of  in-flight  thrust  measurement  revolves 
largely  around  the  proper  determination  of  full- 
scale  in-flight  nozzle  coefficients  from  model 
scale  data,  full-scale  altitude  facility  data,  and 
static  full-scale  data. 

The  following  procedure  is  typical  of  those 
used  to  extrapolate  model  nozzle  coefficients  to 
full-scale  for  turbofans  or  turbojets  that  utilize 
a  single  exhaust  or  for  turbofans  with  separate 
exhaust  nozzles.  For  simplicity  of  description,  a 
mixed-flow,  single-nozzle  engine  will  be  used  in 
the  following  example.  Extension  of  the  methodol¬ 
ogy  to  dual  flow  nozzle  is  straightforward,  although 
it  requires  the  additional  consideration  of  flow 
interaction  effects  such  as  those  illustrated  in 
Figure  26,2.2-1 . 


Table  26.5-1.  Ideal  Weight  Flow  and  Thrust  Expressions,  Here  V  = 
frV/yandZ^Pr/P 

’  oo 


1.0  1.0 


1.0  1.5  2.0  2.5  3.0  1.0  1.5  2.0  2.5  3.0 


Figure  26.5.2-3.  Model  Nozzle  Coefficients  Determined  Over  the 
Nozzle  Pressure  Ratio  Range  of  Interest  for  the 
Full  Scale  Article 


The  nozzle  model  tests  are  generally  conducted 
over  a  range  of  nozzle  pressure  ratios  (p.|^/p„) 
consistent  with  mission  requirements.  Nozzle 
velocitv  roefficients  (Cy)  and  discharge  coeffi¬ 
cients  as  slu’wn  on  Figure  26.5.2-3  are  obtained 

from  the  model  tost  data.  Here,  and  in  the  following 
discusshm,  attention  will  be  restricted  to  “flexi¬ 
ble"  ideal  nozzles  satisfying  pq  =  p, .  Hence, 
attention  will  be  focused  on  coefficients  Cy  and 
C|)  sucli  that  =  CyCp. 

These  nozzle  coefficients  are  used  in  the 
equal  itin  for  gross  thrvjst  which  can  be  written  as 
follows  (with  pq-p.  =  : 
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Below  critical  pressure  nozzle  pressure  ratios* 


ni 

Pt  > 


■j-  = 


■<+1 


V 

Y-1 


Y-1  ‘  P 


U— )  -1).  •  P’ 


and  at  choking  pressure  ratios  and  above. 


1  Y 

V  =  2  ^  (-rr>  ■“  ■ 

P  Y+l  P  -  2 


The  symbols  are  defined  in  Section  26.4.3. 

The  thrust  function  in  the  basic  gross 
thrust  equation  depends  on  nozzle  pressure  ratio 
only.  In  the  model  tests,  densely  spaced  total 
pressure  rakes  are  used  to  determine  the  entrance 
station  total  pressure  distribution.  The  average 
effective  nozzle  total  pressure  is  then  calculated: 
the  entrance  area  Is  divided  into  a  number  of 
constant  total  pressure  stream-tubes  each  of  which 
is  expanded  to  ambient  pressure,  their  thrust 
contributions  are  summed;  effective  total  pressure 
at  the  entrance  station  is  defined  to  be  that  which 
would  ideally  produce  an  equal  thrust.  This  type 
of  averaging  tends  to  minimize  the  difference  in 
nozzle  coefficients  due  to  slightly  different  total 
pressure  profiles  at  the  entrance.  On  this  basts, 
the  assumption  is  made  that  nozzle  coefficients  are 
a  function  of  nozzle  geometry,  pressure  ratio,  and 
Reynolds  number  for  equivalent  effective  total 
pressures.  However,  when  the  full-scale  nozzle  is 
attached  to  the  engine,  it  is  not  practical  to 
obtain  as  dense  a  survey  and  as  flat  a  profile  as 
in  model  tests  due  to  the  characteristics  of  the 
engine  flow  discharge  into  Che  nozzle.  The  engine 
flow  includes  swirl,  total  pressure  depressions  due 
to  struts,  and  the  possibility  of  combinations  of 
radial  and  circumferential  pressure  gradients— not 
at  all  the  ideal  type  flow  provided  by  Che  carefully 
designed  choke  plates  and  screens  upstream  of  model 
scale  nozzles.  Comparable  nozzle  pressure  ratios 
between  model  and  full-scale  data  are  derived  from 
static  or  altitude  cell  full-scale  test  data  and 
model  data  by  correcting  the  latter  for  known  scale 
effects  and  then  forcing  agreement  between  model 
and  full-scale  Cy  and  used  in  Che  thrust  equation. 

26.5.2.2  Extrapolation  of  the  Full-Scale  Engine 
Data  to  Flight 


Model  nozzle  coefficients  are  adjusted  for 
full-scale  Reynolds  number  effects  and  estimated 
effects  of  geometric  differences  due  to  struts, 
roughness,  steps,  gaps,  etc.,  of  production  nozzle 
hardware.  Boundary  layer  theory,  skin  friction 
data,  data  on  losses  due  to  steps  on  flat  plates 
(Ref.  26.2.2-5),  and  in-house  data  on  model  and 
full-scale  nozzles  are  used  to  estimate  the 
correc  t ion . 

On  full-scale  engines,  it  is  not  practical  to 
determine  Cy  and  separately.  The  thrust  equation 
is  therefore  rewritten  as: 


The  non-dimensional  term  ';>Cg  is  a  function 

of  pressure  ratio  only  and  can  be  shown  as  in 
Figure  26.5.2-4a  which  is  calculated  from  adjusted 
model  data  of  Figure  26.5.2-4b.  Similarly  Figure 
26.5.2-4c  shows  the  data  as  measured  directly  on  a 
full-scale  engine  static  rig. 

Since  the  nozzle  pressure  ratio  determined 
from  full-scale  testing  is  subject  to  uncertainties 
in  pressure  measurements  and  the  model  results  have 
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Figure  26.5.2-4.  Development  of  Correietion  Between  Thrust  Fun¬ 
ction  of  Mode!  Scale  and  Full  Scale  Nozzles 

been  corrected  for  known  scale  effects,  the  model 
curve  of  Fq/P(oA9  is  considered  correct  and  the 
discrepancy  between  predicted  and  measured  Fq/po,A^ 
is  assigned  to  the  full-scale  pressure  ratio;  the 
pressure  correction  is  then  obtained  from  Figure 
26.5.2-5.  A  curve  of  Ap-j-/p«  can  be  generated  as 
shown  on  Figure  26.5.2-6  for  each  engine  tested. 
Thus,  the  pressure  ratio  needed  on  the  model  to 


calculate  the  same  thrust  on  the  full-scale  engine 


can  be  found: 

(Px/p~) 

KPife.)  - 

(pt/p») J 

correlation  to 
full-scale 

model 

corrected 

full-scale 

measured 

model 

corrected 

j 

- 

-  AP^/P, 

correction 

The  new  pressure  ratio  is  then  the  value  that, 
when  used  in  the  thrust  equation,  will  yield  the 
same  thrust  as  measured  on  a  ground  test  rig  for 
the  engine  when  using  model  nozzle  coefficients. 
Thus,  the  thrust  measured  on  a  test  stand  can  be 
correlated  with  model  nozzle  data,  and  guarantees 
from  Che  standpoint  of  the  nozzle  performance  and 
fuel  flow  can  be  measured  to  determine  SFC  compli¬ 
ance,  The  question  of  whether  the  gas  generator 
(engine)  produces  flow  with  the  total  pressure 
Indicated  for  a  given  fuel  flow  rate  remains  open. 
For  example,  if  the  engine  meets  thrust  requirements 
but  Is  high  on  fuel  flow,  is  the  full-scale  nozzle 
deficient  or  is  the  engine  deficient  In  total 
pressure?  The  answer  to  this  question  can  be 
obtained  from  measured  engine  parameters,  but 
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Figure  26.5.2-5.  Corrections  Required  to  Correlate  Mode!  and  Full 
Scale  Nozzle  Performance  for  Particular  Pressure 
Measurement  Schemes 


FULL  SCALE 

PRESSURE 

CORRECTION 

ifjl  P» 


errors  are  generally  associated  with  effects  which 
are  not  or  cannot  be  controlled,  particularly 
environmental  effects. 

Thus,  for  facilities  such  as  those  to  be 
described  below,  the  potential  exists  for  correlating 
propulsion  forces  with  thermodynainic  and  flow 
measurements.  In  this  way  the  thermodynamic  and 
flow  measurements  made  in  flight  may  be  used  to 
Infer  In-flight  thrust.  The  probltm  centers  on 
achieving  this  while  minimizing  testing  time  and 
cost , 

26.5.3.1  Static  Outdoor  Test  Facilities 

Figures  26.5.3-1  and  26.5.3-2  show  typical 
outdoor  test  stands.  Figure  26.5.3-1  shows  a  stand 
capable  of  measuring  performance  of  large  high- 
bypass  turbofan  engines.  In  the  facility  shovm  in 


Figure  26.S.2-6.  Plot  of  Pressure  Corrections  Obtained  from  Figure 
26.S.2-S 

additional  testing  is  necessary  to  verify  full- 
scale  engine  performance  In  addition  to  that 
described  above.  These  additional  tests  are  dis¬ 
cussed  in  the  following  section. 

26.5.3  Static  Test  Facilities 

There  are  essentially  three  types  of  engine 
test  facilities.  Airframe  manufacturers  generally 
use  outdcior  test  facililtes  for  the  evaluation  of 
sea  level  static  performance  and  acoustic  character¬ 
istics.  Engine  manufacturers  utilize  both  outdoor 
and  indoor  test  facilities  since  the  indoor  facili¬ 
ties  provide  an  altitude  test  capability.  Govern¬ 
ment  facilities  also  include  wind  tunnels  wherein 
small  engines  can  be  run  on  an  airplane  model  and 
full-scale  engines  on  partial  airplane  models. 

This  section  Is  a  brief  examination  of  the  charac¬ 
teristics  of  these  types  of  facilities. 

In  addition  to  the  gas  property  measurements 
usually  made  to  determine  the  relation  between 
ideal  and  measured  thrust,  static  facilities  are 
used  to  measure  Tuel  flow  and  airflow,  all  to 
varying  degrees  of  accuracy.  Thrust  measurements 
on  engine  test  stands  are  usually  obtained  from  a 
strain  gage  on  a  nearly  frictionless  flexure  mount. 
Acturacy  levels  of  these  measurements  can  be  quite 
high  and  representative  values  will  be  quoted  below 
In  connection  with  a  speiific  facility.  Fuel  flow 
rates  ran  usually  be  determined  quite  accurately, 
using  calibr.itcd  orifices.  Airflow  is  determined 
using  standard  (ASME,  bellmouth,  eti.)  subsonic 
venturi  rir  choked  t>rifices;  the  accuracy  varies 
with  the  type  of  device  used,  but  the  largest 


Figure  26.5.3- 1,  Large  Outdoor  Test  Facility  The  Boeing  Company 
Tuiaiip  Site,  Marysville,  Washington 


Figure  26.5.3-2.  G.£.  Peebles  Crosswind  Test  Facility,  Evansdale, 
Ohio 


ACOUSTIC  TREATMENT 


Figure  26,5,2,  the  engine/nacelie  can  be  oriented 
at  angles  to  a  wind  machine.  The  turntable  on 
which  the  engine  is  mounted  can  rotate  to  provide 
crosswind  tests. 

Testing  on  outdoor  facilities  may  be  carried 
out  with  bellmouth  or  flight-inlet,  reference  or 
flight  nozzle.  Operation  with  bellmouth  and  refer¬ 
ence  nozzle  is  usually  carried  out  to  determine 
mass  flow  or  thrust  characteristics  because  of 
those  component's  well-understood  performance. 
Flight  hardware  is  used  for  testing  for  design 
weaknesses  (inlet  lip  flow  separation,  structural 
failures,  etc.).  Since  aircraft  noise  is  primarily 
a  low  speed  flight  problem,  static  evaluation  of 
nacelle  noise  treatment,  as  well  as  basic  engine 
noise  characteristics,  is  determined  on  outdoor 
test  stands. 

When  altitude  facilities  are  not  available, 
the  outdoor  test  facility  is  used  to  estimate 
flight  performance  of  the  nacelle.  Typically, 
nozzle  velocity  coefficients  (Cy)  are  developed  up 
to  the  maximum  nozzle  pressure  ratio  of  the  nozzle. 
Model  nozzle  coefficients  are  then  used  to  estimate 
the  Cy  1  ‘vel  at  cruise  where  the  nozzle  pressure 
ratio  is  higher  by: 


P 


(1  + 


') 


Figure  26.5.3-3  illustrates  the  overall  procedure. 


Figure  26.S.3’3.  Riot  of  Noxxle  Performance  Data  as  Obtained  from 
Xfodei  and  Static  Tests,  Showing  the  Extrapolation 
Required  to  Flight  Conditions 


26.5.3.2  Indoor  Sea  Level  Test  Facilities 


Indoor  sea  level  test  facilities  are  used 
primarily  for  climatic  control  of  the  engine  inlet 
air  as  in  engine  Icing  tests.  In  such  facilities 
air  temperature,  pressure  and  humidity  can  be 
adjusted  to  the  needs  of  the  test.  Figure  26.5.3-4 
is  a  sketch  of  a  typical  indoor  engine  test  facility. 
Engines  may  be  run  with  flight  hardware  but  more 
often  Inlets  and  nozzles  which  are  mass  flow  cali¬ 
brated  are  used.  Advantages  of  such  a  test  cell 
over  outdoor  test  stands  may  be  the  ease  with  which 
instrumentation  may  be  handled  by  personnel. 
Environmental  noise  is  rather  easily  reduced  by 
acoustic  treatment  of  inlet  and  exhaust  stacks. 

The  primary  disadvantage  of  Indoor  facilities  Is 
that  airflow  around  the  engine,  If  not  controlled, 
may  result  In  pressure  forces  on  the  external 
surfaces  of  the  engine.  These  forces,  as  well  as 
pressure  drops  across  the  Inlet  and  exhaust  stacks 
of  the  cell,  depend  on  the  engine  throttle  setting 
and,  hence,  must  be  known  over  the  operating  range 
of  the  engine.  The  lack  of  knowledge  concerning 


LABYRINTH  SEAL  DETAIL 

Figure  26.5.3'6.  Engine  Installed  in  the  J1  Test  Cell 

such  forces  may  lead  to  a  significant  bias 
uncerta inty . 

26.5.3.3  Indoor  Altitude  Facilities 

Figure  26.5.3-5  shows  a  schematic  of  an  Indoor 
facility  where  the  ram  pressure  ratio  of  flight  can 
be  duplicated  in  a  test  cell.  To  achieve  this  a 
pump  or  ejector  reduces  the  pressure  in  the  aft 
portion  of  the  test  cell  space  to  the  desired 
value,  p^.  The  forward  portion  is  maintained  at 
pressure  Pt2  (atmospheric  less  pressure  losses 
through  the  air  conditioning  and  tiie  venturi  system) 
by  a  barrier  connected  to  the  engine  in  a  way  which 
introduces  small  known  mechanical  forces  in  the 
thrust  direction.  Thus  soft  bellows  (Figure  26.5.3- 
3)  or  controlled  leakage  labyrinth  seals  (Figure 
26.3.3-6)  are  commonly  used.  The  pressure  barrier 
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Figure  26.5.3’7.  Flight  Simulation  Chamber 


can  make  a  significant  contribution  to  the  thrust 
force  measurement  made  by  the  load  cell.  This 
force  equals  approximately  (p^2*P«^  times  the 
barrier  area.  This  force  is  minimized  by  reducing 
the  size  of  the  barrier  to  the  engine  cross  sec¬ 
tional  area.  A  mechanism  for  nulling  the  barrier 
pressure  force  is  shovm  in  Figure  26.5.3-7  where  an 
indoor  altitude  facility  for  turbopowered  simulators 
is  shown  (labeled  p-A  Compensation  Chamber).  In 
that  facility,  surface  areas  are  provided  so  that 
the  pressure  forces  cancel,  resulting  In  only 
thrust  being  measured  by  the  balance. 

A  large  altitude  test  cell  is  shouTi  in  Figures 
26.5.3-6  and  26.5,3-8  (i'.S.  Air  Force  Arnold 
F.ng  ineerin^i  Development  Center,  Tennessee).  The 
figure  shows  m*)st  I’f  the  major  features  of  test 
cell  1-1  . 

The  labyrinth  seal  shown  in  Figure  26.5.3-6 
is  used  t<'  providt  a  frictionless  coupling  device 
holweeii  the  engine  and  the  connected  air  supply. 

Air,  conditioned  to  Che  pressure  and  temperature 
required  to  simulate  an  altitude  and  Mach  number, 
enters  the  plenum  at  the  front  of  the  facility. 

The  airflow  rate  is  determined  with  cither  a  single 
large  venturi  or  with  multiple  venturi  systems  and 
enters  a  large  duct  where  flow  sCraighteners  are 
located.  The  air  passes  through  the  engine  and  is 
captured  by  the  collector  duct.  The  collector  duct 
is  driven  by  an  ejector  to  match  the  ambient  pres¬ 
sure  in  the  vicinity  of  the  engine  exhaust  nozzle. 
Flight  conditions  can  be  set  to  +0.1  Mach  and  +100 
ft.  in  alt  Itude. 

This  Arnold  J-i  test  facility  is  16  ft.  in 
diameter  and  92  ft.  long.  It  can  accommodate 
subsonic  or  supersonic  airbreathing  propulsion 
systems  at  Mach  numbers  from  0  to  3.3  at  true 


temperature  simulation.  Airflow  rates  can  be 
obtained  up  to  1300  Ib/sec  and  temperatures  can 
range  from  +750”?  to  -30'’F  for  the  various  airflows. 
A  TF-39  is  shown  installed  in  the  test  section  with 
the  door  open. 

The  pump  or  ejector  used  to  reduce  the  exit 
static  pressure  can  allow  replacement  of  subsonic 
venturis  with  choked  venturis  for  airflow  measure¬ 
ment  (if  sufficient  power  is  available)  because  the 
choked  venturi  characteristically  demands  a  larger 
total  pressure  drop.  This  enhances  the  airflow 
measurement  accuracy  considerably  which  is  particu¬ 
larly  desirable  for  (high  bypass)  turbofan  engines. 

Indoor  facilities  of  the  sea  level  and  altitude 
type  are  both  used  to  examine  compressor  tolerance 
to  inlet  distortion.  Thus  screens  with  nonuniform 
grid  are  mounted  in  the  engine  inlet  duct  to  simu¬ 
late  nonuniform  airflow  of  the  real  inlet  in  flight. 

The  cost  of  running  indoor  facilities  is  large 
because  of  the  heavy  power  demand  of  the  aircondi¬ 
tioning  and  pump  systems.  Alternative  means,  such 
as  flying  test  beds,  usually  do  not  allow  the 
careful  instrumentation  and  operational  choice 
offered  by  altitude  facilities.  The  cost  can  be 
justified  if  the  risk  associated  with  the  uncer¬ 
tainty  when  such  testing  is  not  carried  out  is 
intolerable. 

26.5.4  Force  Accounting  in  Static  Facilities 

Figure  26.5.4-1  shows  the  control  volume 
configurations  used  most  commonly  to  evaluate  the 
forces  that  interact  with  those  recorded  on  the 
force  balance  for  Che  three  types  of  static  test 
facilities.  The  force  recorded  on  balance  through 
the  strut  consists  of  the  momenta  of  the  fluid 
entering  and  leaving  the  volume  plus  the  pressure 
area  Integrals  over  the  various  surfaces.  Thus 


^BAL  ”  “'9  ■  "'’0  ^  ■'■(p-P„)dA 

where  the  integral  is  the  pressure  force  acting  on 
the  engine’s  external  surface.  This  term  Is  mini¬ 
mized  by  minimizing  the  surface  area  subject  to 
pressures  other  than  p»*  The  inlet  momentum  term 
is  associated  with  the  wind  and  is  therefore  impor¬ 
tant  primarily  in  outdoor  test  stands.  Specifying 


•"bal 


(A)  OUTDOOR  AND  SEA  LEVEL  STATIC  INDOOR 
CONTROL  VOLUME  DEFINITION 


(8)  INDOOR  ALTITUDE  FACILITY  CONTROL 
VOLUME  DEFINITION 


Figure  26.5.4-1.  Test  Facility  Control  Volume  Definitions 
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zero  wind,  one  may  write  the  zero  term  for  a  well- 
designed  bellmouth  inlet  with  little  friction  as 


■^^’l  •  '"iNL  '  ° 


This  equation  shows  how  the  pressure  area  integral 
on  the  inlet,  Fjj^,  appears  in  the  sum  of  forces 
impacting  the  balance  reading.  Thus,  one  may  write 

^BAL  “  “''g  +  +  J'(p-p„)dA 

If  the  inlet  is  on  balance  as  it  is  in  Figure 
26.5.4-la,  Fj^j^r^  is  only  of  interest  for  the  designer 
of  the  inlet  attachment.  If  the  inlet  is  off 
balance  as  In  25.5.A-lb,  Fjj^l  “  ^  ^nd  the  momentum 
at  station  1  must  be  determined  accurately. 

The  integral  of  pressure  over  the  nacelle 
external  surface*  is  small  enough  to  be  negligible 
under  most  situations  of  interest  in  outdoor  facili¬ 
ties.  For  sea  level  indoor,  this  term  may  give 
rise  to  a  significant  (buoyancy)  force.  In  altitude 
indoor  facilities,  it  is  obviously  large  as  dis¬ 
cussed  above. 

Calculated  force  increments  are  often  applied 
to  the  measured  thrust  which  are  used  to  adjust  for 
items  like  bleed  and  horsepower  extraction,  improper 
condition  setting,  and  scrubbing  drag  if  there  are 
geometric  differences  between  the  configuration 
tested  and  that  desired. 


26.5.5  Accuracy 

The  accuracy  of  outdoor  test  rig  data  used  to 
determine  engine  thrust  is  a  function  of:  1)  the 
instrumentation  used  to  measure  the  force,  2)  the 
calibration  of  the  measuring  device,  and  3)  Che 
ambient  conditions.  Typical  accuracies  of  measure¬ 
ments  made  on  a  modern  high  bypass  ratio  engine  are 
shown  on  Table  26.5-2. 

The  total  random  error  associated  with  any 
particular  parameter  is  therefore  determined  by 
combining  all  the  appropriate  accuracies  shown  on 
Table  26.5-2  in  a  root-sum-squaro  (R.S.S.)  method 
for  Chat  parameter  (see  Section  26.6).  For  example, 
the  accuracy  by  which  priruiry  nozzle  Cy  could  be 
determined  is  a  function  of  nozzle  pressure  (PT7) 
and  temperature  (TT7F) ,  ambient  pressure  (PBAR)  and 
temperature  (DATF) ,  compressor  inlet  static  pressure 
(PS2)  and  gross  thrust  (FG)  accuracies  shown  on 
Table  26.5-2.  The  resulting  R.S.S.  accuracy  for 
prinkiry  nozzle  Cy  calculated  from  ground  test  data 
is  0.7%. 

The  accuracy  of  indoor  sea-level  static  test 
facilities  should  be  better  (no  wind)  than  outdoor 
test  facilities.  In  ai’tual  fact,  however,  the 
nvignltude  of  corrections  applied  to  the  test  data 
to  givt-  comparable  results  to  outdoor  data  may  be 
as  large  as  the  configuration  effects  or  engine 
changes  being  evaluated.  As  a  result,  indoor  test 
facilities  are  not  as  accurate  as  outdoor  cells 
when  \ised  with  an  engine  which  is  large  relative  to 
the  test  cell. 

Comparison  of  A  and  W  Methods 

The  approach  to  n  det€?rmlnat  ion  (’f  random 
error  due  to  uncertainty  in  the  measurements  used 
for  obtaining  net  thrust  described  in  Section  26.6 
may  be  used  to  compare  the  A  and  W  methods  of  gas 
generator  thrust  calculation.  Reference  26.5.5-1 
is  a  detailed  analysis  of  these  methods  as  applied 
to  the  afterburning  turbofan  engine  used  In  the 
F-lllA.  The  Influence  coefficients  of  net  thrust 
on  particular  measurements  are  shown  in  Figure 


Table  26.5-2.  Measured  Parameters 

The  steadystate  performance  parameters  are  listed  below.  Accuracies 
are  to  a  95%  confidence  level. 


iwm 

1  Range 

Estimated 

no. 

Sym 

Description 

Min 

Max 

accuracy 

1 

N1 

Low  pressure  compressor 
rotor  speed 

0 

3600  rpm 

is  rpm 

7 

N2  1 

High  pressure  compressor 
rotor  speed 

0 

8000  rpm 

±12  rpm 

3 

FG 

Grots  thrust 

0 

50K  lbs 

±.25%  f.s. 

4 

PBAR 

Ambient  pressure 

14.0 

15.3  psia 

t07%  f.s. 

5 

PT2.5 

Fan  discharge  total  pressure 

0 

8psig 

+  25%  f.s. 

6 

PS4 

High  pressure  compressor 
discharge  static  pressure 

0 

300  psig 

2;25%  f.s. 

7 

PT7 

Low  pressure  turbine 
discharge  total  pressure 

0 

8psig 

±.25%  f.s. 

8 

PW2-1 

8  separate  wall  statics 

0 

-5  psig 

+.25%  f.s. 

PW2-8 

Engine  inlet  static  pressure 
(Calibrated  for  Bellmouth 
inlet) 

9 

OATF 

Ambient  temperature 

0 

100®F 

+  5®F 

10 

TT6F 

High  pressure  turbine 

0 

1650®F 

±.5%  of  rdg 

discharge  total  temperature 

(S30“Fto 

1660“F) 

11 

TF 

Fuel  sample  temperature 

0 

lOO^F 

+1°F 

12 

SG 

Fuel  sample  specific  gravity 

0.77 

0.83 

t15%o<rd| 

13 

TFI 

Fuel  inlet  temperature 

0 

100®F 

±1®F 

14 

WF-1 

Fuel  flow 

20 

50GPM 

^S«of  rdg 

15 

SVA 

Stator  varw  angle 

-40° 

+10® 

±1°  rot. 

16 

WINOV 

Wind  speed 

0 

lOMPH 

^5  mph 

17 

WINDD 

Wir>d  direction 

-180 

+  160 

18 

R.H. 

Relative  humidity 

0 

100% 

19 

TT7F 

Turbir>e  exhaust  temperature 

0 

1400®F 

0(  rdg 
(S30“F  to 

1100“F| 

20 

WIF 

Water  iniection  flow 

0 

55GPM 

15%  o<  rdg 

21 

TT2F 

Compressor  inlet  total 
temperature 

0 

100®F 

t5®F 

23 

PT2 

Compressor  inlet  total 
pressure 

0 

-5"  H20 

?i 

PS2 

Compressor  inlet  static 
pressure 

0 

■100"  H20 

t.25%f4. 

25 

PT3 

Low  pressure  compressor 
discharge  total  pressure 

0 

25  psig 

t.2S%  U. 

26 

PS3 

Low  pressure  compressor 
discharge  static  pressure 

0 

20  psig 

±.25%  f.. 

* 

PS5I 

Combustion  chamber 
discharge  static  pressure 

0 

300  psig 

±.25%  f.«. 

28 

TT3 

Low  pressure  compressor 
discharge  total  temperature 

0 

1400®F 

±2°F 

±.5%  of  rdg 

(SaoPFto 

IdOC^F) 

29 

TT4 

High  pressure  compressor 
discharge  total  temperature 

0 

1400®F 

30 

PLA 

Pow«r  lever  errgle 

55® 

1  127® 

±1» 

26,6.5-1  for  each  of  the  methods.  These  Influence 
coefficients  show  the  sensitivity  of  the  data 
groups  character iz ing  flight  conditions,  engine 
poivor  conditions,  and  eng ine/a f t€*rburner  periormance 
indexes.  Note  that  below  a  power  level  angle  of 
65®  the  afterburner  is  oif.  Further,  when  after¬ 
burning,  Tt7  cannot  be  determined  directly  and  must 
be  inferred  from  an  energy  balance;  hence  the 
dependence  of  net  thrust  on  afterburner  efficiency 
using  the  W  method.  Those  influence  coefficients 
may  be  combined  with  the  measurement  uncertainties 
to  arrive  at  an  expected  uncertainty  in  net  thrust. 
Figure  26.5.5-2  shows  the  results  together  with 
thrust  measurements  made  statically  with  both 
engines  operating. 

The  conclusions  of  Reference  26.5.5-1  (from 
which  Figure  26.5,5-2  is  adapted)  are  that  the  W 
method  tends  to  be  superior  to  the  A  method  at 
midrange  power.  At  low  and  high  power  the  two 
methods  tend  to  he  comparable  and  both  should  be 
used  whenever  possible.  The  difference  between 
calculated  and  measured  static  thrust  lies  in  the  2 
to  5%  range. 
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(A)  A  METHOD  <B)  W  METHOD 

ERROR  CALCULATED  FROM  -  DIFFERENCE  BETWEEN 

INFLUENCE  COEFFICIENTS  MEASURED  AND  PREDICTED 

THRUST 

Figure  26.5.5-2.  Comparison  of  Root  Sum  Square  Thrust  Uncer¬ 
tainty  and  Measured  for  a  Static  Run,  Two  Engines 
Operating  (Reference  26.5.3) 

POWER  LEVER  ANGLE,  DEG 


26.5.6  Wind-Tunnel  Facilities 

Engine  tests  in  wind  tunnels  are  carried  out 
at  the  aerodynamics/propulsion  oriented  laboratories 
of  the  NASA  and  military  facilities.  The  useful 
testing  carried  out  with  small  engines  in  such 
facilities  is  related  primarily  to  the  understanding 
of  propulsive  flow  interactions  with  the  aerodynamic 
flow  around  the  airplane.  Such  flows  are  inter¬ 
active  under  circumstances  where  the  propulsive  jet 
is  large  in  size  and  small  in  pressure  ratio  or 
velocity.  Further,  such  interactions  are  interest¬ 
ing  at  low  speed  on  VSTOL  types  of  airplanes. 

Thus,  for  the  most  part,  engines  for  such  purposes 
are  turboshaft  or  high  bypass  turbofan  engines 
where  the  engine  core  performance  is  determined 
primarily  in  the  sea  level  facilities  described 
earlier. 

26.5.7  Flight  Testing 

Flight  testing  is  carried  out  to  determine 
fuel  consumption,  drag,  and  thrust-minus-drag 
characteristics  of  the  completed  airplane.  The 
relative  importance  of  each  of  these  performance 
characteristics  depends  on  the  type  of  airplane  and 
its  nrimary  design  mission.  For  example  on  a  new 
fighter  aircraft,  thrust  minus  drag  is  a  measure  of 
combat  effectiveness.  On  new  transports  or  bombers, 
the  payload-range  characteristics  (estimated  in  the 
design  process)  can  be  determined  precisely.  The 
measurement  of  drag  alone  may  be  useful  for  new 
aircraft  designs  which  are  to  be  operated  in  environ¬ 
ments  which  cannot  be  simulated. 

In  the  flight  test,  the  "real"  environment  is 
thus  encountered  for  the  first  time,  particularly 
for  the  inlet  and  exhaust/aft  body  whose  performance 
may  be  Mach-  and  Reynolds-number  dependent.  Unfor¬ 
tunately  the  flight  test  environment  rarely  affords 
the  luxury  of  extensive  instrumentation  that  is 
required  for  the  accur^ile  determinat  ion  of  quanti¬ 
ties  like  mass  flows,  engine  face  total  pressure 
and  nozzle  exit  ambient  pressure.  Thus  to  the 
extent  that  such  instrumentat ion  is  not  available 
and  use  is  made  of  correlation  techni(;'i.s ,  uncer¬ 
tainty  exists.  This  uncertainty  may  play  an  impor¬ 
tant  role  in  preventing  flight  test  data  from  being 
useful  for  the  improvement  of  design  metliods. 

The  determination  of  thrust  in  flight  is  the 
inversion  of  the  nozzle  coefficient  definition 
procedure.  Using  the  "A"  method,  gross  thrust  is 


F 

C 


P. 


Here  the  nozzle  thrust  coefficient  and  the  ideal 
thrust  fun<  tii>n  mav  be  ft>r  the  convergent  or  for 


the  convergent-divergent  nozzle,  but  consistency 
must  be  maintained.  The  air  flow  may  be  determined 
from  the  discharge  coefficient  or  from  independent 
measurements  made  in  the  engine  or  inlet. 

Gross  thrust  may  be  obtained  with  the  "W* 
method  using  the  appropriate  nozzle  coefficient  and 
any  of  the  possible  measurements  of  mass  f^ow. 

Thus 


(C  *  Cy  if  convergent-divergent  theory  is  used] 

The  advantage  of  the  W  method  is  the  reduction  of 
error  associated  with  the  fact  that  gross  thrust 
and  ram  drag  are  determined  using  common  measures 
of  air  flow  rate.  Thus  the  net  thrust  is  not  the 
difference  of  two  large,  independently  uncertain 
measurements. 

26.6  UNCERTAINTIES  IN  THRUST  AND  DRAG 

A  quantity  like  thrust  or  drag  is  usually 
determined  from  a  complex  calculation  procedure 
using  measured  quantities,  experimentally  or  analyt¬ 
ically  obtained  Increments,  and  a  reliance  on  the 
concept  of  modeling  similarity  to  minimize  the 
number  of  independent  variables. 

26.6.1  Random  Error 

The  random  variation  of  measured  data  around  a 
true  mean  value  constitutes  the  simplest  form  of 
error  estimation.  It  can  be  shown  that  the  differ¬ 
ence  between  true  value  and  the  mean  of  a  series  of 
measurements  is  proportional  to  a  factor  which 
varies  as  where  N  is  the  number  of  data  points 

taken.  Hence  it  is  always  possible  to  reduce 
measurement  error  by  increasing  the  number  of 
measurements. 

A  common  problem  related  to  the  reduction  of 
random  error  is  to  determine  how  much  repeat  data 
to  obtain  and  how  small  the  random  uncertainty  of 
the  transducer  should  be  to  achieve  a  chosen  level 
of  result  uncertainty  from  a  particular  experiment. 
The  usual  approach  in  the  analysis  of  random  errors 
is  to  obtain  the  logarithmic  derivative  of  the 
desired  quantity  (dependent  variable)  with  respect 
to  the  independent  variables  or.  In  the  case  of  a 
data  reduction  program,  the  input  quantities.  This 
derivative,  ir  influence  coefficient,  when  multi¬ 
plied  by  the  fractional  uncertainty  of  the  measured 
input  quantity,  Axi/x^,  gives  the  uncertainty  of 
the  dependent  variable,  AYj/Yj,  Specifically  the 
total  uncertainty  in  the  output  Yj  is 


The  process  of  obtaining  the  various  influence 
coefficients  in  complex  computations  or  data  reduc¬ 
tion  programs  requires  automation.  An  approach  is 
to  use  a  complete  set  of  input  data  and  sequentially 
perturb  each  of  the  input  quantities  so  that  three 
values  of  Yj  are  obtained  for  three  nearby  values 
of  x^.  The  quantity  Yj(xj^)  Is  fitted  with  a  para¬ 
bolic  arc,  and  the  slope  at  is  determined.  The 
influence  coefficients  can  be  obtained  in  this  way, 
either  with  test  data  or  with  dummy  Input  data 
Judged  as  representative,  to  determine  the  appropri¬ 
ateness  of  transducer  sensitivities  and  to  determine 


whether  the  overall  accuracy  objectives  can  be 
achieved . 

Although  this  sum  square  addition  procedure 
applies  only  to  independent  ramdom  uncertainties, 

It  is  convenient  to  combine  instrumentation  bias 
and  random  uncertainties  so  that  the  large  number 
of  errors  may  be  ’’added."  The  uncertainty  of  the 
combined  measurements  can  then  be  determined  in 
addition  to  the  major  contributors.  Should  the 
uncertainty  thus  obtained  fall  outside  the  uncer¬ 
tainty  goals,  additional  test  points  may  be  obtained 
or  better  transducers  should  be  chosen  for  the 
important  measurements. 

The  power  of  the  numerical  error  analysis 
technique  lies  in  the  ease  of  adapting  it  to  new 
calculation  procedures.  Furthermore,  the  program 
perturbs  each  of  the  measured  quantities,  some  of 
which  may  be  differential  measurements.  These 
kinds  of  measurements  are  awkward  to  handle  analyt¬ 
ically,  using  conventional  differentiation  of  the 
governing  equations. 

Since  transducer  uncertainties  such  as  those 
for  pressure  and  force  are  generally  quoted  as 
percent  of  full  scale,  the  influence  coefficients 
should  be  adjusted  to  reflect  the  fact  that  they 
may  be  used  at  low  or  mid-range.  In  the  matrix 
printed  out  for  each  test  condition,  the  Influence 
coefficient  should  be  multiplied  by  the  ratio  of 
full-scale  reading  to  actual  reading. 

Table  26.6-1  shows  the  table  output  (abbreviated 
to  save  space)  from  an  error  analysis  on  the  static 
calibration  of  a  flight  simulation  chamber  with 
balance  for  calibrating  a  turbopowered  nacelle. 

The  run  condition  is  shown  at  the  top  of  the  table. 
The  resulting  nozzle  coefficients  are  listed  across 
the  top  of  the  table.  Other  column  headings  are  as 
Indicated:  the  transducer  full-scale  value  in 
conventional  dimensional  units,  the  transducer 
uncertainty  (given  in  percent  of  full-scale  or 
dimensioned  units  if  scale  indicated  is  zero),  the 
nominal  value  of  the  transducer  reading,  and  the 
symbol  (and  name)  of  the  transducer  reading. 

Inspection  of  the  computer  output  version  of 
this  matrix  shows  the  significant  contributions  to 
the  total  uncertainty  quoted  a;  tf'e  bottom  of  the 
table.  The  trinsducers  not  tually  used  show  zero 
influence  coefficients.  Tb  isportant  measurements 
for  the  determination  of  ftn  r.czzle  coefficients 
are  ambient  and  chamber  pressures,  fan  flow  param¬ 
eters,  and  the  axial  force  balance  reading.  For 
the  determination  of  the  primary  nozzle  discharge 
coefficient,  the  air  supply  line  multiple  critical 
flow  venturi  readings  and  primary  flow  parameters 
have  the  largest  Influence  coefficients.  It  is 
seen  that  the  fan  nozzle  coefficients'  uncertainties 
are  In  Che  0.3%  size  range. 

Table  26.6-2  shows  a  similar  result  for  a 
wlnd-on  run  in  a  transonic  wind  tunnel  during  an 
isolated  nacelle  test.  Note  that  the  random  error 
net  thrust  uncertainty  at  this  condition  is  on  the 
order  of  0.6%. 

Figure  26.6.1-1  is  an  expanded  view  of  the 
data  shown  in  Table  26,6-2.  The  total  uncertainty 
because  of  measured  quantity  uncertainties  is  shown 
for  the  airflow  rate  and  components  of  the  net 
thrust.  To  illustrate  the  effect  of  power  setting 
and  the  need  for  making  sure  that  the  most  appropri¬ 
ate  instrumentation  is  used,  the  net  thrust  uncer¬ 
tainty  is  shown  at  M  *  0.85  for  reduced  power 
setting. 

26.6.2  Bias  Uncertainty 

The  uncertainty  introduced  by  the  procedures 
involved  in  measurement  is  generally  referred  to  as 
bias  error.  This  error  could  be  eliminated  by 


Table  26.6- 1.  Flight  Simulation  Chamber  Test  Influence  Coefficients 


INFLUENCE  COEFFICIENTS  AT  -  2.4423 

FPR 

1.50 

SCALE 

UNCERTAINTY/ 

% 

NOMINAL 

VALUES 

MEASURED 

VARIABLE 

COF3 

CVF3 

CDP 

0.9806 

0.9620 

0.8855 

3200.0 

0.1000 

-7,330 

PM 

PITCH  M 

0.0000 

.0268 

0.0001 

1600.0 

0.1000 

5.901 

YM 

YAWM 

0.0000 

.0400 

-0.0000 

1200.0 

0.1000 

4.00666  RM 

ROLLM 

0.0000 

.0040 

0.0000 

130.0 

0.1000 

215.46 

AF 

AXIAL  F 

0.0000 

1.4368 

0.0000 

1S00.0 

0.1000 

3.864 

NF 

NORMAL  F 

0.0000 

.1549 

o.oooo 

1000.0 

0.1000 

-  .053 

SF 

SIDE  F 

0.0000 

.0113 

0.0000 

1000.0 

0.1000 

380.92 

P1FN3 

MCV 

-0.9433 

0.4181 

2.6535 

0.0 

0.0467 

535.43 

TTFN 

MCV 

0.1906 

-0.0845 

-0.5363 

1000.0 

0.1000 

296.24 

PBEL 

AIRLINE 

0.0000 

-0.0026 

-0.0000 

15.0 

0.1000 

14.661 

PA 

AMBIENT 

1.5414 

-1.6190 

-0.7892 

7.5 

0.1000 

5.6697 

DPVC1 

CHAMBER 

-1.1135 

0.5743 

-0.1068 

0.0 

0.6642 

602.18 

TT3 

FAN  EXIT 

0.5013 

-0.5006 

-0.0000 

0.0 

1.4035 

285  01 

TT5 

PRIMARY 

0.0000 

-0.0993 

0.5060 

15.0 

0.1000 

7.3400 

PT3 

FAN  EXIT 

-6.250 

-0.3310 

0.0000 

15.0 

0.1000 

1.2707 

PTS.1 

PRIMARY 

-0.0000 

-0.1616 

-1.0424 

0.0 

0:7614 

525.33 

TTVC1 

CHAMBER 

-0.0052 

0.0052 

0.0000 

0.0 

0.7618 

525.04 

TTVC16 

MCV 

-0.0754 

0.0754 

0.0000 

0.0 

0.7625 

524.62 

TTVC32 

MCV 

0.0000 

-0.0000 

0.0000 

0.0 

0.7625 

524.58 

TTVC64.1 

MCV 

-0.2990 

0.2990 

-0.0000 

0.0 

0.7625 

524.58 

TTVC64.2 

MCV 

-0.2990 

0.2990 

-0.0000 

TOTAL  PERCENT 
UNCERTAINTY 

0.5140 

0.5286 

0.7644 

*Nota:  UncartaintiM  are  based  on  instrument  manufactures  guaranteed  accuracies. 


Table  26.6-2.  Isolated  TPS  Test  Influence  Coefficients 


INFLUCNCECOCFFICieMrSATFNMIS  •  2.4012 

MACH  •  0.06 

UNCERTAINTY, 

NOMINAL 

SCALE 

% 

VALUES^ 

FN 

fgf 

FOP 

2160.0 

0.0600 

1333.2 

PS 

TUNNEL  STATIC 

2160.0 

0.0230 

607.28 

PT-PS 

TUNNEL  Q 

•  0.0472 

1.0267 

0.7687 

-0.0296 

0.6706 

0.0 

0.6620 

604.27 

TT 

TUNNEL  TOTAL 

-  0.7720 

0.0000 

•  0.0000 

0.0000 

0.0000 

0.0 

0.0366 

548.69 

TTFN 

MCV  INLET 

0.2080 

0.0000 

-  0.5000 

-0.6000 

0.0000 

10.0 

0.1000 

5.6984 

PT31 

FAN  EXIT 

0.6382 

0.6430 

0.0000 

0.0000 

0.4540 

0.0 

0.5612 

688.19 

TT31 

FAN  EXIT 

0.7720 

■  0.0006 

-  0.0000 

0.0000 

0.6010 

15.0 

0.1700 

1.5687 

PT51 

TURBEXIT 

0.3200 

0.0000 

0.7704 

0.0296 

-0.0000 

0.0 

1.3696 

287.87 

TT51 

TURBEXIT 

0.2040 

0.0000 

0.4910 

•0.0000 

-0.0000 

1000.0 

0.0300 

270.72 

PT4 

TUR6  INLET 

1.5040 

0.0000 

3.6160 

3.6160 

-0.0000 

TOTAL  PERCENT 

0.5703 

0.0386 

0.4161 

0.1100 

0.1258 

UNCERTAINTY 

NULL  INFLUENCE  COEFFICIENTS  ARE  NOTED  FOR: 

LIFT,  DRAG.  SF.  F1FN.  P82.  TT4.  PAL.  RPM 

MMCINT 
UfVCfMTAlNTV 
IN  OUANTITV 
SHO«*N 


Figure  26.6.1-f. 


Identifying  and  improving  the  method  used. 

Bias  error  includes  improper  calibratloni 
static  friction,  and  electrical  hysteresis.  Most 
calibration  procedures  are  sufficiently  accurate 
that  this  error  is  quite  small.  For  purposes  of 
error  analysis  discussed  above,  it  is  possible  to 
add  bias  and  random  instrument  uncertainties  into  a 
single  equivalent  random  uncertainty  so  that  a 
large  number  of  uncertainties  can  be  added  as 
described  above.  This  leads  to  a  conservative 
estimate  of  result  uncertainty.  The  bias  component 
of  uncertainty  can  be  larger  than  cited  for  an 
instrument  if  the  environment  in  which  it  Is  used 
(temperature,  temperature  gradient,  pressure)  is 
outside  the  calibration  range. 

The  measurement  of  average  total  pressure  and 
temperature  with  a  finite  number  of  probes  in  a 
flow  Is  compromised  by  nonuniform  distribution. 
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The  ability  ot  the  probes  to  sense  these  changes  is 
limited  by  tlie  number  ot  probes  employed,  otherwise 
the  probes  will  influence  the  experiment. 

Modeling  to  obtain  scale  effects  and  increments 
for  losses  due  to  struts  or  rakes  in  the  flow 
usually  lead  to  bias  error  because  the  relevant 
similarity  parameter  is  incorrect,  l^ile  the  most 
commonly  violated  parameter  is  the  Reynolds  number, 
the  procedure  may  still  be  valid  if  the  flow  is  not 
separated  and  if  secondary  flows  are  known  to  be 
small.  In  that  case,  the  procedures  described  in 
Section  26.3  are  appropriate  and  can  do  much  to 
minimize  t’lis  uncertainty. 

An  important  case  of  bias  error  is  that  intro¬ 
duced  by  similarity  arguments  where  the  flow  is 
three  dimensional,  separated  and,  to  some  extent, 
controlled  by  viscous  flow  effects.  This  is  often 
the  case  in  determining  afterbody  boattail  perform¬ 
ance  on  an  airframe  when  dissimilar,  improperly 
scaled  data  is  used  due  to  lack  of  testing  time  or 
money . 

These  last  two  components  of  bias  generally 
introduce  the  largest  risk  that  a  performance 
shortfall  will  be  experienced  when  the  full  scale 
article  is  tested. 

Problems  arise  in  the  wind  tunnel  where  bias 
and  nonrepeatability  may  occur  in  the  construction 
of  the  model  and  in  the  wind  tunnel  flow.  Bias 
level  shifts  can  be  caused  by  model  assemblies  that 
require  the  use  of  aerodynamic  filler  for  contour 
buildup  and  fairings.  Uncertainty  also  arises  in 
the  wind  tunnel  because  of  upflow  and  crossflow, 
wall  and  mounting  effects,  buoyancy  effects,  and, 
in  some  cases,  tunnel  flow  temperature  gradients. 

To  Che  extent  that  they  are  known,  corrections  can 
be  made  during  the  data  reduction  procedure,  and 
the  effect  can  be  assessed  from  the  magnitude  of 
these  correction  factors. 

The  inability  to  scale  small  models  geometri¬ 
cally  has  forced  testing  of  larger  scale  portions 
of  the  airframe.  In  such  cases  the  poor  quality  of 
ciie  full  model  is  traded  against  the  risk  of  errors 
due  to  the  establishment  of  force  increments  between 
models  of  varying  scale.  The  geometric  configura¬ 
tion  of  the  airframe  near  the  larger  component 
model  is  often  modeled  by  an  oversimplified  surface 
wliich  introduces  some  unknown  error.  Careful 
design  of  such  surfaces  can,  however,  be  utilized 
to  establish  appropriate  boundary  layer  ciiaracter is- 
tics,  minimizing  t<'  some  extent  the  Reynolds  number 
m i smatch  prob 1 em . 

Support  systems  introdui-e  unknown  errors  which 
are  oftc'n  minimized  by  utilizing  two  mounting 
systems  which  are  “independent'’  of  eacli  otiier.  For 
example,  sting  m«Mints  from  the  rear  of  an  aircraft 
model  often  alter  the  flow  locally,  and  front  or 
bi>ttom  mounts  mav  be  needed  to  obtain  aft  end  "jet" 
ef  eits.  Considerable  “art"  lias  evolved  to  reduce 
errors  to  manageable  li-vels. 

26.6.3  (Concluding  Remarks 

Vlien  insul  lie  lent  time  or  budget  is  available 
for  developing  mt>del  forces,  data  from  "similar" 
conf igura t i ons  is  often  used.  The  errors  in  model¬ 
ing  tlius  inln>d\ii'ed  or  the  failure  to  verifv  the 
perf{)rmance  of  •  omjx'nt'nt  s  which  have  been  altered 
or  “impri>ved"  .is  development  progresses  h.j''e  hisiori- 
lally  led  to  the  largest  difterences  between  pre¬ 
dicted  and  actual  performaiue.  Tlu'se  differences 
are  rarely  resolved  om  t-  tlie  c onf  i gur.i I  i on  is 
frozen  and  the  di.'ve  1  opment  budget  Is  drv,  Tliis 
unfortunately  prevents  tlu-  design  prolilems  from 
being  resolved  and  little  learning  results  wlijtli 
<ould  lead  to  better  procedures. 

This  chapter  was  assembled  with  t  lu-  aim  of 
illustrating  tlu-  notion  that  an  aircraft  engine 


cannot  be  designed  without  considering  the  airplane 
and  its  mission.  To  this  end,  the  methodologies 
used  for  the  determination  of  the  required  thrust, 
unambiguous  force  accounting  during  the  development 
process,  and  verification  of  flight  performance  are 
presented  together  with  a  description  of  the  thrust 
or  drag  force  increments  associated  with  the  propul¬ 
sive  flow.  Described  below  is  an  example  to  illus¬ 
trate  the  extent  to  which  a  design  mismatch  between 
engine  and  airplane  may  be  experienced. 

An  Example 

Although  aircraft  are  designed  to  carry  out 
many  types  of  missions,  a  common  and  very  important 
one  is  the  ability  to  deliver  a  payload  over  a 
certain  range.  The  payload-range  problem  is  central 
to  the  successful  design  of  commercial  and  military 
transports  as  well  as  bombers.  Using  it  as  an 
example,  how  uncertainties  in  thrust,  drag,  and 
aircraft  gross  weight  impact  the  ability  to  fly  the 
desired  range  can  be  shown. 

Assume  that  there  is  an  uncertainty  in  aircraft 
gross  weight  which  stems  from  a  lack  of  detail 
design  information.  Since  lift  equals  weight,  this 
uncertainty  in  weight  results  in  uncertainty  in 
lift  required.  The  drag  polar,  or  a  relationship 
like  that  shown  in  Figure  26.6.3-1,  gives  the  drag 
associated  with  a  given  lift.  Since  the  drag  is 
itself  uncertain,  there  results  a  total  uncertainty 
in  estimated  drag: 


“e  "  f  «  (1  +  U^)  (1  +  26.6-1 


Figure  26.6.3- 1.  Variation  of  Drag  With  Lift  Showing  Uncertainty 
in  Thrust  Required 


Here  U  is  an  unsigned  uncertainty  wherein  the 
subscripts  refer  to  the  drag  and  to  the  weight.  W 

and  (“)  are  the  best  estimates  "f  tiie  >:i‘css  \>'t.Mclit 
and  lift-Lo-drag  ratio.  This  estimated  drag 
transmitted  as  a  thrust  requirement  logetlur  with 
its  uncertainty,  Up, 

To  determine  range,  the  actual  weight  oi  tlie 
airplane,  W,  which  always  equals  lift,  I.,  i  .s 
required.  Hence,  the  thrust  required  is: 


".I  ' 

This  actual  drag  is  um-ertain  «‘nlv  i-ii  i  ansf  ,'i 
the  uncertainty  associated  with  tin.  drag  deti-rr.ina- 
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t ion  procedure.  The  fuel  flow  rate  required  by  the 
engine  to  provide  a  thrust  equal  to  drag  is: 


Since  a  fuel  flow  rate  measurement,  W-(J+L'pp) 
and  thrust  measurement,  I’fm)  »  determine  SFC, 


=  D  (SFC)  (1  +  Li  )  = 
fa  —  s 


(f)L  (1  +  C  )  (1  +  \J) 
L  —  s  “  D 


where  L’g  is  the  SFC  uncertainty  shown  in  Figure 
26.6.3-2. 

The  Breguet  range  equation  may  be  integrated 
with  constant  SFC  and  and  W  =  L  to  give: 


-  W  +  W 

Range,  R  =  -  (-)  In  - - 


where  Wq  is  the  airplane  weight  at  the  mission  end, 
i.e.,  empty  weight,  payload,  reserves,  crew,  etc. 
The  range  factor, 


^  —  (-)  , 
°  s??  ° 


is  uncertain  by  U  ,  U^.  The  range  suffers  further 
uncertainty  for  a  given  fuel  load,  because  W  may 
not  be  known  precisely  at  the  time  range  Is  calcu¬ 
lated.  Letting  (1  +  Uy)  and  expanding  for 

the  logarithmic  term  becomes: 


In  (1  +  — )  X  (l  +  aU  ) 

W  J  V  -  «/ 


a  .  In  (1  + 

1  +  W,/W  L  W  - 


The  a  parameter  is  plotted  in  Figure  26.6.3-3 

The  uncertainty  in  range  and  thrust  required 
are  obtained  by  the  combination  of  independent 
uncertainties,  viz: 


2  2  2 

^'rn  "  L*n  (required  thrust) 


combining  these, 

2  2  2  2  2 
\  -  L'kk"  ^  V  ^  26.5-7 

Here  Up-p  may  be  quite  small.  We  note  that 
range  uncertainty  depends  on  measured  engine  thrust, 
drag,  and  weight  uncertainties. 

The  errors  in  the  items  described  above  arise, 
in  part,  from  the  following  items: 

Thrust  (and  SFC) 

1)  incomplete  knowledge  of  component  performance 
(turbomachinery  as  well  as  inlet  and  exhaust), 

2)  increment  in  component  performance  at  cruise 
condi t ions , 

3)  improper  engine  cycle  for  the  final  airplane 
conf igurat ion , 

4)  incorrect  engine  size, 

5)  engine  deterioration  in  service. 

Drag  (and  L/D) 

1)  calculation  of  model  and  full-scale  skin 
friction  drags, 

2)  Reynolds  number  scale-up  of  wind  tunnel  data 
for  3-D,  nonuniformity,  compressibility  effects 

3)  wind  tunnel  environment  for  determining  items 

(2). 

4)  geometric  uncertainty. 

Thrust  and  Drag 

1)  inlet  spillage  effects, 

2)  inlet  boundary  layer  bleeds, 

3)  boundary  layer  bypass  ramp  characteristics, 

4)  jet/f reestream  interaction  effects, 

5)  jet  modeling  techniques. 


Figure  26,6.32.  Veritton  of  SFC  With  Thrmt 
From  on  Fngino  Toot 


Figuro  26.6.3-3.  Variation  of  a  With  Ratio  of  Fuel  Weight  to  Air 
plane  Weight  at  Mission  Bnd 


Weight 

1)  structural  empty  '-eight, 

2)  engine  weight. 

For  design  purposes  the  least  predictable 
items  are  weights  until  the  aircraft  and  engine  are 
actually  built  and  refined.  A  decrease  in  weight 
can  always  be  traded  for  payload,  which  may  not  be 
desirable,  but  the  most  serious  possibility  of 
error  is  that  due  to  the  interaction  between  engine 
cycle  choice  and  engine  weight. 

The  discussion  throughout  this  chapter  has 
focused  on  the  airplane  components  which  impact  the 
ability  of  the  engine  and  the  airplane  to  achieve 
the  mission.  Some  of  the  development  techniques 
which  play  a  role  in  the  iterative  design  procedure 
necessary  to  identify  an  optimum  engine/airplane 
system  are  discussed  from  the  viev.'point  of  high- 
’  ightlng  their  capabilities  and  limitations.  The 
magnitude  of  potential  performance  shortfall  between 
orediction  and  flight  and  the  extent  to  which  the 
airplane  is  "successful"  is  illustrated. 

Remaining  Problems 

The  techniques  described  in  this  chapter  are 
adequate  to  predict  the  performance  of  the  airplane 
or  isolated  inlets  and  nozzles,  particularly  under 
conditions  for  which  a  point  design  is  appropriate. 
The  problems  which  remain  are  chose  of  calculating 
the  compressible  viscous  flow  field  in  three  dimen* 
slons.  This  lack  has  motivated  much  empirical  work 
as  well  as  the  development  of  new  computational 
methods . 

A  second  source  of  design  risk  is  the  customary 
limitation  of  time  and  money  which  limit  Che  number 
of  cycles  through  which  a  design  may  be  iterated. 
Techniques  are  needed  to  reduce  the  time  required 
to  Identify  an  optimum  configuration.  For  example, 
if  efficient  calculation  methods  could  be  substituted 
for  traditional  wind  tunnel  tests,  considerable 
time  and  money  could  be  saved.  Future  propulsion 
simulation  devices  may  make  It  possible  to  model 
simultaneously  inlet  and  jet  effects,  at  the  right 
Mach  and  Reynolds  numbers  in  a  single  test! 
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